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ON GROUND STATES FOR THE 2D SCHRODINGER
EQUATION WITH COMBINED NONLINEARITIES AND
HARMONIC POTENTIAL

REMI CARLES AND YAVDAT IL’YASOV

ABSTRACT. We consider the nonlinear Schrédinger equation with a harmonic
potential in the presence of two combined energy-subcritical power nonlinear-
ities. We assume that the larger power is defocusing, and the smaller power is
focusing. Such a framework includes physical models, and ensures that finite
energy solutions are global in time. We address the questions of the existence
and the orbital stability of the set of standing waves. Given the mathematical
features of the equation (external potential and inhomogeneous nonlinearity),
the set of parameters for which standing waves exist in unclear. In the two-
dimensional case, we adapt the method of fundamental frequency solutions,
introduced by the second author in the higher dimensional case without po-
tential. This makes it possible to describe accurately the set of fundamental
frequency standing waves and ground states, and to prove its orbital stability.

1. INTRODUCTION

We consider the nonlinear Schrédinger (NLS) equation with harmonic potential
and combined power-type nonlinearities

(L) 0 + A = a2 — plpP~2 + |02y, (ta) € RY x RY,
where 1) is a complex-valued function of (¢,z), p,q € (2,+00) (p # q), N > 1 and
1 > 0 (homogeneity considerations show that the positive coefficient in front of the
last nonlinearity can be chosen equal to one). For

2N
— =: 2%,
N -2);
the Cauchy problem for (1.1) with the initial value ¥y € ¥ is locally well-posed
and has a unique local solution ¢ € C([0,T(¢p)),¥) N C1([0, T (¢o), X*), for some
T (1) > 0, where ¥ denotes the domain of the harmonic oscillator,

2<p,qg<

Y ={fe H'RY), 2 af(z) € L*(RV)},

characterized by the norm
Jully = [ Jalul? + [V =l + (<8 +[of?) ).
See e.g. [15]. In view of the uncertainty principle (see e.g. [52]),

2
(1.2) lullZ> < ~ lzullzz |Vl e,
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2 R. CARLES AND Y. IL’YASOV

we may remove the L? norm of u from the definition of |Juls. In physics, the
potential in (1.1) corresponds to some confinement (see e.g. [22]), and the nonlin-
earity is typically cubic-quintic: the quintic part is defocusing (¢ = 6), and the
cubic part is focusing (p = 4 and p > 0); see e.g. [1,44]. The combination of the
harmonic potential and the cubic-quintic nonlinearity can be found e.g. in [21,51].
From a mathematical point of view, the combination of a nonlinearity which is
not homogeneous, and of the presence of an external potential, requires a spe-
cific approach. In the case where the external potential is smooth and decaying
at infinity, the large time behavior of ground states was described precisely under
smallness assumptions, and possibly for specific nonlinearities and/or potentials;
see e.g. [20,24,30,45,49] and references therein. The heart of the present paper
addresses the two-dimensional case N = 2.

Solutions to (1.1) obey the energy conservation law:

il

1 1
= Hw0) = [ (51V6+ 5o - Epop 4 i) a,

and the mass (charge, particle numbers) conservation law:

a=Q(t)) = %/ )% da.
RN
The assumption 2 < p < g < 2* ensures global well-posedness in X for (1.1), since
the defocusing nonlinearity dominates the focusing one (see also Lemma 4.1 below).
We shall mainly consider this assumption regarding p and ¢, an assumption which
includes the cubic-quintic nonlinearity in 2D. We mention in passing that on the
other hand, the Cauchy problem for the 3D cubic-quintic equation with harmonic
potential is not straightforward, and the cubic nonlinearity is energy-critical; see [39]
for the Cauchy problem when p = 0, and [56] for the 3D cubic-quintic equation
without harmonic potential. On the other hand, if 2 + % <p<2*and 2<q<p,
then finite time blow-up is possible, as shown in [50] (see also e.g. [17,25]), and the
issue of stability or instability of solitary waves in that case was studied in [27,32].

We study the existence and stability of standing waves 1y (t,z) = e*u(z) of
(1.1), where the amplitude function u satisfies

(1.3) — Au A+ |zPu+ M — plulP?u+ |[u)??u =0, xRN,

Here A\ € R is the frequency of the standing wave.

There are at least two motivations to study (1.3), apart from the fact that
(1.1) appears in some physical models (e.g. [1,44]). First, due to the fact that
the nonlinearity in (1.3) is not homogeneous, the range of possible values of the
parameters A and g, in order for (1.3) to have nontrivial solutions, is not clear.
This aspect is explained in more details below. In particular, we could not find
any reference addressing the existence of ground state solutions to (1.3). Second,
in the case without potential, the set of stationary solutions was studied recently
in [35] by using a generalization of the Rayleigh quotient to the nonlinear framework
[34]. However, the approach presented in [35] excludes the two-dimensional case
(as well as the one-dimensional case, a situation where many specific techniques
are available, see e.g. [8,33]). As we will see, the introduction of the harmonic
potential removes this restriction. In principle, Equation (1.3) can be studied via
the nonlinear generalized Rayleigh quotient method in any space dimension N, but
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computations are more explicit in the 2D case, this is why we choose to focus on
that case here.

The orbital stability of the ground states of many equations can be often inves-
tigated using a Lyapunov functional, determined by the action functional Sy ,(u)
restricted to the manifold of functions u with fixed mass integral m = Q(u). Such
an approach was first applied to Korteweg-de Vries (KdV) solitons by Benjamin [6],
and later, to three-dimensional ion-acoustic solitons in strongly magnetized plasma
by Zakharov and Kuznetsov [55]. The general theorem on orbital stability of the
so-called (set of) mass-prescribed solutions of nonlinear problems based on this
idea was proved by T. Cazenave and P.-L. Lions [16]. However, the orbital sta-
bility of mass-prescribed solutions does not always entail the orbital stability of
ground states of nonlinear Schrodinger equations, typically when the nonlinearity
is not homogeneous, or in the presence of an external potential. In other words,
the notions of orbital stability of (the set of) mass-prescribed solutions and orbital
stability of (action minimizing) ground states coincide in the case of homogeneous
nonlinearities without potentials, as explained in [16] (see also [15]), but apart from
this case (and the very singular case of a logarithmic nonlinearity, where the role of
the mass is specific, see [4,14]), the approaches introduced to prove orbital stability
differ; see [31,33,53,54], and also [23], in the case of orbital stability of ground
states.

