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Largest magnitude for off-diagonal auto-correlation coefficients
in high dimensional framework

Maxime Boucher * ! Didier Chauveau * Marguerite Zani **

Abstract :

This paper studies the T-coherence of a (n X p)-observation matrix in a Gaussian framework where both n and
p are large and p >> n. The 7-coherence is defined as the largest magnitude, outside a band of size 7 = 7(n), of
the empirical correlation coefficients associated to the observations. Using the Chen-Stein method we show the
convergence of the normalized coherence towards a Gumbel distribution. We broaden previous results by consid-
ering a 3-regime band structure for the correlation matrix, where the largest band is composed of asymptotically
vanishing coefficients. We provide an hypothesis test on the correlation structure where the alternative shows a
clear dichotomy on the vanishing band. Moreover, we provide numerical simulations illustrating the asymptotic
behaviour of the coherence with Monte-Carlo experiment. We use a splitting strategy computing correlation
matrices by blocks in order to avoid the high-dimensional memory issue.

Key words : Chen-Stein method, coherence, Gaussian high-dimensional matrices, Banded correlation.

1 Introduction

Random matrix theory has known a great amount of breakthroughs for these last decades.
Developments have been made in theoretical fields as well as in various applied domains such
as high-energy physics (e.g. [ForlQ] on log-gases), electric engineering (signal and imaging, see
[Don06, [CT05, [CRT06D, [CRT06a] ), statistics (see |[JohO1l [JohO8, BG16]). Earlier works on
random matrices were focused on spectral analysis of eigenvalues and eigenvectors (see [Wigh8|
or [Meh04, BS10], see also [BC12| and references therein). For a reference on random matrix
theory, see [BS10), Meh04, [AGZ10].

In high dimensional statistics in particular, random matrices are widely used : high dimen-
sional regression, hypothesis testing for high dimension parameters, inference for large covariance
matrices. See e.g. [BS96, [CT07, BJYZ09, [(CWX10al [CZZ10, BRT09]. In these contexts where
the dimension p can be of the same or even higher magnitude than the sample size n, one faces
new statistical challenges and classical methods no longer apply (see e.g. [Don00, [JT09, [EK18]).
Empirical covariance or auto—correlation matrices are valuable to understand the dependences
of the data set. In this paper we focus on the coherence, i.e. the supremum of the off-diagonal
terms of (auto)correlation matrices. We consider the case where both n and p are increasing,
p being much larger than n. We allow p to depend on n, this dependence is denoted by p,.
Hence in the sequel we will write indifferently p or p,. In our model the correlation matrix has
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a 3-regime bandwise structure. Indeed the correlation matrix is composed of three contiguous
off-diagonal bands with respectively constant, decreasing to 0 and null coefficients. Model and
motivation are detailed below.

Autocorrelation matrices and coherence

Let ' (X!, X2 ..., XP) be a p — dimensional Gaussian random vector with mean *(p!,-- -, u?)
in R? and covariance matrix X € RPxRP. We consider a random sample {* (X}, X2,..., X?) }iz1,..n
issued from (Xl, X2 ... ,Xp), arranged in a (n, p)-matrix X,. We denote by X* the k" column
of X,,. The classical empirical Pearson’s correlation coefficient writes:

> (xF-XE) (X7 - X4
P = fl( 2)(n .).2 (1)
by (Xf—x;g) by (Xi—X%)

where Xk is the empirical mean of the k" column X :

1 n
k
Xﬁ—gE 'XF.
=1

Definition 1.1. With the notations above, we can define the largest magnitude of the off—
diagonal terms of the correlation matrix :

Ln = max ol (2)
In signal processing L,, is defined as the coherence and used as an indicator of the sparsity of
a matrix, appearing in the Mutual Incoherence Property (MIP). For details on this approach, see
Donoho and Huo [DHO1|, Fuchs [Fuc04], Cai, Wang and Xu [CWXI10b]|, and references therein.
Major theoretical results concerning coherence are due to Jiang et al. In [Jia04] he first
adressed this problem and showed strong consistency of L, and limit distribution of L2 in the
case where n and p are of the same order. Moments assumptions in [Jia04] and dimension for p
were substantially improved by a series of papers: Li and Rosalsky [LR06|, Zhou [Zho07], Liu,
Lin and Shao |[LLSO08]|, Li, Liu and Rosalsky [LLRI10|, Li, Qi and Rosalsky [LQR12|, [CJ11a]. In
[CJ12] the authors consider the limiting distribution of the coherence in a spherical case. See
also [CZ16] for studies on the differential correlation matrices in high dimensions.

In [CJ11a] (see also the supplement [CJ11b]) they consider more specifically the sub-exponential
regime log p, = o(n®) for some 0 < a < 1/3. They introduce the so—called T7—coherence aimed
to test whether the covariance has a given bandwidth 7 > 1, and 7 = 1 would be a special case.
The 7—coherence is defined below.

Definition 1.2. For any integer 7 > 1, the 7—coherence is:

L,.= ma ; 3
n, |k’7j|§T|pkj’ (3)



In |[CJ11a] strong laws and convergence of distributions of L,, ; are given as well. Recently,
Shao and Zhou [SZ14] studied coherence and 7-coherence relaxing the Gaussian hypothesis,
improving assumptions on the moments of the entries and on the dimension p.

As pointed out by [CJ1lal, interest in 7-coherence can be relied to econometrics models,
see [And91l, ILB95]. Moreover, recent works related to high dimensional problems adress this
bandwise structure question (e.g. in [BLOSDL BLOSa, WD14]).

Problem adressed and Motivation
In these contexts of longitudinal data X* and X7 being independent or less correlated as

|k — j| increases, we consider a correlation matrix R = (Rg;), ;. j<p defined as follows:

T if 0<l|k—g]l<T,
Ryj=< e if 1<|k—j|<7+K, 4)
0 if r+K<lk—j|

The off diagonal has a first band of size 7 with 7 = o(p’,) for any ¢ > 0. Furthermore the set
of large coefficients ry; is small (see further Hypothesis 3 in Theorem . The second band is
much larger (acting like a transitional regime) and coefficients €,, are decreasing to 0. This band
has size K = O (p%). Here v €]0,¢| and c is an explicit constant depending on the coefficients
ry; and on the speed of convergence of €, to 0. Let us notice here that the rate of convergence
to 0 of this transitional band €, can be matched to the threshold in [BLO8al]. Finally, when
|k — j| > 7 + K the correlation coefficients Ry; are assumed to be 0.

This model is motivated by a more realistic approach of the covariance structure. We try

to find a transition from a banded structure 1/(r;;)/0 to a model 1/(rj;)/(€,)/0 where the
correlation coefficients €, are spread on a larger bandwidth than the 7;;. This study allows us to
exhibit a test where the asymptotic power is 1 when the convergence of €, to zero goes below a
certain speed. In this framework, we study the asymptotic behaviour of L,, . Our work strongly
relies on the Chen-Stein method which is a Poisson approximation of weakly dependent events.
For references on this method, see [AGG89], [Pec12| and references therein.
To conclude the bibliographical review we cite Mikosh et al [HMY21] which recently used the
point process convergence of some i.i.d. random walks to show the limiting Gumbel distribution
highlighted in the different papers mentioned above. Moreover, a recent work of Fan and Jiang
[FJ19] explores the transitional behaviour of the coherence when the variables go from equi-
correlated to non correlated.

