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INSTABILITY OF ALGEBRAIC STANDING WAVES FOR NONLINEAR
SCHRODINGER EQUATIONS WITH TRIPLE POWER NONLINEARITIES

PHAN VAN TIN
ABSTRACT. We consider the following triple power nonlinear Schrodinger equation:
iug + Au+ a |ulu + az|u*u + azluPu = 0.

We are interested in algebraic standing waves i.e standing waves with algebraic decay above equa-
tion in dimensions n (n = 1,2,3). We prove the instability of these solutions in the cases DDF
(we use abbreviation D: defocusing (a; < 0), F: focusing (a; > 0)) and DFF when n = 2,3 and
in the case DFF with a; = —1, a3 = 1 and ay < % when n = 1. Under these assumptions,
the standing waves are orbitally unstable in the case of small positive frequency. When the highest
power is L? (R™)-supercritical power (for n = 2,3), a1 = —1, az3 = 1 and ay > —¢ for e > 0 small
enough in the case n = 3, we prove that standing waves with positive frequency are unstable by

blow up.
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2 PHAN VAN TIN
1. Introduction. In this paper, we are interested in the following triple power nonlinear Schrodinger
equation:

iy + Au+ ay|ulu + aglulPu + aslufPu =0, (t,r) € R x R, (1.1)

where ay,a2,a3 € Randn € {1,2,3}.
In the casesn = 1,2, 3, (1.1) isin H'(R™)-subcritical case. This ensures that (1.1) is locally well
posed in H'(R™) (see e.g [5]). The standing waves of (1.1) are solutions of the form wu,,(t, z) =

e“to,,(z), where ¢, solves:

_w¢w + A(bw + a1|¢w’¢w + a2|¢w|2¢w + a3|¢w|3¢w =0. (12)

Consider the focusing nonlinear Schrodinger equation with single power |u|P~'u. In this case,
the standing waves are orbitally stable if p < 1 + % (L?(R™)-subcritical) and orbitally unstable if
p>1+ % (L?(R™)-supercritical). In this paper, we study the stability and instability of stand-
ing waves with multiple power nonlinearity combining L?(R™)-subcritical power and L?*(R")-
supercritical power (for n = 2,3) and all L?(R™)-subcritical powers (for n = 1).

In [14], the authors study existence and stability of standing waves of (1.1) in one dimension.
Existence of standing waves is obtained by ODE arguments. By studying the properties of the
nonlinearity, the authors give domains of parameters for existence and nonexistence of standing
waves. Stability results are obtained by studying the sign of an integral found by Iliev and Kirchev
[9], based on the criteria of stability of Grillakis, Shatah and Strauss [7, 8, 18]. Using this criteria,
in [15], the author proved the stability and the instability of standing waves for 1-dimensional
nonlinear Schrodinger equation with double power and triple power nonlinearity. In the case of
triple power nonlinearity, the author showed that stability of standing waves change by w, two and
three times. This does not occur in the cases of single power and double power.

In the special case w = 0, the profile ¢, which for convenience we denote by ¢, satisfies:

A¢ + a1|d|¢ + as|9[*¢ + as|o* ¢ = 0. (1.3)
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The equation (1.3) can be rewritten as S’(¢) = 0 where S is defined by

1 a a a
S(v) = §HVvHiz - glllvllis - fl\vll‘ﬂ - §\|v|\is- (L.4)
Define
X = H'R") N L*R"), and ||ullx := ||Vaullz2 + ||ullLs, (1.5)
d = inf{S(v) : v e X\ {0},5(v) = 0}. (1.6)

The algebraic standing waves are standing waves with algebraic decay. In this paper, we are
only interested in a special kind of algebraic standing waves which are minimizers of the problem
(1.6). Throughout this paper, for convenience, we define an algebraic standing wave as a solution
of (1.3) solving problem (1.6). Thus, the function ¢ is an algebraic standing wave of (1.1)if ¢ € G,
where G is defined by

G:={ve X\{0}:5(w)=0,5w) =d}. 1.7)

The instability of algebraic standing waves was studied in [6] for double power nonlinearities.
Using similar arguments as in [6], we study existence and instability of algebraic standing waves
for the nonlinear Schrodinger equation with triple power nonlinearities (1.1).

First, we study the existence of algebraic standing waves of (1.1). As in [14], we will use the
abbreviation D: defocusing when a; < 0 and F: focusing when a; > 0. In Section 2, we prove the

following result.

Proposition 1.1. Let n = 1. The equation (1.3) has a unique even positive solution ¢ in the space
H(R) in the following cases: DFF, DDF, DFD and a; = a3 = —1, ag > \/%. Moreover, all
solutions of (1.3) are of the form e ¢(x — x¢) for some 0,y € R. They are all algebraic standing

waves of (1.1).

In high dimensions, the situation is more complex than in the one dimension. The solutions of
(1.3) are very diverse. It is not easy to describe all such solutions as in the dimension one. Thus,

classifying the algebraic standing waves of (1.1) is not easy problem. It turns out that a radial
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positive solutions of (1.3) is also an algebraic standing wave of (1.1). To study the positive radial

solutions of (1.3), we prove the following result in Section 2.

Proposition 1.2. Let n = 2,3 and DDF or DFF. Then there exists a unique radial positive solution

of (1.3).

Before stating the next results, we need some definitions. Firstly, we define the Nehari functional

as follows:

K(v) = (S'(v),v) = |Voli2 — arllvllgs — az|lvllzs — asllv]ls.

The rescaled function is defined by:
v Mz) = A2v(\x).

The following is Pohozhaev functional:

na nay 3nas

P(v) = O3S0 amr = IVUllZe = == llolgs — == lvllze — === vllZs.

