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ANALYSIS OF GENERALIZED CONTINUED FRACTION ALGORITHMS
OVER POLYNOMIALS

VALERIE BERTHE, HITOSHI NAKADA, RIE NATSUI, AND BRIGITTE VALLEE

ABSTRACT. We study and compare natural generalizations of Euclid’s algorithm for polynomials
with coefficients in a finite field. This leads to gcd algorithms together with their associated
continued fraction maps. The gcd algorithms act on triples of polynomials and rely on two-
dimensional versions of the Brun, Jacobi—Perron and fully subtractive continued fraction maps,
respectively. We first provide a unified framework for these algorithms and their associated
continued fraction maps. We then analyse various costs for the ged algorithms, including the
number of iterations and two versions of the bit-complexity, corresponding to two representations
of polynomials (the usual and the sparse one). We also study the associated two-dimensional
continued fraction maps and prove the invariance and the ergodicity of the Haar measure.
We deduce corresponding estimates for the costs of truncated trajectories under the action of
these continued fraction maps, obtained thanks to their transfer operators, and we compare the
two models (gcd algorithms and their associated continued fraction maps). Proving that the
generating functions appear as dominant eigenvalues of the transfer operator allows indeed a
fine comparison between the models.

Keywords. Geced algorithms; continued fractions; Laurent formal power series; finite fields;
Jacobi-Perron algorithm; Brun algorithm; fully subtractive algorithm; cost function; bit-comple-
xity; analytic combinatorics; generating function; Gaussian law; dynamical analysis.
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1. INTRODUCTION

Ged computation for (univariate) polynomials (with coefficients in a finite field) is a basic
operation in computer algebra. This is the main tool for keeping a polynomial fraction under its
irreducible form, but it also plays a central role in polynomial factorization for instance (see [14]).
Euclid’s algorithm completely solves the problem of gcd computation for two entries. However,
there does not exist a canonical generalization of Euclid’s algorithm when working with at least
three entries. For the general case of d entries, one of the most natural and basic algorithms
consists in performing a succession of d — 1 phases, with each of them being the Euclid algorithm
on two entries. It is described in Knuth’s book [19] and its probabilistic study has been performed

in [5].

1.1. A unified framework for the three algorithms of interest. Among all possible gen-
eralizations, we choose and compare three generalized Euclidean algorithms, inspired by classical
multidimensional continued fraction maps, namely the Jacobi-Perron (JP), the Brun and the fully
subtractive (FS) maps. These algorithms and their associated continued fraction maps are well
studied in the number case; see for instance [30] and also [6] for the probabilistic analysis of the
Brun map. They also have been studied in the present framework of formal power series in the
case of the Jacobi—Perron algorithm [26, 27 [10] [T6] and of the Brun algorithm [3} [I7, 6], mostly
for proving their convergence and for establishing the invariance of the Haar measure.

We introduce a unified framework for these three algorithms, first when they deal with triples of
polynomials. There exist several possible realizations for these algorithms that work, for instance,
with ordered or non-ordered inputs, and there is no real canonical way to define them. Here we
have chosen a common model for the three algorithms, that may slightly differ from the previously
studied forms, defined by working with a common set of inputs for the three algorithms. This
common set is the set of triples R := (R1, Ra, R3) of polynomials with coefficients in a finite field
for which the two following conditions hold: Rj3 is monic and deg R3 > max(deg Ry, deg Rs).
The algorithms moreover share the same type of strategy, based on the role that is given to
a specific component of R, which depends on the algorithm. This is the first component for
the Jacobi-Perron algorithm, the second largest component for the Brun algorithm, and the
2



smallest component for the fully subtractive algorithm. The algorithm then divides the two other
components by this specific component, and replaces these components by their remainders in the
division by the specific component. After these two divisions, this specific component becomes
the largest one, and it is thus placed at the third position.

This general description can then be extended as continued fractions when the algorithms deal
with the set L2, where L denotes the set of Laurent formal power series with negative degree.

1.2. The two models. There are thus two models of interest, namely a discrete model (polyno-
mials) and a continuous model (Laurent formal power series). The discrete model is defined by
sets of triples of polynomials with fixed maximal degree, endowed with the uniform probability;
we then study the probabilistic behaviour of costs of interest defined on this finite set, when the
maximal degree of the triple of polynomials tends to infinity. The continuous model deals with the
set L2 endowed with its Haar measure. We study costs that are defined on truncated continued
fraction expansions of a series in L2 at depth n. We also consider in this case almost everywhere
behaviour when the truncation degree n tends to infinity.

There are two types of costs under study. The first ones are “additive”: these are the number of
steps, the total number of divisions, the total possible number of monomials and the total number
of non-zero monomials in the sequence of quotients. The other ones are related to two versions of
the bit-complexity. We study these costs both in the discrete case (gcd algorithms on polynomials)
and continuous case (continued fraction maps on Laurent formal power series) and compare their
behaviours.

1.3. Results. In the one-dimensional case, the mean and the variance of many natural costs (for
instance the number of steps) for the Euclidean algorithm acting on polynomials are known to
be linear with respect to the maximal degree (see [11] 20]), and their distribution to be binomial
[13, [18]. Furthermore, the usual bit-complexities have a mean and a variance that are quadratic
with respect to the maximal degree and obey an asymptotic Gaussian law [20] [7]. These results,
on polynomials, are obtained with tools of analytic combinatorics, mainly generating functions
(see [I1]). Furthermore, there is a close connection between the probabilistic behaviour for costs
in the discrete model (polynomials) and in the continuous model (truncated trajectories under the
action of the Gauss Artin map): Executions of the Euclidean algorithm on polynomials behave on
average similarly to the way truncated trajectories behave almost everywhere. All these results
parallel the results obtained for integers (see [2]), as highlighted in [32].

In the two-dimensional case, there are already results that have been obtained only in the contin-
uous model, and in the case of two algorithms: the Jacobi—Perron algorithm [26 27, [T0] [16] and
the Brun algorithm [3, [I7, [6]. These articles study their convergence and their invariant measure.

The present paper provides a complete extension of the previous results to the two-dimensional
case (except for bit-complexities where only average estimates are obtained), with methods that
extend the previous approaches into the unified framework developed here. In particular, we
make extensive use of the transfer operator underlying the system, allowing a fine comparison
between the two models and a more transparent proof of the invariance of the Haar measure
in the continuous model. However, technical difficulties arise: Firstly, even though there is a
common framework for the three extended algorithms, their specificities must be highlighted and
handled. Secondly, higher dimensions lead to a more complex analysis, where the singularities of
the generating functions are more delicate to deal with. Asymptotic Gaussian laws for additive
costs are proven in Theorems [I] and [3] whereas specific values of expectations and variances are
exhibited in Tables |§| and |8l The bit-complexities are studied (only on average) in Propositions
and

1.4. Plan of the paper. Section [2| introduces a general framework which is common for the

three algorithms of interest and their associated continued fraction maps. It then discusses the

convergence of the continued fraction maps. Section [3]provides a general introduction to the paper

with a focus on analytic combinatorics. It describes the costs, the two models, the methodology

that is used in each model, and finally the main results in an informal way. Section [ is devoted
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to the analysis of the three ged algorithms in the discrete model. The main tool is here analytic
combinatorics, and more precisely, bivariate generating functions, that enable in particular to
exhibit asymptotic Gaussian laws. Section [5| considers costs for truncated trajectories (in the
continuous model): it first describes the main properties of the associated continued fraction maps,
introduces the transfer operator, and relates the (bi-variate) transfer operator to the bi-variate
generating functions of Section [4]

1.5. Notation. Let ¢ be a fixed power of a prime number p; we respectively let denote by
F(b FQ[XL FQ(X)7 Fq((Xil))v L

the finite field of cardinality ¢, the ring of polynomials with coefficients in Iy, its fraction field, the
field of Laurent series in X ! with coefficients in F, and the subset of Laurent series of negative
degree, respectively. As usual, for f € F ((X~!)) with f # 0 of the form

f:Zapo:anX”—i—an,lX”_1+~-, with a, # 0,

p<n

the degree deg f of f, the absolute value ||f|| of f, and the polynomial part [f] of f are defined as
(1) degf=n, |Ifll=¢"%, [fl= > apX?.

0<p<n
For f =0, we define (as usual) deg0 = —oo0, ||0]| = 0, and [0] = 0. We also denote by u the Haar
probability measure on L.

Acknowledgements. We are very grateful to the referee for his constructive comments and his
stimulating questions that helped us to improve this paper.

2. THE THREE ALGORITHMS AND THEIR ASSOCIATED CONTINUED FRACTION MAPS

We wish to describe natural generalizations of the classical Euclid algorithm acting on triples of
polynomials, together with their associated continued fraction maps that act on pairs of elements
of . We consider here three algorithms, namely the Jacobi—Perron (JP), the Brun, and the
fully subtractive (FS) algorithms. Two remarks should be made here: since there is no canonical
standardized version for these algorithms, we choose versions that may enter in a precise and unified
framework by being defined on a common set of inputs R described in @ In particular, they do
not exactly coincide with the versions of the Brun algorithm from [3} [I7]. Furthermore, as it is not
immediate to properly define additive versions (that use only additions and not multiplications or
divisions) in the present context of formal power series with coefficients in a finite field, we only
consider multiplicative versiond}

We first recall the classical case (the usual Euclid algorithm) in Section Then, in Sections
[2:2] and 23] we announce a common framework for the three algorithms of interest, and their
associated continued fraction maps. We describe in Section the specific parameters with which
each algorithm enters the general framework. The proof of this result is obtained via a precise
description of each algorithm and their associated continued fraction map, done in the following
three sections (Sections . We prove in Section the convergence of the convergents
for the three algorithms.

2.1. The classical Euclid algorithm and continued fractions. We first recall the classical
FEuclid algorithm on two polynomials, and its associated continued fraction map.

Gcd on polynomials. We consider the two sets P and P defined aﬂ
(2) P = {R = (R17R2) S ]Fi[X] | degR1 < degRg}
P = {R = (Rl,RQ) S ]Fg[X] | degR1 < degR2, R IIlOIliC}.

The second one can be viewed as the projective space of the first one, namely P = II(P).

IThis question is discussed in more details in [7].
2With the previous convention deg0 = —oo, these sets contain pairs (0, R2) associated with any non-zero
polynomial (possibly monic) Ra.
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The Euclidean division defines a map Ug : P — P. On an input R € P, the Euclidean division of
Ry by R defines the quotient A and the remainder R3 such that

Lt
Ry

and leads to a new pair R= (El, 1/%2) € P defined as ﬁl = R3, ﬁg = R, that satisfies, in matricial
notationEl

Ry = AR+ R3, A= |: :|7 R3=0 or degRs<degR;,

R=MA)R  with M(A) = <‘; ,11)

The map R — R thus defines a map Ug : P — P. Any element R’ € P with R’ = AR and \ € F}
gives rise to the same matrix M (A) as R; this matrix thus only depends on the class of R in the
projective space II(P) = P. Then the map previously defined on P may also be defined in P.

The Euclid algorithm on P builds a finite sequence of quotients (A)x, and a finite sequence (]%k)k
It ends as soon as Ry € P has its first component equal to zero. The second one provides the
monic ged of (R, Ra).

Then, the set G of possible quotients and the set U of possible ged’s are

(3) G={AecF,[X]]|degA>1}, U={R €FyX]|R is monic},

and the Euclid algorithm thus yields the following decomposition for the set P

(4) P ~Seq(G) x U,

where Seq(G) stands for the set of finite sequences of elements of G. This is the starting point for
the probabilistic study of the Euclid algorithm on polynomials, based on analytic combinatorics,
see e.g. [T} 20} 32} [7] and Section [3]

Continued fraction map on L. The Gauss Artin continued fraction map T : L — LL provides
an extension to LL of the projective version of the Euclid Algorithm. It is defined via the polynomial
part function [-] defined in as

(5) Tc(f)—lm, for f£0,  To(0)=0.

This is the polynomial counterpart of the classical Gauss map. The trajectory of f under the action
of Tg is defined as (f, Ta(f), T4(f), -+, T&(f),...). It builds a sequence (A)x of quotients and
a sequence (M (Ag))x of matrices with

1 0 1
v lmpm) = ()
and produces the continued fraction expansion
f — 17‘ + 17‘ + e
4[4

This also defines the truncated trajectory at depth n, namely (f, Ta(f), T4 (f),- -+, TZ(f)), and
the sequence

(g;) = M(A)M(As)--- M(A,) (?) with M(A) = ((1) jl) .

The quotient P, /Q,, € Fy(X) is the n-th convergent of f € L.

Gcd and continued fraction map. The Gauss Artin continued fraction map provides an
extension of the ged algorithm on two polynomials. Indeed, when T¢ is applied to an ele-
ment f = P/Q € Fy(X) with deg@ > deg P, the trajectory of f under the map T¢, namely
(f,Ta(f), -+, T&(f), - ), thus reaches 0 after a finite number of steps. It produces the same
sequence of quotients as the ged algorithm on the pair (P, Q).

3Pairs (or triples) of polynomials are considered here as column vectors.
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In the next two sections, we first draw a common framework, firstly for polynomials in Section
and secondly for continued fraction maps in Section [2.3] Then, Section describes how
the three algorithms of interest and their associated continued fraction maps actually enter this
common framework. The convergence of these algorithms is discussed in Section [2.8

2.2. A common framework for generalized Euclid’s algorithms. We describe a common
framework for polynomials.

Set of inputs. We consider the following two sets as possible sets of inputs for these algorithms:

(6) E = {R = (Rl,R27R3) | deg Rg > max(deg Rl, deg Rz)},
R ={R:=(R1,Rs, R3) | deg R3 > max(deg Ry, deg R2), Rs3 monic }.

Here again, the second one can be viewed as the projective space of the first one, namely R = II(R).

Let us stress the fact that the sets R or R are not completely ordered. The algorithms that are
of interest here deal with not completely ordered sets of inputs. Only the last component is the
largest one, and the other components Ry and Ry are not a priori ordered. It is then useful to
consider their possible order and to define the following two subsets of R (and their analogs in
R), namely

(7) R, :={Re€R|degRy > degRs}, R_:={ReR|degR; < degRy},

together with the function 7, called the order sign, that indicates the position of the element with
largest degree, defined as

(8) n:R—{-1,+1}, NnR)=+1l<=RecR,.
If we were dealing with completely ordered sets, the function 7 would be constant, and thus useless.

Strategy. Fach algorithm deals with a specific component of R. As the main operation will
always be a division of the non-specific components by the specific one, the specific component
will never be chosen as the component R3 of largest degree. Then, the specific component will be
always chosen amongst Ry or Ry and the strategy of the algorithm is described via a sign €, that
is called the strategic sign, and is defined by

ee{-1,+1}, €(R) = +1 <= (R is the specific component).
This gives the following natural strategies:

(a) For positional algorithms, the strategic sign € depends only on the position, and not on
the order sign 7: the algorithm chooses, as its specific component, either always Ry (with
€ = +1 = n?), or always Ry (with e = —1 = —n?). The choice ¢ = +1 = n? is indeed
done by the Jacobi-Perron algorithm. It is natural to introduce another algorithm, called
the opposite Jacobi—Perron algorithm, which always chooses Ry as the specific component
(e = —1 = —n?). It plays a crucial role in the proof of Proposition

(b) For the other algorithms, the strategic sign € depends on the order sign 1 which describes
the ordering between Ry and Rs. The natural choices are then

— € = 47, performed by the Brun algorithnﬁ The Brun algorithm chooses, as the
specific component, the second largest component. As the largest component is al-
ways Rs, the second largest componemﬂ is the component R; for which deg R; =
max(deg R1,deg Rs). Then, with the definition of 1, e = 7 for the Brun algorithm.

— The second choice is € = —n, performed by the fully subtractive algorithm. The fully
subtractive algorithm chooses, as the specific component, the smallest component
and performs the division of the other two components by the specific component.
As the largest component is always Rg, the smallest component is the componentﬂ R;

4n the literature, the Brun algorithm does not perform the division of all the components by the specific
component (the second largest one). We consider here a variant of the Brun algorithm which performs all the
divisions. However, this is a mild modification. Indeed, one does not create new partial quotients when performing
the division of the smallest entry by the second largest one: only the case of equality of the degrees creates a
constant term.

5There is a convention to be taken in case of equality of the degrees.

6There is again a convention to be taken in case of equality of the degrees.
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for which deg R; = min(deg Ry, deg Rz). Then, with the definition of n, the equality
€ = —n holds for the fully subtractive algorithm.

If we had considered completely ordered sets of inputs, there would have been only two possible
strategies, defined by the two possible choices: € = +1. However, the description of each algorithm
would be different and would not fall within the framework described in the present paper (see
also the discussion in Section [6]).

Two phases. There are two phases in the algorithm: the non-degenerate phase, followed by the
degenerate phase (that may be empty). One enters the degenerate phase as soon as the specific
component becomes zero.

Non-degenerate phase. It performs a sequence of steps, each of them being defined by a linear
mapping acting on R (see () as

9) U:R—R.
On the input R € R, the map U outputs Re R after the following operations:

— The map U divides each non-specific component of a triple by the specific component, and
gives rise to a pair (A, B) of quotients that satisfies either deg B > deg A > 0 or A = 0.
The quotient pair (A, B) involves integer parts of quotients of components.

— The two cases (according to € = £1) yield pairs (A, B) = (A(R), B.(R)) satisfying

The algorithm then replaces each non-specific component by its remainder in the associated
division.