Our paper is organized as follows: Section [2| presents the main convergence results while
Section [3] is devoted to the statistical test on the structure of the correlation. Section [ gives
some simulation results for our model. Section [5| presents some discussion and perpectives.
Section [6] is devoted to the proof of the main result. Finally, an Appendix gather some technical
results and proofs of technical lemmas.

The usual notations u, = o(v,) and u, = O(v,) stand for u,, negligible with respect to vy,
and wu,, of the same order of v,, respectively and asymptoticaly when n — oco. Moreover, without
loss of generality, we can assume that *(u!,--- | uP) = Ore



2 Main result

Before stating our main result, we precise our assumptions. In particular we fix the number
of "big" correlations coefficients : we assume that the correlation matrix has few off-diagonal
coefficients having values close to 1 or —1. For this purpose, we define the following set:

Definition 2.1. For any ¢ €]0, 1] we define by
I'ps={ke[l;p] : |1l > 1 —6 for some j € [1;p] and &k # j},

Assumption 1. Let n be an integer, p = p, a sequence such that py, —+> +oo. Let (€p)nen=
n—-—+0o0o

be a sequence of real number in | — 1,1[. Let us assume the following conditions :
Hyp 1 : log(pn) = o(n%) as n — 400
Hyp 2 : 7 =17(n) = o(pl) as n — +oo for any t > 0.

Hyp 8 : 36 €]0,1] such that |I', 5| = o(p,) where | - | denotes the cardinality of the set.

Hyp 4 - %NV\/@ asn — +00,7 €] — 2+ V2,2 - V2]

Hyp 5 : K = K(n) = O (p}) where v €]0,¢(y,0)[ and e(3,6) = min (3(39% = 21| + 1), 25520 ).

Theorem 2.1. Under Assumptions we have

L
nL} . — 4log(pn) + log(log(pn)) — Z (5)

n—-+o0o

_Y
2

1
where Z has the cdf F(y) =e V5= ~ for all y € R.
A direct corollary is the convergence, in probability, of the T-coherence :

Corollaire 2.1. Under the framework of Theorem |2.1|, we have

L, — 0 (6)
n—+o0o
and n o
2
4 7
Tog(p) “n S (7)

Remark 1. We can sharpen the above results as follows: under Hypothesis 1 to 3 of Assumption[]]
and with

. [log(pn)

€n T with h > 1
n

_ _ 5 52(2 — 6)?
K =K(n)=0(p,) VG]OvT[

asymptotics ,@, still hold.

Now we focus on the case where some coefficient (&,,) are decreasing to 0 with a faster speed.
We have the following proposition.



Theorem 2.2. We assume a bandwise structure as in[4, and that there exists (j, k) in {|j — k| >
1 e,

7} such that (X7, X*) is a bivariate normal distribution N5 (0, ( e ] )) where
1 n) .
€n ~ Og(f)wzth0<h<1
n
Then n 5
12
log(p) T n—>—+>oo too (8)

From the convergence above, we can derive a statistical test on the structure of correlation
matrices.

3 Application on testing the covariance structure

Let us consider a random sample of size n from a N,(u,X) distribution, arranged in a n X p
matrix. We want to test the covariance structure of ¥. As already mentionned in [CJ11a] it can
be of significant interest to test whether ¥ is banded, i.e. to know if the longitudinal data, say
X% and X7, are uncorrelated if |k — j| is beyond a certain value. Hence we build our test as
follows: for a given integer 7, and a fixed level 0 < a < 1 we wish to test

Hy:rpj =0 when |k —j| > 7 9)

log(pn)

versus Hy : 3ry; = €, where |k — j| > 7 and €, ~ h
n

with 0 < h < 1. (10)

Proposition 3.1. Let us define the test
¢ = 1{L3W > n"!(41logp — loglog p — log(87) — 2loglog(1 — o)™ 1)}

Under the conditions of Theorem [2.1] the test above has size o asymptotically. Moreover, under
H1 the power of the test is asymptotically 1.

Proof of Proposition[3.1: We have easily the expression of the quantile ¢;_, of the Gumbel
distribution F' given in Theorem [2.1}

qi—a = —log(87) — 2loglog(l — o)~}
which gives the rejection region for the asymptotic size a:

{L?M > n"(4logp — loglog p — log(87) — 2loglog(l — o)™ 1)}
Moreover, under H; we have from the Theorem :

n P
L2, — 400 11
log(p) ™ 1

n—-+oo
It means that the asymptotic power of our test will be 1. More precisely, under the H;
alternative, we have :

lim P (nL%ﬂ_ — 4log(py) + log(log(p,)) = —2log (—\/@log(l — a))) =1. (12)

n—+400

g



4 Numerical aspects

In this section, we provide some simulated examples to illustrate the behavior of our asymp-
totic result in practical simulations (n and p both large but finite). For this, we use the R
Statistical Software [R_C23]. A difficulty comes from the fact that in our context, we have to
compute correlations of large matrices. We need Gaussian observation matrices of size n X p
with log (p) = o (n%> It means that for a large n, for example n = 4000, we will have

1

p ~ 45000 taking p = [exp (nﬁﬂ in our simulations (where [z] is the integer part of x).

For each (n x p)-observation matrix, we have to compute the (p x p)-correlation matrix to com-
pute the 7-coherence. For the range of p that we consider, we can observe the evolution of the
size of the (p x p)-matrix in Gb according to n in Figure For example, with n = 4000 and
p = 44112, we have, for correlation stored in double, a 14.5Gb (p x p)-matrix which is very large
for a common computer. We must find a way to compute the T-coherence without loading the
entire (p X p)-correlation matrix in the computer memory (RAM).

[Te]
—— correlation matrix .-'/
—— observation matrix fﬁ'
f'.;
.lfr
0w [=T .-f
g - /
g /
© f/
=)
[©] /
£
N0
w
..///
o -
T T T T T T T
1000 1500 2000 2500 3000 3500 4000

sizen

Figure 1: Size of (p x p)-correlation matrix and (n X p)-observation matrix according to n with p =
[exp(nl/ 3'5)} for real numbers stored as double precision numbers.

The idea is to generate the (n X p)-observation matrix by packets of columns. Each packet
will have a size (n x Th) where T'b is choosen depending on the available memory. With these
packets of columns, we compute all correlation blocks of size (T x T'b) between each pair of
packets of columns. In that way, we must choose a size Tbh in order to have two blocks fitting
simultaneously in the computer memory. Then, we can compute the 7-coherence by taking the
largest coefficient in absolute value in our block paying attention to wether the block corresponds



to the central band (with bandwith 7) or not.

Using this strategy, we can generate correlation matrices for p as large as needed, so that
we are able to study the limiting distribution of the 7-coherence. In that way, to illustrate our
theorem, we consider the following parameters :

p= [exp <n1/3'5>} , 7=5x[log(p)] , K =10 [nl/lo log(p)] , €n =0.1x @

Our purpose here is to simulate a sample of 7-coherence by a Monte-Carlo procedure in order
to compare its empirical distribution with the asymptotic one. We thus run R = 200 replications
of the following procedure, simulating R times matrices of observations and computing their
correlations per blocks. For each replication, we generate an observation matrix X of size (n X p)
using the following numerical scheme :

' j+K-1 j+K+27 jH2T7+2K
Vi € [[Ln]]avj € [[17p]]7XZJ = Z EnYik + Z Tk}/ik + Z En}/ik (13)
k=j k=j+K J+HK+27+1

where all coefficients (rx);¢j<; o, are real numbers in [—1, 1] (we take
ri1,...T142r i Uj_1,1) in the simulation), Xij is the coefficient of X on the i** line and the j*

column and all the random variables V¥ ESYe (0,1) arranged in a (n x (p + 27 + 2K))-matrix
Y. We highlight the fact that Y is quite larger than X. This numerical scheme is inspired by
time series model.

