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ON THE STRUCTURE OF SOME p-ADIC PERIOD DOMAINS

MIAOFEN CHEN, LAURENT FARGUES AND XU SHEN

ABSTRACT. We study the geometry of the p-adic analogues of the complex
analytic period spaces first introduced by Griffiths. More precisely, we prove
the Fargues-Rapoport conjecture for p-adic period domains: for a reductive
group G over a p-adic field and a minuscule cocharacter p of G, the weakly
admissible locus coincides with the admissible one if and only if the Kottwitz
set B(G, p) is fully Hodge-Newton decomposable.
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INTRODUCTION

Starting with the work of Griffiths ([14]), the study of the geometry of complex
analytic period mappings and their images, the so called period domains, has been
a recurrent theme in complex algebraic geometry ([48] and [13] for example for a
recent review). In this article we study the p-adic analogue of this problem starting
with the questions asked by Grothendieck ([17]) and the partial answers given by
Drinfeld ([18]), Serre-Tate and Katz ([39]), Gross-Hopkins ([16]), Rapoport-Zink
([53]) and Hartl (]36]).

Let F be a finite degree extension of Q,, G a connected reductive group over F,
and {u} the geometric conjugacy class of a minuscule cocharacter p of G. Attached
to the datum (G, {u}), we have the flag variety F(G, 1) defined over the reflex field
E = E(G,{u}), the field of definition of {1}, a finite degree extension of F. We will

consider the associated adic space F(G, u) over E, the completion of the maximal
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unramified extension of E. After fixing an element b € G(F), Rapoport and Zink
constructed in [53] (see also [50, 12]) an open subspace

F(G, p, b)"

inside F(G, u), which is called a p-adic period domain, as a vast generalization
of Drinfeld upper half spaces ([18]). The name “p-adic period domain” comes as
follows. For any finite extension K|E, the points in F(G, u,b)**(K) correspond
to weakly admissible filtered isocrystals equipped with a G-structure, which are
then admissible (as K |E is finite) by a fundamental result in p-adic Hodge theory
([8]). We thus get crystalline representations with additional structures attached to
points in F(G, u,b)**(K). Here in order to get non empty F(G, u,b)"“*, we have
to assume that b satisfies a certain condition with respect to {u}, cf. prop. 2.2 for
some background on this.

IftK |E’ is an arbitrary complete extension, then it is not clear whether we still get
Galois representations attached to points in F(G, u,b)**(K). This led Rapoport
and Zink to conjecture that there exists an open subspace

F(G,p, b)*
inside F(G, u,b)*?, such that there exists a p-adic local system with additional
structures over F(G, i, b)* which interpolates the crystalline representations at-
tached to all classical points, cf. [12] conj. 11.4.4 and [36] conj. 2.3. Contrary to
F(G, pu, b)*e, it is difficult to give a direct construction (and explicit description)
for the desired F(G, u,b)".

For certain triples (G, u,b) (those so called of PEL type), Hartl ([36, 35]) and
Faltings ([20]) constructed the space F(G, u,b)® by using the Robba ring Biig and
the crystalline period ring B,,;s respectively. If K \E is finite, we have

F(G,p,0)*(K) = F(G, p, b)) (K)
as explained above. But it turns out that in general the inclusion
F(G,p,0)* C F(G, p, b)"

is strict.

By the recent progress in p-adic Hodge theory, thanks to the works of Fargues-
Fontaine [29] and Fargues [25], we can now construct F (G, i, b)* as in the Rapoport-
Zink conjecture for any triple (G, {1}, b) (compatible with the constructions of Hartl
and Faltings above), by using G-bundles on the Fargues-Fontaine curve, cf. def.
3.1. In [36] sec. 9 and [51] A.20, Hartl and Rapoport asked when we do have

F(Gp, )" = F(G, p, ) 7
For G = GL,,, Hartl gave a complete solution to this question ([36] theo. 9.3).

Let b € G(}v? ) be an element such that its associated o-conjugacy class
[b] € B(G, )

is the unique basic element in the Kottwitz set B(G, p) ([42] sec. 6). In this paper
we prove the following theorem that was conjectured by Fargues and Rapoport ([32]
conj. 0.1).

Theorem 0.1 (theo. 6.1). The equality F(G, p,b)"* = F(G, p,b)* holds if and
only if B(G, u) is fully Hodge-Newton decomposable.

Recall that, roughly, the set B(G, u) is fully Hodge-Newton decomposable if for
any non basic element of B(G, 1) its Newton polygon, seen as an element of a posi-
tive Weyl chamber, touches the Hodge polygon defined by u outside its extremities.
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We refer to section 4 and more precisely 4.3 for the meaning of this notion. In [32]
theorem 2.5 there is a purely group theoretical classification of all the fully Hodge-
Newton decomposable pairs (G, {1}), and in loc. cit. theo. 2.3 one can find further
equivalent conditions for (G, {u}) being fully Hodge-Newton decomposable. In the
following, Hodge-Newton will be usually abbreviated to HN for simplicity.

To prove the theorem, we make intensive use of the theory of G-bundles on the
Fargues-Fontaine curve ([25]). More precisely, let C |E’ be a complete algebraically
closed extension and X be the Fargues-Fontaine curve attached to C” equipped
with a closed point co with residue field C. Let us recall that the main theorem of
[25] says that

B(G) = Hg(X,G)
'] — [Ew].
To each point x € F(G, 1)(C), we can attach a modified G-bundle at co of &
gb,a:

on X». We assume that G is quasi-split to simplify. Then we can use the notion of
a semi-stable G-bundle and the theory of Harder-Narasimhan reduction on X to
study the modification &, , and the geometry of F(G, p1). The subspace F(G, p, b)*
is defined as the locus where &, ; is a semi-stable G-bundle. The isomorphism class
of &, . defines a stratification of F(G, u1) indexed by another Kottwitz set B(J,, u~1)
(cf. sec. 5). We prove that this other Kottwitz set is fully HN decomposable if and
only if B(G, u) is fully HN decomposable (coro. 4.16). To compare F(G, u, b)* with
the weakly admissible locus F(G, p, )", we also need to describe F(G, p,b)™® in
terms of G-bundles on X ». This is given in proposition 2.7: z is weakly admissible
if and only if for any parabolic reduction (& ) p coming from a reduction of b to
the parabolic subgroup P, the usual numerical semi-stability condition is satisfied.
With these ingredients at hand, we can prove the Fargues-Rapoport conjecture by
comparing parabolic reductions of &, , with the parabolic reductions coming from
a reduction of b.

The reader who wants to have a feeling of how this type of proof works in a
particular case can read the case of SO(2,n—2) treated in [27] (see the appendix of
[59]). This case is instructive and served as a starting point for the general proof of
the implication that fully HN decomposability implies F(G, i, b)* = F(G, u, b)™°.
It gives in particular the computation of the p-adic period space of K3 surfaces with
supersingular reduction. We also deal with the case of GL,, in remark 6.2.