— After these divisions, the specific component, when it is non-zero, becomes the largest
one (in terms of degrees). By applying possibly a permutation, it is placed at the third
position. The result of the divisions by a quotient pair (A, B), followed by this possible
permutation, defines a matrix M. (A, B), together with its inverse N.(A, B), with

00 1 —A 10

(11) M,(A,B):=[1 0 A| N(AB):=|-B 0 1 (A,B) = (A,,B,),
01 B 1 00
01 A 0 -B 1

(12)  M_(AB):=[0 0 1| N_(A4B):=[1 -4 0 (A,B) = (A_,B_).
10 B 0 1 0

There is again an important remark. The matrices partially re-order the triple R, but
they do not aim to completely re-order it. We indeed wish to stay inside R, which is not
completely ordered. We return to this question in the conclusion of the paper.

— In summary, for any R € R, there exists a triple (¢, A, B¢) for which the (old) R is written
in terms of the (new) R as R = M (A, B) R, and the (new) R = U(R) is written in terms
of the (old) R as R = N.(A, B) R.

Set of quotients in the non-degenerate phase. Each step of the non-degenerate phase uses
the map U and builds a triple pair (e, A, B) formed with a sign € and a pair (A4, B) of quotients.
This set of possible quotients, denoted as ‘H, decomposes into two subsets, depending on whether
the component A is zero or not. When A = 0, there is only one division, whereas there are two
divisions for A # 0. This is why the two subsets are denoted as H (", where the index i refers to
the number of divisions that are actually performed. The sets H(* depend on the algorithm, but
the following always holds

(13) H=HVun?  H#Yc{o}xg, H?PccL,

(14) with G={B e F,[X]|degB > 1}, L:={(A,B) €F,[X]?| degB > degA>0}.
7



Role of R versus R. As in the classical Euclid algorithm, the triple (e, A, Be) is the same for
any input R = AR with X\ € [F7. It only depends on the equivalence class of R in the projective
space II(R) = R. Thus, the mapping U : R — R defines a mapping, also called U, which now
acts on II(R) = R. This mapping U : R — R admits as inverse branches the linear mappings
M.(A, B), for (¢, A, B) € H.

As soon as the specific component becomes zero, one enters the degenerate phase, with a subset
D C R. The subset D is formed with pairs of polynomials (instead of triples), and the algorithm
acts on D as the usual Euclid algorithm. It stops when there remains only one non-zero component
that is monic and that is the ged of the triple R.

The non-degenerate phase of the algorithm finally entails the decomposition

(15) R =S8eq(H) xD.

2.3. A common framework for generalized continued fraction maps. We observe that the
triple (¢, A, B) only depends on the pair (R;/R3, Ra/R3) that belongs to (L NF,(X))2. It is then
natural to:

— first, consider the projective version of the map U,
— second, extend this projective version to L2.

The “extending projective” process gives rise to the continued fraction map T, which admits as
branches the homographies that are the projective counterparts of matrices N.(A4, B). As the two
components of f = (f1, f2) € L? are not a priori ordered, it will be useful to consider the following
two subsets of L2, namely

(16) L3 :={(f1, f2) €L?[deg f1 > deg fo}, L2 :={(f1, f2) € L? | deg f1 < deg fa},
and to use the function
(17) n:L? - {-1,41}  suchthat n(fi,f2)=+1 ifandonly (fi,f)€L?.

Each continued fraction map deals with a function € which is defined in terms of n via the strategy
of the algorithm (as previously for the case of polynomials). The value T(f) then depends on €(f)
and is defined via quotients (A, B) which depend on the sign € and f = (f1, f2), i.e.,

a an= 2 no=|g] am-=2] mo-|g]

and the continued fraction map T associates with the pair f = (f1, f2)

%*Aﬁﬂf%fBAﬂ ife(f) = +1
T(p) = { Yh A

— —B_(f), = —A_(f)] ife(f)=-1.

With any quotient (¢, A, B) € H, we associate the homography h( 4,5 related to the matrix
M(A, B). The fundamental set relative to this quotient is defined as

L%E,A,B) = {f = (fla f2) | (€7AaB)(f) = (€7Aa B)} = h(e,A,B)(]Lz)a

and the restriction of T to each ]La A,B 18 a surjective homography }Li AB LL? associated with
the matrix N.(A, B). Moreover, the following equality holds:

U L2 4p =17
(e,A,B)EH

This continued fraction map T provides (by construction) an extension of the projective version
of the linear map U used in non-degenerate phase of the ged algorithm. When T is applied to a
pair
(fl,fg) S ]Fq(X)2, with f1 = Rl/Rg, f2 = RQ/Rg and R := (Rl,RQ,Rg) S R,
the trajectory of (f1, f2) under the map T reaches, after a finite number of steps, a point (g1, g2)
where at least one component g; or gs is zero. It produces the same sequence of quotients as the
non-degenerate phase of the ged algorithm on the triple R = (Ry, Rz, R3).
8



Degenerate phase. The ged algorithm enters the degenerate phase (at a step of index ng) as
soon as there exists a zero component in R = (R, Ra, R3). Then, from index ng the ged algorithm
is now the usual ged algorithm (on two entries). Equivalently, for the continued fraction map T
on the input f, this means that T™(f) is either of the form (g1,0) (case (a)) or (0,g2) (case
(0)). Then, from the index ng, the continued fraction map coincides with the classical continued
fraction map, and the sequence of quotients (B;,),>o0 is the sequence of partial quotients in the
continued fraction expansion of go (case (a)) or g1 (case (b)). The matrices used by the (degenerate)
continued fraction map are

1 0 O 0 0 1
My(B)=10 0 1 [case (b)]; M,(B)=({0 1 0 [case (a)] .
0 1 B 1 0 B

Convergents. Consider an element f = (f1, fo) € L2. There are two different cases, depending
on whether the orbit T™(f) enters the degenerate phase or not.

(i) The orbit T™(f) stays in the non-degenerate phase. Let M., (Ax, Bx) be the matrix that
is used in the k-th iteration of the non-degenerate continued fraction map T on the input
[, for k > 1. The product M, of all the matrices used in the first n steps is thus

(19) M[ln] = M€1 (Alv Bl)Msg (AZ, BZ) e Msn (Ana Bn) .

(7i) The orbit T™(f) enters the degenerate phase at a step of index ng. This means that T™(f)
equals either (0, g2) (case (a)) or (g1,0) (case (b)). Then, the algorithm continues with the
classical Euclidean algorithm and the sequence (B, +x)r>1 of quotients is the sequence of
partial quotients in the continued fraction expansion of gs or g;. The matrix produced by
each step of the (degenerate) continued fraction map is thus

0 0
My (B) = 1], or My(B)=10
B 1

O O =
= o O
O = O
oo+

The product Mj; ) of all the matrices used in the first n steps, is thus

(20) [case (a)] My.ny = M, (A1, B1) - M, (Angs Bng)Ma(Bpg+1) -+ Ma(Bn) ;
[case (b)]  Mp.n) = M. (A1, Br)--- M, (Ang, Buo) My(Brg+1) - My(Bn)

In both cases, the triple

P, 0
(21) Pgm = M[ln} 0
Qn 1

gives rise to a pair (P ,/Qn, Pon/Qr) that is called the n-th convergent of f. The convergents
(P1,n/Qn, P2, /Qn) provide rational approximations of f, that converge toward f, as will be seen
in Section [2.§]

Applying the non-degenerate phase of each of the three algorithms to the triple (Py , P2 pn, @Qn) € R
produces the finite sequence M., (Ak, Br)1<k<n. Moreover, the intermediate triples, defined as

Pl,n,k 0
PQ,TL,k - MEkJrl (Ak+17 Bk-‘rl) e MEn (Ana Bn) 0 ) (1 S k S n) )
Qn,k 1

lead to the intermediate convergents

(Pl,n,k/Qn,kv P2,n,k/Qn,k) of the rational Pair (Pl,n/Qna P2,n/Qn)-
9



2.4. Each algorithm enters the common framework. Next proposition shows how the com-
mon framework is adapted to each of the three algorithms of interest, namely Jacobi—Perron (in
its two forms), Brun and fully subtractive.

Proposition 1. Fach algorithm of interest (ged algorithm or continued fraction map) enters the
common framework. Fach algorithm is defined via a strategic sign € that is expressed as a function
of the order sign n, defined in or , The first line of Table recalls the choice of the strategic
function. FEach algorithm uses at each iteration the set H of quotients that decomposes into two
subsets H, HZ) . Moreover, for the ged algorithms, the set of inputs is R, defined in @, the set
of inputs of the degenerate phase is D, and the following bijection holds:

(22) R =Seq(H) x D
involving the set Seq(H) of finite sequences of H.

Tablepmvides the combinatorial description of the four triples T = (H'®,H() D), in terms of
the set P defined in together with the sets

(23) L={(A,B)]| degB>degA >0}, G={B|degB>1}, U={R|R monic}.

Jacobi—Perron Opposite Brun Fully subtractive
Jacobi-Perron
€ +1 -1 n —-n
HE | L c Fix G L+ (L\ (FrxG))
HO | {0} x G {0} x G {0} xG+{0}xG |0
D P =8Seq(G) xU | Seq(G) x U {0} xU P+P\ ({0} xU)

TABLE 1. For each algorithm, this table gives the combinatorial description of
the triple 7 := (HD,H? D). Here, the sum denotes the combinatorial sum
associated with the union of disjoint copies. In our framework, the copies come
from the two possible values taken by e.

We observe in Table[1| that the sum of the last two columns is equal to the sum of the first two
columns, or, alternatively, the sum of the last two columns provides twice the first column:

HZL U1 =oc =ou =H UL
1 1 1 1 1
Hey Y =20{0yx @) =2y =Hi e wb)
Drs +Dp =2P =2Dy;p =Dyp+Dyp-

The following combinatorial relation between the four triples 7y = (7—[§2> , ’Hé” , Dy) relative to each
algorithm thus holds: Tg + Tps =2T;p = Typ + Typ- .

We now prove this property that will be called in the sequel the Sum Property. The proof is based
on the strategy of each algorithm and highlights the relations between the algorithms. It will be

useful in the sequel of the paper, in particular in the beginning of Section [4 and during the whole
Section [Bl

Proposition 2. The following relation, called the Sum Property, holds between the four triples
T; = (Hém,’Hél),Dﬁ) relative to each algorithm:

(24) T+ Trs =2Tip=Tip +Tip- -
Proof. We consider the two following maps defined on R
UD =U;p xUyp-, UPD:=UpgxUpg.

10



Each of them outputs a pair in R? that respectively satisfies, with the choice of e,

UM(R) = (UL(R),U_(R)), UP(R)=[n=1[(Us+(R),U_(R))+ [n=—1](U_(R),UL(R)).

We choose two boolean functions « and 8 defined on R, and we now consider the two corresponding
maps from R to R. The first one, U&l), built from UM and «, outputs the first component of
UM when o = 1, and, otherwise, the second one, which gives

UV(R)=[a=1] Uy (R) + [a=-1] U_(R).

The second one, U(ﬁz), built from U® and 8, outputs the first component of U when § = 1,
and, otherwise, the second one, which gives

(25) UP(R) =18=1[=1]U(R)  +[F=-1]ln=1]U-(R)
+ [B=1ln=-11U-(®) +[8=-1lly=-1] U+(R).

This second map thus satisfies the two relations

(26) UP(R) =[Bn=1]Ur(R) +[8n=—-1]U_(R)

UP(R) =[8=11Us(R) +[8=-1]Urs(R).
The two maps U((xl) and UE;) are equal as soon as the two booleans o and g are related via the
equality « = 8- n. In this case, the first map uses the triple

T =la=1]Tsp+[a=—-1] Top- = Tip = Tsp-,
that does not depend on the choice of «, whereas the second one uses the triple
7;3(2) =[8=1Ts+[8=-1] Trs .
With the two choices a = 1,8 = n, then o = —1, 3 = —n, we obtain the two equalities

TO==UTs+In=-10Tes=Top, T2 =In=-1Ts+n=1]Trs="Tspr,

that finally entails the combinatorial equality 7 + Trs = 27;p , which was to be proved. O

We will now Prove Proposition [I} Before proving it, we first focus on some particular features of
the three algorithms under study.

— First, the quotient pair (4, B) plays a different role in the Jacobi—Perron and in the fully
subtractive algorithms, on the one side, and in the Brun algorithm, on the other side. As
the Brun algorithm divides the largest component by the second largest one, the degree
deg A of the quotient A always satisfies deg A < 0.

— Second, the degenerate phase of the Brun algorithm is empty.

Note also that, unlike the classical real case for Jacobi—Perron algorithm (see e.g. [30]), there are
no Markov admissibility restrictions on the pairs (A, By) of quotients that are produced by the
algorithm. In other words, every sequence (4, Ay, By), with the pairs of polynomials (A, Bi) in
‘H, is admissible.

Proposition [1] is proved in Sections and Using the description of each algorithm of
interest according to the literature —namely Jacobi—Perron or its opposite version in Section [2.5]
Brun in Section[2:6] fully subtractive in Section , we explain, in each case, how it indeed follows
the strategy defined by its strategic sign. We also describe, in each case, the triples (H(1, H{?) D),
and check the equalities of Table [T}

11



2.5. Jacobi—Perron and opposite Jacobi—Perron algorithm. We first describe the Jacobi-
Perron algorithm. The description of the opposite Jacobi—Perron algorithm follows by exchanging
the two components R; and Ry. The specific component is either the first component or the second
one (for the opposite case). We first describe the algorithm, and then, the associated continued
fraction map.

Gecd algorithm. We start with an element R(®) € R. At each step k, the specific component is
the first component R; of the triple R. Hence, during each step of the non-degenerate phase, the
first component R; is not zero, and the algorithm divides the last two components Ry and R3 by
the specific component R;. The largest component then becomes R;, that we thus choose as the
third component of the next triple R. A step of the Jacobi—Perron algorithm performs

R = Ry " R
R3 = BR; +R 1 1

We are always in the case where € = +.
In matricial notation, this can be written as R = M, (A, B) R, R= N,(A,B).

In the same vein, for the opposite version, the specific component is the second component Ry of
the triple R and the algorithm performs

Ry = Ry R R
Ry, = AR; +R, with A=A_(R)= [Rl} , B=B_(R)= [R?’] )
RS = BR?, + Rl 2 2

We are always in the case where ¢ = —.
In matricial notation, this gives R = M_(A, B) }A%, R=N_ (A, B).
In both cases, the inequality between the two non-specific components (deg Ry < deg R3 for the
Jacobi-Perron algorithm or deg Ry < deg R3 for the opposite version) always holds. Moreover, the
following holds:
— For the Jacobi-Perron algorithm, consider the quotient A = [Ra/R;];
— when deg R; < deg R, the quotient A is not zero, and 0 < deg A < deg B;
— when deg R; > deg Ry, the quotient A is equal to zero and only one division is
performed.
— For the opposite version, consider the quotient A = [R1/Rs];
— when deg Ry < deg Ry, the quotient A is not zero, and 0 < deg A < deg B;
— when deg Ry > deg R;, the quotient A is equal to zero and only one division is
performed.

In both cases, the sets H(?, the set D and the sign e satisy

HD = {0} x G = {0} x {P € F,[X] : deg B > 1},
HP =L ={(A,B)| 0<degA < deg B},
D =P =8eq(G) xU,
€ =+1 =7
Furthermore, the Jacobi-Perron algorithm yields the bijection .
Continued fraction map. The associated continued fraction map Tjp is then defined on L2 asEI

Tu(f) = (0,0, (fi=0), m(f)(;j (f>,;lB<f>> (i #0),
wih A== |2 B == 7]

We only describe the map for the Jacobi-Perron algorithm. The description of the opposite
version will be clear. The continued fraction map Tjp provides an extension of the non-degenerate

"We use the following convention: the quantity [5] is set to 0 if g = 0.
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phase of the Jacobi-Perron ged algorithm, in the following sense: when Tjp is applied to a pair
I =(f1, f2) € Fy(X)? of the form

Jf1 = Ri/Rs and f, = Ry/R3 with R = (Ry, Rz, R3) € R,
the trajectory of f = (f1, f2) under Typ is finite and provides the same sequence of quotients as
the non-degenerate phase of Jacobi—Perron ged algorithm on the triple R = (Ry, Ra, R3).

2.6. The Brun algorithm. The specific component is the second largest component (in terms
of degree). We describe the algorithm and then, the associated continued fraction map.

Gcd algorithm. The specific component here is the second largest component with respect to
the degree (provided it is not zero). When R € R, the specific component is either Ry or Ry. In
case of equality of the degrees, i.e., when deg Ry = deg R», the choice of the specific component is
made according to the sets Ry defined above in (7).

When the second largest component is equal to zero, this means that the two components Ry, R
are both equal to zero and the algorithm ends. The degenerate phase thus does not exist.

For each step, there are two cases according to the position of R with respect to sets R4.

— Assume first that R belongs to R4, i.e., degR; > degRs (n(R) = +1). The specific
component is R; and the algorithm performs

R, = Rs

~ ~ R R
Ry, = AR3 +R; with A= [RQ] , B= {RB] .
Rs = BRs 4R ! 1

We are in the case e = +1. L
In matricial notation, this gives R = M, (A,B)R, R= N,(A4,B)R.
In this case, the quotients (A, B) belong to the set
{(A,B)| AcF,, degB>1}=F, xG.
When deg Ry > deg R, then A = 0, and only one division is performed. When deg Ry =
deg Ry, two divisions are performed and A € F}.

