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Abstract

The article deals with the existence of solutions of an integro-differential equation
in the case of anomalous diffusion with the negative Laplace operator in a fractional
power in the presence of the transport term. The proof of existence of solutions is based
on a fixed point technique. Solvability conditions for elliptic operators without the
Fredholm property in unbounded domains are used. We discuss how the introduction
of the transport term impacts the regularity of solutions.
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1 Introduction

The present article is devoted to the existence of stationary solutions of the following

. e . 1 .
nonlocal reaction-diffusion equation for 0 < s < 7 and the nontrivial constant b € R

9 2\’ 9 *
8_Ltl =—D(—@) u—l—b%+[wK(x—y)g(u(y,t))dy+f(x), (1.1)
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which appears in the cell population dynamics. Note that the solvability of the equation
analogous to (1.1) without the transport term was addressed in [36]. Emergence and
propagation of patterns in nonlocal reaction—diffusion equations arising in the theory
of speciation and containing the drift term were discussed in [26]. The space variable x
here corresponds to the cell genotype, u(x, t) denotes the cell density as a function of
their genotype and time. The right side of this equation describes the evolution of cell
density via cell proliferation, mutations, transport and cell influx/efflux. The anoma-
lous diffusion term here corresponds to the change of genotype due to small random
mutations, and the integral term describes large mutations. Function g(u) stands for
the rate of cell birth which depends on u (density dependent proliferation), and the
kernel K (x — y) gives the proportion of newly born cells changing their genotype
from y to x. Let us assume that it depends on the distance between the genotypes.
Finally, the last term in the right side of this problem designates the influx/efflux of

cells for different genotypes.
2\ S

The operator | — in Eq. (1.1) describes a particular case of the anomalous

ox?
diffusion actively studied in the context of different applications in: plasma physics
and turbulence [8,23], surface diffusion [17,21], semiconductors [22] and so on. It
is largely used in the works on the nonlocal diffusive processes. The probabilistic

A
realization of the anomalous diffusion was discussed in [20]. The operator < — %)
is defined by means of the spectral calculus. This is the pseudo-differential operator
with symbol | p|*, namely

a*\’ 1 00 -~
( )d)(x):E/ IpI*(pleP dp, ¢(x) € H*(R)

dx?

with the standard Fourier transform defined in (2.1). In the present work we will
consider the case of 0 < s < 1/4.
Let us set D = 1 and establish the existence of solutions of the problem

>\’ du o0
—( ) u+bd—+/ K(x —y)guy)dy + f(x)=0  (1.2)

dx? X oo

. 1 . . . .
with 0 < s < —, considering the case where the linear part of this operator fails to

satisfy the Fredholm property. As a consequence, the conventional methods of the
nonlinear analysis may not be applicable. We use the solvability conditions for non
Fredholm operators along with the method of the contraction mappings. Equation (1.2)
is the stationary case of problem (1.1), and we solve it using (1.8), (1.9) and (1.11).
Since our model describes the distribution of a population density with respect to the
genotype, the existence of stationary solutions of (1.1) corresponds to the existence
of biological species.

To introduce the concept of the non Fredholm operators, we consider the equation

—Au+VX)u —au = f, (1.3)
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where u € E = Hz(Rd) and f € F = L2(Rd), d € N, a is a constant and the scalar
potential function V (x) is either zero identically or tends to O at infinity. If a > 0,
the origin belongs to the essential spectrum of the operator A: E — F corresponding
to the left side of problem (1.3). Consequently, such an operator fails to satisfy the
Fredholm property. Its image is not closed, for d > 1 the dimension of its kernel and
the codimension of its image are not finite. The present work is devoted to the studies
of certain properties of the operators of this kind. Note that for the Fredholm property
we consider bounded but not H*(R?) solutions of the corresponding homogeneous
adjoint problem. If V(x) = 0, Eq. (1.3) has constant coefficients and we can apply
the Fourier transform to solve it explicitly. If f € L?(R?) and xf € L'(R?), then it
has a unique solution in H2(R¢) if and only if

eipx
(f(x), —d> =0, pe Sfl/a a.e. (1.4)
(2m)2 /) L2rd)

(see Lemmas 5 and 6 of [35]). Here S:i/67 stands for the sphere in R4 of radius JJa cen-

tered at the origin. Hence, though our operator fails to satisfy the Fredholm property,
the solvability relations are formulated similarly. However, this similarity is only for-
mal since the range of the operator is not closed. The orthogonality conditions (1.4) are
with respect to the standard Fourier harmonics, which solve the homogeneous adjoint
problem for (1.3) when the scalar potential function vanishes, belong to L (R?) but
they are not square integrable.

Note that elliptic problems with non Fredholm operators were studied actively in
recent years. Approaches in weighted Sobolev and Holder spaces were developed
in [3-7]. In particular, when a = 0O the operator A is Fredholm in some properly
chosen weighted spaces (see [3—7]). However, the case of @ # 0O is considerably
different and the method developed in these articles is not applicable. The non Fred-
holm Schrédinger type operators were treated with the methods of the spectral and
the scattering theory in [14,24,31]. The Laplace operator with drift from the point of
view of non Fredholm operators was considered in [33] and linearized Cahn—Hilliard
problems in [25,34]. Fredholm structures, topological invariants and applications were
covered in [12]. Fredholm and properness properties of quasilinear elliptic systems
of second order were discussed in [15]. Nonlinear non Fredholm elliptic equations
were studied in [13,32,35]. Important applications to the theory of reaction—diffusion
equations were developed in [10,11]. Non Fredholm operators arise also in the context
of the wave systems with an infinite number of localized traveling waves (see [1]).
Standing lattice solitons in the discrete NLS equation with saturation were studied in
[2]. Weak solutions of the Dirichlet and Neumann problems with drift were considered
in [18]. Work [19] deals with the imbedding theorems and the spectrum of a certain
pseudodifferential operator. Front propagation equations with anomalous diffusion
were studied actively in recent years (see e.g. [28,29]).