We briefly describe the structure of this article. In section 1, we review the
basic facts about G-bundles on the Fargues-Fontaine curve which we will use. In
section 2, we review the definition of the weakly admissible locus F(G, i, b)"®. In
the quasi-split case, we can give an equivalent definition for F(G, u, b)*® by using
the theory of G-bundles on the Fargues-Fontaine curve. In section 3, we give the
definition of the admissible locus F(G, p,b)* by using semi-stable G-bundles on the
Fargues-Fontaine curve. In section 4, we describe a generalized Kottwitz set for
general groups, and we also discuss the fully HN decomposability condition and
related properties that will be used in the sequel. In section 5, we first explain
the twin towers principle which is an important tool in the proof of the main the-
orem. Then we construct the Harder-Narasimhan stratification of the flag variety
F(G, 1) and describe each stratum. With all these preparations, we finally prove
the Fargues-Rapoport conjecture in section 6. Finally, in section 7, we discuss the
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asymptotic geometry of period spaces. We introduce in particular a new conjecture
(7.2) saying that F(G, pu,b)* = F(G, u,b)"® if and only if there exists a quasicom-
pact fundamental domain for the action of J,(F') on F(G, u,b)*. Moreover we give
a cohomological application of some results obtained during the proof of the main
theorem 6.1. In fact, when B(G,u) is fully HN decomposable, the boundary of
F(G, 1, b)* is parabolically induced (prop. 7.1). One should then deduce that in
this case the “supercuspidal part” of the compactly supported cohomology and the
cohomology without support coincide (conj. 7.3). Conjecturally this is only true
when one restricts to supercuspidal L-packets (a cleanliness assumption about su-
percuspidal L-packets showing up in the geometrization conjecture formulated by
the second author) but in this case this is true for any supercuspidal representation.
This should have consequences on the realization of the local Langlands correspon-
dence for supercuspidal representations in the cohomology of those period spaces.

Acknowledgments. We would like to sincerely thank Sian Nie and Ulrich
Gortz for valuable help in group theory, and Eva Viehmann for some corrections.
We thank the referee for careful reading and helpful comments.

NOTATIONS

We use the following notations:

F'is a finite degree extension of @, with residue field IF,.

F is an algebraic closure of F' and I' = Gal(F|F).

o I/ = Fun is the completion of the maximal unramified extension F"" of F’
with Frobenius o.

e (G is a connected reductive group over F.

e H is a quasi-split inner form of G' equipped with an inner twisting G# =
Hf.

e A CT C B are a maximal split torus, T = Cy(A) a minimal Levi and B
a Borel subgroup in H. Note that T is a maximal torus of H over F' (cf.
[62] page 271). We reserve the notation T' for a maximal torus in G.

o (X*(T),®,X.(T),®V) is the root datum given by the adjoint action of T
with positive roots ®* and simple roots A with respect to the choice of B.
Denote by W the absolute Weyl group of T in H.

o (X*(A),®g, X.(A),®Y) is the root datum given by the adjoint action of A
with positive roots ® and simple (reduced) roots Ao.

e If M is a standard Levi subgroup in H with respect to the preceding choice
of Borel subgroup, we note by a subscript M, for example ®,;, the corre-
sponding roots or coroots showing up in Lie M. For example M — Ag as
induces a bijection between the standard Levi subgroups and subsets of Ag.

e If D is the slope pro-torus with characters X*(D) = Q, we set

N(G) = [Hom(D#, GF) / G(F)—conjugacy]r,

the Newton chamber. Via the inner twisting between G and H, there is an
identification

N(G) = N(H) = X,(A)}.

This is equipped with the usual order v < vy if and only if vo—1 € Q@

o m(H) = X.(T)/{®") is the algebraic fundamental group of H, and 1 (H)r
is its Galois coinvariant. Via the inner twisting between G and H, there
are identifications

7T1(G):7T1<H), 7T1(G)FZ7T1(H>F.
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e (3,4 is the adjoint group associated to G, G4 C G is the derived subgroup,
and Gg. — Gger is the simply connected cover of G ge;.

1. G-BUNDLES ON THE FARGUES-FONTAINE CURVE

In this section, we review some basic facts about the Fargues-Fontaine curve and
G-bundles on it, cf. [29, 25]. This theory will be the basic tool for our study of
p-adic period domains. We change slightly the notations from [29] and [25] to be
in accordance with [51].

1.1. The Fargues-Fontaine curve. The Fargues-Fontaine curve X over F is as-
sociated to the choice of a characteristic p perfectoid field K|F,. We note 7y for a
uniformising element of F'. It has several incarnations.

1.1.1. The adic curve. The adic curve X ¥ admits the following adic uniformization
Xad _ Y/cpz,

where Y = Spa(We,.(Ok)) \ V(rr|wk]), with wx € K satisfying 0 < |wg| < 1.
The action of the Frobenius ¢ on the ramified Witt vectors is given by

o Ylwalri) = Y [etIn.

n>0 n>0

It induces a totally discontinuous action on Y without fixed point.

1.1.2. The algebraic curve. There is a natural line bundle O(1) on X ¢, correspond-
ing to the p-equivariant line bundle on Y whose underlying line bundle is trivial
and for which the Frobenius is 75 ¢. Set O(n) = O(1)®", and

P = H (X", 0O(n)).

n>0

We have
HO(X*,0(n)) = O(Y)¥="F.

Let

X = Proj(P).
By [29], this is a one dimensional noetherian regular scheme over F'. There exists
a morphism of ringed spaces

x5 X,

and X2 may be viewed as the analytification of X in some generalized sense. As

for rigid spaces, there is a natural subset |X ¢! C | X 9| of “classical Tate points”
and the preceding induces a bijection

et 2 |,

where | X| denotes the closed points of X.

Let F' be fixed. Suppose that instead of beginning with the characteristic p
datum K|F, we start with K¥|F a perfectoid field and set K = K*°. Then, the
curve X is equipped with a closed point oo with residue field k(co) = K* and
(/9\)(7OO = B;R(Kﬂ), cf. [29]. Presently K will be supposed to be algebraically
closed (we will test the semi-stability of some vector bundles by “specializing at a
geometric point”). This is equivalent to K* being algebraically closed.
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1.2. G-bundles. Let Bunx and Buny.« be the categories of vector bundles on X
and X respectively. The morphism X%? — X induces a GAGA functor

Bunxy — Bunyaa.
Theorem 1.1 ([24, 40]). The GAGA functor induces an equivalence of categories
Buny — Bun yaad.

We assume from now on that K is algebraically closed. For example, K = ok
with C|F a complete algebraically closed field. Let

p—mod 3

be the category of isocrystals relative to ]:_'|F, that is to say couples (D, ) where
D is a finite dimensional F-vector space together with a o-linear automorphism ¢,
where o is the Frobenius of F' that reduces to Frob,. For any (D, ) € p—mod,
we can construct a vector bundle £(D, ¢) on X associated to the graded P-module

P (Do 0))** 7,
n>0

Via GAGA this corresponds to the vector bundle Y x D on X% =Y /%
e

Theorem 1.2 ([29]). The functor £(—) : ¢—modp — Bunx is essentially sur-
jective.

