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Abstract

In this work, we are interested in the convergence of a system of integro-differential equations
with respect to an asymptotic parameter €. It appears in the context of cell adhesion modelling
[16] 15]. We extend the framework from [I2] [13], strongly depending on the hypothesis that
the external load f is in Lip([0,T]) to the case where f € BV(0,7T) only. We show how results
presented in [13] naturally extend to this new setting, while only partial results can be obtained
following the comparison principle introduced in [12].

1 Introduction

Cell motility plays a central role in several important phenomenons in biology : cancer cell migration,
neutrophils’ extravasation, chemotaxis, etc. The present paper fits in the modelling framework
presented in [I7, 19, T0]. The adhesive dynamics of actin filaments are at the heart of the project :
they contribute to lamellipodium’s stabilization and allow the cell to attach to the substrate or the
surrounding tissue. This paper contributes to the better mathematical understanding of a minimal
model introduced first in [I2], its aim is to extend results already obtained in [12 [13] to the case of
stiffer external loads.

More precisely, we are interested in the motion of a single binding site, linked to a one-dimensional
substrate and subjected to an external force f. Asin [I2][13], the position of this binding site, denoted
Ze, solves a Volterra integral equation

i/ooo (2e(t) — 2o (t — €a)) pe(a,t) da = f(t), t>0, "

ze(t) = 2p(t), t<0.

The kernel p. above solves a non-local age-structured problem :

€0y pe + Oupe + (epe = 0, t>0, a>0,

pela = 0,1) = Bo(t) (1 - / po(t, ) d&) , >0, @)
0

pe(a,t =0) = pr.(a), a >0,

where S. € Ry (resp. (. € R;) is the kinetic on-rate (resp. off-rate) function. These possibly
depend on the dimensionless parameter € > 0. The past positions are stored in the Lipschitz
function z,(t) € R, prescribed for every ¢t < 0.
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Various mathematical issues related to this system have already been investigated [12], 13} [IT]. In
[12], the authors have introduced a specific Lyapunov functionnal in order to study the convergence
of when € goes to 0. Indeed, due to the saturation effect in the non-local boundary condition in
, neither the Generalized Relative Entropy [I8] 5] nor more generic comparison principles [6] do
apply. Then, concerning , under the assumptions that the force f is Lipschitz on R, and because
the kernel p. in is non-negative, an extension of Gronwall’s Lemma to integral equations, shows
convergence of z. towards zp the solution of 7 the limit equation associated to . These two
steps show that

l|2e = 20l oo,y + llpe — pollcogo.r)n (Ry)) — O
where zq it given by
p1,0(t)0s20(t) = f(t), t>0
{ZO(O) = zp(0) t=0

o0
where p o(t) := / apo(a,t)da, and py solves :
0

8apO + Co(a'v t)po = Oa t > 0, a > 0,

pola=0,t) = Bo(t) (1 - /OOO po(t,a) dd) , t>0. (4)

In [13], the authors weakened some assumptions concerning the off-rate (., by assuming that (.
is not necessarily non-decreasing passed a certain age ag. Then, they introduce a new variable u.
related to z. which transforms into a transport problem with a non-local source term :

1 oo
sy + Oguy = ——— <€8tf —|—/ Ce(a, t)ue(a,t)pe(a,t) d&) , t>0,a>0,
to,&(t) 0

ue(a=0,t) =0, t>0, (5)
2:(0) — zp(—¢a)

ue(a,t =0) =ur(a) = S — a>0,

where (19 (t) := fooo pe(a,t) da and according to , it holds that
B 1
B MO,E(O)

If f € Lip(R), systems and are equivalent. Nevertheless, admits a stability result that
allows to show a weak-* convergence of u./(1+ a) towards ug/(1+a) in L>°(Ry x (0,T)), where ug
is the solution of the limit problem

z:(0) (/000 zp(—ea)pre(a) da —l—sf(O)) ) (6)

1 o0
Oatio = 7/ Couopo da, t>0,a>0,
Ho,0 Jo
ug(a = 0,t) =0, t >0,

(7)

which in turn provides the strong convergence of z. in C([0,7]) towards zo solving (3).

In our analysis, however, when f € BV((0,T)), the derivative of f is neither a function nor
it is bounded, since it is a Radon measure. Therefore, we cannot apply directly results from [12].
Instead, defining f5 to be a specific regularization of f [20, Section 5.3] provides a regular function
ul solving (). To do this, we use the framework already established in [I3]. Then we show that
ug satisfies certain a priori estimates that are uniform with respect to both ¢ and €. These provide
necessary compactness in order to pass to the limit with the regularization parameter § and give
existence and uniqueness of a weak solution u. associated to with a load f € BV((0,T)). The
a priori estimates holding also in this weaker framework, we can consider convergence with respect
to € and prove consistency with the formal limit system. We show that, in the BV framework, the
equivalence between and still holds. For the particular case when the kernel p. is independent



on time and on ¢ and under suitable hypotheses, we show error estimates to be compared with [12],
the comparison principle being applied to the integral of the error’s modulus.

In order to clarify the interplay between parameters € and §, we make the following remarks :
in the previous literature [12] [I3], not only existence (and uniqueness) but also convergence results
were strongly related to the Lipschitz regularity of the load f. This motivates the present work since
it is not clear that the convergence occurs with respect to ¢ in this weaker framework. This explains
also why we first regularize the problem with the parameter ¢, make ¢ tend to zero and then consider
the convergence with respect to ¢.

The outline of the paper is as follows : in Section[2] collecting various results from the literature on
BV-functions in one space dimension, we introduce the framework used in the rest of the paper. We
make the link with the Riemann-Stieltjes integral, through a careful analysis of different definitions
of BV-functions with respect to the boundary of the time domain (0,7"). In Section [3] we recall
some results concerning already established in [I2]. Then in Section [4] we establish uniform
(with respect to &) a priori estimates for the regularized system in u.. After that, in Section
we show the weak convergence of u. towards ug, the solution of the limit problem. This implies
strong convergence of z. in L*°(0,T) as stated in Theorem [8] We establish, in Section ??, a specific
comparison principle for Volterra equations when the density o is constant in time and does not
depend on .

2 Notations and main assumptions
We denote LYLY := LP((0,T); LY(R;.)) for any real (p, q) € [1,00]? and

Xr = {g € Li5.((0,T) xRy) ;5 sup |lg(t,a)w(a)l|re < oo} (8)
te(0,T)

where w(a) := (1 +a)~!. The space Lip(I) is the set of Lipschitz functions on the interval I.