We set K(x) = eK(x), where ¢ > 0. The small, nonnegative parameter ¢ has the
biological meaning that the integral production term is small with respect to the others,
that is, the frequency of large mutations is sufficiently small. Let us suppose that the
assumption below is fulfilled.
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1
Assumption 1 Consider 0 < s < . The constant b € R, b # 0. Let f(x):R — R

be nontrivial, such that f(x) € L'(R) N L?(R). Assume also that (x):R — R is
nontrivial and (x) € L' (R) N L2(R).

Note that as distinct from Assumption 1.1 of [36] we do not need to assume here
d*\
that ( — ﬁ) fx) e LZ(R), which is the advantage of introducing the trans-
X
port term into our equation. We also do not need to impose the regularity condition

1

>\

< — d_2> K(x) € L*(R) on the integral kernel of our problem. From the point
X

of view of applications, the space dimension is not restricted to d = 1 since the space
variable corresponds to the cell genotype but not to the usual physical space. We use
the Sobolev spaces

2

H¥R) := {u(x):R — R u(x) € L*(R), (— dd?) ue LZ(R)}, 0<s<l1

equipped with the norm

d2 s o2
L2(R)
. . . 1
Evidently, in the particular case of s = — we have
el gy = Nl + H il (16)
H'(R) "~ L2(R dx : :
R) R) dx 2®

The standard Sobolev inequality in one dimension (see e.g. Section 8.5 of [16]) yields

1
lull ooy < EIIHIIHI(R)- (1.7

When our nonnegative parameter ¢ = 0, we obtain the linear equation (4.1) witha = 0

and 0 < s < —. By virtue of assertion (3) of Lemma 6 below along with Assumption

1 in this case Eq. (4.1) possesses a unique solution

1
up(x) € HI(R), 0<s < 7

so that no orthogonality conditions are required. According to assertions (4) and (5)
of Lemma 6, when a = 0, a certain orthogonality relation (4.5) is needed to be able to

1 1 1
solve problem (4.1) in H L(R) for 7 <s5 < 2 and in H* (R) if 3 < s < 1. Clearly,
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uo(x) does not vanish identically on the real line since our influx/efflux term f(x) is
nontrivial as assumed.

Note that in the analogous situation in the absence of the transport term discussed
in [36] the corresponding Poisson type equation with the negative Laplacian raised to
a fractional power admits a unique solution

2s 1
up(x) e H”(R), 0<s < 7

which belongs to H'(R) under the extra regularity assumption on the influx/efflux

term. The inequality 0 < s < — is also needed to obtain the finite upper bounds on

the integral terms throughout the article.
Let us look for the resulting solution of nonlinear problem (1.2) as

u(x) = uo(x) + up(x). (1.8)

Obviously, we arrive at the perturbative equation

>\’ d |
<_ ﬁ) Up — ﬂ —5/ Kx —y)guo(y) +up(y)dy, 0<s < T

(1.9)
For technical purposes we introduce a closed ball in the Sobolev space
By :={u(x) € H'®R) | |ullgiwy < p), 0<p <1, (1.10)

Let us seek the solution of Eq. (1.9) as the fixed point of the auxiliary nonlinear
problem

d*\’ |
(_ @) b— = 8/ K& = ygluo(y) +vydy, 0<s <~

(1.11)

in the ball (1.10). For a given function v(y) this is an equation to be solved for u(x).
The left side of (1.11) contains the non Fredholm operator

Lo p s H'(R) = L*(R), 0<s < ‘1—1,
defined in (4.2) which has no bounded inverse. The spectral properties of such oper-
ator are discussed in the final section of the work. A similar situation appeared in
earlier articles [32,35] but as distinct from the present case, the problems discussed
there required orthogonality relations. The fixed point technique was used in [30] to
evaluate the perturbation to the standing solitary wave of the Nonlinear Schrodinger
(NLS) equation when either the external potential or the nonlinear term in the NLS
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were perturbed but the Schrédinger operator involved in the nonlinear problem there
possessed the Fredholm property (see Assumption 1 of [30], also [9]). For the technical
purposes we introduce the interval on the real line

I:= [— %”MOHHI(R) - % %”MOHHI(R) + %] (1.12)
along with the closed ball in the space of C>(/) functions, namely
Dy :={g(@) € Co(D) | lglcoay =M}y, M > 0. (1.13)
We will use the norm
lglcyay = lglea + 1" lcay + 18" ey (1.14)

where ||gllc(r) := max;er|g(z)|. Let us make the following assumption on the non-
linear part of problem (1.2).

Assumption 2 Let g(z): R — R, such that g(0) = 0 and g’(0) = 0. In addition to
that g(z) € Dy and it does not vanish identically on the interval 7.

