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ASYMPTOTIC SMOOTHNESS IN BANACH SPACES,
THREE SPACE PROPERTIES AND APPLICATIONS

R.M. CAUSEY, A. FOVELLE, AND G. LANCIEN

ABSTRACT. We study four asymptotic smoothness properties of Banach
spaces, denoted T,,A,, N, and P,. We complete their description by
proving the missing renorming theorem for A,. We prove that asymp-
totic uniform flattenability (property To) and summable Szlenk index
(property As) are three space properties. Combined with the posi-
tive results of the first named author, Draga, and Kochanek, and with
the counterexamples we provide, this completely solves the three space
problem for this family of properties. We also derive from our charac-
terizations of A, and N, in terms of equivalent renormings, new coarse
Lipschitz rigidity results for these classes.

1. INTRODUCTION

The main purpose of the Ribe program is to find metric characterizations
of linear properties of Banach spaces. Originally, it was mainly concerned
with local properties, that is isomorphic properties of finite dimensional
subspaces of a Banach space. We refer to [34] and [2] for a discussion of its
origins and motivations. In the last twenty years, the asymptotic structure
of Banach spaces, which, very vaguely speaking, deals with their finite codi-
mensional subspaces, also proved to be central in the non linear geometry
of Banach spaces. We refer the reader to the seminal works of N. Kalton
([27] and [26] for instance) and to the survey [19] and references therein.

In this article, we describe in details four different properties related to
the asymptotic uniform smoothness of Banach spaces, that we shall de-
note T,,A,, N, and P,. In section 2, we give their definitions in terms of
two-players games on a Banach space X. Let us just mention for this intro-
duction that each of them coincide with the existence of a special form of
so-called upper ¢, estimates for weakly null trees in X.

In section 3, we give the main characterizations of these properties, which
involve, upper ¢, estimates for weakly null trees, the existence of quantita-
tively good equivalent asymptotically uniformly smooth norms and, dualy,
the behaviour of the Szlenk index. We refer the reader to section 3 for the
precise statements and definitions. Most of the results that we will recall
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2 R.M. CAUSEY, A. FOVELLE, AND G. LANCIEN

are taken from previous works of the first named author (see [6], [7], [9]).
However, the renorming characterization of A, was missing. This is the main
new result of this section, that we state here.

Theorem A. Fizx 1 < p < oo and let q be conjugate to p. Let X be a
Banach space. The following are equivalent
(i) X € A,.
(ii) There exists a constant ¢ > 0 such that for any weak neighborhood
basis D at 0 in X, any n € N, and any weakly null (z¢);cp<n in the
unit ball of X, there exists t € D™ such that

Va = (a;)izy € 4, H Zazxﬂ H < cllallp.

(iii) There exists a constant M > 1 and a constant C' > 0, such that for
any 7 € (0,1] there exists a norm | | on X satisfying M~ ||z||x <
|z| < M||z||x for all x € X and

Vo > T, ﬁ‘ |(S) < CsP,

where p| | denotes the modulus of asymptotic uniform smoothness of
| | (see definition in section 2).
(iv) X has g-summable Szlenk index.

Let us recall that a property (P) of Banach spaces is separably determined
if a Banach space X has (P) if and only if all its separable subspaces have
(P). In section 4, we provide a short and unified proof of the fact that all
these properties are separably determined.

Section 5 is devoted to the study of the three space problem for T,,A,, N,
and P,. A property (P) of Banach spaces is a Three Space Property (3SP
in short) if it passes to quotients and subspaces and a Banach space X has
(P) whenever it admits a subspace Y such that Y and X/Y have (P). The
properties T,,Ap,, N, and P, pass quite simply to subspaces, quotients or
isomorphs and it was proved in [10] that P, is a 3SP. First, we take the
opportunity of this paper to provide a more direct argument for this. Then,
with a single example, we show that, for 1 < p < oo, Tp, A, and N, are not
3SP. Finally, and this is the main result of this section, we show

Theorem B. Asymptotic uniform flattenability (property T ) and summa-
ble Szlenk index (property Ax,) are three space properties.

A net in a metric space (M, d) is a subset M of M such that there exist
0 < a < b so that for every z # 2/ in M, d(z,2') > a and for every x in M,
d(x, M) < b. Let us use, for the simplicity of this introduction, that two
infinite dimensional Banach spaces X and Y are coarse Lipschitz equivalent
if and only if there exist two nets in X and Y that are Lipschitz equivalent.
The precise definition of a coarse Lipschitz equivalence is given in section 6
and can be roughly described as a Lipschitz equivalence at large distances.
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In [17] and [18], it is proved that T, is stable under Lipschitz equivalences, P,
is stable under coarse Lipschitz equivalences and A, = N, is stable under
coarse Lipschitz equivalences. In [28], N. Kalton proved that for 1 < p < oo,
the class T, is not stable under coarse Lipschitz equivalences. Thanks to
our renorming theorems from section 3, we can almost complete this set of
results.

Theorem C. Let p € (1,00). Then, the class A, and the class N, are stable
under coarse-Lipschitz equivalences.

To be perfectly clear, let us point that for N, this is deduced from already
existing results, while for A, it relies on our new renorming characterization.

In section 7 we conclude this paper by gathering a few known examples
of T, or Ay spaces and related questions.

2. THE PROPERTIES

All Banach spaces are over the field K, which is either R or C. We let By
(resp. Sx) denote the closed unit ball (resp. sphere) of X. By subspace,
we shall always mean closed subspace. Unless otherwise specified, all spaces
are assumed to be infinite dimensional.

Let us first recall the definition of the Szlenk index. For a Banach space
X, K C X* weak*-compact, and ¢ > 0, we let s.(K) denote the set of
x* € K such that for each weak*-neighborhood V' of z*, diam(V N K) > e.
We define the transfinite derivations

sU(K) = K,

3§+1(K) = SE(SE(K))a

and if £ is a limit ordinal,

sE(K) = [ s¢(K).
¢<¢
For convenience, we let so(K) = K. If there exists an ordinal £ such that
s$(K) = @, we let Sz(K,¢) denote the minimum such ordinal, and oth-
erwise we write Sz(K,e) = oo. We let Sz(K) = sup,.Sz(K,e), where
Sz(K) = o0 if Sz(K,e) = oo for some ¢ > 0. We let Sz(X,e) = Sz(Bx~,¢)
and Sz(X) = Sz(Bx~). In this work, we will exclusively be concerned with
Banach spaces X such that Sz(X) < w, where w is the first infinite ordi-
nal. Since Sz(X) = 1 if and only if X has finite dimension, and otherwise
Sz(X) > w, we will actually only be concerned with the case Sz(X) = w.
By compactness, Sz(X) < w if and only if Sz(X,¢) is a natural number for
each € > 0. We note that Sz(X) < oo if and only if X is Asplund. One
characterization of Asplund spaces is that every separable subspace has a
separable dual.
We recall that for any Banach space X and 0 < e,0 < 1,

Sz(X,e0) < Sz(X,e)Sz(X,0).
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From this it follows that if Sz(X, ¢) is a natural number for each € > 0, the
Szlenk power type
log Sz(X
p(X) := lim log 52(X, ¢)
e—0t+ | log(e)]
is finite. It also holds that for any ordinal £, any € > 0, and any natural
number n, if Sz(X,e) > &, then Sz(X, ) > ¢n. Indeed, this follows from
realizing
1 1
Bx«=—Bx++...+ —Bx=
n n

and noting that the >-derivations act on one summand at a time in the

same way that the e-derivations act on Bx«. Therefore the e-Szlenk in-

dex grows subgeometrically but superarithmetically. The superarithmetic

growth implies that for any infinite dimensional Banach space, p(X) > 1.
We define the following modulus. For € > 0,

0% (e) = max{d > 0, s.(Bx+) C (1—8)Bx-}.

For 1 < ¢ < oo, we say X has g-summable Szlenk index provided there
exists a constant ¢ > 0 such that for any n € N and any €1,...,&, > 0 such
that se, ... e, (Bx+) # @, > q el < ¢ In the ¢ = 1 case, we refer to this
as summable Szlenk index rather than 1-summable Szlenk index.

We also define the modulus of asymptotic uniform smoothness of X. If X
is infinite dimensional, for o > 0, we define

px(o)= sup _inf sup [ly+oz| -1,
yeBx E€cof(X) zeBg
where cof(X) denotes the set of finite codimensional subspaces of X. For
the sake of completeness, we define px (o) = 0 for all o > 0, when X is finite
dimensional. We note that

px (o) =sup{limsup|ly + oz|| — 1 : (x)) C Bx is a weakly null net}.
A
It follows easily from the triangle inequality that py is a convex function.

Since px(0) = 0, we deduce that o — pXTm is non-decreasing on (0, 00).
Therefore

inf Px(0) = limsup pX(U).
>0 o o0+ o

We say X is asymptotically uniformly smooth (in short AUS) if

inf px (o)
a>0 o

=0.

We say X is asymptotically uniformly smoothable (AUS-able) if X admits
an equivalent AUS norm. For 1 < p < oo, we say X is p-asymptotically
uniformly smooth (in short p-AUS) if

sup px (o)
o>0 O

< 00
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We say X is p-asymptotically uniformly smoothable (p-AUS-able) if X ad-
mits an equivalent p-AUS norm. We say X is asymptotically uniformly flat
(AUF) if there exists op > 0 such that py(0g) = 0. We say X is asymptoti-
cally uniformly flattenable if X admits an equivalent AUF norm. Of course,
p-AUS spaces and AUF spaces are AUS spaces.

It is well known that the dual Young function of the modulus of asymp-
totic uniform smoothness is equivalent to the so-called modulus of weak*
asymptotic uniform convexity 5} (see Proposition 2.1 and Corollary 2.3 in
[13]). Tt is also clear that dy is equivalent to fy. It will be more conve-
nient for us to work with 5}. We shall only need the following version of
Proposition 2.1 in [13].

Proposition 2.1. There exists a universal constant C' > 1 such that for
any Banach space X and any 0 < 0,7 < 1,

(1) If px(0) < or, then Ox(CT) > o7.

(2) If Ox (1) > o1, then px (&) < oT.

For 1 < ¢ < o0, a Banach space X, and a sequence (z;)7°; C X, we define
the (possibly infinite) quantity

)2l = sup{ll(2* (@)Z4 e, : 2 € Bx-}.
We also define this quantity for finite sequences,
[(@i)izallg = sup{|| (2" (zi))ici llep : 2" € Bx«}.