Assumptions 1. For any T > 0 possibly infinite, we assume that :
i) The past condition z, is L. -Lipschitz on R_ i.e. :

|zp(az) — zp(a1)| < L. |az — a1|, V(az,a1) €R_ xR_.

ii) The function B, (¢) is in L*>°(0,T) and (.(a,t) is in L>(Ry x (0,7)).
ili) For limit functions By € Lg® and (o € L{°LS° it holds that

I¢e = Collzee, = 0 and |3 — Bollge —> O

as e — 0.
iv) There are upper and lower bounds such that

0 < Cmin S Cs(avt) S Cmax and ﬁmin S Bs(a; t) S Bma:v )

foralle >0,a>0and ¢ > 0.



Assumptions 2. The initial condition py. € L3 (R4) satisfies
i) positivity
pre(a) >0, ae inRy,

moreover, on has also that the total initial population satisfies
0 </ pre(a)da <1
R+
ii) boundedness of higher moments,
0< / aPpr(a)da < ¢, , forp=1,2,
Ry
where ¢, are positive constants depending only on p;

Next, we introduce definitions of functions with bounded variation in one dimension, as well as
some related properties.

Definition 1. Let f: (0,7) — R be a Lebesgue measurable function. The pointwise variation
(or Jordan variation) of f on (0,7T) is

pvar(f,(0,T)) := s%p var(f, P) (9)

where var(f, P) := >, _ |f(te) — f(tp—1)] and P = {0 <ty < --- < t, < T} is a partition of
(0,7).

Moreover, we denote BPV((0,7)) := {f € £((0,T)), s.t pvar(f,(0,7)) < +oo}, the space of
measurable functions with pointwise bounded variation, see for example, [I], section 3.2], [9, chapter
2] and [7} section 2.2, 2.3]. The pointwise variation of f is clearly dependent on the value of f at
each point of the domain, and it differs from one a.e.-representative of f to another. For this reason,
for every measurable function f, one defines the essential pointwise variation :

epvar(f, (0,T)) := inf {pvar(g, (0,7)) : f(t) = g(t) ae. t€ (0,T)} (10)
In [9, Chapter 6], another functional space is defined :

Definition 2. Given an open interval (0,7') C R, the space of functions with bounded variation
BV((0,T)) is defined as the space of all functions f € L'((0,T)) for which there exists a signed
Radon measure jif such that

/ [ dt= —/ ¢ duy, for every ¢ € CL((0,T)) (11)
(0,1)

)

for all ¢ € C1((0,7T)). The measure juy is called the weak or distributional derivative of f.



Remark 1.
i) We define the total variation of f € L'((0,T)) by

IDfII((0,T)) = sup {—/(0 . f o dt, ¢ € CL0,1)), ¢l < 1} - (12)

Moreover, f € BV((0,7)) if | Df]|((0,T)) < +oc.

ii) Definitions @D and are not equivalent. For instance, the Dirichlet indicatrix func-
tion Xqnjo,1) is not of pointwise bounded variation in (0, 1) in the sense of Definition
but is well defined in the sense of Definition[2] The equivalence between the two def-
initions holds up to a.e. equality. Moreover every integrable function f: (0,7) — R
such that pvar(f, (0,7)) < 400, is in BV((0,7)) and ||Df||((0,T)) < pvar(f, (0,7)).
On the other hand, if f belongs to BV((0,T)), then f admits a right continuous
representative f with bounded pointwise variation such that

pvar(f,(0,7)) = | DfI|((0,T)).

Fore more details, see, e.g., [9, theorem 7.3] and [7].
iii) Under the norm

1fllBv = [Ifllr: + epvar(f, (0,T)) < oo
BV((0,T)) is a Banach space.

Next, we provide existence of the left and right limits of functions with bounded variation [7,
Proposition 2.2].

Lemma 1. Let f € BV((0,7)), Then both the limits
f(0T)= lim f(s) and f(T7)= lim f(s) exist.

5s—0,5>0 s—=T,s<T

Additionally, if f is integrable, the left and right limits are as follows:

Lemma 2. Suppose that f € BV((0,7)), then

T
f(0T) = lim 7/ (@) f(T7)= lim — f(t) dt.

p—0t p

Next, we present a result used in the proof of Proposition (3] which relates the pointwise variation
to the Lebesgue measure:

M) = [ £+ h) — F(0)] dt.
{teQ:t+heQ}

Lemma 3. If f is in BPV((0, 7)), then A(f, h,(0,7T))/|h| is bounded. Moreover,

A(f; 1, (0,T)) < [h|pvar(f, (0, T)).

For the proof we can see [0, Theorem 2.20].



Finally, in [7], the authors add a new notion of variation containing the boundary value in order
to expand the total variation of f to [0,7T]. This variation is defined as

varw(f) .=  sup {¢(T)f(T‘)—¢(0)f(0+)— /
abeC;([g,T]) (0,1)

‘oo_

f e dt } (13)

Moreover, by summarizing the results of [, Proposition 2.3, 2.6 and 2.7] all notions of variations
coincide:

epvar(f, (0,7)) = [[Df[|((0,T)) = varw(f)
The previous result allows to extend Lemma [3] to BV((0,7)) functions :

Lemma 4. If f is in BV((0,7)), then A(f, h, (0,T))/|h| is bounded. Moreover,

A(Sf, by (0,T)) < [RIIDFI((0,T))

PRrROOF. By taking the infimum over almost every equal measurable functions, one has

It AL (0.7) < bl inf - pvar(f, (0,T)) = Wl epvar(f, (0, 7)) = bl DS (0, 7)

Since the left hand side is a Lebesgue integral one has :

inf  A(f,h, (0,T)) = A(f,h, (0,T))
f=fa.e.
which ends the proof. O

2.1 Data regularization

Theorem 1. For every f € BV((0,T)), there exists a sequence of smooth functions
(fs)s in C°°((0,T)) such that

ti [ |fs = fldt=0 and Jim [ |5 &t = |DFI(O.T).
d—0 (0,T) 5—0 (0,T)

Although the proof is classical (see for instance [20, Theorem 5.3.3 p.225]), we need the explicit
form of fs in the rest of the paper. For this reason, we present in Section the proof of Theorem

M

Lemma 5. Let f € BV((0,7)) N L>®((0,T)). Then the regularization function f5 defined as
is bounded in (0, 7).

Next, we compare the left and right limits of f and its’ approximation fs on the boundary:

Lemma 6. Let f € BV((0,7)) and f5 defined as (60)), then

f5(0%) = f(0F) and f5(T) = f(T7).

