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Abstract

Concrete, a highly heterogeneous material, exhibits a clear size-dependence of its compressive
strength. As the Young’s modulus is generally assumed to be proportional to the compressive
strength, this would, in principle, implies a dependence on sample size for this modulus. However,
the elastic modulus is directly related to linear elastic deformation, while the compressive strength
results from strongly non-linear processes due to the progressive development of damage and
microcracking. In other words, the elastic modulus, a material-dependent parameter, should not
depend on the sample size, unlike the compressive strength. Here we show, from an extensive
experimental program including non-destructive and destructive tests carried out on 527 cylindrical
concrete specimens with three different concrete mixtures and four different sizes, the size-
independence of elastic properties of concrete regardless of the concrete mixes. This is in full
contrast with the size-dependence of the compressive strength, and implies that (i) there is no direct
proportionality between the elastic modulus (linear property) and the compressive strength (non-
linear property) of concrete, and (ii) the use of empirical expressions given in building codes (e.g.
ACI 318-05; EN 1992) for estimating the elastic modulus from the compressive strength can lead to

incorrect designs.
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1 Introduction

Compressive strength and modulus of elasticity are used as the fundamental
material parameters in the design and assessment of concrete buildings [1]. While
the compressive strength is used for calculating structures following the
requirements of ultimate limit states, the elastic modulus is used for estimating the
deformation as well as for the design of sections of structural concrete elements
according to the serviceability limit state [2, 3]. Similarly to other mechanical
properties of concrete (e.g. tensile and flexural strengths), the elastic modulus is
usually supposed to be tightly related to the compressive strength [4, 5]. Many
empirical predictions for estimating the elastic modulus from the compressive
strength have been proposed for different types of concrete by several researchers
(see reviews in [5-8]). In most concrete design codes, the modulus of elasticity is
also predicted by using empirical expressions that assume a direct dependence of
this modulus on compressive strength [2, 3, 9, 10]. Following these expressions, an
increase of the compressive strength would necessarily imply an increase of the
modulus of elasticity. However, as a heterogeneous material, concrete exhibits a
size-dependent behavior on the compressive strength [11-19]. Therefore, the
sample size dependence of compressive strength would imply, from these empirical
expressions, that the elastic modulus will depend as well on the size of the concrete
sample. Nevertheless, in a composite material like concrete, the elastic properties
are mainly affected by the volume fraction, the density and the elastic modulus of
its two components which are the hydrated cement paste and the aggregates [5, 7].
Hence, the elastic modulus of concrete is a material-dependent parameter and
should not be affected by the sample size, unlike the compressive strength, as long
as the sample volume is larger than the representative volume element (RVE) of the
microstructure [20]. However, this assumption has been rarely checked, and there
are inconsistencies between published datasets on this matter [21, 22]. Furthermore,
to obtain a statistically significant result, a large number of mechanical tests
performed on concrete specimens with different sizes and different mixtures is
required. Nevertheless, such an exhaustive analysis has still not been performed

until now, due to the fact that the measure of the elastic modulus and the
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compressive strength are generally time- and cost-consuming. As a result, it is
difficult to make a strong and clear conclusion regarding the size effects on the
Young’s modulus of concrete.

On the other hand, concrete, a typical quasi-brittle material, does not display a
linear stress-strain relation over the entire loading until failure, as strain softening
is observed as the result of progressive damaging/microcracking [5, 19, 23]. This
means that the elastic modulus, a linear property, is likely not proportional to the
compressive strength (i.e. the peak stress), which is related to the non-linear
behavior of concrete. Although several empirical expressions linking the
compressive strength and the elastic modulus have shown a reasonable agreement
with some datasets for different normal-weight concrete mixtures in different
studies, these formulas failed to explain results obtained for other types of concrete
and/or different strength grade [6, 24-26]. In particular, in all the previous studies
of the relationship between the compressive strength and the modulus of elasticity,
the influence of sample size on the compressive strength was not taken into account.
This might cause severe shortcomings when estimating the Young’s modulus from
the compressive strength determined on small concrete samples in the laboratory.
All the above observations call for a re-examination of (i) potential size effects on
the elastic modulus; and (ii) the expressions of elastic modulus from the
compressive strength. These two points represent the main objectives of the present
work.

Following this introductory section, the rest of this paper is organized as
follows. The next section presents a survey of the compressive strength-elastic
modulus relationships proposed in the literature, and of possible size effects on the
elastic modulus. Section 3 describes the details of experimental work performed in
this study. Then, the size effects on elastic properties including static and dynamic
moduli as well as the correlation between them are discussed. Section 5 deals with
the relationship between compressive strength and Young’s elastic modulus.

Finally, some main conclusions of this study are presented in section 6.