We will need the following fact:
Theorem 1.3 ([29]). The degree map of a line bundle induces an isomorphism
deg : Pic(X) — Z.

Note that the fact the degree of a line bundle is well defined is not evident. This
is a consequence of the fact that the curve is “complete”: the degree of a principal
divisor is zero. This is essential to develop a theory of Harder-Narasimhan reduc-
tion.

We have the following two equivalent definitions of a G-bundle on X:

(1) an exact tensor functor Rep G — Buny, where Rep G is the category of
rational algebraic representations of G,
(2) a G-torsor on X locally trivial for the étale topology.

Recall that an isocrystal with G-structure is an exact tensor functor
Rep G — ¢—mod;.

Let B(G) be the set of o-conjugacy classes in G(F) ([41, 42, 52]). Any b € G(F)
defines an isocystal with G-structure

Fy : RepG — p—mod;

V— (Vi,bo).

Its isomorphism class depends only on the o-conjugacy class [b] € B(G) of b. Con-
versely, any isocrystal with G-structure arises in this way. Thus B(G) is the set

of isomorphism classes of isocrystals with G-structure ([52] rem. 3.4 (i)). For
b e G(F), let & be the composition of the above functor F;, and

&(—) : p—mod z — Bunx.

In this way, the set B(G) also classifies G-bundles on X. In fact, we have
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Theorem 1.4 ([25],[1]). There is a bijection of pointed sets

B(G) = Hy(X,G)
1.3. The Harder-Narasimhan reduction in the quasi-split case. We assume
that G = H is quasi-split in this subsection. The theory of Harder-Narasimhan
reduction ([3] for example) applies for G-bundles over the Fargues-Fontaine curve
X ([25] sec. 5.1). If G’ C G is a closed subgroup, then a reduction of a G-bundle
£ to G’ is a G'-bundle &g together with an isomorphism

/

G ~
o xG—E&.
Recall the following definition of a semi-stable G-bundle, see for example [49] and
[3].
Definition 1.5. Let £ be a G-bundle on X. It is called semi-stable if for any
standard parabolic subgroup P of G, any reduction Ep of € to P, and any x €
X*(P/Zg)T, we have
deg x«&p < 0.
Let M C P be the associated standard Levi subgroup of GG, which we will identify

with P/R, P with R, P the unipotent radical of P. Then as X*(P) = X*(M), we
have

P
X*gP = X*(gP X M)
One proves, as usual, that £ is semistable if and only if the associated adjoint
bundle

G,Ad
Ad(€) =& x LieG
is semi-stable. We will later use the following criterion.

Lemma 1.6. The following are equivalent:

(1) The G-bundle € on X is semi-stable.
(2) For any standard parabolic subgroup P and any reduction Ep to P, one has

P,Ad
deg(€p x LieG/Lie P) > 0.
(3) The same holds for any mazimal standard parabolic subgroup.

Proof. This is a consequence of the fact that for any standard parabolic subgroup
P, the adjoint representation of T on det(Lie G/Lie P)~! lies in X*(T')*, and more-
over as P runs through the set of maximal parabolic subgroups those are positive
multiples of the fundamental weights. More precisely, if M is the standard Levi
attached to P and py; = %Zaeé(T)L a, then for 8 € Ay, (BY,par) = 1 and for

B € A\Apr, {8Y, par) < 0. One concludes using that we have det(Lie G/Lie P)~! =
2p — 2pnr. (]

One can rephrase this lemma in a more geometric way. In fact, if the reduction
Ep corresponds to the section s of P\& — X, then

P,Ad
Ep x LieG/Lie P = s*T(P\E)
is the pullback of the tangent bundle.

For a general G-bundle we have the following theorem.

Theorem 1.7. Let £ be a G-bundle on X. Then there exists a unique standard
parabolic subgroup P of G and a unique reduction Ep to P, such that
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P
(1) the associated M-bundle Ep x M is semi-stable,
(2) for any x € X*(P/Zg) \ {0} NN.A, we have deg x.Ep > 0.

Proof. See [25] 5.1, where one can apply the arguments of [3]. O

The reduction £p in the above theorem is called the Harder-Narasimhan reduc-
tion of £. Let £ be a G-bundle on X with Harder-Narasimhan reduction £p. Then
we get an element

ve € X.(A)g = X.(T)g
by the Galois invariant morphism
X*(P) —Z
x — deg x.€p
and the inclusion
Homyz(X*(P),Z) C X.(T)g.
In fact, we have vg € X*(A)a , and moreover M is the centralizer of vg. As in

the classical theory of G-bundles on curves, the vector vg is called the Harder-
Narasimhan polygon of £ as an element

ve € N(G) = X, (A)3.
Later we will need the following. Recall that if £ is a vector bundle on X with
Harder-Narasimhan filtration (0) =& C & C --- € & = & then:
(1) for any subbundle F C &, the point (rk F,degF) lies on or under the
Harder-Narasimhan polygon of &,
(2) if (rk F,deg F) lies on this polygon, then there exists an index i such that
E CFC gi+1-
Here is the generalization we will need.
Theorem 1.8 ([55] theo. 4.5.1). For & a G-bundle on X equipped with a reduction
&g to the standard parabolic subgroup () consider the vector
v: X*(Q) —Z
X — deg x+€Q

seen as an element of X.(A)g. Then
(1) One hasv < vg.
(2) Moreover if this inequality is an equality, and Ep is the canonical reduction
Q
of £, then Q C P and Ep ~ Eg x P.

As a corollary the vector ve can be defined as being the supremum of all such
vectors v associated to all possible reductions £ in the poset X, (A)g.

1.4. The Harder-Narasimhan polygon in general and the first Chern
class. Suppose now that G is not necessarily quasi-split. Recall that the inner
twisting G5 = H% induces an identification

N(G) 5 N(H) = X.(A)E.

There is a canonical D-torsor J on X ®p F"". More precisely, if F}|F is the
degree h unramified extension, we have

Xr ®F Iy = Xp,,

the curve attached to Fj,. If m, : Xp, — X is the natural projection, one has a
canonical identification
. h
TrhOXF(l) = OXFh (1)® :
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The compatible system of G,,-torsors attached to (O(XFh)(1)>h>1 defines 7. As
a consequence of the classification theorem of [25], any G-torsor on X @ F*" has
a reduction to a torus and we have

Theorem 1.9. The pushforward of the D-torsor & induces a bijection
Hom(Dpun, Gpan) /G(F™) "= HY,(Xp @F F'", G).
Together with the pullback from X to Xp ®p F", this defines a map
H(X,G) — N(G)
[E] — ve.
One can moreover define the G-equivariant first Chern class of £ as a map ([25])
& HL(X,G) — m1(G)r.

This generalizes the degree of a vector bundle for G = GL,,. The quickest way to
define it is through abelianized cohomology in the topos X ([6]) via the map

Hélt(Xv G) — Hélt(Xv [GSC - G])a

the homotopy equivalence [Ts. — T| — [Gs. — G] for a maximal torus T in G, and
the canonical isomorphism

X (S)r = Hg (X, )

for a torus S ([25] theo. 2.8) (see the next subsection for more explanations in the
case of B(G) for this type of abelianization construction).