— Otherwise, when R belongs to R_, i.e., deg Ry < deg Ry (n(R) = —1), the specific com-
ponent is Rs, there is only one division that is performed and the algorithm is written

as
Ry = ARs +Ro=Rs
~ R R
Ry, = Rs with A:oz[Rl}, B:[R?’].
R; = BR; +R 2 2
We are in the case e = —1.

In matricial notation, this gives R = M_(A,B)R, R=N_(A,B)R.
The quotients (A, B) belong to the set
{(A,B)| A=0, degB > 1} = {0} x G.

In summary. The sets H(, the set D, and the sign e satisfy
HLY  ={0} xG+{0} x G

HP =Fixg
D =U
€ =n

and Brun’s algorithm yields the bijection ([15).

Continued fraction map. As the equality e = 1 always holds, the associated continued fraction
Tg is defined on L2 as follows:

2o £ B i) =1,
Ts(f) = 1 bil

T,B_(f),——A_(f) if n(f)=-1,

2 f2

and if the involved denominator (f; or f3) is equal to 0, then Tg(f) := (0,0).
13



The continued fraction map Ty provides an extension of the non-degenerate phase of the Brun
ged algorithm, in the following sense: when Tg is applied to a pair (f1, f2) € F(X)? of the form
f1 = Rl/Rg and fg = RQ/R3 with R = (R17R2,R3) c R,
the trajectory of (fi, f2) under Ty is finite and provides the same sequence of quotients as the

(non-degenerate phase of the) Brun ged algorithm on the triple R = (Rq, Ra, R3).

2.7. The fully subtractive algorithm. The specific component is the component of smallest
degree.

Gcd algorithm. When the smallest component is non-zero, the algorithm chooses it as the specific
component, divides the two largest components by the smallest one and, after such divisions, the
smallest one becomes the largest one, and thus the third component. The degenerate phase begins
when the smallest component is zero.

Non-degenerate phase. We first consider the non-degenerate phase where each of the two
components of the pair (R;, Rg) is non-zero, and, as for the Brun algorithm, we distinguish two
cases according to the ordering of the degrees of the first two components.
- It R € Ry, e, degRy > deg Ry (n(R) = +1), the specific component is Ry and the
algorithm performs

R, = Aﬁg +§2
e R R

Ry = Ry with A= [1} B= [;] .

Ry = BR3 +R; ?

We are in the case e = —. R

In matricial notation, this yields R = M_(A,B)R, R= N_(4,B)R.

In this case, two divisions are performed, and the quotients (A, B) belong to the set
L={(A,B)|deg B > deg A > 0}.

— Ifnow Re R_, ie., deg Ry < degRs (n(R) = —1), the specific component is R; and the
algorithm performs

Rl = R

S s R R
Ry, = AR3; +R, with A= {Rﬂ , B= [Rd] .
R; = BR; +R ! !

We are in the case e = +. PR

In matricial notation, this writes R = M (A,B)R, R=Ni(A,B)R .

In this case, two divisions are performed and the quotients (A4, B) belong to the set
{(A,B) | deg B >degA>1} =L\ (F} xG).

Finally, the quotients (A, B) which occur in the non-degenerate phase belong to the set
H=HDUHD  with H =0, MO =L+ (L\(FxG)).

Degenerate phase. The set D decomposes as Dy UD_ with Dy = DN Ry, ie.,

Dy ={(Ri,R3)| Ri =0 or degR; < degRs3, R3monic} =P

D = {(RQ,R3) | Ro 7é 0, deng < degRg, R3 monic} = P\ ({0} X U) .
The difference between the two cases is due to the inequality between deg R; and deg Ry which
may be strict or not (depending on whether we are in R_ or in R).

In summary. The sets H(?, the set D, and the sign € are

HD =0
HE =L+ (L) (F; x0))
D =P+P\{0}xU)
€ =-n

and the fully subtractive algorithm yields the bijection .
14



The continued fraction map. As the equality e = —n always holds, the associated continued
fraction Tpg is defined on L2 as follows:

= —B-(f), - —-A()) ifnlf)=+1,

Trs(f1, f2) = ;3 J%
JT—BJF(f) ifn(f)=-1.
1
If the involved denominator (f; or f3) is equal to 0, Trs(f1, f2) := (0,0).
The continued fraction map Tgg provides an extension of the non-degenerate phase of the FS ged
algorithm, in the following sense: when Trg is applied to a pair f = (f1, f2) € Fy(X)? of the form
f1 = Rl/Rg and fg = RQ/Rg with R = (R17R2,R3) € R,

the trajectory of f = (f1, f2) under Trg is finite and provides the same sequence of quotients as
the non-degenerate phase of the FS ged algorithm on the triple R = (Ry, Rz, R3).

2.8. Convergence of the algorithms. This section relates the behaviour of the algorithms on
polynomials and on continued fractions. It proves that the convergents defined in provide
rational approximations of f that converge toward f. The convergence of the algorithms plays a
central role in the context of simultaneous rational approximation.

Proposition 3. The convergents (P1,n/Qn, Pan/Qn) defined in provide rational approxima-
tions of f = (f1, f2), and the following holds
1

(1) -5

Q.
This is a well-known property for the Jacobi-Perron algorithm (see [26, [27]) and for the Brun
algorithm (see [3, [I7]). We give here a unified proof that applies to each of the three algorithms.

Proof. We first recall that the third column of the matrix M[;_ ,, defined in or is equal
0 (Pin, Pon,@n). We also consider the inverse matrix Ny, of M. ,;. We let denote by

Pln

( ) the coefficient of Mp [1,n] at the i-th row and j -th column, and by n( ") the coefficient of
N[Ln] at the 4-th row and j -th column. The product matrix M 1nvolves as factors the
matrices M, (Ag, By) (with €; = £1), or —depending on the case (a) or (b)— a sequence of matrices
M,(B), or a sequence of matrices Mp(B). In a similar way, the product matrix Npi..) involves
as factors the matrices N, (Ag, Br) (with ¢; = £1), or —depending on the case (a) or (b)— a
sequence of matrices N,(B) = M,(B)~!, or a sequence of matrices Ny(B) = My(B)~!. Moreover,
since all these matrices have a determinant equal to £1, the coefficient nxl) is, up to the sign,
a determinant of the matrix M|, . More precisely, if the indices (i1,42) and (j1,j2) satisfy

{i1, 12,1} = {J1, 42,7} = {1,2,3}, one has
(n) _ (n)  (n) (n) _(n)
L :I:(mllhmlzjz - miljzmi2j1) :

The proof is based on the following lemma:
Lemma 1. The following relations hold
deg még) = deg Qp, degm <degQ, for(i,j)# (3,3), A, :=max (deg n( )) < deg @, .
Proof. It is based on the particular form of the matrices M.(A, B), N.(A, B), M,(B), My(B),
Ny (B), Ny(B) and is easily proven by induction on n. O
The estimate is now deduced from the lemma: Starting with f = (f1, f2) € L2, we let denote
by g = (g1, g2) the vector g = T"(f). One has:
Pi ( ) (n) (n) (n)

‘ Qull ™ ‘ m:(n)gl + m:(sz)QZ + m:(33) B m:(sg)

o () = ) + 0 (i = )|

- Im$Y g1 +miy gs +miy |
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Lemma |1| entails the ultrametric equality

ImSy g1 +mSy gz +mS || = [ my) |

and the denominator is thus equal to ||@,]|?>. For the numerator and for i = 1, one has

)~ i) = 0l i) — i) = )

whereas, for i = 2, one has
) — ) = 0y, ) —m{m) < el
Then, Lemma [1| entails that the absolute value of the numerator is less than [|@,|| and then
e _ 1
=@l Tl

fi—

3. MODELS, METHODOLOGY AND MAIN RESULTS

The sequel of the paper is devoted to probabilistic analyses, in two different frameworks:

— the ged algorithms (that act on R) in Section [4 here, one deals with discrete inputs
(polynomials), and the probabilistic model is called the discrete model,

— their associated continued fraction maps (that act on L?) in Section [5} here, one deals
with continuous inputs, and the probabilistic model is called the continuous model.

First, Sections and describe the costs of algorithmic interest in each model (algorithms
and continued fraction maps). Then, we focus on each model, the discrete one in Section and
the continuous model in Section In each section, we make precise the probabilistic model,
describe the methodogy that will be developed there, and state the main results obtained. We
then focus in Section on asymptotic Gaussian laws that play a central role in the paper. The
last two sections perform a comparaison between the models (in Section and the algorithms

(in Section [3.7)).

3.1. Main costs for the gcd algorithms. We consider seven costs which intervene in a natural
way in the complexity of the non-degenerate phase of the three algorithms under study.

Remark. We focus here on the non-degenerate phase for two reasons. First, we want to compare
the probabilistic behaviours of truncated trajectories with the behaviour of the algorithms on
polynomials, and, truncated trajectories only involve the degenerate phase with zero probability.
Second, and this is related to the previous remark, the non-degenerate phase on polynomials has
costs that are of strictly larger order than the degenerate phase. We return to this fact at the
beginning of Section

We first consider total costs C' that give a measure of the total complexity of the degenerate phase.
There are two main cases:

— The first case deals with total costs C that are called additive. They are defined via step-
costs ¢ that intervene in each step as a measure of the complexity of this step R — U(R)
and that only depend on the quotient Q(R) := (A, B) produced during this step. We then
let ¢(R) := c¢(Q(R)). We give below five instances of such interesting costs ¢ (see (28)).

— The second case deals with bit-complexites.

In the first case, we consider five step-costs ¢, defined on the pair (A4, B) of quotients, namely

(i) co(A,B)=1 (it) d(A,B)=1+[A#0]
(28) (i7i) dp(A,B) = degB
(iv) 6(A,B) = 6(A) +4(B) (v) v(A,B)=v(A)+v(B).

Here, 6(W) et v(W) denote respectively the number of monomials which are possibly present in
the polynomial W and v(W) the number of monomials which are indeed present in the polynomial
W. More precisely, for a non-zero polynomial W € F,[X] of the form
W =w, X" +w, 1 X"+ - +w X +wy, with w, #0,
16



one has W) =degW)+1=n+1, v(W)=Card{k |1 <k <n, w, #0}.

Note that v(W) > 1 at soon as W # 0. One moreover sets 6(0) = v(0) = 0.

The total costs associated with these step-costs are described as follows: one has for
(7) the number S(R) of steps;
(#4) the total number of divisions;
(#i7) the degree deg Rs;
(iv) or (v) the total space that is needed for the storage of all the quotients with two
possibilities depending on the representation of polynomials, the usual one for (iv) and
the sparse one for (v).

On an input R, the total cost C' is written as

S(R)-1
(29) C(R) = Z ¢(UY(R)), with  ¢(9) := ¢(Q(9)),
1=0

where Q(5) is the pair (4, B) of quotients produced on S.
The last two costs (the bit-complexity costs) rely on two different notions of bit-complexity of a
polynomial division of the form R = AR’ + R”, namely

— the usual bit-complexity equals §(A) - §(R’),

— the sparseﬁ bit complexity equals v(A) - §(R’).
Then, there are two versions of the total bit-complexity of the algorithm on the input R, namely
the total bit-complexity and the total sparse bit-complexity, that are respectively equal to

s s
O5(R) = > 6(Ri3) (6(Ak) +6(Br)),  Pu(R) = Y 5(Rus) (v(Ax) + v(By)) |
k=1 k=1

where (Ry 1, Rk 2, Ri,3)i stands for the sequence of polynomials in R produced by the algorithm.
The additive formula deg Ry, 3 = deg By, + deg Rj;,_1 3 entails another form for these complexities
that only involves 6(Ay), v(Ak),d(Bk), v(Bk). We will return later to this important remark (see

Section .

Remark. These costs provide realistic measures of the complexity when the cardinality ¢ of the
field F, is fixed. When the cardinality ¢ varies, and in particular when ¢ — oo, this cardinality
must be taken into account and the costs 6§, v, @5, ®,, are replaced by their “underlined” conterparts

§:=(logq)d, wv:i=(ogq)v, ®;5:=(logq)?P;, &,:=(logq)*®,.

3.2. Main costs for the continued fraction maps. With f = (fi, f2) € L?, we associate its
trajectory and its truncated trajectory at level n defined as

(f7T(f)7T2(f)7"' 7Tn(f)7"')v (f7T(f),T2(f),"' 7Tn(f))

We consider total costs C,, that give a measure of the total complexity of the truncated trajectory.
As previously, there are two main cases:

— The first case deals with total costs C), that are called additive. They are defined via
step-costs ¢ that intervene in each step of the trajectory as a measure of the complexity
of the generic step f +— T(f) and only depend on the quotient Q(f) := (A4, B) produced
in this step. One then lets ¢(f) := ¢(Q(f)). The instances of the step-costs ¢ are the same
as previously, and are described in .

— The bit-complexites which do not enter the previous case.
In the first case, the total costs associated with the step-costs given in are described as follows:
one has for

() the length n of the trajectory;
(#4) the total number of divisions performed;

8Sparse complexity is called fine complexity in [7]. We have chosen here the term “sparse” which better reflects
what this cost aims to describe.
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(43¢) the degree deg @y, of the denominator of the n-th convergent (Pi,/Qn, Porn/Qr) of
the input f;

(iv) or (v) the space that is needed to store the continued fraction expansion, with two
versions: the usual storage for (iv) or the sparse storage for (v).

On an input f, the total cost C,(f) is written as

(30) Cn(f) = Z_:E(Ti(f)) , with €(g) :=¢(Q(9)),
=0

where Q(g) is the pair (A, B) of quotients produced on g.
In the second case, we are interested in the bit-complexities that are needed for computing the
n-th convergent, depending on the representation (usual or sparse) of the quotients associated
with cost ¢ = § or ¢ = v, namely

n

S (f) =D _[e(A(f) + e(Be(£)]8(Qr-1(f)) -

k=1

Remark. As in the discrete model, these costs are well adapted when the cardinality ¢ of the field
IF, is fixed. When the cardinality ¢ varies, and in particular when ¢ — oo, we replace 0y, vy, @5, ®o
by their “underlined” conterparts

(31) 4, :=(logq)bn, v, :=(ogq)vn, P, :=(ogq)’Psn D, = (logq)’ Py, .

3.3. The discrete model. We first describe the model, then the methods, and finally the results.

Discrete model on R. The size of a triple R = (R1, R2, R3) € R is chosen as the maximum
degree of its three components, namely deg R3. The finite set R,

(32) Rum :={R:= (R1, Rz, R3) | m = deg R3 > max(deg Ry, deg R2), R3 monic }

gathers triples of polynomials with size m, and is endowed with the uniform probability P,,.

We wish to study the probabilistic behaviour of each of the seven costs C' € {cp,d, dp, d,v, D5, P, }
defined on R and related to the behaviour of a ged algorithm, notably when the size m of the
input tends to co. More precisely, we consider the restriction C), of C' to each R,,, and we let
denote its expectation by E[C),] and its variance by V[Cy,].

Methods. [Analytic combinatorics] We use methods from analytic combinatorics, which we briefly
describe here informally. The reference is the book of Flajolet and Sedgewick [I1].

We consider each subset X' of Table[l] There is a natural notion of size, denoted as || - || and
defined here as the maximum degree. There is also a cost ¢ defined on X, as described in Section
We associate with X its (plain) generating function (gf) and its bivariate generating function
(bgf), defined as

X(z) = Z Al = Z X, 2" Xe(z,u) == Z el el@) — Zkaz"uk,

TEX n>0 reX n,k

where the coefficients X,, and X, ; are respectively the number of elements of size n, and the
number of elements of size n with cost equal to k. They are respectively denoted as [2"]X (z) and
[2"u¥) X (2, u).

There are two steps in analytic combinatorics: the symbolic step and the analytical step. The
symbolic step views a generating function as a formal object, and builds gf’s with a symbolic
dictionary. The analytic step views a generating function as a function of one complex variable z,
and uses an analytic dictionary, between the (dominant) singularity of a gf and the asymptotics
of its coefficients.

The symbolic step is the main tool for obtaining Tables 2] and [3] It deals with the gf’s with their

initial combinatorial definition and transfers the main combinatorial operations into operations

on gf’s. These combinatorial operations are the combinatorial (disjoint) sum X + ), the product

X x Y, the class Seq(X) of the finite sequences built on X. They translate as X(z) + Y(z),
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X(z)-Y(2z) and finally as 1/(1 — X(z)). These are instances provided in Table 2| This finally
transfers the combinatorial equality into the equality (36), i.e.,

D(z)
R =8Seq(H) x D into R(z) = ———.
ea(H) x D into R(z) = {1
There are also extensions for bgf’s, notably when they are relative to additive costs in the sense
of Section Then the bivariate generating function of the total cost is a quasi-inverse of the
bivariate generating function of the step cost. We thus obtain Eqn .

The analytic step considers a generating function as a function of the complex variable z, and deals
with it. The study of its dominant singularity (the singularity with the smallest module), and
notably, its location and its nature, provide asymptotic information on the coefficients of the gf’s
or bgf’s. Here, all the generating functions are rational fractions and their dominant singularities
are always dominant simple poles. Then, the following simple analytic transfers hold

X (2) has a simple dominant pole at z = p = [2™X(2) ~m—soo B-p™™
X (z,u) has a simple dominant pole at z = p(u) = [2™] X (z,4) ~m—oo Bluw)p(u)™™

for some constants B, B(u).