Let us explain why we impose the condition g’(0) = 0.If g’(0) # 0 and the Fourier
image of our integral kernel does not vanish at zero, then the essential spectrum of the
corresponding linearized operator does not contain the origin. The operator satisfies
the Fredholm property, and the conventional methods of the nonlinear analysis are
applicable here. If g’(0) = 0, then the operator fails to satisfy the Fredholm property,
and the goal of this article is to establish the existence of solutions in such case where
usual methods are not applicable. Thus we impose this condition on the nonlinearity.
From the point of view of the applications to the Mathematical Biology, it means
that we keep in mind, for instance the quadratic function g(z), such that the cell
proliferation rate depends on the cell-cell interaction.

Let us introduce the operator 7T, such that u = T,v, where u is a solution of
problem (1.11). Our first main result is as follows.

Theorem 3 Let Assumptions 1 and 2 hold. Then problem (1.11) defines the map
Ty: B, — By, which is a strict contraction for all

0<e< P 3
2M(luoll g1y + D
2 8s—2 2 _1
||’C||L1(R)(||MO||H1(R) + D¥ ||K||L2(R) 2
X T + 3 . (1.15)
(1 —4s)(167s) 4b

The unique fixed point u,(x) of this map Ty is the only solution of Eq. (1.9) in B,,.
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Note that condition (1.15) can be easily reformulated in terms of the original kernel
K appearing in our Eq. (1.2), namely

KT 1 gy (ol 1y + D¥ 72 K117 } 5
<p

AM?(||lu +1 4{
(ol g1y + 1) (025 16ms)" T

for some p € (0, 1]. Evidently, the cumulative solution of problem (1.2) given by (1.8)
will be nontrivial since the influx/efflux term f (x) is nontrivial and g(0) vanishes as
assumed. Let us make use of the following elementary lemma.

Lemma4 For R € (0, 400) consider the function

B

(R) =R 4 o,

1
O<s<Z, o, B> 0.

4
It achieves the minimal value at R* := i, which is given by
a(l —4s)

( 4s)43 1a45

(4 )43, ﬂ 1— 4S

p(RY) =

Our second main result is about the continuity of the resulting solution of Eq. (1.2)

given by (1.8) with respect to the nonlinear function g. The continuity of such solution

with respect to the transport parameter b will be studied in our consecutive work. Let
us introduce the following positive, auxiliary expression

I 1y (ol gy + D¥ 2 KN }

o= M(||u +1 +
(luoll g1 (w) ){ (L~ 49 s)™ 2

(1.16)

Theorem 5 Let j = 1, 2, the assumptions of Theorem 3 including inequality (1.15) are
valid, such that up, j(x) is the unique fixed point of the map Ty;: B, — B, which is a
strict contraction for all the values of ¢ satisfying (1.15) and the cumulative solution
of Eq. (1.2) with g(z) = g;(2) is given by

ui(x) :=ug(x) +up jx). (1.17)

Then for all e, which satisfy estimate (1.15) the upper bound

lur () = w21y = T (ol ey + 1)?

1-—
I 1 ey (ol 1y + 1>8S—2 11325y 12
(1 — 49 (16n5)® 12 g1 — g2llcan

(1.18)

holds.
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Let us proceed to the proof of our first main statement.

2 The existence of the perturbed solution

Proof of Theorem 3 We choose an arbitrary v(x) € B, and designate the term involved
in the integral expression in the right side of Eq. (1.11) as

G(x) == g(up(x) + v(x)).

Throughout the article we will use the standard Fourier transform

~ 1 o0 .
¢(p) = —= ¢ (x)e M dx. (2.1)
V2
T J—o00
Evidently, we have the inequality

—~ 1
lo(P)llLe®) = —= ¢ )l L1(R)- (2.2)

Var

Let us apply (2.1) to both sides of Eq. (1.11). This yields

Wp) = ed_ (f)G(p) 2.3)
|p|= —ibp

Then for the norm we arrive at

© i 21~ 2 0 i 21~ 2
IK(PI7IG(p) K(P)I7IG(p)]
el ey = 2”82/ W dp=2met | e dp.
—so |IPI®+bp —o0 Ip|™

(2.4)

As distinct from articles [32,35] involving the standard Laplacian in the diffusion term,
here we do not try to control the norm

H K(p)
|p|?

L*(R)

Instead, we estimate the right side of (2.4) using the analog of bound (2.2) applied to
functions K and G with R € (0, +00) as

ore? / K@PCEE o / K@PICELE
PI<R |p|4s pI>R |P|4S
1—4s

1
S 82”’C”L1(R){ ”G(X)HLI(R) 1 4 R4€ ”G(X)HLZ(R)} (25)
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Because v(x) € B, we have
luo + vli2wy < luoll gy + 1.
Sobolev inequality (1.7) gives us
1
luo + vliLeomw) < E(HMOHH](R) +1).
Let us use the formula
uo+v
G(x) = / g (2)dz.
0
Hence
|G(x)| < maxzerlg'(2)|luo +v| < Mlug + v,
where the interval [ is defined in (1.12). Then

IG)2@) = Mlluo + vll2®)y = Mluoll 1wy + -

Since
uo+v y
G(x) =/ dy[/ g”(Z)dZ],
0 0
we derive
1 p , M 2
|G| = zmaxzeﬂg @ Iuo +v[* =< 7|Mo+v| ,
so that

M 2 M 2
ICONw) = 7””0 +ll2g) < ?(HMOHHI(R) + D~ (2.6)

Therefore, we arrive at the upper bound for the right side of (2.5) given by

(luoll g1 gy + DRI 1

2 2 2 2 (®) b

& ”IC”LI(R)M (HMOHHI(R) + 1) { 47_[(1 —45) + R4S s

with R € (0, +00). By virtue of Lemma 4 we evaluate the minimal value of the
expression above. Therefore,