1.5. Newton map and Kottwitz map. We keep the same notations. The set
B(G) of o-conjugacy classes in G(F) can be described by two invariants. One
invariant is the Newton map ([41] sec. 4). For each b € G(F) on can attach a slope
morphism
Vp - DF“ — GF'

Up to o-conjugating b one can suppose that it is defined over F"™ (the Tannakian
category of isocrystals has a fiber functor over F""). Moreover, since v = b~ ub,
its conjugacy class is defined over F. We thus obtain a map

v: B(G) — N(G)
[b] — (1]
The other invariant is the Kottwitz map ([52] 1.15, [42] 4.9 and 7.5)
k:B(G) — m1(G)r
[6] — r([b])-
In the following we will simply write «([b]) as k(b). The quickest way to define the

Kottwitz map is via the abelianization of Kottwitz set a la Borovoi. More precisely,
if we set

Buy(G) := H (W, [Goe(F) — G(F)))

(cohomology with coefficient in a crossed module where G (E) is in degree 0) there
is an abelianization map
B(G) — Ba(G)

induced by [1 — G(F)] —
G then [Ts. — T] — [Gse
isomorphism

[GSC(E) — G(E)] Moreover, if T is a maximal torus in
— @] is an homotopy equivalence and this induces an

V]

HY (W, [Toe(F) = T(F)]) = Bay(G).
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Now the left member is identified with the cokernel of
B(T,.) — B(T)
which, according to Kottwitz, is the same as the cokernel of
Xi(Tse)r — Xu(T)r

that is to say 71 (G)r. This is canonically defined independently of the choice of T
since the Weyl group of T' acts trivially on the cokernel of X, (Ts.) — X.(T).

The induced map
(v,k) : B(G) — N(G) x m1(G)r
is injective ([42] 4.13). Let B(G)pasic C B(G) be the subset of basic elements. Then
the restriction of k to B(G)pasic induces a bijection
K B(@Q)pasic — m1(G)r
([41] prop. 5.6, [52] theo. 1.15). In view of Theorem 1.4, the two maps v and &
have the following geometric interpretations in terms of G-bundles.
Theorem 1.10 ([25] prop. 6.6 and prop. 8.1). We have
(1) ve, = wo(—[wp]), where wy is the element of longest length in the Weyl group
acting on X.(A)g, and [vp] is the representative of the conjugacy class of
vp that lies in X*(A)(E,
(2) cf (&) = —r(b).
A particular case of the above (1) says that £ is semi-stable if and only if [be] €
B(G) is basic.

Example 1.11. If Ggeris simply connected one has

{G-bundles/ X}/ ~ 2T f GG ger-bundles/ X} ) ~ —s 1(G)r

le]
C1

where, when G is quasi-split, the first map is a bijection when restricted to semi-
stable bundles.

2. THE WEAKLY ADMISSIBLE LOCUS

2.1. Background. Let {u} be a geometric conjugacy class of a cocharacter p :
Gy — G%. Unless clearly stated otherwise p is supposed to be minuscule. The
pair (G, {u}) will be fixed in the rest of this paper. We will sometimes see {u} as
an element of X, (T)* that we again denote u by abuse of notation. We get the
following associated objects:

e the local reflex field E = E(G, {u}), a finite extension of F inside F, which
is the field of definition of {u},
e the flag variety F(G, u) over E, a twisted form of GE/ P,, that classifies

parabolic subgroups of type pu, where E is the completion of the maximal
unramified extension of E (in fact F(G, i) is defined over E, but we will
not need this fact),

e and the Kottwitz set

B(G,p) = {[t] € B(G)[w] < p°, 5(b) = *},
which is a finite subset of B(G); as usual we have put

pe =T, > pm e X (A)h = (X.(T)H)",
Tel'/T,
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In the preceding definition of B(G, 1), the condition 7
k(b) — pf € 71 (G)r.tor = H'(F,G). The condition r(b)
cohomology class is trivial.

implies that

and pf € m(GQ)r is the image of p via m1(G) = X (T)/ X (Tse)-
] <
= /ﬂ equlres that this

In the following we will also denote by F(G, u) the associated adic space over
Spa(E). Fix an element
[b] € B(G).
We get the reductive group J, over F, the o-centralizer of b, which only depends
on [b] up to isomorphism. For any F-algebra R, we have

Jy(R) = {g € G(F ®@F R)| gbo(g)~! = b}.

The group J,(F') acts naturally on the flag variety F(G, u) over E via Ju(F) C
G(F). For the triple (G, {u}, [b]) as above, let us recall the definition of the weakly
admissible locus ([53] chap. 1)

F(G,1,b)" € F(G, ).

First we recall the definition of a weakly admissible filtered isocrystal. Let K |F
be a complete field extension. A filtered isocrystal V = (V,p, Fil*Vk) is called
weakly admissible if for any subobject V' = (V’, ¢, Fil*V}.) of V, with V' a ¢-stable
F-subspace of V and Fil*V}, = V}, N Fil*Vk, we have

tu(V) =tn(V) and tg(V') <ty(V),
where tnx (V) = vy, (det o) is the mp-adic valuation of det ¢, and

ta(V) = Zz ~dimg grpge (Vi).
i€z
Here the notation ¢y, resp. ty, means the terminal point of the Newton polygon,
resp. the Hodge polygon. If we define the slope of V as
pw) = = V),
imV

then V is weakly admissible if and only if it is semi-stable (for the slope function
w) and p(V) = 0.

If K |F‘ is a finite extension, then the category of weakly admissible filtered
isocrystals is equivalent to the category of crystalline representations of Gal(K|K)
with coefficients in F' whose Sen operator is F-linear ([8]); that is, weakly admis-
sible is equivalent to admissible. We refer to chapter 10 of [29] for a proof of this
result using the curve (this proof was a huge inspiration to study modifications of
vector bundles on the curve).

Let us return to the general setting. Let ' € {u} be defined over K|F. There
is a functor
Ty, : RepG — cp—FilModK/ﬁ

(V, p) — (Vi, p(b)or, Fil%, V).

pop
Let us recall that the category of weakly admissible filtered isocrystals is Tannakian.

Definition 2.1 ([53] def. 1.18). We call the pair (b, ') weakly admissible if one of
the following equivalent conditions is satisfied:
(1) for any (V,p) € Rep G, the filtered isocrystal Iy, (V, p) is weakly admissi-
ble;
(2) there is a faithful representation (V,p) of G such that Iy ,/(V, p) is weakly
admissible.
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It is also equivalent to the condition that its image in G/G g, is weakly admis-
sible (i.e. [b] € A(G, ), cf. prop. 2.2) and 7y ,/(Lie G) is weakly admissible for the
adjoint representation Lie G of G, cf. [12] def. 9.2.14 and coro. 9.2.26. We will give
an equivalent geometric definition of weakly admissible in terms of G-bundles on
the Fargues-Fontaine curve later.