Correlation matrix of observation with :

n = 2000, p = 6457, tau = 80, K = 360, eps = 0.006623 ¢

451 0.25

401

0.20
351

301

251

Figure 2: Level plot of the correlation’s structure with observations : zoom on the square 1 : 500



We can observe that we generate data following our model and obtain an observation matrix
associated to a correlation matrix with a band structure in Figure[2] We recognize a central band
with non-null coefficients. Indeed, we also notice that the transition band with &,’ coefficients
is not really recognizable but this is due to the fact that those coefficients are decreasing fastly
to 0 when n goes to infinity (for instance, here, we have ¢, ~ 0.007 not different from 0 in the
color scale).

With this observation matrix, we can use our procedure to compute the 7-coherence. After
running R replications, we obtain a sample of 7-coherence. In Figure [3] and ] we see that for n
large enough, the sample distribution seems to approximate the limiting one.

n =2000 n=3000
(=]
b — simulation b1 — simulation 2 7
= —— asymptotic s —— asymptotic —— Kolmogorov
L2
o o & — Total Variation
=1 =1 o
g g g
S r T T T T T 1 =] | —— g n
8 6 -4 -2 0 2 4 -5 0 5
©
2
n =4000 n=5000 =
2
< —— asymptotic < —— asymptotic (=
o
= = o
=
o
- - T T T T
g g
= [ — =] [ — 2000 3000 4000 5000
5 0 5 5 0 5
sample size n
Figure 3: Histograms and Kernel density estimates Figure 4: Evolution of Kolmogorov, L? and Total
for n = 2000, 3000, 4000, 5000 and for R = 200 repli- Variation norm between simulated and asymptotic
cations behavior

Precisely, we compare the estimated density of the sample (in red) with the asymptotic
density (in blue) which is defined by f(z) = ﬁexp( 3y — rexp( )) for all z € R.

Also, in order to observe the convergence, we study numerically the distance between the sample
and asymptotic distribution. We use the Kolmogorov, L? and the Total Variation norms :

dis(f.) = sup Fu(e) = F@) dolh. 1) = [ |F@) = 1) da, drv(F.5) = 5 [ |Fa) - 160
e
We observe in Figure [d] that the difference between both distributions decreases to 0 when n
is increasing. These results provide numerical evidence that our limiting distribution is adequate.
Moreover, we can illustrate the estimated power of our test. For this purpose, we keep the same
regime for p.

We will consider n = 1500, 2000, 2500, 3000 and a size a = 0.05. In addition, to illustrate the
impact of the parameter h (and so the speed of (g,,) coefficients), we compute esimated power for



Values for h | e, =0 (null) | h=2 | h=1|h=09| h=07| h=05| h=0.3
n = 1500 0.045 0.045 | 0.050 | 0.055 0.055 0.080 0.835
n = 2000 0.035 0.033 | 0.030 | 0.035 0.035 0.055 0.950
n = 2500 0.03 0.03 0.03 0.03 0.04 0.07 1.00
n = 3000 0.065 0.065 | 0.055 0.055 0.055 0.070 0.995
n = 3500 0.03 0.035 | 0.045 0.04 0.07 1 1
n = 4000 0.055 0.055 | 0.06 0.07 0.075 1 1

Table 1: Estimated power computed on R = 200 repetitions for the level « = 0.05. The first
column corresponds to the null hypothese while the other are for the alternative.

differents values of n and for the values h = 2,1,0.9,0.7,0.5,0.3. Also, we will consider the case
when &, = 0 (i.e. simulation under the null hypothesis). We simulated R = 200 repetitions of
T-coherence for each value of n and p and for the differents case of h. We sum up all the result in
the following Table 1. We remark with this power estimations that we highlight (again) the fact
that we faced a slow convergence. On the other way, for value of n until 3000, the sample size is
not large enough to clearly identified the alternative for value of h close to 1 (it means close to
the null hypothese). It is no longer the case for a value of h such that we are far away from the
null. For n = 4000, we observe an improvement for A < 0.5 while for h = 0.9 and A = 0.7 the
sample size is not large enough to observe the empirical power equal to one.

We aware the reader about the high-dimensional framework impact on the simulation time.
Indeed, we highlight the fact that the procedure we proposed here allows to compute T-coherence
corresponding to any large matrix X, arising in actual (big) data experiments. However, this
procedure is not very efficient if it is done with a classical programming. For example, comput-
ing only one replication for n = 4000 (hence p = 44112), requires about 90 min to obtain the
value of one realization of the 7-coherence. In order to obtain more usable (i.e fast) codes in
perspective of real-size applications, we are currently exploring HPC (High Performance Com-
puting) strategies to compute correlation blocks using GPGPU (General-purpose Processing on
Graphics Processing Units) computation. We are very confident into the use of GPU to reduce
simulation’s time.

5 Discussion

In this paper, we consider the regime log(p,) = o(n%) and broaden the framework of [CJ11a].
Indeed the convergence of the 7—coherence to the Gumbel law still holds when the correlation
matrix presents a supplementary an additional band of entries ¢, sufficiently small. This addi-
tional band can be way much larger than 7, i.e. as large as K(n) = O (p¥) for v > 0 and the

entries €, — 0 as n — oo with speed O <\/1og(p)/n). The speed of convergence of €, to 0 is

optimal and not surprisingly it fits the threshold of bandwidth tapering in [BLO0OSal.

Numerous further theoretical questions arise. Among them, the question of ultra-high regimes,
i.e. what is the behaviour of the 7-coherence if log(py,) is of order n® with & > 1/37 Another
natural generalization would be to consider the model with €, disseminated on the whole matrix
and not only bandwise. The Chen-Stein method should be adapted then. Besides, Shao and co
in |[LLS08] improved the speed of convergence to the Gumbel law by choosing an intermediate



variable. They obtained a speed of O((logn)?/?/y/n). To our knowledge this approach is still
open for the 7-coherence.

In this work, we have shown that the ability of our test to detect the alternative hypothesis
is linked to the value of the parameter h. As in [EJ19], the asymptotic power of this test is 1
or a according to the value h is smaller or greater than 1. It means that asymptotically, our
test is unable to detect the alternative when A > 1 so that the limiting distribution is the same
under the null and under the alternative. In this work, we focus on an alternative that can be
seen as a perturbation of the null (with the same structure in asymptotic). Even if these kinds
of alternatives are classic, the phenomenon happening here is not and it leads to the question
of the power function : is there any renormalisation of the 7-coherence that could highlight a
continuous power function? To the best of our knowledge, it is still an open question.

Our result also suggest perspectives for potential applications, and numerical considerations.
Indeed, considering numerical study, optimization of computation of the 7-coherence, or even
more, of Monte-Carlo simulations in an experimental framework can become necessary. In this
paper we have avoided the issue of the matrix dimension in term of computer memory by splitting
it in sub-matrices. One can think to use HPC (High Performance Computing) methods, such
as parallel computing or GPGPU, in order to reduce the necessary time of computation which
becomes untractable when very large matrices are involved.