Note that, if p € (1, 00] is the conjugate exponent of ¢, we have that

[()2y 12 = inf {e € (0,00], Va = (a2 € b | awi]| < clally}-
=1

A similar formula is valid for [|(z;)i_, ||/ -

We next define four different two-players games on a Banach space X.
Fix 1<p<ooandlet 1/p+1/q=1. For ¢ > 0 and n € N, we define the
T(c,p) game on X, the A(c,p,n) game, and the N(c,p,n) game. Let D be
a weak neighborhood basis at 0 in X. In the T'(¢,p) game, Player I chooses
a weak neighborhood U; € D, and Player II chooses z; € Uy N Bx. Player
I chooses Uy € D, and Player II chooses zo2 € U N Bx. Play continues in
this way until (7;)72, has been chosen. Player I wins if [|(z;)72, ||’ < ¢, and
Player II wins otherwise.

The A(c,p,n) game is similar, except the game terminates after the n'”
turn. Player I wins if ||(z;)iL,[|§ < ¢, and Player II wins otherwise.

In the N(c,p,n) game, as in the A(c,p,n) game, the game terminates

after the n® turn. Player I wins if HZZL:1 :cl‘ < en'/?, and Player II wins

otherwise.

Finally, in the O(c,n) game, Player I wins if szbzl z;|| < ¢, and Player

IT wins otherwise.
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It is known (see [6], section 3) that each of these games is determined.
That is, in each game, either Player I or Player II has a winning strat-
egy. We let t,(X) denote the infimum of ¢ > 0 such that Player I has a
winning strategy in the T'(¢,p) game, provided such a c exists, and we let
t,(X) = oo otherwise. We let a,,(X) denote the infimum of ¢ > 0 such
that Player II has a winning strategy in the A(c,p,n) game, and we let
ap(X) = sup,, ap»(X). We note that a,(X) is the infimum of ¢ > 0 such
that for each n € N, Player I has a winning strategy in the A(c,p,n) game
if such a c exists, and ap(X) = oo otherwise. We let 6,(X) denote the
infimum of ¢ > 0 such that Player I has a winning strategy in the ©(c,n)
game, noting that 6,(X) < n. Finally, we let n,,(X) = 0,(X)/n'/? and
n,(X) = sup,, np»(X), noting that n,(X) is the infimum of ¢ > 0 such that
for each n € N, Player I has a winning strategy in the N(c,p,n) game,
provided such a c exists, and n,(X) = oo otherwise.

Let DS® = U D', Let D<¥ = U, D%, and let D“ denote the set of
all infinite sequences whose members lie in D. Let DS¥ = D<* U D“. For
s,t € D<¥ we let s ~ t denote the concatenation of s with t. We let |¢|
denote the length of ¢. For 0 < ¢ < |¢|, we let ¢|; denote the initial segment
of t having length i, where t|y = @ is the empty sequence. If s € {@}UD<Y,
we let s < t denote the relation that s is a proper initial segment of .

We say a function ¢ : D<¥ — D<% is a pruning provided that

(i) |@(t)] = |t| for all t € DS™,
(ii) if s < ¢, then p(s) < @(¢),

(iii) if o((U1,...,Ux)) = (V1,..., V), then Vi, C Uy.
We define prunings ¢ : DS® — D<S" similarly.

Given D a weak neighborhood basis of 0 in X and (z¢);ep<w C X, we say
(Tt)1ep<w is

(i) weakly null of type I provided that for each t = (Uy,...,Uy), z¢ € Uy,

(i) weakly null of type II provided that for each t € {@} U D<¥,
(z¢~y)uep is a weakly null net. Here D is directed by reverse
inclusion.

The notions of weakly null of types I and II for collections indexed by D<"
are defined similarly. Note that a weakly null collection of type I is weakly
null of type II. We now link these notions with our various games.

Proposition 2.2. Let X be a Banach space, let p € (1,00] and ¢ > 0.
Then, Player II has a winning strategy in the T'(c,p) game on X if and only
if there exists a collection (x¢)iep<w C Bx such that

(a) (x¢)iep<w is weakly null of type I, and

(b) for each T € D%, |[(z7,)24 1l > c.

Proof. First, if such a collection exists, we can use it to define a winning
strategy for Player II in the T'(c,p) game. When Player I chooses Uy € D,
then Player II chooses z(y,). Player I chooses Uz € D, to which Player IT’s
response is (g, 17,)- Play continues in this way, and the result is (z,,)52; for



ASYMPTOTIC SMOOTHNESS 7

some 7 € D*, which satisfies ||(x,)2,[|§’ > ¢. On the other hand, if Player
IT has a winning strategy in the T'(c, p) game, we define by induction on k the
vector z(y, . 1, to be Player II's response according to this winning strategy
following the choices U, z(y,), U2, T(t, 1) - - - » Uk in the T'(e,p) game. It
follows from the rules of the game that (a) is satisfied, and it follows from
the fact that Player II plays according to a winning strategy that (b) is
satisfied. O

Analogous statements about (2¢),c p<n C Bx can be made for the A(c, p,n),
N(c,p,n), and ©(c,n) games. We also have

Proposition 2.3. Let X be a Banach space, let p € (1,00] and ¢ > 0.
Then, Player II has a winning strategy in the T'(c,p) game if and only if
there exists a collection (z+)iep<w C Bx such that

(a) (x¢)iep<w is weakly null of type II, and
(b) for each T € D%, |[(z7,)241lg > c.

Proof. Since any collection which is weakly null of type I is also weakly
null of type II, by the previous proposition, it is sufficient to note that
if (x¢)iep<w C Bx is weakly null of type II, then there exists a pruning
¢ : DY — D<® such that (x,))iep<e C Bx is weakly null of type L
Moreover, property (b) is retained by the collection (zy))icp<w- O

Again, analogous statements hold for collections indexed by DS™ and the
games A(c,p,n), N(c,p,n), and O(c,n). Unless otherwise specified, by a
weakly null collection (z4);cp<w in X, we shall mean weakly null of type II.
However, it might be convenient to use that we may assume it to be weakly
null of type L.

It is quite clear that the existence of winning strategies, and therefore the
constants associated with these games, do not depend upon the particular
choice of D. Indeed, if Dy, Dy are two weak neighborhood bases at 0 in
X, and Player I has a winning strategy in any of the games above when
Player I is required to choose from D, then this winning strategy can be
used to construct a winning strategy choosing from Ds by choosing at each
stage of the game any member of Dy which is a subset of the member
of D indicated by the winning strategy. From this it follows that the
values of the associated constants also do not depend on D. In particular,
in the case that X™* is separable, we can fix a countable, linearly ordered
weak neighborhood basis D and, by identifying D with N, characterize the
constants t,(X),apn(X),ap(X),0,(X),npn(X),n,(X) using trees indexed
by N<“ or NS” rather than D<“ or DS". Therefore in the case that X has
a separable dual, these constants are sequentially determined. Moreover,
if X is separable and there exists some 1 < p < oo such that any of the
constants t,(X),ap(X),ny(X), then Sz(X) < w, X is Asplund, and X* is
separable. However, we can only use N<“ (resp. N<") in place of D<%
(resp. DS™) as index sets to compute the values of these constants once
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we already know that X* is separable, because of examples like ¢; with
the Schur property. So, for example, once we know p(X) is finite, we can
characterize its value using trees indexed by N<%, but we cannot use trees
indexed by N<“ to determine whether t,(X) is finite.

We conclude this section with elementary statements that we shall use
to stabilize weakly null trees. Note that the operation described below is
actually a pruning.

Proposition 2.4. Let (D,<p) be any directed set, F' a finite set, n a nat-
ural number, and f : D™ — F a function. There exists § : DS — DS"
preserving lengths and initial segments such that

(i) if@((Ul, ey Uk)) = (Vl, ey Vk), then Uk gD Vk,

(i1) f o0|pn is constant.

Proof. We work by induction. For x € F, let I, = {U € D : f((U)) = «}.
Since Ugerpl, = D and F is finite, there exists some x € F' such that I, is
cofinal in D. This means that for any U € D, there exists Viy € I, such that
U <p Viy. Define 0((U)) = (V) and note that f of|p1 = x.

Next, assume the result holds for some n and fix f : D"*!' — F. For
each U € D, define fU : D™ — F by fU((Ula .. ,Un)) = f((U, Uy,.. ,Un))
By the inductive hypothesis, there exist 8 : DS® — DS" which preserves
lengths and initial segments and satisfying (i) and (ii). Fix xy € F such
that fy o Oy|pn = zy. Define g : D' — F by g((U)) = zy. By the base
case, there exists ¢ : D' — D! satisfying (i) and (4i) with f replaced by
g. Define 0 : DS"1 — DSl by 9((U)) = ¢(U) and (U, Uy,...,Us)) =
o(U) ~ Oy (Un, ..., U). -

Corollary 2.5. Let (D,<p) be any directed set, (K,d) a totally bounded
metric space, n a natural number, and f : D™ — K a function. For any
e > 0, there exist § : DS™ — DS" preserving lengths and initial segments
and a subset B of K of diameter less than € such that

(i) if 0(Uy,...,Ux)) = (Vi,..., Vi), then Uy, <p Vi,

(i) f(0(t)) € B for allt € D™.

Proof. Let Bi,...,Bp be a cover of K by sets of diameter less than e.
Define g : D™ — {1,...,m} by letting ¢g(t) = min{i < m : f(¢t) € B;}.
Apply Proposition 2.4 to g.

O

3. THE PROPERTIES AND THEIR RELATIONS

Throughout, we let Ban denote the class of all Banach spaces over K. We
let Sep denote the class of separable members of Ban. For 1 < p < oo, we let
T, denote the class of Banach spaces X such that t,(X) < co. The classes
Ap and Ny, are defined similarly using a, and n,. We let P, = (), T
We let D; denote the class of all Banach spaces the Szlenk index of which
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does not exceed w. We now present the following alternative descriptions of
each class. we have chosen to quickly indicate the easy arguments, to give
precise references for others and to detail the new ones.

We start with the description of T,. The next theorem is the main result
from [6]. We briefly explain the easy implications and emphasize the key
part of the proof.

Theorem 3.1. Fix 1 < p < o0 and let ¢ be conjugate to p. Let X be a
Banach space. The following are equivalent

(i) X € Tp.
(ii) There exists a constant ¢ > such that for any weak neighborhood
basis D at 0 in X and any weakly null (xt)icp<w C Bx, there exists
7 € D¥ such that ||(z-),)2,1lg < c.
(iii) X is p-AUS-able (resp. AUF-able if p = 00).