First we need the following result :



Proposition 1. Let f € BV((0,T)). For every ¢ > 0, and ¢¢ € {0,T},
.1
tim = [ |fs = flde=o. (14)
1.M(0,T)
where I, = {t € R: [t — to| < 7}.
PrOOF. For a fixed tg € {0,7} and ¢t € I, € (0,T'), we have
fs(t) = F@) =) _Ixe. * (¢if) — &if]
0

by the definition of supp ¢; (see (56)), we have 1/(jo+i+1) <7 < 1/(jo+i—1) theni > 1/7—jo—1.
Since, R is an archimedean space then

1 1
VT>0,3!10::\‘J—jos.ti0§<i0+1 (15)
T T

which implies by using (58] that

/ITQ(O ‘f5_f|dt Z/ X5>|< ¢1f)_¢if]dt§252_l

1=10 i:i()

< g2 Zw’ = 2o+l 5 9= 15 O
then B
1 27L=
*/ | fs — <
T JI1.n(0,T) T
using again , we have
2-L7]  exp(—[1]|In2) - 2exp(—11n2)
T T o T

Finally, we conclude that

1 2exp(—11n2
lim f/ |fs — f| dt = lim M:O
T—0t T 1,1(0,T) T—0t T

PROOF OF LEMMA [6l According to the Lemma

lim = T|f5(t)—f5(0+)| dt =0 and lim f/ |f(t) — f(O1)| dt = 0.

=0t T Jo T—=0t T

Moreover, we have, thanks to Proposition

lim 7/ |fs — fl dt =0.

T—0t

Thus, for all ¢’ > 0, there exist ¢’ > 0 such that 0 < 7 < ¢’ implies
1 T
1507) = FO00)| = = [ 115(07) = 07

<2 [ 1500 = fotol e+ - [ 1530 - ol ar+ /|f — (0" di < 3¢

which proves the required result. Similarly, we can prove that f5(T7) = f(7T7). |

In the previous setting, the weak derivative of f € BV((0,7)) defines a linear continuous form
on C((0,7)). In the next section, we show how to extend this measure on functions in C([0,T]).



2.2 Definition and basic properties of Stieltjes integral

The Riemann-Stieltjes integral (RS—integral) is a generalization of the Riemann integral. Let P
a tagged partition of [0,7] , defined as

Pi=A(& [ti-1,ti]) : 1 <0< nj (16)

where 0 = ¢, < --- < t, = T, and on each interval [t;_1,t;] we choose a single value &;, for
ie{l,...,n}.

Definition 3. For any function f, ¢ : [0,7] — R and a partition P, we define the Riemann-
Stieltjes sum by

S(f,dg,P,[0,T]) == Zf(@»)[g(ti) — g(tiz1)].

Moreover, the RS-integral of f with respect to g

(RS) f(t)dg(t)

(0,77]

exists and has a value I € R, if, for every € > 0, there exists § > 0, such that the mesh size
max; (tl — ti—l) < ¢ and for every Ez in [t7;7 ti+1]7

|S(f,dg,P,[0,T]) — I| <e.

Lemma 7. Suppose that f is continuous on [0,7] and g is of bounded pointwise variation on

[0,T7], then
| / fdg| < [1£lle0 pvaz(g, [0,T])
[0,7]

)

In the following Theorem we see that a Riemann-Stieltjes integral can be used to describe any
bounded linear functional on C([0,77]) (see [3, Theorem 7.1.1] and [8, Theorem 4.4-1] for more
details)

Theorem 2. Let I'y € (C([0,T7))’, then there exist g € BPV([0,T]) such that

L) = /[0 . edyg, Yy € C([0,T)).

Theorem 3. (Integration by parts). If one of the integrals fdg and / gdf exists, then
[0,77] [0,77]

the other exists as well, and we have
fdg+ [ gdf =7g)=h.
(0,77 (0,T]

Moreover, If f € C1([0,T]) and g € BPV([0,T]), then df = f'dt in the second term of the left
hand side.

For the proof cf [I4, Theorem 5.52] and [2, Lemma 2].



Lemma 8. Let f € BV((0,7)). Then there exists g € BPV([0,T]) s.t
fA = [ peds= [ pdg vee i)
(0,T) 0,77
st. f(t)=g9(t), aete(0,T)

PROOF. We regularize f € BV((0,T)) by fs € C*°((0,T)) as in Theorem [I} then we have :

S S

k k
frpdt+ | fop'dt = [fselZ3f = L, V€ C([0,T])

tr tr

where s — T~ and t;, — 07. We define :
Sk Sk
Iy = / fsedt,  Ji = / fs'dt.
tr 123

Thanks to Lebesgue’s Theorem, one has that

T T
lim I, =1 ::/ fiedt,  lim J, =J ::/ fs'dt
k—o0 0 k—o0 0
and thanks to Lemma [6] and the continuity of ¢,
Ly =L:= f(T7)p(T) - f(07)p(0), VkeN

So that we have :

If we set
T
Iy () = / st
0
it is a linear continuous form on C([0,T7]), since one has :

1Zss () < 15l oy 2l e < LD, T)) + 63 ol oo 0,1 (17)

where we used estimates from the proof of [20, Theorem 5.3.3]. Since it is a continuous linear form
on C([0,T]), by Theorem [2] there exists hs € BPV([0,T]) s.t.

zmwzlﬂwm Y € O([0,T))
0,

in the Stieljes’ sense. But by using the integration by parts from Theorem [3] we have that

[mﬁa—AT

s

hdﬁ:/ wm:mWESj/ haddt, VoeCW(0,T)  (18)
) [0,T] [0,T7]

which implies that
/ fsp'dt = / hsy'dt, Ve € D((0,T))
(0,T) (0,T)

and then we can apply [0, Lemma 7.4] and conclude that there exists ¢ € R, s.t.

fs=hs+ec



Then setting gs := hs + ¢ provides a function s.t.

T T
seld — / fogldt = / odgs, Vo € CN([0.T))

and s.t.
fs(t) =gs(t), ae.te(0,T)

Thanks to (17), Zy, is a linear continuous form on C([0,7]) uniformly bounded with respect
to §. It can be identified via the Riesz representation theorem as a Radon measure ps on [0,7T].
Therefore, there exist u € M'([0,T]) and a sub-sequence ps, such that

*

ey, —

in o(M([0,T]),C([0,T])) with respect to the weak-* topology. By Theorem [2| there exists h €
BPV([0,T]) s.t.

T
pp) = /0 wdh

where the left side is a Radon measure and the right hand side is the Riemann-Stieltjes integral.
Because f5 tends to f in the L'(0,T) topology, one has then that

el =T - /

fede= [ gdn, vpeci(o.1)
(0,T) [0,7

then using again integration by parts from Theorem |3 one concludes that
f@)=h(t)+¢ aete(0,T)

and setting g = h + ¢ ends the proof. (I

Corollary 1. There exists a sub-sequence (f5,)ken, s.t.

T ar
Iy, (¢) == / of}, dt - / wdg, Ve € C(0,T))

when k — oo

3 Mathematical background for the linkages’ density
We list here some of the results proved in [I2] used in the next sections of the paper.