2 Background

To express the modulus of elasticity in terms of the compressive strength of
concrete, numerous empirical formulas have been proposed by many researchers

and/or are provided in the current concrete building design codes. Most of them
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focus on a possible correlation between the compressive strength with the static
elastic Youngs’s modulus (Y;), which are measured from uniaxial compression
tests. For instance, the ACI committee recommends different empirical formulas
relating the elastic modulus to the compressive strength and the density of concrete.
The standard ACI 318-05 [3] gives the following expression for the Young’s

modulus of normal-weight concrete:
Y, = 0.043.p°.\[f! 1)

where Y; is the static modulus of elasticity in MPa, p is the density in kg/m® (for
1440 < p < 2560 kg/m® and f/ is the specified compressive strength of
cylindrical concrete samples in MPa. Equation (1) is valid for f; up to 41 MPa [3,
7]. Moreover, the ACI 363 committee [27] provides a different empirical equation
to relate Yy and f; for both normal and high strength concrete with a range of f.
between 21 MPa and 83 MPa:

p 1.5
Y, = (m) (332077 + 6900) (2

According to EN 1992 [2], the relationship between the static modulus (Y;) and the
compressive strength (f.,,) of normal-weight concrete is described by the following
equation:

Y, = 22. (’%—’5)0'3 3

where Yy is measured in GPa and f,, is in MPa. Equation (3) is suggested to be
applicable up to concrete characteristic strengths of 90 MPa [2, 5]. Both the ACI
standards and EN 1992 express the static modulus of elasticity in terms of the secant
modulus (Yy), but they differ in their definitions. The expression of the ACI
standards (e.g. ACI 318-05 (Eqg. (1)) and ACI 363-11 (Eg. (2))) are based on the
specified compressive strength (f.), while EN 1992 (Eq. (3)) is based on the mean
compressive strength (f,,,) which is generally higher than the specified strength [5,
7, 28]. Moreover, the secant modulus (Y;) is defined as the slope of a line drawn
from a zero stress to a compressive stress equal to 0.45f, in ACI 318-05 [3], and
0.4f,,, in EN 1992 [2]. As for the ACI building codes, the Architectural Institute
of Japan (AlJ) propose the following equation to estimate the static elastic modulus
(Y;) for normal strength concrete with the specified design strength (f.) up to 36
MPa [6, 29]:



p 5[ f! 0.5 @
YS_ZIOOO'<2300) <200>

In Eq. (4), Y, and £/ are expressed in MPa and p is in kg/m®. Unlike the ACI codes,
Eurocode 2 and AlJ codes where the compressive strength is obtained from
concrete cylinders with a height-to-diameter ratio (h/¢ = 2), the British standard
BS 8110-2 [10] uses the characteristic strength of concrete cubes at 28 days (fcu’zg)

to estimate the static modulus of elasticity at 28 days as follows:

Ys08 = Ko+ 0.2fcy 28 %)

Here Y; ,g is in GPa and f, »g is in MPa, K|, is an empirical constant related to the
elastic modulus of the aggregate and to its volume fraction [10], usually taken as
20 GPa for normal-weight concrete. In fact, the experimental value of K, varying
from 16 to 26 GPa was observed for normal-weight concretes fabricated from
different aggregate types (see reviews in [30]). This wide variation of K, value
implies that (i) different aggregates will cause different characteristic stiffness of
concrete (i.e. the elastic modulus Y ,¢ in Eq. (5)); and (ii) concretes with the same
target compressive strength (i.e. strength grade) may have different elastic moduli.
Other empirical formulas relating the compressive strength to the elastic modulus
can be found in other current building codes (see further details in [5, 6, 8, 26, 31])
and from other studies, such as those presented in Table 1. Even though these
empirical formulas could provide good agreements for specific kinds of concrete
mixes, they do not always give the same results and cannot cover the whole data [6,
26]. The major reason for this is that the mechanical properties (i.e. compressive
strength and elastic modulus) of concrete are highly dependent on the qualities,
specified properties and proportions of all concrete components [5, 6, 8, 26].
Although there is no agreement on the precise form of the relationship between the
compressive strength and the static modulus of elasticity of concrete, all these
previous studies agree that the static Young’s modulus and the compressive strength
are always positively correlated [5, 7, 32]. A similar trend is also reported in [22,
25, 33-36] for the dynamic Young’s modulus (Y;) which is determined by means
of Non-Destructive Testing (NDT) methods (e.g. Ultrasonic pulse velocity (UPV)
test [37], Resonant frequency test [38], and other wave propagation tests [5, 39—
41]). A few formulas have also been proposed in the literature to describe the

relationship between Y,; and the compressive strength of concrete, as listed in Table
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2. These empirical equations were found by converting the dependency of the static
modulus on the dynamic modulus into the relationship between the static modulus
and the compressive strength [24, 25, 42]. However, both the value of the dynamic
elastic modulus and its relation with the compressive strength vary with the NDT
methods [5, 43], the mix proportion [39], the volume content and the size of
aggregates [24, 25], the type of cement and aggregate [24], the water-to-cement
ratio [25, 35, 44], the age of concrete and curing condition [25, 35, 36, 39].
Consequently, the empirical expressions of the correlation between the compressive
strength and the dynamic elastic modulus are generally specific to concrete mixes
and/or distinct NDT methods used for investigating the Y;-value [5, 22, 39].

As mentioned above, to evaluate the correlation between the compressive
strength of concrete and the elastic properties determined from the NDT methods
(i.e. dynamic modulus of elasticity), the relationship between the compressive
strength and the static elastic modulus as well as the relationship between the static
and dynamic elastic moduli are required [24]. Consequently, a considerable number
of studies has been performed to analyze the correlation between Y, and Y, [5, 39].
All these investigations highlighted that the static modulus of elasticity (Y;) is
significantly smaller than the dynamic elastic modulus (Y;) [5, 22, 34]. To account
for the relationship between Y, and Y,, several empirical formulas have been
proposed in building codes. A linear correlation is generally proposed, while few
studies suggest a non-linear expression (e.g. Lambert function [35]) (see Table 3).
Several influence factors on the Y; — Y, relation have been observed such as the
loading rate in the static test [45], the NDT methodology [22], the aggregate volume
content and maximum size of coarse aggregate [25]. On the other hand, the cement
type and concrete age do not seem to have a significant influence [35].