As the expectation E[u“™] is written as E[u®m] = %, the analytic step yields the estimate
Bw) [ p 1™
(33 E[um] ~ [} ,
) [~ —5 o

that may give interesting hints on the distribution of C,,. With extra hypotheses on the previous
estimates (mainly, good analytic properties, a good knowledge about remainder terms, and
a so-called condition of “variability” on the function p/p(u)), we will see in Section that this
indeed entails that the distribution is asymptotically Gaussian. We return to this notion in Section
9.0

Results. Our results are as follows (see Theorem |1] and Proposition :

— For each of the three algorithms and for each additive cost C associated with a step-cost
¢, the expectations E[C,,] and variances V[C},] are asymptotically linear with respect to
the size m, and involve constants M, = M.y, V. = V4, with

E[Cy] ~ M.m, VICp] ~ Vem.

Moreover, the expectation of each bit-complexity cost ®5 or ¢, is asymptotically quadratic
with respect to the size m, and satisfy

2 m2

m

]E[Q(S,m} ~ M(S 7, Em[@y7m] ~ Ml/ 7 .

We provide precise expressions for the dominant constants M, = My . and V. = Vj . in

terms of the pair (f,c) formed by the algorithm and the cost (see Table [ and Proposition
7).

— Second, for each of the three algorithms and for each of the four additive costs C associated

with step-cost ¢ € {cp,d,d,v}, an asymptotic Gaussian law holds (see Section and

Theorem .

3.4. The continuous model. We first describe the model, then the methods, and finally the
results.

Continuous model on L?. Here, the set L? is endowed with its Haar measure, which involves
the Haar measure p on L and is here p ® pu. We consider a continued fraction map T and a cost
¢ € {co,dp,d,d,v}. This gives rise to a cost C,, defined on the n-th truncated trajectory, as in
Section We are interested in the behaviour of the cost C,,(f) on the truncated trajectory at
level n, when the level n of truncature tends to co.

Methods. [Dynamical analysis] We view each continued fraction map as a dynamical system.

We associate with this dynamical system its transfer operators, here the density transformer (i.e.,

the Perron—Frobenius operator) defined in , together with its bivariate version defined in .
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Here, the branches of map T are homographies, whose Jacobian has a constant absolute value.
This entails that the map T is ¢ ® p invariant and the quotients define independent and identically
distributed random variables. Furthermore, the (bi-variate) transfer operator that underlies the
dynamical system is closely related to the (bi-variate) generating function of the discrete model.

Results. Our results are as follows (see Theorem [3| and Propositions [9] and [10)):

— Each of the three continued fraction maps T = Ty is 4 ® p preserving and ergodic, with
an entropy &(T).

— The cost C,(f) satisfies the following: For each additive cost C, the cost (1/n)Cy(f)
admits almost everywhere a constant limit, and for each bit-complexity cost C, the cost
(1/n?%) C,,(f) also admits almost everywhere a constant limit. In both cases, this limit is
denoted by Mc.

— For each continued fraction map and each additive cost ¢, the following relation holds
between the two constants of the expectations (the discrete constant and the continuous

constant):
3M, = M, - £(T);
it involves the entropy £(T) that is furthermore equal to 3E, g, [dB].

— For each continued fraction map, and for each cost ¢ € {dp,d,d, v}, the associated cost
C,, follows a Gaussian law, except in the case (F'S,d) where the cost d (the number of
divisions that are performed) is constant and equal to 2 (see Theorem . Moreover, we
provide expressions for the constants ‘70 involved in the variance (see Table .

3.5. Gaussian laws, exact or asymptotic. We begin with some generalities on Gaussian laws,
that may be exact, or asymptotic.

We first consider a sequence (C),),, of random variables. It is well known that, if C,, is a sum
X1+ Xo+- -+ X, of n random variables independent and of the same distribution as X, then the
equality E[u®"] = (E[u*])" holds and C,, follows an ezact Gaussian law. This situation happens
in the continuous model, as described in Section

There are many cases where a sequence (Cy, )., of variables has a distribution that does not lead
to an exact power for E[u®"], but only to a “Quasi-Powers” phenomenon (as called by Hwang
[15] who introduced it). In this Quasi-Powers framework, the estimate

E[u"] = K(u) A(u)™ (1+ O(en)), €m — 0

holds on a complex neighbourhood of v = 1, with analytic functions K(u), A(u) and a uniform
remainder O(¢,,). This situation is omnipresent in analytic combinatorics. It indeed occurs, here,
in the discrete model, for most of the additive costs under study. When a supplementary condition,
called the admissibility condition, is fulfilled by the first two derivatives of the function A(u) at
u = 1, it may be proven that C,, follows an asymptotic Gaussian law. We now recall the definition
in the framework of the discrete model.

Definition. Consider the set R of inputs, the sequence (R,) of subsets of the inputs of size m
endowed with the uniform probability P and a cost C : R — RT.
The sequence (Cp)m of the restrictions of C' to Ry, is said to follow an asymptotic Gaussian law
if there exist

— two sequences of real numbers (am), (bm),

- a sequence () of functions T, R — R, with lim, oo sup{rm(y) |y € R} =0
for which the following holds:

Cm(R) — Qm :| 1 /y —42/2
P|ReR,, | 2N " m ol — " o=PRg 4 ().
= U= ) (v)
The expectation E[Cy,] and the variance V[Cy,] of the cost Cy, then satisfy
E[Cw] ~ am, VI[Cp] ~ bp,.
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In Section [4.6] we will provide a theorem, called Theorem A, that is ready for use in our framework
and entails that the Quasi-Powers framework holds. If moreover the admissibility condition on
A(u) is fulfilled, we then obtain an asymptotic Gaussian law.

3.6. Comparison between the models. Even though the two probabilistic models are different,
they study, in both cases, the cost of trajectories, as seen from and . In the discrete model,
the trajectories deal with discrete inputs (polynomial triples of R) and they stop as soon as they
reach an element of D, after a finite number of steps S = S(R) which is a random variable,
depending on the input R € R. In the continuous model, the trajectories deal with continuous
inputs (pairs f € L?), and they are truncated in a deterministic way, after a given number n of
steps, which does not depend on the inputs.

However, we establish the following strong relation between the two models, that already holds in
the one-dimensional case, both in the real and the polynomial case (see for instance [32]):

The finite trajectories of the discrete model behave on average exactly in the same
way as the truncated trajectories of the continuous model behave everywhere.

This relation is strongly based on the relation between the bivariate generating function H.(z,u)
relative to the step-cost ¢, and the transfer operator H, ,, associated with the same cost: as proved
in , the dominant eigenvalue of the operator H,.,, equals H.(1/q3,u).

3.7. Comparison between the algorithms. We use the estimates shown in Tables [6] and [§] to
compare the three algorithms under study.

— The constants M., Mc, Ve, ‘76 are rational fractions in ¢ with integer coefficients.
— The constants M, or M, are in ©(1) when ¢ — oo and their limit (for ¢ — o) depends
neither on the algorithm nor on the model, with

My ~1, Mg, ~ My, ~2, Mg~ Myg~1, Ms~ Ms~ M, ~Mv~ 3.

— The constants for the variance V. in the discrete model exhibit two possible behaviours:
the fully subtractive and the Jacobi—Perron algorithms have all their variance constants
V. in ©(1/q) when ¢ — oo, whereas they are in O(1) for the Brun algorithm. Moreover,
the behaviour of the variances of the Jacobi-Perron and the fully subtractive algorithms
are very close. They both satisfy

Veo ~ 1, qVs~2, ¢V, ~ 3,
and they slightly differ for the cost d, with
qu ~ 5 (JP), qu ~8 (FS)

— The variance constants V, in the continuous model are in ©(1/q) with various possible
limits for q‘N/C. However, there are two exceptions: first, for the FS algorithm, as the cost
d is constant and equal to 2 (there are always two “real”divsions), the constant XN/d is zero;
second, for the Brun algorithm, the constant ‘7115 is in ©(1/¢?), a sort of reminiscence of
the discrete case, where the constant Vg, is zero.

4. PROBABILISTIC ANALYSIS OF THE THREE GCD ALGORITHMS

The present section is devoted to the discrete case, and we analyse the behaviour of the three
ged algorithms on polynomials. As already mentioned, this is the first analysis conducted in this
case. We use here analytic combinatorics, and, as recalled in Section [3:3] the main tools are
generating functions (gf in short), first plain gf’s, then bivariate gf’s, and even trivariate gf’s.

We first recall the analytic combinatoric framework for the classical Euclid algorithm in Section

We continue with three sections that implement the symbolic step (as described in Section

3.3). After Section that describes the plain generating functions, the next three sections

are devoted to bivariate generating functions (bgf’s). Our final object of interest are the total

costs defined in Section and we are mainly interested in their bgf’s, obtained in Proposition

[6} however, we proceed by steps: first basic bgf’s in Section [I.3] with Proposition [4] then bgf’s
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associated with a step-cost in Section with Proposition o} and finally bgf’s associated with a
total cost in Section We indeed view most of them as trivariate generating functions (tgf’s).

The next three sections are devoted to the analytic step of analytic combinatorics (see Section
. We first state in Section that an asymptotic Gaussian law holds for additive costs (see
Section for a definition); the proof of the result is done in the next two sections. Section
performs the general computations needed, then Section applies the previous computations
to each pair (algorithm, cost) and obtain constants that intervene in the mean values and in the
variances.

The section ends with a study of the bit complexities in Section

4.1. Generating functions for the classical Euclid algorithm. We deal with the set
P ={(R1,R;) € F2[X] | deg Ry < deg Ry, R, monic},

and the size of a pair R is the maximum degree of its two components, namely deg Ry. The subset
of the elements of P of size n (i.e., deg Ry = n) has cardinality

n—1
q"- <1 +> (g- 1)qm> =q",
m=0
and the generating function P(z) of P is

P(z) := Z ¢@>nan = !

2.
o 1—q*z

The set G of possible quotients and the set U of possible ged’s are described in and their
generating functions are

(34) 6 =41 (1=

Due to , and the symbolic method, Euclid’s algorithm decomposes the generating function P(z)
of the inputs as

_ 1) _ (a=1ez () 1

1—gqz 1o

U(z)

(35) P(z) = et

4.2. Plain generating functions for the three algorithms. The size of a triple R = (R, Re, R3) €
R is the maximum degree of its three components, namely deg R3. The finite set R, gathers triples
of polynomials of size m as

R :={R:= (R1, R2, R3) | m = deg R3 > max(deg Ry, deg Ry), R3 monic }.

Its cardinality is equal to

m—1 2
q"- <1+ > (a- 1)61’“) =",
k=0
and the generating function R(z) of R is thus
R(z) := Z emem =
m>0
With the bijection , together with the principles of the symbolic method, the generating

function R(z) of the inputs decomposes as the product of two terms, namely

(36) k(=) = 1 —1q3z 1 —Dl(;iz) ’

1
1—¢g3z°

Here, the generating function D(2) of the set D is easily obtained from its combinatorial description
given in Table[T] that is transferred, via the symbolic step, into the third line of Table[2] Moreover,
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the generating function H(z) of the set H of quotients (where the size of a quotient (A, B) is the
largest degree of the pair, i.e., deg B) involves the generating function L(z) of the set L:
(37)

L= Y A8 =D Y (- D™ = (- 1) (0" (¢" — 1) = Glzq) — G(2).
(A,B)EL n>1 m=0 n>1

Finally, in the three cases, H(z) is expressed with G(z) and G(zq), as seen from the first two lines
of Table [2| In the three cases, we may check by computation the equality , that itself entails
the following two equalities at z = 1/¢:

(38) H(l/g®) =1,  (1/¢*)H'(1/¢°) = D(1/¢°).
Jacobi—Perron | Brun Fully subtractive
H(z) | L(z) + G(z) | (¢+1DG(z) | 2L(z) — (¢ - 1)G(2)
= G(zq) =(¢+1)G(z) | =2G(2q) — (¢ + 1)G(z)
D(z) | P(2) U(z) 2P(z) = U(z)

TABLE 2. Expressions of the plain generating functions in terms of L(z) and
G(z). As seen from the Sum Property of Proposition [2 the sum of the last two
columns is equal to twice the first column.

4.3. Basic bivariate generating functions. The plain generating function H(z) of H, relative
to the size deg B = max(deg B, deg A), does not take into account the role played by the polynomial
A. We thus introduce a further variable u: for A # 0, it marks the total degree, i.e., deg A+deg B,
and for A = 0, it marks deg B. The associated bivariate generating functions are

(39) H® (z,u) = Z pdeg B g deg Bdeg A HW (z,u) = Z ,deg B deg B

(A,B)EH (A,B)EH
A0 A=0

Due to Proposition [1] which relates the sets H(" to sets £ and G, we are led to the bivariate
generating functions L(zu,u) and G(zu) where the generating function L(z,u) involves the set £
defined in and satisfies

L= 3 28854 = 3 1) 3 (- D™ = S S gy (quy — 1),

(A,B)eL n>1 m=0 qu—1 n>1
Then, L(z,u) is expressed as a finite difference which involves the function G computed in

(40) Lz u) = (q— 1y G =GR

qu—1 ’ L(z) = L(2,1) = G(2q) — G(2) .

Then, Proposition [1| entails the expressions of the two bivariate generating functions H (i)(z, w) in
terms of L(zw,w) and G(zw) that are provided in Table

Jacobi—Perron | Brun Fully subtractive
H? (z,w) | L(zw,w) (¢ — DG(zw) | 2L(zw,w) — (¢ — 1)G(zw)
HY (z,w) | G(zw) 2G(zw) 0

TABLE 3. Expressions of H{(z,w) in terms of L(zw,u) and G(zw). As seen
from the Sum Property of Proposition [2] the sum of the last two columns is equal
to twice the first column.

With Table |3| and , we derive the following result:
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Proposition 4. [Expressions of the basic bgf’s] The following matricial expressions hold for the
bivariate bgf’s H (z,w) (i = 1,2), namely

2
(i) _ ) G(zqu?)
(41) H]<3i>(z,w) =T (w) [ Clew) | 7
Hyg(z,w)
ewpresse(ﬂ in terms of the matrices I'(%) (w), defined as
IR LI 0 1
(42) @ (w) = ( a 1) 0 (w-1)|, TWOw):=[0 2
qw = 2 —(quw+1) 00

4.4. Bivariate generating functions associated with a step-cost. We are now ready to
study the bgf H.(z,u) relative to a step-cost of interest ¢ € {co,d, dp,d, v}, defined in . With
a cost ¢ defined on the pair (A, B) with ¢(A, B) = ca(A) + cp(B) and ¢(0) = 0, we associate

H.(z,u) := Z ydeg By ca(A)+en(B)
(A,B)eH

Costs ¢ = ¢y, dp. According to , the bivariate generating functions H.(z,u) of interest are,
first, for the step-cost ¢ = ¢ (corresponding to the cost S) and for the cost ¢ = dp

Hy(z,u) =uH(z), Hg,(z,u) = H(uz).

Costs ¢ = d,d,v. The bivariate generating functions relative to the number of divisions d or the
number of monomials (§ or v) that appear in the pair (A, B) are

Hy(z,u) = u?H? (2) + uHY (2),  Hs(z,u) = u>H? (2,u) + uH"Y (2,u),

q
Indeed, for the costs v, § that count the number of monomials, the multiplication of the H'? terms,
by u or u? respectively, corresponds to the leading term (which is non-zero), whereas, for the cost
v, the variable v inside H®)(z,u) is indeed replaced by the variable t = u(q — 1)/q + (1/q) which
is associated with the Bernoulli law on F, defined by

]P’[LUZO]:%7 P[x#O]:q—;l.

-1 1
H,(zu) =u?H? (2,t) + uHWY (2,1), with t:=u (q) + () .
q

Using now trivariate generating functions (tgf’s), we define a wunified framework for the bgf’s
relative to all these five step-costs. We indeed consider the two trivariate gf’s

(43) I(z,u,w) = uH (zw), J(z,u,w) = H? (z,w) + uHY (2,w) ;

we associate furthermore with a cost ¢, a function -, defined as

(44)  re(u) = (1) (c=1), 7e(w) =1u) (c=dp), 7e(v) = (u,we(u)) (c=d,dv),
that involves itself the function w.(u) that satisfies

(45) wa(u) =1, ws(u) =u  w,(u) =uit +

Q=

This leads to the equalities
for costs ¢, dp:  Hc(z,u) = I(z,7.(u)), for costs d,6,v:  He(z,u) = J(2,7.(u)),
and using now Proposition |4, we obtain the following result.

9The Sum Property of Proposition [2[is now expressed on the lines of the matrices.
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Proposition 5. [Expressions for the bgf’s relative to a step-cost] The bgf H.(z,u) is viewed in
all the cases as a trivariate generating function (tgf) H(z,u,w) that is expressed in terms of the
tgf’s I and J defined in and of the function . defined in .

Consider the matriz T'(u,w) that is expressed in terms of matrices TV (u,w) defined in a

D(u,w) = (quw = 1)(@’T'? (w) + ol M (w))

u®(q —1) —u?(q — 1) + u(qw — 1)
(46) namely I(u,w) = 0 uw?(qw —1)(q — 1) 4+ 2u(qw — 1) | ,
2(q - Du? —(q = Du(quw +1)

and for which the Sum Property of Proposition[q holds on the lines. Then,
— For costs cg,dp, the bgf He(z,u) involves the tgf I and equals I(z,v.(u)). The tgf I(z,u,w)

satisfies
Iyp(z,u,w) (1.1 1 0
) G(zquw G(zqw
(47) Joz, ) | =] {G((fwﬂ =y Gty {G(éu))] '
Irs(z, u, w) q 2 —(¢+1)
— For costsd, d,v, the bgf H.(z,u) involves the tgf J and equals J(z,~.(u)). The tgf J(z,u,w)
satisfies
Jip(z,u, w) Il w 9
, G(zqw
(48) Je(z,u,w) | = qfu—l) { C(J(gw))] .