Theorem 4. Let Assumptions [I] and [ hold, then for every fixed e > 0 there is a unique
solution p. € C°(Ry; L' (Ry)) N L>(R%) of the problem (2). It satisfies in the sense of
characteristics, namely

Be(t —ea) (1 — fR+ pe(a,t —ea) dd) exp (— [y ¢(a,t —e(a —a)) da), Va<

pr.e(a—%)exp (—é I ¢ (fs;t + a,f) df) , v 1)

Pe (a‘v t) =

S|
v
M| M | o+

10



Moreover, it is a weak solution as well since it satisfies (cf [I12, Lemma 2.1])

T “+o0 +o00
[ ] etat)Cowotou—cordadt—c [ putaThola. ) da
0 0 0 (20)

T +oo
[ pla=otipla=00 dtre [ proaplat=0) da=0
0 0

for every T > 0 and test function ¢ € C>(R2) N L>*(R2). Now we define the moments of p. which

we denote by p, .(t) = / aPpe(a,t)da, with p =1, 2.
Ry

Lemma 9. Let Assumptions [1| and [2| hold, then the unique solution p. € C°(Ry; L*(Ry)) N
L>(R%) of satisfies
i) pe(a,t) >0 for a.e (a,t) in RZ,

i) pomin < poe(t) <1, Vt € Ry where g min < min (uoﬁ(()), %)

i) pipmin < ppe(t) <k, where , fip min = min (“p,s(o)v 'uil’_l»mm)

Cm ax

The authors provide a Liapunov functional that reads :

/OOO u(a)da| + /OOO lu(a)|da ,

thanks to which they obtain the following convergence result for p,. :

Hlu) :=

Lemma 10. Let (uin > 0 be the lower bound to (.(a,t) according to Assumptions |1} and
setting p. := one has

_Cmint 2
H(p- — po) (-, )] < Hlpr,e — po(-,0)] exp ( . ) L I Relz2 ey + IMell| oo g, (21

with R. 1= —0ypo — po(¢e — (o) and M. := (B — Bo)(1 — [;~ poda).

This ensures the convergence of p. that reads :

Theorem 5. Let p. the solution of the system and let py given by 7 then
pe = po in C°((0,00); L' (Ry)) as e = 0,

where the convergence with respect to time is meant in the sense of uniform convergence on
compact subintervals.

4 Existence, uniqueness and stability

Using the regularized function fs introduced in Theorem |1} we consider an approximation of :
we denote by 20 := 22(t) the function solving

27 0~ 2 - <) et o = g5t i<o o)
2(t) = 2,(t), t<0

11



We also define u (a t), an approximation of the elongation variable u., defined as the mild solution
of

e0pul + O,ul = (efg + / Ceu‘gpeda> , t>0,a>0
€ 0 (23)
ud(a=0,t) =0, t>0
ui(a,tzO)zu?s(a), a>0
where 6( - ( )
22(07) — z,(—¢a
] (o) = E (24
and

1 o0
0 = Zpl—Ea aaa | .
200 = L (00 + [ e ) (25)

More precisely, ug is a solution of system in the sense of characteristics, namely

(t— if ¢
ul(a,t) = {fo “ N (26)

Ot/s h(t — sa) da +U§7E(CL —t/e), ift<ea,

(eatfw / Ceu Epeda)
Ho,e

By arguments similar to [I2, Lemma 3], it is as well a weak solution of i.e.

where

h(t) ==

s=T

/ / 2(c0vp + Datp) da dt + [/000 uZ(s a)g(s,a) da] =0

- /0 — (Efa / Culp. da) ( /0 " olta) dd) dt

for any function ¢ € C°([0,T] x R4). Although, problem can be defined for weaker data (typ-
ically L'((0,T)) or the space of Radon measures M((0,7))), the elongation problem (23), requires
to give a meaning to the time derivative of f, which is more restrictive. Nevertheless, as we are
mainly interested in convergence results, f € BV((0,T)) seems the weakest possible regularity to
our knowledge.

(27)

Theorem 6. Let Assumptlons I 1] hold, and let p. be the unique solution of (|2 . ) then the system
([23) has a unique solution u? € Xr.

We are in the framework of [I3] Theorem 6.1], but for sake of self-containtness, we recall in an
abriged version the proof hereafter.

PROOF. A Banach fixed point Theorem is used to prove this result. We define the mapping ¢(v) = u
such that by Duhamel’s principle

(@) Jy G(t — ca) da, ift > ea (28)
u(a,t) = . ~ .
Ot/ G(t —ea) da+u§75(a7t/e), if t < ea.

where

6(0):= == (efi+ | clatlenpn(otiia)

As in [13], a simple computation shows that

T
T+e¢

u?,e(')

14+a

lullxr < Gz~ (0.1))

Lo (Ry)

12



Moreover, since 0y f5 € L*((0,T"))

(max(1 + k)
£ AT + —
H0,min ||f5||L (©.1) ,UO,min

|Gl Lo (0,1)) < vl xr

where k is the upper bound of y; . proved in Lemma@ Furthermore, by the same argument we can
prove that ¢ is a contraction. Indeed, if u; = ¢(v;) for i € {1,2}

lug — w1l x, <C [ve — v1]| x4

T+e

for a constant C' > 0. Then we can choose T' < £/C and we obtain the existence of a local solution
in time of , by Banach-Picard’s fixed point theorem. As the contraction time does not depend
on the initial data, we shall extend the same result by continuation. This shows existence and
uniqueness in Xp for any 7' > 0. O

Lemma 11. If Assumptions [I| holds, then the solution of system satisfies the uniform a
priori estimates

o) t
/’mwm@wmmm/WMﬁ+/pmmAm
0 0 Ry (29)
< € (Iflsviory 101+ @prll sy 1] )

where C' is independent on £ and on 9.

