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Progress in instrumentation, computer hardware and inversion methods is encour-1

aging the development of more advanced guided wave tomography techniques, espe-2

cially for Nondestructive Testing (NDT) of plate structures to characterize corrosion.3

An experimental S0 tomography performance assessment in the membrane regime4

is reported. One of the main interests of the fundamental membrane regime is that5

in this regime waves are propagated over long distances. A 2 mm thick steel disk6

containing calibrated sharp artificial defects (flat bottom holes) is tested in both7

reflection and extinction modes. A reconstruction algorithm derived from the mem-8

brane approximation is presented. We expose a complete reflection mode inversion9

approach which includes beam inversion, waveform deconvolution and thickness loss10

calibration. Non-linear correction factors are introduced and discussed for quanti-11

tative imaging. A width-regularity-depth description of defects is introduced to put12

the results into persepective with other defect geometries. The results show the rel-13

evance of the inversion method to enhance the imaging performance with regard to14

defect localization and sizing. Crucial points concerning instrumentation such as15

coupling, signal-to-noise ratio, excitation mode, coupling, selection of frequency, are16

also discussed.17
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I. INTRODUCTION18

A. Context and purpose19

Guided wave tomography (GWT) is an imaging technique that makes it possible to20

reconstruct variations in the geometry or in the acoustical properties of a waveguide from21

diffraction or time-of-flight data. The major purpose of GWT is the Nondestructive Testing22

(NDT) of plate structures to characterize corrosion. This issue concerns various fields of23

industry such as mechanical industry, aircraft industry, petrochemical industry, energy. One24

can classify the characterization of corrosion into three stages: (i) detection, (ii) localization25

and significance assessment, and (iii) quantitative reconstruction of thickness map. Advances26

in recent years have shown the relevance of qualitative algorithms to localize defects in plates27

(Albiruni et al., 2012; Huang et al., 2016; Wang et al., 2016). Algorithms such as the RAPID28

algorithm (Reconstruction Algorithm for the Probabilistic Inspection of Damage) provide29

simplified, easy-to-implement reconstruction methods allowing a fast representation of the30

defects (Tabatabaeipour et al., 2014; Wang et al., 2010). Today, progress in instrumentation,31

hardware and inversion methods is encouraging the development of more advanced GWT32

techniques. The assessment of the performance of quantitative thickness imaging techniques33

is now under investigation. Particular notice should be taken in this context of the HARBUT34

algorithm (Hybrid Algorithm for Robust Breast Ultrasound Tomography), developed by35

P. Huthwaite and F. Simonetti, and applied to quantitative thickness A0 mode tomography36

(Huthwaite and Simonetti, 2011, 2013). Recently, the application of this algorithm to passive37

corrosion monitoring showed good results (Druet et al., 2019). The advantages of GWT for38
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NDT has been widely exposed in the literature. One can note that recent works dealt with39

the possibilities of high resolution imaging of defects in plates using electrical impedance40

tomography (Nonn et al., 2018; Zhao et al., 2015; Zhao and Semperlotti , 2019). Against this41

background, the work reported here, which focuses on the fundamental case of low-frequency42

S0 mode tomography, aims to contribute to the development of advanced GWT techniques.43

B. Problem and content44

In a previous paper, the present authors dealt with issues related to GWT of isotropic45

plates, such as the validity of different approximations (first Born approximation, mode46

conversion neglect, high order mode neglect), the possibility of quantitative reconstruction47

of deep defects, the methodology for thickness reconstruction algorithm implementation48

(Cailly et al., 2019). In that study, we chose a 1D quantitative formalism based on the49

Mindlin-Reissner theory and Born series theory, see (Mindlin, 1951; Reissner, 1945; Rose50

and Wang, 2004), to propose a description of direct and inverse guided wave diffraction by51

thickness loss defects. This formalism is easily extended to the 2D case to include shear-52

SH–compression-S–flexural-A mode conversion and 2D directivity effects. Building on that53

previous work, an experimental S0 tomography assessment was carried out. One of the54

main advantages and interest of low-frequency S0 testing is the possibility of propagation55

over long distances.56

The experimental setup we chose is similar to the setup used by M. Lowe and O. Diligent57

to study the 1D S0 diffraction by thickness loss defects (Lowe and Diligent, 2002). To58

extend Lowe’s experiment to a 2D case, and to perform image reconstruction, we tested59

4



a disk containing flat bottom holes, in both reflection mode and extinction mode. The60

selection of defects under study plays an important role. It is known that the diffraction by61

defects in plates is very dependent on the defect geometry. A width-regularity-depth analysis62

of defects was proposed by P. Huthwaite (Huthwaite, 2014). This elementary representation63

is very useful to characterize a defect and to select the reconstruction algorithm hypotheses.64