Expressions (1) to (5) above represent various versions of a direct dependence
of the Young’s modulus on the compressive strength of concrete. Following these
expressions, size effects on the compressive strength would necessarily imply a
size-dependence of the elastic modulus of concrete. This is in contradiction with
the general assumption that the modulus of elasticity, a linear property of a material,
is actually sample size-independent. However, this assumption has not yet been
clearly examined and/or confirmed, and there are contradictions between reported
data in the literature. For instance, by analyzing 214 pairs of static Young’s modulus

values for two sizes of normal-weight concrete specimens (100x200 and 150x300
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mm cylinders) collected from the existing literature, Rashid et al. [31] observed that
the Y, values obtained from the smaller-size samples are in general larger than those
obtained from larger-size samples. An opposite result was however observed for
high-performance concrete in [46]. In [22, 42], also comparing the Y; values of these
two sizes of cylinders, Lee and co-workers did not find any clear sample size effect
on both the static and dynamic elastic moduli of normal weight concrete. It is worth
noting, however, that a precise assessment of size effects from only two different
sample sizes is difficult. Performing uniaxial compression tests on concrete
cylindrical specimens of five different diameters ranging from 63.5 to 300 mm but
with a fixed heigh-to-diameter ratio (h/¢ = 2), Darlington et al. [21] observed that
there is no evidence for a strong size effect on the static Young’s modulus. Despite
a larger range of system sizes, the restricted number of concrete samples (< 10
samples for each size) tested in this study, combined with a large variability of Y
values for a given size, limits the statistical significance of the conclusion. This calls
for more extensive data and further research on these possible size effects on the
elastic modulus of concrete. The limited number of tests generally performed comes
from the fact that this kind of experimental program is time- (e.g. due to the
installation of the equipment to measure the sample deformation) and cost-
consuming.

From this survey of the literature several important questions arise:

(a) Does the elastic modulus of concrete depend on sample size?

(b) Is there any influence of sample size on the relationship between the static
and dynamic elastic moduli of concrete?

(c) Considering well-established size effects on compressive strength [14, 15,
19] in one hand, and the proposed empirical relationships between compressive
strength and elastic modulus (equations (1) to (5)), what could be the implications
in terms of the estimation of elastic properties of concrete from strength data? And
consequently in terms of design of concrete structural elements?

Motivated by those questions, we carried out an extensive experimental
program on 527 cylindrical concrete specimens of three different concrete mixes
and four different sample sizes. The details of the experimental research are

described in the next section.

3 Experimental work



To address the main questions of the present research, a testing plan was
designed to explore the size effects on the compressive strength and on the elastic
modulus of concrete, as shown in the flowchart of Fig. 1. According to the
recommendations in [11, 14, 47, 48], concrete specimens of the same composition
and of at least three different sizes with a minimum size range of 1:4 should be used
to investigate the size effects on mechanical strength. In the present work, concrete
cylinders with a constant height-to-diameter ratio (h/¢ = 2) and four different
sizes (¢ = 40,70,110,160 mm) were fabricated from three different concrete
mixtures based on three different aggregate sizes. The experimental study included
both non-destructive and destructive tests. The aim of the non-destructive tests was
to determine the dynamic modulus of elasticity. For this purpose, 36 P-wave
velocity measurements (section 3.3) were conducted on intact concrete specimens.
In addition, a series of 527 uniaxial compression tests (section 3.4), including the
36 samples previously used for P-wave velocity tests, were performed on all these
concrete specimens. These destructive tests allowed to collect the values of both
compressive failure strength and static modulus of elasticity for the different
concrete samples. While the static modulus of elasticity is shown here for the first
time, the compressive strength data have been used in [19] to analyze the size
effects on compressive strength. In the present paper, all these data are used to
examine: (i) the size effects on both static and dynamic elastic moduli of concrete;
(ii) the correlation between these two estimations of the Young’s modulus; and (iii)

their relationships with the compressive strength.

3.1 Materials and concrete mixtures

In this work, a CEM | 52.5N type Portland cement satisfying the standard NF
EN 197-1 [49] was used for preparing all concrete mixtures. Natural sand and gravel
were used as the fine and coarse aggregates, respectively. All the aggregates used
for concrete casting were clean and dry, and their specific properties complied with
the requirements in NF EN 12620 [50] and NF EN 1097-5 [51] standards. The size
distribution of aggregates (shown in Fig. 2a) was investigated from a sieving
analysis following NF EN 933-1 [52]. Normal tap water was used for mixing and
curing of concrete samples in this study. Applying the weight method described in
the regulation NF-EN 206-1 [53], we prepared three different concrete mixtures
based on three different aggregate sizes (Fine (F; i.e. only sand), Medium (M),
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Coarse (C)). The maximum aggregate size, dg, for the F-, M-, and C-concrete
mixtures were correspondingly 3.15 mm, 16 mm and 25 mm (see Fig. 2b). The
water-to-cement (W /C) ratio was kept unchanged for all specimens in each
individual concrete mixture. The details of the mix proportions for the three

concrete mixtures are given in Table 4.