Jrs(z, u, w)

4.5. Bivariate generating functions for total additive costs. We now focus on the total
costs C that occur during the execution of the non-degenerate phase of the algorithm.

We do not consider costs of the degenerate phase. Such a study would involve a bivariate generating
function D(z,u) that would be a variation of the plain generating function D(z) of the degenerate
phase. We already know that 1/¢® is the unique pole of R(z) (see (36))) whereas D(z) has a
dominant pole located at 1/¢* (in the Jacobi-Perron or in the fully subtractive cases) or 1/q
(in the Brun case), that is always larger than 1/¢3. This entails that the growth order of the
asymptotic costs of the degenerate phase will be strictly smaller than those of the degenerate
phase.

As the cost C is the total cost associated with the step-cost ¢, the symbolic method recalled in
Section proves that the bgf Rc(z,u) is obtained by replacing in the expression the quasi-
inverse D(z)/(1 — H(z)) by the quasi-inverse D(z)/(1 — H.(z,u)). As H.(z,u) is itself viewed as
a tgf H(z,u,w), this leads to the expression of R.(z,u) as a tgf R(z,u,w):

D(z) D(z)
49 R = R - T\
(49) oz v) 1— He(z,u)’ (zu,w) 1— H(z,u,w)
where H(z,u,w) is described in Proposition The denominator 1— H (z, u, w) thus plays a central
role, as it will bring the dominant singularity. It depends on both the algorithm and the cost.

We first obtain a general form for this denominator that is always a polynomial (in z) of degree
at most two. The present section then continues with five different classes that occur in a more
precise description of the denominator 1 — H(z,u,w). Finally, Proposition |§| describes the tgf’s
R(z,u,w) in these five cases. This will be the final step of the symbolic study.

Bivariate generating functions R.(z,u) and the Sum Property. Before dealing with precise
computations, we first provide a general point of view. With each step-cost ¢ and each algorithm
f, we thus associate a bivariate generating function

7 Dy(z) _ D;(2)
Rey(z) = 11— Hiu(zau) ~ 1- Hy(z,u,w)

10The Sum Property of Proposition |2|is now expressed on the lines of the matrices.
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In fact, further analysis (see Theorem A) shows that only the following denominators are involved
1—H.sp(zu)=1—Hyp(zu,w),
1-H.p(z,u)=1—-Hp(z,u,w), 1—H.rs(z,u)=1—Hrg(z,u,w),
and the Sum Property holds for these denominators. For each pair (c,f), the analysis of the
cost (see Theorem A) involves more precisely the functions u + p.(u) for which the equality
1 — H¢3(peg(u),u) = 1 holds, via their inverses ,oc_ﬁ1 This explains why the Sum Property does

not really intervene in the study of the discrete mode

General form for Rc(z,u). As was already the case for H(z, u, w), there are two different cases
depending on whether the step-cost ¢ belongs to {1,dg} or {d,d,v}.

Costs d, d,v. One has, with and ,

1 — Hyp(z,u,w) 1 I'(u,w) [G(zqw?)

1—-Hp(z,u,w) | = |1 1| Gew) |

1 — Hrs(z,u,w) I
Then, by recalling the expression of G as G(z) = (¢ — 1)qz/(1 — qz), the trivariate generating
functions (relative to costs d, d, ) satisfy the following matricial relations

1 — Hyp(z,u,w)
(qw —1)(1 — 2¢*w?)(1 — zqw) | 1 — Hp(z,u,w)
1 — Hrs(z,u, w)

1
= (qw — — z2¢*w?)(1 — zqw —(q— U, W 2q°w?(1 - zqu)
= w11 =)0z} 1] (g = Do) e

The bgf Ro(z,u) (relative to the step-costs d, d,v) is thus written as
(qw = (1 = 2g%w?) (1 — zqu)

Q(u, w)(2)
Here, the denominator Q(u,w)(z) = Qy(u,w)(2) is a polynomial of degree at most two in z, i.e.,
Qs (u,w)(2) = (qw — 1)(1 — 2¢°w?) (1 — zqu) — Ey(u, w)z¢*w*(1 — zqu) — Fy(u, w)zquw(1l — z¢*w?),
where E; and F} are the coefficients of the § line of the matrix (¢ — 1)I'(u, w) described in ([46).

Costs co,dp. In the same vein, for the costs ¢y and dp, the bgf H.(z,u) is viewed as a trivariate
generating function that satisfies, with ,

(50) R.(z,u) = R(z,7v:(u)), with R(z,u,w)= D(z)

1—HJP(Z,U7’U)) 1 » Qw(l—z w)
(1 - 2¢*w)(1 — zqw) | 1 — Hp(z,u,w) | = (1 — 2¢*w)(1 — zqw) |1| —ul'(1,1) [qu(l . gw)]
1 — Hps(z,u,w) 1 4 q

The bivariate generating function R¢(z,u) (relative to step-costs cg, dp) is thus written as
(1 — 2¢°w)(1 — zqw)
Q(u, w)(z)

where the denominator Q(u,w)(z) = Q4(u,w)(z) is a polynomial of degree at most two in z, i.e.,

Qu,w)(z) = Q(u,w)(z) = (1 — 2¢%w)(1 — zqw) — uEy 2¢*w(1 — zqw) — uFy zqu(1l — 2¢%w) ,
where E; and F} are the coefficients of the § line of the matrix M (1,1) described in (46).
Degree of polynomial Q(u,w). There are cases where the polynomial Q4(u,w) involved in
or in is in fact of degree 1. This situation arises when one of the two coefficients £y and Fy
is zero, and there is a simplification with the numerator. This is the case for the five step-costs
of the Brun algorithm (with Ey = 0), or for the step-costs ¢y or dp of the JP algorithm (with

F; = 0). These seven cases lead to trivariate gf’s where the denominator is a polynomial of degree
1 in z and are then gathered in a subclass called the linear class (LC in short), whereas the other

(51) Reo(z,u) = R(z,7.(u)) with R(z,u,w)= D(z)

HWe will see that the Sum Property directly intervenes in the analysis of the continuous model.
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cases (all step-costs for the F'S algorithm and step-costs d, d, v for the JP algorithm) are gathered
in a subclass called the quadratic class (QC in short).

Linear class. There are three subclasses, called LC1, LC2 and LC3.
LC1. For the costs ¢y and dp of the Brun algorithm, the polynomial Qp(u,w)(z) factorizes as
Qp(u,w)(2) = (1 - 2¢°w)(1 — 2quw(1 + uFp) with Fg = (¢*> — 1) and

Dp(2)(1 — zqw) ~

(52)  Rp(zu,w) = T 2qu(l T u(® = 1))’ Qu,w)(2) =1 — zquw(l +u(g* — 1)).

LC2. For the costs ¢y and dp of the JP algorithm, the polynomial @ ;p(u,w)(z) factorizes as
Qrp(u,w)(2) = (1 — zqw)(1 — 2¢>w(1 + uE;p) with E;p = (¢ — 1) and
Dyp(2)(1 — z¢*w) ~

(53) Ryp(z,u,w) = T fwl tulg—1)’ Q(u,w)(2) =1 — 2¢*w(1 +u(qg —1)).

LC3. For the costs d, §, v of the Brun algorithm, one has Fg(u,w) = (¢g—1)(qw—1)[u?(¢—1)+2u],
the polynomial Qp(u,w)(z) factorizes as

Qpu,w)(2) = (qw — 1)(1 — 2¢*w?)[1 — z qw — (u*(q — 1)* + 2u(q — 1))zqw)]
= (qw — 1)(1 — z¢*w?)[1 — zquw(1 + u?*(q — 1)* 4 2u(q — 1)]

(564) and Rp(z,u,w)= 1 —Zﬁﬁ?)l(}i—;(i]qij)l))z’ Q(u,w)(2) =1 — zqw(1 + u(q — 1))%.

Quadratic class. In the quadratic subclass, there are also two subcases. The first class, called
QC1, gathers the costs d,d, v for algorithms FS and JP, whereas the second class, called QC2,
gathers the costs o, dp for the FS algorithm; see Table [f] for a summary.

QC1. We begin with (50). The polynomial Q(u,w)(z) is a polynomial of the second degree in
the variable z, i.e.,

(55) Q(u, w)(2) = b(u, w)z? — Za(u,w) + (qu — 1)
WhOSG Coeﬂicients are

{ b(u,w)  =by(u,w) = (qu)(qu — 1+ By(u,w) + Fy(u,w)),
a(u,w) =ag(u,w) = (qw)*(qw — 1+ By(u,w)) + (qw)(qw — 1+ Fy(u, w))

In each algorithm (JP or FS), each coefficient a;(u, w) or /I;ﬁ(u, w) is written as
g (u,w) = F(w) + G(w)Ky(w),  bu,w) = L(w)Oy(u),
where 13, é, L satisfy
F(w) = qu(qw —1)(qw+1), L(w) = (qu)*(qw —1), G(w) = qu(qw—1).
Moreover, the polynomials Ky and Oy satisfy
(56) (JP case) Kyp(u) =u*(q—1)>+u(g—1), Osp(u)=1+u(qg—1)
(57) (FS case) Krs(u) =u*(q—1) Orps(u)=1-(¢—1)*u?.

Then (qw — 1) is a common factor of the three terms in (55]). We then work with the following
reduced version of Q(u,w)(z)

(58) Q(u, w)(z) = @ﬁ(u,w)(z) = by (u,w)2* — zag(u, w) + 1
where the coefficients

(59) ag(u, w) = F(w) + Gw)Ky(u),  bi(u, w) = L(w)Oy(u),
involve K, O defined previously together with

(60) F(w) = qu(qw +1), G(w) =qw, L(w)=(qu)’.
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QC2. We begin with (5I). The polynomial Q(u,w)(z) is a polynomial of the second degree in
the variable z, i.e.,

Qu, w)(2) = Qy(u, w)(2) = (1-2¢°w) (1 - zqw) —2u(g—1)2¢*w(1 - zqw) +u(q* — 1) zqu(1 - zg*w) .
We then set Q(u, w)(z) = Q(u,w)(z). This gives

(61) Q(u, w)(2) = Qy(u, w)(2) := by(u, w)z* — zag(u,w) + 1,

(62) where ag(u,w) == F(w) + G(w)K(u), by(u,w) = L(w)O(u),

(63) F(w) = quw(qg+1), G(w)=qw, Lw)=dw? O)=1-u(qg—1)? K(u)=u(qg—1)>.

Now, in all the cases (LC and QC), one checks that 1/¢> is the smallest root of @n(u,w)(z) for
(ua w) - (17 1)

The study is summarized in the following proposition:

Proposition 6. [Expression of the bgf’s relative to a total cost] For any of the five step-costs
¢, the bgf (Rc(z,u)/D(2)) of the total cost C is a rational fraction with respect to z viewed as a
trivariate generating function (tgf) R(z,u,w) where (u,w) = vc(u) with v, defined in ([44).
— For the subclass QC1 (the Jacobi—Perron and the fully subtractive algorithms for the costs
d,d,v), the tgf is given in and it involves the polynomial @(u, w)(z) given in .
— For the subclass QC2 (costs co,dp for the FS algorithm), the tgf is given in and it
involves the polynomial Qv(u,w) given by (61).
— For the subclasses of the linear class (the Brun algorithm for all the costs, and the Jacobi—

Perron algorithm for the step-costs ¢y and dg ), the tgf’s are given in , and .
Table describes the result according to the pair (algorithm, cost).

Step-cost ¢ | Jacobi—-Perron Brun Fully subtractive
Cost ¢ LC2 LC1 QC2
Eqgn Eqn Eqgn 7
Degree dp LC2 LC1 QC2
Eqn Eqgn Eqn 7
Cost d QC1 LC3 QC1
Eqn , Eqn Eqn
Cost § QC1 LC3 QC1
Eqn , Eqn Eqn ,
Cost v QC1 LC3 QC1
Eqgn , Eqn Egn 7

TABLE 4. Distribution of the five subclasses — three linear subclasses (LC1, LC2,
LC3) and two quadratic subclasses (QC1, QC2) — according to the pair formed
by an algorithm and a cost. The number of the equation provides the expression
of the bivariate generating function and the polynomial Q).

4.6. Asymptotic Gaussian law for additive costs. We have now a precise expression for the
bgf Ro(z,u) associated with a total cost C defined from the step cost ¢ € {co,d,dp,d,v}. This
bgf is a rational function. The symbolic step ends, and we now begin the analytic step of analytic
combinatorics.

Section [3.5| reminds us of what is an asymptotic Gaussian law and why asymptotic Gaussian laws
are expected for costs C, in a “Quasi-Powers” framework. This is the case here, and the following
theorem, which is the main result of this section, indeed proves that such asymptotic Gaussian
laws occur, as soon as the step cost is not dp.
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Theorem 1. Consider the input set
R :={R :=(R1, Ra, R3) | deg R3 > max(deg Ry, deg R2), R3 monic}

together with its subsets R, of size m, the three algorithms of interest, and the four additive
costs ¢ € {co,d,d,v}. For each algorithm, and each total cost C associated with ¢, an asymptotic
Gaussian law holds.

Furthermore, the expectation E[Cy,] and the variance V[Cy,] are asymptotically linear with respect
to the size m, and, for any pair (,c), there exist constants M. = My . and V, = V} . such that the
expectations and the variances of the cost ¢ satisfy

E[Cm] ~ M. -m V[Cp] ~ Ve -m.
The constants M. and V. are given in Table @

We have excluded the cost dg. The cost dp is constant on each R,, and equal to m. It cannot be
asymptotically Gaussian as confirmed by the results below.

The proof of Theorem |[I]is based on a general theorem of analytic combinatorics, given in Theorem
IX. 9 (page 656 of [I1]). The general statement of this last theorem is given when the bivariate
generating function of the cost is meromorphic. This theorem is itself a consequence of the Quasi-
Powers theorem due to Hwang [I5]. Here, we are in a specific case where the bivariate generating
function is a rational fraction whose denominator is a polynomial of degree at most two in z. This
is why we provide a specific theorem, called Theorem A, that is a particular case of Theorem IX.
9 in [II] and that is ready for use here.

We first recall the following notation: for a function u — f(u) that satisfies f(1) =1, we let
(64) M(f) = f(1), V()= f"1)+ 1) - f(1)°

Theorem A. [Adaptation of Theorem IX.9 in [I1]] We consider a total cost C' associated with
a step cost c. We assume that its bivariate generating function Rco(z,u) is also a trivariate
generating function R(z,u,w) of the form
N

Re(zu) = R(z,uyw) = — &)
Q(u, w)(2)
where N(w)(z2) is a rational fraction in z and Q(u,w)(z) is a non-constant polynomial of degree
at most two in z, both having coefficients that are polynomials in u and w.

We assume that the following holds:
(i) The plain generating function R(z) = R(z,1,1) has a denominator Q(1,1)(z) which has
two distinct roots (when it is of degree 2), and the smallest root is located at z = p. The
numerator N(w)(z) is analytic and takes non-zero values on a domain of the form

{(z,w) | z in a neighbourhood of {z | |z| < p},w in a neighbourhood of w = 1}.

(ii) There exists a non-constant analytic function p(u,w) analytic at (1,1) that defines on a

real neighbourhood of (1,1) the smallest root of the polynomial Q(u,w)(z). We denote by
pe(u) the function equal to p(ye(u)) where the function 7. is defined in (44).

(#i7) The admissibility condition holds : the term 0 ﬁ is non-zero.

Then, an asymptotic Gaussian law holds for the restriction C,, of cost C to R,,. Moreover, the
expectation and the variance of the cost C,, are linear with respect to m and satisfy

(65) E[C,] = mmz(pc’(’u)) +0(1), V[Cn]= mm(pc’(’u)) +0(1).

We will prove that the bgf’s Rc(z,u) associated with a total cost C' defined from the four step-
costs ¢ € {cp,d, d,v} fullfill all the hypotheses of the previous theorem. This will entail Theorem
[[l Even though we know that the cost ¢ = dp cannot be Gaussian, we perform the computation
also in this case, since it will be partly needed in the analysis of the continuous model.
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Hypothesis (i) clearly holds with p = 1/¢3 in our five cases (QC'1,QC2, LC1, LC2, LC3), according
to Formulae . . ., . . It remains to perform two tasks:

— The first task studies the function

(66) ge(u) = % ) where p, is defined via the equality H.(p.(u),u) =1,
PclU

and is already mentioned in the beginning of Section One performs a general compu-
tation of the constants M[g.] and V[g.] which appear in (65).
— The second task computes these constants fore each pair (algorithm, cost) and checks that

condition (#i7) holds (except in the case of the cost dp).

We begin with the first task, performed in the next section. The second task will be performed in

Section [4.8]

4.7. General expressions of constants relative to the mean and variance. We compute
the constants 9[g.] and V[g.] which appear in (65). There are five different cases, according to
the three linear subclasses and the two quadratic subclasses. We begin with the linear class.