Now for any point € F(G,u)(K) we have the associated filtration Fil, of
Rep G coming from a cocharacter p, € {u} defined over K. Then z is called
weakly admissible if the pair (b, u,) is weakly admissible in the above sense. By
proposition 1.36 of [53], this defines a partially proper open subspace

F(G, 1, ) C F(G, ),

such that F(G, u, b)**(K) is the set of weakly admissible points in F(G, u)(K). It
is of the form
FG A\ B(F).Z
iel
where (Z;);¢cr is a finite collection of Zariski closed Schubert varieties. The action
of Jy(F') on F(G, i) stabilizes the subspace F(G, u, b)“*.

Recall the following basic fact.

Proposition 2.2 ([54] prop. 3.1). The open subset F(G, j1,b)"® is non empty if
and only if [b] € A(G, 1) := 18] € B(G)| [] < p°}.

As B(G, ) C A(G, ) and we will be interested in the case [b] € B(G, u), our
F(G, u, b)*® will be non empty.

2.2. Weak admissiblity and the curve. The preceding definition of a weakly
admissible point is Tannakian. We now give a geometric weak admissibility criterion
in terms of the curve when G is quasi-split. Let C|F be algebraically closed complete
and consider the curve attached to C* equipped with its point co € | X | with residue
field C' and
BIR = BIR(C) = OX,oo-

Consider the C-points of the Bgqr-affine Grassmannian attached to G ([57], [30], we
only need its C-points, not the geometric diamond structure on it for what we do)

Grg™(C) == G(Bar)/G(Bg)-

Since we only consider the C-points of Grg‘“", the reader who believes in Zorn’s
lemma can fix an isomorphism C[t] = BIR, that is to say a section of  : B(TR — C.
After such a choice this is reduced to the C-points of the “classical” affine Grass-
mannian. Hopefully we don’t need this. In fact there is a canonical section over F
and thus F' C B, canonically, in particular we can define u(t) € G(B1g).

Choose b € G(F) that gives us the G-bundle &,. Its pullback via Spec(Bi;) — X

is canonically trivialized. For each = € Grg®®(C) one can construct a modification

be

)

of & & la Beauville-Laszlo ([9] 3.4.5, [24] 4.2, [26] 3.20). This is given by gluing
Epx\{oo} and the trivial G-bundle on Spec(BJz) via the gluing datum given by z.

For u € X,.(T)" the corresponding affine Schubert cell is
Grgli (C) = G(BJu(t) ' G(B)/G(By) € Grg™ (),



ON THE STRUCTURE OF SOME p-ADIC PERIOD DOMAINS 13

For x € Grg‘fﬁ(C) one has (see [9] lemma 3.5.5)
(&) = 1w +cf(E)
= uf — k(D).
Remark 2.3. In terms of the stack Bung ([26], [30]) the preceding formula gives
the way the Hecke correspondence Hecke,, :; Bung permute the factors in the
decomposition Bung = []

acm(G)
where ¢ = a. It says that

. Bun¢, where Bung; is the open/closed substack

Hecke, (Bung) = Bunéﬂbu,

Recall that for any p we have the Bialynicki-Birula map ([9] prop. 3.4.3 in
general, we don’t need its diamond version but just its evaluation on C-points)

Tap : Grgtt(C) — F(G, p)(C).
When p is minuscule this is an isomorphism induced by applying 6 via

G(Bir) Nut) GBI )u(t) = {g € G(BR) | 0(g) € Pu(C)},
a parahoric subgroup in G (Bj{R). Let us recall the following well-known lemma that

is deduced from the properness of G/ P together with the fact that X is a Dedekind
scheme.

Lemma 2.4. Let £ and &' be two G-bundles on X with a modification £|x\ o0} =
E'|x\{oo}- Then for any parabolic subgroup P of G, we have a bijection

{Reductions of & to P} —» { Reductions of £ to P}.
We will need the following key definition.

Definition 2.5. Let b € G(ﬁ’) be an element. For a Levi subgroup M of G, a
reduction of b to M is an element by € M(F‘) together with an element g € G(F'),
such that b = gbyra(g)~t. Such a reduction (by,g) is considered to be equivalent
to (hbprh=9,gh™1) for any h € M(ﬁ’) We use the same notation and terminology
for parabolic subgroups.

The reductions of b to M and the reductions of & to M are almost the same.
However, for the reductions to parabolic subgroups, the situation is different. Any
reduction bp of b to a parabolic subgroup P induces a reduction &, of & to P.
But the converse is false and this is the main reason why in general the weakly
admissibility and the admissibility conditions differ. For example for GLo, there is
an exact sequence

0—O(-1) = 0* = 0(1) -0,
although all sub-isocrystals of (F' 2 0 @ o) are isoclinic with slope 0. Let us notice
that if M is a Levi subgroup of the parabolic subgroup P (semi-simplicity of the
category of isocrystals)
B(M) — B(P).

Thus, reductions of b to M or P are essentially the same.

Suppose now that p is minuscule, by; is a reduction of b to M with associated
reduction bp to P. For z € F(G, 1)(C) we deduce a reduction (& ,)p of &, via
lemma 2.4. This is a modification of &,.. Now, we have the decomposition in
Schubert cells of F(G, 1)(C) = G(C)/P,(C) according to the P-orbits

FGwe)y= [ FGwe®

wEWp\W/Wp,
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where, if w € Ng(T)(C) has image w,
F(G,p)(C)" = P(C)wP,(C)/P,(C)
= P(C)/P(C)N P, (C).
Projection to the Levi quotient induces an affine fibration
pry, : F(G, pw)(C) — F(M, p)(C).
Lemma 2.6. Suppose p is minuscule. For x € F(G, p)(C)¥ there is an isomor-
phism
P
(Ebz)p X M =~ Ebar pr,, (@)
Proof. We use the Iwasawa decomposition
G(Bar) = P(Bar)G(Bgg)-
This induces an identification
(1) P(Bar)/P(Br) — G(Bar)/G(Bgg)-
Now if y — z via this bijection then
(Sb,w)P = gbp,y~
We use now that
G(B:{R) = H P(B&LR)wPN(BdJrR>
weWp\W/Wp,
(this is deduced from the étaleness of the scheme Pr, \GF, /P, (coarse quotient)
where F), is the field of definition of ). Now, using the identification F(G, 1)(C) =
Grg‘fﬁ(C), write
x = gu(t) ' G(BfR) € Grgi(C)
with g € G(BJR). Write g = awce with a € P(Bl) and ¢ € P,(B{z). We have
gut) ™ = o ()~ wp(t)en(t) .
—
€P(Bar) €G(BH)

Thus via the bijection (1), y — z with y = au®(t)~!. Thus, (& .)p = &Epp,y and
the result is obtained by projection y from P(Bgr) to M (Bgr). O

We can now state the main result of this section.