1)2+8S M2 .
(1 — 4s)(167s)*s

72 < €27 1 g Qo g1 gy + 2.7)
(R) (R)
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Using (2.3) we obtain

© a2 2me? [ o 250 N2
f P 2dp < b2/ RpPIG(p) dp.
—o0 )

By means of the analog of inequality (2.2) applied to function G along with bound
(2.6) we derive

82M2 4
LZ(R) = bz ”G”LI(R)”IC”LZ(R) 2 (HMOHHI(]R) + 1) ”IC”LZ(]R)

(2.8)

Let us apply the definition of the norm (1.6) along with inequalities (2.7) and (2.8) to
arrive at the estimate from above for [|u| ;1) given by

VI g (ol 1y + ™2 llKlle(R)} )
+ SE

1)>M
E(HMOHHI(R) +D |: (- 4S)(167TS)4‘Y 4p2

for all values of the parameter ¢ satisfying inequality (1.15), so thatu(x) € B, as well.
Let us suppose that for a certain v(x) € B, there exist two solutions u12(x) € B, of
Eq. (1.11). Then their difference w(x) := u1(x) — uz(x) € HL(R) solves

AN _pde 0, 0 ! (2.10)
—_ _—= <S5 < —. .
dx? dx 4

Clearly, the operator Lo p, s: H LR) — L%(R) in the left side of (2.10) defined in
(4.2) does not have any nontrivial zero modes, such that w(x) = 0 on the real line.
Thus, Eq. (1.11) defines a map T,: B, — B, for all ¢ satisfying bound (1.15).

Let us demonstrate that this map is a strict contraction. We choose arbitrarily
v1,2(x) € B,. By virtue of the argument above uy > := Tyv; 2 € B, as well when ¢
satisfies (1.15). According to (1.11) we have

d? du, 00
(— —) —b— = s/ Kx = y)guo(y) +vi(y)dy, (2.11)

dx? dx oo
d? duy o0

(_ d 2) —b—== 8/ Kx = y)gluo(y) + va(y)dy  (2.12)
X dx oo

1
with0 < s < . Let us define

Gi(x) :=guo(x) +vi(x)), Ga2(x) := guo(x) + v2(x))
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and apply the standard Fourier transform (2.1) to both sides of Egs. (2.11) and (2.12).
This yields

K(p)Gy K(p)Ga
7 (p) = ex/r (p) 1(p)’ B(p) = ev/2m (p) 2(P). (2.13)

|pI?s —ibp |pI* —ibp
Obviously,
0o 110 21, ol 2
IK(P)IIG1(p) — Ga(p)]
lut = uall72 g = %27 / b —d
—c0 [pI*™ +bp
> IK(p)IPIG1(p) — Ga(p)?
58227[/ IK(p)I| 1|;1|ajs 2(p)| dp (2.14)
—00

Clearly, the right side of (2.14) can be estimated from above via inequality (2.2) as

e o
622”[/ IKp)l |Gl(174) Ga(p)l dp+/ IK(p)l |G1(p4) Ga2(p)| dp]
IpI<R IpI™ IpI=R pI*

s 1 RI=% ) 1
§8||IC||L1(R){;“G1(X) Gog1y T +H1G10) = Gz(x>||Lz(R)ﬁ},

where R € (0, +00). We express

up+vg
Gi(x) — Ga(x) = / g (2)dz.
up+vy
Hence
|G1(x) — G2(x)| < maxzer|g'(D)||vi — va| < Mlvy — val,
so that
1G1(x) = G2l 2y = Mllvi — v2ll 2wy < Mllvi — v2ll g1 (wy-
Evidently,

up+vg

Gi(x) = G2(x) = /

dy[ /Oy g”(z)dz].

This enables us to obtain an upper bound for the absolute value of G1(x) — G2 (x) as

0+v2

1 M
zmaxzellg”(Z)ll(m —v2)Qug + vy +v2)| < 7|(v1 —v2)2ug + v + v2)|.
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The Schwarz inequality gives us the estimate from above for the norm [|G(x) —
Go() 1w as

M
?HUI — 2@ ll2u0 +vi + v2ll2®) = Mllvi — v2ll g w) Uluoll 1wy + D-
(2.15)

Thus we arrive at the upper bound for the norm |z (x) — u2(x) ||i2 ® given by

2112 M2 2 1 12 R™% 1 0 1
I oy M2 = 0211 | — ol gy + P T + o |+ 0 <5 < 7.
Lemma 4 allows us to minimize the expression above over R € (0, +00). This yields
the estimate from above for ||u(x) — uz(x) ||i2 ®) 3

(loll 1 @y + D¥

2 2
e“KlI7 ®) (1 — 4s)(dms)* ~

2 2
M~ |lvi — vzl

® (2.16)

By virtue of (2.13) we derive

00 5 R 5 27‘[82 oo 25 . 5
/ plur(p) —uz(p)|*dp < 2 / IK(P)I71G1(p) — G2(p)|“dp.
00

—00 —

Inequalities (2.2) and (2.15) imply that

2 2
€ 2 2
=< b_2||lc||L2(R)”Gl - GZHLI(R)

|-
— (U1 — un
dx LZ(R)

2
&
< ﬁnicniz(R)M%m — 2l 31 gy letoll g1y + D (2.17)

According to (2.16) and (2.17) along with definition (1.6) the norm [[u1 — w2 ;1 (g,
can be bounded from above by the expression

eM([[uoll 1wy + 1

2 852 2 ]
x{ I 1 gy el 1y + 1) 1N 2 gy

2
V1 — VU .
(1 — 4s)(dms)™ b2 } lor = w2l )

(2.18)

It can be easily verified using (1.15) that the coefficient of [[v; — v2|| g1 (g) in (2.18) is
less than one. This yields that the map T : B, — B, defined by Eq. (1.11) is a strict
contraction for all values of ¢ which satisfy inequality (1.15). Its unique fixed point
up(x) is the only solution of problem (1.9) in the ball B,. By virtue of (2.9) we have
that [|up (x)|l g1 gy — 0 as e — 0. The cumulative u(x) € H'(R) given by (1.8) is a
solution of Eq. (1.2). O
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We proceed to the establishing of the second main result of our article.