(iv) There exist an equivalent norm |- | on X and ¢ > 0 such that for
each e € [0, 1], SE(B‘)Q*) C (1—ceq)B|)g*. In other words, gﬁ(e) > cet

Proof. The equivalence between (i) and (ii) follows immediately from our
discussions on winning strategies in the T'(¢c, p) game. More precisely, t,(X)
is the infimum of those ¢ for which (i7) holds.

The equivalence between (iii) and (iv) is a immediate consequence of the
duality Proposition 2.1.

We now detail the rather simple implication (iii) = (i) and assume, as
we may, that X is p-AUS. We look at 1 < p < oo and p = oo separately.
First consider the case 1 < p < co. We note that sup,-qpx(0)/oP < 0o
if and only if there exists a constant C' > 1 such that for any z € X and
o > 0, there exists a weak neighborhood U of 0 in X such that for any
y € UNBx, ||lx+oy|P < ||z||P+ CPoP +¢. A finite net argument yields that
for any compact G C X and € > 0, there exists a weak neighborhood U of
0 such that for any x € G, any scalar b with |b| < 1, and any y € U N By,
|lx+by||P < ||x||P+CP|bP. Using this fact, for ¢ > 0, we can define a winning
strategy for Player I in the T'(C'+¢, p) game by fixing (¢;)72, C (0,1). Player
I’s initial choice Uj is arbitrary. Once Uy, z1, ..., U,, z, have been chosen, let

G= {Z?:l bix; : (b)), € ng} and choose U, 11 such that for any x € G,
y € Up+1NBx, and any b with |[b| < 1, ||z +by||P < ||z|[P+CP|b|P+ep41. This
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completes the recursive construction. For any m € N and (b;)", € By,
m » m—1
HZ bix;|| < HZ biz;
i=1 i=1
m—2
< H Z bix;
i=1
m m oo
< sz ’bl|p +Z€i < CP—FZQ.
i=1 i=1

=1

P
+ CPlom|P + em

p
+ CPlbm—1[P + CP|by |’ + em—1 + em

If >, i was chosen small enough, depending on the modulus of continuity
of the function ¢t — P on [0,C + 1], this strategy is a winning strategy for
Player I in the T'(C + ¢, p) game. Therefore X has T,. For the p = co case,
the argument is similar, except there exists a constant C' such that for any
x € X and o > 0, there exists a weak neighborhood U of 0 such that for
any y € U N By, ||z 4+ oy|| < max{||z||,Co}.
Finally, we refer the reader to [6] for the difficult implication (i) = (iv).
O

We now turn to the characterizations of A,. Note that item (iii) is a
completely new characterization. For that reason we recall the old argu-
ments and detail the new ones. As we will see later, Ao = N, so we limit
ourselves to p € (1,00) in the next statement.

Theorem 3.2. Fizx 1 < p < oo and let q be conjugate to p. Let X be a
Banach space. The following are equivalent
(i) X € Ap.
(ii) There exists a constant ¢ > 0 such that for any weak neighborhood
basis D at 0 in X, any n € N, and any weakly null (z;);cp<n C Bx,
there exists t € D™ such that ||(zy,)i-|l§ < e
(i1i) There exists a constant M > 1 and a constant C > 0, such that for
any 7 € (0,1] there exists a norm | | on X satisfying M~ ||z|x <
|z| < M||z||x for allx € X and

Vo > 1, pj(s) < Cs.
(iv) X has g-summable Szlenk index.

Proof. The equivalence between (i) and (ii) follows again from our initial
discussion on games.

The implication (i7) = (éi7) is new. Let us prove it. Fix 1 < p < oc.
Suppose that X is a Banach space and a > 1 is such that for each n € N
and (2¢);ep<n C Bx weakly null, there exists ¢ € D™ such that for all scalar

seqeunces (a;)_{,
n p n
[ e <3 tai
i=1 i=1
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We first note that for any z € X, n € N, and (2¢),cp<n C Bx weakly
null, there exists ¢ € D™ such that for all scalar sequences (a;)!" ;,

(1) |+ Zazxt\ | < oy [l + Z jail”].

Indeed, for an appropriate branch ¢, it holds that
}
1=
n n
< ay max{Je]", Y Jail} < (2007 [[l2]” + 3 Jail?].
=1 =1

Let now A = 2a. Set fo(z) = H%l and for n € N, define

n
P
Hx + Z aiTy), H <2 max{ [|]|P,
i=1

/p

fulz) = [ sup inf Sup Hz + Zaﬂﬂ H Z |al|P] ,
(@) ¢ Ap
where the outer supremum is taken over all weakly null collections (x;);c p<n
in By, the infimum is taken over ¢ € D™, and the inner supremum is taken
over all scalar sequences (a;)_ ;. It follows from taking z; = 0 for all ¢ that
fu(z) > HLAH for all x € X and n € N. On the other hand, it follows from
(1) that f,(z) < ||z|| for all n € N. We also have that f,(cz) = |c|fn(x),
for each n € NU {0}, each x € X, and each scalar ¢. Let us detail this
last fact. It is clear that f,,(0) = 0, so assume ¢ # 0. It is also clear that
folex) = |c|fn(z). Then we fix n € N, x € X and n € N. For an arbitrary
(2t)tep<n C Bx weakly null and b > f,,(z), there exists ¢ € D™ such that
for all (a;)},

ApHx—l—Zazxﬂ H \a2|p < WP,

Then
n n
T cx+2ai —Z]ai|p
i=1 i=1
1 - p "
= |c|? [EHSU + Zc_laifcﬂiH - Z ]c_laiﬂ < |c|PBP.
i=1 i=1

Since this holds for any (z;);cp<n C Bx weakly null, it holds that fn(cx)
lc| fn(x). Repeating the argument, we deduce that f,(z) = fn(c lcz)
lc| =1 fn(cz), which gives the reverse inequality.

The key step will be to show the following: for each n € N U {0}, each
weakly null net (xy7)yep C By, and each o > 0,

(2) limsup fp(x + ozp)? < fori(x)? +oP.
U

<
<
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So assume 7 < lim supf,(x + oxy)P. By passing to a subnet and relabeling,
U

we can assume 1) < f,,(z+ozy)P for all U. For each U, we find (2} ),c p<n C
Bx weakly null such that for each t € D", there exists (a;)}'_; such that

1
APHI+ oxy + Za,xﬂ H 1 |al| > ).

P
We define the weakly null collection (¢),cp<n+1 C Bx by letting z() = zy
and Ty, v,) = :E?Ul ) for 1 < k < n. By the definition of f,+1(x)P,
for any € > 0, there exists s € D"*1 such that for all (b;)71]!,

1 n+1
7+ b,
=1

Write s = (U, Uy, ...,Uy) and let t = (Ul, ..., Uy). Then there exists (a;);";
such that, combining this paragraph with the previous and letting b; = o
and b;+1 = a; for 1 < i < n, it holds that

P n
I
=1

n+1

Dbl + 0" < fuga (@) + £ + 0P

1=

i Zlb\p fua(@)” + .

1 n
n < ﬁHx +oxy + Zaimgi
i=1

1 R, p
= g+ b -
=1

Therefore n < fp41(x)P 4+ € + oP. Since n < limsup fy,(z + oxy)? and € > 0
U

were arbitrary, we have proved (2).
The next step is to average the fh’s. So, fix N € N and define

L N1
=5 2 fal@)?
n=0

Clearly, we still have that for all z € X and N € N, Hj“ < gn(x) < |z
and gy (cx) = |c|gn(x) for all scalars ¢. Then, applying (2) for each n €
{0,..., N — 1}, we obtain that for any weakly null net (z¢/)yep C Bx, any
N eN, and x € ABy,
AP

(3) thSllpgN(fU +ozy)’ < gn(@) +of +

The last stage of the proof is to “convexify” our function gy. For that
purpose, we set

x|y = inf{ZgN(xi) neN,z= Zl‘z},
i=1

i=1

which defines an equivalent norm on X satisfying < |z|n < |Jz]]. More-

over, B|X‘N is the closed, convex hull of {z € X : gN( ) < 1}. We shall now
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prove that
AP 1

(4) Vo > 0, p(X,HN)(U) < ?(Jp + N)

First we fix y € X such that gn(y) < 1. From this it follows that ||y|| < A.
Fix o > 0 and (yy)vep C B‘;N weakly null, define 2y = A~ lyy € By, so
(xv)vep C Bx is weakly null. Then we apply (3) to get

limsup |y + oy, < limsup gy (y + o Azy)?
U U

AP AP
<gn(y) + ol AP + ~ <1 + oPAP + v

Therefore, by concavity of the function h(t) = (1 +t)/?,
AP 1

. AP 1p
thSUP|y+UyU|N—1<(1+0pAp+F) —1<?(o—p+ﬁ).

Next fix x € Bl)'(‘N . As noted above, BQN is the closed, convex hull of {y €
X : gn(y) < 1}. Therefore for each € > 0, we can find yi,...,yx € X with

gn(yi) < 1 and convex coefficients wy, . . ., wy, such that |z — 3% wyi| < e.
Then

k
limsup |z + oyy| — 1 < € + limsup Z:wl(\yZ —oyyly — 1)
U U4
=1
k AP

< 5+Zwi<f(crp+;[)) :€+p(ap+]if)'
i=1

Since € > 0 was arbitrary, this finishes the proof of (4).
Finally, it is clear that, by taking N large enough in (4) we have for any
T > 0 there exists an equivalent norm | - | on X such that @ < z| < x|
p
and for any o > 7, p(x |.)(0) < %O‘p. We have proved that X satisfies (iii).

Next we prove (ii7) = (iv), which is also new. So assume (447) is satisfied.
Then, it follows from Proposition 2.1 that there exists v € (0, 1] so that for
any to € (0, 1] there exists a norm | | on X satisfying

Vo€ X, M allx <|e| < Mjz|x and Vi€ [to,1], 0] () = 712,

Fix now e1,...,&, € (0,1] and pick an equivalent norm | | as above for tg =
min{ 3, ..., {5z ). Assumethat s., ...s., Bx+ # 0. Thens,, ...s., (MB) <) #
() and by homogeneity, Sep . 5%7(3‘ +) # 0. So, if we denote o, the Szlenk

derivation on X* where the diameter is taken with respect to the norm | |,

we have that o CENE By« # (). Then classical manipulations on the
M
Szlenk derivation imply that
1 - vel
§B| E C 0'4;2 "'Usn4M2B| [* C H (1 — 4qM2q) |l

k=1
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The argument for the first inclusion can be found in [33] (proof of Propo-
sition 3.3) and the second inclusion follows from the definition of 5‘*‘ and
homogeneity. Finally we use the fact that ¢t < —log(1 —t), for t € [0,1) and
elementary calculus to deduce that ) ,_; 5% < 44]\74 il log 2. This finishes the
proof.

