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ON GROUND STATES FOR THE 2D SCHRODINGER
EQUATION WITH COMBINED NONLINEARITIES AND
HARMONIC POTENTIAL

REMI CARLES AND YAVDAT IL’YASOV

ABSTRACT. We consider the nonlinear Schrédinger equation with a harmonic
potential in the presence of two combined energy-subcritical power nonlinear-
ities. We assume that the larger power is defocusing, and the smaller power
is focusing. Such a framework includes physical models, and ensures that
finite energy solutions are global in time. We address the questions of the
existence and the orbital stability of standing waves. Given the mathematical
features of the equation (external potential and inhomogeneous nonlinearity),
the set of parameters for which standing waves exist in unclear. In the two-
dimensional case, we adapt the method of fundamental frequency solutions,
introduced by the second author in the higher dimensional case without po-
tential. This makes it possible to describe accurately the set of fundamental
frequency standing waves and ground states, and to prove its orbital stability.

1. INTRODUCTION

We consider the nonlinear Schrédinger (NLS) equation with harmonic potential
and combined power-type nonlinearities

(11) 0+ Ay = |z[* — pl P29 + [9]772, (t,z) € RT x RY,
where v is a complex-valued function of (¢,z), p,q € (2,4+00) (p # q), N > 1 and

1 > 0 (homogeneity considerations show that the positive coefficient in front of the
last nonlinearity can be chosen equal to one). For

2N
N -2);
the Cauchy problem for (1.1) with the initial value ¥y € ¥ is locally well-posed
and has a unique local solution v € C([0,T(¢)),¥) N C1([0, T (¢o), X*), for some
T (10) > 0, where ¥ denotes the domain of the harmonic oscillator, ¥ = H'NF(H?),
characterized by the norm

Julle = [ (0 o)l + 190 = el + (<8 + o) u.u).

2<p,g< 2%,

See e.g. [15]. In view of the uncertainty principle (see e.g. [42]),
2
(1.2) lullze < 7 leull 21 Vull 2,

we may remove the L? norm of u from the definition of |Ju|s. In physics, the
potential in (1.1) corresponds to some confinement, and the nonlinearity is typically
cubic-quintic: the quintic part is defocusing (¢ = 6), and the cubic part is focusing
(p =4 and p > 0); see e.g. [1,37]. The heart of the present paper addresses the
two-dimensional case N = 2.
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Solutions to (1.1) obey the energy conservation law:

E=H = 1 2 @ 2 Hiw L d

= ) = [ (VR + Sl = Bl + Sl ) da,
RN p q

and the mass (charge, particle numbers) conservation law:

azwaw=§Auw%w

The assumption 2 < p < g < 2* ensures global well-posedness in ¥ for (1.1), since
the defocusing nonlinearity dominates the focusing one (see also Lemma 4.1 below).
We shall mainly consider this assumption regarding p and g, an assumption which
includes the cubic-quintic nonlinearity in 2D. We mention in passing that on the
other hand, the Cauchy problem for the 3D cubic-quintic equation with harmonic
potential is not straightforward, and the cubic nonlinearity is energy-critical; see [32]
for the Cauchy problem when p = 0, and [46] for the 3D cubic-quintic equation
without harmonic potential. On the other hand, if 2 + % <p<2and 2 < q<p,
then finite time blow-up is possible, as shown in [41] (see also e.g. [17,21]).

We study the existence and stability of standing waves ¥ (¢, z) = e™u(zx) of
(1.1), where the amplitude function u satisfies

(1.3) — Au A+ |zu+ M — plulP?u+ |[u)??u =0, e RN,
Here )\ € R is the frequency of the standing wave.

There are at least two motivations to study (1.3), apart from the fact that
(1.1) appears in some physical models (e.g. [1,37]). First, due to the fact that
the nonlinearity in (1.3) is not homogeneous, the range of possible values of the
parameters A and g, in order for (1.3) to have nontrivial solutions, is not clear.
This aspect is explained in more details below. In particular, we could not find
any reference addressing the existence of ground state solutions to (1.3). Second,
in the case without potential, the set of stationary solutions was studied recently
in [28] by using a generalization of the Rayleigh quotient to the nonlinear framework
[27]. However, the approach presented in [28] excludes the two-dimensional case
(as well as the one-dimensional case, a situation where many specific techniques
are available, see e.g. [8,26]). As we will see, the introduction of the harmonic
potential removes this restriction. In principle, Equation (1.3) can be studied via
the nonlinear generalized Rayleigh quotient method in any space dimension N, but
computations are more explicit in the 2D case, this is why we choose to focus on
that case here.

The orbital stability of the ground states of many equations can be often inves-
tigated using a Lyapunov functional, determined by the action functional Sy ,(u)
restricted to the manifold of functions u with fixed mass integral m = Q(u). Such
an approach was first applied to Korteweg-de Vries (KdV) solitons by Benjamin [6],
and later, to three-dimensional ion-acoustic solitons in strongly magnetized plasma
by Zakharov and Kuznetsov [45]. The general theorem on orbital stability of the
so-called mass-prescribed solutions of nonlinear problems based on this idea was
proved by T. Cazenave and P.-L. Lions [16]. However, the orbital stability of mass-
prescribed solutions does not always entail the orbital stability of ground states
of nonlinear Schrodinger equations, typically when the nonlinearity is not homo-
geneous, or in the presence of an external potential. In other words, the notions
of orbital stability of (the set of) mass-prescribed solutions and orbital stability of
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(action minimizing) ground states coincide in the case of homogeneous nonlineari-
ties without potentials, as explained in [16] (see also [15]), but apart from this case
(and the very singular case of a logarithmic nonlinearity, where the role of the mass
is specific, see [4,14]), the approaches introduced to prove orbital stability differ;
see [25,26,43,44], and also [20], in the case of orbital stability of ground states.

We emphasize that even in the case without potential, the notion of ground state
solutions to (1.3) requires some care. The notion which seems to be privileged in
physics consists in minimizing the energy under the constraint of a fixed mass
M >0,

(1.4) inf{H,(uw);  Q(u) = M}.
The other approach consists in seeking a minimizer of the action
Sxu(u) = Hy(u) + AQ(u),

for a prescribed frequency A € R; see [7,8]. In this article, we consider the following
notion (see also [30] and references therein):

Definition 1.1. For a given A € R, a solution 4y of (1.3) is said to be a ground
state if Sy u(Gn) < Sy pu(w), for any w € ¥\ {0} such that DSy, (w) = 0. For
© >0, we denote by

G i={u € T\ {0} 5 Sx(w) = Sapuy DSy u(w) =0}
the set of the ground states of (1.3), where
Sy =min{Sy . (u) : DSy ,(u) =0, ue X\ {0}}
is called the ground level.