We emphasize that even in the case without potential, the notion of ground state
solutions to (1.3) requires some care. The notion which seems to be privileged in
physics consists in minimizing the energy under the constraint of a fixed mass
M >0,

(1.4) inf{H, (u); Q(u) = M},
The other approach consists in seeking a minimizer of the action
Sau(u) = Hou(u) + AQ(u),
for a prescribed frequency A € R; see [7,8]. In this article, we consider the following

notion (see also [37] and references therein):

Definition 1.1. For a given A € R, a solution @y of (1.3) is said to be a ground
state if Sy u(Gn) < Sy pu(w), for any w € ¥\ {0} such that DS, (w) = 0. For
© >0, we denote by

G i={u € T\ {0} 1 Sx(w) = Saus DSy u(w) =0}
the set of the ground states of (1.3), where
Sy, = min {Sy . (u) : DSy .(u) =0, ue X\ {0}}
is called the ground level.

The relation between the two notions is not clear in general: if u is a minimizer
for (1.4), then there exists a Lagrange multiplier so that u solves (1.3) for some
A € R. In the case of an homogeneous nonlinearity (typically —|¢[P~24)), a scaling
argument shows that any A > 0 can be obtained, and the solution is also a minimizer
of the action, see [16] (see also [15]). In the case of combined power nonlinearities,
that is (1.1) without potential, it is known that not every minimizer of the action
is a solution to (1.4), see [11,41]. It has been proven recently that for a large class
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of nonlinearities (much larger than the sum of two power nonlinearities), every
solution to (1.4) minimizes the action; see [37].

We now discuss more precisely why it is not obvious to describe the set of acces-
sible values of A and u to solve (1.3). Solutions to

(1.5) — Au+V(z)u+ M= f(|lu*)u,

were constructed in [43] for potentials V' having a finite limit as |z| — oco. In [26],
the case N = 1 with V bounded and a cubic nonlinearity (f(y) = y) was considered,
thanks to Lyapunov-Schmidt method, allowing to invoke perturbation arguments
near the ground state associated to the case V' = 0. These results were extended
in [48], again in the case of a bounded potential, going to zero at infinity, for an
homogeneous nonlinearity f(y) = y°. By bifurcation arguments, the authors show
that for A near A\, > 0 ground state eigenvalue of A — V, (1.5) has a solution.
The case of an harmonic potential V(z) = |z|? was considered in [38] for the case
of an L2-critical nonlinearity f(y) = y?/N | thanks to a mountain pass lemma.
Additional results were obtained regarding the existence and stability of standing
waves for unbounded potentials V' in e.g. [28,29]. The following result is very similar
to [38, Theorems 1.3 and 1.4], and is proven in Appendix A.

Proposition 1.2. Let N > 1 and 2 < p < 2* = %

1. If A\ > —N, then there exists a solution u € X2\ {0} to

(1.6) — Au + |z|?u 4 M = |ulP 2.
2. If A\ < =N, then there exists a solution u € ¥\ {0} to
(1.7) — Au+ |z]Pu+ du = —|ulP2u.
3. If A\ > —N, then there exists u > 0 and a solution u € ¥\ {0} to (1.3).

Apart from the existence of standing wave, and their classification, the standard
question is their dynamical stability: due to the invariances of the equation, the
relevant notion is the notion of orbital stability, see e.g. [15,23]. In the present
case, the harmonic potential removes the “usual” space-translation invariance, and,
along with time-translation invariance, only the gauge invariance remains: if 1
solves (1.1), then so does e, for any constant # € R. Like for the existence of
standing waves, at least two approaches are commonly used in order to study the
question of orbital stability: the stability of a set of standing waves (typically, the
minimizers associated to (1.4), as in [16]), and the stability of a given standing wave
(asin [31,33,53,54]; see also [23]). Like in [35], our main result is in the spirit of the
former notion: we prove the orbital stability of the set of fundamental frequency
solutions, defined below. Note that by resuming the approach of e.g. [12] in the 2D
case (the 3D case is different, as the quintic nonlinearity becomes energy-critical),
based on the method introduced in [16], it is easy to prove that the set of energy
minimizers under a mass constraint (the minimizers of (1.4)) is orbitally stable.
But then again, we do not know for which values of u this set is nonempty, and
which are the corresponding Lagrange multipliers A. One of the main features of
this article is to define quantities that make it possible to characterize the set of
w’s and \’s for which ground states exist, and their set is stable.
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Let us state our main result. Introduce,
(J IVl - f laf?lul?) 575 (f Jul) =
i .
uex\ {0} [ |ulp

for some C), , > 0 introduced in Section 2: i > 0 (see Proposition 2.6 below).

(1.8) @’ =C,,

Theorem 1.3. Let N =2,2 < p < q< oo, and ju > ji°. Then there eists ;\Z >0
such that: R

(1°) For any A € [0, \},], Equation (1.3) has a ground state iy € 3.

(20) 5')\7“(@)\) <0 for A e [0, )\Z) and S>\7M(ﬁ>\)|>\:5\2 =0.

(3°) Up to a gauge transform (replace iy by ety for some constant 6 € R), 1y
is positive, radially symmetric, and non-increasing in r = |x|.

(4°) For any A € [0, A}}], the set of ground states Gy, of (1.3) is orbitally stable:
for any € > 0, there exists § > 0 such that if g € 3, satisfies

inf — < 4,
PEGA L ||1/10 ¢HE

then

sup inf t) — <g,
pinfu(t) ol

where 1 is the solution to (1.1) such that V,—¢ = 1.

The proof of the theorem is based on development of the method of fundamental
frequency solutions, introduced by the second author in [35] in the higher dimen-
sional case without potential. We deal with the so-called prescribed action solution
of (1.3), i.e., a function u® € ¥ which for a given action S € R satisfies

(1.9) Syu(u®) =8 and DSy ,(u¥) =0,

with some A > 0. As mentioned above, an alternative formulation which has also
been actively investigated over the last decades consists in finding the solution u to
(1.3) having prescribed mass, via (1.4), while A and S are unknown. Note that the
frequency A can be also considered as a value of the following conserved quantity

S—Hyu(v)
1.10 A=A (p(t) = —t
(1.10) 1 ((t) W)
Definition 1.4. For a given S € R, a solution 4° of (1.3) is said to be a funda-
ij\t,&

mental frequency solution (respectively, e is said to be a fundamental frequency

standing wave of (1.1)) with a fundamental frequency 5\5 if
35 _ AS(s s
Ay = Au(u) > Au(w)
for any w € £\ {0} such that DA (w) = 0. For S € R, u > 0, we denote by
FS = {u €\ {0} : AS(u) = A5, DAS(u) = o}
the set of the fundamental frequency solutions of (1.3), where
5\5 := max {Aﬁ(u) : DAﬁ(u) =0, ue X\ {0}}
is called the fundamental frequency.