PROOF. Again, we proceed as in [I3, Lemma 5.1], multiplying by sgn(ul), testing against p.,
and integrating with respect to a gives :

d
a/ ’Ug}/)sda+/ |ug{C€psda§5‘fé‘ +/ |Ug|CsPsda
R, R,

Ry

the rigorous proof relies on arguments exposed in [I2, Lemma 3.1] and is left to the reader. Finally,
after integration with respect to time, we conclude that

[e’e) t
/‘%wm@mmms/NMﬁ+/pumAm
0 0 Ry

since
25(01) — 2,(0 2(0) = z.(—ca
uf (o) < | 2D = 2O (0 = 5(zeo
1 1 o z (O) — Z (—ga)
0% e - = 2(0 d e ASCaNN A Whaeid
S @ PO 2 [ Gtz = 5 0)prele) do + :
<*¢*@£H 1.0(0) + £5(0%)) + |12 a
o H0,min PlIL>=(R-) ’ pllLeo(R_)
< max 1 HZIH (0) + f. (0+) HZ/H (1+a)
B H0,min P LOO(R*)'LLLE 4 > I7pliLee(R2) 3
the result follows. -

In order to establish the convergence of ug in X, for a fixed e, we introduce an intermediate
variable w defined as

sy oD
w(a,t) :=ul(a,t) 0= (30)

13



It satisfies

1 0 o0
edyw + Jqw = €M+ Cgugpeda , t>0,a>0,
MO,E /’I‘O,E 0
— t
w(a=0,t) = ol >7 t >0, (31)
HO,E(t)
fs(07)
w(a,t =07 :u‘ss — , a >0,
et =00 =) =L o)

The following crucial result holds:

Lemma 12. For a fixed § and €, and under the Assumptions |1} the unknowns w and ug, are
uniformly bounded in Xp with respect to § and .

PRrROOF. Using arguments from [12, Lemma 2.1], one can show that w defined as

w(0,t —ea) + [ Gu(t — €a) da, ift>ea
’U)(a, t) = + 0 t/e g~ . (32)
w(a —t/e,07) + [;/" Gu(t —ea) da, ift < ea.
. . s féatMO,e 1 e 5
is a weak solution of (BI). In the latter definition G, (t) := { e=—5——+ Cepeusda p. A
Ho,e Ho,e Jo
simple computation shows that
w(.,0)
Hw”XT < ”GwHLOO((O,T)) + [[w(0, ')”LOO((O,T)) + 1+a
L>(Ry)

It remains to estimate |Gyl (g ). For every fixed e, o, is a Lipschitz continuous function.
Indeed, pio, satisfies

5at,uf[),e - 55(1 - ,U/O,e) + Cspe da=0
Ry

and then

l€depoellne < Bellige + lICellLes, lpell oy s
’ t t t,a t Ta

which shows, by using the result of Lemma that G, and also w, are uniformly bounded in
L*>((0,T)) with respect to ¢ and e. Indeed,

l€0t 110, oo (0,7 | f51l Lo ((0,)) N Crmax

Guwllzoe(0,m)) < /R pelul|da < +oo.
+

:u(2),min H0,min

Finally, we have that

| fsll oo (0,79 < oo
/J(),min

which ends the proof. O

lullxr < llwllx, +

Previous stability estimates allow to show :

14



Theorem 7. Under Assumption [I} one has for any fixed € > 0,
ug — . weakly-* in X

as § — 0, where u, solves the weak problem

s=T

_ /T /OO Uc(€0; + Oa)p da dt + ¢ [/oo ue(a, s)p(a s) da] 5=0

. fo (@, t) da / fo (opoue da </0 (6.1 dd)

0 Ho,e Ho,e

for any ¢ € C1([0,7] x Ry).

PRrROOF. The uniform bound on ug in X7, proved in Lemma implies that

8
u u
e % €

1+a 1+a

in L*>®((0,7) x Ry) in the weak-* sense and the limit function u. belongs Xp. For every ¢ €
L>((0,T) x Ry), we have (. (1+ a)p-t» € L*((0,T) x R;) and then

T e’} T e}
/‘/ @%@wMJL»/ / Cepeucth da dt.
0 0 0 0

By Corollary (1} the first term of right-hand in tends to fOT J° e(t,a)da/po.c dg as & — 0, for
any ¢ € C}([0,T] x Ry). Regarding the second term of the right hand side in (27)), one has that
Cepe/poe € LY((0,T) x Ry) and this leads, thanks again to the weak-* convergence above to write :

t 1 o] B t 1 o) B
/ / Cgpgug da dt — / / Cepette da dt as § — 0, (34)
0 HMoeJo 0o Mo, Jo
which ends the proof. O

The latter theorem allows to prove a convergence result when returning to the z. variable :

Proposition 2. Under the same assumptions as above, it holds that

0

28 — z strongly in L*°((0,T)) as § — 0,

where z. satisfies

toe
2e(t) = z.(01) —|—/ dg —|—/ / Cuepe da dt (35)
0 Mo, 0 Mo,

which is also a solution of .

Before showing this result, we make some comments : if vl is a solution of then 2¢ defined as

to1
20 =200+ [ (ch®+ [ Gutoda) (36)
o o, (t)
solves . Conversely, if 20 solves then u?, given by

22(t) — 22(t — ca)

, ift>ea

us(@:) =9 2300 — St - ca) ()

)

ift<ea
€

15



is a solution of . For more details see [I3] Lemma 4.1 and Lemma 4.2].

PROOF First, by using in the proof of Theorem |7 l and Lemma@ we have that f5(07) = f(0)
and 22 glven by (36] converge strongly in L>°((0,T)) to zE which verifies . Using [13, Lemma
4.2], 1f 20 is deﬁned as it solves . Multiplying (22|) by a test functlon 0 € L(0,T) gives :

1 T +o0 5 Ca, B .
g/o /0 (228 (t) — 228 (t — ea)) pe(a,t) (t) da dt _/0 5. () o(t) dt (39)

As 29% converges strongly in L>(0,T) to z., the difference 2% (t) — 22+ (t —ea) converges almost every
where for any fixed (a,t) in Ry x (0,T) towards z(t) — zc (t — ea). Thanks to the L* bounds on
u% /(1 + a), and the bounds in L'(Ry x (0,7)) on the first moment of p., there exists an integrable
majorizing function g(a,t) on Ry x (0,T) s.t.

228 (1) = 22 (t — ea)| [p(t)|p=(a, t) < g(ast)
uniformly for every k. Thus one can apply the Lebesgue’s Theorem in the right hand side of .
Since f5 converges in L'(0,7T) the convergence occurs in for every ¢ € D(0,T) and thus almost
everywhere in (0,7') and thus z. solves (TJ). O
5 Weak convergence when ¢ goes to zero

Next, we prove the weak convergence of u. from which we deduce the strong convergence of z..

Theorem 8. Under the same assumptions as above, one has
ue — ug weakly-* in X

as € — 0, where ug satisfies and

/ uo(a,t) pola,t) da= f(t) aet € (0,T).
0
Furthermore, it also holds that

ze — zp strongly in L*°((0,T)) as € — 0.