6 4 10

The Nehari manifold is defined by:
K:={veX\{0}: K(v) =0}.
Moreover, we consider the following minimization problem:
p:=1inf {S(v) : v € L}.
The following is the set of minimizers of problem (1.11):
M:={vek:Sw)=pu}
Finally, we define a specific set which uses in our proof:

B:={veHR"):Sv) <puPlv)<0}.

(1.8)

(1.9)

(1.10)

(1.11)

(1.12)

(1.13)
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It turns out that the solution of (1.3) given by Proposition 1.2 satisfies a variational characteri-
zation and each algebraic standing wave of (1.1) is up to phase shift and translation of this special

solution. More precise, in Section 3, we prove the following result.

Proposition 1.3. Let n = 1,2,3 and DDF or DFF. Then the radial positive solution ¢ of (1.3)

given by Proposition 1.1 and Proposition 1.2 satisfies

5(¢) = p.

where S and i are defined as in (1.4), (1.11) respectively. Moreover, all algebraic standing waves
of equation (1.1) are of the form

ei00¢(' - xO)?

for some 0 € R and xy € R".

Remark 1.4. (1) In case DFD, we only obtain the result on existence of algebraic standing
waves when n = 1 (see Proposition 1.1). The variational characterization of algebraic
standing waves and stability or instability of these solutions are open problems, even in
dimension one.

(2) By using similar arguments as in [6, Proof of Proposition 3.5], we prove that the algebraic
standing waves in higher dimensions (n = 2, 3) are also in H'(R").
(3) By scaling invariance of (1.1), we may assume |a;| = |as| = 1 without loss of generality.

This assumption will be made throughout the rest of this paper.

Before stating the main result, we define the orbital stability and orbital instability of standing

waves.

Definition 1.5. Let u,(t,2) = ¢“!¢,(z) be a standing wave solution of (1.1). We say that this
solution is orbitally stable if for all ¢ > 0 there exists 6 > 0 such that for each vy € H'(R") such
that ||up — @, || g1 < 0 then the associated solution u of (1.1) is global and satisfies

inf t) — (- — :
peih g 16(t) — €%u(- =yl <€
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Otherwise, u,, is orbitally unstable.
Our main result is the following.

Theorem 1.6. Let n = 1,2,3. Assume that the parameters of (1.1) satisfy DDF or DFF when
n = 2,3 or DFF and ay < %@ when n = 1. Then the algebraic standing wave ¢ given as in
Proposition 1.1 and Proposition 1.3 is orbitally unstable in H*(R").

Remark 1.7. In [6], the authors proved instability of algebraic standing waves in the case a; =
—1, a = 0, a3 = 1. Our result can be seen as a small extension of this result for a; # 0.
We predict that a similar result holds in the case of multiple nonlinearity of the form —|u|u +
ar|ulP'u + ... + ap|ulPmu + |ufPu, for 1 < p; < ... < p,, < 3 are given and some conditions on
ai, ..., a,,. More general, we may expect a similar result with more general nonlinearity of form
—|uP + asluPu + ... + ap|ulPm + [ulPm+r, where 0 < py < po < ... < Py < o5 . However,

we do not consider these cases in this paper.

When the highest power is L?(IR™)-supercritical, standing waves usually are unstable by blow
up (see [10] for focusing simple power nonlinearity, [6] for double power nonliearity). In our case,

this is conserved. We prove the following result.

Theorem 1.8. Let n = 2,3, D*F and ay > —c when n = 3, for ¢ > 0 small enough. Let w > 0

and ¢, be a ground state of (1.1) i.e ¢, is a minimizer of the following variational problem
inf{S,(v):v € H'(R")\ {0}, K,(v) =0},
where

1 w 1 a9 1
Su(v) = QHWIIiz + §HvHiz + gllvllis - ZIIUH% - gllvH‘Zs, (1.14)

Ko, (v) = (S,(v),v) = [Vol72 + wllvlZ2 + vl zsazllvlzs — llv]Zs. (1.15)

Then the standing waves €' ¢,,(z) of (1.1) are unstable by blow up.

The rest of this paper is organized as follows. In Section 2, we find the region of parameters

ai, as, az in which there exist solutions of the elliptic equation (1.3). Specially, in one dimension,
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all solution of (1.3) are algebraic standing waves. In Section 3, we establish the variational char-
acterization of solutions given in Section 2. The existence of algebraic standing waves in high
dimensions is also proved in section 3. In Section 4, we prove instability of algebraic standing
waves Theorem 1.6 and instability by blow up of standing waves in the case of positive frequency

Theorem 1.8.

2. Existence of solution of the elliptic equation. First, we find the region of parameters a;, ao,

a3 in which there exist solutions of (1.3).

2.1. In dimension one. Let n = 1. To study the existence of algebraic standing waves, we use

the following lemma (see [2], [14, Proposition 2.1])

Lemma 2.1. Let g be a locally Lipschitz continuous function with g(0) = 0 and let G(t) =

fot g(s) ds. A necessary and sufficient condition for the existence of a solution ¢ of the problem

¢ € C*(R), limg 10 d(x) =0, ¢(0) >0,
2.1)

Pua + 9(0) = 0,

is that ¢ = inf {t > 0 : G(t) = 0} exists, c > 0, g(c) > 0.
Using Lemma 2.1, we have the following result.

