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INSTABILITY OF ALGEBRAIC STANDING WAVES FOR NONLINEAR
SCHRODINGER EQUATIONS WITH TRIPLE POWER NONLINEARITIES

PHAN VAN TIN

ABsTRACT. We consider the following triple power nonlinear Schrédinger equation:
iug 4+ Au+ a1 |ulu + azlulu + aglulPu = 0.

We are interested in algebraic standing waves i.e standing waves with algebraic decay above
equation in dimensions n (n = 1,2,3). We prove the instability of these solutions in the cases
DDF (we use abbreviation D: defocusing (a; < 0), F: focusing (a; > 0)) and DFF when n = 2,3
and in the case DFF with ap < —22- when n = 1. In the case DFD, we only obtain an existence

. . . . 15\/6 .
result of algebraic solution in dimension one.
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1. INTRODUCTION

In this paper, we are interested in the following triple power nonlinear Schriodinger equation:

iug + Au+ ar|u|u + ag|u)®u + azlulPu =0, (t,2) € R x R", (1.1)

where a1, a2,a3 € R and n € {1,2,3}.
The standing waves of (1.1) are solutions of the form u,, (¢, ) = e¢*“t¢,,(z), where ¢,, solves:

— Wy + Ady + a1|dw|dw + a2|dw|>bu + as|dw>dw = 0. (1.2)

In [13], the authors study existence and stability of standing waves of (1.1) in one dimension.
Existence of standing waves is obtained by ODE arguments. By studying the properties of the
nonlinearity, the authors give domains of parameters for existence and nonexistence of standing
waves. Stability results are obtained by studying the sign of an integral found by Iliev and Kirchev
[9], based on the criteria of stability of Grillakis, Shatah and Strauss [7, 8, 16].

In the special case w = 0, the profile ¢y, which for convenience we denote by ¢, satisfies:

A¢ + a1|¢l + az|¢|*¢ + az|¢]’¢ = 0. (1.3)
The equation (1.3) can be rewritten as S’(¢) = 0 where S is defined by

2. (1.4)

1 aq a2 as
S(v) = §||Vv||2Lz - gllvllis - levll‘izl = % lv]

Date: October 14, 2021.
1991 Mathematics Subject Classification. 35Q55; 35A15.
Key words and phrases. Nonlinear Schrédinger equations, standing waves, orbital stability, variational method.



2 PHAN VAN TIN

Define
X = H'R")NL3R"), and ||Jullx := ||Vul/g2 + ||lul s, (1.5)
d:=inf{S(v):ve X\ {0},5 (v) =0}. (1.6)

The algebraic standing waves are standing waves with algebraic decay. In this paper, we are
only interested in a special kind of algebraic standing waves which are minimizers of the problem
(1.6). Throughout this paper, for convenience, we define an algebraic standing wave as a solution
of (1.3) solving problem (1.6). Thus, the function ¢ is an algebraic standing wave of (1.1) if ¢ € G,
where G is defined by

G:={ve X\ {0},5w) =0,S(v) = d}. (1.7)

The instability of algebraic standing waves was studied in [6] for double power nonlinearities.
Using similar arguments as in [6], we study existence and instability of algebraic standing waves
for the nonlinear Schrédinger equation with triple power nonlinearities (1.1).

First, we study the existence of algebraic standing waves of (1.1). As in [13], we will use the
abbreviation D: defocusing when a; < 0 and F: focusing when a; > 0. In Section 2, we prove the
following result.

Proposition 1.1. Let n = 1. The equation (1.3) has an unique even positive solution ¢ in the

space H*(R) in the following cases: DFF, DDF, DFD and as > \/%. Moreover, all solutions of

(1.3) are of the form e ¢(x — xo) for some 0,9 € R. They are all algebraic standing waves of
(1.1).

In high dimensions, the situation is more complex than in the one dimension. The solutions of
(1.3) are very diverse. It is not easy to describe all such solutions as in the dimension one. Thus,
classifying the algebraic standing waves of (1.1) is not easy problem. It turns out that a radial
positive solutions of (1.3) is also an algebraic standing wave of (1.1). To study the positive radial
solutions of (1.3), we prove the following result in Section 2.

Proposition 1.2. Let n = 2,3 and DDF or DFF. Then there exists a unique radial positive
solution of (1.3).

Before stating the next results, we need some definitions. Firstly, we define the Nehari functional
as follows:

K(v) = (8'(v),v) = | Vol[i2 — ar]|vl[gs — az]|vl|7s — aslv]|7s. (1.8)

The rescaled function is defined by:

M) = A2u(z). (1.9)
The following is Pohozhaev functional:
P() = 58N et = IVelFa = "ol = "2 lellhe — S ollf. (110)
The Nehari manifold is defined by:
K:={ve X\ {0}, K(v) =0}.
Moreover, we consider the following minimization problem:
p:=1inf {S(v) : v € K}. (1.11)
The following is the set of minimizers of problem (1.11):
M:={vek, Sw)=pu}. (1.12)
Finally, we define a specific set which uses in our proof:
B:={veH (R"):S(v) <p Pv)<0}. (1.13)

It turns out that the solution of (1.3) given by Proposition 1.2 satisfies a variational characteri-
zation and each algebraic standing wave of (1.1) is up to phase shift and translation of this special
solution. More precise, in Section 3, we prove the following result.
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Proposition 1.3. Let n = 2,3 and DDF or DFF. Then the radial positive solution ¢ of (1.3)
given by Proposition 1.1 and Proposition 1.2 satisfies

5(¢) = p.
where S and p are defined as in (1.4), (1.11) respectively. Moreover, all algebraic standing waves
of equation (1.1) are of the form
6190¢(_ - 1'0),

for some 0 € R and x¢ € R"™.