We have the following result on the existence and orbital stability of the set of
fundamental frequency solutions:
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Theorem 1.5. Let N =2 and 2 < p < q < co. Then for any given action value
S € R, there exists an extremal value i > 0 such that:

(1°) For any pn > ji°, Equation (1.3) has a fundamental frequency solution ﬁfz €
Y\ {0}. In the case S <0, the same is true under the relazed assumption u > .

(2°) Up to a gauge transform (replace 115 by ewﬁg for some constant 6 € R), 42
is positive, radially symmetric, and non-increasing in r = |x|.

(3°) If S < 0, then 0° > 0, and for any u > [°, the fundamental frequency
solution 115 is a ground state of (1.3) with A\ = Aﬁ(ﬁﬁ) Moreover, A € [0, ;\Z)

(4°) If S <0, then for any u > i°, the set of fundamental frequency solutions
.7:5 of (1.3) is orbitally stable: for anye > 0, there exists & > 0 such that if g € X,
satisfies

inf Hwo - ¢||Z < 67
PEFT
then
sup inf t) — <e,
up inf [15(0) ~ 0l
where 1 is the solution to (1.1) such that ¥—o = 1o.

We obtain the existence of the fundamental frequency solutions by applying the
nonlinear generalized Rayleigh quotient method (NG-Rayleigh quotient method)
[34-36] to (1.3) with A3 (u) as the Rayleigh quotient.

Remark 1.6. We conjecture that Equation (1.3) has no ground state solution with
positive action S > 0. Furthermore, we anticipate the fundamental frequency
solutions ﬁﬁ of Equation (1.3) for S > 0 are not orbitally stable.
Notations. Let (an)nen and (By)nen be two families of positive real numbers.

o We write «,, < 3, if limsup a,, /3, = 0.

n—-+oo

e We write «,, < 3, if limsup a, /S, < oc.

n—-+oo
e We write o, = B, if a, < 5y, and 5, < ap,.
2. THE NONLINEAR GENERALIZED RAYLEIGH QUOTIENTS

For u € ¥ and o > 0, we denote u, () :=u(z/0), v € RV, a

wi= [ IVu, 2= [ foflul, / uf?
Aw = [lu, Bw= [ ful.

With these notations we have
Sxpu(u) = %T(u) + %L(u) +2AQ(u) — M%A(u) + %B(u)
and
T(ud) = O'N72T(u)7 L(UU) = UN+2L(U‘)7 Q(UU) = UNQ(u)v
A(uy) = oV A(u), Buy) = oY B(u).

By a weak solution of (1.3) we mean a critical point u € ¥ of Sy ,(u) on X.
Observe that if u € ¥ is a weak solution of (1.3), then the Brézis-Kato Theorem [9]
and the L7 estimates for the elliptic problems [2] yield u € VVI2 J(RY), for any
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v € (1,00), and whence by the regularity theory of the solutions of the elliptic
problems u € C?(RY) N HY(RY) (see e.g. [2]).

This implies that any weak solution u of (1.3) satisfies the Pohozaev identity [46]

N -2 N +2 N N

(2.1)  P(u):= TT(U) + TL(U) + ANQ(u) — M;A(u) + EB(U) =0.
See e.g. [8, Section 2.1] for details (the assumption u € ¥ makes it possible to adapt
the proof in order to include the harmonic potential, by repeating the argument
on top of p. 321 in [8]). For S € R, introduce the so-called action-level Rayleigh
quotient

o 8=~ LL(u) + pLA(w) ~ LB(u)
(2.2) AS(u) = 0

Notice that for any S € R and A € R,
e AS(u) =X & Syu(u)=S5,
e DAZ(u) =0 with AZ(u) =X & DSy ,(u) =0, ie., u satisfies (1.3).
Let u € ¥\ {0}, S € R, 0 > 0, consider
o NS — 0723 T(u) — 0° 3 L(u) + py Alu) — 2 B(u)
Q(u) '

(2.3)  Ay(o):= Ai(ug) =

Then for u € %,
d
do

The last equation,

M(0) =0 & —NS+oVN2T(u) — eV T2 L(u) = 0.

e For N > 2, has a unique solution og(u) > 0 for any v € ¥ and S < 0.
There are two positive solutions if S > 0 is not too large.

e For N =2, has a unique solution g(u) > 0 for any u € ¥ and S < 1 T'(u).

e For N = 1, has a unique solution og(u) > 0 under suitable relations be-
tween T'(u), L(u) and S.

Note that for N # 2, the formula(s) for og(u) may not be easy to write, when
possible.

From now on, we assume N = 2.
Then

W) — 1/4
os(u) = (%) , Vu e X\ {0}, suchthat S < % T (u).

Hence, in accordance with [35], we have the following nonlinear generalized Rayleigh
quotient (NG-Rayleigh quotient)
(2.4)

((T(u) —28)2L(u)/2 — L Au) + %B(u))

S(y) = SUU o=og(u) — —
A () = AS(0)lo—ostey o)

Observe, when T'(u) > 2,

/\5 (u) = max Ag(ug),
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when T'(u) = 25,

EA(u) — ;B(u)
N(u) =supAS(uy)=L— 2 7
w0 = ol =00
and when T'(u) < 25 (a case which may occur only for S > 0),
sup Ai(ug) = 00.
>0
Denote, for S € R,
Yg:={uel; T(u)>25}.
Corollary 2.1. If u € ¥ satisfies (1.3) and S = S\ ,(u), then og(u) = 1 and
d _
L Au(0)]o=1 = 0.
Proof. The equalities %/\U(J)L,:l = 0 and os(u) = 1 are consequences of Pohozaev
identity (2.1). Indeed, Sy ,(u)— 4 P(u) = $T(u)— 1 L(u) and therefore, T'(u)—25 =
L(u), i.e., og(u) = 1. The second equality follows similarly. O
Lemma 2.2. Let S € R. Then D)\E(u) =0, )\i(u) =\, os(u) =1 if and only if
u € X is a weak solution of (1.3) with prescribed action S.

Proof. Since Aj(u) = X, og(u) = 1, we have AZ(u) = X, and consequently,
Sxu(u) = S. From (2.4), by direct calculations of DA} (u) it follows

1
(2.5) DA (u) = —WDSA,#(U), Vu € $\{0} such that AZ(u) = A, og(u) =1,

and thus, DS ,(u) = 0.