Significant research was carried out in the field of guided wave diffraction in plates by the65

group of M. Lowe and P. Cawley. In particular, they contribute to the understanding of66

guided wave diffraction by circular defects in plates (Diligent et al., 2002, 2003). Although67

obtained for flat bottom hole defects, the results presented here can be put into perspective68

with the results obtained for other defect geometries using the representation proposed by69

P. Huthwaite. To achieve this, predictions of diffraction by defects were computed in the70

depth-width-regularity space, after having introduced the membrane approximation. The71

exposition of the methodology, as well as that of the results, is presented in two sections:72

in the case of reflection mode and in the case of extinction mode. These two well-known73

imaging configurations are intrinsically distinct. One or the other of these configurations74

can be encountered in practice. Finally, a synthetic examination of the proposed imaging75

performance is discussed.76
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II. GLOBAL METHODOLOGY77

A. The membrane model approximation78

Considering an infinite isotropic plate of density ρ, thickness h and elasticity constants79

E and ν, the linear first-order shear approximation neglecting lateral contraction and out-80

of-plane displacement leads to the following Helmholtz equation involving the in-plane dis-81

placement u, for a given angular frequency ω:82

I0(x)ρω2u(x) + div (I0(x)c : ∇u(x)) = 0 , (1)

where c denotes the isotropic elasticity constant tensor, under the plane stress hypothesis,83

and I0 denotes the space-dependent (variable x) zeroth order plate moment, which is iden-84

tified with the plate thickness h. A defect is supposed to be a localized perturbation δI0 of85

a constant nominal thickness I0.86

I0(x) = I0 + δI0(x) . (2)

The validity of the membrane approximation has been discussed in our previous work (Cailly87

et al., 2019). Two modes are described: S0 and SH0. It is known that the membrane88

approximation is relevant in the low frequency range for which the S0 is not dispersive,89

whose speed corresponds to the pressure-membrane wave speed cM . The fundamental shear90

mode SH0 propagates at shear wave speed cS. The part of diffracted energy in the A091

and A1 modes is neglected. Consequently, it is expected that the reconstructed defects in92

the membrane approximation are oversized. The authors showed that this approximation93
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is relevant for thickness loss up to about 50 % of the nominal thickness. We noted that94

the complete 2D Mindlin-Reissner model, which includes six modes, may be too complex to95

tackle the definition and the implementation of a tomography algorithm for the case under96

study. Using the following Helmholtz decomposition of u:97

u = ∇φ+∇×H , (3)

the following formalism is used to describe a solution of equation (1) written in terms of a98

vector d := [φ,Hz]
T :99

d(x, ω) =
2∑

n=1

∫
S1

an(s)eikn(ω)s·xends , (4)

where S1 denotes the unit circle. The variable an(s) denotes a particular plane wave spec-100

trum. Taking index 1 for S0 mode and 2 for SH0 mode we have:101

k2
1(ω) =

ρω2

E ′
, k2

2(ω) =
ρω2

µ
, (5)

where E ′ denotes the plane stress modified Young modulus, and102

e1 = [φ, 0]T , e2 = [0, Hz]
T . (6)
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Using this formalism, the diffraction transfer function, associated with a thickness pertur-103

bation δI0, relating a given incident field of spectrum b, at an angle of incidence s0, to the104

scattered field of spectrum a is expressed, in tensorial form, by105

an(s, ω) = tmn (s, s0, ω, δI0)bm(s0, ω) . (7)

Applying the first Born approximation, one can derive the linear diffraction coefficients106

tmn (s, s0, ω, δI0) that are given in appendix A.107

B. Prediction of the diffraction behavior by elementary defects108

The diffraction/scattering behavior of a localized thickness perturbation is strongly de-109

pendent on the ratio between its characteristic size d and the wavelength λ of the incident110

wave. The analytical membrane model makes it possible to get a simple approximated global111

prediction of 2D thickness loss defect diffraction behavior in the diameter-regularity-depth112

space. A possible geometric representation of a defect is as follows. One can define the113

generalized Gaussian profile, depending on the radial variable r, with 3 parameters d, β, δh,114

by:115

δhd,β,δh(r) := δhe−(2/d)β ln(2)|r|β . (8)

The diameter of the profile d is defined at δh/2. The β parameter describes the regularity116

of the profile. For convenience, one can also define:117

α := 2/β . (9)
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The most regular case corresponds to β = 2, α = 1 (Gaussian) and has the property of not118

having secondary lobes in the frequency domain. In the least regular case, β = ∞, α = 0,119

the profile is rectangular. By using this representation we give the diffraction diagrams for120

axisymmetric defects in terms of the three parameters: diameter (d), depth (δh/h) and regu-121

larity (β). The diagrams were calculated using a 2D-FFT Born series method with 16 terms122

under the membrane hypothesis. We chose the following time domain diffraction/scattering123

quantity:124

Scattered Amplitudemn (s, d) :=
max(s(t) ∗ tmn (s, t, d))

max(s(t))
, (10)

where s denotes a broadband signal centered around a given frequency. The axes d/λ in the125

time domain diagrams are given with respect to this center frequency.126

The diagrams in figures 1 and 2 illustrate the effects of regularity and depth on the127

diffraction. The first resonance of the defect occurs at a fraction of the wavelength, between128