We now turn to (iv) implies (7). This was already proved in [7] in a
more general setting. We include the proof for the sake of completeness.
So, let M be such that if e1,...,&, > 0 are such that s., ...s., (Bx~) # 0,
then Y " ;e < M9. Let D be a weak neighborhood basis of 0 in X and
assume that ¢ > 0 is such that, for some n € N and (z);cp<n weakly null
in Bx we have that for each t € D", there exists (a;)], € Bg; satisfying

| >2imy aizy,|| > ¢. For each t € D", fix xf € By~ and (a})j_; € Byn such

that
n n
Re z} (Z aﬁxﬂi) = HZ aﬁzﬂi H > c.
i=1 i=1

Define f : D" — Byn by letting f(t) = (w7 (wy),), ..., 77 (2y,)). Fix d >0
arbitrary. By Corollary 2.5, there exist (b;)i.; € By and 6 : D" — D"
preserving lengths and initial segments such that for allt € D™ and 1 < ¢ <
n?

(i) if O((Un,...,Ux)) = (V4,..., Vi), then Vj, C Uy, and

(ii) ‘552(,5) ($0(t)\i) —bi| < 6.
By replacing zs with zg(,) and zy with x;(t) for each s € DS" and t €
D™, we can relabel and assume that the original collections (x);cp<n and
(x})tepn C Bx+ satisfy this property.

Define &; = max{0, |b;| — 20} for each 1 < i < n. We will prove that
for each 0 < j < n and t € D", there exists z* € Sep_jir -+ Sen (Bx+),
and if j < n, this * can be chosen such that for each 1 < i < n — j,
|2*(4,) — bi| < J. We prove this claim by induction on j. By convention, in
the j = 0 case, sc,, ., 5c, (Bx+) = Bx~ and we just take 2* = x} € By». Next,
assume the result holds for some 0 < j < n. By the inductive hypothesis,
for each t € D" 971 and U € D, since t ~ (U) € D", there exists z}; €
Sep_ji1 -+ Se, (Bx+) such that for each 1 <i<n—j—1, [z7(2y,) —bi| <0
and |27 (2|~@n)) — bn—yj| < 6. If &,—; = 0, we pick any U in D and set
x* = x7;. Note that the conclusions are satisfied, since, by convention

T € Sep_jiy -+ Sen (BX*) = Sc_Sep_j g -+ Sen (Bx+).

Consider now the case e,—; > 0. If 2* is any weak*-cluster point of (z;)ven,
then clearly \:n*(xth.) —b;] < ¢ foreach 1 < i <n—j—1. Note also that, since
(¢~ )uep is weakly null, there exists Up € D such that for all U C Uy,
|z*(z4~(y)| < d. This implies that

YU C o, laf - 2*l| > (el — &) (@ino))] > byl — 26 = 0y
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We now use that z* is a weak*-cluster point of (z};)ucv, C Sep_jyy - - - e, (Bx+)
to deduce that z* € s¢,_; ... 5c,(Bx+). This finishes our inductive proof of
our claim.
Applying this claim for j = n yields the existence of some z* € s, ... sc, (Bx+),
from which it follows that > ; 7 < M? We can now use this information
to estimate the constant c. We define I = {i < n: |b;| > 2§}. Then, for any
te D",

n n
¢ < Re (Z afxm) <on+ > Jablibil < 36n + > latl|bi
i=1 i=1 iel
<56n+ > latle; < 50n + ||(al)icrlle || (€0)ietller < Bom + M.
J€el
Since § > 0 was arbitrary, we conclude that ¢ < M. This finishes the proof

of this last implication.
O

Next we describe the class N,. A more general version of the following
result in proved in [9].

Theorem 3.3. Fix 1 < p < oo and let q be conjugate to p. Let X be a
Banach space. The following are equivalent.
(i) X € N,,.

(ii) There exists a constant K > 0 such that for any n € N and any
weakly null collection (x¢);cp<n in Bx, there existst € D™ such that
1520 @ |l < Knl/e.

(iii) There exists a constant M > 1 and a constant ¢ > 0 such that for
each o € (0,1], there exists a norm | | on X such that M~tz| <
x| x < M|z| for all z € X and
(a) if 1 <p <00, p))(0) < co”

(b) if p=o0, p (c) < 0.
Proof. Again, the equivalence between (i) and (i7) follows from our initial
discussion on games.

The argument for (ii) = (4¢7) is an adaptation of the proof of Theorem
4.2 in [18] to the non separable case. We refer the reader to this paper or
[9].

Let us briefly explain the simple implication (iii) = (i7). Let us assume,
as we may, that || || satisfies (iii) for o = 3. We shall show the existence
of a constant C' > 2 such that (i¢) is satisfied. Let (z¢),cp<n be a weakly
null tree in By. Pick t € D" such that 2 < || ¥y, || < 3 (if this is not
possible we are done). Now we pick recursively Ug1, ..., U, so that for all
k < 1 < n, we have, if we denote s = t ~ (Upt1,---Uy), || 3 Ty, |l > 2
and || Zi zg,ll < Zé_l ), [|(1 + 2¢27P). It now follows from classical use
of Orlicz functions (see for instance the proof of Theorem 6.1 in [29]) that
there exist a constant K > 0 so that || Y i, zy, || < Knl/p, O
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We recall that Py, is defined to be (), ,, Tr. Then we have.

Theorem 3.4. Fix 1 < p < oo and let q be conjugate to p. Let X be a
Banach space. The following are equivalent

(1) X € P,.

(ii) For each 1 <r < p, X is r-AUS-able.

(iii) There exists an equivalent norm |-| on X such that for all 1 < r < p,

X isr-AUS.
(iv) For each 1 <1 < p, 0,(X) = o(n'/").
(v) p(X) < q.

Proof. The equivalence between (i) and (iz) follows from Theorem 3.1. The
fact that (i7) implies (v) follows from Proposition 2.1. The implication
(v) = (i4i) is proved in [8] in a very general setting (non separable, for
higher ordinals and operators). Obviously (#4¢) implies (ii). The implication
(73) = (iv) also follows from Theorem 3.1. Finally (iv) = (ii) relies on an
averaging of the norms provided by (ii¢) in Theorem 3.3. O

We finally summarize what is known about the inclusions between these
classes.

Theorem 3.5. Recall that Dy denotes the class the of all Banach spaces
with Szlenk index at most w. Then
(i) D1 = U1<p<oo Tp = U1<p<oo Ap = U1<p<oo Np = U1<p<oo Pp.
(i) For1 <p<oo, T, CA, C N, C P,.
(i1i) Too C Aso = Noo € Poo.

= =

Proof. Let 1 < p < co. We clearly have that T, C A, C N, C P,. It follows
from (iv) in Theorem 3.1 and (i) in Theorem 3.4 that P, C D;. We have
already explained that if X € Dj, then p(X) < oo, so Theorem 3.4 implies
that X € T,, for 1 < r < p. Our statement (i) follows from gathering all

these pieces of information.
The fact that the inclusions are strict in (i7), as well as Too # As =

Noo # Poo are proved in [9].
O

4. SEPARABLE DETERMINATIONS

We start with a simple but fundamental statement about selecting weakly
null sequences from weakly null nets in AUS-able Banach spaces.

Proposition 4.1. Let X be a Banach space with Sz(X) < w. Let D be
a weak neighborhood basis at 0 in X. For any (zy)vep C Bx such that
zy € U for allU € D, there exists a function f : N — D such that (z(n))pey
is a weakly null sequence.

Proof. Since Sz(X) < w, X € T, for some 1 <7 < oo. Let 1/r+1/s=1
and ¢ > t,(X). Let ¢ be a winning strategy in the T'(¢,r) game. Let Vj
be determined by ¢ and fix Uy € D such that Uy C V;. Let Player 11
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choose 7, € U; N Bx. Let Vo be determined by ¢ and fix Uy € D such
that Uy C Vh. Let Player II choose zy, € Uz N Bx. Continue in this
way until Uy, Us, ... have been chosen. Define f(n) = U, and note that
e ) 3all? = aw, < ¢ < oo Thereore ()i, i weakdy
null. |

We are now ready to give a unified proof of the separable determination
of all the properties considered in this paper.

Theorem 4.2. If X is a Banach space with Sz(X) < w, then for each
I <p< oo,

tp(X) = sup{t,(F) : E < X is separable},

and this supremum is attained, although possibly infinite. The same is true
of ap(X), np(X), and 6,(X). In particular, if X is a Banach space all of
whose separable subspaces lie in T,, then X lies in T,. The same conclusion

holds for A,, Ny, P, and D

Proof. It is clear that t,(X) > sup{t,(E) : £ < X is separable}. If ¢ >
t(X), then there exists a collection (z;);cp<w such that for each 7 € D%,
)22 > .

First, we build ¢ : N<¥ — D<% which preserves lengths and immedi-
ate predecessors such that (z,())ien<w is weakly null. We define ¢(t) by
induction on [t[. By Proposition 4.1 applied to (z(y))uep, there exists
f N — D such that (2(¢(,)))pZ; is weakly null. Define ¢((n)) = (f(n)).
Next, if ((t) has been defined, apply Proposition 4.1 to (Zy)~@))veD
to select g : N — D such that (Ty)~(g(n)))ner is weakly null. Define
o(t ~ (n)) = ¢(t) ~ (g(n)). This completes the construction.

Define y¢ = w,(;). It follows that for any 71 € N*, there exists a unique
T € DY such that ¢(71];) = 7|; for all i € N, so that

1Ym1)Z0 g = (@ )Eallg > e

Therefore if F' is the closed linear span of (y;)sen<w, then t,(F') > ¢. This
shows that t,(X) < sup{t,(F) : E < X is separable}. Next, let R denote
the set of rational numbers r such that t,(X) > r. For each r € R, let F,
be a separable subspace of X such that t,(F,) > r, and let E be the closed
span of E,, r € R. Then t,(E) = t,(X), and the supremum is attained.
The arguments for a,(X), n,(X), 6,(X) are similar.