(A) Linear class. There is only one root located at p(u,w), with

(LC1)  plu,w)~* = qu w(l+u(g® = 1)), geo(u) = q (1 +u(q® - 1)), gdp(u) =u.
(LC2) plu,w)™ = Pw(l+ulg—1))  gey(u) =q¢ (1 +u(g—1)), gag(u) = u
(LC3)  plu,w) " =qw (1 +ulg—1))*  ge(u) = ¢ *we(u)(1 +ulg — 1)),

where w,(u) is defined in (45).

We then compute M[g.] and Vg.] in each case (see Table [f). We already check that U[ga,] is
indeed equal to 0 in cases (LC1) and (LC2).

(b) Quadratic class. There is a common framework for the two cases QC1 and QC2. As we
are interested in the function g.(u) which involves the function p.(u)~!, we deal with reciprocical
polynomials which moreover involve pairs (u,w) equal to 7.(u). Omitting the explicit references
to the cost and the algorithm, we are then led to the polynomial

Qzu) = 2> —a(w)z+b(w),  a(u):=aly(w), bu):=bye(u)
where a(u,w) and b(u,w) are previously defined in and . We first study the function f
for which the polynomial @ satisfies Q(f(u),u) = 0. We then return to the function g = p- f with
p=1/q"
We consider the derivatives of the polynomial @(z, w):
QLlzu) =2z —a(u), Q(zu) = —za/(u) +V/(v)
/2/2 (’27 U’) =2, ZQ (Zv u) = _Za//(u) + b”(u)v /zlu(zv u) = _a/(u) .

In particular, at point (¢3, 1), the derivatives involve the function

(67) o(u) = afu) -~
and are equal to

Q(a",1) = 20" —a1). Qula’s1) = ~¢'a(1) +¥(1) = ~¢'0'(1)
%(¢%1) =2, e (d®,1) = —¢g*a" (1), Y@ 1) = —d'(1).
At u = 1, the polynomial @(f(u), u) equals Q(q37 1). As ¢? is a simple root of @(z, 1), this entails
that the derivative Q’(¢%,1) = 2¢® — a(1) is not equal to zero.
The relation @( f(w),u) = 0 holds. Taking the first derivative leads to the equality
£ () QLS (w), ) + Qu(f (w),w) = 0.
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This gives at point (¢3,1) the relation f/(1) (2¢> — a(1)) — ¢®a’(1) +¥'(1) = 0.
This determines the value of f/(1), and then, the value of M|g]:
o'(1)

(68) Mg =g'(1) = 2 —a(l)”

The second derivative of the function u — Q(f(u), u) is equal to

S () QL(F(u)w) + ' (w)” QUa(f (w)y ) + 2 (w) QL (f (w),w) + Qi (f(w),u) = 0.
This gives at (¢3,1) the relation f”(1)(2¢% — a(1)) + 2f'(1)? — 24a/(1) f'(1) — ¢3¢ (1) = 0.
This determines the value of g”(1), namely
9"(1)(2¢° — a(1)) = 0"(1) - 2¢°¢'(1)* + 24’ (1)g' (1),
and entails the value of (2¢® — b(1))U[g], equal to
(69) (2¢° — a(1)) Vlg] = 0" (1) + ¢'(1)*(a(1) — 4¢°) + ¢'(1)(2¢° — a(1) + 24'(1)),
which gives

(70)
(24° —a(1))* Blg] = o (1)(24° —a(1))* +0 (1)*(a(1) — 4¢%) + o' (1)(24" — a(1) + 24/ (1)) (2* ~ a(1))..

We thus have obtained in and the expressions of the two constants M[g] and V[g] in
terms of the functions a(u) and b(u). These functions come from functions a(u,w) and b(u,w)
that are described in and . This ends the proof of the first task.

4.8. Explicit computations for the expectations and the variances. It remains to compute
these values M[g.] and Vlg,.| for each pair (algorithm, cost) and check that they are positive for
¢ # dp. This has already been done for the class (LC). This is now the goal of this section for the
class (QC).

The vectorial function . has two components, denote by vgu) and 75“’). It is completely defined
by the two derivatives

(71) 0 = (%vﬁ“), 0% = %%”)
that are constant functions, equal respectively to
97(;1) _ 07500) _ 07(;5) _ 91(;/) =1, gl(tdB) =0,
65°) =65 =0, 00 = 04" =1, 6% =L,

Then, for any function (u,w) — z(u,w) and any cost ¢, the derivatives of the function u — z(v.(u))
satisfy
[z(7e(u)] = gL 2ac(u w){ + Q(C)ix(u w)|
e w5 W ()=o) T 00 5 T W) ) ) -
This applies in particular to the functions a(u) := a(y.(u)), b(u) := b(ye(u)).
The expressions and involve the five values
a(1),d’(1),a"(1),0/(1),0"(1),

that are thus expressed with the five functions F, G, K, L, O and their derivatives together with 6,,
and 0,,, as described in Table a). The functions F, G, K, L, O and their derivatives are described
in Table [f|b) below.

With these two tables, we compute the values of the mean values M, and of the variances V, that

are provided in Table @ And, in each case (except for the cost dg) we check that the polynomials
involved in V. are strictly positive for ¢ > 2.

121, Section the second component of v, will be denoted as S..
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a(l) =F1)+G1)K(1)

a(l) =60,F(1)+0,G(1)K(1)+6,G(1)K'(1)

V(1) = 60,L/(1)0(1) + 0,L(1)0'(1)

a’(1) =02F"(1)+02G"(1)K(1) + 20,0,G' (1)K’ (1) + 02G(1)K" (1)

V(1) =62L"(1)O(1) + 20,0,L' (1)0'(1) + 62L(1)0"(1).
JP and F'S case (costs d, §,v)
F(w) = qu(1 + qu) F(1) =q(g+1) F'(1) =q(2g + 1) F"(1) = 2¢*
L(w) = (qu)° L(1)=¢* L'(1) = 3¢° L"(1) = 6¢*
G(w) = qu G =q G'(1)=gq G"(1)=0

JP case (costs d, §,v)
K@) =u*(g-1)"+ulg—-1) | K1) =q(¢-1) |K@Q)=(q-1)2¢-1)| K"(1)=2(q¢—1)*
)

O(u) =1+ u(g—1) o) = q 0'(1) = (¢- 1) 0"(1) =0

FS case (costs d, d, v)

K(u) = u?(q — 1)* K(1)=(¢-1) K'(1)=2(q-1)* | K"(1)=2(¢—1)?

O(u) =1~ (¢ 1)*u? o) =1-(¢-1| O(1)=-2¢-1)* |0"(1)=-2(¢-1)
=a2-9q)

FS case (costs co,dR)

F(w )—qw(1+q) F(1) =q(qg+1) F'(1) =q(g+1) F'(1)=0

L(w) = ¢*w? L) =¢’ L'(1) =24 L"(1) = 2¢°

G(w) = G(1) = G'(1) = G'(1)=0

K(u) = (qfl) K(1)=(¢-1) K'(1) = (¢ -1)? K"(1)=0,

O(u) =1~ (¢ 1)*u o) =1-(¢g-1*| O'(1)=-(¢-1)? 0"(1)=0
=42-q)

TABLE 5. (a) Top: General expressions of the derivatives of the functions a(u) =
a(ve(u)) and b(u) = b(ve(u)). (b) Below: Expressions of the derivatives of the
functions F, G, K, L, O.

Remark. All the dominant constants (mean values and variances) are rational fractions in g with
integer coefficients. All the mean values are in ©(1) for ¢ — oo, and the constants involved depend
only on the cost, not on the algorithm. They respectively satisfy

MCONI (021), MdN2 (C:d), M(;,MVN:S (C:(S,V).

The variance constants V. exhibit two possible behaviours. For the Jacobi—Perron and the fully
subtractive, they are in ©(1/q) when ¢ — oo, whereas they are in ©(1) for the Brun algorithm.
Moreover, the behaviours of the variances for the Jacobi—Perron and fully subtractive algorithms
are very close. They both satisfy

qVeo ~1, qVs~2, ¢V, ~3,
and they slightly differ for the cost d, with
qVy~5 (JP), qVqa ~8 (FS).

4.9. Average values for the bit-complexities. The bivariate generating functions Rg,(z,u)
for the bit-complexities ®. involve, for ¢ = 4, v, the cumulative generating function

() = 2 (20|

ou

u=1

under the form

Ry, (z,u) = TCHG cuH.(2) - T(zu) = TCHG CHo(2) u- (1—H(uz)> - D(uz).



Jacobi—Perron Brun Fully subtractive
g—1 ¢ -1 ¢ -1
M., i .
q q q(g+2)
M, | QatDe=1) | 20a-1) 2(¢* — 1)
q(g+1) q q(g+2)
3 +q—1 3¢g—2 3¢% +4q—2
Ms
q(g+1) q q(g+2)
M, 3(¢—-1) 3¢—-1) 3(¢—1)
q q q
Mg, 1 1 1
Jacobi—Perron Brun Fully subtractive
v g—1 (¢* —1)? (@® = 1)(2¢* +q+2)
co q2 q4 q2(q+ 2)3
v | (B4 45" +3¢+1)(g— 1) g —1)? 42¢> +q+2)(¢° — 1)
¢ 2(g+1)3 2 (g +2)°
a*(q q 7*(q
Vi 2¢° —¢" = ¢’ +q+1 (g—1D(4g—1) | 2(¢° +¢" —2¢° —2¢+4)
?*(¢—1)(g+1)3 q? a*(¢ —1)(qg +2)*
g—1 (¢—1)° q—1
Vi 3 7 6 7 3 Z
Vi 0 0 0

TABLE 6. Top: Expressions for the constants M. (expectations) for the five ad-
ditive costs c. Below: Expressions for the constants V. (variances) for the five
additive costs c. We have explained in Section why one cannot expect precise
relations between the first column and the sum of the last two columns.

Indeed, consider an input for which the algorithm performs j iterations, and, for k € [1..j] and
c € {0,v}, consider the cost c(Ay, By) - u’(F#:3) defined on the set 7 x D. Its generating function
is, for a given pair (k, j),

H*Y(2) - Hy(2) -u- H % (uz) - D(uz).
We then take the sum over all the indices (k, j) with k < j.

The associated cumulative series satisfies

~ L a N HC(Z) / / R(Z)

Rg (2) := 8uR<D" (z,u)|u:1 =T H(G) (R(z) +2D'(z) + zH'(2) =)
and its dominant part is given by

He(2) / R(z) _  H(2)H'(z)
(72) T~ O TTEe T o B
Now, the equality (1/¢®)H'(1/¢*) = D(1/¢?) (see ([38)) entails the following:
_ 1 HA/)¢) 1 _ 1 rd/e) 1
Moo =53 Diajen M =2 M Mo = 5@ B M T M

We have then proven:

Proposition 7. Consider any of the two bit-complexity costs ®s or ®,. Their expectations on
R.n satisfy
m2 2
Em[‘bé] ~ M5 : 77
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where Ms and M, are the constants that appear in Table [0

Remark. Observe that the three algorithms have the same expectation for the cost v and for the
sparse bit-complexity; we found no explanation for this surprising fact.

5. PROBABILISTIC ANALYSIS IN THE CONTINUOUS MODEL

This section is devoted to the analysis in the continuous model and deals with continued fraction
maps. When the set L of Laurent formal power series with negative degree is endowed with its
(normalized) Haar measure u, the Gauss Artin continued fraction map T¢ : L — L (defined in
() is p-preserving (see e.g. [4]). Here, L? is endowed with the Haar measure p ® p and we study
the three continued fraction maps Ty (where f refers to JP, B or FS according to the algorithm)
acting on L? endowed with p ® p. As previously, we provide a unified proof for the ergodic and
probabilistic study of the continuous case that applies to each continued fraction map.

We have shown in Section [2| that the continued fraction maps, described respectively in Section
and are defined via branches (or inverse branches) that are homographies of the same
form. Our unified framework deals here with the transfer operator that is defined in Section [5.2]
and then extended in Section The transfer operator uses in its definition a change of variables
formula that is first stated in Section [5.1} We prove here that the absolute value of the Jacobian
of each branch is constant. This entails (see Theorem [2)) that each Ty is 4 ® p preserving and that
the sequences of quotients (eg, Ak, Bk )k form sequences of independent and identically distributed
random variables. This also entails a close relation between transfer operators and associated
(bivariate) generating functions. Precise computations of the expectations and the variances are
performed in Section [5.4] We then study the bit-complexity costs in Section [5.5] Finally, Section
deals with the possible values taken by the degrees of the convergents.

There are various metric results in the continuous model in the literature. However, as already said,
the corresponding algorithms are not exactly the ones that are studied here, but they are clearly in
the same spirit. In particular, the properties stated in Theorem [2] have already been established in
the Jacobi—Perron and in the Brun cases (see |26} 27] and [I7], respectively). However, the fact that
the Haar measure is invariant for continued fraction maps (in the context of formal power series
with coefficients in a finite field) is proven “by hands”, and not clearly related to nice properties
of the transfer operator. Observe that a similar situation arises in many beta-numeration contexts
for formal power series (see [4] 22] [34]), where the invariance of the Haar measure is also proven
“by hands” and not clearly related with properties of the Jacobian of the inverse branches. One of
the interests of the transfer approach developed here is to provide simple proofs for Haar measure
invariance.

5.1. A change of variables formula. We state here a change of variables formula that plays a
central role in the definition of the transfer operator, studied in Section [5.2

Proposition 8. Consider the Haar measure p®@u on L2 and the homographies h(+1,4,B) associated
respectively with the matrices My (A, B). Then, for any Borel subset F' € .2 and for any e = £1,
the measure 1 @ p(he o, g((F)) satisfies

1
(73) 1@ pu(he a,B(F)) = ||Jac(he a,B)|| p @ p(F) = Faan @ u(F),

where Jac(g) stands for the Jacobian of the application g.

There are two different proofs for the previous proposition.

Proof A. There exists a general change of variables formula that holds in the ultrametric case.

It is cited for instance in [§], see also [31]. This general formula entails the first equality in (73).

Moreover, when h is associated with a matrix M,(A, B), its Jacobian Jac(h) admits a particularly

simple expression. First, the Jacobian of the homography k(. 4 p) is related to its denominator
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D[h(-,a,p)]; via the equality Jac(h(- .a,5)(9)) = D[k a,5)](g) (see also [33, Proposition 5.2]).
Second, this denominator D[h( 4 p)|(g) is of the form
B(h)+g2 (e=+1),  Bh)+gq (e=-1).

In both cases, as g; € L and deg B > 1, the ultrametric equality ||B(h) + g:|| = ||B(h)|| = ¢3¢ B
holds and entails the equality

Bachie,a,)(0)]| = 1Dl a,))(9)]] = 4555,

Proof B. It is done “by hands” and it is based on the following assertions, which provide a proof
of the change of variables formula for the case of simple transformations. This can be formulated
in dynamical terms along the following two assertions. Assertion (7) is a classical statement for
the beta-transformation Sz and Assertion (i¢) is a classical statement for the Gauss map and its
proof can be found e.g. in [4] [7].

(i) For any B € F,((X™1)), deg > 0, the map Sg: L — L, f ~ Bf — [Bf] is u-measure
preserving and for any A € F,[X], deg A < deg (it also holds for A = 0) and for any
Borel subset E of L, one has

WS ELIB1= A4, So() € BY) = sl D).

(#3) For any B € F,[X], deg B > 1, and for any Borel subset E of L, one has
1

Wi el [ =B 3 - BeB) = ()

Proof. Let us prove Assertion (i). As Sg is an endomorphism of L onto itself (i.e., Sg(f +g) =
Sa(f)+Sp(g)), it is Haar measure preserving. We let denote by (a_1,a—s,...,a_)(f) the k-uple
of coefficients of f with index running from —1 to —k. Suppose that deg S = k > 0. For each
A € F4[X], degA < k, we can find a k-uple (a_1,a_2,...,a_x) € F¥ such that [8f] = A if
and only if (a—1,a—9a,...,a—k)(f) = (a—1,a—a,...,a_k). It is enough to show the assertion for a
cylinder set of the form

E = {f eL | (a,1,a,2, . .,a,g)(f) = (071,072,. .. ,C,g)}

with (c_1,¢—2,...,c_¢) € Fg, £ > 1. There exists (a_(x41); O—(k42), - - - » O—(k4r)) € Ff} such that

{feL|[Bfl=A4, (a—1,a-2,...,a_¢)(Ss(f)) = (c=1, ..., c—p)}
= {feL|[Bfl=A, (a—(k+1): @—(k+2); - - a—(kt0))(f) = (=1, c=0)}.

This entails the equality p({f € L | [f] = 4, Ss(f) € E}) = ﬁ,u(E) = qde%u(E). O
We now prove Proposition [§]

Proof. We give the proof in the case e = —1 for the map T defined in Section It is enough to
show the assertion when F' is of the form E; x F,, where F; and Es are Borel subsets of .. By
Fubini’s theorem, we have

@ p({(fr, f2) | n(f1, fa) = =1, A_ = A, B_ = B, T(f1, f2) € E1 x Es})
1 gzh
//<+,A,B> 151 (f2 B f2 A) p

L _gh_
/[1/f2]=B </[f1/f2]=A Leu e, <f2 B, f2 ) dﬂ(fl)) dp(f2)

1 i )

H P T —A)d du(f2).
/[l/fZ]—B 1g, (f2 ) </[f1/f2]—A 1g, <f2 #(f1)> w(f2)
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For any fo with [1/f2] = B, we now use Assertion (i) for the internal integral with 8 =1/ fs and
thus deg 8 = deg B, and then Assertion (i7). This gives

1 1
qdegB‘u(EZ) /[1/f2]—B 1E1 (f2 - B) d:u(fQ)

1
e 1(Es)

1 1
q2degBlu’(E1) = Wu@u(& x Es).
O

5.2. The transfer operator. Let T = T} be one of the three continued fraction maps of interest,
with § € {JP,B,FS}. We recall that the set of quotients #; depends on the continued fraction
map. With a given quotient (¢, A, B) € Hj, one associates the inverse branch hy . 4, gy of Ty. This
is the map acting on L2 satisfying hy (c,a,8y(g) = [ if and only if Ty(f) = g with the produced
quotient being (¢, A, B). We know that the following holds for the three continued fraction maps:

— the inverse branch hy (. 4,p) is the homography associated with the matrix M.(A, B);
~ the map h(. a,p): L? = h(c a,p)(L?) is a bijection.