0.25λ and 0.4λ, depending on the definition of d. The diffraction/scattering energy of a129

defect is strongly dependent on its regularity. The regular defects are transparent at high130

frequencies. An interesting property of the Gaussian defect is that it has only one lobe,131

associated with the fundamental resonant frequency. Figure 1 illustrates the influence of132

the regularity and the difference in behavior between the reflection and extinction responses133

to a broadband pulse. Figure 2 illustrates the non-linearity of the defect response with the134

defect thickness loss. This method may be useful to predict the detectability of a defect of135

a given geometry.136
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FIG. 1. Diagrams of membrane compression wave (S0) diffraction/scattering by thickness loss

defects of depth −10% for different regularity parameters β, in the time domain for a Gaussian

waveform of envelope width at −6 dB of 1.25×the central period: (a) S0 → S0 reflection, (b)

S0 → S0 extinction.

C. Definition of the experimental phantom137

The tested phantom consisted of a steel disk, diameter 320 mm and thickness 2 mm,138

containing artificial sharp defects (flat bottom holes). The measurement of the acoustic139

properties of the phantom’s material is given in appendix B 1. The drawing of the phantom140

is given in figure 3. The defects were arranged in a spiral in an area not too far from the141

center. The diameters and depths of the phantom defects were chosen according to the142

criterion of the reflected echo amplitude defined in the previous paragraph (eq. (10)). Thus,143
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FIG. 2. Diagrams of membrane compression wave (S0) diffraction/scattering by thickness loss

defects of regularity parameter β = 50 for different depths, the time domain for a −6 dB enve-

lope width Gaussian waveform of 1.25×the central period: (a) S0 → S0 reflection, (b) S0 → S0

extinction.

depth and diameter of the defects were chosen so that they had the same order of magnitude144

of in terms of reflected amplitude. The comparison in normalized scale of the estimated145

scattering diagrams of the defects is given in figure 4. These results were calculated using146

the membrane approximation Born series method for a waveform with center frequency147

fc = 500 kHz and bandwidth at −6 dB ≈ 0.7fc. According to these estimations, the three148

defects have approximately the same reflectivity behavior (left part of the diagram). They149
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do not have the same extinction amplitude and aperture (right part of the diagram). This150

will be discussed in the extinction tomography section.151
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FIG. 3. Geometry of the phantom disk with a diameter of 320 mm and a thickness of 2 mm with

three thickness loss defects; the depth of defects is indicated in the figure (percentage of nominal

thickness).

III. REFLECTION MODE METHODOLOGY152

A. Experimental setup153

Building on the principle of the experimental configuration developed by M. Lowe and154

O. Diligent (Lowe and Diligent, 2002), the reflection mode experiment consisted in exciting155

the edge of the disk by a PANAMETRICSTM 500 kHz 1 inch aperture single-element contact156

transducer. The coupling was performed using a conventional coupling gel. The authors157

reported in their article that coupling was made difficult by the smallness of the excitation158

surface. The transducer was kept fixed. Insonification at different angles was performed by159

manually rotating the disk. At each angular position, we minimized the inhomogeneity of160
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FIG. 4. Estimation of the far-field directivity diagrams of phantom’s defects insonified by a plane

wave S0 with center frequency fc = 500 kHz and bandwidth at −6 dB ≈ 0.7fc, in normalized scale,

by the method of Born series, showing first (Born 1) and second (Born 2) Born approximations,:

a. d = 8 mm 60 % deep, b. d = 12 mm 50 % deep, c. d = 24 mm 40 % deep.

the coupling by doing the same coupling application operation. Nevertheless, we expected161

some amplitude variations due to the inhomogeneity of the coupling. The angular step162

chosen was 5 degrees, thus 72 positions were performed. The photograph of the reflection163

mode experimental setup is given in figure 5.164
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FIG. 5. Photograph of the reflection mode experimental setup.

B. Reconstruction algorithm165

1. 2D Radon inversion formula166

Let us expose the reflection mode thickness reconstruction algorithm derived from the167

membrane approximation. The first Born far field diffraction coefficient formula t11 is given168

in appendix A in equation (A1). We rewrite this equation in the time domain and in the169

case of pure reflection, i.e. s = −s0:170

t11(s0, t) = C(t) ∗ 1

I0
s0 ·

∫
R2

∇δI0(x)δ

(
t− 2s0 · x

cM

)
dx , (11)

where C(t) denotes the 2D far field decreasing function, which depends on the observation171

distance and cM . The linear direct diffraction problem is rewritten in the time domain:172

a(s0, t) = t11(s0, t) ∗ b(t) , (12)
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where a and b are the diffracted and incident S0 mode signals, respectively. By integrating,173