Conversely, assume that v is a weak solution of (1.3) such that S = Sy ,(u).
Then Aﬁ(u) = X and DAE(U) = 0. Moreover, by Corollary 2.1, og(u) = 1, and
hence, /\E(u) = Aﬁ(u) = \. Consequently, (2.5) yields D/\E(u) =0. O

Remark 2.3. Lemma 2.2 implies that if u is a weak solution of (1.3) with prescribed
action S, then the strong inequality 7'(u) > 2S5 holds, and thus, (1.1) has no
standing wave ¥ = ey with action value S := Sy ,,(u) > T(u)/2.

Remark 2.4. In view of the homogeneity of )\5 (u), we may always assume that any
critical point u of A7 (u) satisfies og(u) = 1.

From now on, we assume 2 < p < q < 00.

We look for solutions of Equation (1.3) in the case A > 0. Therefore we are
interested in knowing when the condition A3 := SUPyexs\ {0} Ai(u) >0, S €R, is
satisfied. T I}e feasibility of this condition depends on parameter . The limit point
of pu where )\5 > 0 is satisfied will be called extreme value of u.

To find this value, we reapply the NG-Rayleigh quotient method to the functional
A (u) (see [13]) and therefore introduce

1/2 1/2 4 1
s o (T(u)=28)"" L(u)'? + { B(u)
12 (U) = 1 ) u € 257
pA(u)
p
which is characterized by the fact that p®(u) = p < AJ(u) = 0, and p%(u) < p <
)\i(u) > 0. For S € R, define

NS S
(2.6) o= ulenEfSu (u).
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Obviously, 4 > 0.

Proposition 2.5. Let N = 2,2 < p < q < 0o, S € R. Then ¥ is an extreme
value of p, that is for any p > i condition /\ﬁ > 0 holds, whereas if u < ji¥, then

\S
3§ <o.

Proof. Let > i°. Then by (2.6), there exists u € X5 such that 2% < p(u) < p,
and therefore, A7 (u) > 0 and A7 > 0. The converse follows immediately. O

Observe that (2.6) can be written in an equivalent form. Indeed, consider for
S eR,

=S+ 4T () + 3L(u) + 2 B(u)

u € Xg.

Observe that M*®(u,) — +o0c as ¢ — 0 and M®(u,) — +00 as ¢ — +0o. An
analysis similar to that for A% (u) shows that

. (T(u) — 28)"* L(u)'/? + 1 B(u)
(2.8) min M (u) = i) = 1 (u).

Hence

~S . S
= inf MS(u).
po = inf M (u)

Proposition 2.6. Assume that S < 0. Then o > 0.
Proof. Since for S <0, M*(u) > M°(u),

2.9 0% > inf MO%w), VS <O0.

(2.9) pmz nf M) <

In view of (2.7), it is easily seen that for any v € ¥ \ {0} the minimum of
ming~o M?(tu) is attained at the unique minimizing point t,,(u) given by

T<u>+L<u>)”<“’ . :(<p—z>q>”<“).
b q—p

tm () = Cp.q ( 2B(u)

Hence by (2.9) we have

S e a0 o (T(w) + L) B
as > uelzn\fi{o} M (tm(w)u) = Cpq uelzn\f{o} Al , v§<o.
for
_a=2 . p 1 g (¢—2)p

p,q — qa—p s a—p p—2"
P=2 g 25 P (9(g—p)iE ((p—2)g) i

By (1.2), Sobolev and Holder inequalities, we have

a(p—2)

(g—p) —
lullze < Co (lzull g2 [ Vullp2)»@7 [Jull 7577, Vu € 3\ {0},

where Cy > 0 is a constant, and thus, 4 > 0 for any S < 0. (|



10 R. CARLES AND Y. IL'YASOV
3. EXISTENCE OF A FUNDAMENTAL FREQUENCY SOLUTION WITH PRESCRIBED
ACTION
Recall that N =2 and 2 < p < ¢ < oo. Consider
(3.1) 5\5 = sup {)\i(u), ue X\ {0}, T(u)—25 >0},
with 4 > /1°. By construction, we may also write
(3.2) AS =A% = sup {A5 (u); we £\ {0}, T(u) —2S >0} .
In the sequel, we use (3.1) when we want to take advantage of the invariance of )\5
with respect to spatial dilations, /\ﬁ(ug) = /\ﬁ(u) for all o > 0.
Lemma 3.1. Let S € R. If u > %, then 0 < ;\ﬁ < 00. Moreover, if i > ji°, then
0< A < oo.
Proof. By Proposition 2.5, 5\5 > 0. Holder inequality yields

a(p—2)
plg—2)
where we have used Sobolev embedding to ensure the finiteness of each term.

Suppose that 5\5 = oo: there exists a sequence (uy, ), in X\ {0}, with T'(u,,) > 25,
such that

(33)  ullre < [lullp0ulfe, Vo€ HY(R?), 6= € (0,1),

s
A (uy) — oo.

n—roo

In particular,

(3.4) XS () <

K P 1 q >
— | —|lu — —||u — 00.
— HunH%2 (p” n”LP qH nHLq N eo

Since A7 (u) = A3 (ug) for any dilation parameter o > 0, we may assume ||u,||7. = 1
for all n. Then (3.3) and (3.4) yield

12 1 2] 1
N () < Bl = Sl < Crllual % = Clluals =2 o0,

which is impossible, since 6p < g, and so /\ﬁ < 0.
It follows from Proposition 2.5 that for all p > i, ;\i > 0. O

Lemma 3.2. Let S € R. If0 < 5\5 < 00, then there exists a mazimizer ﬁﬁ of
(3.1), that is, A3 = A5 (as).

Proof. Consider a maximizing sequence (uy)n of (3.1), A7 (up) — 5\5 as n — +oo.
We show that (u, ), is bounded in X.

We first assume that (u,), is bounded in L2, |lu,||z: < 1 (and then show that
this is necessarily the case). Suppose that |[u,||Le — +00. Then, in view of (3.3),

_)‘i(un)Q(un) = (T(un) — 25)1/2L(Un)1/2 - M%A(un) + %B(un)

1 1

> [l [l
p q
1

1 0
> —ﬂ];HunHLg + §||Un||qu — 400, as [Jun||Le — +oo,
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which is absurd, since it would imply that /\ﬁ(un) becomes negative for large n.
Hence by (3.3), ||un||ze and ||uy||Le are bounded. In view of (3.3),

p—2
[[un Lo _ Lunll

S =
A (up) < C ( ) .
e ||un||%2 q ||un||%2

This shows that |[un||%,/||un|/%: is bounded: if we had ||uy||2 — 0, then we would
have ||up ||« — 0, hence |luy| Lr — 0. Therefore,

1 1
S .
)‘# = ngr-ir-loo m <(T(un) - 25)1/2L(un)1/2 - /‘Enun”ip + a”uanLq) <0,
in contradiction with Lemma 3.1, so ||uy||r2 = 1. We readily infer that (T'(u,) —
25)Y2L(u,)"/? is bounded. Recall the inequality, found in e.g. [3, Lemma 4.1], in
the two-dimensional case,

_ P’ 1 1
(3.5) I fllr2me) < C||f||%p(R2)||xf||1L2€)R2), 0= 5 € (0,1), where 5 + . 1.