Lemma 2.2. Let g(u) = aju® + ayu® + azu® be such that g satisfies the assumptions of Lemma
2.1 for some ay, as, a3 € R. Then there exists a positive solution ¢ of (2.1). Moreover, all complex

valued solutions of (2.1) are of form:
e p(x — x0),
for some 0y, xy € R.
Proof. By Lemma 2.1, there exists a real valued solution ¢ of (2.1). We have

¢xz + a1¢2 + CL2¢3 + CL3¢4 = 0. (22)
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Since lim,, 1o, ¢(z) = 0, there exists x, such that ¢, (z) = 0. Multiplying two sides of (2.2) by

¢, and noting that lim,_,,, ¢(x) = 0 we obtain
1 o a1 ,53 ax,, az ;5
- i el 2 =0. 2.3
2¢m+3¢+4¢+5¢ (2.3)

We see that ¢ is not vanishing on R. Indeed, if ¢(z;) = 0 for some z; € R then ¢,(x;) = 0 by
(2.3). Thus, ¢ = 0 by uniqueness of solutions of (2.3) which is a contradiction. Then, we can
assume that ¢ > 0.

The value ¢(z) is a positive solution of G'(u) = 4-u® + 2u* + Lu° = 0. Since g satisfies the
condition in Lemma 2.1, it follows that G(u) = 0 has a first positive solution ¢ such that g(c) > 0.
If ¢(xo) # c then G has another positive zero d > ¢ such that d = ¢(z). By continuity of ¢, there
exists z; > xg such that ¢(z1) = c and by (2.3) ¢,(x;) = 0. This conclusion implies that every
positive solution of (2.2) has a critical point such that the value of solution at this point equals to c.

Let u be a complex valued solution of (2.1). We prove that u = e®¢(x — ), for some
0o, x9 € R. We use similar arguments as in [5, Theorem 8.1.4]. Multiplying the equation by w,

and taking real part, we obtain:

d 1 2 aq 3 (05} 4 as 5
— | =|uy — —= — = 0.
7 (Gl + Sl + 21l + 1
Thus,
1
Slual? + Sl + Zlul* + Zlul’ = K

Using lim, 4+ u(xz) = 0 we have K = 0. In particular, |u| > 0. Indeed, if u vanishes then u,
vanish at the same point, hence, © = 0. Therefore, we may write u© = peie, where p > 0 and
p,0 € C%*(R). Substituting u = pe in (2.1) we have 2p,0, + pf,, = 0 which implies there exists
K € R such that p?0, = K and so 6, = p%. Moreover, since |u,| is bounded, it follows that p262 is
bounded. Thus, % is bounded. Since p(x) — 0 as x — 0o, we have K = 0. Thus, since p > 0we
have 6 = 6, for some ), € R. Thus u = €% p. Since p is a positive solution of (2.2), there exists
x9 € R such that p(z3) = ¢ and p,(z2) = 0. Thus, by uniqueness of solution of (2.2), there exists

73 € R such that p(z) = ¢(x — x3) and u = ¢ ¢(x — x3). This implies the desired result. O
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Moreover, we have the following result.
Lemma 2.3. Let g and ¢ be as in Lemma 2.2. Then ¢ € H'(R).

Proof. Firstly, since g satisfies the assumption of Lemma 2.1, we have a; < 0 (see the arguments
in the proof of Proposition 1.1). As in the proof of Lemma 2.2, up to a translation, we may assume

that ¢, (0) = 0 and let ¢ = ¢(0). Then ¢ is an even function of z. Furthermore, ¢ satisfies
Ly
§¢z + G(¢) = 0. 2.4)

Moreover, ¢,.(0) = —g(¢(0)) = —g(c) < 0. Therefore, there exists @ > 0 such that ¢, < 0 on
(0,a). We claim that a = oco. Otherwise, there would exists b > 0 such that ¢, < 0 on (0,b) and
¢.(b) = 0. Thus, ¢(b) < cis a positive zero of GG. This is a contradiction since c is the first positive
solution of . Hence, ¢, < 0 on (0, c0). Thus, there exists 0 < [ < ¢ such that lim,_,, ¢(z) = [.
In particular, there exists x,,, — oo such that ¢,(x,,) — 0 as m — oc. Passing to the limit in (2.4)
we have G (/) = 0 and hence [ = 0 by definition of c. Therefore ¢ decreases to 0, as © — oo. Thus,

from (2.4), for |z| large enough, we have

Then

— ¢, ~ c¢2, for some ¢ > 0.
Thus, for |z| large enough, we have

It follows that ¢ < m for some ¢, d > 0. Hence ¢ € L'(R) N L*>(R), especially ¢ € L*(R).
Combining this and (2.4), we obtain that ¢, € L*(R). Thus, ¢ € H'(R), this completes the proof

of Lemma 2.3. [l

Now, we comeback to the proof of Proposition 1.1.
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Proof of Proposition 1.1. A solution of (1.3) in the space X satisfies

Upe +g(u) =0, u€ C*R), and lim u(x) =0, (2.5)

r—+00

From Lemma 2.1, the necessary condition for existence of solutions of (2.5) is a; < 0. Indeed, let
c is the first positive root of G(u) then G'(¢) = g(c¢) > 0. Thus, G do not change sign on (0, ¢) and
is increasing in a neighborhood of c. It follows that G < 0 on (0, ¢) and hence a; < 0.

To conclude the existence of solution of (2.5), we consider the three cases DDF, DFF, DFD. In the
case DDD we have G < 0 on (0, 00), therefore there is no solution of (2.5).

In the case DDF (i.e a1 = —1, a3 < 0, ag = 1), we have

g(s) = —s* + aps® + s*,

Thus ,

and g(c) = c*(c® + agc — 1). It easy to check that c is larger than the largest root of 2 + ayx — 1.
Thus, g(c) > 0. It follows that in case DDF, there exists a solution of (2.5).