3 The continuity of the cumulative solution

Proof of Theorem 5 Apparently, for all the values of & which satisfy inequality (1.15),
we have

Up1 = Tglup,lv Up2 = ngup,2~ 3.1
Hence
Up 1 —Up2 = Tglup,l — Tglup,z + Tglup’z — ngup’z,
such that
”up,l - up,Z"Hl(]R) = ”Tglup,l - Tglup,ZHHl(R) + ”Tgl”p,Z - ng”p,Z”Hl(R)-
Inequality (2.18) gives us
”Tglup,l - Tglup,ZHHl(R) =< 80—””1),1 - up,2||H1(R)~

Note that co < #
luoll g1 gy + 1
nontrivial. Hence, we obtain

< 1 by (1.15) and (1.16) since p < 1 and ug(x) is

(I —eo)upr —upallgiwry < 1Tgup2 — Toup2llgi(w)- (3.2)

According to (3.1), for our fixed point Tg,up2 = up>. Let us introduce &(x) :=

1
To,up2. Thus, for0 < s < T we have

d*\’ »2
(‘ ﬁ) §(x) — i(x) / Kx = ygiuo(y) +upa(ydy,  (3.3)

d?\’ d
<— ﬁ) Up2(x) — %(x) / K(x = y)g2(uo(y) + up2(y))dy,

(3.4)

Let us designate G12(x) := g1(uo(x) + up2(x)), G22(x) := ga(up(x) + up2(x))
and apply the standard Fourier transform (2.1) to both sides of problems (3.3) and
(3.4) above. This yields

K(p)G K(p)G
s<p>—sf%, p2<>—e~/_M. (35)

pI* —ibp
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Evidently,
oo 11 21 A 2
2 2 IK(P)I71G1.2(p) — G2.2(p)
||§()C) _M[J,Z(X)HLZ(R) =¢ 27[ /;oo |p|43 +b2p2 dp
© K(p)2IG -G 2
< 8227'[/ IK(p)I~| 1,2|;1rjs 2,2(p)] dp. (3.6)
—00

Clearly, the right side of (3.6) can be bounded from above by means of inequality (2.2)
as

K *G -G 2
52271[/ IK(p)I7| 1,2(194) 2.2(p)| dp
IpI<R IpI™
K P*G -G 2
+/ IK(p)I7| 1,2(11 2,2(p)| dp]
Ip|>R [P

1 1—4s 1
< eznlcnil(m{;ncl,z = Gaalp iy 7= H11G12 - Gz,zniz(ﬂ@)ﬁ}

(3.7)

with R € (0, +00). We express

ug (x)+up 2(x) , ,
Gi2(x) — Gap(x) = / [g1(z) — g2(2)]dz.
0
Thus

|G12(x) — Goo(x)| < maxzerlg)(2) — g5 @) |uo(x) + up 2 (x)|
< llg1 — g2l luo(x) + up2(x)l,

so that

1G12 — Gazllp2mwy < g1 — &2llcynluo + up 2l 2wy
< llg1 — &2llcy i Uluoll grry + 1-

Let us use another representation formula, namely
uo(x)+up 2(x) y ” ”
Gi12(x) = Goo(x) = / dy[/ (81(2) — & (z))dz].
0 0
Hence

1
1G1,2(x) — G22(%)] < zmaxzellgi/(Z) — 85 luo(x) + up2(x)|?

1
= Sllgr = gllesnluot) + Up 2 (x))%.
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This yields

1 2
1G12— Go2llpiw) < 5”81 = &2lleynlluo +up2ll7 gy

1
< 5”81 — g2 llesny (ol g1 gy + D (3.8)

Then we obtain the upper bound for the norm [|§(x) — u 2 (x) ||i2 ® given by

1—4s 1

1—4s+ﬁ]'

1
2 1KN7 1y (ol 1 @y + D llg1 — gz||2c2<,)[5<||uo||Hu(R) +1)?

This expression can be trivially minimized over R € (0, +00) by virtue of Lemma 4
above. We derive the inequality

2
)2+85 llgr — 82”6‘2(1)

1€ (x) — Up, Z(x)”LZ(R) & ”’C”LI(R)(HMOHHI(R) +1 (1— 4S)(]67TS)4S

By means of (3.5) we arrive at

o 5 2we? [ o, = 2
/ p7lE(p) , =2 IK(PIT1G1,2(p) — G22(p)|7dp.
—oo _
2

can be esti-

d
Using inequalities (2.2) and (3.8), the norm H —(EG) —upa(x))
dx LZ(R)

mated from above by

e 2 2 & 2 4 2
Z?HK:”LZ(R)”GL2 - G2’2”L1(R) =< 4?”IC”LZ(R)(HM()”Hl(]R) + 1) ”gl - g2||C2(I)’
Thus, |E(x) —up20) 1 g1 r) <

1

12 1 gy Qo gy + DH 72 1K, 72
(1 — 4s)(16ms)%s 4p2 ’

<e¢llg1 — gl uollgiw + 1 |:

By virtue of inequality (3.2), the norm |[u ;1 —up 2 || 1 () can be bounded from above
by

—(luolly ) + 1)?