3.2 Concrete samples

In this study, four different sizes of concrete cylinders (¢ X h = 40 X
80 mm; 70 X 140 mm; 110 x 220 mm and 160 x 320 mm) were considered.
For a given concrete mixture, about 44 samples of each sample diameter (¢), were
produced and used for uniaxial compression tests (section 3.4). The concrete
mixing, casting and curing conformed to the procedure described in the standard
NF EN 206-1 [53]. After weighting all raw composition materials, cement and
aggregates are firstly blended for dry mix. After that, a small quantity of water is
added and mixed for a while. Finally, remaining water is added and continuously
mixed before pouring into the concrete molds. All the concrete samples were cast
in cylindrical cardboard molds (see Fig. 3a), and then compacted on an external
vibrating table combined with an internal vibrator for improving the consolidation
of the samples. After compaction, the tops of the samples were smoothly finished
by using a trowel and then covered by polyethylene sheets.

All concrete specimens were kept in their molds for 48 hours after casting in a
moisture room in accordance with the recommendation of the regulation NF EN
12390-2 [54]. After this period, the concrete cylinders were taken out of their molds
and continuously cured by immersing them in a water basin at a temperature of
approximately 20°C for 2 months. At the age of 56 days, all the specimens were cut
by diamond grinding discs to ensure both the ends to be perpendicular to the sides
of the sample and avoid flexural stresses upon loading. After sawing, the concrete
specimens were kept again in the water basin for an additional month and left
exposed to atmosphere in the laboratory until the testing day (see Fig. 3b). In
accordance with the recommendation of the regulation NF EN 12390-3 [55],
compression tests should be carried out after a minimum age of 28 days. In this
research, all the compression tests were performed five months after concrete

casting.



3.3 P-wave velocity measurements

According to ASTM C597-02 [37], the dynamic Young’s modulus of concrete
can be estimated from the P-wave velocity, V},, of a compression wave travelling
through an elastic concrete body, the Poisson’s ratio, v, and the density of the
concrete sample, p, as follows:

p(1+v)(1—2v)
1—-v

V= V2 [ ©)

In this study, based on the principles of ultrasonic testing described in ASTM
C597-02 [37], the transit time, A;, of P-waves through the concrete sample was
measured by using an Acoustic Emission (AE) equipment (see Fig. 4c and Fig. 5a).
The velocity, V},, was then calculated by dividing the wave path, h, (the height of
concrete sample) over the transit time, At, as V, = h/At. These P-wave velocity
measurements were non-destructive tests and carried out on intact concrete
specimens prior to uniaxial compression tests (section 3.4). For this work, a total of
36 specimens (three specimens for a given size and type of concrete) were tested.

In order to detect the arrival time of P-wave of concrete, a pair of piezoelectric
transducers (AE sensors) with frequency bandwidth of 20-1200kHz was used.
These two transducers were fixed to the ends of concrete cylinder by applying a
coupling silicon paste (see Fig. 4c). In this study, Pencil-lead break (PLB) (Hsu-
Nielsen source [56]) was used as an artificial method of generating acoustic
emission (AE) signals. The PLBs occurring very close to one of the two transducers,
caused stress waves that propagated through the concrete sample and then recorded
by the remaining transducer (see Fig. 4c and Fig. 5a). Five different PLB tests were
conducted around each AE sensor, for a total of 10 values of P-wave velocity
collected for each concrete sample. The transit time, At, in each PLB test was
computed as the difference of arrival time of the P-wave between the two AE
sensors. The details of these AE measurements have been presented elsewhere [19].

It is noteworthy that the S-waves were hardly distinguishable from the P-waves
on the waveforms recorded by the AE system [57, 58]. Consequently, the
measurement of the shear modulus, and so of the Poisson’s ratio (v), was not
possible from the AE measurements carried out in this study. As reported in [5, 39,
59-61], the value of Poisson’s ratio for normal-weight concrete is generally in a

range 0.20 to 0.25. Moreover, available data do not show any significant impact of
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various factors (e.g. W /C ratio, curing condition, aggregate gradation) on Poisson’s
ratio [5, 7]. Similarly, published data show no evidence of shape or size effects on
Poisson’s ratio [21, 39, 59]. In this study, an averaged value of v = 0.22 was
assumed as the value of Poisson’s ratio for all our concretes to estimate the dynamic

modulus of elasticity (Y;) from Eq. (6).

3.4 Uniaxial compression test

After completing the nondestructive tests (section 3.3), static mechanical
properties including the compressive strength and the static modulus of elasticity
of concrete specimens were determined from a series of uniaxial compression tests.
These loading tests were carried out following the procedure described in the
regulations NF EN 12390-3 [55]. In this work, two load-controlled compression
machines (of different stiffness and loading capacity) were used because the
concrete samples were of different sizes. These two machines were calibrated and
certified by the French Accreditation Committee (COFRAC) [62] and their specific
properties conformed to the requirements in the regulation NF EN 12390-4 [63].
For the three large sample sizes (cylinders of 70 mm, 110 mm, and 160 mm in
diameter), a compression machine (Machine A, Fig. 4a) with a loading capacity of
3000 kN was used. This machine is 2.9 stiffer than the largest specimens. The other
compression machine (Machine B, Fig. 4b) with a loading capacity of 300 kN was
used for the smallest samples (cylinders of 40 mm in diameter). The stiffness of this
machine is 3.5 times that of the 40x80-mm specimens. The loading rate applied for
all compression tests was 0.5 MPa per second and kept unchanged from the
beginning of loading until the sample was broken down. When the load fell below
50% of the peak load, loading and data recording were automatically stopped.
During the test, the load (F), the stress (¢ = 4F /m¢?) and the axial displacement
(&) were continuously recorded every 0.2 seconds. The displacement (§) was the
axial displacement of the bottom steel platen of the compression machine and
measured by one Linear Variable Differential Transducer (LVDT) attached on the
frame of the machine. It is noteworthy that both the sample and the compression
machine are deforming upon loading. Consequently, the axial displacement (&)
measured directly from the test, comprises not only the true axial displacement of

the specimen (A, ), but also the elastic deformation of the loading frame (A,).