By similar arguments, in the case DFF, (2.5) has a solution. In the case DFD, (2.5) has a solution
if and only if ay > \/%.

Let ¢ be a solution of (2.5). From Lemma 2.2 all solution of (2.5) are of the form e“’d)(:c — xg),
and belong to H'(R) by Lemma 2.3. Thus, they are all algebraic standing waves of (1.1). This

completes the proof of Proposition 1.1. U

2.2. In higher dimensions. In this section, we prove existence and uniqueness of a radial positive
solution of (1.3) when a; = —1, as = 1 and n = 2, 3. The existence result is a consequence of the

following theorem.

Theorem 2.4 ([3],Theorem 1.1). Let g be a locally Lipschitz continuous function from R* to R

with g(0) = 0, satisfying
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(1) a =1inf{¢ > 0,9(¢) > 0} exists, and o > 0.

(2) There exists a number ¢ > 0 such that G(¢) > 0, where

Define (o = inf{¢ > 0,G({) > 0}. Then, (, exists, and (y > .
(3) lim,y, 42 > 0.
4) g(s) > 0for s € (a, o). Let f = inf{¢ > (o, () = 0}. Then, (o < 8 < o0
(5) If 8 = oo then £ (5) =0, withl < ”+2 , (If n = 2, we may choose for | just any finite real

number).

Then there exists a number ( € (o, 3) such that the solution v € C*(R") of the Initial Value
problem

—u" — =L/ = g(u), forr >0,

u(0) = ¢, v'(0) =

has the properties: u > 0on R, ' < 0onR" and

rlggo u(r) = 0.
In our case, we have
g(s) = —8% + azs® + s*, (2.6)
—1 1
Gls) = 55" + Cifs‘* s, 2.7)

It is easy to check that the function g and G satisfy the conditions of Theorem 2.4 when n = 2,3
with o = % (the positive zero of g), (y, = a2+\/—15 (the positive zero of G), f = oo
and4 <[ < 5whenn =3and! > 4 whenn = 2. Thus, in high dimensions (n = 2, 3), there
exists a decreasing radial positive solution of (1.3).

The uniqueness of a radial positive solution is obtained by following result.
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Theorem 2.5 ([17],Theorem 1). Let us consider, for n > 2, the following equation
Au+g(u) =0, (2.8)

where g satisfies the following conditions:
(a) g is continuous on [0, 00) and g(0) = 0,
(b) g is a C'-function on (0, ),
(c) There exists a > 0 such that g(a) = 0 and
g(u) < 0for0 <u<a,

g(u) > 0 foru > a.

g(u)

@ & [S8] > %2, foru>0,u# a where G(s) = [; f(7)dr.

Then (2.8) admits at most one radial positive solution.

The function g given in (2.6) satisfies conditions (a), (b), (c) of Theorem 2.5 for a the positive

root of g. When n = 2, 3, the condition (d) is satisfied if only if

d[is? o252 — 1 9
[58 i’ 38] >0 , fors > 0,5 # a. (2.9)

ds | s2+ags—1 2n

We prove that (2.9) holds. We only need to show that

d [$s%+%2s* —3s] _ 1
— > —, for .
ds{ s24as—1 |7 6 s7a

This is equivalent to

1 2a a2 2
554+?253+(§2+5) —ags+1>0,

which is true for all s > 0, a; € R by the fact that

1, 2 4 (di 2 1, , 3 5\ 2, 1
Setg 22 By 2 1== “fay—2) +282+ - >0
5° T 5‘9+(2+5 apstl=plas)+qgla—g) +5s+g

Thus, there exists a unique radial positive solution of (1.3) by Theorem 2.5. This completes the

proof of Proposition 1.2.
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3. Variational characterization. Let n = 1,2, 3. In this section, we prove Proposition 1.3. By

the assumption of Proposition 1.3, we may pick a; = —1 and a3 = 1. We recall that S, K, P are

defined in (1.4), (1.8) and (1.10).

Let M and K be defined as (1.12) and (1.8). First, as in [6], we prove that M is not empty. We

set

1 1 1
T(w) = 7IVels + Slleld + ool

which is well defined on X. The functional S is rewritten as

_1 AT A2 14 ERT
S(0) = SEW) ~ Lol + ol + 2 o]
1
S(v) = ZK(U) + J(v).

We can rewrite p as

p=inf{J(v):v e K}.

Lemma 3.1. Letv € H'(R"). If K(v) < 0 then pn < J(v). In particular,

p=inf{J(v) v e X\ {0}, K(v) < 0}.

3.1

(3.2)

Proof. Since K (v) < 0 and K (Av) > 0if A > 0 small enough, there exists A\; € (0, 1) such that

K(M\v) = 0. Therefore, by (3.1) and since the function A — J(Av) on (0, 00) is increasing, we

have

p < J(Av) < J(v).

This completes the proof.

Lemma 3.2. The following is true:

w > 0.
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Proof. Let v € K. By using the Gagliardo-Nirenberg inequalities, for some ¢ € (0,5) and 0 ¢
(0,4), we have
lllzs S IVollzellvlis” < CillVoullze + Collvllzs,

[oll7s S V0192 l1v]55° < CsllVol|72 + Callv]l1s,
we have
0=K(v) = (1= Ci[|[Voll7e — laz|Cs[[Voll7) [VllZ2 + (1 = Callv]|Zs — [az| Callv]lzs) vl 25,

It follows that 1 < C1 || V(|3 4 |as|Cs|| Vo372 < C||Vol[32+ 5 or 1 < Col|v]|2s + |ao| Cullv| e <
C*|]UH%3+%, for some C, C' > 0. Hence, || Vv|| 2 or ||v]|3; bounded below by some constant. In two

cases, .J(v) is bounded below by some constant. Combining with (3.1) we have the conclusion. [

We need the following results.