This implies that we cannot have L(u,) — 0, and so T'(u,) is bounded: (uy), is
bounded in H*(R?). If we had L(u,) — oo, then consider

U () := up (xL(un)1/4) .

By the homogeneity of )\5 with respect to dilations, )\5 (vp) = )\i(un), and v, is a
maximizing sequence. It is such that T'(v,) = T'(u,) is bounded, L(v,) = 1, and

loallZe = Llwa) ™2 unlZ2 — 0,

while we have seen that this is impossible for a maximizing sequence. Therefore,
(tun)n is bounded in ¥. By the Banach—Alaoglu and Sobolev embedding theorems,
there exists a subsequence, which we again denote by (uy, ), such that

unéﬁi in>
un—Mli in L7(R?), 2<v< oo,

Up — 45 a.e. on R

m

for some ﬁﬁ € X, as X is compactly embedded into LY (R?) for such values of 7y (see
e.g. [47, Theorem XIIL67]). We show that @ # 0. To this end, it is sufficient to
show that the sequence ||u,|/", is separated from zero. Indeed, if ||u,[[}, — 0 as
n — +00, then

N - 1 1
N = lim —<Tun — 2 2L (u)? = p= unl®, + =[lun qq><0-
w = e (T (un) )/ “L(un) upll 17 qll 9. ) <

This is impossible, since 5\5 > 0. From this we have

lim a7, = [l |7

n—+00 b
limflualiZo = I1Z
timflnllZe = [ 2-

Recall the Brézis-Lieb lemma (see e.g. [42]):
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Lemma 3.3. Assume (v,) is bounded in L7(RY), 1 < v < +o00 and v, = v a. e.
on RY, then

i fonl 3 = oll3 + Tim_flon ol
We infer
. .S . .S .S
i V2 = [VaSIEs + lim [ V(e — a3 > Va3,
7 . .S . .S .S
Li= lim w3 = 2013+ lim [t — ) > Jaif ]

In the case ||V, > 25,
1S _
A, = lim Y o (un) <

n—-+oo
-1 T ~S 29 1/2L 1/2 1 ~S P S _)\S ~S
W ( (Uu) ) (@ ) ];HUMH —||U || = u(uu),
which implies that u is a maximizer of (3.1).

Suppose, on the contrary, that 0 < [[VaZ[|7. < 25 (which might occur only if
S > 0). Then

\S
A, = lim /\( n) <

n—-+o0o

— (@) + i [V (un = 652 = 28)Y2L(@)Y2 = ks, + Lla) L )

Q(ay)
The last term is equal to A =" (@), where 2h = limy, o0 ||V (un — @5)[|7 2. Notice
that if S; < Sy, then AJ* (w) < A3?(w) for any w € ¥g,, and consequently 5\51 <
>‘u This implies the contradiction

s S—h N
)\ <A (@ ) <AL
and we necessarily have ||Vu5 2. >28S.
Now we prove that any maximizing sequence is indeed bounded in L2. If we had
|tn ||z — oo, then by the positivity of )\
lunllZ, 2 ||un||%27

and together with (3.3), raised to the power p, this yields
2075 ab=3 2
lunll 28 lunll i 2 llunllZz,  hence [lunlZe 2 lunliz — oo

Again due to the positivity of 5\5 , for sufficiently large n,

lunllze 2 llunllfa,
and (3.3) now yields

”un”%? 2 ||un||qu’
so we come up with

”unH%? ~ ||unlls = llunll7q
Gagliardo-Nirenberg inequality entails T'(u,) — oo. Consider the dilation,
Un () = Un (z]|unlL2) ,

and recall that A7 (uy,) = AZ(v,). The sequence (vy)y, is bounded in L? N L% from
the previous arguments (where we had considered a maximizing sequence, bounded



2D NLS WITH COMBINED NONLINEARITIES AND HARMONIC POTENTIAL 13

in L?), we see that (vy,), is bounded in H'. But T(u,) = T(v,) — 0o, hence a
contradiction. g

From Lemmas 3.1 and 3.2, we get:

Lemma 3.4. Let S € R. If u > i°, then there exists a mazimizer ﬁﬁ of (3.1),
that is, A5 = X5 (i5).

Remark 3.5. For the existence of a maximizer of (3.1) in the case u = i° see
Lemma 5.2 below.

Lemma 3.6. Assume that @, is a mazimizer of (3.2), i.e., 5\5 = A5(af). Then
115 is a fundamental frequency solution of (1.3) with fundamental frequency 5\5

Proof. Let 4 be a maximizer of (3.2). By the Lagrange multiple rule, there exist
1o, p1 such that

(1) ol + |pa| # 0,
(2) poDAL (@) + DT (a) =0,
(3) pa(T(d) —25) =0, o = 0, pn < 0.
Evidently, we may assume that uo = 1. If T(4) — 25 > 0, then by (3), we have
w1 = 0, and consequently, DAi(ﬂ) = 0, and thus @ satisfies (1.3).
To obtain a contradiction, suppose that T'(4) — 25 = 0.
Using the Pohozaev identity for the equality DAﬁ(ﬂ) + u1 DT (%) = 0, we obtain

A dT (iiy)
1 o
- 5 |lo= o=1 — 0
do lo=1 + 111 do lo=1
dAj (g T (i
But %Lﬁl < 0 since T'(4) — 25 = 0, and % = 0. Thus, T'(a) —25 >0
o o
and @ satisfies (1.3). The equality )\5 = Aﬁ(ﬁ) entails that it is a fundamental
frequency solution. O

We can now infer:

o 1S : .
Corollary 3.7. The mazimizers i, of (3.2) satisfy T'(u,;)—2S > 0. Up to a gauge

S

., 18 radially symmetric, nonnegative, and a non-increasing function of

transform, G
|z

Proof. We explain the last point of the statement. In view of [18, Lemma 2.3], up
to replacing ﬂﬁ by ewﬁﬁ for some 6 € R, we may assume that ﬂﬁ is real-valued.
Using Schwarz symmetrization (see e.g. [42, Chapter 3]), we see that maximizers
can be chosen as radially symmetric, nonnegative, and non-increasing as a function
of |z|. It is indeed standard that symmetric rearrangements leave Lebesgue norms
unchanged, and do not increase T'(u). They do not increase L(u) either, as shown
in [5, Appendix A}, and more precisely, in the present case of a harmonic potential
|z|?, [5, Theorem 4] asserts that if u is not equal to its Schwarz symmetrization u*,
then L(u*) < L(u). Since maximizers satisfy T(ﬂi) > 25, we see that if they do not
satisfy the announced properties, then considering their Schwarz symmetrization
(strictly) increases the value of )\i, hence a contradiction. O
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4. LYAPUNOV STABILITY OF THE SET OF FUNDAMENTAL FREQUENCY SOLUTIONS

We first show why local ¥ solutions of (1.1) are global. In view of e.g. [15, Theo-
rem 9.2.6], it suffices to prove that any solutions is bounded in . For the following
result, we consider the general case N > 1, with combined energy-subcritical non-
linearities.