6 Proof of the main result

In this section, we describe the proof of our main result. First, we would like to highlight the
fact that, as we said, we apply the Chen-Stein method. But, we do not apply it directly to
the 7-coherence. It is more efficient to use the Chen-Stein method to a new easier to handle
random variable. First of all, we introduce many notation which will be used along these proofs.
Moreover the very technical part are postponed to an Appendix.

6.1 Notations
o I={(kj)eL,p)*:1<k<j<p}
o I ={(k,j)el:|k—jl<7}
o Ix={(k,j)el:7<|k—j|<T+K}
o In={(k,j)el:|k—j|>7+K}
o Es={(k,j)el kel sorjel,s}

AT ={(k,j)el:|k—j d W) <1-6
o Af=A{(k,j)el:|k—j|<Tan Kkgg};qu(\mql,lmql) }

A ={(k,Nel:7<|k—jl< K and N<1=6
o Ay ={(k,j)el:7<|k—j|<7+K an 1<k£3;q<p<\rqu,\rjqr> }

A= {(k,j)el:|k—j K and D <1=6
o Ap={(k,j)el:|k—j|>7+Kan Kkggﬁ;qu(\mq!,mq!) }

With those definitions, Es corresponds to the set of lines or columns where there is at least one

coefficient 7;; which magnitude is greater than the level 1 —d; A}, A{f , Ag are respectively the

10



set I, Ix and Iy without the lines or columns with 7;;’s coefficients greater than the level 1 — 0
(which means that 7;;’s are bounded in those three sets. With these different sets, we can write
three different partitions of the set I :

1. I=1LUlgUly
2. I=EsUAJUAS UA)
3. IyUIg =AFUA U [EsN ]
The following Lemma gives the sizes of these three sets:

Lemma 6.1. With the previous notations

== (257), (1)

el = ) (225, (15)
’IO‘:(p_T_K_l)(p_T_K). (16)

2

6.2 Auxiliary variables

Now we introduce an auxiliary random variable which will be more convenient to handle in the
Chen—Stein method. Let

Vor = max EXEXI | = max ‘thXj . 17
T 1<k<j<p,|k—j\>r| nl a=(k.j)elulx |~ " " a7)
In the sequel, we will use notation « = (k, j) to denote index into different sets.
Proposition 6.1. Under the assumptions of Theorem 2.1}, we have
272 2
n°L: -V
Zomr T P 0. (18)

n n—-+4oo
The proof is analogous to the proof of convergence (46) in [CJ11a| using Lemma 2.2 of [Jia04]

Hence to study the asymptotic behaviour of L, -, it is enough to study the limiting distribution
of V,,.-. To do so, we use another slightly different random variable defined by:

VI = max (Z) (19)

n,T o K
a€AJUAT

where the index o = (k,j) and Z, = Z; = ’tXfLX%
by the following inequalities:

. The two variables V;, ; and V}, . are linked

Proposition 6.2. Let

an(y) = v/4nlog(p,) — nloglog(p,) + ny with y € R. (20)

We have :
P (V> an(y)) <P Var > an(y)) <P (V,, > an(y)) +o(1) (21)

11



Proof. (For seek of simplicity, we will denote a,(y) by a, in the sequel).
To proove this result, we need the two following technical results whose proofs are postponed to
Section [6l

Lemma 6.2. Let a, be as in formula . Then,

1 1
Py := P (|'"XEX0HEH2| > q,) = 67%; (L+0(1)) = Onssoo <p2) : (22)

n

1
V2T
Lemma 6.3. Let a, be as in formula and let us define ¢, = %72 —2|y| + 2 with v defined
in Assumption . Then, for any d € [0; ¢, and n — 400 :

Pr =P (XX | > an) = o (1) (23)

According to the partition Iy U Ix = Ag U Aff U (E5 N ﬁ),

P(Var>an) = P <a(kr§1)%>;oul x| > cm)
—\M K
< P(Vy,.>a,)+P ( max 7‘tXleiL > an>
’ a=(k,j)eEsNI;
< PWVi,>a)+ > P (]txgx; > an)
Oé:(k‘,‘])eEgﬂﬁ
<SPV, >a)+ Y. PZaza)t+ Y. P(Za>an).

a€|EsnI; NIk a€[EsNI; |NIo

All variables Z, having same distributions in the different sets above, we have

P (Vor > an) P(Vi,>an)+|[EBs NI NIk|P(Z1rs1 > an) + |[Es NI N Io| P (Z1rirsz > an)

<
< P (V. > an) +|Ix|Pk + |Es| Po.
We can use the following straightforward result :

Lemma 6.4.
|Es| < 2pn Tyl

Hence from assumption 3 of theorem [2.I] we have :
|Es| = o(p7,)
Now, we need to prove that |Ix|Px + |Es| Po N 0. First, from lemma [6.2]and (24),

(24)

1 41
|Es| P (Z1,74K+2 > an) Mete |Es| 27Te 2]7%
1 v 1
= 2 I -
n—-+oo 0(pn)\/ﬂe p%
_ L (1 0
B \/%6 ¢ njoo

12



Secondly, using lemma (more precisely Equation (15])) and lemma we have :

‘IK’PKTL—>—+> 0 <« I/<CW—1 (25)

o

and this is fullfilled from assumptions on theorem [I| Finally, we obtain :

|IK|PK+|E5|P0 n—>—+>oo 0. (27)
Then,
P(Vayr > an) <P (V,, > an) +o(1). (28)
Also, it is easy to see that :
P(Vy,> an) <P (Vo > ap). (29)
O

Remark 2. The main constraint so far is p, KPx — 0 when n — oo which leads to

12—2 1
1/<2’y |7|—|— .

Moreover, it also tmplies the following condition:

1
v € [—2,2] is such that 572—2|7|—|—1>0 = ye€)2+V22- V2

6.3 Chen—Stein method for V,

We focus now on the asymptotic behaviour of VA?T. For that purpose, we apply the Chen-Stein
method. We recall here this result, which can be found in [AGGS89).

Lemma 6.5. The Chen-Stein Method
Let A be a set of indices. Let o € A and By, a set of subset of A (i.e. for all a, By, C A). Let n,,
be random variables. For a given a € R, we define A := > P (nq > a). Then,

acA
1
P (o) < 0) = <min (15 )00+ b+ ). (30)
ac
where
e b= > P0a>a)P(ns>a)
QGABGBQ
eby=>% > P(na>amng>a)
a€EN a#LEB,
® b3 = ZAE [[E[Ln.>alo(ng, B € I\Ba)] — E[1y,>a]l]-
ac

13



As we said, this method is an approximation of weakly dependent events by a Poisson law
which is represented by the quantity e ( corresponding to P (Z = 0), Z having a Poisson law
P (A)). We need to find weakly dependent events to have by, be and bs small (even null or
asymptotically null). In our case, notations are :

o A=AJUAK.
o a=(k,j)eA.
o By=DBpj={(w,v) eA: |k —u| <7+ K,|j—v| <7+ K and (k, j) # (u,v)}.

® No=Zo= Ly = ‘txﬁxﬁl = ZXZICXZJ .
=1
e \,= > P(Z,>ay).
aEN
o bin= 1> > P(Za>an)P(Za>an).
a€EN BEB,
o bon=1> > P(Zy>an Zsg>ay).
a€N a#LEBa
® byn = ZAE IE[1zo>a,l0 (2,8 € A\Ba)] — E[1z,5a0,]l] -
ac

The following Lemmas present the asymptotics of A\, b; n,7 =1 to 3.