for each angle, the quantity s0 · ∇δI0 = ∂s0δI0 along the variable r = s0 · x, and by noticing174

that dr = dtcM/2, one can obtain the Radon-type inversion formula:175

δI0(x) =
I0
4π

∫
S1

∫
R

∫ t

−∞

cM
2
ǎ(s0, t

′)dt′ ∗ δ́
(
t− 2s0 · x

cM

)
dtds0 , (13)

where176

ǎ(s0, t) := b−1(t) ∗ C−1(t) ∗ a(s0, t) (14)

denotes the deconvolved sinogram, and δ́ denotes the ramp-filtered version of Dirac distri-177

bution δ. Using commutativity of the application of the kernel δ́ and of the integration in178

t′, one can rewrite this inversion formula:179

δI0(x) =
I0
4π

cM
2

∫
S1

∫
R
ǎ(s0, t) ∗ H́

(
t− 2s0 · x

cM

)
dtds0 , (15)

where H́ is the ramp-filtered Heaviside kernel defined by180

H́(r) :=

∫ r

−∞
δ́(r′)dr′ (16)

δ́(r) :=
1

2π

∫
R
|k|eikrdk . (17)

2. Selection of the deconvolution algorithm181

Quantitative thickness reconstruction requires the deconvolution of the measured sino-182

gram, see eq.(14). The deconvolution process involves two inverse filters: (i) the decon-183
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volution by the waveform of the acoustic excitation, also including the linear response of184

the device measuring the electrical signal, denoted by b−1, and (ii) the compensation of the185

natural decrease due to 2D propagation in the plane of the plate, denoted by C−1. The186

decrease law was determined empirically using the multiple echo method. A power law187

A(t) = A0(t/t0)p was fitted. We measured for the disk case: A0 = 5684.5 mV, p = −0.54,188

where t0 = 1 µs, and t expressed in µs. The Time Gain Compensation (TGC) law A−1 was189

applied to the sinogram. The interest of the TGC is that it enhances the echoes coming190

from the propagation over long distances. The inspected area is not too large relative to the191

wavelength, so we noticed that the effect of TGC was relatively weak.192

The inversion of the measurement system implies the inversion of the waveform. The nor-193

malized measured waveform of the transducer is given in figure 6. The chosen deconvolution194

algorithm was a gradient descent of a quadratic functional f with lp-norm penalization:195

f(x) = ||a− x ∗ b||22 + λp||x||pp (18)

xn+1 = xn − αk∂xf (19)

x0 = a , (20)

where x denotes the deconvolved signal and a the observed signal. The penalization constant196

λ was adjusted empirically from the Signal-to-Noise Ratio (SNR) measurement. Because of197

the sharpness of the selected defects, we assumed a sparse representation of the signals. The198

sparsity is determined by the selection of lp. We set p =1 and varied the penalty parameter λ.199

The sparse deconvolution methods are relevant for the case of signals composed of localized200
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echoes, in particular in Ultrasonic Testing (Bossmann et al., 2012; Carcreff et al., 2015;201

O’Brien et al., 1995; Soussen et al., 2012; Zala, 1992). The interest of the deconvolution202

methods for ultrasound computed tomography is known (Lasaygues and Lefebvre, 2000).203
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FIG. 6. Measured waveform of the 500 kHz contact transducer: (a) time domain, (b) frequency

domain.

The sparse representation is exact for 1D defects of rectangular profile but is not valid204

in the case of 2D flat bottom hole defects because of the 2D diffraction components outside205

the insonification axis. On the one hand, the sparse deconvolved signal gives rise to very206

strong gradients, which are not consistent with the actual defect. But on the other hand,207

the sparse representation is relevant, even necessary, for the best localization of the defects.208

Consequently, we made the following assumption: there exists a low-pass filter (LP) that209

limits the high-frequency effects of 2D reconstruction applied to a sparse representation while210
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maximizing the localization of information. This filter therefore requires prior knowledge211

about the regularity and the size of the defects. The LP filter was adjusted empirically. The212

estimation of the linear response to the thickness loss was performed empirically by using a213

calibration plate containing flat bottom holes of different depths. Details of the adjustment214

of the deconvolution process are given in appendix B 2.215

3. Adjoint FEM tomography216

A finite element method (FEM) model of the disk was developed in order to predict the217

direct field and to compute the adjoint fields associated with the phantom’s defects. The218

model considered was the 2D membrane model given in equation (1). We chose linear quad-219

rangle elements Q1 with an average size of 0.6 mm. The parameters of the model (material220

constants, source waveform, conversion coefficient from simulation to electric signals given221

in mV) were fit according to the measurements made on a healthy disk of same size and222

material. The excitation was modeled by a radial force applied to the edge of the disk, on223

an aperture of 10 mm. The transducer was not modeled. Details showing the fit of the224