Lemma4.1. Let N > 1. Assume2 <p < q<2* andp > 0. Lety € C([0,T); )N
CL([0,T);2*) be a solution of (1.1). Then ¢ is bounded in X: there exists C
depending on ||7,/1‘t:0|\g such that for all t € [0,T), ||V1/)(15)||2L2 + Hm/}(t)H%z < C,

and therefore we can take T = oo.

Proof. The conservations for (1.1) yield Q(¢(t)) = Q((0)), H.(¥(t)) = H.(1(0))
for all ¢t € [0,T). Recall that from (3.3), there exists 6 €]0, 1[ such that

9@z < [PONE°IEOIL S 19020,

since the L2-norm of ¢ is independent of time. We infer
1 1 1
Hy((0) = Hy(¥(1) = SIIVY@®)72 + 5llav )17 - Cllv 77 + Ellw(t)llqm-

Now from (3.3), Op < ¢: this entails that all terms in the above inequality are
bounded. (]

We now prove (recall that F; is defined in Definition 1.4):

Lemma 4.2. Let N =2, 2 <p<qg<oo0, 5 <0, andu>05uchthat.7:f7é@.
Then the set of fundamental frequency solutions ]—'5 is orbitally stable.

Proof. Suppose that ]-"5 is not orbitally stable: there exist € > 0, a sequence of
initial data i, (0) € X such that

(4.1) g n(0) = 63—

and a sequence of times ¢, > 0 along which the solution to (1.1) emanating from
¥, (0) satisfies

(+2) (i) = dlls >, v

The convergence (4.1) implies that
A (Wn(0) — AL
and therefore the conservation for Ai yields

(4.3) AS (Gn(ta)) — A5,

— 00

Lemma 4.1 shows that (¢, (ts))n is bounded in ¥. Consequently, there exists a
subsequence which we again denote by (¢ (tn))n such that

Un(tn) = u weakly in B, ,(t,) — u, strongly in L?(R?), 2 <p < oc.

for some u € ¥. Observe that T'(u) — 25 > 0 since S < 0. This and (4.3) imply
that we can proceed like in the proof of Lemma 3.2, to obtain that we actually have
Yn(tn) = u strongly in X, and

Hence we get Aﬁ(u) = 5\5, that is u € FE. But this contradicts (4.2). O
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5. EXISTENCE OF A MINIMIZER OF 1 (u)

Assume that S < 0. Notice that in this case we always have ¥ g = ¥. Consider
the minimization problem (2.6), i.e.

~ S . S

=  inf u).

uEEs\{O}'u ( )

Lemma 5.1. If S <0, then there exists a minimizer v° of (2.6).

Proof. By Proposition 2.6, 0 < jig < oo. Let (v,), be a minimizing sequence of
(2.6), i.e., p5(vy) — 4% as n — oo and v, € Bg, n > 1. We show that (vy,), is
bounded in X.

Since p°(v) = p° (vy) for any dilation parameter o > 0, we may assume L(v,) =
1. Since p®(v,,) is bounded, we readily have

(5.1) 0 < |[VonlZ2 =25 S [loall 25,
(5.2) [onl|Za < lonllZo-
In view of (3.3) and (3.5),

5

P < A q &3
lonllZe < (Nlonllze )™~ Clvnllze) =2,

hence )
a1
(lonllZ0)?= S lvallfe < llonllze,
where we have used (5.2) for the last inequality. As 2 < p < ¢, we infer that (v, ), in
bounded in LP(R?), and in L9(R?), again from (5.2). Now, (3.5) implies that (v,,),
in bounded in L?*(R?), and (5.1) that (Vvy), in bounded in L?(R?). Therefore,
(Un)n is bounded in X.
Like in the proof of Lemma 3.2, there exists a subsequence, which we again
denote by (vy,)n, and ¥ € X, such that
Uy — 7° in Y%
v, = 0 in L7(R?), 2 <7< oo,
Uy, —> 7% a.e. on R%.

Observe that 7° # 0. Indeed, by the proof of Proposition 2.6, we have

(T(va) + L(v)) 7% B(vg)i>
Alvn) ’

where t,, and C), , were computed in the proof of Proposition 2.6.

(5.3) HS(Un) > 11 (tn (V0 )vr) = Cpq

Since p°(tm (suy)sts) = p®(ty (u)u) for any o > 0, s > 0, u € ¥\ {0}, we may
assume that T(v,)L(v,) = 1, B(v,) = 1, for all n. Hence if v° = 0, we get a
contradiction: p®(v,,) — 4oc.

Now arguing as in the proof of Lemma 3.2 we obtain

A% = lim p%(v,) >

n—-+o0o
1
A(v°)

which implies that ° is a minimizer of (2.6). O

(6%~ 29) 1%+ L)) = %),
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Observing that since 1 (u) is a homogeneous functional with respect to spatial
dilations, we may always assume that the minimizer o° of (2.6) satisfies o5(2°) = 1.

Lemma 5.2. Let S <0 and v° be a minimizer (2.6) such that o5(v°) = 1. Then

(i): v weakly satisfies (1.3) with A =0 and p = fi°;

(ii): mazimizing problem (3.1) for u = i° attains its mazimizer at v°, i.e., 4
7%, and 5\55 = )\55(65) =0.

Proof. First we prove (i).

If ©9 is a minimizer of (2.6), then Dy®(#%) = 0. The assumption og(7°) = 1
implies that 4% = p®(®%) = M9 (v°). Using this it is easy to check by direct
calculations of Dy () that if u°(u) = p, os(u) =1 for u € Ng, then

p
Dp®(u) = ——DS _
14 (u) A(u) Ay#(u)|)\—0a
and thus, we get DSy ;s (0%) = 0, that is 0% weakly satisfies (1.3) with A = 0 and
5
p= .