Proposition 2.7. Assume that G is quasi-split and [b] € A(G, p) with p minuscule.
Then x € F(G, u)(C) is weakly admissible if and only if for any standard parabolic
P with associated standard Levi M, any reduction by; of b to M, and any x €
X*(P/Zg)", we have

deg x«(&pz)p <0,

M
where (Ep.z)p is the reduction to P of &, 5 induced by the reduction &,, X P of &
and lemma 2./.

Proof. We use lemma 2.6. The character y factorizes through the Levi quotient M
and thus
X*(gb,:r)P = X*ng,prw(m)
if  is in the Schubert cell associated to w. Now,
cy(ng,prw(x)) = (Mw)’j — kpm(bar) € m (M)r.

In particular, for any y € X*(M),
deg X«Ear pr,, () = deg(x(bar), x © 1*)
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where the degree of the right member has to be taken in the sense of filtered -
modules of rank 1. The result is then a consequence of the corollary 9.2.30 of [12]
(together with lemma 1.6). O

3. THE ADMISSIBLE LOCUS

As before, we fix the triple (G, {u},[b]). We will assume that {u} is minus-
cule until clearly stated otherwise, and also we assume [b] € B(G, u) (the triple
(G, {u},[b]) is called a local Shimura datum, cf. [54] sec. 5).

Let K|E be a finite extension and = € F(G, i1, b)**(K). We get the following
diagram of functors

Ty,w cris —
Rep G —= —FilMod} ;. — "> Rep,,;,Gal(K /K)

Vectp

where ¢—FilMo %(;  is the category of weakly admissible filtered isocrystals,

Rep,,.;s(Gal(K /K)) is the category of crystalline representations of Gal(K /K) with
coefficients in F' whose Sen operator is F-linear, and wg and we,is are the natural
fiber functors. This diagram is commutative since the class of the torsor

Isﬂ(@ (WG, Weris © chm's o Ib,ac)

is given by s(b) — pf and is thus trivial ([54] prop. 2.7, see also 1.20 of [53] in case
G ger is simply connected, and [63] in the general case). Thus, the choice of an
isomorphism between wg and wepis © Veris 0 Ip » induces the homomorphism

pe : Gal(K/K) — G(F).

Rapoport and Zink conjectured the existence of an open subspace

F(G,p,b)* € F(G, 1, b)™
together with an étale G-local system & on F(G,p,b)* such that for all finite
extension K|FE we have

F(G 1, 0)*(K) = F(G, p, b)"*(K),

and & interpolates the preceding Galois representation p, : Gal(K/K) — G(F),
cf. [12] conj. 11.4.4 and [36] conj. 2.3. The associated spaces of lattices will give
the desired tower of local Shimura varieties, ([50] hope 4.2, [54] conj. 5.1, [59] sec.
3.1).

Now we will use the theory of G-bundles on the Fargues-Fontaine curve to define
the admissible locus
F(G, u,b)* C F(G, p,b)™°.
Let C \E be any complete algebraically closed extension containing F. We consider
the curve X = X» over F' with the canonical point co € X.

Definition 3.1 (See also [51] def. A.6).
(1) We set
F(G,p1,0)*(C) = {zx € F(G,n)(O)|ve,, is trivial}.
In other words, if G becomes quasi-split over F'|F we ask that & , @r F' is
semi-stable on the curve Xp and that, for all x : G — G,,,, deg x+&p» = 0.

(2) We define F(G, u,b)* as the subset of F(G, ) stable under generalization
whose C-points are given by the preceding for any C as before.
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Since
of (Eve) = 1 — (D)
the isomorphism class of &, , does not depend on = € F(G, p,b)%(C). In particular,
if [b] € B(G, p1) one has
F(G,p1,0)(C) = {x € F(G, p)(C) | &, is trivial}.
Let us recall some basic properties of F(G, i, b)®.

Proposition 3.2. The admissible locus satisfies the following properties:
(1) F(G, u,b)* is a partially proper open subset of F(G, ).
(2) We have the inclusion
F(G, 1, b)* C F(G, u, b)",
such that for any finite extension K |E
F(G, 1, 0)*(K) = F(G, p, b)* (K).

In particular, F(G, pu,b)* # 0 if and only if [b] € A(G, i), cf. prop. 2.2.
(3) When (G,{u},[b]) is a Hodge type local Shimura datum (see [59] 3.2), then

the subspace F(G, i, b)* coincides with those introduced by Hartl [36] (via

the Robba ring B!, (C)) and Faltings [20] (via the crystalline period ring

rig
Bcris(c))-
Proof. (1) follows from the work of Kedlaya-Liu [40]. For (2) and (3) see [51]
Remarks A.5. 0

For the more advanced reader here is how to prove point (1) in the preceding.
One can consider Scholze’s Bgr affine Grassmannian Grng over Spa(Ev)o. This
is the étale sheaf associated to the presheaf (R, R") — G(Bqr(R))/G(Bix(R))
on affinoid perfectoid E—algebras. There is a Bialynicki-Birula morphism that is
an isomorphism thanks to our minuscule hypothesis ([9]). Its inverse gives an
embedding

F(G, p)® < CGrg®.

Now for any F-perfectoid space S together with an element z € Grg‘“"(S) one can
define

gb,a:a

a G-bundle on the relative adic Fargues-Fontaine curve Xg,. This is defined using
the “degree one Cartier divisor”

S;)Xsb

and a gluing “a la Beauville-Laszlo” by modifying & on Xg. In fact, when S =
Spa(R, RT), “the formal completion along this Cartier divisor” is Spf(B_;(R)).
According to Kedlaya and Liu ([40] theo. 7.4.5),

S ={se S| gb,lek,(‘)b is semi-stable}

is open in S. Now if x is given by a morphism S — F(G, p) that is quasicompact
quasiseparated surjective, then |S| — |F(G, )| is a quotient map such that S*¢ is
the pullback of F(G, i, b)®. Choosing S — F(G, u) surjective, we conclude.

Let us now state the following result since this is not written anywhere explicitly.
It says that one can construct the local Shimura varieties as pro-étale covers of
F(G, u,b)* as conjectured by Rapoport and Zink. We suppose p minuscule as
before.
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Theorem 3.3 (Scholze [57] sec. 23.3). Suppose [b] € B(G,u). Then one can con-
struct a pro-étale G(F)-local system on F(G, p,b)* such that for any compact open
subgroup K C G(F), the moduli of its K -trivializations Mg (G, u,b) — F(G, p, b)*
is represented by a rigid analytic space.

Proof. Let S — F(G, u,b)* be as before. Kedlaya and Liu prove in [40] that rank
n vector bundles on X that are geometrically fiberwise on S” semi-stable of slope
zero are the same as rank n pro-étale F-local systems on S”. Using this one can
prove that the preceding G-bundle &, ,, on Xg» gives rise to a pro-étale G(F)-torsor

on S°
m(gl 5 Sb,."c)
where G(F) = Aut(&;) (we refer to [30]). This defines a pro-étale G(F)-torsor

Moo — F(G, 1, b)2°.