Lemma 6.6. Considering the previous notations, with straightforward computations we obtain
the following results :

o |[AD] ~p2/2 asn — +oo
e |Bi;j| <8(t+ K)pp ~ 8Kpy, as n — +00
o [AJ] < |IK]

Lemma 6.7. With the previous notations we have

: _ y/2
nll)r_{loo (An) \/ge . (31)

Proof: According to the Chen-Stein method and using the fact that random variables have
the same law when indices are in the same set, we have

Moo= Y PZa>an)= Y P(Za>an)+ Y. P(Za>an)=|AYPo+ |AK|P

0 K 0 K
aEAPUAP aEAP aeAp

From theorem [I} lemma [6.3] and lemma we have

lim |Af|Pg =0

n—-+o0o
while, according to lemma [6.2] and lemma
1 1 1
TR B S-S S
| p| 0 oo pnp% e e

Hence we obtain the desired result. We remark that this asymptotic will give the distribution
function of the asymptotic Gumbel random variable.

14



Lemma 6.8. In the previous framework, we have
lim b;,, =0, fori=1,2,3.
n—oo

The proof of this Lemma is postponed to the Appendix.

6.4 Proof of Theorem [2.1]
We showed in Section that

P (VA,T <ap) =exp(—A) +0(1) as n — 400
Thanks to lemma [6.2] we have, for n large enough :

P (Vn,T < an) = €exp (*)\n) +o (1) as n — 400

From the expressions of a, and A,, this leads us to the asymptotic behaviour :

1 L
EVnQ,T —4log (pn) +loglog (pn) — Z

n—-+o0o

where Z has the Gumbel cdf defined in theorem [2.1] Then, we can write :

1, b
vz 4 Py
nlog (pn) ™" n—+oo

Then, from Proposition we have (9)).

6.5 Proof of Theorem theorem [2.2]

In order to prove this theorem, we first notice that according to the definition of L,, -,

|pij| < L,z for any (4,5) € lo U Ik

Therefore to prove the convergence , it suffices to prove that it exists (i, j) € IoUIk such that

n 2

‘L
log(p) " nSvoo e

Then we consider (i,j) € Ix and p;; the empirical correlation coefficient from the bivariate

1 e,

Gaussian distribution N5 <0, <
€n 1

for any x €] — 1, 1],

(n—=2)IT'(n—-1)
Vorn— D

11
— 7'n
272’

fij(x) = n

(1—e2)" (1—22)"7 (1 - ze,)? "o Fy (

>> . The density f;; of p;; is given by Muirhead [Mui82]):

)

It leads to the density of @pij, denoted by f; and defined for any z €l —, /%, \ /@[

fij(@) = Cn(l - log(p)aﬁ)%zl(l — TEp M)%JEFE

)

15
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where C,, :=

log(p) (n—2)I'(n—1) (1— 52)"7_1

Vit (n-1) is an explicit constant which does not depend on z.

It remains to show that, for any § > 0 :

lim P(——

n—+o0o log( ) n—H—oo

pzy < 0) lim / fii(@)dx =0

From a straightforward bound on o F} we get

Vs n—4

Cr(1+ [en|V5 1Og())?’” " / (1—x210g(p)>2dx<|3( " p? < 6)

n log(p)

Vs

1-n V6
V3

Moreover from Sirtling equivalent, we show that, as n — +o00

n—1

(-7

C. ~
" 2mn

which leads to the desired limit. O
Acknowledgments: the authors wish to thank Laurent Delsol for many fruitful discussions.
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7 Appendix: Proofs of technical results

7.1 Proof of Lemma [6.2]

For the proof of this Lemma, we need the following technical result which is presented in [CJ11a]
(see Lemma 6.8) and proved in the supplementary paper.

Lemma 7.1. We consider the following hypotheses :
1. &, ..., &, ii.d random variables such that E[¢1] = 0 and E[¢3] =

2. Elto > 07 ElOé E]O, 1] SUCh that E [et0|§1‘a} < 400.

3. (pn)nen+ such that p, — +o00 andlog(p,)=o (nziﬁ) as n — +00
n—-+00

4. (yn)n>1 such that y, n:)oo y>0

Then,
-1

Zf ——pn 1o(pn)
= ~ O,
\/M k= Yn 00 y\/ﬂpn g{Pn
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Let us check all the hypotheses of this lemma above. First we write :

> an> (37)

1. E[&] = E[X}|E[X]T5¥%] = 0 x 0 = 0 where the independence come from the sample.

n
RRETLE

P (‘tXlXT+K+2‘ > an) — P(<
i=1

Now, if we define §; = Xz-lXiT+K+2, we have :

2. E[¢y = E[(X})2]E[(X{+K+2>2] —ixl=1

3. For tyg = 3 and a =1, we have :
o ‘ 1 T+K+2‘ .
E[eto‘&' | = E[e#] < E[e%(Xll)z]E[e%(X1+K+2)2] < 40
4. We have w,, ;= —2— — /4=2>0

nlog(p) n—+oo

5. According to the hypothesis 1 from theorem : log(pn) = o(n %) asn — 400

n—-+00

So we have all hypothesis needed to apply the lemma and then :

=) (|tX1XT+K+2‘ > an) _p < }tXlXT+K+2‘ > an)

nlog(pn)

1
v/nlog(pn)

1 n
P - X1xrT+E+2
( nlog(pn) ; Y

ZX X’T‘+K+2 > CLn

=P<1ZX XT+K+2>wn>+P< ;ZX X7+K+2>wn> (38)

nlog(pn) i=1 nlog(pn) i=1

Qn
> - @ @@
nlog(pn) )

ZX XT+K+2 < — QA

From lemma [7-1]

P tXlXT-i-K-‘rQ _ _§w _§w 1
(‘ } ~ an) 2\/% \/log Pn) 2\/% \/log Dn) +o(1))
= 5 (I+o0(1
\ﬁ \/log Pn) )
1 _;ai_,

loglog(pn)
= —_—e 2 nlog(pn) 1 +0 1 =
2w log(pn) (el

20
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7.2 Proof of Lemma lemma [6.3

We remind that Pyg = P (’tX}LX;‘H} > an). We will apply once again lemma with new
quantities ¢ and w:

o P =P ("X} X[ > a,)
o P =P ("X X[ < —ay)

o & = Xp X

Notice that (&) k>1 are independent due to the independence between each line of X,,. First
we compute E [£] = &, and var (§) = 1 +¢2. So, E [wy] = 0 and var (w;) = 1.We will apply the
lemma [7.1] with wy,. Then,

Z —
\/nlog Pn) V(1 + 62)n10g(pn)
=2zZn

From hypotheses of theorem we have lim [z,]:=2=2—v>0. Then,

n—-+00

PL =P (39)

i 1 12 -1
Pr ~ pn log(pn)
1
~ z\ﬁ eXp[ B 2o log (pn) — floglog (pn)}
€2 loglog (pn) | ¥ 1 nE%L €n  Gn
~ exp 5 log (p <1 + += + - —
[ g (pn) 4 log (pn) 4log (pn)  4log(pn) 2 log (pn)

With our hypotheses on ¢, we have :

. log (pp) — —o0

1+ % n—+00

o Snloglog(pn)
4 log(pn) n—+oo

Y 1
1Tog (o) norroo

2
_Men 12 108(pn)
. TTog (1) n_}—+>oo i from g, ~ ~ .