If X is a Banach space all of whose separable subspaces lie in T,, C Dy,
then t,(X) = sup{t,(£) : £ < X is separable} must be finite. Indeed, if
the supremum were infinite, then since it is attained, there would exist some
separable E < X such that t,(E) = oo, and E € [T,. Similar arguments
hold for A, and N,,.
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For P,, we note that
XeP,esVli<r<p(XeT,)
< (V1 <r < p)(VE < X separable)(E € T,)
< (VE < X separable)(V1 <r <p)(E €T,)
& (VE < X separable)(E € P,)

Assume now that X € CD;. Then, for any p € QN (1,0), X € CT,. So
for any p € QN (1,00), there exists a separable subspace E, of X so that
E, e CTp. Then the closed linear span of these E,’s is a separable subspace
of X which belongs to CD;.

O

5. THREE SPACE PROPERTIES

5.1. Introduction. We recall that a property (P) of Banach spaces is a
Three Space Property (3SP in short) if it passes to quotients and subspaces
and a Banach space X has (P) whenever it admits a subspace Y such that
Y and X/Y have (P).

Note first that the properties considered in this paper pass easily to sub-
spaces and quotients.

Proposition 5.1. Fiz 1 < p < oo and X € Ban. If X is in any of the
classes Ty, Ap, Ny, or Py, then any subspace, quotient, or isomorph of X lies
in the same class.

Proof. For subspaces and isomorphs, the result is clear. For quotients, the
result follows easily from the dual characterizations of these properties du-
ality, which clearly pass to weak*-closed subspaces of X* (we recall that
(X/Y)* is canonically isometric to Y+ C X* by a weak*-weak*-continuous
map). O

The following lemma will allow us, when convenient, to reduce our ques-
tions to the separable setting.

Lemma 5.2. Let | be a class of Banach spaces which contains all subspaces,
quotients, and isomorphs of its members. Suppose also that membership in
1N Sep is a 3SP, and that if X is a Banach space such that every separable
subspace of X lies in I, then X lies in I. Then membership in | is a 3SP.

Proof. Let X be a Banach space and suppose that Y is a subspace of X
such that Y, X/Y € I. If X € (I, then there exists a separable subspace E
of X such that E € Cl. Fix a countable, dense subset S of E and for each
x € S, fix a countable subset R, of Y such that

= inf =l
lzllx/y = inf flz -yl
Let G denote the closed span of
EU|J R,
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and let I denote the closed span of (J,cgR.. Then F,G are separable
and F', being a subspace of Y, lies in | N Sep. Moreover, it follows from the
construction of G that G/ F is isometric to a subspace of X/Y, which means
G/F also lies in | N Sep. Therefore G lies in |, as does E < G. Therefore
every separable subspace of X lies in |, as does X. O

5.2. Past results. It was shown by Draga, Kochanek, and the first named
author in [10] that membership in P, is a 3SP, although it was not stated
in this way. We isolate here a shorter and more direct argument. We will
show the following.

Theorem 5.3. Firx a Banach space X, a closed subspace Y of X, and
1<p<oo.
(i) If np(Y') and n,(X/Y') are finite, then there exist constants C, X such
that for all2 < n € N, n,(X) < C(logn)*.
(i) If Y and X/Y have P,, so does X.

The fact that P, is a 3SP was shown in Theorem 7.5 of [10]. The proof
there established an inequality similar to Theorem 5.3(4), but using a, rather
than n,. In fact, the argument there was given for asymptotic Rademacher
type p, which deals with Rademacher averages of arbitrary linear combina-
tions of the branches of weakly null trees, which added significant techni-
cality to the proof. Because n, deals only with flat linear combinations, we
sketch the simpler proof below.

We will use the following, which is an analogue of a lemma of Enflo,
Lindenstrauss, and Pisier in their solution of the Palais problem [14].

Lemma 5.4. For any Banach space X, any closed subspace Y of X, and
any m,n € N,

O (X) < 60 (X/Y )00 (X) 4 01 (X)0,(Y)].
Let us first deduce Theorem 5.3 from Lemma 5.4.

Proof of Theorem 5.5. (i) By Lemma 5.4, for any n € N,

_ enQ(X) en(X/Y) Hn(Y) gn(X)
Npyn2(X) = n2/p S ( nl/p nl/p ) nl/p
< enp (X)),

where ¢ = 10(n,(X/Y)+n,(Y)). We argue as in Theorem 3 of [14] to deduce
the existence of the constants C' and .

(¢7) Assume Y, X/Y have P,. Fix 1 < r < s < p. Since Y, X/Y have
P,, they also have Ny, which means there exist constants C, A such that
for all 2 < n, 6,(X) = nsﬁn(X)nl/s < C(logn))‘nl/s. Then n,,(X) =
0,(X)/n'/" < C(logn)*n!/7=1/% which vanishes as n tends to infinity.
Therefore for 1 <r < p, n,(X) < oo, s0 X € P, =, ., N

O
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We next recall an easy technical piece which we will need for the proof of
Lemma 5.4.

Claim 1. Let X be a Banach space and Y a closed subspace. For any weak
neighborhood Uy of 0 in X and R,§ > 0, there exists a weak neighborhood
Uz of 0 in X such that if z € Ux N RBx with ||z|x/y <6, then there eists
y € Uy N RBy such that ||z — y|| < 66.

Proof. If it were not so, then for some weak neighborhood U;j of 0 in X
and some R,0 > 0, there would exist a weakly null net (z)) C RBx such
that, for all A, [[z[x/y < ¢ and for all y € U1 N RBy, |zx — yl| = 64.
For each A, we can fix yy € Y such that ||z)y — yx|]| < 0. By passing to
a subnet and relabeling, we can assume (y,) is weak*-convergent to some
y** € Bx+. Fix ¢ > 0 and a finite subset F' of X* such that V := {z €
X : (Vz* € F)(Jz*(x)| < 2¢)} C U;y. Since (x)) is weakly null and (y,) is
weak*-convergent to y**, we can find A1, a finite subset G of the index set
of (z)), and positive numbers (w))xee summing to 1 such that

(i) for all z* € Frand A € {\} UG, |y™(z*) — 2" (yr)| < e,

() | Srce wraall < 6.
Let y1 = yx, — D_req WaYx € V and note that

s = 2, Il < llyag = 2a, 0+ D> wallya = zall + 1Y wazall < 36.
reG reG
Since ||zx, || < R, ||y1]] < R+ 36. If ||y1]] < R, let y = y1, and otherwise let
y = ﬁyl, noting that ||y — z|| < ||y — 1|l + ||ly1 — z|| < 6J. By convexity

of V,y € V C Uy, and we reach a contradiction.
O

Let us now sketch the proof of Lemma 5.4.

Sketch. If Y is finite dimensional, then 6,,(Y) = 0 and 0,(X/Y) = 6,(X)
for all n € N. Then the inequality follows, without the factor of 6, using
submultiplicativity of 6,(X). A similar conclusion holds if X/Y is finite
dimensional. We can therefore assume Y, X/Y are infinite dimensional, and
0,(Y),0,(X/Y)>1for all n € N.

Of course, the idea is to consider a weakly null tree indexed by D™"
to consist of inner trees of height m, and outer trees of height n. For
Y > 0 (X/Y), 1 > 05(X), ¢ > 0,(Y), and ¢1 > 0,(X), we can fix
winning strategies x, x1, @, and w; for Player I in each of the games O (¢, m)
on X/Y, ©(¢1,m)on X, ©(¢,n)on Y, and O(¢1,n) on X, respectively. For
a weakly null collection (z);cp<mn C Bx, we claim that we can recursively
select t1 € D™, y; € Y, toy € D?™ such that t; < to, yo € Y, ..., such that,
with t =t, € D™ for all 1 <i < n,

(1) Hyl _ Z;‘Z(ifl)erl mt\i H < Gwv
(1) I 1y | <

vee n i
(iii) [ 225y 1g¢1 <9,
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) ST

Yim - m1 Tl
(iv) || 5o, L= m; L2 <
Jj= z—lm

Then
H mn
i=1
< 691 + 6119

Since ¢ > 0, (X/Y), Y1 > 0pn(X), ¢ > 0,(Y), and ¢1 > 6,(X) were
arbitrary, this will yield the inequality.

We now explain how to choose t; and y;. Assume that for some k < n,
we have already chosen t1 < ... <k, t; € D™ and yl, ..., Yr. Assume also
that (y;/10¢1)%_; and ((y; Z (- )m+1 a:tkb)/lozp) ", have been chosen
by Player II against Player I, Who is using strategies w and w1y, respectively.
Let U, Uy be the weak neighborhoods chosen for the next stage of the game
by strategies w and wy, respectively. By replacing these sets with subsets
if necessary, we can assume they are convex.

By Claim 1, there exists a weak neighborhood W of 0 in X, which we
can also assume is convex, such that if x € W N1 Bx satisfies ||z|| x/y < ¥,
then there exists y € UN 3 5U1 N1 By such that ||y —z|| < 6¢. Let Q : X —
X/Y denote the quotlent map and, using the strategies y and xi, choose
thk <81 <...<8n="tk+1 € D(k+1)m such that for each 1 < 7 < m,

1+

L EGNQTY(H))N Wﬂ—Ul

Here, the sets H; are determined by x playlng against Player II’s choices of
zs, + X/Y, ..., x5, + X/Y and the sets G; are determined by x; playing
against Player II’s choices of @, ..., s,. Note that G; N Q 1(H;) is a
weak neighborhood of 0 in X. Playing according to x and x; guarantees

that
(k+1)m

m
Z Tl = | szjn <
j=km+1 j=1
and
(k+1)m
Y wuglxy = Z%g lx/y <
Jj=km+1

Since ZTzl Ts; € RV"' oo+ EV =V, there exists yp+1 € UN %Ul N By

such that
m
Ykt — D @), ]| < 69
j=1

Note also that yx1 — Z;"Zl Ts; € %Ul + ﬁ[ﬂ +...+ %Ul = U;. Therefore

(k+1)m
Ykl — D Ty
j=km+1 Ftry1lj € U, N By

¢ 109
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have been chosen in accordance with the winning strategies w and wq,
respectively. This completes the recursive choices. Items (i) and (ii) are
seen to be satisfied from the construction, while items (¢i7) and (iv) follow
from the fact that the outer sequences were chosen according to x and xi.