[nicn b (ol + D2 1Kl

- . (39
(1 — 45)(167s)% 152 ]Ilgl glle,ay- (39

By means of formula (1.17) along with estimate (3.9) inequality (1.18) is valid. O
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4 Auxiliary results

The solvability conditions for the linear equation with the negative Laplacian raised
to a fractional power, the transport term and a square integrable right side

>\’ du
a2 u—bﬁ—au:f(x), xeR, 0<s <, “.1)

where a > 0 and b € R, b # 0 are constants were derived in the proof of the first
theorem of [38]. We will repeat the argument here for the convenience of the readers.
Obviously, the operator involved in the left side of (4.1)

N\  d . 5 1

La,b,s:=<_m) —ba—a: H (R) > L“(R), O<s§§,
(4.2)

Lahvzz(—ﬁ)x—bi—a: H¥(R) — L%(R) LR

T dx? dx 2 ’
4.3)

is nonselfadjoint. By means of the standard Fourier transform (2.1) it can be easily
obtained that the essential spectrum of the operator L,, 5, s above is given by

Aa, b, s(p) i=|p|* —a—ibp, peR.

Clearly, in the case when a > 0, the operator L, p, s is Fredholm because its essential
spectrum does not contain the origin. But when a vanishes, our operator Ly, , s fails
to satisfy the Fredholm property since the origin belongs to its essential spectrum.
Apparently, in the absense of the drift term, which was discussed for instance in
Theorems 1.1 and 1.2 of [37], we deal with the selfadjoint operator

a2\’
(—d—2> —a: H¥R) - L’(R), a>0,
X

which is non Fredholm. We denote the inner product of two functions as

(f (), g 2w, 3=/ J(x)g(x)dx, 4.4)

with a slight abuse of notations when the functions involved in (4.4) are not square
integrable. Indeed, if f(x) € L'(R) and g(x) is bounded, like for instance the functions
involved in the inner product in the left side of orthogonality relation (4.5), then the
integral in the right side of (4.4) is well defined. We have the following auxiliary
proposition.

Lemmaé6 Let f(x):R — Rand f(x) € L2(R), the constant b € R, b # 0.
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1
(D) Ifa >0and 0 <s < o then problem (4.1) admits a unique solution u(x) €
H'(R).
1
) Ifa > 0 and 3 < § < 1, then Eq. (4.1) has a unique solution u(x) € H*(R).

B)Ifa=0,0<s< ‘l—t, and, in addition, f(x) € LY(R), then problem (4.1) pos-
sesses a unique solution u(x) € H L(R).

@) Ifa=0, ‘1—1 <s < > and, in addition, xf (x) € LY(R), then Eq. (4.1) admits a
unique solution u(x) € H'(R) if and only if

(f(x), D2y =0. (4.5)

1
®) Ifa=0, 2 < s < 1, and, in addition, xf (x) € L! (R), then problem (4.1) has a
unique solution u(x) € H* (R) if and only if orthogonality relation (4.5) holds.

Proof Let us first demonstrate that it would be sufficient to solve our equation in
L%(R). Apparently, if u(x) is a square integrable solution of problem (4.1), we have

2 N
( d >u—bd—“eL2(R).

Cdx? dx
Then by virtue of the standard Fourier transform (2.1), we obtain
(Ip* — ibp)ii(p) € L*(R),

that is

o0
/ (IpI* + b2 pH)[i(p)*dp < oo. (4.6)
—0o0
1 .
Let0 <s < 7 Clearly, (4.6) yields

o0
/ prla(p)|Pdp < oo.
o0

d
Thus d_u is square integrable on the whole real line and u(x) € H'(R).
X

1
Let 3 < s < 1. Evidently, (4.6) gives us

o 2
f |pI*[u(p)~dp < oo.

—00
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>\’
Hence <— d—2> u € L*(R), such that u(x) € H*(R).
x

1
Let us address the uniqueness of a solution to problem (4.1) for 0 < s < 7 When

1
3 < s < 1 the argument is similar. Suppose that u 2(x) € H! (R) both solve (4.1).

Then their difference w(x) := u;(x) — u2(x) € H'(R) satifies the homogeneous
equation

>\’ dw
<_ﬁ> w—ba —aw =0.

Because the operator L,, 5, s defined in (4.2) does not have nontrivial zero modes in
H'(R), we obtain that w(x) = 0 identically on the real line.