FEM model are given in appendix B 3. The selected adjoint field tomography algorithm was225

based on the quadratic cost functional χ, which depends on the thickness I0, defined for a226

given insonification angle s0 by:227

χ(I0, s0) :=

∫ T

0

(usyn(t, s0)− uobs(t, I0, s0))2 dt , (21)

where usyn and uobs denote the direct and observed fields (at the edge of the disk, in the228

radial direction), respectively. By applying the Fréchet derivative method, see e.g. (Liu and229
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Tromp, 2008), one can show that, from the direct model, in equation (1) rewritten in the230

time domain, the variation of the functional for a perturbation in thickness is:231

δχ/δI0(s0) =

∫
Ω

KI0(x, s0)dx , (22)

KI0 = −
∫ T

0

(ρuadj(T − t)∂ttusyn(t)︸ ︷︷ ︸
density perturbation

−uadj(T − t)div(c : ∇usyn(t)))︸ ︷︷ ︸
stiffness perturbation

dt ,

(23)

where Ω denotes the 2D disk. The dependencies on x and s0 are implicit in the expression232

of the kernels KI0 . The thickness perturbation kernels KI0 involve a density perturbation233

component and a stiffness perturbation component. The adjoint field uadj is the backpropa-234

gation of the residue, identified with the observed signal containing the echoes coming from235

the defects, for a given angle. The fields uadj and usyn are obtained by FEM. We thus have236

a qualitative tomography of the perturbation of thickness of the form:237

f(x) =
1

2π

∫
S1

KI0(x, s0)ds0 . (24)

4. Secant method for quantitative imaging238

As shown in figure 2, the reflection amplitude of a defect is non-linear with respect to239

defect depth. The secant method, discussed in our cited previous work, was tested to perform240
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non-linear inversion. We defined the functional J which depends on the thickness contrast241

perturbation δh := δh/h ∈ [0, 1]:242

J(δh) = Born inv(a)− Born inv (F (δh)) , (25)

where Born inv(·) denotes the thickness contrast obtained by the linear Born inversion oper-243

ation on a given sinogram, see equation (15), a denotes the measured sinogram, and F (δh)244

the computed sinogram from the direct problem applying the thickness map δh. The direct245

problem was solved using the FEM method. The numerical sinogram obtained was then246

normalized using the adjustment of the direct problem to the healthy disk measurements as247

described above. The secant iterative algorithm for finding the zero of J is:248

δhj+1 = δhj −
δhj − δhj−1

J(δhj)− J(δhj−1)
J(δhj) . (26)

We computed only the first secant δh2, the global convergence behavior of the secant being249

known. Taking δh0 = 0 and δh1 = Born inv(a), one can get, for a small parameter ε:250

δh2 = δh1
δh1

Born inv(F (δh1)) + ε︸ ︷︷ ︸
first secant correction

. (27)

We compared the first secant result δh2, which includes 2D effects and the S ↔ SH mode251

conversion in the F (δh1) computation, with the result obtained by scalar correction δhc.252

One can derive from the scalar Born series theory:253

δhc = δh1
1

1 + δh1

2︸ ︷︷ ︸
scalar correction

. (28)
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C. Radial compensation254

The ultrasonic beam generated by the transducer has a finite aperture angle. This im-255

plies the radial anisotropy phenomenon observed on reconstructed images. The response256

of the defects depends on their distance from the image center. To take into account this257

phenomenon, it is necessary to perform a radial gain compensation (RGC). We were not258

able to perform the radial calibration experimentally. A first estimate of the radial decrease259

law can be deduced from the field calculated by FEM, exposed previously. However, we ob-260

served a more significant decrease by comparing, a posteriori, the reconstructed thicknesses261

with the real defects. We will take this issue into account in the analysis of the results. The262

estimated radial decrease laws are given in figure 7.263
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FIG. 7. Estimation of the radial decrease law for the case of reflection mode tomography: com-

parison of FEM field computation, a posteriori correction.
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IV. EXTINCTION MODE METHODOLOGY266

A. Experimental setup267

The extinction mode tomography experiments on the phantom were carried out in im-268

mersion. The advantage of the immersion configuration is the coupling homogeneity. One269

can note that this immersion configuration is difficult to apply to the reflection mode to-270

mography, because of the insonification of the water around the disk, involving interfering271

reflections whose amplitude is greater than the information coming from the disk. Neverthe-272

less, in transmission mode, the speed in the disk being much higher than the speed in water,273

the information coming from the propagation in the disk is separated from that coming274

from the propagation in water. The disk was suspended using a nylon thread assembly, so275

that the disk underwent only slight mechanical stress. The adjustment of the position of276

the disk (inclination, centering) was made manually. Therefore, we expected deviations in277

the homogeneity (axisymmetry) of the insonification of the disk. The transmission aperture278

considered, associated with the angle γ, was 90 degrees, and was divided into 37 positions.279

The number of insonification angles was 32, that is, an angular step in θ of 11.25 degrees. We280

used two pairs of IMASONIC TM transducers with cylindrical focusing at 150 mm, aperture281

56 mm, frequency 500 kHz and 1 MHz, respectively, placed 150 mm from the edge of the282

disk. A photograph of the experimental configuration is given in figure 8.283284
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FIG. 8. Photograph of the extinction mode tomography experimental setup.