Lemma 3.3 ([1, 12]). Let p > 1. Let (f,,) be a bounded sequence in H'(R™) N LPT'(R™). Assume
that there exists q € (p,2* — 1) such that limsup,,_, || fallza+1 > 0. Then there exist (y,) C R™
and f € HY(R™) N LPTH(R™) \ {0} such that (f,(- — y.)) has a subsequence that converges to f
weakly in H'(R™) N LPT1(R™).

Lemma 3.4 ([4]). Let 1 <1 < oo. Let (f,,) be a bounded sequence in L" (R™) and f,, — f a.ein

R™ asn — oo. Then
£l = 1 fn = Fllzr = £l — 0,

as n — oo.
Now, we comeback to prove the set M is not empty.

Lemma 3.5. If (v,) € X is a minimizing sequence for i, that is,
K(v,) = 0, S(v,) = u,

then there exist (y,) C R", a subsequence (vy,), and vy € X \ {0} such that v, (- — yn,) — vo in

X. In particular, vy € M.
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Proof. Since K (v,,) — 0 and S(v,) — u, we have

J(vn) = 1, (3.3)
—1 3
5 elids + Fllolle + SGllellgs o (3.4)

From (3.3), we infer that (v,,) is bounded in X. Also, since > 0 by Lemma 3.2 and the Gagliardo-

Nirenberg inequality [|v]|3; < ||[Vol|%.+]|v]|94, we have lim sup,, , . ||vn]|z4 > 0. Then, by Lemma

~Y

3.3 there exist (y,) C R™ and vy € X \ {0} and a subsequence of (v, (- — v,)), which we still
denote by the same notation, such that v, (- — y,,) — vy weakly in X. we put w,, := v, (- — yy).
We can assume that w,, — vy a.e in R" and we prove that w,, — v, strongly in X. By Lemma

3.4, we have

J(wy) — J(w, —vg) = J(vo), (3.5)

K(wy,) — K(w, —vg) = K(vp). (3.6)
Since J(vg) > 0 by vy # 0, it follows from (3.5) and (3.3) that

lim J(w, —vg) = lim J(w,) — J(vo) < lim J(w,) = p.

n—o0 n—o0 n—oo

From this and (3.2) we have K (w, — vy) > 0 for n large. Thus, since K (v,) — 0 and (3.6) we

obtain K (v,,) < 0. By (3.2) and weak lower semicontinuity of the norms, we have

p< J(v) < lim J(w,) = p.

n—oo

Combining with (3.5) imply that J(w,, — vg) — 0 thus, w,, — vy strongly in X. This completes

the proof. U
Proof of Proposition 1.3. Firstly, we prove the variational characterization of ¢ as follows
S(¢) = p.

This means that ¢ is a minimizer of (1.11). From Lemma 3.5, we have M # (. Let o € M. We

divide the proof of this to three steps.
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Step 1. There exists § € R such that ¢ is a positive function.

We use similar arguments as in [6, Lemma 2.10]. Put v := |Rep|, w := |Zmep| and ¢ := v + w.

By a phase modulation, we may assume that v # 0.
Since |¢| = |¢| and |[VY| = |[Vp|, we have K () = K(¢) and S(¢) = S(¢). Thus, ¢ € M.

Then, there exists 7 € R such that
S'(1) = yK' ().
Hence,

VK (), 90) = (S"(¢), ) = K(¢) = 0. 3.7)

Moreover, using K (1)) = 0 we have

(K'(¢), ) = O K (M) [x=1
= K (M)|x=1 — 4K (¥)
= 2IVYllZe + 3lvllis — dazlllze — 5l10)7s) — 4UIVEIZ2 + 19125 — aallllze — 1155)

= =2 Vyllz: — 147 — [¥lzs < 0.
Combining with (3.7), we deduce v = 0. Thus, S’(1)) = 0. Hence, v solves the following equation
(A + el = azlel* = [¢*)v = 0.

Since v is nonnegative and not identically equal to zero, using [13, Theorem 9.10], we infer that
v is positive function. Furthermore, since K (|¢|) < K () and S(|9o|) < S(v), it follows from
Lemma 3.1 we have K ([¢]) = K () and S(1¢!)) = S(¢). Then, | V[¢[lz= = Vo]l z2. By [13,
Theorem 7.8], there exists a constant ¢ such that w = cv for some ¢ > 0.

Since v is continuous and positive, Rep and Zmp do not change sign. Then, there exist constants

A = £1 and n € R such that Re¢ = \v and Tmp = nv. Taking § € R such that e~ = ‘:\\IZZ‘, we

have e = ¢ (\ + in)v = |\ + in|v. This completes the step 1.
Step 2. Radial symmetry of minimizer.

Since [11, Theorem 1], there exists y € R™ such that ¢ o(- —y) is a radial and decreasing function.
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Step 3. Conclusion.

Since ¢ and e (- — y) are positive radial solutions of (1.3), using Proposition 1.2, we obtain
¢ =e"p(- —y),

Thus, S(¢) = S(¢) = u, ¢ € M and each element of M is of form e?¢(- — x4) for some
0,xy € R.

It remains to classify all algebraic standing waves of (1.1). We only need to prove that G =
M # (), where G and M are defined in (1.7) and (1.12), respectively. We use similar arguments
as in [6, Proof of Theorem 2.1]. We divide the proof of this in two steps.

Step1. M C G.

Let ¢ € M. Then, S’(¢) = 0. Now, we show that ¢ € G. Letv € X \ {0} such that S’(v) = 0.
From K (v) = (S’(v),v) = 0 and by definition of M, we have S(¢) < S(v). Thus, ¢ € G and
McCg.