The relation between the two notions is not clear in general: if u is a minimizer
for (1.4), then there exists a Lagrange multiplier so that u solves (1.3) for some
A € R. In the case of an homogeneous nonlinearity (typically —|¢[P~24)), a scaling
argument shows that any A > 0 can be obtained, and the solution is also a minimizer
of the action, see [16] (see also [15]). In the case of combined power nonlinearities,
that is (1.1) without potential, it is known that not every minimizer of the action
is a solution to (1.4), see [11,34]. It has been proven recently that for a large class
of nonlinearities (much larger than the sum of two power nonlinearities), every
solution to (1.4) minimizes the action; see [30].

We now discuss more precisely why it is not obvious to describe the set of acces-
sible values of A and u to solve (1.3). Solutions to

(1.5) —Au+V(@)u+ I = f(ju*)u,

were constructed in [36] for potentials V' having a finite limit as |z| — oco. In [22],
the case N = 1 with V' bounded and a cubic nonlinearity (f(y) = y) was considered,
thanks to Lyapunov-Schmidt method, allowing to invoke perturbation arguments
near the ground state associated to the case V = 0. These results were extended
in [40], again in the case of a bounded potential, going to zero at infinity, for an
homogeneous nonlinearity f(y) = y°. By bifurcation arguments, the authors show
that for A near A, > 0 ground state eigenvalue of A — V| (1.5) has a solution.
The case of an harmonic potential V(x) = |x|? was considered in [31] for the case
of an L?-critical nonlinearity f(y) = y*/V, thanks to a mountain pass lemma.
Additional results were obtained regarding the existence and stability of standing
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waves for unbounded potentials V' in e.g. [23,24]. The following result is very similar
to [31, Theorems 1.3 and 1.4], and is proven in Appendix A.

Proposition 1.2. Let N > 1 and 2 < p,q < 2* = 2%

1. If A\ > —N, then there exists a solution u € 3\ {((J)V}_i;+
(1.6) — Au + |z|?u 4 M = |ulP 2.

2. If A < =N, then there exists a solution u € ¥\ {0} to
(1.7) — Au+ |zfu+ M = —|uP~2u.

3. If A > —N, then there exists u > 0 and a solution u € ¥\ {0} to (1.3).

Apart from the existence of standing wave, and their classification, the standard
question is their dynamical stability: due to the invariances of the equation, the
relevant notion is the notion of orbital stability, see e.g. [15,20]. In the present
case, the harmonic potential removes the “usual” space-translation invariance, and,
along with time-translation invariance, only the gauge invariance remains: if ¢
solves (1.1), then so does 1e®, for any constant § € R. Like for the existence of
standing waves, at least two approaches are commonly used in order to study the
question of orbital stability: the stability of a set of standing waves (typically, the
minimizers associated to (1.4), as in [16]), and the stability of a given standing wave
(as in [25,26,43,44]; see also [20]). Like in [28], our main result is in the spirit of
the latter notion: we prove the orbital stability of the set of fundamental frequency
solutions, defined below. Note that by resuming the approach of e.g. [12] in the 2D
case (the 3D case is different, as the quintic nonlinearity becomes energy-critical),
based on the method introduced in [16], it is easy to prove that the set of energy
minimizers under a mass constraint (the minimizers of (1.4)) is orbitally stable.
But then again, we do not know for which values of p this set is nonempty, and
which are the corresponding Lagrange multipliers .

Let us state our main result. Introduce,
(S IVl [ [af2u?) 57 ([ jult) &=
i .
e\ {0} [ |ulp

for some C, ; > 0 introduced in Section 2: 4° > 0 (see Proposition 2.6 below).

(1.8) ﬂo = Cpq

Theorem 1.3. Let N =2,2 <p < q<oo, and ju > i°. Then there exists ;\Z >0
such that: R

(1°) For any A € [0, \},], Equation (1.3) has a ground state iy € .

(20) 5')\7“(@)\) <0 for A e [0, )\:1) and S>\7M(ﬁ>\)|>\:5\; =0.

(3°) Up to a gauge transform (replace iy by €%ty for some constant 6 € R), i
is positive, radially symmetric, and non-increasing in r = |x|.

(4°) For any X € [0, A} ], the set of ground states Gy ,, of (1.3) is orbitally stable:
for any € > 0, there exists 6 > 0 such that if ¥y € 3, satisfies

inf — < 4,
saof Mo = ¢ll»

then

sup inf t) — <eg,
up int[[0(6) = ol

where 1 is the solution to (1.1) such that V,—o = .



2D NLS WITH COMBINED NONLINEARITIES AND HARMONIC POTENTIAL 5

The proof of the theorem is based on development of the method of fundamental
frequency solutions, introduced by the second author in [28] in the higher dimen-
sional case without potential. We deal with the so-called prescribed action solution
of (1.3), i.e., a function u® € ¥ which for a given action S > 0 satisfies

(1.9) Sy u(w®) =S and DS, ,(u%) =0,

with some A > 0. As mentioned above, an alternative formulation which has also
been actively investigated over the last decades consists in finding the solution u to
(1.3) having prescribed mass, via (1.4), while A and S are unknown. Note that the
frequency A can be also considered as a value of the following conserved quantity

(1.10) A= AJ((t) = %J)(‘/’)

Definition 1.4. For a given S € R, a Solution @° of (1.3) is said to be a funda-

mental frequency solution (respectively, e* At

standing wave of (1.1)) with a fundamental frequency )\5 if
= Ay (@) > Ay (w)
for any w € £\ {0} such that DAS(w) =0. For S eR, >0, we denote by

4 1s said to be a fundamental frequency

Fi= {ue D\ {0} Af(w) = &S, DAS(w) = 0}
the set of the fundamental frequency solutions of (1.3), where

5\5 := min {Aﬁ(u) : DAﬁ(u) =0, ue X\ {0}}
is called the fundamental frequency.