By applying the standard Fourier transform (2.1) to both sides of problem (4.1), we
arrive at

_ 7(p)
u(p)=—|p|2s—a—ibp’ peR, 0<s<l. 4.7)
Hence,
% Yy 2
2 [f(p)]
= dp. 4.8
”u”LZ(R) /;OO (|p|2s —a)2+b2p2 p (4.8)

First we consider assertions (1) and (2) of our lemma. Apparently, (4.8) yields that

1
Il oy = G172 < o

as assumed. Here and further down C stands for a finite positive constant. By means
of the argument above, when a > 0, equation (4.1) admits a unique solution u(x) €
1 1
H'(R) for0 < s < 3 and u(x) € H*(R) if5 <s <1
Then we turn our attention to the situation when a = 0. Formula (4.7) gives us

i) 7(p)

Wp) = v
(p) X{lp‘fl} |p|25 _ lbp

=2 : 49
IpI% — ibp X{ipl>1) (4.9)

Here and below, x4 denotes the characteristic function of a set A € R. Evidently, the
second term in the right side of (4.9) can be bounded from above in the absolute value
by

17 (p)l
1+ b2

since f(x) is square integrable via the one of our assumptions.

e L*(R)
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1
Let0 <s < T Then, by virtue of (2.2) we arrive at

F () _IF )l _ @l
|p|zs_,-prHp\fl} =P X{lpl<1) = S X{lpI<1}-
Therefore,
7(p) 2 1 GO @)
P —iop™ P L T w4 T
p Lop LZ(R) 7'[( S)

because f(x) € LI(R) as assumed. By means of the argument above, problem (4.1)
possesses a unique solution u(x) € H 1(R) in assertion (3) of our lemma.
To establish assertions (4) and (5), we use that

ds.

- - P df
ﬂm:ﬂm+/ Zw
0 )

Then the first term in the right side of (4.9) can be expressed as

ds
—— +
|p|2S _ lbp X{‘]’|§l}

e . 4.10
|p|2s _lpr{‘plfl} ( )

Definition (2.1) of the standard Fourier transform gives us

df(p) 1
‘dp Sml|xf(x)||Ll(R)-

This allows us to obtain the upper bound in the absolute value on the second term in
(4.10) as

1 xf )l

V27 b

via the assumptions of the lemma. We analyze the first term in (4.10) given by

Xipi<1) € L*(R)

/()
[Pl — ibp MUPI=1) (4.11)

1 1
Obviously, when — < s < X expression (4.11) can be easily estimated from below
in the absolute value by

|7 (0)]
|p|2smxﬂp\il}’
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which does not belong to L%(R) unless f(O) = 0. This implies orthogonality condition
(4.5). In case (4), the square integrability of the solution u(x) to problem (4.1) is
equivalent to u(x) € H LR).

Evidently, for 5 < s < | expression (4.11) can be trivially bounded below in the

absolute value by

|7 0)] _—
—— <1}»
Iplv1+ b2 =

which is not square integrable on the whole real line unless orthogonality relation
(4.5) holds. In case (5), the square integrability of the solution u(x) to Eq. (4.1) is
equivalentto u(x) € H 25(R). O

. L. 1
Note that in the situation when ¢ = 0 and 0 < s < — of the lemma above the

orthogonality conditions are not needed as distinct from assertions (4) and (5). In case
(3) under our assumptions Eq. (4.1) admits a unique solution uo(x) € H'(R) which
we use in the proofs of the main results of the article.

Related to Eq. (4.1) on the real line, we consider the sequence of approximate
equations with m € N given by

>\’ duy,
<_ﬁ) um—bdx——aumzfm(x), xeR, 0<s<l, (4.12)

where a > 0 and b € R, b # 0 are constants and the right side of (4.12) converges to

the right side of (4.1) in LZ(R) as m — 0o. We will prove that, for 0 < s < > under

the certain technical assumptions, each of problems (4.12) admits a unique solution
Upy(x) € H(R), limiting equation (4.1) has a unique solution u(x) € HY(R), and
um(x) = u(x) in HY(R) as m — oo, which is the so-called existence of solutions in

1
the sense of sequences (see [24,37,38] and the references therein). When 3 <s<l1,

the similar ideas will be exploited in H>*(R). Our final proposition is as follows.

Lemma7 Let the constant b € R, b # 0, m € N, f,(x):R — R and f,(x) €
L2(R). Furthermore, Jm(x) = f(x)in L2(R) as m — oo.

1
(D) Ifa>0and0 <s < > then problems (4.1) and (4.12) admit unique solutions

u(x) € HYR) and u,y(x) € HY(R) respectively, such that u,(x) — u(x) in
HY(R) as m — oo.

1
2) Ifa > 0and 3 < s < 1, then Egs. (4.1) and (4.12) have unique solutions u(x) €

H*(R) and u,,(x) € H* (R) respectively, such that u,,(x) — u(x) in H*(R)
asm — oQ.

B)Ifa=0and 0 <s < 41—‘, and in addition f,,(x) € L'(R) and fn(x) — f(x)

in LY(R) as m — oo, then problems (4.1) and (4.12) possess unique solutions
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u(x) € HI(R) and u,(x) € Hl(R) respectively, such that u, (x) — u(x) in
H'(R) as m — oo.

1 1
@4) Ifa =0and 1 <s< X let in addition x f, (x) € LY(R) and Xfm(x) = xf(x)

in L'(R) as m — o0o. Moreover,
(fin (%), I)LZ(R) =0, meN (4.13)

holds. Then Egs. (4.1) and (4.12) admit unique solutions u(x) € H L(R) and
um(x) € HY(R) respectively, such that u,,(x) — u(x) in HYR) as m — oo.

1
) Ifa =0and 3 < § < 1, let in addition xf,,(x) € LY(R) and x fy (x) — xf(x)

in LY(R) as m — oo. Furthermore, orthogonality relations (4.13) hold. Then
problems (4.1) and (4.12) have unique solutions u(x) € H*(R) and uy(x) €
H* (R) respectively, such that u, (x) — u(x) in H*(R) as m — oo.