O

5.3. A counterexample. For p € (1,00), contrary to P,, none of the prop-
erties Ty, A,, N, is a three space property. Before proving this result by
giving a counterexample, let us introduce the following definition.

Definition 5.5. Let X be a Banach space and p € (1,00). We say that X
has the weak p-Banach-Saks property if there exists a positive constant C
such that for every weakly null sequence (x,) in Bx and every k € N, we
can find a subsequence (zy,); of () such that

|| < cxt
j=1

for all ng < --- < ny.

Let us notice that every Banach space with property N,, 1 < p < oo, has
the weak p-Banach-Saks property. For instance, use item (#i¢) of Theorem
3.3 and mimic the argument of (ii¢) = (i7) in the proof of that statement.

Proposition 5.6. Let p € (1,00). Then the properties T, A, and N, are
not three space properties.

Proof. Let us consider the Kalton-Peck reflexive spaces Z,, (see [30] or [5]),
that satisfies the following: Z, may be normed in such a way that it has
a closed subspace M isometric to ¢, with Z,/M also isometric to £,. It
is known that Z, does not have the weak p-Banach-Saks property (see [5]).
Hence, since ¢, has property T,, we get the result by combining the previous
remark and item (i7) of Theorem 3.5. O

In fact, we can even prove that Z, does not have any of the concentration
properties indexed by p considered in [15] and therefore deduce the following.

Proposition 5.7. Let p € (1,00). Then the properties HFC,, HIC,, HC),
HFC, q and HC, 4 introduced in [15] are not three spaces properties.

For clarity, we will only define one of them here. First, for k£ € N, let us
denote [N]* = {7 = (n1,--- ,n) € N¥;ny <ng < --- < ni}. We endow [N]*
with the following distance, called the Hamming distance:

vi,m € [N, du(,m) = [{1 < j < kng # my}|.
We say that a Banach space X has property HFC,, if there exists A > 0 such

that, for every k € N and every 1-Lipschitz function f : ([N]¥, dg) — X, one
can find an infinite subset M of N so that

vi,m e M, ||f(@) — fm)]| < Ak,
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We refer the reader to [15] for the definitions of the other concentration
properties.

Proof of Proposition 5.7. We use the notation from Theorem 6.1 [30]. For

NJ* Z
kEN,themapg:{[] -

_ k is 2-Lipschitz and satisfies
n — ijl Un,

lg(m) — g(m)|| = 21/7 (hlfk) N 1) LA/

for all integers n1 < m; < ng < --- < ng < my. Therefore, Z, does not
have any of the properties mentioned above. The result follows from the
fact that £, has them all. O

5.4. Asymptotic uniform flatenability. In the case p = oo, the situation
is different. First, we easily have the following.

Theorem 5.8. The property T is a three space property.

Proof. Let us first recall that a separable Banach space is T, if and only if
it is isomorphic to a subspace of ¢q (see [17]). It was shown by Johnson and
Zippin [25], who attributed it to Lindenstrauss, that being isomorphic to a
subspace of ¢y is a three space property. So we deduce from Theorem 4.2,
Proposition 5.1 and Lemma 5.2 that T is a three space property. ([l

By looking at the argument in [25], we can actually show slightly more.

Proposition 5.9. Let p € (1,00] and B be any one of the properties Ty, A,
and N,. Let X be a Banach space with a closed subspace Y such that'Y has
Te and X/Y has B. Then X has B.

Proof. By Theorem 4.2, we may assume that X is separable. Let T : Y — ¢
be a linear embedding. It follows from Sobczyk’s theorem that cy has the
separable extension property. Therefore T' extends to a bounded linear map
S : X — cg. Define now U : X — ¢ @ X/Y by Uzx = (Sz,Qx) where
Q@ : X — X/Y is the quotient map. It then easy to check that U is a linear
embedding from X into ¢y @ X/Y. Finally, since B passes clearly to direct
sums, we deduce that co & X/Y and therefore X have B. ]

5.5. Summable Szlenk index. This subsection contains the proof of our
main result on three space properties. We will show that A, is a three space
property.

Recall that a Banach space is said to have property A, provided there
exists a constant ¢ > 0 such that for each n € N, Player I has a winning
strategy in the N(c,00,n) game (since A, = No according to Theorem
3.5): Player I chooses a weak neighborhood U; of 0 in X and Player II
chooses x1 € Uy N Bx. Player I chooses a weak neighborhood Us of 0 in
X and Player II chooses xo € Us N Bx. Play continues in this way until
T1,...,%, have been chosen. Player I wins if || > 7, z;|| < ¢ and Player II
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wins otherwise. This game is determined, which means that for each ¢ > 0
and n € N, either Player I or Player II has a winning strategy in this game.

As we are going to use a separable reduction, we will be able to use trees
indexed by N. For that purpose we let

T, ={(m)r | k,my,...,mp € Nk <n}.

Let U be a free ultrafilter on N. We let @ denote the empty sequence. For
t € T, we let |t| denote the length of t. For t,s € {F}UT,_1, welet t ~ s
denote the concatenation of ¢t with s. Given a Banach space X, we say that
a sequence (x;)2; C X is U-weakly null if it converges to 0 over U in the
weak topology. The notion of U-weak*-null for a sequence (x})°, C X* is
defined similarly. A collection (x¢)ier, C X is U-weakly null provided that
foreach t € {G}UT -1, (Tp(m) ) =1 is U-weakly null. We say (z})ier,, C X*
is U-weak™-null provided that for each t € {@} UT,_1, (:U:A(m))fnozl is U-
weak*-null. Note that for each Banach space X and each n € N, Bx admits
a U-weakly null collection and Bx~ admits a U-weak*-null collection, namely
the collections consisting entirely of zeros.

Proposition 5.10. Let Z be a Banach space such that Z* is separable, and
(22)°_ C Z a U-weak*-null sequence in Z*. For any 6 > 0, there exists a

U-weakly null sequence (zm)5°_1 C Bz such that

*
T 1
Jim Re 2, (zm) 2 i =T =0

*|l = 0, simply take z,, = 0 for all m € N. Suppose that

Proof. If lim ||z
mel
roi= hrrLLlHZ;"nH > 0. For each m € N, fix x,, € Bx such that Re 2}, (z,) >
me

|25l — 6. Let o** = weak™- lirr&a:m, where the limit is taken in Bx««. Since
me

X* is separable, the weak*-topology on Bxs is metrizable, which means

some subsequence (uy,)5°_; of (x,)00_; is weak*-convergent to z**. Define

up = 0. For each m € N, let Cp, = {i € No : |2} (u;)| < 0}, where

Ny = {0} UN. Note that 0 € Cp, for all m € N. Define f : N — Ny by

letting f(m) = max Cp, if maxC,, < m, and let f(m) € Cy, N [m,00) be

arbitrary if maxC,, > m. Note that hgz}{f(m) =1 € Ny U {oo}, where
m

Np U {oo} is the one-point compactification of Nyg. We claim that [ = co.
Indeed, if I < oo, then

A Nn{m e N: |25 (wy)| <6} €U,

and therefore there exists some | < mg € f~({{}) N {m € N : 2}, (u1)}.
But this means that [ +1 € Cy,, and | = max Cy,,, this is a contradiction.
Define now 2z, = 5(#m — Usm)) € Bx. Since lirrélf(m) = oo and weak*-
me

limyy, o0 U = ¥, weak™- lim u Fim) = x**. Therefore weak-lim z,, = 0. By
meU meU
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our choice of f(m), |2, (ufm))| < 0 for all m € N, and

— 0.

|3

1
limRe 2z (z,) = limRe -z (z,) — ££{§|z;‘n(uf(m))] >

1

mel melU 2

]

We define o/ (X) to be the infimum of a > 0 such that for any U-weakly
null (z¢)ier, C Bx,

< a.

miEeU mn €U

n
lim ... lim Hzx(mlv'"’mi)
i=1

We define 8% (X) to be the infimum of b > 0 such that for any U-weak*-null
(})ter, C Bx-,

n
> 2 Jim, .. -7}Llir€nuHx<m1,...,mi)H~

n
blim...limHg ¥ ,
mied  mp Ul = (m1,...;mi)

1=

The next proposition details a characterization and a dual formulation of
Ao for spaces with separable dual.

Proposition 5.11. Let X be a Banach space such that X* is separable.
(i) X has A if and only if sup,, o (X) < co.
(i) For each n € N, o (X) < 284 (X).
(iii) For eachn € N, f4(X) < 24 (X).

Proof. (i) Since X* is separable, there exists a metric d on Bx that is
compatible with the weak topology. For each n € N, let U,, = {z € X :
d(z,0) < 1/n}.

First assume that X does not have property A.. Then for each a > 0,
there exists n € N such that Player I fails to have a winning strategy in
the A(a,n) game. Since the A(a,n) game is determined, Player II must
have a winning strategy in the A(a,n) game. We will choose (x¢)ier, ac-
cording to this winning strategy. First, let z(,) € U, N Bx be Player
I’s response if Player I opens the game with U,,. For 1 < k < n and
t=(ma,...,mg), let z; € Uy, N Bx be Player IT’s response if Players I and
IT have chosen Unny, T(my)s - - - > T(my,...;mp_1)» Umy, - For each t = (m;)iy € T,
since Upy, T(my)s Umas Tmy,ma)s - -+ Umis (... ;myn) WeTe chosen according

to Player II’s winning strategy,

Yoy x(m1,-.-7mi)H > a. Therefore

> a.

miEeU mn €U

n
lim ... lim Hzx(mlv'"’mi)
i=1

Since Ty~ (mm) € Up for each t € {@} UT,,—1 and m € N, it follows that
(mtﬁ(m))ﬁzl is weakly null, and is therefore a U-weakly null sequence, for
each t € {@} UT,_1. Therefore this collection (x¢)ic7;,, C Bx witnesses the
fact that o/(X) > a. Since a > 0 was arbitrary, sup,, o/ (X) = co. By
contraposition, if sup,, o/ (X) < oo, X has property As.
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Next, suppose that X has property As. Fix ag > 0 such that for all
n € N, Player I has a winning strategy in the A(ag,n) game. Suppose
that for some n € N, o/(X) > ag. Fix o¥/(X) > a > ag. There exists