En_ On — f 9 log(pn)
2 Tog (py) nostso v from ay, nlog(pn
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1 1
apt o~ —2— =72 +2y+0(1) ) log (pn 4
PPk . TneXp [(‘1 2”)’ 7+ o( )) og (p )] (40)

Finally, for v €] — 2,2 :

1
lim [piPj]=0&a<2+ 572 — 2y (41)

n—-+00

Analogously, we have :

) ) n Qn + NEp
A . B 42
: (mz a ¢<1+e%>n10g<pn>) -

n
-1 ayn + nep

v/nlog(py) ; = V(1 + e2)nlog(pn)

=Zn

- P

Thanks to lemma [7.1{and because lim [Z,]:=2 =2+ > 0, we have :

n—-+oo

_ 1 —2 e2loglog (p,) vy 1 ne En  an )}
Pe ~ exp | ———log (p) [ 14+ =2 Z + n__ 4o n
LN [1 +en & (p) ( 4 log(pn)  4log(pn)  4log(pn) 2 log(pn)

(44)
prPI_{ U exp [(b —2— 172 —2v+o0 (1)) log (pn)} (45)
zZV 2T 2
And finally, for v €] — 2,2[ :
1
. bp—| _ 12
i [pnPK] —06b<2+ 7 +2 (46)
To conclude, observing that
. 1 2 1 2 1 2
min 2—&—57 +2’y,2+§'y -2y ) = 37 =2y +2:=¢c,,
combining eq. and eq. (1)), we obtain, for all d € [0;¢,[ and as n — +0oc :
Pg:=P (|tX}LXZLH‘ > ay) =o0 (p;d) . (47)

7.3 Proof of Lemma [6.8
7.3.1 Computation of b,

We add some notations :

e BY:= B, ﬂAg and |BY| < |Ba| < 8(7 + K)py,
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o BE := B,nAK and |Bf| < K?
e P, :=P(Z,>a,)

As used above, Z,, and Z,, will have the same law as long as a; and ay belong to the same set.
Then, we have :

bin = > > PaPg

K
a€AQUAK BEBa

= > D PaPs+ > > PP+ > Y PuPs+ > > PoPg

ael) BeB) a€Af BeBE acAf BeBY a€Af BeBE
= D2 P+ Y > PP+ Y Y PkPot >, > (Px)
aed BeB) a€Ay BeBE acAf BeBY acAK BeBE

= |AY).|BY|. (Po)* + [ASL| BE|PoP + [AK || BSIPkPo + [AK||BE|. (Pk)?.

At this point, we need to check that lir}rl (b1,n) = 0, so we focus particulary on :
n—-+0oo

L. |AD|BSI- (Po)* :

1 1 _
BP0 ~ JiRABEL (R0 <4+ K00 () =0 k) a9

n

From assumptions on v we have lim [[Ag].\Bg|. (PO)Q] =0
n—-+00

2. |AD].|BE|PoPk :
1 1 B ,
IAS|BE PPk ~ 5pﬂBf\POPK < 5K?pipopK <O (P2) O (p,) Pk = O (p2'Pk)

According to lemma |6.3] we will have lirf [p2’Pk] = 0 iff 2v < ¢, which is true from
n—-+00

hypothesis 5 in theorem Then, we obtain :

lim [|AJ]|BX[PoPk] =0

n—-+o0o
3. |A£< |.|BC|PPgo : We use the same principle of computation than previsouly :
IAF1IBYIPkPy < puK|BYIPKPo < 8pn K (T + K)puPxPo = O (p2'Pk)  (49)
So, from previous assumptions on v, we have :

lim [|AX].|BoIPKPo] = 0.

n——+00
4. [AK||BE|. (Pk)? : We have :
IASLIBEL (PR)* < pK* (Pr)® = O (pi"™) (Pk)? (50)

According to lemma [6.3} if 1 4 3v < 2¢,, we have

lim [yA;fHBgfy.(PK)?} —0.

n—-+o0o
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To conclude, we finally obtain :
lim [b1,] =0.

n—-+o0o

Remark 3. The main constraint here is p, K> (PK)2 — 0 which is true from condition
pnKPxr — 0 of remark[3

7.3.2 Computation of by,

The computation of by, is the most technical part. As we did for the computation of by ,, we
will divide this computation into four parts (according on which set we are). We remind the
definition of by, :

b= > P(Za>anZs>an).

a€AJUAK BEBa

Here we introduce some new notations :
o Pog:=P(Zy > an,Zsg > ayp)
e Py = PalglaeAglgEQi where €2; will be a subset of indices and ¢ an integer.
e Py, = PaﬁlaeAg 15¢cq, where €2; will be a subset of indices and 7 an integer.

To show that hf}rl [b2.n] = 0, we will divide it into four sums, each one being the sum of the
n—-+0o0

same probability on a given set of indices. Then, we have :

ban=D_ > Pagt D D Pagt > > Pasgt+ > > Pag (51)

ael) BeBY €AY BeBE a€AK BeB) acAf peBE

::61 =Q2 =Q3 =Q4
Computation of () :

First, we define some additional subsets of indices. In particular, we have :

2

L O :={(u,v)eA):i—u<7and j—v<7}and || <7

2. Oy = u,v)6A2:i—u<7and7<j—v<T+K}and|(22\<TK

u,v)6A2:T<i—u<T+Kandj—v<T} and |Q3] < 7K

T+ K <i—uwandj—v<7}and |Qs] <7(pp, —7—K) <7py
T<i—-u<T+KandT<j—v<7+K}and|Q| < K?

uv)eAO:T<i—u<T+K< and 7+ K < j — v}

(

(

(

(u,v)EA2:i—u<TandT+K§j—v} and || <7 (pp, —7—K) < 7Py,
(

(

(u, p

| <K (pn—7 - K) < Kpn

8 Qg:={(u,v) EA):7+ K <i—wand j—v<7}and |Qs| <K (p,—7—K) < Kpp
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We have :

8
Q1 <4) ) ) Pog (52)

i=1 aEAg BEeQ;

Then, using the fact that on each given subset the random variables have the same law :

Q1 < |AD]- 21| Por + |Ap] - [Q2] Poz + |Ap] - 1923] Pos + |Ap| - [924] Poa (53)
+ [AD] . [95] Pos + |AD| - 1926 Pos + |AD] - 127] Por + |AD] . |92s] Pos (54)
So, we just have to show that each part will have a null limit when n is going to infinity.

Lemma 7.2. Using the previous notations, we have, as n — 400 :
Proof. We have :

1
‘Ag’ . ‘Ql| P01 < ’Ag} 72P01 ~ §piT2P01 =0 (pgb—i_%Pol) for any t>0
where we use lemma [6.0] for the equivalent. We can write :

n n
E 1,2 E 3,4
P01 = P U U U Uy,
k=1 k=1

i.4.d

> G,

> an) (56)

where (u}ﬁ,uz,ui,ui)lgkgn ~" Ny (0,%4) and
1 0 ™ 0
o 0 1 0 T9
%= 001 0 |
0 ro 0 1

where coefficients 71,72 are from the correlation matrix (r4;). From Lemma 6.11 of [CJ11al,
focusing on equation (131), we know that

Por < O (p;2b2+51> +0 (p;2*262+52> as n — 400 (58)
for any 1,9 > 0 and where a = 1+(12_6)2, b= (1_‘15)2 and ¢ = PT“ for 6 €]0,1[. By construction

b> — 1 > 0, hence for a well-chosen ¢ such that ¢ < b? — 1, there exists 1(§) > 0 such that we
have :