For this reason, to obtain the value of A, the elastic deformation (A,) must be

sp»
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eliminated from the measured displacement (&). In the present work, we performed
a calibration test on an Aluminum sample of known elastic modulus to determine
the relationship between the loading deformation (Afr) and the applied load (F).
In other words, from this calibration test, the elastic deformation of the compression

machine (Ag,.) was calculated at any applied load and then used to correct the true
displacement corresponding to the deformation of the concrete sample (Asp). The

details of these calibration tests have been presented elsewhere [62].

3.5 Determination of static elastic modulus

The static Young’s modulus is generally defined as the elastic stiffness that
relates to the ratio of axial stress to axial strain for a material subjected to uniaxial
loading [5]. Various estimations of this static modulus from the slope of the stress-
strain curve in the elastic deformation regime have been proposed, such as the
tangent modulus [7, 64], the secant modulus [2, 3, 65] or the chord modulus [66].
In this study, both the secant and tangent elastic moduli for all concrete specimens
were examined. The deformation of a concrete specimen is calculated by dividing

the displacement, A, (see section 3.4) by the height of specimen (e = Asp/h).

sp
Fig. 5b shows an example curve of the stress-strain relation for our concrete samples
in a compression test.

In order to estimate the tangent elastic modulus of concrete, we defined the
tangent modulus, (Y;); at a data point i from a differentiation of the stress-strain

curve:

(Y, = 1 =% )

€iv1 — &

A 40 data points moving average of this (Y;); curve was then performed, and
the maximum value of this moving average is taken as the tangent modulus, Y;, of
the concrete sample examined (see Fig. 5b). In the present work, the secant elastic
modulus, Y; was computed by the slope of a line drawn from the origin to 40% of
the peak stress in accordance with the recommendation described in the standard
EN 1992 [2].

12



4 Size effect on elastic moduli

Concrete, a typical heterogeneous material, exhibits a size-dependent behavior
on the nominal compressive strength [11]. Precisely, the compressive strength
decreases, in average, with increasing sample size. For the concretes used in this
study, the size effect on compressive strength has also been confirmed and
thoroughly analyzed elsewhere [19]. In this paper, we focus on the effect of size on
the Young’s modulus of concrete. This work considers both static and dynamic
estimations of elastic (Young’s) moduli as well as the relationship between them.

The variations of static elastic moduli Y; and Y, with the sample diameter for
the three concrete groups are respectively presented in Fig. 6a and Fig. 6b. As
displayed in Fig. 6¢, the tangent modulus, Y;, is observed to be approximately equal
to the secant modulus, Y, regardless of sample size and concrete mixture, meaning
that below 40% of the peak load, all our concretes remain essentially in the elastic
domain. The mean values and the corresponding standard deviation (SD) of static
elastic moduli Y; and Y; for different sample sizes of our three concrete mixtures
are summarized in Table 5. As expected, the coarser materials (M- and C-concretes)
show the higher values of both the mean and the associated variability of tangent
and secant moduli compared to the finer ones (F-concrete). For a given concrete
mixture, the static elastic properties, including tangent and secant moduli and their
standard deviations, do not exhibit any significant sample size effect.

As already presented in [19], from the non-destructive measurements (section
2.3), we observed no significant dependence of both P-wave velocities, V,, and
dynamic elastic moduli, Y, as well as their associated variabilities, on sample size
(see Fig. 11 in [19]). The absence of sample size effect on the elastic properties
including the P-wave velocity, static (section 3.1), and dynamic elastic moduli
means that all the concrete samples tested, including the smallest ones (40x80mm-
samples), are large enough in terms of microstructural characteristics to be
statistically representative of the linear (e.g. elastic) mechanical properties of the
materials [20]. The mean values of P-wave velocity (V,) and dynamic elastic
modulus (Y) for different sample sizes of the three concrete groups are reported in
Table 5.

As shown on Fig. 7, the static elastic moduli Y; and Y are observed to be

systematically smaller than the dynamic elastic modulus, Y, regardless of concrete
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mixture and sample size, with a proportionality coefficient of 0.6 (Yt,5~0.6Yd).
Nevertheless, it is noteworthy that the values of Y; and Y in this study were derived
from the deformation of the whole height of the concrete specimen (see section 2.4).
As recommended in [67], in order to determine a proper value of the static elastic
moduli Y, ;, the deformation should be measured over the central third of the
specimen height. According to Mansur et al. [68], the static modulus of elasticity
estimated by the deformation measured from the central region of the concrete
specimen is approximately 1.35 times higher than the deformation measured
between the loading platens (similar to our case). Therefore, if we use the correction
coefficient of 1.35 for the all values of Y; g, the linear relation in Fig. 7 becomes
Y, s~0.8Y,;. This is consistent with empirical relationships between static and
dynamic moduli presented in [5, 69].