B. Reconstruction algorithm285

The data consisted in measuring for each position (θ, γ) the extinction of the echo trans-286

mitted compared with the echo measured in the case of the healthy disk. The acquisition on287

the healthy disk made it possible to measure the reference beam divergence law in amplitude288

and time-of-flight. Theoretical rays were calculated by applying Snell-Descartes law to the289

disk-water interface (cM = 5380 m/s, c0 = 1480 m/s), for rays starting from the center of the290

emitting transducer. A first rough reconstruction consists in using the ray density functions291

in the parameterization (θ, γ). This representation is in some cases useful to get a quick292

view of the location of the defects. The application of the filtered back projection (FBP)293

requires the transformation of this parameterization towards the Radon parameterization294

(r, θ), where r is the distance of the ray to the center. The transformation includes redun-295

dancies and sampling gaps inherent in the well-known fan-beam configuration. We made296

23



sure that the transformation did not alter the data by using an interpolation and averaging297

method. The results provide an image of the extinction power of the defects.298

V. REFLECTION MODE RESULTS299

The raw reflection sinogram is given in figure 9a, in saturated scale. The echoes coming300

from the defects are distinguishable from the excitation dead zone and the bottom echo.301

In order to obtain a result independent of the echoes that do not carry information about302

the defects, we manually filtered those echoes, to obtain a filtered sinogram. Please note303

that one can assume that this filtering operation could be done physically by using a delay304

line to separate echoes, or automatically using an algorithm. The deconvolved sinogram,305

after application of the method presented previously, is given in figure 9b. The choice of306

parameters resulted from a trade-off between the sparse representation of the consistent part307

of the sinogram and the noise filtering. Note the compensation of the excitation delay of308

about 4.2 µs, necessary for the consistent localization of the defects.309

The results of the reflection mode tomography of the phantom are exposed as follows.310

The result of adjoint tomography obtained by the superposition of 72 thickness perturbation311

kernels is given in figure 10. The conventional qualitative Radon filtered backpropagation312

(FBP) of the envelope of the gated raw sinogram is shown in figure 11. The qualitative313

images are given in linear scale, adjusted according to the min and max. The first secant re-314

sult applied to first Born quantitative reconstruction, including radial gain compensation, is315

given in figure 12. Figure 13 gives a comparison between first Born image, first secant image316

and contrast correction image, for both cases with and without radial gain compensation.317
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FIG. 9. Measured sinograms: (a) Raw reflection sinogram, in saturated scale, (b) Deconvolved

sinogram using gradient descent algorithm, with l1-norm penalization.

-150 -100 -50 0 50 100 150
x [mm]

-150

-100

-50

0

50

100

150

y 
[m

m
]

FIG. 10. Reflection mode adjoint field tomography, qualitative reconstruction using thickness

perturbation kernel superposition.

25



-150 -100 -50 0 50 100 150
x [mm]

-150

-100

-50

0

50

100

150

y 
[m

m
]

FIG. 11. Reflection mode conventional Radon FBP qualitative tomography, without deconvolution.
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FIG. 12. Reflection mode first secant quantitative thickness reconstruction, using deconvolution

and radial gain compensation.

VI. EXTINCTION MODE RESULTS318

The results of the extinction mode tomography of the phantom are exposed by comparing319

the results obtained for the two frequencies 500 kHz and 1 MHz. The measured extinction320
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FIG. 13. Comparison of cross sections along defects for different images : first Born reconstruction

(Born 1), first secant correction (First secant Corr), first Born reconstruction with scalar correction

(Born 1 scalar Corr): (a) defect 8 mm depth 60 % axis (θ = 0◦), (b) defect 12 mm depth 50 %

axis (θ = 120◦), (c) defect 24 mm depth 40 % axis (θ = 240◦). Comparison with the actual profile

of defect (rectangular profile).

sinograms are given in appendix C in figure 18. The sinogram in figure 18a shows the321
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representation of the geometry of the defects in the fan-beam parametrization (θ, γ). The322

fan-beam filtered backprojection results are given in figure 14.323
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FIG. 14. Extinction mode tomography using qualitative FBP Radon reconstruction. The dashed

line denotes the limit of complete sampling due to limited fan-beam aperture angle. The crosses

denote the centers of the defects: (a) 500 kHz, (b) 1MHz.
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VII. DISCUSSION324

A. Reflection mode325

The fit of the FEM model makes it possible to obtain a good localization of the defects326

using the thickness perturbation kernel superposition (fig. 10). The qualitative FBP recon-327

struction is consistent with the contours of the defects (fig. 11). We observe on these two328

reconstructions the phenomenon of spatial undersampling for the 12 mm and 24 mm defects.329