Proof Let us assume that problems (4.1) and (4.12) admit unique solutions u(x) €

1
H'(R) and u,,(x) € H'(R), m € N respectively for 0 < s < > and analogously

1
u(x) € H*(R) and u,, (x) € H*(R), m € Nif 5 < s < 1, such thatuy (x) — u(x)
in L2(R) as m — o00. Then u,,(x) also tends to u(x) in H'(R) as m — oo if

1
0 < s < —, and analogously u,, (x) — u(x) in H*(R) as m — oo for 3 <5 <1
Indeed, Eqs. (4.1) and (4.12) give us

N’ dup — u)
H<_d_2) (W =) = b=

L2®)

< lfm = fllew +allum — ull 2w (4.14)
Clearly, the right side of inequality (4.14) converges to zero as m — oo due to our

assumptions above. By virtue of the standard Fourier transform (2.1), we easily derive

o0
/ (UpI* + B2 pH)an(p) —a(p)*dp — 0, m — oo. (4.15)
—0o0
1
Let0 <s < R By means of (4.15),

o0
f PPl (p) — a(p))?dp — 0, m — oo,
o0

such that

d d
Bim _, 2% in L*(R), m — oo.
dx dx
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1
Hence, when 0 < s < > norm definition (1.6) implies that u,, (x) — u(x) in H'(R)
as m — o0.

1
Suppose that 3 < s < 1. By virtue of (4.15),

o0
/ |p1* i (p) — @(p)1Pdp — 0, m — o0

—00

so that
d2 N d2 s

1
Thus, if = < s < 1, norm definition (1.5) yields that u,,(x) — u(x) in H*(R) as
m — Q.
Let us apply the standard Fourier transform (2.1) to both sides of Eq. (4.12). This
yields

Fn(p)

T P E——— e N, eR, 0O 1. 4.16
P> —a—iop " P = (10

T (p) =

Let us discuss assertions (1) and (2). By means of parts (1) and (2) of Lemma 6 above,
for a > 0, problems (4.1) and (4.12) admit unique solutions u(x) € H '(R) and

up(x) € H'(R), m e N respectively if 0 < s < 3 and analogously u(x) € H*(R)

1
and u,,(x) € HZS(R), m € N provided that 2 < s < 1. By virtue of (4.16) along
with (4.7), we arrive at

A :/”|ﬁ@—ﬂm2p
RO L (pP a2 p

Therefore
1
lum — ullp2@r) < E”fm = fllez@wy > 0, m— o0

as assumed. Hence, for ¢ > 0, we have u,,(x) — u(x) in H'(R) as m — oo if
1
0<s < 2 and u,, (x) — u(x) in HZS(R) as m — 00 when > < s < 1 due to the

above argument.
Let us complete the proof by studying the case of a = 0. According to the part (a)
of Lemma 3.3 of [27], under the given conditions

(f(x), I)LZ(R) =0 4.17)
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in assertions (4) and (5) of our lemma. By means of the results of parts (3)—(5) of
Lemma 6 above, problems (4.1) and (4.12) with a = 0 possess unique solutions u(x) €

H'(R) and u,,(x) € H'(R), m € N respectively for 0 < s < 7 and analogously

1
wneHhﬁmmuMmeHb@LmerMn§<s<L%mm%m4®md
(4.7) give us

_ fap) = F(p) Tn(p) = F(p)

fin(p) = B(p) = S G gt + TS Sl (18)

Evidently, the second term in the right side of (4.18) can be estimated from above in
the L%(R) norm by

1
ﬁ”fm — fllezw = 0, m— o0

1
via the one of our assumptions. Suppose 0 < s < T Let us use an analog of inequality
(2.2) to derive

Tn(p) = F(p)
\p? —ibp

- [ fm(p) — f(p)] - ”fm_f”Ll(R)

Xipl=1} Ip> X{pl=1} = V27| p|? X{lpl=1}-

Hence

Tn(p) = F(p)

- I fm — Ity
|p|> —ibp

pe VT —4)

—- 0, m— o0

due to the one of the assumptions of the lemma. By virtue of the argument above, we
obtain that u,, (x) — u(x) in H'(R) as m — oo in the situation when ¢ = 0 and

X{pl=1}

O0<s < -—.

Let us use orthogonality conditions (4.17) and (4.13) to establish assertions (4) and
(5). By virtue of definition (2.1) of the standard Fourier transform, we obtain

F0)=0, £,(0)=0, meN.
This yields

_ pdA pdA
f(p)=/ f() f:
0 s

m) 4 meN (4.19)
ds

d ds, ﬁn(l’)z/(;
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Therefore, the first term in the right side of (4.18) in assertions (4) and (5) of our
lemma is given by

pldfus) _ dF(s)
fo[ ds -~ s |98

B —ibp Xilpl<1}-

It easily follows from definition (2.1) of the standard Fourier transform that

1
=< X fim () = xf ) L1 (R)-

'dfmuo) _dfp)
T Vam

dp dp

Therefore,

pldins) _ dfts)
fo[ — s |95

ds y _ [l fm () _xf(x)”L'(R)X
N 1} = 1}

|p|23 — lbp {IpI=1} \/E|b| {Ipl=<1}

such that
p[dfnG) _ df(s)
’fo [4a2 — 41 - ) = Ol

N <1 =

Ip|% — ibp {lpl=1} 2@ JIb|

asm — oo as assumed. Thus, u,, (x) — u(x) in L%(R) asm — 00. Arguing as above

in the case when a = 0, we observe that u,, (x) — u(x) in H'(R) as m — oo for
1 1
Z§s§Eandum(x)—>u(x)inH25(R)asm—>ooifE<s<1. ]
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