We have the following result on the existence and orbital stability of fundamental
frequency solutions:

Theorem 1.5. Let N =2 and 2 < p < q < co. Then for any given action value
S € R, there exists an extremal value i > 0 such that:

(10) For any p > i, Equation (1.3) has a fundamental frequency solution
3\ {0}. In the case S <0, the same is true under the relaxed assumption p >

(2°) Up to a gauge transform (replace ui by eleui for some constant 6 € R), @
is positive, radially symmetric, and non-increasing in r = |x|.

(3°) If S < 0, then o° > 0, and for any p > j°, the fundamental frequency
solution 115 is a ground state of (1.3) with A\ = Aﬁ(ﬁﬁ) Moreover, A € [0, },).

(4°) If S < 0, then for any p > fi°, the set of fundamental frequency solutions
]:5 % (1.3) is orbitally stable: for any e > 0, there exists § > 0 such that if 1y € 3,
satisfies

inf |40 — ¢fls <4,
PEFS
then
sup inf t) — <eg,
up i [4(1) ol
where 1) is the solution to (1.1) such that ¥j—o = 1o.

We obtain the existence of the fundamental frequency solutions by applying the
nonlinear generalized Rayleigh quotient method (NG-Rayleigh quotient method)
[27-29] to (1.3) with A (u) as the Rayleigh quotient.
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Remark 1.6. We conjecture that Equation (1.3) has no ground state solution with
positive action S > 0. Furthermore, we anticipate the fundamental frequency
solutions @ of Equation (1.3) for S > 0 are not orbitally stable.

Notations. Let (o, )nen and (8,,)nen be two families of positive real numbers.
o We write «,, < 3, if limsup a,, /3, = 0.

n—-+oo

e We write «,, < 3, if limsup a, /S, < oc.

n—-+oo
e We write o, = 3, if a, < 5y, and 5, < .

2. THE NONLINEAR GENERALIZED RAYLEIGH QUOTIENTS

For u € ¥ and o > 0, we denote u, () := u(z/c), r € RV, and

7(0) = [ [VuP, L) = [laPlafs Q)= [ luf,

Aw = [lu, Bw= [ ful

With these notations we have
1 1 1 1
Sxpu(u) = §T(u) + §L(u) +2AQ(u) — M;A(’U/) + EB(u)
and

T(ud) = O'N72T(u)7 L(UU) = UN+2L(U‘)7 Q(UU) = UNQ(u)v
A(uy) = oV A(u), Buy) = o B(u).

By a weak solution of (1.3) we mean a critical point u € ¥ of Sy ,(u) on X.
Observe that if u € ¥ is a weak solution of (1.3), then the Brézis-Kato Theorem [9]
and the L7 estimates for the elliptic problems [2] yield u € VVliC'Y (RYN), for any
v € (1,00), and whence by the regularity theory of the solutions of the elliptic
problems u € C?(RN) N H(RY) (see e.g. [2]).

This implies that any weak solution u of (1.3) satisfies the Pohozaev identity [38]
N+ M2 ) N o) — X aw) + X Bw) = o.

2 2 D q

See e.g. [8, Section 2.1] for details (the assumption u € ¥ makes it possible to adapt
the proof in order to include the harmonic potential, by repeating the argument
on top of p. 321 in [8]). For S € R, introduce the so-called action-level Rayleigh
quotient

(2.1) P(u):

S — 1T(u) = 1L(u) + pLA(w) — 1B(w)

(2.2) Ai(u) = oW

Notice that for any S € R and A € R,
. Ai(u) =X & S u(u)=3_5,
e DAS(u) =0 with Aj(u) =X < DSy, (u) =0, ie., u satisfies (1.3).
Let u € ¥\ {0}, S € R, ¢ > 0, consider
o NS — 0723 T(u) — 0° 3 L(u) + py Alu) — 2 B(u)

(23)  Au(0) = AJ(uo) = Qu)
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Then for u € %,
d
do

The last equation,

Ml(0) =0 & —NS+ oV 2T(u) — eV T2 L(u) = 0.

e For N > 2, has a unique solution og(u) > 0 for any v € ¥ and S < 0.
There are two positive solutions if S > 0 is not too large.
e For N =2, has a unique solution og(u) > 0 for any u € ¥ and S < & T'(u).
e For N = 1, has a unique solution og(u) > 0 under suitable relations be-
tween T'(u), L(u) and S.
Note that for N # 2, the formula(s) for og(u) may not be easy to write, when
possible.
From now on, we assume N = 2.
Then
1/4
os(u) = (%) , Vu e 3\ {0}, suchthat S < % T(u).

Hence, in accordance with [28], we have the following nonlinear generalized Rayleigh
quotient (NG-Rayleigh quotient)
(2.4)

((T(u) —28)2L(u)/2 — L Afu) + %B(u))
Q(u) '

/\5(11‘) = Aﬁ(ua’”U:as(u) = -

Observe, when T'(u) > 25,

A (u) = max A (ug),

when T'(u) = 25,

EA(u) — ¢ B(u)
N(u) =supAS(uy)=2—2 2 7
wl) = s Ailue) = 40
and when T'(u) < 25 (a case which may occur only for S > 0),

supAi(uU) = 00.
a>0
Denote, for S > 0,
Yg:i={ueX; T(u)>25}.
Corollary 2.1. If u € ¥ satisfies (1.3), then og(u) =1 and C%)\u(aﬂg:l =0.

Proof. The equalities -\, (0)|,—1 = 0 and og(u) = 1 are consequences of Pohozaev
identity (2.1). Indeed, Sy ,(u) — P(u) = $T(u) — £ L(u) and therefore, T'(u) — 2S5 =
L(u), i.e., og(u) = 1. The second equality follows similarly. O
Lemma 2.2. Let S € R. Then DX (u) =0, A (u) = A, o5(u) = 1 if and only if
u € X is a weak solution of (1.3) with prescribed action S.

Proof. Since A} (u) = A, os(u) = 1, we have AJ(u) = X, and consequently,
Sxau(u) = S. From (2.4), by direct calculations of DAZ (u) it follows

1
(2.5) DA (u) = WDS,W(U), Vu € £\ {0} such that Ay (u) =X, ogs(u) =1,

and thus, DSy ,(u) = 0.
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Conversely, assume that v is a weak solution of (1.3) such that S = Sy ,(u).
Then Aﬁ(u) = X and DAﬁ(u) = 0. Moreover, by Corollary 2.1, o%(u) = 1, and
hence, A7 (u) = A% (u) = A. Consequently, (2.5) yields DA (u) = 0. O

Remark 2.3. Lemma 2.2 implies that if u is a weak solution of (1.3) with prescribed
action S, then the strong inequality T(u) > 2S holds, and thus, (1.1) has no
standing wave 1) = ey with action value S := Sy ,(u) > T'(u)/2.