Remark 1.4. (1) In case DFD, we only obtain the result on existence of algebraic standing
waves when n = 1 (see Proposition 1.1). The variational characterization of algebraic
standing waves and stability or instability of these solutions are open problems, even in
dimension one.

(2) By using similar arguments as in [6, Proof of Proposition 3.5], we prove that the algebraic
standing waves in higher dimensions (n = 2, 3) are also in H*(R").

Our main result is the following.

Theorem 1.5. Let n = 1,2,3. Assume that the parameters of (1.1) satisfy DDF or DFF when
n = 2,3 or DFF and ay < 15?\2/6 when n = 1. Then the algebraic standing wave ¢ given as in

Proposition 1.1 and Proposition 1.3 is unstable in H'(R™).

By scaling invariance of (1.1), we may assume |a1| = |ag| = 1 without loss of generality. This
assumption will be made throughout the rest of this paper.

The rest of this paper is organized as follows. In Section 2, we find the region of parameters
a1, as,ag in which there exist solutions of the elliptic equation (1.3). Specially, in one dimension, all
solution of (1.3) are algebraic standing waves. In Section 3, we establish the variational characteri-
zation of solutions given in Section 2. The existence of algebraic standing waves in high dimensions
is also proved in section 3. In Section 4, we prove instability of algebraic standing waves.

2. EXISTENCE OF SOLUTION OF THE ELLIPTIC EQUATION

First, we find the region of parameters aj, as, asz in which there exist solutions of (1.3).

2.1. In dimension one. Let n = 1. To study the existence of algebraic standing waves, we use
the following lemma (see [2], [13, Proposition 2.1])

Lemma 2.1. Let g be a locally Lipschitz continuous function with g(0) = 0 and let G(t) =

fgg(s) ds. A necessary and sufficient condition for the existence of a solution ¢ of the problem

is that ¢ = inf {t > 0: G(t) = 0} emists, ¢ > 0, g(c) > 0.
Using Lemma 2.1, we have the following result.

Lemma 2.2. Let g(u) = aju® + asu® + asu* be such that g satisfies the assumptions of Lemma
2.1 for some a1, as2,a3 € R. Then there exists a positive solution ¢ of (2.1). Moreover, all complex
valued solutions of (2.1) are of form:

e p(x — x0),
for some 0y, xg € R.
Proof. By Lemma 2.1, there exists a real valued solution ¢ of (2.1). We have
Guz + 10 + a29” + azd* = 0. (2.2)

Since lim,_, 4+ ¢(x) = 0, there exists z¢ such that ¢, (xg) = 0. Multiplying two sides of (2.2) by
¢, and noting that lim,_, ., ¢(x) = 0 we obtain

1l o, a1,3, a2 4, a3 5
4 ‘2 a3 . 2.
2¢m+3¢+4¢+5¢ 0 (2.3)
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We see that ¢ is not vanishing on R. Indeed, if ¢(z1) = 0 for some z; € R then ¢,(z1) = 0 by
(2.3). Thus, ¢ = 0 by uniqueness of solutions of (2.3) which is a contradiction. Then, we can
assume that ¢ > 0.

The value ¢(zo) is a positive solution of G(u) = %u® + %u? + %u® = 0. Since g satisfies the
condition in Lemma 2.1, it follows that G(u) = 0 has a first positive solution ¢ such that g(c) > 0.
If ¢(z¢) # c then G has another positive zero d > ¢ such that d = ¢(zg). By continuity of ¢, there
exists 21 > xo such that ¢(x1) = ¢ and by (2.3) ¢.(x1) = 0. This conclusion implies that every
positive solution of (2.2) has a critical point such that the value of solution at this point equals to
c.

Let u be a complex valued solution of (2.1). We prove that u = €% ¢(x—x), for some 0y, g € R.
We use similar arguments as in [5, Theorem 8.1.4]. Multiplying the equation by @, and taking real
part, we obtain:

d (1 o Q1 3 G2, 4 A3, 5
— | Zlug >+ = —= - =0.
i (Gl + Sl + 20t + 2l
Thus,
1
Slual” + S+l + Pl = K.