PRrOOF. The proof follows the same steps as in [I3] Theorem 6.2]. First, by Lemma u‘g is
uniformly bounded in X with respect to § and e, and therefore u. is uniformly bounded in Xy
with respect to €, then u. is weakly convergent to ug in X7. On the other hand, Theorem 3.2 and
Lemma 3.4 imply that

(1+a)p: = (1 +a)po

strongly in L*((0,7T) x Ry). These arguments justify that for every 1 € L>((0,T) x R;) one has

T e} T o)
/ / Copetiath da dt — / / Copotiot) da dt.
0 0 0 0

/ / {Cepetie — Copoun}  da dt = / / ~ Go)peucty da dt
/ / Co(pe — po)ucty da dt+/ / Copo (ue — ug) 2 da dt

16
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As (. — (p by Assumptions [I| and thanks to the weak convergence of u., both terms on the right-
hand side tend to zero as € — 0. Note that this implies the weak convergence of fR+ Cepetie da in

LY((0,T)), since we can choose ¢ € L>=((0,T)). Moreover, thanks to Lemma [7] we obtain that

Jo e da  Cllollre,
o /LO,min

ar(g7 [O7T]> < C”f”BV((O,T))

[0,7] Ho,e

As in [13] Theorem 6.2], passing to the limit in the weak formulation we obtain

// woBat) da dt — //OO COZ?ZW o dt

which implies that ug satisfies

1 oo
Baig = —— G, o (a, t)po(a,t) da, t>0,a >0,
ato =2 |, Go(a, t)uo(a,t)po(a,t) da a (39)
up(a = 0,t) =0, t>0,

Similarly, we have the weak convergence of [~ uc(t,a) pe(t,a) da towards [ uo(t,a) po(t,a) da in
LY((0,T)). Hence, one concludes that ug satisfies also

/OOO wolt,a) polt,a) da = f(t), ae.tc(0,T).

As the the right hand side of does not depend on age, one has that uyp = v(t) a, where in order
to satisfy the last compatibility condition implies that

'y(t)/R apo(a,t)da = f(t), ae.te(0,T).

Thus wp(a,t) = f(t)/p1,0(t)a for almost every ¢t € (0,T") and every a € R;. Using again the weak
convergence of fR+ Cepete da in LY((0,T)) combined with the strong convergence of pig . allows to
pass to the limit in the third term of .

Moreover,

1 o0
|2(07) = 2,(0)] = )] /O (zp(—ea) = 2(0)) p1.c(a) da +ef(07)

/ +
< ekl|zpll o r-) N el f(01)]
H0,min H0,min

—0ase—0

where k is the constant from Lemma [0
All together this provides that zy solves :

_ tof(r) Jr, Gola,T)po(a,T)da
a(t) =20 + | HLO( ) b . o)

but because pg solves , one has that apg solves :

8a(a’p0) —po+ aCO(a‘7 t)pO =0,
which after integration in time shows that

fR+ alo(a,t)po(a,t)da
f0,0(t)
and this shows in turn that reduces to
t
f(7)
20(t) = 20(0) + / dr
0 H1,0(7)

which is the integrated version of . O

=1

17



6 A comparison principle

In this section, we give error estimates between z. and zg, the solution of the problem

1 oo
S —s—za) ot da= 1. =0 "
ze(t) = zp(1), t <0,

where o is constant in time and satisfies

0a0+ ((a)o =0, a>0,

o0 =5 (1- [~ 0@ aa) e
where the data of and satisfy

Assumptions 3.
i) f e BV((0,T)),
ii) 2z, € Lip(R-),
iii) 8 € R%,
iv) ¢ € L*°(Ry) such that

0< Cmin < C(a) < Cmaxa a.e. a € R+.

Setting 2. (f) := z:(t) — 2o(¢), it solves :

5.(t) = i /0E 5.t — ea)o(a)da + he(t)
where
~ £ t/e 20 (t) — 20 (t - 8(1)
he(t) = %/0 ( 6 — a@tzo(t)> o(a) da
oo [20(t) — 20(0) Lo[re )
€ 2o(l) — 20
+ ™ /t/6 <€ — aatzo(t)> o(a) da + ™ " (zp(t —€a) — 2,(0)) o(a) da
+oo
where [0 :/0 o(a) da then
2001 < oo [ Izt = ca)lo(ada + fhc(t) (44

Then integrating in time and setting

2.0t) = /O 12.(r)] dr

one has that :

Za(t)z/otm(f) dr < :O/Ot/og I.(r — 2a)| o(a) da dr+/0t|ﬁg(r)| dr

then, we change the order of integration and the domain of integration becomes D’ := {(a,T) €
(0,t/€) x (ea,t)}. We use the change of variable t = 7 — ea in order to write :

/Ot/0;|736(7—5a)| o(a) da dr = /0Z /E:|25(T—ga)| dr o(a) da

:/Oé/otmwg(f) di o(a) daz/O;Ze(t—ea) o(a) da

18



So that finally Z. solves :

Z@)<£¥/EZJﬁ—w)d®da+%;h@ﬁdelgZJ@KJt—@d&+%;hhﬁdT

Ho

where K.(a) := ig (g) is the kernel of the integral operator. We use a comparison principle [6]

the Generalised Gronwall Lemma 8.2 p. 257] and construct a majorizing function U, of the form
U:(t) = e(Ko + Kit) where Ky and K; are suitably chosen, such that U, > |Z.| and U, ~ €. The
following two lemmas are required in order to apply this comparison principle :

Lemma 13. The Volterra kernel K. satisfies :

| Ke | oo 0,) fesssup/ |Kc(a)|da < 1
te(0,T)

PROOF. To prove this result, we need to show that

_ fo o(a) da
O</\K )| dii = 2 Qmwm<1. (45)

The kernel o solves ([42)), thus it can be explicitly computed as

o) = Lo (= [ ctonas)

exp (—Cmaxa) >0, Va €Ry.

/;O o(a)da >0

e

one has the lower bound :

This in turn shows that

which is equivalent to the claim. (I

Lemma 14. Consider the expectation value of a given density ¢ with respect to the tail a > t/e,

f0+oo ao(a + é) da

Axo)(t) == = 5= (46)
f0+ o(a+ é) da
then under Assumptions [3] one has
Arlel() < S,
PROOF. Setting
ola+7)
q(a,t) := —=, (47)
Q(;)

it solves
0aq(a,t) + ((a+t/e) g(a,t) =0, ¢(0,t) =1.
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This problem admits an explicit solution of the form

q(a,t) = exp (— /011 C(a+t/e) dd) = exp <— /ta;t/e ¢(a) dd) . (48)

Then, we shall rewrite as :

f0+°° aq(a,t) da

f0+oo q(a,t) da

Auo)(t) =

by using hypothesis iv) from Assumptions |3} one has

exp(_Cmaxa) < Q(a7t) < exp(_Cmina)

This gives :
—+o0 —+oo 1
/ q(a,t) da > / exp(—Cmaxa) da =
0 0 Cmax
and
“+oo “+o0 1
/ ag(a,t)da < / aexp(—(mina)da = —5—
0 0 Cmin
which shows the final upper bound. O