The difference between static and dynamic moduli might be related to the fact
that the heterogeneous characteristics of concrete influence these two moduli in
different manners [70]. Indeed, by means of a nondestructive technique (section
2.3), the dynamic modulus of elasticity is determined prior to loading and so
without microcracking induced in the concrete specimen during the test.
Consequently, the dynamic modulus refers to the genuine elastic properties of the
material, while the static modulus can be affected by permanent non-linear
deformations resulting from damage and microcracking [5, 71]. For this reason, the
dynamic modulus is considered to be approximately equal to the initial tangent
modulus determined in the static test [5, 7]. This explains why the elastic static
modulus, Y; and/or Yy, is generally smaller than the elastic dynamic modulus, Y,
(or initial tangent modulus).

It should be noted that the value of Young’s modulus of concrete, obtained
from both static and dynamic measurements, could be affected by many other
factors such as moisture content and density [5, 7]. For our concretes, the procedure
to determine the moisture content and density has been presented in details
elsewhere [28]. However, for a given concrete group, we did not observe any
significant sample size effects on both density and moisture content (see their
values in Table 5). This means that both the moisture content and density neither
have a significant influence on the size-dependency of the elastic modulus of

concrete, nor on the correlation between the static and dynamic elastic moduli.
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5 Relationship between compressive strength and

elastic (Young’s) modulus

As mentioned in section 1, there are numerous empirical expressions given in
the current building codes and/or proposed in the literature to estimate the elastic
modulus based on the compressive strength of concrete. In this study, only the
expressions proposed in the most popular building codes (i.e. the standards EN
1992 [2] and ACI 318-05 [3]) are used in order to compare with our results.

As displayed in Egs. (1) and (3) as well as for other equations summarized in
Table 1, it is clear that these empirical formulas are dimensionally conflicting (e.g.
Pa vs. Pa®® in Eq. (1) and Pa vs. Pa’% in Eq. (3)). Besides this, Fig. 8, which shows

the correlations between the compressive strength, ¢, and the static (¥, and Y) and

dynamic (Yy) elastic moduli for all of our concrete samples, epitomizes several
problems while using such empirical relations. In this figure, we show the modulus
of elasticity (static and dynamic)-compressive strength relationships for all our
concrete samples. The relationships obtained using the expressions (Egs. (1) and
(3)) given in the codes mentioned above are also plotted in Fig. 8 by taking

(f! = o7) and (f,;n = o). From this, we observed that:

(i) for the static modulus of elasticity, the empirical expressions are
systematically much larger than our values of both Y; and Y;, regardless of concrete
mixture and sample size.

(i) for the dynamic modulus of elasticity, Y;, experimental data are below the
empirical predictions for F-concrete, but above the predictions for M- and C-
concretes. In other words, for M- and C-concretes, both EN 1992 and ACI 318-05
underestimate the value of Y; while these empirical predictions overestimate it for
F-concrete.

(iii) the mean value of the dynamic modulus of elasticity, Y,;, seems to slightly
increase with increasing compressive strength, oy, for F- and M-concretes (see Fig.
8a and b). This is not the case for C-concrete (Fig. 8c) and, gathering the data
obtained for all sample sizes for a specified concrete mixture in Fig. 8d, an opposite
trend is actually observed. This means that, due to size effects on compressive
strength, there is no correlation between the dynamic modulus of elasticity and the
compressive strength, in contrast with the empirical expressions summarized in
Table 2.
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(iv) for an individual dataset (fixed concrete mixture and sample size), the
correlations of compressive strength g with both static moduli Y; and Y; are either
very weak or unsignificant (see Table 6). Merging strength data for all sample sizes
of a given concrete group, the absence of correlation is clear as well (see Fig. 8a, b
and c). This is expected, as we observed a size effect on strength (see in more details
in [19]) but not on the elastic modulus (Fig. 8).

(v) considering now all concrete samples (all sizes, all materials), the
disagreement with the empirical formulas (1) and (3) is even more striking (Fig.
8d). Indeed, increasing the aggregate size implies an increase of the elastic modulus,
as expected, while F-concrete showed, in average, larger strengths than M- and C-
concrete. As explained in more details in [19], this last point is a consequence of
the size effects on compressive strength, in relation with the pore structure of our
hardened concrete samples.

This demonstrates the absence of significant and meaningful link between
elastic modulus (either static or dynamic) and compressive strength. This, we argue,
is not surprising, given that the modulus of elasticity is directly related to elastic
(linear) deformation, while the compressive strength is affected by the non-linear
behavior due to the progressive development of damage and microcracking [5, 7].
For a perfect crystalline material without defects, the ultimate (tensile) strength,
resulting from pure brittle failure, would be proportional to the elastic modulus [72].
For a disordered material like concrete under compression, such scenario is
unrealistic.