Using limy 100 u(z) = 0 we have K = 0. In particular, |u| > 0. Indeed, if v vanishes then u,
vanish at the same point, hence, v = 0. Therefore, we may write u = pe’, where p > 0 and
p,0 € C%(R). Substituting u = pe'® in (2.1) we have 2p,0, + pf,, = 0 which implies there exists
K € R such that p?0, = K and so 0, = p%. Moreover, since |u,| is bounded, it follows that p?6? is

bounded. Thus, % is bounded. Since p(z) — 0 as x — 0o, we have K = 0. Thus, since p > 0 we
have 6 = 6 for some 6y € R. Thus u = "% p. Since p is a positive solution of (2.2), there exists
29 € R such that p(z2) = ¢ and py(x2) = 0. Thus, by uniqueness of solution of (2.2), there exists

r3 € R such that p(x) = ¢(x — x3) and u = e®@(x — x3). This implies the desired result. O

Moreover, we have the following result.
Lemma 2.3. Let g and ¢ be as in Lemma 2.2. Then ¢ € H'(R).

Proof. Firstly, since g satisfies the assumption of Lemma 2.1, we have a; < 0 (see the arguments
in the proof of Proposition 1.1). As in the proof of Lemma 2.2, up to a translation, we may assume
that ¢,(0) =0 and let ¢ = ¢(0). Then ¢ is an even function of x. Furthermore, ¢ satisfies

S8+ G0 =0, (2.4)

Moreover, ¢;,(0) = —g(¢(0)) = —g(c) < 0. Therefore, there exists a > 0 such that ¢, < 0 on
(0,a). We claim that a = co. Otherwise, there would exists b > 0 such that ¢, < 0 on (0,b) and
¢(b) = 0. Thus, ¢(b) < cis a positive zero of G. This is a contradiction since ¢ is the first positive
solution of G. Hence, ¢, < 0 on (0,00). Thus, there exists 0 < I < ¢ such that lim,_,, ¢(z) = [.
In particular, there exists x,, — oo such that ¢, (z,,) — 0 as m — oco. Passing to the limit in (2.4)
we have G(I) = 0 and hence | = 0 by definition of c¢. Therefore ¢ decreases to 0, as © — co. Thus,
from (2.4), for |z| large enough, we have
ai

¢y ~ —3053-

Then
— ¢y & ch%, for some ¢ > 0.

Thus, for |z| large enough, we have

0> ¢y + ch.
It follows that ¢ < (1 for some ¢,d > 0. Hence ¢ € L'(R) N L™(R), especially ¢ € L*(R).

Combining this and (2.4), we obtain that ¢, € L?(R). Thus, ¢ € H(R), this completes the proof
of Lemma 2.3. g

Now, we comeback to the proof of Proposition 1.1.
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Proof of Proposition 1.1. A solution of (1.3) in the space X satisfies
Upe +g(u) =0, uec C*R), and 1ir£ u(x) =0, (2.5)
T—>r 00

From Lemma 2.1, the necessary condition for existence of solutions of (2.5) is a; < 0. Indeed, let
c is the first positive root of G(u) then G'(¢) = g(¢) > 0. Thus, G do not change sign on (0, ¢) and
is increasing in a neighborhood of ¢. It follows that G < 0 on (0, ¢) and hence a; < 0.
To conclude the existence of solution of (2.5), we consider the three cases DDF, DFF, DFD. In the
case DDD we have G < 0 on (0, 00), therefore there is no solution of (2.5).
In the case DDF (i.e a3 = —1, as < 0, a3 = 1), we have

g(s) = =52 + ass® + s*,

_ Lla a4 15

G(s) = 35 + 15 +5s.

Thus ,

and g(c) = c?(c? + azc — 1). Tt easy to check that c is larger than the largest root of z:2 + agz — 1.
Thus, g(c) > 0. It follows that in case DDF, there exists a solution of (2.5).

By similar arguments, in the case DFF, (2.5) has a solution. In the case DFD, (2.5) has a solution
if and only if ay > \/%.

Let ¢ be a solution of (2.5). From Lemma 2.2 all solution of (2.5) are of the form e?¢(x — z0),
and belong to H'(R) by Lemma 2.3. Thus, they are all algebraic standing waves of (1.1). This
completes the proof of Proposition 1.1. O

2.2. In higher dimensions. In this section, we prove existence and uniqueness of a radial positive
solution of (1.3) when a3 = —1, ag = 1 and n = 2,3. The existence result is a consequence of the
following theorem.

Theorem 2.4 ([3],Theorem 1.1). Let g be a locally Lipschitz continuous function from RY to R
with g(0) = 0, satisfying

(1) e =inf{¢ > 0,9(¢) > 0} exists, and a > 0.

(2) There exists a number ¢ > 0 such that G(¢) > 0, where

G(t):/o g(s) ds.

Define (y = inf{¢ > 0,G({) > 0}. Then, (o exists, and (p > .

(3) limgya 22 > 0.

(4) g(s) >0 for s € (o, ol Let B =inf{¢ > (o, 9(¢) = 0}. Then, (p < 8 < 0.

(5) If B = oo then ggf) =0, with | < 22, (If n = 2, we may choose for | just any finite real
number).