Remark 2.4. In view of the homogeneity of )\5 (u), we may always assume that any
critical point u of /\ﬁ (u) satisfies 0% (u) = 1.

From now on, we assume 2 < p < q < 00.
For S € R, we deal with the following condition:
(Eu) : 3ue Xy such that A5 (u) > 0.

It is easily seen that the feasibility of this condition depends on parameter p. The
limit point of y where the condition (E,,) is satisfied will be called extreme value
of p. To find this value, we reapply the NG-Rayleigh quotient method to the
functional A7 (u) (see [13]) and therefore introduce

T(u) —29)Y? L(w)/2 + L B(u
MS(u) ::( ) )lA(r(UJ)) ty ( ), u € Xg,

which is characterized by the fact that p®(u) = p < AJ(u) = 0, and p%(u) < p <
Ag(u) > 0. For S € R, define

(2.6) 5= inf pS(u).

Obviously, 4 > 0.

Proposition 2.5. Let N = 2,2 < p < q < 00, S € R. Then i is an extreme
value of p, that is for any pu > i° condition (E,) holds, whereas if u < i, then
A (u) <0 for any u € .

Proof. Let > 5. Then by (2.6), there exists u € X5 such that 2% < p(u) < p,
and therefore, A? (u) > 0. The converse follows immediately. O

Observe that (2.6) can be written in an equivalent form. Indeed, consider for
S eR,

- —S+ 5T (u) + 5L(u) + ¢ B(u)
(2.7) M? (u) := TA(w) ,

u € Xg.

Observe that M*®(u,) — 400 as ¢ — 0 and M®(u,) — +o00 as ¢ — +oo. An
analysis similar to that for Aﬁ(u) shows that

, (T(u) — 28)"? L(w)"/? + 1 B(u)
(2.8) min M5 (ug) = %A(U) = 15 (u).

Hence

Proposition 2.6. Assume that S < 0. Then ji° > 0.
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Proof. Since for S <0, M*(u) > M°(u),

2.9 0% > inf  M°w), Yue X\ {0}, VS <O0.
(2.9) L (u), YueX\{0} <

It is easily seen that for any u € X\ {0} the minimum of min;~o M (tu) is attained
at the unique minimizing point ¢,,(u) given by

tm(w) = cpg (W)UWZ), o ((]9(1__722”)1/((1—2)'

Hence by (2.9) we have

%> inf MOt (u)u) = C,y

m inf , VS <o.
= wen\{0} e {0} A(u)

for

Cpq=pP+q—4) (ﬁ

By (1.2), Sobolev and Holder inequalities, we have

> (p—2)/(q—2)

a(p—2)

lullzr < Co (laull ]| Vull 22)7 [lu }772, Vu € £\ {0},

where Cy > 0 is a constant, and thus, 4% > 0 for any S < 0. (|
3. EXISTENCE OF A FUNDAMENTAL FREQUENCY SOLUTION WITH PRESCRIBED
ACTION
Recall that N =2 and 2 < p < ¢ < co. Consider
(3.1) 5\5 = sup {)\i(u), ue X\ {0}, T(u)—25 >0},
with > /1°. By construction, we may also write
(3.2) AY = Ay = sup {AJ (u); ue D\ {0}, T(u)—25 >0},
In the sequel, we use (3.1) when we want to take advantage of the invariance of )\5
with respect to spatial dilations, A2 (us) = A5 (u) for all o > 0.
Lemma 3.1. Let S € R. If > i, then 0 < 5\5 < 00. Moreover, if > [i, then
0< A < 0.
Proof. By Proposition 2.5, 5\5 > 0. Holder inequality yields

q(p—2)
plg—2)
where we have used Sobolev embedding to ensure the finiteness of each term.

Suppose that /\S oo: there exists a sequence (uy, ), in X\ {0}, with T'(u,) > 2S5,
such that

(33)  ullee < llullp’llulfe, Yue HY(R?), 6= € (0,1),

)\S(un) — 0.

n—oo

In particular,

Sun Unp, - Un||1q 0.
.9 3500 < T (Sl ~ 2l ) =

n—
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Since )\5 (u) = /\ﬁ(ug) for any dilation parameter o > 0, we may assume ||un |7, = 1
for all n. Then (3.3) and (3.4) yield

12 1 7] 1
M) < Bl = Sl < Crllual 3 = Clluals =2 o0,

which is impossible, and so )\5 < 0.
It follows from Proposition 2.5 that for all pu > i, ;\i > 0. O

Lemma 3.2. Let S € R. If0 < 5\5 < 00, then there exists a mazximizer ﬁﬁ of
(3.1), that is, A = A5 (af).

Proof. Consider a maximizing sequence (), of (3.1), /\ﬁ(un) — 5\5 as m — +00.
We show that (u, ), is bounded in X.

We first assume that (u,), is bounded in L%, |lu,||z: < 1 (and then show that
this is necessarily the case). Suppose that ||u,||Le — +00. Then, in view of (3.3),

_)‘i(un)Q(un) = (T'(un) — 25)1/2L(Un)1/2 - M%A(un) + %B(un)

1 1
>~ [l + % [l
p q

1, o 1
> —u};llunllﬁi + allunll‘iq — 400, as |lun||Ls — 400,

which is absurd, since it would imply that )\E(un) becomes negative for large n.
Hence by (3.3), ||un|/zr and ||u,|/ L are bounded. In view of (3.3),

p—2
Hun”%q) -2 1 ”un”%q

llun 1?2 q [lunllZ2

Ao (un) < c<

This shows that |[u,||,/||un|/%: is bounded: if we had ||uy ||z — 0, then we would
have ||uy ||« — 0, hence ||uy,||» — 0. Therefore,

58 = tim (T (un) = 28) 2 L) /2 = it B + < a2, ) <0
st Q(un) p ) T
in contradiction with Lemma 3.1, so |lun||z2z = 1. We readily infer that (T (u,) —
25)Y2L(uy)"? is bounded. Recall the inequality, found in e.g. [3, Lemma 4.1], in

the two-dimensional case,

/

_ p
(3.5) Ifllz2@ey < C||f||9LP(R2)||l’f||1szR2)v 0= 5} €(0,1).