Step 2. G C M and conclusion.

Let v € G. Then K(¢) = (S'(v),v) = 0. As the above, ¢ € M. Asinstep 1, ¢ € G.
Therefore, S(v) = S(¢) = p, which implies 1) € M. Thus G C M, which completes the proof

of Proposition 1.3. U

It turns out that the algebraic standing waves of (1.1) in high dimensions (n = 2, 3) belongs to

H'(R™). To prove this, we need the following lemma (see [6, Lemma 3.4]).

Lemma 3.6. Let p € C'([0,0)) be a positive function. If there exist p, A > Osuch that

@' (r) + Ap(r)** <0, forallr > 0,

Proof of Remark 1.4(2). We use similar arguments as in [6, Proof of Proposition 3.5]. Firstly, we

then

denote ¢(r) as function of ¢ respect to variable r = |x|. Since ¢ is positive decreasing radial
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function, we have

lolli > [ 1o dr > BRI = CR (R

for all R > 0. Hence,
o(x) < |z|7%|¢|| s, forall z € R.

For r > r( large enough, we have

|as|¢® + ¢* < =¢7,

N|

Since ¢ solves (1.3) and is decreasing as a function of r, this implies

n—1

1
¢"(r) = ¢"(r) + #(r) = ¢° —ax¢’ = 6" > 567, forr > .
Multiplying the two sides by ¢’ and integrating it on [r, c0), we get

1
¢ (r)* > §¢3’ for r > ry.

Since ¢’ < 0 we obtain that

—_

N

¢(r)+14/ 70

<0, forr > rg.

w

By Lemma 3.6, we deduce that
P(r) < Cr2, forr > rg.

Thus, ¢ € L*(R"), for n = 1,2,3. From the proof of Proposition 1.3, we have ¢ € M. Hence,
V| € L*(R™) and ¢ € H'(R™). This completes the proof. O

Remark 3.7. For each w > 0, let ¢,, be a radial positive solution of (1.2). In the cases w > 0, it is
well known that ¢,, exponential decays. In the case w = 0, in special cases, we may find exactly

solution of (1.3) and hence shape decay of ¢y. We may check that (1 + z?)~! solves

¢ — 60 + 8¢ = 0.
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Hence, in this case, ¢y ~ 22 when z large. In our case, it is not easy to find exactly solution of
g y y

(1.3). Given a lower bounded for ¢y when x large is an unanswered question.

4. Instability of algebraic standing waves. Let n = 1,2, 3. In this section, we prove Theorem
1.6. Throughout this section, we consider the case DDF or DF'F' and ay small. Then we may
pick a; = —1 and a3 = 1. First, we prove the following result by using similar arguments as in

[16] (see also [6, Proof of Proposition 5.1]).
Proposition 4.1. Assume that

D25 (M) |az1 < 0, where v*(z) :== A2v(A\x). 4.1)

Then the algebraic standing wave ¢ is unstable.

We define a tube around the standing wave by

N, = {U c H'R"): inf |lv—ePp(-—y)||m < 5} .

(6,y)eRxR™

Lemma 4.2. Assume (4.1) holds. Then there exist £1,0, € (0,1) such that: For any v € N, there

exists A(v) € (1 — 1,1+ 01) such that
p< Sw)+ (A(v) — 1)P(v).

Proof. First, we recall that S, K and P are defined as in (1.4), (1.8) and (1.10), respectively.

Since 93 5(¢*)[x=1 < 0, by the continuity of the function
(A, v) = 83S(v%),

there exist £1,8; € (0,1) such that 93S(v*) < 0 forany A € (1 — &;,1+ §;) and v € N,.

Moreover, by the definition of P we have

S(v*) < S()+ (A = 1)P(v), (4.2)



20 PHAN VAN TIN
for A€ (1—4;,1+4;)andv € N,.

Moreover, consider the map:
(A ) = K@) = N[ Vol2s + A2 [Ju]l3s — a2A"[v][4s — A [|v]| 5.
Note that K (¢) = 0 and

n 3n
K (M) =1 = 2|Vl + §H¢His — nay|| ¢l 14 — 7H¢His~

Thus,

MK (¢M)a=1 = DK (¢) a1 — 5P(9)

nas

n
— 3|Vl - Slold +

(e

Thus, in the case a, < 0, we have O, K (¢*)|»=1 < 0. In the case ay > 0, using P(¢) = 0, we have

nas

n 3n
Z10llts = V613 + ZliolLs — =2l

n
<3IIVelz: + S léllze,
hence we also have 0\ K (¢*)[x=; < 0. In all cases, by the implicit function theorem, taking ; and

41 small enough, for any v € N, there exists A(v) € (1 — 41,1+ d1) such that A(¢) = 1 and
K (vA®) = 0. Therefore, by definition of 1 as in (1.11) we obtain:

1< SM) < S() + (A(v) — 1)P(v).

This completes the proof. U

Let ug € N. and u(t) be the associated solution of (1.1). We define the exit time from the tube
N: by
T*(ug) := inf{t > 0: u(£t) ¢ N.}.

We set I.(ug) := (=T (ug), T (up)).

£
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Lemma 4.3. Assume (4.1) holds and let £, be given by Lemma 4.2. Then for any ug € B NN,
where B is defined as in (1.13), there exists m = m(ug) > 0 such that P(u(t)) < —m for all

t e ]51 (Uo)

Proof. Fort € I, (ug), since u(t) € N_,, it follows from Lemma 4.2 that

p—5S(uo) = p = S(u(t)) < =(1 = Au(?))) P(u(t)).