Then there exists a number ¢ € (o, 3) such that the solution u € C*(RY) of the Initial Value
problem

—u" — =L/ = g(u), forr >0,
u(0)=¢, v (0)=0
has the properties: u >0 on RT, u’ <0 on R™ and

Tlin;o u(r) = 0.

In our case, we have

g(s) = —s% + ags® + s*, (2.6)
-1 1
G(s) = ?33 + 2—254 + 535. (2.7)
It is easy to check that the function g and G satisfy the conditions of Theorem 2.4 when n = 2,3

. —az++/a3+4
with @ = —22TY %77 (

. —az+4/a3+52 .
5 the positive zero of g), o = — s (the positive zero of G), f = oo
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and 4 <! <5 when n =3 and | > 4 when n = 2. Thus, in high dimensions (n = 2, 3), there exists
a decreasing radial positive solution of (1.3).
The uniqueness of a radial positive solution is obtained by following result.

Theorem 2.5 ([15],Theorem 1). Let us consider, for n > 2, the following equation
Au+ g(u) =0, (2.8)
where g satisfies the following conditions:
(a) g is continuous on [0,00) and g(0) =0,
(b) g is a C'-function on (0, 00),
(c) There exists a > 0 such that g(a) = 0 and
g(u) <0 for 0 < u < a,
g(u) >0 for u > a.

(d) £ [j((;‘))} > =2 for u > 0,u# a, where G(s) = [ f()dr.

Then (2.8) admits at most one radial positive solution.

The function g given in (2.6) satisfies conditions (a), (b), (¢) of Theorem 2.5 for a the positive
root of g. When n = 2,3, the condition (d) is satisfied if only if

1.3 as .2 1
% {553213255 _131 > n2;27 for s > 0,5 # a. (2.9)
We prove that (2.9) holds. We only need to show that
d [és3 + %257 — %s
ds s2 +agss—1

1

} > —, for s #a.
6

This is equivalent to

1 2 3 2
5544—;253—1—(&22—1—5)—@8—1—120,

which is true for all s > 0, ay € R by the fact that

1, 2ay 5 (a3 2 1, s 3 5\ 2, 1
- — —“= 4+ -] - 1=- — - = - = >0.
59t g Tg) Tastlegls e tpla-g) Hpstg
Thus, there exists a unique radial positive solution of (1.3) by Theorem 2.5. This completes the
proof of Proposition 1.2.

3. VARIATIONAL CHARACTERIZATION

Let n = 1,2, 3. In this section, we prove Proposition 1.3. By the assumption of Proposition 1.3,
we may pick a; = —1 and ag = 1. We recall that S, K, P are defined in (1.4), (1.8) and (1.10).

Let M and K be defined as (1.12) and (1.8). First, as in [6], we prove that M is not empty. We
set

1 1 1
J(©) = 71900z + 5 lolids + 55llvlde

which is well defined on X. The functional S is rewritten as

_1 Sl a 3 s
S() = 3K(@) = gllols + Zlelids + 5 llolEs,
1
S(v) = iK(v) + J(v).
We can rewrite p as
p=inf{J(v):v € K}. (3.1)

Lemma 3.1. Letv e H*(R"). If K(v) <0 then p < J(v). In particular,
p=inf{J(v) :v e X\ {0}, K(v) <0}. (3.2)
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Proof. Since K(v) < 0 and K(Av) > 0 if A > 0 small enough, there exists A; € (0,1) such that
K(A\v) = 0. Therefore, by (3.1) and since the function A — J(Av) on (0, 00) is increasing, we have

< J(Aw) < J(v).
This completes the proof. O

Lemma 3.2. The following is true:
w> 0.

Proof. Let v € K. By using the Gagliardo-Nirenberg inequalities, for some 6 € (0,5) and 6 € (0,4),
we have

[vllFs S NIVollTellvll}z® < CrlVoll3z + Callvlls,
oll3s < V0] % l10l145° < CallVollis + CallolLa,
we have
0=K(v) > (1 - C1||Vo[lz2 — [az|Cs]|Vo[|72) VU] 22 + (1 = Col|v]|Zs — laz|Callvl[zs)[[v]|7s

It follows that 1 < C1||Vol3. + |a2|Cs[| V|22 < C||[Vull3. + 4 or 1 < Col|v||2s + |az|Calv] s <
Cllv||2s + 1, for some C,C > 0. Hence, ||[Vv| 12 or [|v||3s bounded below by some constant. In two
cases, J(v) is bounded below by some constant. Combining with (3.1) we have the conclusion. O

We need the following results.

Lemma 3.3 (|1, 11]). Let p > 1. Let (f,) be a bounded sequence in H'(R™) N LPT1(R"). Assume
that there exists ¢ € (p,2* — 1) such that limsup,,_, || fnllpa+1 > 0. Then there exist (y,) C R"
and f € HY(R™) N LPTH(R™) \ {0} such that (f,(- — yn)) has a subsequence that converges to f
weakly in H'(R™) N LP+1(R™).