This implies that we cannot have L(u,) — 0, and so T'(u,) is bounded: (uy), is
bounded in H*(R?). If we had L(u,) — oo, then consider

U () := up (xL(un)l/4> .

By the homogeneity of )\5 with respect to dilations, )\5 (vp) = )\i(un), and v, is a
maximizing sequence. It is such that T'(v,) = T'(u,) is bounded, L(v,) = 1, and

loallFe = Liuwa) 2 [lunllfs — 0,
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while we have seen that this is impossible for a maximizing sequence. Therefore,
(tn)n is bounded in ¥. By the Banach—Alaoglu and Sobolev embedding theorems,
there exists a subsequence, which we again denote by (uy, ), such that

unéﬁs in»

in L7(R?), 2< v < oo,

Uy —> U

up — 45 a.e. on R?,

"
s
W
s
W
for some ﬁﬁ € X, as X is compactly embedded into LY (R?) for such values of 7 (see
e.g. [39, Theorem XIIL67]). We show that @ # 0. To this end, it is sufficient to
show that the sequence [|u,||7, is separated from zero. Indeed, if |lu,|}, — 0 as
n — +00, then

1 1
)\S: li T . — 929 1/2L n 1/2 = " p s, q <.
= S Olan) <( (un) = 28) " L{un) " = pllunllzs + 2 llunllza ) <

This is impossible, since 5\5 > (0. From this we have

lim G, = 15 %
tim |, = (@514,
G fnlZe = a1z

Recall the Brézis-Lieb lemma (see e.g. [35]):

Lemma 3.3. Assume (v,) is bounded in L7(RY), 1 <~ < +o00 and v, = v a. e.
on RN, then

i fonllg, = Jollg, + lm o —ol3,.

We infer

i [ Va3 = [VaS|3 + lim [V — )2 > V652,

7 — 1 2 _ 1.a8)2 - N ~52
Lim tim fous3 = [eaS[3 + tim_ o, — 0] > o]
In the case ||V, > 25,

-1 ~S 1/271 (~S\1/2 1 ~S||1P 1 ~S4a S(nS
m (T(u,u) _28) L(u,u) _IUJ];HU’;LHLP +§Hu,u||Lq :A,u(u,u)a
m
which implies that 115 is a maximizer of (3.1).
Suppose, on the contrary, that 0 < [[Va5[|7. < 25 (which might occur only if
S > 0). Then

CERT S
Ap = lim Aj(u,) <

n—-+o0o
— (@) + i [V (un = 652 = 2802 L(@)Y2 = ks + Llla 1L )

Q(a)
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The last term is equal to Aﬁ’h(ﬂi), where 2h = limy, 4 o0 ||V (un — ﬁﬁ)”%g Notice
that if S) < S, then AJ*(w) < A32(w) for any w € g, and consequently 5\51 <

5\52. This implies the contradiction

G S—h(sS 3

Ap <A M(agn) < AL,
and we necessarily have ||Vﬂ§||%2 >28S.

Now we prove that any maximizing sequence is indeed bounded in L2. If we had
[[tnllL2 — oo, then by the positivity of A%,
2
lunllZs 2 unllZ2,

and together with (3.3), raised to the power p, this yields

~

24=¢ q2=3
lunll 22 unllz5™ 2 llunllZz,  hence [lunl|Zq 2 [lunllZs — oo
Again due to the positivity of 5\5 , for sufficiently large n,

lunllZs 2 unllLa,
and (3.3) now yields
lunllZe 2 llwnllfq,
so we come up with
lunllZe = lunlg, ~ lunllg..

Gagliardo-Nirenberg inequality entails T'(u,) — oo. Consider the dilation,

on () = un <m> 7

and recall that A7 (uy,) = A5 (vn). The sequence (vy)y, is bounded in L? N L% from
the previous arguments (where we had considered a maximizing sequence, bounded
in L?), we see that (vy,), is bounded in H'. But T(u,) = T(v,) — oo, hence a
contradiction. (]

From Lemmas 3.1 and 3.2, we get:

Lemma 3.4. Let S € R. If u > i°, then there exists a mazimizer ﬁﬁ of (3.1),
that is, 5\5 = /\ﬁ(ﬂi)

Remark 3.5. For the existence of a maximizer of (3.1) in the case u = i° see
Lemma 5.2 below.

Lemma 3.6. Assume that @, is a mazimizer of (3.2), i.e., 5\5 = A5(af). Then
ﬁﬁ is a fundamental frequency solution of (1.3) with fundamental frequency 5\5

Proof. Let @ be a maximizer of (3.2). By the Lagrange multiple rule, there exist
1o, p1 such that

(1) luol + [p1] # 0,
(2) poDAJ (@) + DT (a) =0,
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Evidently, we may assume that uo = 1. If T'(a) — 25 > 0, then by (3), we have
p1 = 0, and consequently, DAY () = 0, and thus @ satisfies (1.3).

To obtain a contradiction, suppose that T'(4) — 25 = 0. By Corollary 2.1 we
have

dAS (ig) dT (i)
1 o
- 57  |lo= o=1 — 0
do lo=1 + 1 do lo=1
dAS (G, dT (1,
But %b:l <0, d(u ) = 0. Thus, T(4) — 2S5 > 0 and 4 satisfies (1.3).
o o
The equality )\5 = AE (@) entails that it is a fundamental frequency solution. O

We can now infer:

Corollary 3.7. The maximizers ﬁﬁ of (3.2) satisfy T(ﬁi) —25 > 0. Up to a gauge

S

5. is radially symmetric, nonnegative, and a non-increasing function of

transform, G
|z

Proof. We explain the last point of the statement. In view of [18, Lemma 2.3], up
to replacing ﬂi by ewﬁﬁ for some 6 € R, we may assume that ﬂi is real-valued.
Using Schwarz symmetrization (see e.g. [35, Chapter 3]), we see that maximizers
can be chosen as radially symmetric, nonnegative, and non-increasing as a function
of |z|. It is indeed standard that symmetric rearrangements leave Lebesgue norms
unchanged, and do not increase T'(u). They do not increase L(u) either, as shown
in [5, Appendix A}, and more precisely, in the present case of a harmonic potential
|z|?, [5, Theorem 4] asserts that if u is not equal to its Schwarz symmetrization u*,
then L(u*) < L(u). Since maximizers satisfy T(ﬂi) > 25, we see that if they do not
satisfy the announced properties, then considering their Schwarz symmetrization
(strictly) increases the value of )\i, hence a contradiction. (]

4. LYAPUNOV STABILITY OF THE SET OF FUNDAMENTAL FREQUENCY SOLUTIONS

We first show why local ¥ solutions of (1.1) are global. In view of e.g. [15, Theo-
rem 9.2.6], it suffices to prove that any solutions is bounded in 3. For the following
result, we consider the general case NV > 1, with combined energy-subcritical non-
linearities.