Now one uses [56] (pro-étale descent of separated étale morphisms) that says that
M /K is representated by a rigid analytic space separated and étale over F (G, u, b)®.
(|

4. HODGE-NEWTON DECOMPOSABILITY

In [38] (Theorem 1.1 & Lemma 2.5) He and Nie give a description of Kottwitz
set B(G, ) as a subset of the positive Weyl chamber via the Newton map. This
is applied in [32] to give a criterion for HN decomposability in terms of the Hodge
polygon p®. He and Nie’s description relies on their description of B(G) via an
affine root system derived from Bruhat-Tits theory applied to G'z. In this section
we give a description of B(G, 1) that only relies on the usual relative and absolute
spherical root systems associated to G. He and Nie’s description of B(G) is well
adapted to problems concerning integral models of Rapoport-Zink spaces and their
mod p special fiber. The problem we are interested in concerns only the generic
fiber and there is no reason to use Bruhat-Tits theory and integral structure on
Dieudonné modules for this. We will take an approach developed by Chai in [10] to
make a link with He and Nie’s work. The two really original results of this section
are proposition 4.14 and corollary 4.16 that will be a key point in the proof of our
main theorem.

4.1. A description of a generalized Kottwitz set in the quasi-split case.
In this subsection G = H is a quasi-split group over F. Since Cg(A) = T the
restriction of any root of T to A is a root and this induces a bijection ([62] 15.5.3)

O/ 5 By
One verifies moreover that

AJT == Ay.
Let us fix u € X (T)" not necessarily minuscule. As before, we note p° € X, (A)a
the Galois average of p and [1p] € X. (A)a = N(G) for [b] € B(G).

For a € Ag and 8 € ® such that 34 = «, one has 3 € A. We note
wp € (D)o

the corresponding fundamental weight, that is to say for v € A,

<’Y\/’wﬂ> = 6%5'
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Now, for a € Ay, we set

Ba= Y wp€X'(T)g=X" (A
Bed
Bla=a

This satisfies the following property: for v € A we have

0, if YA 7& «a
1, otherwise

where (7Y)® € (Y )q is the Galois average of vV.

We will need the following generalized Kottwitz set later.
Definition 4.1. For e € m(G)r and § € X*(A)6 we set
B(G,¢,6) ={[b] € B(G) | k(b) =€ and [vp] < 0}.
Of course if this set is non empty then ¢ = ¢ in 7 (G)r ® Q. One has
B(G, p) = B(G, pi*, ).
Proposition 4.2. If ¢ = pu* then, as a subset of N(G), B(G,¢,6) is the set of
v E X*(A)a satisfying
e d—ve (D)o,
o Yo € Ag s.t. (v,a) #0,(0 —v,0q) >0 and (u° —v,0,) € Z.
Proof. One has
B(G) = | JIm(B(M)pasic — B(G))
M

where M goes through the standard Levi subgroups (G included). Moreover
kin 2 B(M )pasic — m1(M)r.
Via this isomorphism the slope morphism associated to an element of B(M )pasic is
given by
m(M)r ® Q = X.(Zu)g-
For v € B(G,¢,d) C X*(A)(z)f7 by definition § — v € Qxo(®y)". Now for a € Ay
and z € Qxo(®Y)"
(z,0q) >0
since
Qx0(®g)" = Qz0{(7")° | v € 2F}.
One deduces that (§ —v,@,) > 0. Now consider an element of B(M )pgsic given by
the class of some p' € X,(T) in [X.(T)/(®Y,)].. One has a decomposition

X.(T)g = (®ir)e ® (®ur)g
that gives rise to a projection morphism

pras : Xo(T)g — <<I>M>6.
Then the slope morphism in X,(A)g associated to our element of B(M)pgsic is
given by

v =pry(u)°

the Galois average of pr,,;(p'). We can suppose that M is the centralizer of v. Then
v defines a parabolic subgroup P, with Levi subgroup M. One can find w € WT
such that P’ is a standard parabolic subgroup and M™ a standard Levi. Up to

v

replacing M by M* and p’ by /% we can thus suppose that v € X, (A)a Suppose
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now that the image of our element in B(M )pasic in B(G) lies in B(G,€,6). Then
and g/ have the same image in 71 (G)r,

p—p € (@) + Ir. X.(T)
where Ir C Z[I'] is the augmentation ideal. Let o € Ay be such that (v, a) # 0 and
thus a € Ay \ AO,M- If

n— /1‘/ = Z )\,Y’yv + zZ, )\A/ S Z, z e IFX*(T)
yEA
we have

(W® = v,@a) = (= pras(n)°, o)
= (p=pra(p), )
(p— ' @q) since a & Ag s

> M€z

vEA
VAT

This proves that B(G,¢,d) is contained in the announced subset of X, (A)a

Reciprocally, let v € X, (A)a satisfying the conditions of the statement. Let M be
the centralizer of v. Define

Wo=p— Y (1= v,@a)y) € Xu(T).
a€Ao\Ao,

where 7, is any element in ® such that 7,4 = a. One checks that the image of
in 71 (M)r defines an element of B(M)pesic whose image in B(G) lies in B(G, ¢, 0)
and whose associated slope is v. O

One deduces the following description for the usual Kottwitz set.

Corollary 4.3. As a subset of X*(A)(g, B(G, i) equals
{v € X*(A)a | pu® —v e (PY)g and Vo € Ag s.t. (v,a) #0, (u° —v,04) € N}.

Later we will need the following.

Corollary 4.4. Suppose [b] € B(G, 1) is the basic element. Let
B(G,0,uu™ ") := B(G,0, v (wopu™1)°).

Then we have

B(G,0,vpp™ ) ={v € X*(A)6 | v e (Py)g and Vo € Ag s.t. (v, ) #0,

(U — wop® — v,@q) > 0 and (v,@,) € Z}.

Remark 4.5. The preceding set B(G,0,v,u~1) is the one denoted B(G,vpp~1) in
[61]. This notation may be confusing since if vy, = 1, for example if G is adjoint,

then B(G,0,vyu~1) is not equal to B(G, u~1) is general. This is why we introduced
this more precise notation.

4.2. The non-quasi-split case. Suppose now G is not necessarily quasi-split. We
have

H'(F, Hoq) = m1(Hqa)r = [(®)V/(®V)],
We see (@) as a lattice in (®")g. The isomorphism class of the inner form G is
then given by the class of some element

£€ (D) C(2")e.
Projection to the adjoint group induces a bijection (see [42] 4.11)
B(G, €, (5) % B(Gad, €ad> 5ad)-
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Moreover
Hl(F, Had) = B(Had)basic

and the isomorphism class of G as an inner form of H is given by some [bg] €
B(Hgaq)basic for which Goq = Jp,. There is then a bijection

B(Gadq) — B(Haa)

that sends [1] to [bg]. We can thus see B(G,¢€,0) as a subset of B(H,q). We have
moreover an identification m (Gaq) = m1(Haq). Via this bijection the following
diagram commutes

B(Gad) — B(Had)

J/Hcad lKHad

1 (Had)T AL 1 (Had)r

We thus have
B(G7 €, 5) = B(Hady €ad + fa 5ad)-

From proposition 4.2 we deduce the following.