Nevertheless, it is noteworthy that the empirical expressions (e.g. Equations
(1) and (3) or those summarized in Table 1) have been proposed from experimental
datasets of only one standardized size of concrete sample (e.g. cylinder of 150x300
mm in US [73]; cylinder of 160x320 mm or cube of 150x150x150 mm in many
European nations [53, 74]; either cubes of 100x100x100 mm or 150x150x150 mm
in other countries) with different concrete mixtures (i.e. different strength grades)
[5-7, 26]. These empirical expressions may thus actually express the influence of
some factors such as aggregate type, density, or mix proportion on both the elastic
properties and the compressive strength. They might therefore provide a relatively
good estimation of the Young’s modulus from the compressive strength in case of
normal-weight concretes, as long as the concrete sample size used to measure the

strength is in conformity with these standardized sizes [6]. In the present study, we
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examined the influence of sample size on the relationship between the modulus of
elasticity and the compressive strength, while, by definition, the strength grade (i.e.
the characteristic compressive strength) of a given concrete mixture is independent
of sample size. From these observations, it can be concluded that, in order to
estimate the Young’s modulus from the compressive strength of concrete, in many
cases (e.g. F-concrete samples in this study), due to the sample size effect on the
compressive strength, the use of empirical expressions such as Eq. (1) or Eg. (3)
may lead to an overestimation (an unsafe result). Owing to the limited number of
different concrete mixtures considered in the present work and the similarity of their
characteristic compressive strength (see [28] for more details), we cannot conclude
that these empirical formulas could not be acceptable for other concrete mixtures
(e.g. other type of concrete, other strength grade mixture). However, more
generally, to measure the elastic modulus from a static load test, rather than from
such empirical relations, is highly recommended and considered as being much

safer for concrete structural design.

6 Conclusion

In this paper, from an extensive experimental study of the compressive
behavior of different concrete mixtures and different sample sizes: we (i) explored
a potential effect of sample size on the elastic properties (i.e. Young’s modulus and
P-wave velocity); and (ii) discussed the relationship between compressive strength
and elastic modulus. The following main conclusions can be drawn:

(i) The coarser concrete shows a larger elastic modulus than the finer ones.
This is consistent with the fact that the elastic modulus of concrete is affected by
the elastic modulus of the aggregate and by the volumetric proportion of aggregate
in the concrete.

(i) The ratio of the static modulus of elasticity to the dynamic modulus for all
specimens, regardless of sample size and concrete mixture, is always smaller than
unity. Nevertheless, this ratio directly depends on the methodologies applied for
measuring the deformation of specimens during the loading and for estimating the
static elastic modulus. This means that there is no simple conversion between the
dynamic modulus, which is known as the genuine elastic modulus of the material,

and an estimate of the static modulus which is used in structural design.
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(iii) For a given concrete mixture, there is no sample size effect on the elastic
properties of concrete, including the static and dynamic elastic moduli. This is in
full contrast with the compressive strength, which exhibits significant size effects
for all the concrete mixtures.

(iv) A consequence of point (iii) above is that there is no direct proportionality
between elastic modulus (a size-independent property) and compressive strength (a
size-dependent property) of concrete. This raises severe concerns about the use of
empirical formulas proposed in building codes to estimate the Young’s modulus
from the compressive strength, and consequently on the design of structural
concrete elements. Consequently, the authors recommend using non-destructive
methods such P-wave velocity measurements or performing uniaxial compression

tests on concrete specimens to directly determine the elastic modulus of concrete.
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Fig. 2. Three different concrete mixtures used for experimental investigations: (a) Size distribution

of aggregates; (b) Cross sections of three different concrete groups.

Fig. 3. Different steps of fabrication of the concrete specimens. (a) Raw constituent materials and
cylindrical cardboard molds with different sizes used for casting concrete samples; (b) Concrete

samples left exposed to atmosphere in the laboratory after the curing period in a water basin.
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Fig. 4. Testing setup for: uniaxial compression tests ((a)-Compression machine A and (b)-

Compression machine B) and (c) P-wave velocity measurements.
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Yy vs. Y.
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symbols are the tangent moduli (Y;), open symbols are the secant moduli and unfilled symbols with

error bars are the dynamic elastic moduli (Y,).
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Tables

Table 1. Empirical relations of static Young’s modulus with compressive strength

References Expression for static Young’s Range of concrete

modulus, Y, (MPa) strength
Ahmad and Shah, 1985 [75] Yy = p?5(f)0325 f! < 84 MPa
Kakizaki et al., 1992 [5, 76] Y, =3.65(£)%  80MPa< f/ <140 MPa

1/3

CEB-FIB Mode code, 1993 [9] *Y, = 21500a (%) fox < 80 MPa
Iravani, 1996 [77] Y, = 4700C(f)0° 55 MPa < f! < 125 MPa
Malaikah, 2005 [78] Y, = 2090(f/)°5 4+ 22680 45 MPa < f! < 90 MPa
Noguchi et al., 2009 [6] Y, = kik, X 1.486 x 1073(f))/3p? 40 MPa < f < 160 MPa

Notes: f; is the specified compressive strength in MPa, p is the density in kg/m®, £, is the characteristic
compressive strength in MPa.
" ay is a constant that depends on the type of aggregates.

wox

C., is a coefficient related to the type of aggregates.

sk

k1, k, are the correction factor corresponding to coarse aggregates and mineral admixtures, respectively.

Table 2. Empirical relations of dynamic Young’s modulus with compressive strength

References Expression for dynamic Type of concrete NDT method
Young’s modulus, Y, (GPa)

Normal weight

Lee et al., 1997 [36] Yy = a. (f)P Resonant frequency
concrete
- ' Normal weight

Malhotra et al., 2004 [39] Y, = 8.67 X 10°—; Je Resonant frequency
Je+1550 concrete
Normal weight

Zhou et al., 2015 [25] 8y, =af®*5 +b g Resonant frequency
concrete
510 Normal and High

Jurowski et al., 2018 [24] sy, = £L7°107 (05 M Resonant frequency
L5y strength concrete

Self-Compactin
Kumar et al., 2019 [9] Y = 0.4079(f,,) 2557 pacting UPV

Concrete (SCC)

Notes: 1 psi = 0.00689476 MPa, f; is the specified compressive strength in MPa, p is the density in kg/m3, f,; is the
characteristic compressive strength in MPa.