£1 < 20% —2—2t. (59)
Analogously, we can find €2(6) such that:

ea<2(c®—1). (60)
Since T = o(p!) for any t > 0, we have

‘Ag‘.|Ql\P01—>0asn—>+oo. (61)
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Lemma 7.3. Using previous notations, we have :
Proof. We have :

1
[Ap] 19 Py < 7K [Ap[Po2 ~ SppmKPo2 = O (7p""Po2)

where we use the lemma for the equivalence above. In this proof, we almost have the same
case than in the proof of lemma [7.2] In fact, the only difference is the matrix ¥4 which is now

1 0 » O
o1 0 &
=l 001 0 |
0 e, 0 1

where 7 is a coefficient from the matrix (74;). So, by the same method we have
P2 Poz = 0 (63)

14+(1—6)2
2(1—6)2
we can show that b — 1 > ¢?. Then, if v < 2¢? (fullfilled by assumptions in theorem , and

from 7 = o (pfl) for any t > 0, we have :

iff &7 < 202 —2—v and €9 < 2¢? — v where we still have b = and ¢ = . Moreover

1—(1-6)2
6

O
Lemma 7.4. Using notations previously introduced, we have :
|A2‘ . ’Qg| Pos — 0 (65)

Proof. This proof is exactly the same than for lemma [7.3] except that the matrix becomes

1 0 ¢, O
0O 1 0 r
1= en 01 0
O » 0 1
In particular, we obtain the same condition on v. O

Lemma 7.5. Using notations previously introduced, we have :
|AD] . 1924| Pos — 0 (66)
Proof. We have :

|A2‘ Q| Posa < 7oy, ‘Ag‘ Pog ~ Tpip(m (67)
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S O =
O = O

Now, the correlation matrix is X4 =

O = O 3
= o o O

0 0
Thanks to the lemma 6.9 in [CJ11al], proved in the supplementary paper, we obtain Pgys =

0 (p;4+5) for any ¢ > 0. Then, we have p>7Pgs = O (#) which tends to 0 as n — oo since

n

Tzo(pfl) for any t > 0. O
Lemma 7.6. Using notations previously introduced, we have :
|AD] - 1925 Pos — 0. (68)

Proof. This proof is exactly the same than for lemma considering the correlation matrix

1 000
01 0 r
=100 1 0
0 r 0 1
O
Lemma 7.7. Using notations previously introduced, we have :
Proof. This proof is exactly the same than for lemma [7.3] except that the matrix become
1 0 & O
- 0 1 0 e
=1 0 1 o0
0 & 0 1
In particular, we have :
‘Ag} . |QG| Pos < K? ‘Agl Pog ~ O (pi—i_QVPOG) (70)

with ¥4 as correlation matrix for the 4-uplet in Pog. As for lemma [7.3] we have the following
conditions

e1 <2V —2—2vand ey <2(c®—v) (71)

which is summarized in v < ¢2, and which is true considering theorem Then, we obtain the
desired result :

|A2‘ . ’Qﬁ| P06 — 0 (72)
O
Lemma 7.8. Using notations previously introduced, we have :

|AD] . 1927| Por — 0 (73)
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Proof. This proof is exactly the same than for lemma considering the correlation matrix

1 0 ¢, O
0O 1 0 O
1= en 01 0
0O 0 0 1
O
Lemma 7.9. Using notations previously introduced, we have :
|AD] . 19| Pos — 0 (74)
Proof. This proof is exactly the same than for lemma considering the correlation matrix
1 0 0 0
01 0 &,
=10 0 1 0
0 e 0 1
O

Remark 4. The main constraint here for Qy is v < c?.

Computation of Qs :

For this case, we will divide the computation into two parts. Indeed, we consider two cases :
when « is close to the set Afo( and when it is not. For that purpose, we introduce the following
sets :

Iog={(i,j)€[Lpli<jand 7+ K <j—i<7+4K} and A) ;=AY NIy

and

107[[ = I()\I()J and Ag,]l = A;(u) N IO,II .
We can write :
@=Y T = T Pt T Pu
a€Ap BEBE a€A) ; BEBY a€A’ ,, BEBE

Now, we look at the sum on Ag ;- We notice that on this set, the probability P,z is issued
from a Gaussian vector with correlation matrix

1 0 T T
0 1 r3 mry
rn ryg 1 &,
o T4 En 1

Sy =
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where |r;| <1 -9 for all i € {1,2,3,4}. Moreover, coefficients (r;); may be replaced here by &,

according to the position of the indice in both sets Ag ; and BE. But we know that liI_P (en) =0
) n—-+0oo

then, for n large enough, we still have |r;| < 1 — . Using Cauchy-Schwarz inequality, we can
bound :

Pap=E [1Za>anlzﬁ>“”} S \/E [12Z >an] [ Zg>an ] \/E [1Z>a,] E 1Z[3>an] = /PaPg
Now, we use the fact that o € AY o1 C A0 and 3 € BE C Iy, then :

Pos < VVPoPk
which is true for any |r;| < 1 then, sup  Pag < v/PoPk. At this point, using |A2[| <
lrs|<1,i=1,...,4 ’
3Kp, |BX| < K?, and Pg = O (p_2), we get:

3" 3 Pus <3K%py/PoPr < 3K°PY70(1) = 0 (p3”P1/2) as n — +o0.
aeAgy BeBK

Now, using lemma [6.3}

1/1 1
p?’”Pl/2 — 0o 3r< 3 <272 — 2y + 2> < rv< 607 (75)

n—-+oo

which is true according to assumptions of theorem [2.1]

Now, let us focuse on the computation of Ag 77+ For that purpose, we introduce four subsets:

o ()2 = EBf:u—i<Tandj—v>T+K}and|Q%\<KT
€EBE .7+ K<u—iandj—v<7}and |0} <

° Qg::

{(

o O3 :={(u,v
{( €eBE:7<u—i<7+Kandj—v>7+ K} and |Q3| < K?
{(

o 2= €eBE: 7+ K<u—iand7<j—v<7+K} and |93 < K?

>, D Pas< 422 Y Pag

a€A) ;; BEBL =1 aeA) |, BEQ?
In order to consider all these subset, we have the four next lemmas :

Lemma 7.10. Considering the same notations as previously : (u,{,, ui, u%, ui) 1<k<n ge Ny (0,%4).

1 0 nm

. o . . . . 0 1 0

If the probability Pog is issued from a Gaussian vector with covariance matriz ¥4 = 01
1

r 0 e,
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where x € {ey,0}, then :

Z Z Paﬁ <0 (pt+u+eP}</2) (76)

0 2
O‘GAPJ[ BeEN]

for anyt > 0 and any € > 0.