Proposition 3. Under Assumptions|3] for 0 < ¢t < T one has the estimates :

H.(t) = /Ot

where Cy depends on pi2,u1,(|020| gy ((0,7)) and on ”ZP”Lip(R,) but not on ¢.

ilE(T)' dr < 204

PROOF. Recalling the definition of h. in , we split fot

t T/E _ _
I = i/ / 20(r) — (7 —ca) — a0z (T)
Ho Jo Jo

9

iLE(T)‘ dr into three parts. First, we define

o(a) da dr

Since 0z € BV((0,T)), then I; can be written in the form

t p7/e T
I = i/ / / (8tz0(f) — 8,52:0(7')) df’ o(a) da dr
Mo Jo 0 T—ea

by switching the integration order between 7 and a, and using the change of variable t = 7 + h, we
get that

1 t/E t T N -
L <— / / |0¢20(t) — Opz0(7)| di dr o(a) da
Ho Jo ea JT—ea

1 t/E t 0
< — / / |Orz0(T + h) — Orz0(T)| dh d7 o(a) da (49)
Ko Jo ea J —ca
1 t/e 0 t
< — / |Orz0 (T + h) — Orz0(T)| d7 dh o(a) da
Ho Jo —ea Jea

and thus applying Lemma [3] one has the estimate of the inner integral of the latter right hand side :

t
/ |0¢20(T + h) — Or20(7)| dr < |h|||0s20]lgy, Vh € (—€a,0)
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which implies that

o t/e 0 2119 t/e
I < |tZOHBV/ / \h| dh o(a) da < 5|tZO||BV/ a%o(a) da.
to 0 Joca 240 0

Next, we set:

T
<mllk

=:Iy1 + Iz

0(0)

— a0zo(7)| 0(a) da dr

/O 8152:0 ({)df— TatZ() (T)

1 t —+oo
o(a) da dt  + —/ / |7 — ea| |0sz0(T)] 0(a) da dr
Ho Jo Jr/e

As in the estimates of Iy, first, one switches the order of integration and then one integrates on

D :={(a,7) € (0,t/e) x (0,ea)} U{(a,T) € (t/e,+0) x (0,%)},

and one makes the change of variable £ = 7 + h in order to obtain

121—7/ / [T\afzo T+ h) — 0izo(7)| dh d7 0(a) da

+/7 / / |Orz0(T 4+ h) — Oizo(7)| dh d7 0(a) da
0 —T

1 t/E
= / / |0¢20(T + h) — Opzo(7)| dT dh o(a) da

_’_7 // |Orzo(7 + h) — Orz0(T)| dT dh o(a) da

also, by using Lemma [4] we get that

o t/e P 0
I mmm/(/mmw d+hww/ [ i ol da
—ea —t

&L 0 +oo
el0zoll v tZO”BV/ a’o(a) da—i—i” tZOHBV/ t?0(a) da
0

- 2/1,0 2#0 t/e
2020l BV /t/6 2 o(a) da + 2020 BV /+°° 2 o(a)da
- 210 0 2p0 t/e
2 0
<€ pal tZOHBv.
Ho

The second term I35 is estimated in the same way as I ;. We have

Iy = 7/ / I — eal [8y20(7)| 0(a) da dr

:MO{/O /O +/t+f/otr_ga|atzo(7)| dr o(a) da}

210 210 t/e Ho

Finally, by similar computations, one has

M2
/ / [2p(7 = £) = (0)] 0(a) da dr < &2 ILip_ -

21

2 t/e 2 +o0 2
e2]|0s 20|00 e=]|0¢ 20| 0 € 0:20|| 00
< M0l / a®o(a) da+7” al / a®o(a) da < £ r2ll0zoleo
0
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Theorem 9. Under Assumptions [3| z. tends to zg, the solution of , strongly in L'(0,T) as
€ goes to zero. Moreover, there exists a generic constant C' depending only on the data of the
problem but not on &, such that :

||ZE - ZO”Ll(O,T) <eC.
PRrROOF. We have proved in Lemma that the Volterra kernel K. is non-positive and bounded (with

a bound strictly less than one) in the sense of [6, Definition 2.2 p. 227 and Proposition 2.7 p.231] so
[6, the Generalised Gronwall Lemma 8.2 p. 257] applies. First observe, by using Proposition that

Z.(t) — /0 t Z(a)K.(a) da < hyo(t) + ho(t)

We construct a function U, which satisfies,

t
Luﬂ—/cg@&@ymzmﬁ+mﬁ (51)
0
We split the integral operator applied to U, in two parts
t 1 t/e
Ut)- [ V@K.(@) da=Uutt) - [ ULt = ca)efa) da
0 Ho Jo
L[t 1ot
=— (Ue(t) — Uc(t — €a)) o(a) da+ — U:(t — ea)o(a) da
Ho Jo Ho Ji/e
=Hy . =Hy .

and we shall specify U, such that H; . > H. (t) and Hy . > 0. To this end we set

Ue(t) := (Ko + Kit), VteR (52)
with constants Ky and Kj to be specified. One has obviously that
2K _
H ()= > 200 > A0
Ho
a.e. on Ry, provided that K; is chosen as
Ky > @Ol
H1

Using and the change of variable @ = —t/¢ + a, we obtain that

+oo
H2,5 - /0 (KO - EKld) Q(d =+ t/E) d(i = (KO — EKlAa[Q](t)) A+ 0 (z + a> da

We are in the hypotheses of Lemma [14]: A.[o](¢), the expectation of a given density o with respect
to the tail a > t/e is bounded by a positive constant Apax
fR+ ao(t +a) da

Aclo](t) == t da —
Jr i o(z +a) da

Therefore it suffices to chose Ko > €K Amax in order to obtain that Hy . > 0. These computations
show that U, is a super-solution. Then the comparison principle implies that, for all 0 <¢ < T,

max-

t
0<Z.(t)= / |ze(8) — 2z0(s)| ds < U.(t) = e(Ko + Kit) —» 0 as € — 0,
0

hence Z. — 0 in C([0,T]), which ends the proof since ||z, — 2ol 10,y < “Zg“c([o - O
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7 A simple example

We construct by hand solutions of problems and when the load f is explicitly defined as

1/2 if0<t<g
flt)y:==4q1 ifi<t<2, (53)
3/2 if2<t<1

and the kernel p is a simple exponential (see more precise statements below). So defined f is of
course of bounded variation on (0,1). The solution z. solving and its limit 2y show different
regularities (see Figure (1)) : the adhesive approximation is rougher than the limit solution. This is
an interesting feature of our approach.

+ Zg
20

1.5

Figure 1: The solutions z. and zy as a function of time, for a fixed € = 10! on the left y-axis. The
load f on the right y-axis.