As expected, the two methods, which are different in nature but consist of backpropaga-330

tion of raw echos without deconvolution, give comparable results in terms of detection and331

resolution.332

Deconvolution allows a gain in resolution and defect localization. The gain in resolution333

is notably observable on the 8 mm defect. The result is very sensitive to the deconvolution334

parameters. It has to be noted that the method used, based on the sparse representation of335

the signals and on a low-pass filter depending on the size and the regularity of the defects, is336

valid for a non-dispersive and non-diffusive homogeneous medium, and for defects relatively337

localized in space.338

The scalar contrast correction result is close to the first secant correction result, see fig.339

13a. For computational cost reasons, it may not be interesting to compute the first secant,340

which requires the computation of the full direct problem for each insonification angle. Part341

of the defect diffraction has got an SH component, see e.g. directivity diagrams in fig. 4.342

We therefore expect the scalar reconstruction to be undersized compared with the S − SH343

vector reconstruction. Comparison between scalar correction and first secant correction, see344
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figures 13b and 13c, shows that this undersizing effect is not significantly observed. We can345

conclude that the “vectorial” mode conversion effects S ↔ SH, involved in the first secant346

reconstruction, are negligible.347

The 12 mm defect and especially the 24 mm defect are undersized, in terms of depth. The348

coupling inhomogeneity has a significant influence on the amplitude of the measured signals.349

Theoretically, the application of radial gain compensation makes it possible to overcome the350

undersizing effect. The negative consequence of the RGC is the presence of reconstruction351

artifacts, whose amplitude increases with the distance to the center (by non-homogeneity of352

the Radon sampling). Consequently, when solving the direct problem on the reconstructed353

thickness map, the artifacts may have a diffracting effect that does not correspond to the354

real defect, which can bias the result.355

a. Selection of the method and instrumentation. The method of S0 mode excitation356

on the edge of the plate is relevant in the membrane regime. The quality of the signals is357

determined by the coupling on the edge of the plate. This mode of excitation requires the358

design of a suitable coupling system. The SNR obtained on the phantom studied is sufficient359

to allow good reconstruction of the defects. The a priori method exposed in section 2 made360

it possible to estimate the response of the defects according to three parameters: regularity,361

depth and characteristic size. The method provides information on the detectability of362

defects. In the case of regular and shallow defects, one can expect detection limitations.363
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B. Extinction mode364

Relatively good defect detection is obtained from the extinction data. The extinction365

phenomenon is very sensitive to the frequency and depth of the defect, as shown on the ex-366

tinction diagram in figure 2(b). The location of defects on the images is globally consistent367

with the actual positions. We can assert that there is no significant gain in detection at368

1 MHz. This agrees with predictions we also made at 1 MHz. The defect size amplification369

error is due to the aperture of the extinction lobe, observable in fig. 4. Extinction tomog-370

raphy is generally applied in the geometric/optical regime. In this regime, the extinction371

lobe is very narrow, which allows extinction ray tomography with low sizing error. In the372

Mie regime, the extinction lobe is wider. Nevertheless, it is possible to localize the center of373

each defect by taking this bias into account.374

Extinction data due to the disk position offset is observable on the sinogram in fig. 18(b).375

Part of the inconsistent extinction can be expected to be due to the non-coincidence of the376

focal plane of the transducers with the plane of the plate, although we tried to minimize377

this error. This adjustment, which is relatively sensitive, was made manually.378

Because of the nature of the fan-beam configuration, the image reconstruction area is379

reduced to an area near the center, determined by the beam width. This can be a limitation380

in the case of defects far from the center.381
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VIII. CONCLUSION382

The membrane regime is a good configuration for performing reflection mode and ex-383

tinction mode tomography of sharp defects in isotropic plates. The method presented was384

based on an analytical description of plate waves in the fundamental regime. The quantita-385

tive method involves the inversion of the direct ultrasonic field by gain compensation (axial386

and radial), the inversion of the excitation waveform by deconvolution, and the thickness387

loss calibration from measurements made on calibrated defects. Phenomena and issues spe-388

cific to tomography applied to plate waves, which determine the performance of detection389

and resolution, were identified: necessity of homogeneous coupling, extinction lobe aperture,390

inversion calibration, deconvolution parameters. Conventional FBP Radon reconstruction,391

in both reflection and extinction mode, allows good defect localization. It would be relevant392

to make this type of acquisition with a reflection aperture in order to increase the contrast393

and the sampling. The inversion method selected showed the relevance of post-processing394

of raw ultrasound signals. Although the method includes manual operations, which include395

bias, we believe that it is possible to completely automate the inversion via algorithms. The396

reflection mode and extinction mode are two different ways of getting information about397

defects. The main interests of extinction tomography are the detection and localization of398

defects, and the qualitative evaluation of their importance. In a real configuration, extinc-399

tion mode tomography may be simpler to implement. The results, although restricted to a400

simple case, help to show the contribution of digital signal processing techniques for NDT401

applications, particularly in the field of industrial parts and structures.402
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APPENDIX A:406