We now omit the reference to the algorithm. We consider the density transformer H associated
with the map T. This operator, also called the Perron—Frobenius operator, was introduced early in
the study of dynamical systems as the dual of the Koopman operator f + foT for non-invertible
maps. Then Ruelle [28] introduced a more general notion of transfer operators; this was further
adapted to various contexts, notably to the continued fraction case by Mayer [23]. For more on
transfer operators, see for instance [IJ.
Here, the transfer operator acts on L}@M
that holds on L2 after one iteration of the map T. As the inverse branches are full, the transfer
operator is defined for ¢ € L' (1 ® p) and g € L? as

(74) Higl(9)= > |Jac(heam)@)] ¢oheam (9.

(e,A,B)EH

(L?) and it associates with a density ¢ the new density

With Proposition [8, the norm of the Jacobian is a constant function, and the operator is

Hgl(9) = >

(e,A,B)EH

1
@Eg§¢ohwmgﬂm-

Then, the constant function ¢ = 1 on L? is an eigenfunction for the operator H. The associated
eigenvalue involves the generating function H(z) introduced in Section and this yields

(75) H[1] = > ¢ PP 1=H1/¢)1=1,
(e,A,B)EH

where the last equality H(1/¢®) = 1 comes from the fact that the rational fraction 1/(1 — Hy(z))
has a pole at z = 1/¢>. This entails the invariance of y ® p under the action of T.

Moreover, for any triple (¢, A, B) € Hy and any Borel set F' € L2, Propositionentails the equality

pen({f QA B = (€AB) 1 €T EN) = 0® uhiean(F) = g © u(F).

We then conclude, by induction on the number of partial quotients considered, that the quotients
(€n, Ap, Bn)n are independent and define identically distributed random variables on IL2. We have
then proven the following.

Theorem 2. Fach continued fraction maps Ty, with § € {JP, B, FS}, is u ® p-preserving. The
sequence (y, Ay, By)n>1 is formed with independent and identically distributed random variables
with respect to the probability measure p ® p and the map Ty is ergodic with respect to 1 @ p.
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5.3. Additive costs in the continuous model. The following result deals with the cost C,,
along the n-th truncated trajectory associated with a step-cost c. This step-cost ¢ gives rise to
a cost ¢ defined on IL?, via the equality ¢(f) = ¢(Q(f)), where Q(f) is the quotient pair (A, B)
computed by T on f. As already seen in Section the following equality holds:

(76) Cu(f) = e(f) +&T(f)) + -+ +ET(f)) + -+ AT ().
This cost C,, has two characteristics:
— The equality is written as an ergodic sum: the ergodic theorem (and here in fact, the

strong law of large numbers) entails a convergence that holds almost everywhere.
— It is also written as a sum of i.i.d. variables, and the central limit theorem applies.

Theorem 3. The following holds for any continued fraction maps Ty with § € {JP,B,FS} and
any step-cost ¢ defined in :
(i) Any cost C,, defined in satisfies

1 — —
;C’n(f)—)MC, (a.e inL?), with M. =E,g,[c].

(i) The cost C,, is written as a sum of independent and identically distributed random vari-
ables, whose expectation and variance, respectively denoted as MG and ‘70, are expressed via
the generating function u — £.(u) = H.(1/¢3,u). The function H.(z,u) was introduced
in Section [[.5 as the bivariate generating function of the cost c. The following equalities

hold:

(77)  Me=Euufd = M) = €(1), Vo= Vyeud = B[] = £/(1) + £(1) = £,(1)%,
and they involve the cost ¢ defined from the step-cost ¢ as ¢(f) = c(Q(f)).

(171) When the cost ¢ is not constant, the variance Vg, [c] is positive, the central limit theorem
applies, and the cost Cy, asymptotically follows a Gaussian law, with

E[C,] =nM.,  V[C,]=nV,.

Remark. Assertion (i) does not apply to the pair (F'S, d) where the cost d is constant and equal
to 2.

Proof. (i) First, each (generic) cost C,,(f) along the n-th truncated trajectory associated with a
step-cost ¢ defined on L2 is written as the sum

Cu(f) =) +&AT(f)) + - +&TH(f) + - +&AT"(f)),

that involves the associated cost ¢ defined on IL?. The quantity (1/n)C,(f) is thus an ergodic
sum, and the ergodic theorem entails

1
Jm ~C.(1) =Byl = [ AN dnen (o).
(74) Due to Theorem [2] the cost C,, is the sum of independent and identically distributed random
variables. In order to study the distribution of each elementary random variable, we consider
a perturbation of the transfer operator defined in . Such operators have been introduced
by Ruelle [28] in the study of the thermodynamic formalism, and are now strongly used in the
dynamic analysis method.

We associate with the step-cost ¢ the operator H. ,, (= H. , 4), that depends on a complex variable
u, and is defined as

(78) Heu[ol(9)= Y. Jac(hean) (@) e ¢ohi ap (9)
(e,A,B)EH

= Y (g @B goh 4 p (9).
(e,A,B)eH
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As previously, the constant function ¢ = 1 on L2 is an eigenfunction for the operator H, ,, and
the associated eigenvalue involves the bivariate generating function H.(z,u) introduced in Section

at point z = 1/¢% as

(79) He 1= Y (¢34 8)u @B 1 =0, [uf1 = He(1/¢%u)1.
(e,A,B)EH

This entails the equality E, e, [u¢] = He(1/¢%, u), and thus, taking the derivatives with respect
to u at u = 1 of the function £.(u) := H.(1/¢%,u) leads to the two equalities that involve the
quantities defined in and described in .
With a fixed step-cost ¢ and an algorithm f#, we then associate the operator Hy ... The Sum
Property of Proposition [2| now extends to the operators, and the following equality between the
three operators holds:

2HJP,c7u = HB,c,u + HFS7c,u .

As these three operators admit the same eigenfunction ¢ = 1 on L2, this also entails the Sum
Property for their associated eigenvalues u — £.(u) and thus for the (first or second) derivatives
of the functions £.. Then, the Sum Property extends to the associated 9[¢.] but noﬁ to the
associated U[¢.| that satisfy

QDR[EJRC] = Dﬁ[&h] + m[£F57c}, m[fJRc] = EU[KB,C] + m[fFS,C] + QW[KB)C] . m[fp&c] .
Then, the equalities hold

(80) 2 MJP,C = MB,C + MFS,C 2‘7JP,C = ‘73,6 + VFS,C -2 (M/EP,C - MB,C : MFS,C) .

(iii) With p(h) := ¢34 B the Cauchy-Schwartz inequality leads to
1/2

S phyu® < (S pyare@) " (Spim)

and the equality holds if and only if the terms are collinear. This only happens when the cost c(h)
does not depend on the branch h.
O

5.4. Computation of expectations and variances. We now perform precise computations for
the constants M, = M[¢,] and V, = V[¢,] that are involved in (77). In particular, for any additive
cost ¢, we compare the constant Mc with the constant M, which occurs in the analysis of the
ged algorithm that deals with finite trajectories. We prove that a finite trajectory behaves on
average in the same way as a truncated trajectory behaves almost everywhere. We also provide
a precise expression of the constants V. which intervene in the variances. The computations are
summarized in Table

Proposition 9. The following holds for any continued fraction map T = Ty, where § refers to
JP, B or FS according to the algorithm, and for any additive cost ¢ € {d,dp,d,v}:

(i) The entropy of the dynamical system (L2, T, u ® p) is expressed in terms of the degree dp
of the quotient B and satisfies

E(T) = 3]Eu®#[dB] :
(i) The relation
3M, = M, - E(T)

holds between the expectation M, = E,xulc] in the continuous model, the dominant con-
stant M. described in which appears in the analysis of the discrete model and the
entropy.

13T his is due to the term #/(1)2 inside [£].
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(ii7) The relation holds between the function £. defined in Theorem @(zz), the functions
p- ! and o, that arise in the analysis of the discrete model, and the second component B,
of the vectorial function ~y. defined in , together with a function A, described in Table

A
(iv) The following relations hold
M =M[t.] = ol(1) Ac(1) |
Ve = B[t = o (1) A1) — oL (12Au(1)? + 02(1) [Ac(1) + 265 AL
(v) The constants associated with each pair (algorithm, cost) are shown in Table @ Except in

the case (F'S,d), the variance constants V. involve polynomials that are (strictly) positive
forq> 2.

Proof. (i) Theorem [2| shows that the process which emits at each discrete time k the triple
(ek, Ak, Br) is memoryless. Denote by p(h) the probability of emitting the quotient (e, A, B).
Then, the entropy is just equal to

1 ~
E(Ty) == p(h)log,p(h) =3 > —qes5 98 B = Eyeu[3deg B] = 3Haeg 5(1/4”)
heHy (e,A,B)eHy

where H,(z) is the cumulative gf of the cost ¢, equal (by definition) to (8/8u)H(z,u)|u—1. In the
case of cost dp, Section 2 proves the equality Hy,(z,u) = H(zu) that entails

SE(T) = Haeg 5(1/6) = (1) H' (/).

Furthermore, the equality (1/¢®)H’(1/¢®) = D(1/¢?) (see (38)) implies that the entropy is also
equal in each case to 3D(1/¢?).

(#3) The constant M. which occurs in the analysis of the discrete model is equal to 9[g.] where
gc appears in . The function g, is related itself to another function p. defined by the implicit
equality H.(pe(u),u) = 1 via the relation p.(u) = (¢3g.(u))~!. Taking the derivative with respect
to u leads to the equality

p/c(u)%Hc(pc(u),u) + %Hc(pc(u),u) =0.

Now, at u = 1, the equality g.(1) = 1 and the relation p.(1) = —(1/¢>)g.(1) holds. Furthermore,
the equality H.(z,1) = H(z) holds and the partial derivative (0/9z) H.(z, 1)|Z=1/q3 is just equal
to H'(1/¢?). Using now (i), and the relation with the entropy, we conclude with the equality

—g;<1>q—1?,H'<1/q3> LOA1)=0,  Mg] E(T) = 3L,

(#31) We could compute the second derivative of the relation H.(p.(u),u) =1 at u = 1. However,
we prefer to adopt a more direct method, which directly deals with the polynomial @ introduced
in Section and more precisely with its reciprocal polynomial @) also introduced there.

Quadratic class. For the subclass QC1, one has

CHaw L Quuwz)  Quuw)(z)
(Q01) 1 H(z’ 4 ) 22 (1_71”)(1_(17“,2)) (Z_qw)(z_q2w2)7

where Q\(m w) is the reciprocal of @(u, w) given in . In the same vein, for the subclass QC2,
one has

~ ~

1 QuwE)  _ Quuw))
o= ) o)

z

(QC2) 1-H (iuw)=

where @(u, w) is the reciprocal of @(u, w) given in .
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Linear class. There are analog formulae that involve the function p(u,w), namely

1-Lp~!(u,w) 11w

LC2) 1-H(Luw) = —=L 0

LC1), (LC3) 1—H (L =
(LC1), (LC3) (2uw) [

)

1-— %qw
or, equivalently

):Ll(“’“’)7 (LC2) 1_H(%’u,w>:Ll(“vw).

LC1), (L 1—H (L
(C)7< 03) (z’u’w z—quw zquw

We now focus on the point (z,u,w) where z = ¢* and (u, w) = 7.(u) where 7. is defined in ([44).
The second component of the vectorial function v, was previously denoted as ’ygw) at the beginning
of Section and its derivative was denoted there by 0% (see Eqn. ([71])). This function ’yéw) is
presently denoted, in a lighter way, by S, so that the equality 8.(u) = 9&6 ) holds.

For the (whole) quadratic class, the polynomial Q(¢3,ve(u)) equals ¢3(¢® — oc(u)) where the
function o, is defined in @ This gives for this class

¢’ —o.

(q2 - Bc)(q - Bc) '

q3 — O¢
(> = Be)g—B2)

For the linear subclass, the quantity 1 — ¢, is equal respectively to

(81) (QC1) 1—-¢.= (QC2) 1—4.=

(82) (LO1). (LC3) 1= TP og) 1_g = P
ala® = Be) (g — Be)

A unified formula. In all the cases, the following equality holds:

(%) L—le=(¢"—0c) Aco B .

Here, the function o is defined in for the quadratic subclass and equal to p_ ! for the linear
subclass. The function . is the second component of the vectorial function 7.. The function
w +— A.(w) only depends on the subclass and is defined in Table

Subclass oc Expression of w — A.(w) AlL(1)
QCl | Ean (67 | [(¢*—w)(g—w’)™t |2 +q-3)(¢*-1)* (-1~
QC2 | Eqn @) | [(¢-wig-—w]™" | @+¢-2)(@-1)*@-1)""

LC1 p! [q(q® — w)] ! g Hg®—1)72
LC2 pet [®(q —w)] ¢ *g-1)""
LC3 pit lq(¢* —w)] ! g Hg?—1)72

TABLE 7. Expressions of the functions o., A, and A’(1) for each subclass.

(7v) Then, in all the cases, due to , the expectation MM[¢.] and the variance Y[l are expressed
with possibly the first two derivatives of the function o., together with the derivatives of the
function w — A.(w) and the derivative 97(5 ) of the second component 3. of v.. All these values
are taken at u = 1. We now omit the reference to the cost ¢ in the next computations.

Taking the first derivative of gives:

—l'(u) = 0u(q® — () A'(B(w) — o' (u) A(B(u)).
This leads to the equality ¢'(1) = ¢’(1)A(1), and
(84)

(QC) M = o(1) (LC1), (LC3) mm:ﬂ (LC2) M[(] = o'(1)

(q—1)(¢* = 1) q(¢®> = 1)’ *(g—1)°

We now compute the constants U[¢] involved in that are relative to the variances.
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The second derivative at © = 1 of just involves three terms taken at u = 1, namely
=" (u) = =0y 0" (u) A(B(u)) — 0" (u) A(B(u)) — 0w o’ (u) A'(B(w)).
This leads to the equality

7"(1) = " (1) A1) + 20, o' (1)A'(1) .

Finally, the term U[{] for the variance satisfies:

(85) W ="(1) =L (1)2+(1) =0"(1) A1) — o' (1)2A(1)* + o' (1) [A(1) + 26, A'(1)] .
Jacobi—Perron Brun Fully subtractive
3q 3¢° 3q(g +2)
Entropy £ -1 21 21
2
~ q q q(q +2)
M. . L
B qg—1 -1 -1
~ 29 +1 2q
M — 2
¢ q+1 q+1
7 3¢ +q—1 | qB¢—2) | 3¢°+4q-2
’ =1 q* —1 q* —1
M 3 39 3@
’ g+1 g+1
Jacobi—Perron Brun Fully subtractive
v q q q(2¢* + ¢ +2)
v (g1 (¢ = 1)? (¢ = 1)’
= q 2(¢ 1)
\% — 0
’ (g+1) (g +1)
7 |46 +79+1) | (20-1)(¢* —29+2) | 98¢ +q+8)
RN CEESIE (¢> —1)2 (¢~ 1)?
7 6 3(3¢ — 2) 3(3¢> +2q+4)
q (g+1)? q(g+1)*

TABLE 8. Constants M[¢.] for the mean (top) and Y[¢,] for the variance (below)
for the three algorithms and the costs of interest. We check in each table the
properties described in , namely

— for the means, the relation 2]/\\4/07]]3 = MQB + MC,FS ,

— for the variances, the relation 2‘7pr6 = VB,CJrf/FS,CfZ (J\A/[/?RC — ngc . MFS’C) .

Remark. There are strong similarities between the present formulae and (here in the
continuous model) and formulae and that stand in the discrete model (at least in the
(QC) subclass).

(v) The constants relative to each pair (algorithm, cost) are summarized in Table [8] below. We
have checked that the polynomials involved are always positive for ¢ > 2 (except for the pair
(F'S,d) as already mentioned).

Remark. As in the discrete case, all the dominant constants (mean values and variances) are
elements of Z(g). All the mean values are in ©(1) for ¢ — oo, and the involved constants only
depend on the cost, not on the algorithm. This is the same as in the discrete case, and they
respectively satisfy

My ~2, M, M,~3.
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The variance constants are in ©(1/q) with two exceptions: first, the constant Vy is zero for the
FS algorithm, as expected; second, for the pair (Brun,dg), the variance is in ©(1/¢?), a sort of
reminiscence of the discrete case, where it is zero.