In particular, since i > S(ug) by uy € B, we have P(u(t)) # 0. By continuity of the flow and
P(up) < 0 we obtain

P(u(t)) <0, 1— A(u(t)) > 0.

Therefore, we obtain

This completes the proof. ]
Lemma 4.4. Assume (4.1) holds. Then |I.,| < oo for all ug € BN N, N'Y, where
S={veH'(R):zve L*R)}. (4.3)

Proof. Let u(t) be associated solution of ug € BN N, N Y. By the virial identity and Lemma 4.3

we have
g leu®)lize = 8P(u(t)) < —8m(uo)
forall t € I, (up), which implies |I., (ug)| < oco. This completes the proof. O

Let x be a smooth cut-off function such that

and for R > 0 define xg(z) = x (%)

The following is similar as in [6, Lemma 4.5].
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Lemma 4.5. There exists a function R : (1,00) — (0, 00) such that xpn¢™ € BN X NN, for
all X > 1 close to 1, and that x gy ¢* — ¢ in H'(R") as A | 1.

Proof. We divide the proof in three steps.
Step 1: Prove ¢* — ¢ in H*(R") as A | 1.
We have

16 = éll g + 16" — 22
<INEN) = o)l + [N = 0l + IAZS(N) = S(A) 122 + [6(A) = &()]| 22

= A2 =D @l g + A2 (|| 22) (4.4)

Fllo(A) = o0l + [[0(A) = ¢() |- (4.5)

The term (4.4) converges to zero as A — 1. To prove the term (4.5) converges to zero as A — 1,

we prove for all p € LP, 1 < p < oo, then the following holds
lo(Ax) — d(x)||» — 0, as X — 1.

Indeed, we only need to consider ¢ is a integrable step function, by density of step function in
LP(R™). Tt is sufficient to consider ¢ = 1 4, for some measurable set .A. We have ¢(Az) = 1 14

and

lo(Az) — () |[7p = 111 4 — LallZn

=u{r e Az g A U{z e A \x & A})

1 1
this converges to zero when A converges to 1. Thus, if we consider V¢ as a vector function then
the term (4.5) converges to zero as A converges to 1.

Step 2: X gy A)gb)‘ — ¢ as A — 1 for some function R.

Choosing R : (1,00) — (0,00) such that R(\) — oo as A — 1. Thus, for all v € H'(R"), we
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have

XRU — U, as A — 1

and x g™ — ¢ in H*(R™) as A | 1, since step 1.

Step 3: Conclusion.

We claim that ¢* € B for A > 1 close to 1. Since 9\S(¢*)[x=1 = 0 and 93S(¢*)|a=1 < 0, there
exists A\; > 1 such that 9,S(¢?) < 0 and S(¢*) < ufor A € (1,\;). We see that P(¢*) =
A0S (¢) < 0for X € (1, ;). Moreover, taking \; close to 1, we get ¢* € A, forall A € (1, \y).
Since xg(x) has compact support and | xpo¢™ — ¢ — 0as A — 1, we have yp()¢* €

B NN, N for A close to 1. This completes the proof. 0

Proof of Proposition 4.1. By Lemma 4.5, there exists R : (1, 00) — (0, 0o) such that x gx)¢* — ¢
in H'(R™) as \ | 1. Moreover, XR(/\)¢/\ e BNX NN, for A > 1 close to 1. Thus, by Lemma 4.4,
1., (Xr(@™)| < oo for A > 1 close to 1 and since xg)¢™ — ¢ as A — 1in H'(R"™) we have ¢

is unstable. This completes the proof. U

Proof of Theorem 1.6. Using Proposition 4.1, we only need to check the condition (4.1). We have

n(n — 2 n(n —1)a 3n(3n — 2
RN acr = V6l + " Dy, - Mgy, 3N,

We divide into three cases.
Casen = 1:

In this case, we have

1 3
RS(Nhar = 1122 — 191125 — 551211z

In the case DDF, using K (¢) = 0 and P(¢) = 0 we have

3, 1 1
0= P(¢) = 1K) = 7122 — llollze — 55 1l1zs-

1
4
Thus,

1 1
1912 = g9l + 1< Il
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It follows that

1 1
RS(M) a1 = %Wﬂis — E\|¢Hi5

110 1
3 (191 + gl - Zlolls - P(o))

1 3
519l — 5

5@2

3 1
— — I = 0l + 2L “6)

Thus,
8§S(¢A) ’)\:1 < 0.

This implies the instability of algebraic standing waves in the case DDF.

In the case DFF, using (4.6) and the fact that a||¢||2s + b]|¢[|3s = 2Vab||¢||1, for all a,b > 0 we

have
5 1 Das
0356 )acs = —ox (Gl + o161 ) = 16l + 2ol
5a
= ——||¢||3is - —II¢||is +— - ||¢||L4
5@2

<ol + nwm 0

since we have assumed ay, < o f Thus, in the case DFF and ay < e f we obtain the instability
of algebraic standing waves.
Case n = 2:

In this case, we have
2 A 2 az 4 6 5
05(07) o1 = IVOIIz2 = S lISllzs — <l llzs- (4.7)

Moreover,

1 a 3
0=P(¢) =Vgli + §\|¢|li3 - §2||¢Hi4 - gllcb ;

L5

Replacing % [6/[1, = V6|2, + 3[9]12 — 2]13 in (4.7, we obtain

L5<0

1 3
RS0 her = —5l9l% — S0l
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The instability of algebraic standing waves in the case n = 2 follows.
Case n = 3:

In this case, we have

1 3ao 63
O3S (M) =1 = IVoll72 + ll6l17e — =10l 70 — o= ll6ll7s- (4.8)
4 2 20
Moreover,
1 3&2 9
0= P(9) = IV9ll3: + 5113 — “2llolts — s ll6lEs.
Hence,

035(¢)Ia=1 = 035(¢")Ia=1 — 2P(¢))

3 27
= —[IVéliz = 7ol - %HcﬁHiﬁ <0.