Assumptions 4.
i) the load f is defined in ,
ii) the on and off rates are constants defined as :

Cc=C=¢ Pe=pH =48

iii) the initial condition is at equilibrium :

Ple = pPo = b e™ce.
’ B+¢
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Lemma 15. Under Assumptions one has that puo. = poo = B/(B+C), e = 1o =
B/(C(B + () and po(a) = pooCe % Then the solution z. of is BPV([0,1]) and it is

explicitly given by
t t 1 “+o00
() = / ids =t 5&—5— —/ zp(—ea)poda
0 M1,0 Ho,0  M0,0 Jo

and hence,

2e(t) — 2o(t) = swqt /0 2, (s) exp <<:> ds

Ho,0 —0

with z(t) = 2,(0) + fot f(s)ds/u1,0 is a continuous functions in [0, 1]. Note that the last term
is an ¢ order term according to Assumption [I} indeed it holds that

e

PROOF. The specific choice of data and kernel allows to rephrase as

)= S [ o) exp (-C(ts))ds _ 5;’;()’2 T g /OOO 2 (s) exp (-C“_‘S’)) ds.

e Jo €

€
< S lzpllwrerey-
C P ( )

Next, setting

Then we can rewrite for all ¢t > 0 as

t 0
qe(t) — g ; ge(s)ds = eexp (C;) i;()i)) + g/_oo Zp(s) exp <€:) ds. (54)
By differentiating in time and using @, we prove that ¢. solve the equation
BN e (£)
G=(t) = 2 ¢:(t) = ———=(Cf(t) + (1), ¢>0,
10,0 (55)
. ¢ (O Cs
q=(0") =ef(0)/po,0 + g/_ zp(s)exp = | ds

and therefore ¢, is explicitly given by

qe(t) = exp <i_t> (5/];()24— g /Ooo Zp(8) exp <C;) ds + Ot ]/:(1? ds)

which gives the formula of z.. Moreover, it is clear that z. is of bounded variation since f is it and
zp is an absolutely continuous function. O

A Auxiliary proofs

In this appendix, the domain €2 is an open set of R™.

A.1 Proof of Theorem [1]

As in the proof of [9, Theorem 14.9], the aim is to show that for every é > 0, there exists a sequence
{fs}s in C>(Q) such that

/Q f—fsldt <5 and |Dfs|(Q) < [DFI(Q)+ 6.
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Since the total variation || D f||(€2) is bounded,

Jim [ DFII(Q\ {2, dist(t, 09) > 1/4,[t] < j}) =0
j——+oo

then for fixed § > 0, there exists a jo € N such that for all j > jg,
IDFINQN {2, dist(t, 092) > 1/j, [t] < j}) < 0.
For 7 € N, we define the subdomain €; of 2 by
Q; = {t € Q,dist(t,00) > 1/jo + i, |t| < jo+ i}
such that Q; CC Q41 and ;= ©; = Q. Let Wy = @ and W; = Q11 \ Q;_1, where Q_; = Qg := 0,

and let {¢;} be a partition of the unity subordinate to the covering {W;};en

e CEW), 0<di<1, S gi=1.

i=0
For i € N, the idea is to find d; > 0 so small that
supp Xs, * (¢if) C Wi (56)
which allows to write
x5, * (@i f) — bifllr) = lIxs: * (6if) — dafllLr(wy) (57)

and then from the local approximation Theorem (see Theorem 2 p.125 in [4]),

Ixs; * (i f) — dif 1w,y < CO

and also by convenience, we can take C' = QL Hence we conclude that

/Q|X6i #(¢if) —dif| dt <6277 (58)
[ s e (g~ ol ae <2 (59)
Q
for a positive mollifiers ys defined as
1t 1 it <1
t) = =x(=), t) =
xs(t) = 5x(35) x(t) {0 if 1] > 2
Define -
f5 =" o * (6if)- (60)
i=0

By the construction of {W;}, we have W; N W, 1 # 0 and W; N W;1q N W, 1o = 0 which give that
for every t € ,
#{ieN:xs, (9 f)(t) A0} <2

and since the finite sum of infinitely differentiable functions is infinitely differentiable, we conclude
that f; € C*°(2) and

oo o0 6
Jo o=t 3 [ n @uf) = our) e < 35 <o
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since f = >, fé;. Thus f5 — f in L' () as 6 — 0. Using the theorem of Lower semi-continuity
of variation measure (see chap 5, [4]), we have

IDFI(©) < ln i |Dfs| (). (61)

it remains to show that
lirglsgp |Df51(Q) < [|DFII(Q).
N

Let ¢ € C°(2) be such that ||, < 1. Since ¢;f € BV(Q) for every i € N, we have by Lemma
14.10 in [9] that

/ Xo. * (6if) ' dt = / oif (o, * ) dt (62)
Q Q

let ¥s, = x5, * ¢, and using the fact that support of ¢ is compact and that the partition of unity is
locally finite, we have that

+oo
|5 dt—;AX5i*<¢if> W di
“+o00
=;/Q¢if vt
+o0
= is.) — dlaps.) dt ==
;/Qf(«bwm $ibs,) dt = T, + I

since supp(p;bs,) C Wi and |¢;1)s, |0 < 1, it follows that
“+o0
I :/f (ﬁbﬂ/}&i)’dt‘FZ/ f (pinhs,) dt
Q /e

+oo
< IDAIS) + Y _IDfII(W:)
=2

< [IDFI(2) + 3IDFII(2\ 1)
< [IDFI(2) + 30

since each t € {2 belongs at most two of the sets U;. On the other hand, by Fubini’s theorem we
have

+oo
I, = _Z/QX&-  (foy)w dt
=1
+oo
-3 / (s, * (F6) — fo) o dt

by using the fact that j:lo ¢, = 0. We now use and the fact that |¢|c < 1, to conclude that
I, < ¢ and then we obtain that

/Q f5 ¥ dt < | DSI|(Q) + 36,

By taking the supremum and passing to the limit when § — 0, we obtain that

limsupl| D f5|(€2) < |Df]|(£2) (63)
6—0
Finally, and together concludes the proof.
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A.2 Proof of Lemma [Gk

Let f € BV(Q2) N L>(£2). By using and we can write for all ¢ in €,

oo

=0

< oo i(t—t)xs, () dt’
_;nfnL /Wfi’( )X, (1)

<> Wl [ v @) ar
i=0 Wi

[fs(8)] =

since 0 < ¢; < 1. On the other hand, we have W, N W;_1 = Q; \ Q;—1 and W;_y " W; N W11 =0
which implies that

|fs(t)] < ||fHL°°/ xs, (") dt' + || fll e /W Xoi_, (t") dt” < 2| fll Lo @)Xl L1 R)

1—1

which ends the proof.
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