Lemma 3.4 ([4]). Let 1 < r < oo. Let (f,) be a bounded sequence in L"(R™) and f, — f a.e in
R™ as n — oco. Then

[ fnllr = 1fn = Fllzr = [1£ 12 =0,

as n — oo.
Now, we comeback to prove the set M is not empty.

Lemma 3.5. If (v,) € X is a minimizing sequence for u, that is,
K(v,) =0, S(vn) —
then there exist (y,) C R", a subsequence (vy;), and vo € X \ {0} such that v,, (- — yn;) — vo in
X. In particular, vy € M.
Proof. Since K(v,) — 0 and S(v,) — p, we have

JT(wa) = 1, (33)
-1 a2 3 5
— IWlizs + o lellze + 5 llollzs — p (3-4)

From (3.3), we infer that (v,) is bounded in X. Also, since i > 0 by Lemma 3.2 and the Gagliardo-
Nirenberg inequality [|v|3s < [|[Vv||3. + [|v]|34, we have limsup,,_, ||vn||s > 0. Then, by Lemma
3.3 there exist (y,) C R™ and vg € X \ {0} and a subsequence of (v, (- —y,)), which we still denote
by the same notation, such that v, (- — y,) — vp weakly in X. we put w,, := v, (- — yn)-

We can assume that w,, — vg a.e in R” and we prove that w,, — vy strongly in X. By Lemma
3.4, we have

J(wn) - J(wn - UO) — J(’Uo), (35)
K(wy) — K(w, —vg) = K(vo).
Since J(vg) > 0 by vo # 0, it follows from (3.5) and (3.3) that

nlgr;o J(wp, —vg) = nlgl;o J(wp) — J(vo) < nl;n;o J(wy) = p.
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From this and (3.2) we have K(w, —vo) > 0 for n large. Thus, since K(v,) — 0 and (3.6) we
obtain K (v,) < 0. By (3.2) and weak lower semicontinuity of the norms, we have

w< J(v) < li_>m J(wy,) = p.

Combining with (3.5) imply that J(w, —vg) — 0 thus, w, — vy strongly in X. This completes
the proof. m

Proof of Proposition 1.3. Firstly, we prove the variational characterization of ¢ as follows

5(9) = p.

This means that ¢ is a minimizer of (1.11). From Lemma 3.5, we have M # (). Let ¢ € M. We
divide the proof of this to three steps.
Step 1. There exists # € R such that e?¢ is a positive function.
We use similar arguments as in [6, Lemma 2.10]. Put v := |Rey|, w := |Imyp| and ¢ := v + iw. By
a phase modulation, we may assume that v # 0.

Since |[¢] = |¢| and |[V¢| = |Vy|, we have K(¢) = K(p) and S(¢) = S(p). Thus, ¢ € M.
Then, there exists v € R such that

S'(¢) =K' (¢).
Hence,
V(K (¥),4) = (S'(¥), ¥) = K(4) = 0. (3.7)

Moreover, using K (1) = 0 we have
(K'(1), ) = 0K ()] a=1
= OLWK(M)[x=1 — 4K (¥)
= (2/VYl[Ze + 3ll¢lI7s — dazll¥l|zs — 51¢l2s) — 4Vl L + [¥l7a — azll@lza — [¥7s)
= =2||VYll72 = [llzs — lllzs <O.
Combining with (3.7), we deduce v = 0. Thus, S’(¥)) = 0. Hence, v solves the following equation
(A + |¢| = asel* = [pl*)v = 0.

Since v is nonnegative and not identically equal to zero, using [12, Theorem 9.10], we infer that v
is positive function. Furthermore, since K(|¢|) < K(¢) and S(|¢]) < S(v), it follows from Lemma
3.1 we have K(|¢|) = K(¢) and S(|¢|) = S(¥). Then, ||V|[¢||lz2 = ||[V¥| 2. By [12, Theorem
7.8], there exists a constant ¢ such that w = cv for some ¢ > 0.

Since v is continuous and positive, Rew and Zmp do not change sign. Then, there exist constants

A = +1 and n € R such that Rep = \v and Zmyp = nv. Taking 6 € R such that e~ = I:\\EZI’ we

have e = (X + in)v = |\ + injv. This completes the step 1.
Step 2. Radial symmetry of minimizer.
Since [10, Theorem 1], there exists y € R™ such that e®®o(- —y) is a radial and decreasing function.
Step 3. Conclusion.
Since ¢ and e (- — y) are positive radial solutions of (1.3), using Proposition 1.2, we obtain
¢ =e"p(- —y),

Thus, S(¢) = S(¢) = p1, » € M and each element of M is of form e?¢(- — z0) for some 0, 2y € R.