O

5.5. The case of bit-complexities. For each cost ¢ € {d,v}, we consider two notions of bit-
complexities. First, the bit-complexity, as defined in Section satisfies for ¢ € {4, v}

Den(f) = S (e(Ag) + (B:)) 5(Qi-1) |
= (e(A1) + e(B1)) + S0 (e(Ai) + e(By) (1+ Xj2) deg By )

It involves the trajectory (f,T(f),---,T™(f)) with quotients (e, A, By) and the convergents

P 0
P2,k - Mek(Ak‘yBk‘)“'M€1(A17Bl) 0
Qk 1

For a polynomial @,, let @n stands for @, divided by its leading coefficient. We may also
consider the execution of the ged algorithm on the triple (P, P2 p, @n) and get a sequence of
quotients (e}, Aj, Bk) that correspond to the execution of the algorithm on (P, P2 p, @n) The
quotients (¢}, A}, B},) are just the quotients (€,,—x, Ap—k, Bn—) produced in the reverse order and
the sequence of polynomials produced by the algorithm is (Py 5.k, P2 n ks @n,k)lgkgn» where the
triples (Pi ks P2k, @nk) are intermediate convergents defined for 1 <k <n —1 as

Pl,n,k 0 Pl,n,n 0
Pog | = Mg, (Ayr, Bigr) - M, (A7, By) (0] and | Pon | = |0
Qn,k 1 Qn,n 1

It turns out that
@C(Pl,na P2,na Q\n) = Z?:l(c(A;) + C(Bi )6(@n,z)
= S0 (A +e(B)) (1+ Xii e B}) + (c(A}) + c(B},))
= S (e(4i) + e(B) (14 2 deg By ) + (c(A1) + e(By)).

In both cases, the sequence (A, By,)n>1 is formed with independent and identically distributed
random variables with respect to u ® p, and we have for ¢ < j

Epopulc(Ai) deg Bj] = Epgp[c(A)] Eygplds] Eyoulc(Bi) deg B;] = Epgy[c(B)] Elds].
We now use the following result from [7] that we recall below:

Proposition [7, Proposition 3 | Let (V;,) and (W,,) be stationary and ergodic sequences of non-
negative valued random variables on a probability space (0, F, P) with finite expectations py and
uw, respectively. For P-a.e. w € , we have

nlgrgo ﬁ Z Vi zk;rl W; = MVMW
k=1 j

Once applied to our framework, we obtain the following result

Proposition 10. Forc € {§,v}, the following holds for the two notions of bit-complexity previously
defined:

1 1
lim — ®.,(f) = lim — - Pe(Prns Poyny @n) = Epgpld Eugplds] -

n—oo 2n2
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5.6. On the degree of convergents. We wish to study the possible values of deg )y when k
varies. We are then interested in the indices N for which there exists some index k for which

k
deg Qk(f) =Y _deg Bi(f) = N.
=1

If the degrees deg B; were all equal to a constant dp, the integers IV of interest would form an
arithmetical sequence with ratio dp, and their density would be equal to 1/dg. Even though the
degree dp is not a constant random variable, the following result exhibits such a (limit) density.

Proposition 11. We consider the sequence of sets
Fy:={f€L?| 3 degQx(f)=N}.
For the Jacobi—Perron and Brun algorithms, the measure of Fy is independent of N, and is equal
to 1/E,eu(dB). For the fully subtractive algorithm, this measure depends on N and satisfies
1

Eueu(ds)
Proof. We recall first that deg Qr = Zle deg B; for the three algorithms.

In the case of the Jacobi-Perron and Brun continued fraction maps, the sequence (deg B;);>1 is
an i.i.d. sequence with geometric distribution of parameter 1/q (for Jacobi-Perron) and 1/¢* (for
Brun). One has indeed, for any ¢ > 1 and any £ > 1

Jim g ® p(Fy) =

-1 21
,u®u{feL2|degBi:£}:qql, (JP), u@u{feLz\degBizﬁ}:qu (Brun) .

Then, deg Q) is a sum of k independent geometric variables of the same parameter ¢~' or ¢~2,
respectively. This implies that the probability that deg@Qr = N for some k is equal to (¢ — 1)/q
or (¢? —1)/q?, respectively; it is thus independent of N.

For the fully subtractive algorithm, the distribution of deg B; is not geometric. First of all, we
note that deg @ = IV implies £ < N. We let

VN:/’L@M(FN)? ak:,u®u{f€]L2|deng=k‘}, @:(a17a27"'7an7"')

a
Ioo> and denote

for n > 1 the coefficient of the power Z™ at the i-th row and the j-th column.

One has 11 = a;. With &, we define the bi-infinite matrix Z by blocks as Z = (
(n)
ij
It is first clear that zﬁv) = vy. We now prove by induction the equality

zﬁv) =u®u({f €l? | Fk(1<k<N)degQr =N +j—1and degQp_;1 < N}) )

Suppose that the claim holds for N > 1. The following matricial equality holds:

N+1 N N
Z;j ' =2{Va; + Z%jJ)rl'

by z

(N+1)
15
p@u({f€l?|3k(1<k<N)degQ =N and deg By = j})
+p@p({fel?|3k(1<k<N)degQr =N +j and degQr_1 < N})
=p@p({fel? Ik <k<N)degQr =N, and degQry1 = (N +1)+j —1})
+p@p({f€L?|Fk(1<k<N)degQr =N +j and deg Q1 < N})
=p@p({f €L? 3k (1 <k <N)degQpi1 = (N +1)+j—1 and degQp—1 < N})

where we should note that £ = N + 1 is possible only when degQn = N.

Because (A, By)n>1 is an i.i.d. sequence, it turns out that z is equal to

The matrix Z is an aperiodic irreducible stochastic matrix. We refer to [29, Chapter 5] for the

detail of the theory of non-negative matrices of countable infinite states. By the Perron—Frobenius

theorem, there exists a row stochastic eigenvector p such that each row of Z™ converges to p as

n — 0o. The first coordinate of p is the o that we need. The fact that E,g,[dg] < oo implies that

the Markov chain associated with Z is positive recurrent. Moreover, the solution of the equation

uZ = u with w3 = 1 can be computed inductively, and this shows that the normalizing constant
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of u is equal to the inverse of E, g, [dp]. This proves the third assertion of the proposition, and
ends the proof O

6. CONCLUSION AND OPEN PROBLEMS

To our knowledge, this is the first study that provides a unified analysis of multidimensional
ged algorithms and their associated continued fraction maps for polynomials and formal power
series with coefficients in a finite field. This analysis is based on the use of the transfer operator,
which firstly provides a simple explanation for the invariance of the Haar measure. Secondly,
the generating functions appear as dominant eigenvalues of the transfer operator. In this way,
the main cost characteristics (expectation, variance) appear in a natural manner and are easily
computed and compared.

The following features are central for developing our unified framework:

(7) the algorithms are based on the choice of a specific component;
(#4) they perform the division of the other two components by the specific component;
(#i7) the algorithms deal with partially ordered inputs.

The present formalism covers classical algorithms (in the case of real numbers) such as the Jacobi-
Perron, the Brun and the fully subtractive algorithms.

What about other algorithms? There exist other classical algorithms for real numbers, as the
Selmer algorithm and the Poincaré algorithm, and we consider their possible adaptations to the
context of positive characteristic.

— The Poincaré algorithm, described in [25], subtracts the smallest entry to the second largest
one, and the second largest one to the largest one. It does not fit into the present framework at
all, since it does not use the notion of a specific component, and it seems difficult to decompose a
step of this algorithm into two steps of a “specific flavour”.

— The Selmer algorithm subtracts the smallest entry to the largest one [30]. It may be adapted
in order to enter the present framework. Even though the classical version of the Selmer algo-
rithm uses subtractions, one can deal with its multiplicative version, more natural in the context
of positive characteristic. Then, the multiplicative version performs one division of the largest
component by the smallest component. Even though there is only one division, the framework
described by Condition (i) may be extended. Generally speaking, our analyses may be relatively
easily adapted to algorithms that that do not perform all the divisions.

Concerning Condition (i4i), the analysis will be more difficult in the case of totally ordered inputs.
As already mentioned in Section just after Eqns and , we need indeed to completely
re-order the input after the divisions. This involves a possible extra permutation p (between Ry
and Rs) which acts after the divisions, whereas the permutation described by 1 (in the present
study) just observes the ordering of the pair before the divisions.

Higher dimensions. In the general unified framework of the paper (i.e., partially ordered
subsets), it seems possible to design a similar framework for higher dimensions (n > 3). Consider
a set of (n + 1)—uples of polynomials R = (R, Ra, ..., R,11), partially ordered, with deg R,,+1 >
max(Ri, Ro, ..., R,). Consider also a specific component, always different from R,, 41 , defined by
e € [1..n]. Tt can be chosen by its position, with a given fixed € (as in the case of the Jacobi-Perron
algorithm where e = 1). There are then n positional algorithms of the Jacobi-Perron flavour.
However, they are however all of the same vein, and they share the same behaviour. The specific
component can also be chosen in terms of the rank n € [1..n] of the specific component inside
the n-uple (R1, Ra,..., Ry). The generalized Brun strategy is defined by e = 7 = 1, whereas the
generalized fully subtractive strategy is defined by ¢ = 7 = n. For n+1 > 3, there are intermediate
strategies attached with each choice e =7 =i € [1..n]. Similar algorithms have been considered
for subtractive algorithms in the real number case [9, [12].

The execution of such an algorithm will be considered as a succession of phases, as already seen

for the analysis of the ordered version of the Brun algorithm in n dimensions in the real case [6].

As in the present study, we expect the first phase —the only one which is not degenerate and which
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deals with the total dimension— to be the dominant one in terms of complexity and costs. The
bivariate generating functions of the main costs during the first phase will be written as rational
fractions with respect to z, with a denominator being a polynomial of degree at most n (in the
n-dimensional case); the other phases, the degenerate ones, deal with dimensions smaller than n,
and will have a negligible complexity compared to the first phase.

(1]

2]
(3]

(4]
[5]
[6]
7]
(8]
[9]
[10]
(11]
(12]
(13]

[14]
(15]

[16]
(17]
(18]
(19]
20]
(21]
(22]

23]
[24]

25]
[26]
27]

28]
29]

(30]

(31]

REFERENCES

V. Baladi, Positive transfer operators and decay of correlations, Advanced Series in Nonlinear Dynamics 16,
World Scientific Publishing Co., 2000.

V. Baladi and B. Vallée, Euclidean algorithms are Gaussian, Journal of Number Theory 110 (2005), 331-386.
H. Benamar, A. Chandoul, Convergence of the Brun algorithm over the field of formal power series, Journal
of Number Theory 129 (2009), 621-631

V. Berthé and H. Nakada, On continued fraction expansions in positive characteristic: equivalence relations
and some metric properties, Expo. Math. 18 (2000), 257-284.

V. Berthé, L. Lhote and B. Vallée, Probabilistic analyses of the plain multiple ged algorithm, J. Symbolic
Comput. 74 (2016), 425-474.

V. Berthé, L. Lhote and B. Vallée, The Brun gcd algorithm in high dimensions is almost always subtractive,
J. Symbolic Comput. 85 (2018), 72-107.

V. Berthé, H. Nakada, R. Natsui and B. Vallée, Fine costs for Euclid’s algorithm on polynomials and Farey
maps, Advances Appl. Math. 54 (2014), 25-65.

N. Bourbaki, Variétés différentielles et analytiques. Fascicule de résultats, Actualités Scientifiques et Indus-
trielles 1347, Hermann, Paris 1967.

H. Bruin, R. Fokkink, C. Kraaikamp, The convergence of the generalised Selmer algorithm, Israel J. Math.
209 (2015), 803-823.

K.Q. Feng, F. R. Wang, The Jacobi-Perron algorithm on function fields, Algebra Colloq. 1 (1994), 149-158.
P. Flajolet and R. Sedgewick, Analytic combinatorics, Cambridge University Press, Cambridge, 2009.

R. Fokkink, C. Kraaikamp, H. Nakada, On Schweiger’s problems on fully subtractive algorithms, Israel J.
Math. 186 (2011), 285-296.

C. Friesen and D. Hensley, The statistics of continued fractions for polynomials over a finite field, Proc. Amer.
Math. Soc.124 (1996), 2661-2673.

J. von zur Gathen and J. Gerhard, Modern Computer Algebra, Cambridge University Press, (2003).

H.-K. Hwang, On convergence rates in the central limit theorems for combinatorial structures, European J.
Combinatorics 19 (1998) 329-343.

K. Inoue, On the exponential convergence of Jacobi-Perron algorithm over F(X)%, JP J. Algebra Number
Theory Appl. 3 (2003), 27-41.

K. Inoue and H. Nakada, The modified Jacobi-Perron algorithm over Fy(X)?%, Tokyo J. Math. 26 (2003),
447-470.

A. Knopfmacher, J. Knopfmacher, The ezact length of the Euclidean algorithm in Fq[X], Mathematika 35
(1988), 297-304.

D. E. Knuth, Seminumerical Algorithms, 3rd Edition. Vol. 2 of The Art of Computer Programming, 1988.
Addison-Wesley.

L. Lhote and B. Vallée, Gaussian laws for the main parameters of the Euclid algorithms, Algorithmica 50
(2008), 497-554.

B. Li and J. wu, Beta-expansion and continued fraction expansion over formal Laurent series, Finite Fields
Appl. 14 (2008), 635-647.

B. Li, J. Wu, J. Xu, Metric properties and exceptional sets of B-expansions over formal Laurent series,
Monatsh. Math. 155 (2008), 145-160.

D. H. Mayer, On the thermodynamic formalism for the Gauss map, Comm. Math. Phys. 130 (1990), 311-333.
R. E. A. C. Paley and H. D. Ursell, Continued fractions in several dimensions, Math. Proc. Cambridge Philos.
Soc. 26 (1930), 127-144.

A. Nogueira, The three dimensional Poincaré continued fraction algorithm, Israél Journal of Mathematics 90
(1995), 373—401.

R. Paysant-Leroux and E. Dubois, Algorithme de Jacobi-Perron dans un corps de séries formelles, C. R. Acad.
Sci. Paris Sér. A-B 272 (1971), A564—-A566.

R. Paysant-Leroux and E. Dubois, Etude métrique de l’algorithme de Jacobi-Perron dans un corps de séries
formelles, C. R. Acad. Sci. Paris 275 (1972), 683-686.

D. Ruelle, Thermodynamic formalism, Addison Wesley, 1978.

E. Seneta, Nonnegative matrices and Markov chains. Second edition. Springer Series in Statistics. Springer-
Verlag, New York, 1981.

F. Schweiger, Multidimensional continued fractions, Oxford Science Publications, Oxford University Press,
Oxford, 2000.

A. C. M. van Rooij, Non-Archimedean functional analysis, Monographs and Textbooks in Pure and Applied
Math. 51, Marcel Dekker, Inc., New York, 1978.

45



[32] B. Vallée, Euclidean Dynamics, Discrete Contin. Dyn. Syst. 15 (2006), 281-352.

[33] W. A. Veech, Interval exchange transformations, J. Analyse Math. 33 (1978), 222-272.

[34] J. Wu, On the sum of degrees of digits occurring in continued fraction erpansions of Laurent series, Math.
Proc. Cambridge Philos. Soc. 138 (2005), 9-20.

IRIF-UNIv. PARIS DIDEROT — PARIS 7 & CNRS-CASE 7014, 75205 PARIs CEDEX 13, FRANCE
Email address: berthe@irif.fr

DEPARTMENT OF MATHEMATICS, KEIO UNIVERSITY, 3-14-1 HivosHI, KOHOKU-KU, YOKOHAMA 223-8522, JAPAN
Email address: nakada@math.keio.ac.jp

DEPARTMENT OF MATHEMATICS, JAPAN WOMEN’S UNIVERSITY, 2-8-1 MEJIRODAI, BUNKYOU-KU, TOKYO, 112-
8681, JAPAN

Email address: natsui@fc. jwu.ac.jp

GREYC-UNIVERSITE DE CAEN-BD. MARECHAL JUIN, 14032 CAEN CEDEX, FRANCE
Email address: Brigitte.Vallee@unicaen.fr

46



	1. Introduction
	1.1. A unified framework for the three algorithms of interest
	1.2. The two models
	1.3. Results
	1.4. Plan of the paper
	1.5. Notation

	2. The three algorithms and their associated continued fraction maps
	2.1. The classical Euclid algorithm and continued fractions
	2.2. A common framework for generalized Euclid's algorithms
	2.3. A common framework for generalized continued fraction maps
	2.4. Each algorithm enters the common framework
	2.5. Jacobi–Perron and opposite Jacobi–Perron algorithm
	2.6. The Brun algorithm
	2.7. The fully subtractive algorithm
	2.8. Convergence of the algorithms

	3. Models, methodology and main results
	3.1. Main costs for the gcd algorithms
	3.2. Main costs for the continued fraction maps
	3.3. The discrete model
	3.4. The continuous model
	3.5. Gaussian laws, exact or asymptotic 
	3.6. Comparison between the models
	3.7. Comparison between the algorithms

	4. Probabilistic analysis of the three gcd algorithms
	4.1. Generating functions for the classical Euclid algorithm
	4.2. Plain generating functions for the three algorithms
	4.3. Basic bivariate generating functions
	4.4. Bivariate generating functions associated with a step-cost
	4.5. Bivariate generating functions for total additive costs
	4.6. Asymptotic Gaussian law for additive costs
	4.7. General expressions of constants relative to the mean and variance
	4.8. Explicit computations for the expectations and the variances
	4.9. Average values for the bit-complexities

	5.  Probabilistic analysis in the continuous model 
	5.1. A change of variables formula
	5.2. The transfer operator
	5.3. Additive costs in the continuous model
	5.4. Computation of expectations and variances
	5.5. The case of bit-complexities
	5.6. On the degree of convergents

	6. Conclusion and open problems
	References