Proof. In order to prove this result, we observe that in this case, for all k£ > 1, ui is independent
of {u}g, u%, ui} It means that conditionally on u,lc, we have independence between Z15 and Zs3q4.
By consequence, using Cauchy-Schwarz, we obtain :

Pos = E [E [1212>an1Z34>an|Ul%:7 k=1,..., n” (77)
= E[E[1zsanlupk=1,...,n] E 12,50, [up, k= 1,...,n]] (78)

< \/E [E (1150, Jul k=1, .,nﬂ E [E [1zymanul b =1,... ,nﬂ (79)
Now, because u}. is independent of u7, we can use lemma 6.7 from [CJ11a] and we have :

E {E [1Z12>an‘ullg; k=1,... ,n] 2:| =0 (p*4+€)

for any € > 0. And on the other side, we have :
E [E [Lzssanlub b =1, ,n]"] < Px
Finally, using |A27H| < p? and Q2] < K7, and writing K = O(p¥), we have the desired

result:
Z Z Paﬁ <O (pt+y+6P%2) (80)

0 2
aGApJI BeQ

O

Now, from lemma we have the condition :

1/1
t+V+€<2(2’72—2|’Y’+2> ;

which can be fullfilled from condition in eq. and for well-chosen ¢ > 0 and ¢ > 0. Finally we
obtain, with our condition on v that :

| 2 D Pas] =0

0 2
aGAP,H BeNy

For the other subsets Q%, 1 = 2,3,4, we will use the same method. Indeed we notice that
respectively for 2, Q§ and 032, the covariance matrices involved are respectively :

10 0 0 1 0 &, = 1 0 0 0
01 z r 01 0 0 0 1 z ¢

2 3 _ 4 n

X = 0z 1 &, X = en 01 &, R 0 =z 1 e, (81)
0 r e, 1 z 0 ¢, 1 0 e, e, 1



For each case, we use the fact that we always have u? (or u}.) independent of the other three
random variables. Also, in order to use the lemmal[7.10} we notice that by construction Z15 = Za;.
Then, for cases Q3 and Q3, we just have to consider the Gaussian vector (ui, ul,u, ué) instead
of (u,}/,, u%, u%, u;‘;) In that way, all matrices have the same form than in lemma and similar
upper-bound for the probability. Now, we use the upper-bound of subsets Qf More precisely,

for Q2 and O3

1/2 - v 1/2
> Y Pas IASLLIBIPO (p72) = O (p* ) for any > 0
a€Ad | BEQ]

It means that we need to have, according to lemma [6.3] :

1/1 1/1
2 “ (242 =2 2 242 =2 21 . 82
V<2<27 \'Y|+><:>V<4<2'Y \7\+> (82)

With this condition

li =
Jim f Y ) Pag| =0
achd | BEQ]

and

Jim YD Pag| =0

0 2
_aGAP’H Beqy

Finally, the case Q3 leads to the exactly same result than for Q% because of the upper-bound on
|3| which is the same than for |Q2|. Then, we have :

Jim Y D Pag| =0

a€A) ;; BEBEK
and then
lim [@Q2] =0

n—+oo

Remark 5. The main constaint here is v < %Cv-

Computation of Q3 :

We focuse here on Q3 = > > Pq. Once more, we will consider different subsets for
acAK BeBY
according to its place into BY. More precisely, let us define :

o O ={(u,v) €A):i—u<7andv—j<7}and |Q} <72
° Q%:{(u,v)6A2:i—u<7and7<v—jgr+K}and’nggTK_

o Q?’:{(u,z})GAgzi—u<TandT+K<U—j} and |Q3| < 7p.
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Qi—{u,v EAO:Téi—u<T+Kandv—j<T}and]Qi[éTK

={(u,v EAO T+ K <i—wuandv—j<7}and|Q3 < 7p.

(u,v)
(u,v)
. Qg—{(u,v)€A2:7<z—u T+ Kand 7<v—j<7+ K} and ]Q%|<K2.
e B ={(u,v)eA):7<i—u<7+Kand 7+ K <v—j}and | <

(u,v)

o O3 ={(u,v €A2:7+K<i—uand7'<v—j<7'+K}and|Q§|<Kp.

Then, we have :
8
<22 D P
i=1 acA Be?

For 03, we use the computation of (J2. Indeed, covariance matrices which are involved in the
computation of Q3 are similar than for Q2. The similarity comes from the fact that we exchange
the role between « and S. More precisely, for ()2 we had o € Ag and 8 € BE and now we
have o € A{f and 8 € BY. So, covariance matrices here will have the same structure than in Qo
exchanging columns {1, 2} and columns {3,4}.

We notice that :
3], 193], 193] < 98] < K? (83)

Using the fact that BY C Ag, we have :
Z Z Pas < Z Z Po < pK.K?Py = O (p* ') as n — +oo

aeAK Be0d aeAK Be?

However, from condition in eq. , we have v < 5 (47 — |’y| + 1) But, v €]-24+v/2,2—/2].
Then, 1 (372 — |yl +1) €], 5[ It leads in partlcular to v < % and then :

LN PP

aeAK e}
And so, from equation eq. :
N Do S1¥ B D ol LN BT D olb LN R I
acAK Beq? aeAl Beq3 aeAl e}

Now, we look at the case when 8 belongs to Q?’,QE,Q% and Qg. We start by describing
each covariance matrix involved. We note = € {g,,0} and r a correlation coefficient such that
|r| <1—46. We have :

1 ¢, 0

K 3 3 En 1 X O

o fora € AJ,B €y, Xy = s 10
0O 0 01



1 ¢, 0 «x

K 3 3 En 1 0 T

o fora € AJ,B e Xy = 0 1 o
x 0 1

1 e, e, 0
o fora e AKX g3 ¥3 = en 1@ 0
P’ » 4 en 1 0

0 0 0 1

1 ¢ 0 x

o forac AN feaf vi=| ¥ (1) (1)65
r &, 0 1

We observe that for each case above one variable u% or ui is independent from the three other

ones. Then we can use the same method than for Q2 (conditioning on uz when u% is independent
of the other ones or reversely on ui).Then, by Cauch-Schwarz, we obtain the same upper-bound
for P,3. To show that we obtain the desired convergence, we study here the worst case. That is
to say, using the fact that |Q3| < Kp for i = 3,5,7,8, we can write :

SN Pas < IAKLIOEPO (p727) < O (PP as n— +oo
acAK BeQ

Then, we have exactly the same condition on v that for equation eq. . It means that

| 2 D Pas) =0

acAE BeQ3

and it induces that

n—-+o00

Computation of @4 :

This last quantity is simpler because we can write :

Q4= Z Z Pas < Z Z Pk = ‘Af‘.‘Bf‘PK<pK3Pk:O(p1+3”PK) as n — +00o
acAE peBE acAf peBE

n—-+o0o

So, to have lim (Q4) = 0 we must have, according to lemma
1, 1
1+3v<§’y 27 +2 & V<§(Cv_1)

Under this assumption on v we have

lim [Q4] =0

n—-+o0o
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Finally, gathering the results from @) to @4 and under sufficient assumtions, we have :

lm  [by,] = 0.

n—-+o0o

Remark 6. The constraint on v is v < %(cy — 1).

7.3.3 Computation of b3,
We have :
bsn= Y  E[E[1z,5a.l0 (25,8 € (AJUAINBA)] — E[1z,5a,]]]
a€AQUAK

= S E[[E[1zusanlo (25,8 € (AQUASN\BL)] ~ E[17,54,]]]

aEAg
+ Y E[|E[1zusalo (2.8 € (A§UAS)\Ba)] —El12,54,][]
aEAg
(85)
The first term of the RHS above is 0 from the choice of B,,. Hence
bsn = Y E[[E[1z5a.l0 (Z5,8 € (A)UA\Ba)] — E[12,54,]|] (86)
aGAg
S Z E [E [1Za>an|o- (Zﬁ’ B € (Ag U A;I;()\Ba)ﬂ +E [E [1Za>an]] (87)
aEAf
< 2|Af|Pk (88)
(89)

According to the hypotheses in theorem [, we have

lim [|Af|Pk] =0

n—-+o00

Finally, we obtain :

lim [bs,] =0

n—-+o0o

Remark 7. Gathering remark @ to @ and noticing that on v €] — 2 + v/2,2 — V/2[ we have

%(07 -1)< %cq, we get the final assumptions of theoremfor .

g
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