It remains to classify all algebraic standing waves of (1.1). We only need to prove that G =
M # (), where G and M are defined in (1.7) and (1.12), respectively. We use similar arguments as
in [6, Proof of Theorem 2.1]. We divide the proof of this in two steps.
Step 1. M C G.
Let ¢ € M. Then, S’(¢)) = 0. Now, we show that ¢ € G. Let v € X \ {0} such that S'(v) = 0.
From K(v) = (S’(v),v) = 0 and by definition of M, we have S(¢) < S(v). Thus, ¥ € G and
M cCg.
Step 2. G € M and conclusion.
Let ¢ € G. Then K(¢) = (S'(¢),¢) = 0. As the above, ¢ € M. As in step 1, ¢ € G. Therefore,
S(¢) = S(¢) = p, which implies ¢p € M. Thus G C M, which completes the proof of Proposition
1.3. O
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It turns out that the algebraic standing waves of (1.1) in high dimensions (n = 2, 3) belongs to
H(R™). To prove this, we need the following lemma (see [6, Lemma 3.4]).

Lemma 3.6. Let ¢ € C([0,00)) be a positive function. If there exist p, A > Osuch that
¢’ (r) 4+ Ap(r)' TP <0, for all r > 0,

o(r) < (pi) .

Proof of Remark 1.4(2). We use similar arguments as in [6, Proof of Proposition 3.5]. Firstly, we
denote ¢(r) as function of ¢ respect to variable r = |z|. Since ¢ is positive decreasing radial
function, we have

then

8l13s > / |¢|° dz > |B(R)||¢(R)|* = CR"|¢(R)?,
|lz|<R

for all R > 0. Hence,
o(x) < |z| 75| ¢||Ls, for all z € R.

For r > ry large enough, we have

1
|a2|¢3 + ¢4 < 5(;52;
Since ¢ solves (1.3) and is decreasing as a function of r, this implies

n—1

1
¢"(r) = ¢"(r) + ¢ (r) = ¢2 - a2¢3 — ¢4 > §¢2, for r > rq.
Multiplying the two sides by ¢’ and integrating it on [r, c0), we get
1
¢(r)?* 2 3% forr > ro.

Since ¢’ < 0 we obtain that

—_

3

&' (r)+1/ =62 <0, for r > r.

w

By Lemma 3.6, we deduce that
o(r) < Cr=2, for r > ry.
Thus, ¢ € L?(R"), for n = 2,3. From the proof of Proposition 1.3, we have ¢ € M. Hence,

|[Vé| € L?2(R™) and ¢ € H(R™). This completes the proof. O
4. INSTABILITY OF ALGEBRAIC STANDING WAVES

Let n = 1,2, 3. In this section, we prove Theorem 1.5. Throughout this section, we consider the
case DDF or DFF and as small. Then we may pick a; = —1 and a3 = 1. First, we prove the
following result by using similar arguments as in [14] (see also [6, Proof of Proposition 5.1]).

Proposition 4.1. Assume that
03S(¢M)|a=1 < 0, where v*(z) := A2v(\z). (4.1)
Then the algebraic standing wave ¢ is unstable.

We define a tube around the standing wave by

N, = {v € H'(R") : inf v —e“p(- —y)|l g <5}.

(0,y)ERXR™

Lemma 4.2. Assume (4.1) holds. Then there exist e1,81 € (0,1) such that: For any v € N, there
exists A(v) € (1 — 61,1 + 1) such that

w < Sw)+ (Alw) —1)P(v).
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Proof. First, we recall that S, K and P are defined as in (1.4), (1.8) and (1.10), respectively.
Since 925(¢*)|a=1 < 0, by the continuity of the function

(A, v) = 38 (v%),

there exist 1,1 € (0, 1) such that 92S(v*) < 0 for any A € (1—81,1+61) and v € Nz,. Moreover,
by the definition of P we have

S(*) < S() + (A —1)P(v), (4.2)

for Ae (1—01,1446;1) and v € N,.
Moreover, consider the map:

(A 0) = K () = X2|| Vo] + A%
Note that K(¢) =0 and

3n
V|2 — a2\ Joll s — A o]l 35

n 3n
NE(N)r=1 = 2|VOll7z + 5 16]Fs —nazlldlts — 119l
Thus,
K (¢)r=1 = OrK(¢™)|r=1 — 5P(9)

n nas
= =3IVelz — Slglze +

™2 4.
Thus, in the case as < 0, we have 9\K (¢*)|n=1 < 0. In the case ay > 0, using P(¢) = 0, we have
nas

n 3n
2014 = IVl + SlolLs — Tl

n
<3|V9lze + 3lelizs,

hence we also have 9\K(¢*)|x=1 < 0. In all cases, by the implicit function theorem, taking e;
and d; small enough, for any v € N¢, there exists A(v) € (1 — 81,1+ ;) such that A(¢) =1 and
K (vA®)) = 0. Therefore, by definition of y as in (1.11) we obtain:

p < S < Sw) + (A(v) — 1)P(w).
This completes the proof. O

Let ug € N and u(t) be the associated solution of (1.1). We define the exit time from the tube
N by
TE(ug) := inf{t > 0 : u(+t) ¢ N.}.
We set I (ug) := (=T (uo), T (up)).
Lemma 4.3. Assume (4.1) holds and let £, be given by Lemma 4.2. Then for any ug € BNN,,

where B is defined as in (1.13), there exists m = m(ug) > 0 such that P(u(t)) < —m for all
t e 161 (Uo).