Lemma4.1. Let N > 1. Assume2 <p < q<2* andp > 0. Lety € C([0,T); )N
CL([0,T);X*) be a solution of (1.1). Then v is bounded in X: there evists C
depending on |[Y—ol|s such that for all t € [0,T), [VY@)|32 + |lzv(t)]|3. < C,

and therefore we can take T = oo.

Proof. The conservations for (1.1) yield Q(¢(t)) = Q(¥(0)), H.(¥(t)) = H.(1(0))
for all ¢t € [0,T). Recall that from (3.3), there exists 6 €]0, 1[ such that

[z < IO 10ONT S 1DE)1%0,
since the L2-norm of ¢ is independent of time. We infer

HL((0) = H((0) 2 FIV0(0)1E + 3lev 0l = CloI% + IO

Now from (3.3), Op < ¢: this entails that all terms in the above inequality are
bounded. (]

We now prove (recall that ]-"5 is defined in Definition 1.4):
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Lemma 4.2. Let N =2,2<p<qg<o0,S<0, andu>05uchthat}f7ﬁ@.
Then the set of fundamental frequency solutions ]-'5 is orbitally stable.

Proof. Suppose that ]—"5 is not orbitally stable: there exist € > 0, a sequence of
initial data i, (0) € X such that

4.1 inf |4y (0) — 0,
(4.1) 0 19n(0) = s =

and a sequence of times ¢, > 0 along which the solution to (1.1) emanating from
¥, (0) satisfies

4.2 inf |4, (t,) — . Vn>1.
(42) JE (i) = dlls >, v

The convergence (4.1) implies that
A (Wn(0) — AL
and therefore the conservation for Ai yields

(4.3) A (Waltn)) — A5,

— 00

Lemma 4.1 shows that (¢, (ts))n is bounded in ¥. Consequently, there exists a
subsequence which we again denote by (¢, (tn))n such that

Un(tn) = u weakly in B, ,(t,) — u, strongly in L?(R?), 2 <p < oc.

for some u € ¥. Observe that T'(u) — 25 > 0 since S < 0. This and (4.3) imply
that we can proceed like in the proof of Lemma 3.1, to obtain that we actually have
Y (tn) — u strongly in ¥, and

s 15
Hence we get Aﬁ(u) = 5\5, that is u € ]-"5. But this contradicts (4.2). O

5. EXISTENCE OF A MINIMIZER OF 11°(u)

Assume that S < 0. Notice that in this case we always have Xg = X\ {0}
Consider the minimization problem (2.6), i.e.

~S : S
;= inf .
p” = inf p®(u)

Lemma 5.1. If S <0, then there exists a minimizer v° of (2.6).
Proof. By Proposition 2.6, 0 < jis < co. Let (v,), be a minimizing sequence of

(2.6), i.e., p5(vy) — fis as n — oo and v, € Bg, n > 1. We show that (vy,), is
bounded in ¥.

Since p° (v) = (v, ) for any dilation parameter o > 0, we may assume L(v,,) =
1. Since p®(v,,) is bounded, we readily have

(5.1) 0 < [[Vnllf — 28 < llvallfs,
(5.2) [onllZe < llonllZe-

In view of (3.3) and (3.5),

5

a=p
/ 92 p—2
lonlls 5 (loalls) ™ roall )7
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hence
g—1
(lonllZo) ™ S lvallZe < llonllze,

where we have used (5.2) for the last inequality. As 2 < p < ¢, we infer that (v, ), in
bounded in LP(R?), and in L4(R?), again from (5.2). Now, (3.5) implies that (v,,),
in bounded in L*(R?), and (5.1) that (Vvy,), in bounded in L?(R?). Therefore,
(Un)n is bounded in X.

Like in the proof of Lemma 3.2, there exists a subsequence, which we again
denote by (vy,)n, and ©° € X, such that

vnéﬁs in X

v, — 7 in L7(R?), 2 <y < oo,

S

v, — 0° a.e. on R2.

Observe that 7° # 0. Indeed, by the proof of Proposition 2.6, we have
(T (0)L(v0)) T2 B(v,) T2
A(vn) '
Since p®(tm (sus)suy) = po(tm(u)u) for any o > 0, s > 0, u € ¥\ {0}, we may
assume that T(v,)L(v,) = 1, B(v,) = 1, for all n. Hence if 7° = 0, we get a

contradiction: p®(v,,) — +oc.
Now arguing as in the proof of Lemma 3.2 we obtain

(5.3) 15 (0n) = 11 (t (vy)0n) = Ch.q

A% = lim p¥(v,) >

n—-+oo

1 —S 12 g, Lo g S-S
A0 ((T(v ) —25) " L(@*)Y + B | =7,
which implies that #° is a minimizer of (2.6). O

Observing that since 7 (u) is a homogeneous functional with respect to spatial
dilations, we may always assume that the minimizer o° of (2.6) satisfies 05(7°) = 1.

Lemma 5.2. Let S <0 and v° be a minimizer (2.6) such that o5(v°) = 1. Then

(i): ©° weakly satisfies (1.3) with A =0 and p = fi°;

(ii): mazimizing problem (3.1) for u = ji° attains its mazimizer at v°, i.e., ﬁgs =
v, and )\55 = )\gs(ﬁs) =0.