(z¢)ter, C Bx which is U-weakly null and such that

> a.
mi U mq €U

n
lim ... lim Hzx(mlv'"vmi)
i=1

Let Vi be Player I's first choice according to a winning strategy in the
A(agp,n) game. This means we can choose

mp € {m €Nz, € VifN{meN: ||zl >a} €U, ifn=1
and

mle{meN:x(m)evl}

N {m eN: lim ... lim Hx(m) + 3 s ) > a} cu, itn>1

mo €U mp €U

Let Player II’s choice in the A(ag,n) game be x(,,,). Next, assume that for
some 1 <k<n, V...,V and mq,...,m; have been chosen such that

(@) V1,%(my1)s -+ s Vis T(my,...;my,) have been chosen in the A(agp,n) game
with Player I playing according to a winning strategy,
(b) we have the inequality

> a,

M1 €U mn €U

n
lim ... lim “Z:E(ml""vmi)
i=1

Let Vi41 be Player I's next choice according to the winning strategy, let

Player II's choice be @, ... m,,), Where

Mpy1 € {m € N: T(ma,...;mp,m) € Vk+1}ﬂ

{mEN: lim ... lim‘

M2 cu mn €U

T(mq,...,my,m) + Z T(my,...,m;) > a} eu

i#k+1;1<i<n

We leave it to the reader to detail the cases k+1 < n and k = n. Non-
emptiness of the relevant set follows from the relevant set’s membership
in U, so that in either the k +1 < n and k£ + 1 = n case, an appro-
priate choice of mgyq1 can be made. This completes the recursive con-
struction. From the construction, || Y71, Z(m, .. m,ll > a. However, since
Vi, Zmy)s -+ Vs Ty ... ;my,) Were chosen with Player I playing according to

a winning strategy in the A(ao,n) game, || > 7| Z(m,, ..m,)| < @o. Since

ap < a, this is a contradiction. Hence sup,, o¥/(X) < ag < co. Therefore if
X has property Ao, sup,, o/ (X) < co.
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(i1) Fix a < o¥(X). Then there exists a U-weakly null collection (x;)¢er, C
Byx such that

n
a<lim...limHE x NIE
med  mnellll (maseesms)

1=

For each t = (my,...,my) € N, choose 3 € 1By- such that
t 2

n 1
Re y;fk (Z x(ml,...,mi)> - 5“237(7711,,”%) .
=1 i=1

Then

n

a . . *
> < lim ... lim Re y(mh...,mn)(Z x(mly---,mi))

m1€eU mn €U 3
=1
For t € N, set z =y} and for each t € {&} UT,,_1, define
t t

* . . %
zi = lim ... lim gy,
' mg|+1 €U maetd”t (M| 415--Mn)’

where all limits are taken with respect to the weak*-topology. For (mq,...,my) €
T,,, define ','U)(kmln--,mk) = Z?m1,~-.,mk)_szml,-..,mkq) € Bx-. Note that (z})er, C

Bx+ is U-weak*-null, which implies that

n n
. . * i . . *
2 Jig ol (g, < B (X)) lin n}iglu)‘;x(ml,...,mi)
1= =
i . .
= /Bn (X)WlLllIélu ce n}ilgu”zéml,...,mn) - Z;”
< B(X)

Note that because (z¢)ier, is U-weakly null and (z7)er, is U-weak*-null, it
holds that for distinct i,5 € {1,...,n},

: o N
Sy 2 (Ememg)) = 0

Similarly, for each 1 < i < n, nlllrélu : .%irguzg(:n(mhm’mi)) =0.
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Combining the facts above, we can write

a . . * .
3 < lim ... hmuRe Z(ml,...,mn)<z :E(ml,...,mi))
i=1

miEU My €

n

= lim ... lim Re (Z;ml,---,mn) - 2;)(2 x(ml,...,mi))
i=1

mi1 €U mp €U

n n
= Trllllrélu .. n}il’éluRe (; x(ml,.-‘,mi)> (; l’(mn...,mi))

n
N . . *
P n}}l%lu e rr}ngf{Re x(ml,.“,mi)(x(m17~~7mi))
=
n
. . . *
= ' n}blll’élu e ’nilll'enuRe Jf(m17m7mi)(J;(ml,...,mi))
1=
n
. . U

1=
Since a < o¥/(X) was arbitrary, we are done.

(4ii) Fix b < f4(X) and § > 0. Then there exists a collection (x})er, C
Bx+ which is U-weak*-null and

n
< lim ... li ’ )
1 mllréllxl mllrenunx(ml”ml)n

n
blim ... lim H o |
mleu mneu ; (m17"'7m’b)
Note that this implies that

> 0.

n
lim ... lim H xr ‘
RTETRL DB
1=

We define a collection (x¢)ie7,, C Bx which is U-weakly null and such that
for each 1 <i < n,
. . 1., .
Jig T Re g, ) (Emaema)) 2 5 M0 Bl =0
To that end, for each t € {@} UT,_1, choose, as it is allowed by Proposition
5.10, (a:tﬁ(m))%:l C Bx to be a U-weakly null sequence such that

. X 1., X
7ngzl/{Re l‘tﬂ(m)(l‘t,\(m)) = §T1nlgl/{||xtﬂ(m)” — 0.
Note that, since (z¢)er, is U-weakly null and (z})er, is U-weak*-null, we
have again that for all 1 <i# j <n

Jm - -W};glufqml,_.,mi)(fc<m1,...,mj> =0.
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Then, we can write

b n
flim...limHE ) A = on
2m1€u mneu — (m17---7m1)
1=
1 n
< = lim ... lim ||z} A = on
2 ' mleu mzeuH (ml,...,mZ)H
T
n
< . . *
<2 Jim o lm Re 2, ) (@msm)
=

n n

= 77111212/{ s n}iréluRe (; x(ml,...,ﬂ%)) (; x(mh---vmi))
n

HZ‘T(mL...,mi)
i=1

< (0 tim ot S a7,
i—1

n

<lim...limH§ z} v

S e mpeull 4 - (m1,...;mi)
1=

m1€eU mn €U

> 0, and since § > 0 and b < S%(X)

Since lim ... lim H "ok
mieUd  mnelUd izt (ma,....m;)

were arbitrary, we are done.

O

Remark 5.12. In item (i) of the preceding proof, we actually showed that if
X* is separable, then for each n € N, o¥/(X) is the infimum of a > 0 such
that Player I has a winning strategy in the A(a,n) game.

We can now turn to the heart of the proof.

Lemma 5.13. For any Banach space X with X* separable and any subspace
Y of X,
A (X) < 40max{a¥(Y), ¥ (X/Y)}%

n

Proof. If X is finite dimensional, then o/ (X) = o¥(Y) = a,,(X/Y) = 0, so
assume X is infinite dimensional. In this case, at least one of Y, X/Y must

also be infinite dimensional, which means
b= max{B4(Y), B (X/Y)} > 1.

Fix (2} )ter, C Bx+ U-weak*-null. We will define a bounded, U-weak*-null
(y;)ter, C Y+ such that for each 1 <i < n,

,,,lllglu T nllirenuHx(ml,vmz) N y(mlv--wmi)H < 277%11%1“ o
To that end, for each t = (myq,...,m;) € Ty, fix w; € Y+ such that ||z} —
wy || < [|z7]| x+/y+ + 27 and note that wi € 3By.. For t € {@} UT),_1,

let v; = weak"- linglw;(m) € 3By. and let y; .\ = w —vf. It is
me

clear that (y})ier, C Y+ is bounded and U-weak*-null. Note that for any

. lim
m;eU VT

;\(m)
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te{o}uT,_1, weak*-gligza/[(w;(m) - l‘:ﬁ(m)) = v} — 0 = v{. By weak*-lower

semicontinuity of the norm, it follows that

vl < ggbllefﬁ(m) - w;(m)\l = g}é%”x;\(m)HX*/Yl'
Therefore
1 27y =9y | < 1 7y =0yl 1) < 20 e

From this it follows that

lim ... lim |2

. *
mleu meu m17 - ) y(mlv 7ml)|| 2 hm 7}ler€1’lu||x(mlvvml)||x*/yj_

mi1 €U

Since (y})ier, C Y+ = (X/Y)* is U-weak*-null and bounded, by homogene-
ity, we have that

lim ... lm [lyG,, ol

n

blim ... lim H§ :

mieUd  mneUll4 13/(m1,...,m1) < m1el “mield
1=

We start with the easy case and suppose first that

lim ... li Z i
mllrélu mlm Hx (m1,...;m ”X YL 2 1+4b m16M mlm ||£L‘ (ma,.. 7mz)”

i=1

Since (zf|y )ter, C By+ = Bx«/y1 is U-weak™-null,

>blim ... lim H T
T e mpeu Z (m1,...,m
n

> lim ... lim Hx
1 mi1€eU m; €U

blim ... lim Hme
mield  mneU LyeeesTT X*/Yi

(m1,...,my) HX*/Yl
i=
n

1
Z — lim ... lim ||z .
1+ 4b i1 mllel/{ miEUH (ma,...,m;) H

Next suppose that

lim .. hm H.@ (m1,...,m HX /yl 1+4bzm161/{“ hm Hx (ma1,.. 7mZ)H

. m1 U m; m;
=1
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Then since b > 1

n n
blim ... lim Hg x5 A =0 lim ... lim Hg *
miel " mpeldll (ma,ma) || 2 5 e mneull 4 ly(ml"“’ml)
i= =

n

—b lim ... lim |2

*
maed " mpeu (Mmi) y(mla---vmi)H

=1

n
E lim ... B iy, o[l — 20 ;_1 S T o, ey

m1€

g nlllrélu ' T’ELIEHUHx?ml’:mz)H B TrlLllIélU N rrlle ”ﬂ? (mi,e.,mi) y(m1 ..... mz)H

= i=1

n
. . .

o i=1 mhlrélu a .ﬂlblirenunw(mhm, i)HX*/YJ_

n
= — nllllélu . Wllllélbl”x ‘ - 4bznlbnélu' . nlllrenZ,{Hx (ma,m ‘)HX*/YL
= i=1 77111%11,{ . -wlllirenu||$(m1,---7mi)” o m g 77%11%11,{ .- 77£1r€n ||;g(m1 ..... mi)H

L [y, -

1+4b2mfu---m

Combining the two previous paragraphs we get

BH(X) < b(1 + 4b) < 5b* = smax{BY(Y), B4(X/Y)}*.
Combining this inequality with items (77) and (ii7) of Proposition 5.11 yields
A4 (X) < 40max{a¥(Y), o (X/Y)}%

n

O
We can now state and prove our result.
Theorem 5.14. The property A is a three space property.