Proof. For t € I.,(up), since u(t) € N, , it follows from Lemma 4.2 that

p=S(uo) = p—S(u(t)) < —(1 = Alu(?)))P(u(t)).
In particular, since u > S(ug) by ug € B, we have P(u(t)) # 0. By continuity of the flow and
P(ug) < 0 we obtain
P(u(t)) <0, 1—A(u(t)) >0.

Therefore, we obtain

> ) > _;(uo) =t m(ug) > 0.

This completes the proof. O

Lemma 4.4. Assume (4.1) holds. Then |I.,| < oo for all ug € BNN;, N3, where
S={veH'(R):zve L*(R)}.
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Proof. Let u(t) be associated solution of ug € BN N, NX. By the virial identity and Lemma 4.3

we have
2

d
Zllzu®)lzz = 8P(u(t)) < —8m(uo)
t
for all t € I, (ug), which implies |I, (ug)| < co. This completes the proof. O

Let x be a smooth cut-off function such that

1 ifo<r<i,
X =900 s

||

and for R > 0 define xg(x) = x <§)

The following is similar as in [6, Lemma 4.5].

Lemma 4.5. There ezists a function R : (1,00) — (0,00) such that xp(x)¢* € BN NN, for all
A > 1 close to 1, and that x (9™ — ¢ in H'(R™) as A | 1.

Proof. We divide the proof in three steps.

Step 1: Prove ¢* — ¢ in H'(R") as A | 1.
We have

6™ = dll g + 116" — Il 2

<IAZS) = 6 + [6(A) = 6O + INFH(A) = (A2 + (X ) — S )l e

= (AF = )A |9l + AT (]l22) (4.3)
o) = oOllgn + llo(A) = ¢() |l 2 (4.4)

The term (4.3) converges to zero as A — 1. To prove the term (4.4) converges to zero as A — 1,
we prove for all ¢ € LP, 1 < p < oo, then the following holds

lo(Az) — ¢(x)||Lr — 0, as A — 1.

Indeed, we only need to consider ¢ is a integrable step function, by density of step function in
LP(R™). It is sufficient to consider ¢ = 1 4, for some measurable set A. We have ¢(Az) = 11 4 and

[6(Az) — (@) I7s = [1L1a — Lallfs
=pu{rre Az g A U{z e A & A})

< u(A) +p (/1\,4> -2 <Am iA) ,

this converges to zero when A\ converges to 1. Thus, if we consider V¢ as a vector function then
the term (4.4) converges to zero as A converges to 1.

Step 2: XR()\)(;S)‘ — ¢ as A — 1 for some function R.

Choosing R : (1,00) — (0,00) such that R(\) — oo as A — 1. Thus, for all v € H'(R"), we have

XR(\)V — U, a8 A — 1

and XR(/\)¢/\ — ¢ in H'(R™) as A | 1, since step 1.

Step 3: Conclusion.

We claim that ¢* € B for A > 1 close to 1. Since 9)S(¢*)|[a=1 = 0 and §25(¢*)|x=1 < 0, there exists
A1 > 1 such that 9)S(¢*) < 0 and S(¢*) < p for A € (1, ;). We see that P(¢*) = A9rS(¢*) < 0
for A € (1,A1). Moreover, taking A; close to 1, we get ¢* € A, for all X € (1, A1). Since xp(y) has
compact support and [ X p(n)@* — ¢* |1 — 0 as A — 1, we have yp)¢* € BNN,, N for A close
to 1. This completes the proof. O

Proof of Proposition 4.1. By Lemma 4.5, there exists R : (1,00) — (0,00) such that xg¢* — ¢
in H*(R") as X\ | 1. Moreover, XR(,\)qu e BNI NN, for A > 1 close to 1. Thus, by Lemma 4.4,
11, (XRr(r)@)| < oo for A > 1 close to 1 and since xp(n)¢* — ¢ as A — 1 in H'(R™) we have ¢ is
unstable. This completes the proof. O
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Proof of Theorem 1.5. Using Proposition 4.1, we only need to check the condition (4.1). We have

=2y nln=Don e dntin=2)
4

RS (@) a=1 = Vo7 + lgllzs —

We divide into three cases.
Casen =1:
In this case, we have

Il — 1117-

1 3
AS(@Ma=1 = 191172 = S 1617s — 5511 911Zs-

In the case DDF, using K(¢) =0 and P(¢) = 0 we have

1 3 1 1

0= P(8) ~ 1K(6) = 210'13a — 15 lolEs — gollols
Thus,
"2 Lo 1 5

612 = 56113 + 7= ol

It follows that
1 1
RS(@N =1 = gellolis — 5 lellzs

1 1 10 1 as
ol = 15 (1913 + ol - 1ol - P(o))
5 1 5@2
= D12~ o lEs + 22l (45)

Thus,
RS(#M)[r=1 < 0.
This implies the instability of algebraic standing waves in the case DDF.