Proof. 1f % is a minimizer of (2.6), then Du®(9°) = 0. The assumption o5(2°) = 1

implies that 4% = p(0%) = MS(v%). Using this it is easy to check by direct
calculations of Du®(9°) that if u°(u) = p, os(u) =1 for u € Ng, then

D
Dy (u) = ——DS -
M (u) (u) NM(U’)')\*O?
and thus, we get DSy ;s (0%) = 0, that is 0% weakly satisfies (1.3) with A = 0 and
_ 48
w= . O

Proposition 5.3. The function (—00,0] > S — % is continuous and monotone
decreasing. Moreover, i° — 400 as S — —oo and ¥ — 4° := (¥ s—o > 0 as
S — 0.
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Proof. Let S < 0, AS > 0 such that S+ AS < 0. Proceeding like in the proof of
Lemma 5.1, we see that (ES)SE(&O} is bounded in ¥ for any bounded a < 0. Using
this it is not hard to show that the following Taylor expansion holds

—1/2

(T(@%) - 2(5 + AS)"* = (1(5°) — 28)/* — AS (T (@) — 25) % + (S, AS),

where o(S, AS)/|AS| — 0 as AS — 0 uniformly in S € (a,0]. Hence,

,aS+AS < ,LLSJFAS(T)S) _ ‘aS _ Asi (T(T;S) — 2S)71/2 + O(AS),

A(v9)
and consequently,

[SHAS _ a8 p N —1/2
i a” < ASA@S) (T(v°) —25) + o(S, AS).

Similarly we have

—Asﬁ (T(@5+29) — 2(S + AS)) "2 + o(S + AS, AS) < g5T45 — 5.
Thus, 25725 — 45 = 0 as AS — 0.

Observe 2 = p52(v%2) < p%2 (1) < pS1(951) = g% for any S; < Sz < 0.
Thus, ¥ is monotone decreasing. Moreover, it is clear that 4% — 1% := 4%|5—¢ as
S — 0. By Proposition 2.6, i|s=g > 0 .

Let us show that 4% — 4+o00 as S — —oo. From the monotonicity of % (7%) it
follows p° () — C as S — —oco for some C € (0, +0c0]. Suppose, contrary to our
claim, that C' < +00. As above, we may assume L(7°) = 1, S < 0. Then

_ 1/2 _
(T(0%) —28)"% + L4,

(5.4) w (7%) = TR — C <400 as S — —o0.
TS,

Then

(5.5) 155170 < 19170

In view of (3.3) and (3.5),

_ A= =2
1051, s (11 ) (loS1%.) 72

hence by (5.5),

_s = _s s
(12°1%) " S 10°N%e S N7 s

~

Since 2 < p < ¢, we infer that (v%) in bounded in LP(R?). However, (T'(2°)—2S) —
+o00 as S — —oo and thus, (5.4) implies a contradiction. O

Proposition 5.3 yields that the range of the function (—o0,0] > S + i coincides
with [%, +00) and thus we have:

Corollary 5.4. There exists an inverse function S(u) of i so that 15 = p for
any p € [A°, +00).
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6. EXISTENCE OF A GROUND STATE

Proposition 6.1. Assume p > 0, |Sa — S1] is sufficiently small, and S, < S such
that F5* # 0, F> # 0. Then

(6.1) SELL R ) il
Qi) Qi)
Proof. Since Fj' # 0, A\’ = A (ap’), Va,' € Fo’, j = 1,2. Furthermore,
T(5?) > 253 > 251. Hence,

>
n
fart

vig e Fyi,oi=1,2.

Q N . . Se—51  « So — 51
)\Sl — AS1 (uSl) 2 ASI (uSQ) :ASQ (uSQ) _ — )\SQ _ ,
iz © Iz iz © iz n Q(ﬁ;sf) Iz Q(,&Ez)
and we get the second inequality in (6.1). The proof of the first one may be
handled in the same way. We only have to notice that Corollary 3.7 implies that

T(a57) > 28, if | Sy — 51| is sufficiently small. O

Lemma 6.2. Let i > i°. Then .7:5 # 0 for any S € (S(),0].

Proof. Take S € (S(u),0]. From the above properties, ¥ > 0. Since S > S(u),
Proposition 5.3 implies p = 2% > /¥, Hence by Lemma 3.4 we have ]-'5 #0. O

Hence we have

Corollary 6.3. For any p > ji°, the function S 5\5 18 continuous and strictly
monotone increasing on (S(u),0], i.e., 5\52 > 5\51, for any S(p) < S1 < Sz < 0.
Furthermore, Q(ﬁﬁl) > Q(ﬂfﬁ), Vﬁij € ffj, j=1,2.

Lemma 6.4. Assume that u > j°. Suppose S € (S(u),0] such that 115 s a

fundamental frequency solution of (1.3) with A = ;\ﬁ, then iy, == 45 is a ground

“w
state of (1.3) with ground level S.

Proof. Suppose the assertion of the lemma is false. Then there exists a solution w
of (1.3) with A = A3 such that

Sl = ij,fyﬂ(w) < 55\51#('&5) = S.
The equality Sy := S5s ,(w) implies AT (w) = 5\5 Moreover, since DAZ! (w) = 0,
e

Lemma 2.2 (see also Remark 2.3) implies that T'(w) — 257 > 0. Lemma 3.1 implies
that /\51 < +o00. Furthermore, we have

181 _ s s _ 35S

(6.2) AL _urél%;(lA Hu) > A (w) = A > 0.

Thus 0 < ;\51 < 400, and by Lemma 3.2, ]-"51 # (). Hence, the inequality S > S
by Proposition 6.1 implies that ;\51 < 5\5, which contradicts (6.2). O
Lemma 6.5. Assume that u > (0. Then limg_, g(,) 5\5 =0 and 0 < limg_,q 5\5 =
A, < 00.

Proof. Since i°") = i, Lemma 5.2 implies that limg_, 5, ;\ ;\ = 0. By
the monotonicity of /\i it follows that there exists limg_.¢ )\ ;\z < oo Suppose
contrary to our claim, that 5\; = oo. By (6.1) and since Q( o) > Q(ay?), for
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S(u) < S1 < Sy <0, this is possible only if Q(42) — 0 as S — 0. An analysis
similar to that in the proof of Lemma 5.1 shows that (ﬂi)Se(é,O) is bounded in %
for any 6 € (S(1),0), and thus there exists a subsequence (i;" )., such that S, — 0
and d4pm — w in ¥, 45 — w in LY(R?), 2 < v < oo, 4" — w a.e. on R?, for some
w € X. As in proof of Lemma 3.2, it follows that w # 0. However, this contradicts

the convergence Q(a5") — 0. O

Corollary 6.3 implies that the function S — ;\ﬁ is invertible so that for any

A€ [0,5\::] there exists a unique Sy € [S(u),0] such that /A\ﬁA = A. Hence, by
Lemmas 6.4, 6.5 we have:

Corollary 6.6. Assume that p > ji°. Then for any \ € [0,5\;] equation (1.3) has
a ground state 4. Moreover, Sy ,(4)) <0 for A € [0,5\:;) and Sy, ()] \_5. = 0.