We now show (ii). If 7 is a minimizer of (2.6), then the equality 4% = M*(v9)
implies that )‘gs (’US) = 0. By Proposition 2.5, )‘gs < 0, and therefore )\SS =
)\25 (’DS) - O.

O

Proposition 5.3. The function (—00,0] > S — % is continuous and monotone
decreasing. Moreover, i° — +o0o as S — —oo and i¥ — j° := i%]s=¢ > 0 as
S — 0.

Proof. Let S < 0, AS > 0 such that S + AS < 0. Proceeding like in the proof of
Lemma 5.1, we see that (ES)SE(&O} is bounded in ¥ for any bounded a < 0. Using
this it is not hard to show that the following Taylor expansion holds

1/2 —1/2

(T(@%) — 2(S + AS)) ' = (7(@%) — 28)"? — AS (T(#%) — 29)
where o(S, AS)/|AS| — 0 as AS — 0 uniformly in S € (a,0]. Hence,

+0(S, AS),

—1/2

~S+AS S+AS =S\ _ ~S b =S
pETES < ptTAN (%) = —ASW(T(U)—QS) + 0(AS),
and consequently,
p5TAS _ S < —AS—L _(17@%) = 28) 7 + o(S, AS).

A(v%)
Similarly we have

—Asﬁ (T(@5+29) — 2(S + AS)) "% + o(S + AS, AS) < 4545 — 5.
Thus, 45t2% — 4% = 0 as AS — 0.

Observe 12 = p%2(v92) < p2(v51) < pS1(v%1) = 4% for any S; < Sy < 0.
Thus, /i° is monotone decreasing. Moreover, it is clear that 4% — i := i1%|s—¢ as
S — 0. By Proposition 2.6, i%|s—o >0 .

Let us show that 4° — +o00 as S — —oo. From the monotonicity of u° (%) it
follows p° () — C as S — —oco for some C € (0, +00]. Suppose, contrary to our
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claim, that C' < +00. As above, we may assume L(7°) = 1, S < 0. Then
_ 1/2 _
(T(@%) - 25)"* + Lo%2,

S0

(5.4) 1 (%) = —+C < 400 as § = —oo.

Then
(5.5) 150190 S 1157117,

In view of (3.3) and (3.5),

_ sy’ \TE 2=
1651, s (1951 ) (lo81%.) 72
hence by (5.5),
q—1
(I7°012:) " S 19%02e S 19°11.
Since 2 < p < ¢, we infer that (¢°) in bounded in L?(R?). However, (T'(2°)—25) —
+o00 as S — —oo and thus, (5.4) implies a contradiction. O

Proposition 5.3 yields that the range of the function (—oc0,0] 3 S + /i coincides
with [4°, +00) and thus we have:

Corollary 5.4. There exists an inverse function S(u) of i so that i3 = p for
any p € [A°, +00).

6. EXISTENCE OF A GROUND STATE

Proposition 6.1. Assume p > 0, |Sa — S1] is sufficiently small, and S1 < S such
that F3* # 0, F> # 0. Then

(6.1)

, VA e FYLi=1,2.

Proof. Since F # 0, Aot = AL (4l)), Vi, € Fo’, j = 1,2. Furthermore,
T(i52) > 255 > 25;. Hence,

52 -5 _ 59 _ Sy — 51
Q) " Qa?)
and we get the second inequality in (6.1). The proof of the first one may be

handled in the same way. We only have to notice that Corollary 3.7 implies that
T(a57) > 28, if | Sy — 51| is sufficiently small. O

AS1 _ AS1(551 S1(5S2\ _AS2(nS2
At = A (agt) = At () =Ag2 (4,2)

3

Lemma 6.2. Let u > 4°. Then .7:5 # 0 for any S € (S(u),0].

Proof. Take S € (S(u),0]. From the above properties, 1° > 0. Since S > S(u),
Proposition 5.3 implies 4 = 4 > 5. Hence by Lemma 3.4 we have .7:5 £0. O

Hence we have

Corollary 6.3. For any p > ji°, the function S 5\5 s continuous and strictly
monotone increasing on (S(u),0], i.e., 5\52 > 5\51, for any S(p) < S1 < Sz < 0.
Furthermore, Q(ﬁﬁl) > Q(ﬂ%), Vﬁij € ffj, j=1,2.

Lemma 6.4. Assume that u > j°. Suppose S € (S(u),0] such that ﬁﬁ s a

fundamental frequency solution of (1.3) with A = 5\5, then iy, = 45

5 18 a ground
state of (1.3) with ground level S.
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Proof. Suppose the assertion of the lemma is false. Then there exists a solution w
of (1.3) with A = /\ﬁ such that

1= 855, (w) < Sxi#(ﬁs) =8S.

The equality Sy := S5s ,(w) implies A (w) = 5\5 Moreover, since DAZ (w) = 0,
g,

Lemma 2.2 (see also Remark 2.3) implies that T'(w) — 257 > 0. Lemma 3.1 implies

that /\ﬁ1 < 400. Furthermore, we have

381 _ s s _ 38
(6.2) A= uegls?)\({o} Apt(u) > A (w) = Ay > 0.
Thus 0 < 5\51 < 400, and by Lemma 3.2, ]-'51 # (). Hence, the inequality S > 5

by Proposition 6.1 implies that ;\51 < 5\5, which contradicts (6.2). O

Lemma 6.5. Assume that u > . Then limg_, 5, 5\5 =0 and 0 < limg_,q ;\5 =
5\;; < 00.

Proof. Since (°") = i, Lemma 5.2 implies that limg_, 5, ;\E = ;\5(“) = 0. By
the monotonicity of 5\5 it follows that there exists limg_,q 5\5 1, < 00. Suppose,
contrary to our claim, that 5\; = oo. By (6.1) and since Q(i5') > Q(;2), for
S(p) < S1 < S2 < 0, this is possible only if Q(ﬁg) — 0 as S — 0. An analysis
similar to that in the proof of Lemma 5.1 shows that (’&5)56(570) is bounded in X
for any 0 € (S(),0), and thus there exists a subsequence (ii;" )., such that S, — 0
and 115" —w in X, ﬁgn — w in LY(R?), 2 < < oo, ﬁgn — @ a.e. on R2, for some
w € X. As in proof of Lemma 3.2, it follows that w # 0. However, this contradicts
the convergence Q(ﬂin) — 0. O

I
0 >

Corollary 6.3 implies that the function S — ;\i is invertible so that for any

A€ [0,5\;] there exists a unique Sy € [S(u),0] such that 5\5* = \. Hence, by
Lemmas 6.4, 6.5 we have:

Corollary 6.6. Assume that p > ji°. Then for any X € [0, 5\:1] equation (1.3) has
a ground state ty. Moreover, Sy ,,(tx) <0 for A € [0,5\;) and Sy, (tx)],_5. = 0.
w

Lemma 6.7. Assume that p > i°. Suppose \ € [0,5\;] and Uy s a ground state
of (1.3) with the corresponding ground level S = Sx ,(tx) < 0. Then uy is a
fundamental frequency solution of (1.3) with fundamental frequency X.