The instability of algebraic standing waves in case n = 3 follows. This completes the proof of

Theorem 1.6. O

Remark 4.6. We assume that the assumption of Theorem 1.6 holds. Let ¢“!¢,(z) be standing

wave of (1.1) with ¢, is a radial positive solution of (1.2). By similar as Proposition 4.1, if
035.(¢%)h=1 < 0 (4.9)

then the standing wave ¢“!¢,, () is orbitally unstable. By continuity of the maps w — ¢, and
w +— S, on R*, we see that for w > 0 small enough, the condition (4.9) holds. This implies that
the standing waves are orbitally unstable in the case of small frequency. This goes back to the

result of [14] in dimension n = 1 for the case D*F (see Figure 3 [14]).

When n = 2, 3, the highest power of (1.1) is L?-supercritical. We use similar argument in [6] to

prove Theorem 1.8. From now on, we assume that the assumptions in Theorem 1.8 hold. Let .S,
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K, be defined as in (1.14), (1.15) respectively. We define

n na 3n
P(v) := [|[Voll72 + EHUH“}% - TQHUH4L4 - 1—0||UH‘257
p(w) :=inf{S,(v) : v € H'(R")\ {0}, K,(v) = 0},

B, :={ve H(R"): S,(v) < p(w), P(v) < 0}.
‘We can rewrite that

P(v) = 0xSu(vY)|ac1,  where vM(z) := A2v(\a).

Since the assumption of Theorem 1.8, we have S,,(¢,,) = p(w). Let uy € X, where ¥ is defined

by (4.3) and u be the associated solution of (1.1) with the initial data u(t = 0) = uo. We see that

u € C(1,%), where 0 € [ is the maximal existence interval of u. Moreover, we have the following

identity
d2

Talleu®lze = 8P(u(t)),

for all t € 1. We have the following result.

Lemma 4.7. Ifv € H(R"), v # 0 and P(v) < 0 then
5P(0) < Sulv) = pw),

Proof. Define

FON) = 5.0) ~ 5-P(0)

w A 1. » as .,
= Slvllze + S (IVellze = P)) + 322 [[ollze = A" [ollze -

4

1

3n
g>\ 2 ||U||Ei5'

(4.10)
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From the definition of P, we have f’(1) = 0. Moreover, we have

e 3n
A ol = T s

nas

/ n. . n_
F'0) = MIVollze = P(0)) + g A7 lolze — =

n nay 3n N . n_ na2 e 3n an_
= -x (=0l = "2l = Sl ) + FAF ol - SN ol - SEAE ol
n n_ e 3n 3n_
= 3 (B0l = A3+ 2ol = 1)+ S0 2 - )

Whenn =2, f'(A) = A1 = A) (s[[v]3s + 2[|v]|75). Thus, f’is positive if A < 1 and negative if
A>1. Whenn = 3,

, 3as 9 PUNED
F/(N) = A1 = A2) (—||v||LsA + —||v||L4(A2 +1) + 75lIvlizs e )

Since a; > —e for ¢ > 0 small enough, we may prove that the sign of f’ is similar as in the
case n = 2 (we use Cauchy inequality and the fact that [|v[|$, < [|v]|3s][v]|3; and (A2 + 1)* <

A2 4+ A3 + ...+ 1). Thus, we have

f(1) = max{f(\) : A > 0}.
Since n > 2, we have K, (v*) > 0if A = 0 and K,,(v*) < 0 if X large enough. Thus, there exists
Ao > 0 such that K,(v*°) = 0. By the definition of ;()\) and P(v) < 0, we have

() < S,ut < St — %313(@) = f(No) < f(1) = S,(v) — %P(v).

This completes the proof of Lemma 4.7. U
Lemma 4.8. The set B, is invariant under flow of (1.1).

Proof. Let ug € B, and u(t) be the associated solution of (1.1). Since S, is conserved under flow
of (1.1), we have S, (u(t)) = S,(up) < p(w). Now, we show that P(u(t)) < 0. Assume that,
this does nor hold. Then by continuity of the map ¢ — P(u(t)), there exists t, > 0 such that
P(u(tg)) = 0. Using Lemma 4.7, we have S, (u(ty)) > p(w). This contradict to the fact that
Sw(u(t)) < p(w) for all t. This completes the proof. O

We have the following result.
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Proposition 4.9. If uy € B, N X then the associated solution u(t) of (1.1) blows up in finite time.

Proof. By Lemma 4.8, we have u(t) € B, N Y, for all t € I the maximal existence time of the
solution. From the virial identity and Lemma 4.8, we have

d2

—Elleu®)lze = 8P(u(t)) < 16(S.(u(t)) — p(w)) = 16(S.(uo) — p(w)) < 0.

for all ¢ € I, which implies |I| < co. We obtain the desired result. O

proof of Theorem 1.8. Using Proposition 4.9, it is sufficient to construct a sequence varphi, €
BN such that ¢, — ¢, asn — oco. In our case, ay, as, az satisfy the assumption of Theorem 1.6.
Thus, by using similar argument in the proof of Theorem 1.6, we may check that 935, (¢})|x=1 <
0. Then, by using similar argument in the proof of Lemma 4.5, we may pick ¢,, = ¢, for \,, > 1

such that \,, — 1 as n — oco. This completes the proof. U
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