Lemma 6.7. Assume that u > i°. Suppose \ € [0,5\;] and Uy s a ground state
of (1.3) with the corresponding ground level S = Sx ,(tx) < 0. Then uy is a
fundamental frequency solution of (1.3) with fundamental frequency X.

Proof. Suppose that A € [0, 5\;] and @ is a ground state of (1.3) with S = Sy ,,(@y).
Then A5 (iy) = A5 (@x) = A, and thus A < A5 )

Suppose, contrary to our claim, that A < )\5 . It follows from the above that
there exists Sy € (S(p),0] and a fundamental frequency solution @:* such that
A= Xﬁk = Aﬁ*(ﬁik) and S’,\#(aik) = S). Since Xik =)A< 5\5, Corollary 6.3
implies that S\ < S < 0, which contradicts the assumption that 4, is a ground
state. O

7. PROOF OF THEOREMS 1.3 AND 1.5

Proof of Theorem 1.5. Let N =2,2 <p < q < oo and pu > ji°. Take ;\z € (0, +00)
defined by Lemma 6.5.

Let A € [0,5\:1] Then Corollary 6.6 yields that Equation (1.3) has a ground
state ) € X, and thus we have (1°). Moreover, Sy ,(4y) < 0 for A € [0,5\;)
and Sku(ﬂ%”)\:ﬁ\; = 0, and thus (2°) holds. Corollaries 3.7 and 6.6 yield (3°).

Assertion (4°) follows from Lemma 4.2 and Corollary 6.6. O

Proof of Theorem 1.5. Let N =2,2 < p < q < oo, S €R. Proposition 2.5 implies
that the value 4 > 0 given by (2.6) is an extremal value. By Lemmas 3.4 and 3.6,
it follows that Equation (1.3) has a fundamental frequency solution @? € ¥\ {0}
for any p > i, and thus assertion (1°) is satisfied. Assertion (2°) follows from
Corollary 3.7. Corollary 6.6 yields (3°). Since (1°), F; # 0 for S <0, u > f°,
and thus, Lemma 4.2 yields that the set of fundamental frequency solutions F, 5 is
orbitally stable. ([l

APPENDIX A. PROOF OF PROPOSITION 1.2

We resume the approach introduced in [19] (see also [8]), and, more precisely,
the proof of [10, Proposition 3.1]. In all cases, we consider the constraint u € By,
where

1
Byi={oe2 Lol =1},
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For the homogeneous nonlinearity, we introduce the functional

1 A
Plu) =5 (Huu) + Slulzs, H=—A+ap,
and
6 = inf F(u).
Jnf F(u)

We know the spectrum of H, 0,(H) = N + 2N, and that Hermite functions provide
an L2-eigenbasis; see e.g. [33]. The uncertainty principle also reads

(Ho,¢) > N|¢||3:, Vo X.

First case: A\ > —N. We show that 0 < § < co. The finiteness is obvious, and
the uncertainty principle implies, for all u € X,

(A1) Flu) > %(N + V)2 > 0.

If we had § = 0, then there would exist a minimizing sequence u,, € B, such that
U, — 0in L2. The definition of F implies that u,, — 0 in ¥ too. Our assumption
on p implies ¥ € HY(RY) — LP(RY), and thus u,, leaves B, for n sufficiently
large, leading to a contradiction: § > 0.

In view of (A.1), and minimizing sequence is bounded in L?, and again from the
definition of F, it is bounded in 3. The Banach—Alaoglu theorem implies that up
to a subsequence, u,, converges weakly to some function 4 € X. The presence of the
harmonic potential makes the embedding ¥ — L"(RY) compact for all 2 < r < 2*
(see e.g. [39, Theorem XIIL.67]): u, — @ strongly in L2 N LP, and @ € B, solves

(H + \a = v|a|P%a,

for some Lagrange multiplier v € R. Since § > 0, taking the inner product with @
in the above equation shows that v > 0. The function u = v'/*P=2)¢ € £\ {0} then
solves (1.6).

Second case: A\ < —N. For any ¢, u.(z) = ce~171°/2 satisfies Hu. = Nu,, so
picking ¢ > 0 so that u. € B, shows that § < 0.

Suppose § = —oo: there would exists a sequence (uy,),, in By, such that F(u,) —
—00. As F(u) > 3||ull2s, (un)y is unbounded in L*(RY). We remark that (zu,)nen
and (Vu,)nen are also unbounded in L2(RY), with norms of the same order as
Junllzz. Indeed, if we had ||Vaun |2 3 [lun]lz2 and/or [wunllzz 3 [lunzz, then
we would have F(u,) > 0 for n sufficiently large. In view of (1.2), the three terms
(IVun|lzz, [|zun||rz and ||uy||rz go to infinity with the same order of magnitude.

Set
1

= ——Uy.
[[un [ 2
This is a bounded sequence in ¥, whose L? norm is equal to one. Up to extracting

a subsequence, @, converges weakly in ¥, and strongly in L? N LP (as we have seen
in the first case), to some @ € B, such that ||@|/ 2 = 1. We infer

Un

lunllr = [lunllL2l[@nllr = [lun|lL2 = +oo.
Therefore, u,, cannot remain in By, hence the finiteness of 4.

Knowing that —oco < ¢ < 0, we infer that any minimizing sequence is bounded
in ¥, and we conclude like in the first case. The only difference is that now the
Lagrange multiplier v < 0, and we set u = |v|*/(P=2)q.
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Third case: combined nonlinearities, A > —N. The proof in the inhomoge-
neous case follows the same lines as the first case. We now consider

1 A 1
G(u) := 5 (Hu,u) = Sullzz + vl

and the minimization problem

0= ulenép G(u).

The uncertainty principle yields

1 1
Gu) = 5 (N + Nllullz= + a”u”%%

and it is easy to check that the proof of the first case can be repeated, up to the
final homogeneity argument: there exists a Lagrange multiplier p, which is positive,
but we have essentially no information regarding its value.
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