Proof. Assume first that Y is a closed subspace of a Banach space X such
that Y and X/Y are in A, NSep. Then Y and X/Y are separable Asplund
spaces and Y* = X*/Y1 and (X/Y)* = Y are separable. So X* is sep-
arable and we can apply Lemma 5.13 and item (i) of Proposition 5.11 to
deduce that X has A,. We have shown that membership in Ay, N Sep is a
3SP. It then follows from Theorem 4.2 and Lemma 5.2 that Ay is a 3SP.
O

Remark 5.15. Since reflexivity is also a three space property (cf [31]), we
can therefore deduce that property HFCy, of [15], which is known to be
equivalent to being reflexive and asymptotic-co (cf [3]), is a three space
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property. However, the question of whether or not property HC, is a three
space property is open.

6. NON LINEAR STABILITIES

We first define the non linear equivalences between Banach spaces that
we will discuss in this section.

Definition 6.1. Let (M,d) and (V,d) be two metric spaces. A map f :
M — N is a Lipschitz equivalence (or Lipschitz isomorphism) from M to
N if f is a Lipschitz bijection from M to N with Lipschitz inverse. If there
exists a Lipschitz equivalence from M to N, we say that M and N are

Lipschitz equivalent (or Lipschitz isomorphic) and we denote M LN

Definition 6.2. Let (M,d) and (N,d) be two unbounded metric spaces
and f: M — N be a map. We say that f is coarse Lipschitz if there exist
A, B > 0 such that

Vao,y € M, 6(f(z), f(y)) < Ad(z,y) — B.

We say that f is a coarse Lipschitz equivalence from M to N, if it is coarse
Lipschitz and there exists a coarse Lipschitz map g : N — M and a constant
C > 0 such that

Ve e M d((go f)(z),z) <C and Yy e N §((fog)(y),y) <C.

If there exists a coarse Lipschitz equivalence from M to N, we say that M

and N are coarse Lipschitz equivalent and denote M LN,

This notion of coarse Lipschitz equivalent metric spaces is the same as
the notion of quasi-isometric metric spaces introduced by Gromov in [20]
(see also the book [16] by E. Ghys and P. de la Harpe).

We now turn to the notion of net in a metric space.

Definition 6.3. Let 0 < a < b. An (a,b)-net in the metric space (M,d) is
a subset M of M such that for every z # 2’ in M, d(z,2’) > a and for every
xin M, d(x, M) <b.

Then a subset M of M is a net in M if it is an (a, b)-net for some 0 < a < b.

Let us now give two technical equivalent formulations of the notion of
coarse Lipschitz equivalence between Banach spaces. We refer to [11] or [19]
for details.

Proposition 6.4. Let X and Y be two Banach spaces and let f : X —Y
be a map. The following assertions are equivalent.

(i) The map f is a coarse Lipschitz equivalence.
(ii) There exist Ag > 0 and K > 1 such that for all A > Ay and all
mazimal A-separated subset M of X, N'= f(M) is a net in' Y and

1
Va,o' € M o — 2| < ||f(z) = f(2)]] < Kllz — ']
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(iii) There exist two continuous coarse Lipschitz maps ¢ : X — Y and
Y :Y — X and a constant C' > 0 such that ||p(x) — f(x)|| < C for
all z in X and

Vee X [[(Yop)(z) -z <C and VyeY [(pod)(y) -yl <C.

The following results were obtained by Godefroy, Kalton and the third
named author in [17] and [18].

Theorem 6.5. Let p € (1,00]. Then

(1) The class T, is stable under Lipschitz equivalences.
(2) The class P, is stable under coarse-Lipschitz equivalences.
(8) The class Asc = N is stable under coarse-Lipschitz equivalences.

In fact, statement (2) and (3) are only proved for uniform homeomor-
phisms in [18] in the separable case. The adaptation for coarse-Lipschitz
equivalences relies on characterization (i77) in Proposition 6.4, which allows
to apply the so-called Gorelik principle (see also [11] for details). Then the
non separable case can easily be deduced by a standard separable saturation
argument combined with the separable determination of these properties. It
is then natural to wonder about the non linear stability of the classes A,
and N, for 1 < p < co. The results we have detailed in section 3 together
with a careful examination of the statements in [18] or [11] will allow us to
easily obtain strong new stability results. We start with the following.

Theorem 6.6. For any p € (1,00), the class A, is stable under coarse-
Lipschitz equivalences.

Proof. Let X € A, and Y a Banach space such that there exists a coarse
Lipschitz equivalence f from X to Y. Then, Corollary 6.7 in [11], which is
an extension of results in [18], insures the existence of a universal constant
K > 0 and a constant M > 0 (depending on f) so that for any € > 0, there
exists a norm | | on Y satisfying

vy €Y, llylly <yl < Mllylly and Yo €[0,1], p |(KM?0) < px(0) +e.

With this result in hands, it is clear that characterization (i7i) of A, in
Theorem 3.2 is stable under coarse Lipschitz equivalences. O

We also have.

Theorem 6.7. For any p € (1,00), the class N, is stable under coarse-
Lipschitz equivalences.

Proof. Similarly to the previous proof, this is a direct consequence of Corol-
lary 6.7 in [11] and characterization (iii) of N, in Theorem 3.3. O

Obviously the above argument also can also be applied to prove that A
is stable under coarse Lipschitz equivalences, which, as we explained, was
already known.
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Problem 6.8. In [28], N. Kalton proved that for 1 < p < oo, the class
T, is not stable under uniform homeomorphisms. It is not known however
whether the class T is stable under coarse Lipschitz isomorphisms (or even
uniform homeomorphisms). In fact, a positive answer would imply that a
Banach space coarse Lipschitz equivalent to ¢y is linearly isomorphic to cg,
which is an important open question. Indeed, it is known that the class of
all L spaces is stable under coarse Lipschitz equivalences [22] and that a
L subspace of ¢ is isomorphic to ¢y [24].

7. EXAMPLES

We gather in this section a few known examples of T, or Ay, spaces and
related problems.

7.1. Non separable uniformly flatenable spaces. The first obvious ex-
amples of non separable T, (or equivalently, AUF-renormable) spaces are
given by ¢o(I") spaces, with I uncountable.

Proposition 7.1. For any set T', the space co(T') equipped with its natural
norm is AUF.

Proof. Tt follows immediately from the definition of the norm of ¢o(T") that
vt e (07 1) ﬁco(f‘) (t) =0.
O

The next result was already known. We present a proof using that T is
a 3SP.

Theorem 7.2. Let K be a compact scattered space such that its Cantor
derived set of order w, K“) is empty. Then C(K) is Tao.

Proof. We shall prove it by induction on n € N such that K™ = ¢. If
n =1, then K/ = () and K is finite. Therefore C'(K) is finite dimensional
and thus is To,. Assume that the statement is true for n € N and that
K™+ = (. The subspace of C(K) defined by Y = {f € C(K), fl e =0}
is clearly isometric to ¢o(K \ K') and by Proposition 7.1 is To,. Let now Q
be the restriction mapping from C(K) to C(K'). It follows from the Tietze
extension theorem that @) is onto. Since Y is the kernel of @), we have that
C(K") is isomorphic to C(K)/Y. By induction hypothesis, C'(K’) and thus
C(K)/Y are To. It now follows from Theorem 5.8 that C(K) is Too. O

Remark 7.3. As we already mentioned, this is not a new result. Let us
indicate a few other ways to prove it.
(1) Let K be a compact space such that K = (), n € N. The dual

of C(K) is isometric to ¢1(K). Define the following equivalent norm
on {1(K):

Y€ LK), |ul =" oalu(@)],
zeK
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where a, = 27 with 0 < i < n — 1 such that z € K® \K(”l).
This formula comes from [32], where it is proved that this norm is
1-AUC* and is the dual norm of an equivalent norm on C(K). So
its predual norm is AUF.

(2) Let X be a separable subspace of C'(K) and denote Y the Banach
subalgebra of C(K) generated by X. Then Y is isometric to a space
C(L), where L is a compact metrizable space such that L) = (. Tt
follows from [4] that Y is either finite dimensional or isomorphic to
co(N). So X is T, and we can apply the separable determination of
Too (Theorem 4.2) to deduce that C(K) is Two.

(3) We conclude with the most sophisticated argument. It is known
that if K is a compact space such that K = (), then C(K) is
Lipschitz isomorphic to some ¢o(I") (see [12]). On the other hand,
being AUF renormable is stable under Lipschitz isomorphisms ([17]
for the separable case and [11] for the general case, or use separable
determination and saturation).

It is also important to mention that Theorem 7.2 provides (only in the
non separable setting) examples of T, spaces that are not isomorphic to a
quotient or a subspace of a ¢y(I") space. Indeed we have

Theorem 7.4. There exists a compact space K such that K® = 0, but
C(K) is not isomorphic to a quotient of a subspace of a co(I') space.

Let us indicate this now classical construction. There exists a scattered
separable uncountable compact space K so that K®) = (). We refer to its
description in [36] page 1757. It’s construction is based on the Johnson-
Lindenstrauss space JLg [23]. Since K is separable, C(K) admits a count-
able family of separating functionals (the Dirac maps at the points of the
dense countable subset of K). But C(K) is not separable, as K is uncount-
able and scattered and therefore non metrizable. It follows that C'(K) is not
weakly Lindelof determined (WLD in short): see Theorem 5.37 and Propo-
sition 5.40 in [21], or see [35]. We conclude by recalling that ¢o(T") is always
WLD and that being WLD is stable by passing to subspaces or quotients
(see also [21] and references therein).

Problem 7.5. We do not know if there exists a T, space which is not
isomorphic to quotient of a subspace of a C'(K) space with K« = §.

7.2. An interesting A, space. We already explained that showing that
T is stable under coarse Lipschitz equivalences would imply that a Ba-
nach space coarse Lipschitz equivalent to ¢ is linearly isomorphic to ¢y. At
this point it is only known that a Banach space coarse Lipschitz equivalent
to cg is Ao and L. Another hope was to show that a separable Banach
space which is As and L is necessarily T, (see conjecture after Theorem
5.6 in [18]). Let us mention here that this question has been solved nega-
tively by Argyros, Gasparis and Motakis in [1], who showed the existence
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of a separable Banach space X which is A, and L, but so that every in-
finite dimensional subspace of X contains an infinite dimensional reflexive
subspace.

Acknowledgments. We thank Petr Hajek for valuable discussions on
non separable C'(K) spaces and Gilles Godefroy for pointing to us the im-
portant example by Argyros, Gasparis and Motakis.
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