Proof. Suppose that A € [0, 5\;] and 0 is a ground state of (1.3) with S = Sy ,(Qy).
Then A% (iy) = A5 (@x) = A, and thus A < A3

Suppose, contrary to our claim, that A < 5\5 . It follows from the above that
there exists Sy € (S(p),0] and a fundamental frequency solution @>* such that
A= 5\5% = Aﬁ*(ﬂik) and SA,u(ﬂik) = S). Since 5\? =A< ;\ﬁ, Corollary 6.3
implies that S\ < S < 0, which contradicts the assumption that 4, is a ground
state. O
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7. PROOF OF THEOREMS 1.3 AND 1.5

Proof of Theorem 1.3. Let N =2,2 < p < q < oo and p > ji°. Take ;\Z € (0, +00)
defined by Lemma 6.5.
Let A € [0,A7]. Then Corollary 6.6 yields that Equation (1.3) has a ground

state @y € 3, and thus we have (1°). Moreover, Sy ,(u\) < 0 for A € [0,5\;) and
Sxu(tr)]y_s5. = 0, and thus (2°) holds.
I
By Lemma 6.7, 4 is a fundamental frequency solution of (1.3) with fundamental
frequency A. This by Corollaries 3.7 implies (3°). Moreover, we have F, 5 = G s

and thus, by Lemma 4.2 we obtain assertion (4°).
O

Proof of Theorem 1.5. Let N =2,2 < p < q < o0, S €R. Proposition 2.5 implies
that the value 4% > 0 given by (2.6) is an extremal value. By Lemmas 3.4 and 3.6,
it follows that Equation (1.3) has a fundamental frequency solution @5 € ¥\ {0}
for any pu > ji°.

In addition, if u = i°, the existence of the fundamental frequency solution
af € ¥\ {0} follows from Lemma 5.2, (ii).

Thus, assertion (1°) is satisfied. Assertion (2°) follows from Corollary 3.7.

If S < 0, then by Proposition 2.6, 4° > 0. Take u > j°, then Proposition
5.3 implies that S € (S(u),0], and p > % Hence Lemma 6.4 yields that the

fundamental frequency solution 115 is a ground state of (1.3) with A = Ai (ﬁg) = 5\5
Moreover, by the monotonicity of ;\ﬁ and Lemma 6.5 it follows A € [0, 5\;2) Thus
we obtain (3°).

Since (1°), ]-"5 # () for S <0, u > i, and thus, Lemma 4.2 yields that the set

of fundamental frequency solutions F, 5 is orbitally stable. O

APPENDIX A. PROOF OF PROPOSITION 1.2

We resume the approach introduced in [19] (see also [8]), and, more precisely,
the proof of [10, Proposition 3.1]. In all cases, we consider the constraint u € B,
where

1
B, = {¢ €3, 5||¢H1£p(RN) = 1}'

For the homogeneous nonlinearity, we introduce the functional

1 A
Plu) =5 (Huu) + Slulzs, H=—A+ap,
and
6 = inf F(u).
Jnf F(u)

We know the spectrum of H, 0,(H) = N + 2N, and that Hermite functions provide
an L%-eigenbasis; see e.g. [40]. The uncertainty principle also reads

First case: A > —N. We show that 0 < § < co. The finiteness is obvious, and
the uncertainty principle implies, for all u € ¥,

(A1) Flu) > %(N +)[lufZs > 0.
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If we had § = 0, then there would exist a minimizing sequence u,, € B, such that
U, — 0in L?. The definition of F implies that u,, — 0 in ¥ too. Our assumption
on p implies ¥ ¢ HY(RY) < LP(RY), and thus u, leaves B, for n sufficiently
large, leading to a contradiction: § > 0.

In view of (A.1), and minimizing sequence is bounded in L?, and again from the
definition of F', it is bounded in . The Banach—Alaoglu theorem implies that up
to a subsequence, u,, converges weakly to some function u € ¥. The presence of the
harmonic potential makes the embedding ¥ — L"(RY) compact for all 2 < r < 2*
(see e.g. [47, Theorem XIIL.67]): u, — @ strongly in L2 N LP, and @ € B, solves

(H + \a = v|a|P%a,
for some Lagrange multiplier v € R. Since § > 0, taking the inner product with @

in the above equation shows that v > 0. The function u = v/~ € ¥\ {0} then
solves (1.6).

Second case: A < —N. For any ¢, u.(z) = ce~121°/2 satisfies Hu, = Nug, so
picking ¢ > 0 so that u. € B, shows that § < 0.

Suppose § = —oo: there would exists a sequence (uy, ), in By such that F(u,) —
—o00. As F(u) > 3|ul|22, (un), is unbounded in L2(RY). We remark that (zuy,)nen
and (Vuy,)nen are also unbounded in L?(RY), with norms of the same order as
||lunllz2- Indeed, if we had ||Vuy| 2 > ||unllrz and/or ||zuyl/rz > ||un| 2, then
we would have F(u,) > 0 for n sufficiently large. In view of (1.2), the three terms
(IVun|lL2, [|[zun||r2 and ||uy||r2 go to infinity with the same order of magnitude.

Set
1

——Up.
[[unll L2

This is a bounded sequence in 3, whose L? norm is equal to one. Up to extracting
a subsequence, i, converges weakly in ¥, and strongly in L? N LP (as we have seen
in the first case), to some @ € B, such that ||a|/;2 = 1. We infer

Up =

[unllzr = [lunllL2l[@nllr & [lunllL2 — +oo.
Therefore, u,, cannot remain in By, hence the finiteness of 4.

Knowing that —oo < § < 0, we infer that any minimizing sequence is bounded
in ¥, and we conclude like in the first case. The only difference is that now the
Lagrange multiplier v < 0, and we set u = |v|*/(P=2)q.

Third case: combined nonlinearities, A > —N. The proof in the inhomoge-
neous case follows the same lines as the first case. We now consider

1 A 1
Glu) = 5 (Hw.w) = Sl + =l

and the minimization problem

0= inf G(u).

u€E By

The uncertainty principle yields
1 1
Glu) 2 5 (N + Mlullz= + allﬂll‘iq,

and it is easy to check that the proof of the first case can be repeated, up to the
final homogeneity argument: there exists a Lagrange multiplier y, which is positive,
but we have essentially no information regarding its value.
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