* a, b are the experimental coefficients which are found by the linear regression of In(f;’) versus In(Yy)

™Y, is expressed in psi.10° and £ is measured by psi.

§ a is the coefficient related to the volume content of aggregate and maximum coarse aggregate size; and b is
coefficient influenced by the volume content of aggregate, maximum coarse aggregate size and water-to-cement ratio.
88 y is the volume content of aggregate in the concrete mix.

NDT: Non-Destructive Testing

UPV: Ultra-sonic Pulse Velocity
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Table 3. Empirical relationships between the static (¥;) and dynamic (Y;) elastic moduli of

concrete
References Equation Type of Type of NDT
concrete  static elastic method
modulus
Light- and
. . 446.09Y4* .
Popovics, 1975 [79] Y, = p—d Normal- weight Secant upPv
concrete
British standard Normal weight Resonant
Ys =1.25Y; — 19 Secant
BS8110-2, 1985 [10] concrete frequency
Light- and
. Resonant
Lydon et al., 1986 [69] Y, = 0.83Y, Normal- weight Secant
frequency
concrete
. Normal weight Resonant
Han et al., 2004 [35] Y, =Y, (1—ae bYa)P Secant
concrete frequency
Normal weight Resonant
Zhou et al., 2015 [25] S, =cY;+d Secant
concrete frequency
) Normal weight
Pesic et al., 2015 [80] Yy = 1.32Y; Secant UPV
concrete
Y, = 0.16Y}3¢ ] UPV
Normal weight
Lee et al., 2017 [42] Secant ————
concrete Resonant
Y, = 0.337}%*
frequency
. Normal weight Resonant
Bassim et al., 2020 [34] Y, = 0.84Y; — 0.74 Secant
concrete frequency
Notes: Both units of ¥; and Y, are in GPa.
" p. is the density of the hardened concrete in a unit of kg/m®.
™ a and b are the regression coefficients.
§ ¢ and d are the regression coefficients. c is in a range of 0.88 to 0.97.
NDT: Non-Destructive Testing
UPV: Ultra-sonic Pulse Velocity
Table 4. Mix proportions for the three concrete groups.
Medium Coarse Maximum Finesse
Concrete Water Cement Sand ‘ ‘ ‘ dul
aggregate  aggregate aggregate  modulus
group (kg/m?®) (kg/m?®) (kg/m?3) gareg gareg 99 9
(kg/m?) (kg/m?) size (mm)
F 225 450 0.50 1350 0 0 3.15 3.24
M 195 335 0.58 800 1065 0 16 6.95
C 195 335 0.58 800 0 1065 25 9.21
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Table 5. Density, moisture content, P-wave velocity, static and dynamic elastic moduli of different

sample sizes and different concrete groups.

Concrete  Sample size, Density, p Moisture Static elastic modulus P-wave Dynamic
group ¢ xh (kg/m®)  content, w, velocity, V,, elastic
(mm x mm) (%) Tangent Secant (m/s) modulus, ¥,
modulus, Y, modulus, Y (GPa)
(GPa) (GPa)
Mean SD Mean SD Mean SD Mean SD Mean SD Mean SD
40x80 22041 20.7 54 05 172 38 169 3.7 37980 1645 280 24
70x140 22011 11.0 54 04 185 22 18.1 2.2 3808.1 1426 2714 20
] 110x220 2177.7 25.0 52 05 172 14 169 14 38237 1217 272 18
160x320 21531 253 50 0.2 178 19 18.0 2.0 37824 1355 265 1.8
40x80 24153 16.5 34 03 217 41 216 4.1 43439 2112 39.8 39
70x140 23974 114 34 03 236 24 234 24 4337.0 1344 387 23
M 110x220 2386.3 18.6 30 01 217 17 216 1.7 4268.6 225.7 374 40
160x320 2366.4 124 29 03 225 19 236 2.7 4283.0 187.9 370 32
40x80 24151 25.2 34 04 200 49 195 4.8 4168.7 2939 36.0 4.7
70x140 24216 117 34 04 248 28 242 27 44762 166.0 415 2.7
¢ 110x220 23939 176 30 02 213 21 200 1.8 43594 2624 388 44
160x320 2384.6 18.0 31 02 222 28 217 3.1 43655 2523 383 43
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Table 6. Compressive strength (a5 ) and its correlation coefficient with the static moduli

(Y, and Y;) for different concrete samples.

Compressive strength,

Concrete  Sample sizes, o7 (MPa) o Vs. Y, ofVs. Y
group ¢ x h (mm x mm) Viean  SD
40x80 56.4 7.9 0.42 0.42
70x140 49.7 53 0.43 0.43
] 110x220 44.3 2.4 0.19 0.09
160x320 419 24 0.27 0.21
40x80 496 6.2 0.21 0.21
70x140 452 42 0.38 0.38
M 110x220 419 19 0.41 0.20
160x320 39.2 1.8 -0.06 -0.36
40x80 39.5 4.6 0.40 0.40
70x140 400 6.3 0.48 0.48
¢ 110x220 37.1 2.7 0.45 0.15
160x320 36.7 1.4 0.12 0.03
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