In the case DFF, using (4.5) and the fact that al|¢||3s + b||#||35 > 2v/ab||¢||%, for all a,b > 0 we
have

5@2

5 (1 1 1
3(M s = 1 (Gl + 5ol ) - 5l + 2ol

4 1 5&2
= —fllaﬁHis - *Hfbllis ||¢||L4

4 5(12
< - + — <0,
27[H¢IIL4 |I¢>IIL4

since we have assumed ay < 15\[ Thus, in the case DFF and as < 15[ we obtain the instability

of algebraic standing waves.
Case n = 2:
In this case, we have

012 6 5
RS(Mr=1 = Vol7. — 5II¢>H‘£4 — g lIellzs- (4.6)
Moreover,
_ _ 2 1 3 a2 4 3 5
0="P(¢) =IVllz: + 5llollzs — S lI¢llze = ZllSllzs.
mmm%wmﬂWMH%w33WMm()wmm

RS (@) a=1 = fgllstis - gllcbllis <0.

The instability of algebraic standing waves in the case n = 2 follows.
Case n = 3:
In this case, we have

3@2

63
RS (@) a=1 = [IVolZ2 + 7 ||¢||Ls = 5 Iellze = 55 l¢l1zs- (4.7)

Moreover,
3a2

1 9
0=P(¢) = [Vol7= + 5lellzs — =~ llolze — 15 l1l1%s-
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Hence,

835(¢™)[r=1 — 2P(9)

3 27
= —|IVolz. - 1||¢H?£s - %Wllis <0.

938 (¢M)r=1

The instability of algebraic standing waves in case n = 3 follows. This completes the proof of
Theorem 1.5. g

of

il
[2
3
[4

5

[6
[7
8
[9
[10
[11
[12
[13
[14
[15

[16

ACKNOWLEDGEMENT

The author wishes to thank Prof. Stefan Le Coz for helpful comments on a preliminary version
this work.

REFERENCES

] J. Bellazzini, R. L. Frank, and N. Visciglia. Maximizers for Gagliardo-Nirenberg inequalities and related non-
local problems. Math. Ann., 360(3-4):653—-673, 2014.

| H. Berestycki and P.-L. Lions. Nonlinear scalar field equations. 1. Existence of a ground state. Arch. Rational
Mech. Anal., 82(4):313-345, 1983.

| H. Berestycki, P.-L. Lions, and L. A. Peletier. An ODE approach to the existence of positive solutions for
semilinear problems in RN . Indiana Univ. Math. J., 30(1):141-157, 1981.

| H. Brézis and E. Lieb. A relation between pointwise convergence of functions and convergence of functionals.
Proc. Amer. Math. Soc., 88(3):486-490, 1983.

| T. Cazenave. Semilinear Schrédinger equations, volume 10 of Courant Lecture Notes in Mathematics. New York
University, Courant Institute of Mathematical Sciences, New York; American Mathematical Society, Providence,
RI, 2003.

| N. Fukaya and M. Hayashi. Instability of algebraic standing waves for nonlinear Schrodinger equations with
double power nonlinearities. Trans. Amer. Math. Soc., 374(2):1421-1447, 2021.

| M. Grillakis, J. Shatah, and W. Strauss. Stability theory of solitary waves in the presence of symmetry. I. J.
Funct. Anal., 74(1):160-197, 1987.

| M. Grillakis, J. Shatah, and W. Strauss. Stability theory of solitary waves in the presence of symmetry. II. J.
Funct. Anal., 94(2):308-348, 1990.

| I. D. Iliev and K. P. Kirchev. Stability and instability of solitary waves for one-dimensional singular Schrédinger
equations. Differential Integral Fquations, 6(3):685-703, 1993.

] Y. Liand W.-M. Ni. Radial symmetry of positive solutions of nonlinear elliptic equations in R™. Comm. Partial
Differential Equations, 18(5-6):1043—-1054, 1993.

| E. H. Lieb. On the lowest eigenvalue of the Laplacian for the intersection of two domains. Invent. Math.,
74(3):441-448, 1983.

| E. H. Lieb and M. Loss. Analysis, volume 14 of Graduate Studies in Mathematics. American Mathematical
Society, Providence, RI, second edition, 2001.

| F. Liu, T.-P. Tsai, and 1. Zwiers. Existence and stability of standing waves for one dimensional NLS with triple
power nonlinearities, 2021.

| M. Ohta. Instability of standing waves for the generalized Davey-Stewartson system. Ann. Inst. H. Poincaré
Phys. Théor., 62(1):69-80, 1995.

| P. Pucci and J. Serrin. Uniqueness of ground states for quasilinear elliptic operators. Indiana Univ. Math. J.,
47(2):501-528, 1998.

| J. Shatah and W. Strauss. Instability of nonlinear bound states. Comm. Math. Phys., 100(2):173-190, 1985.

(Phan Van Tin) INSTITUT DE MATHEMATIQUES DE TouLouse ; UMR5219,
UNIVERSITE DE ToUuLOUSE ; CNRS,

UPS IMT, F-31062 TouLoust CEDEX 9,

FRANCE

Email address, Phan Van Tin: van-tin.phan@univ-tlse3.fr