1. Mode 1 incident407

relating φinc to φscat:408

t11(s, s0) = ik1s ·
k2

1

I0

A1

∫
R2

∇δI0(x)eik1(s0−s)·xdx , (A1)

relating φinc to Hscat:409

t12(s, s0) = ik2s×
k2

2

I0

A2

∫
R2

∇δI0(x)ei(k1s0−k2s)·xdx , (A2)

2. Mode 2 incident410

relating Hinc to φscat:411

t21(s, s0) = ik1s ·
k2

1

I0

A1

∫
R2

∇⊥δI0(x)ei(k2s0−k1s)·xdx , (A3)

relating Hinc to Hscat:412

t22(s, s0) = ik2s×
k2

2

I0

A2

∫
R2

∇⊥δI0(x)eik2(s0−s)·xdx , (A4)
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where the tangential gradient is defined by413

∇⊥ := [∂y,−∂x]T . (A5)

APPENDIX B:414

1. Measurement of the acoustic properties of the phantom’s material415

The disk’s material is carbon steel dedicated to stamping. The pressure wave velocity cL416

measurement was carried out in the thickness of the disk according to the high frequency417

method.. The membrane wave velocity cM measurement was carried out according to a418

differential method performed in transmission immersion mode at 500 kHz on a 320×320 mm419

plate of the same material. The measured and deduced values are given in table I.420

2. Calibration of deconvolution algorithm421

The estimate of the response of S0 reflection to thickness loss was made by fitting the422

theoretical reflected echo model, illustrated in fig. 2, to a set of measurements for different423

depths. We made a 320×320 mm calibration plate containing five defects, diameter 6 mm,424

depths 20 %, 40 %, 50 %, 60 % and 70 % . The amplitude correction from the case of the425

square plate to the case of the disk (weaker excitation amplitude due to the curvature of426

the excited surface) was made with respect to the bottom echo. The results of the thickness427

loss calibration are given in figure 15.428
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TABLE I. Measurement of the acoustic properties of the phantom’s material.

Parameter Symbol Value Unit

Pressure wave speed cL 6098 m/s

Membrane wave speed cM 5380 m/s

Density ρ 7815 kg/m3

Thickness h 2 mm

=⇒ Young Modulus E 203,05 GPa

=⇒ Poisson ratio ν 0,32

=⇒ Shear wave speed cT 3137 m/s

=⇒ SH1 cut-off frequency fc,1 778 kHz

The adjustment of the deconvolution parameters is illustrated in figure 16 with the ap-429

plication to the echo of depth 60 %. The result obtained under the axisymmetric hypothesis430

shows that the 2D reconstruction from the sparse signal gives rise to very strong gradients.431

As mentioned in the article, the parameters of the LP filter were adjusted relative to the432

prior knowledge of defect regularity.433

3. Fit of FEM model434

The material constants of the model were identified with the values of the measurements435

reported in table I. The source waveform of the model was identified with the measured436
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FIG. 15. Measurement and fit of the response of S0 reflection to thickness loss, for the amplitude

calibration of the inverse problem: (a) photograph of the calibration plate containing the defects

diameter 6 mm of different depths (b) measured reflection amplitudes.

source, given in figure 6. The direct problem associated with the reflection mode measure-437

ment was fit in phase and amplitude relative to the bottom echoes measured on the healthy438

reference disk. This fit is illustrated in figure 17. Acceptable phase and amplitude consis-439

tency is obtained on the bottom echoes. The region of interest (ROI) being a two diameter440

path of the S0 wavefront, the secondary echoes were not analyzed. One can note that this441

model does not take into account displacements out of the plane of the plate, and thus ne-442

36



-40 -30 -20 -10 0 10 20 30 40
x [mm]

-1

-0.5

0

0.5

1

1.5

2

Reconstruction with deconvolution and LP
Reconstruction with deconvolution, without LP
Reconstruction without deconvolution

N
or

m
al

iz
ed

 A
m

p
lit

ud
e[

]

FIG. 16. Application of the deconvolution algorithm to the defect, diameter 6 mm, depth 60%,

2D reconstruction in axisymmetric hypothesis, comparison of cases with or without deconvolution

and adjusted low-pass filter (LP).

glects A modes and excited higher order modes. Deviations are expected on the secondary443

echoes.444

0 50 100 150 200 250 300 350
t [µs]

-600

-400

-200

0

200

400

600

A
m

pl
itu

de
 [m

V
]

FEM simulation
Measurement

ROI

First bottom echo Second bottom echoSecondary waves

FIG. 17. Illustration of the fit of the FEM model compared with the experimental signal obtained

in the case of the healthy disk in reflection.

37



APPENDIX C:445
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FIG. 18. Sinograms measured in parametrization (θ, γ), comparison with the real positions of the

defects: (a) Ideal defect positions, (b) observed 500 kHz, (c) observed 1 MHz.
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