Proposition 4.6. If e = pf, as a subset of X*(A)éf, the set B(G,€,0) is given by
the vectors v such that

(1) 6 —v € (®()q,

(2) for all a € Ay such that (v, ) # 0 one has (6 — v,0q)

>0
(3) for all a € Ag such that (v,a) #0, (u® +E£° —v,0q) €Z

This specializes to the two following statements.

Corollary 4.7. As a subset of X*(A)a, the set B(G, ) is given by the vectors v
such that

(1) p°—v e (®)o,

(2) for all @ € Ay such that (v, ) # 0 one has (1° — v,&q) >0,
(3) for all a« € Ay such that (v,a) # 0, (u®+£° —v,0,) € Z.

Corollary 4.8. Suppose [b] € B(G, p) is the basic element. Then
B(G,0,vpp™ ") = {v € X*(A)6 ‘ vE (D) and Va € Ag s.t. (v,a) # 0,
vy — wop® — v,0q) =0 and (v —E°%,0,) € Z}.

Remark 4.9. When G is unramified the root system we use is identical to the one
used by He and Nie, and the statement of the preceding proposition is identical to
theirs. This is not the case anymore in general, even if G is quasi-split. One can
compare He’s result with ours using theorem 6.1 of [33] to obtain that the (X4)aeca,
are exactly the wo of [38] when O goes through the set of ag-orbits of simple roots
in the Bruhat-Tits échelonnage root system attached to G'r. An analysis of the
construction of this root systems shows that we can take £ = o(0) with the notations

of [38].

4.3. HN decomposability. Let us recall the following definition. Here G is not
necessarily quasi-split.

Definition 4.10. The set B(G, ) is fully HN decomposable if for any non-basic
[b] € B(G, 1) there exists a standard strict Levi subgroup M of the quasi-split inner
form H such that:

(1) the centralizer of [vy] is contained in M,
(2) 1 —[w] € (2 )0
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In the quasi-split case we have the following equivalent definition. As before we
suppose i € X,(T)T which defines a cocharacter with values in M for any standard
Levi subgroup M (the conjugacy class {u} does not define a unique conjugacy class
in such an M, it is important to fix this).

Lemma 4.11. For G quasi-split the following are equivalent:
(1) B(G, ) is fully HN decomposable,
(2) for any non basic [b] € B(G, u) there exists a strict standard Levi subgroup
M containing My, the centralizer of [vp] such that [byr] € B(M, 1),
(3) for any non basic [b] € B(G, i) there exists a strict standard Levi subgroup
M containing M, the centralizer of [vp] such that rkar(bar) = pf € w1 (M)r.

where byy is the reduction of b to M deduced from its canonical reduction to My
and the inclusion My, C M.

Proof. This is easily deduced from the fact that 71 (M)r tor <> 71 (G)r tor since this
is identified with the injective map H*(F, M) — H'(F,G) ([58] ex. 1 p. 136). O

Before going further, let us remark that for a € Ay, @, € oncbg since for
B €A, ws € QspPt. In particular,

(B°,@a) = 0.

We remark too that if £ € (®)V is as in the preceding section, then one can form
(€°,04) € Q. The reduction modulo Z of this quantity depends only on the class
of ¢ in HY(F, Hyq) = 71 (Haq)r and this defines a character

((=)°,@a) « H'(F, Hoa) — Q/Z.

We note {.} : Q/Z — [0,1] the fractional part lift. The proof of the following
proposition is then strictly identical to the one of the equivalence between (1) and
(2) in theorem 2.3 of [32] (cf. the proof of 4.14 for this type of proof with our
notations).

Proposition 4.12 (Minute criterion'). The set B(G, i) is fully HN decomposable
if and only if for all a € Ay, {(u®,0q) + {{€°,00)} < 1.

In particular if G is quasi-split this is reduced to the condition
<Uova)a> <L
Of course, in this case, since (u® ,&o) = (i, @q), this can be rephrased in the
following way:
VO, aTl-orbit in A, Z(u,wﬂ) <1
BeO

We will need the following later. Let [b] € B(G, i) be the basic element. Let us
first remark the following.

Lemma 4.13. The set B(Jy, up=1) is fully HN decomposable if and only if for any
V] € B(G,0,vpu~") non basic there exists a standard strict Levi subgroup M of
the quasisplit inner form H such that:

(1) the centralizer of [vy] is contained in M
(2) ]+ wo(=p) = [ww] € (25 1)

Proof. 1f [V'] € B(G,0,vu~t) corresponds to [b”] € B(Jp, u~ ') via the identifi-
cation B(G,0,vppt) = B(Jy,u™1), then [vy] = [vpr] + [v5]. We can then apply
definition 4.10. d

LAs we learned from Eva Viehmann, here minute is the adjective, to be pronounced mar’nju:t.
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Proposition 4.14. The set B(Jy, 1) is fully HN decomposable if and only if for
all a € Ag one has (1, @q) + {(€°,0a) } < 1.

Proof. We use corollary 4.8. We can suppose G is adjoint and thus v, = 1.

First, let us notice that the condition of the statement is equivalent to
VCY S A07 <—’Ll)0/140,(:)a> + {_<§Oa&)a>} S 1

In fact, if % is the involution of Dynkin diagram induced by —wq then this last
condition is equivalent to (u®,Da+) + {(Wo€®, Do)} < 1. But {{wo€®, @a-)} =
{(£°, 00 )} since woé — € € (V).

Suppose thus that Vo € Ag, (—wou®, Do) +{—(£°,@a)} < landlet v € B(G,0,u~ 1)
be non basic. If (v, @) # 0 then

(—wop®, @a) + { (€%, @a) }
= <7’LU0,LL<> - ’U,(Z)a> + <€vaa> + {*<§<>,(:Ja>} + <U - go’a]a> < L.

>0 €z €z

>0 thus €N
Thus, if (—wou® — v,@4) # 0 then (v,@,) + {—(£°,@q)} = 0 and thus (v,0,) =0
which is impossible since v is dominant and (v, a) # 0. We thus have
—wop® —v € <q’ov,M>Q
where Ag p = Ag \ {a} for any « such that (v, a) # 0.
Reciprocally, suppose (—wou®, Do) + {—(£°, @a,e)} > 1 for some oy € Ag. Let
v be such that (v,a) =0 if a # ap, o € Ay, and
<Ua‘:]040> =1- {*<€07wa0>}-
Since Wq, € Q>0Ap, v is dominant. Moreover,
(—wop® — v,@qa,) >0
and
<U - 50’@010) =1- <§O?"Da> - {_<§Ovajao>} € Z.
Thus, v € B(G,0,u~ ) and is not HN decomposable since its centralizer is the
maximal Levi subgroup M with Ag pr = Ag \ {a} and (—wop® — v, @q,) #0. O
Remark 4.15. An analysis of the proof of the preceding proposition shows that
if B(G,0,vpu™") is fully HN decomposable, then for all non basic [b'] in this set
vy — wop® — (] € (@4 yr)q, where M is the centralizer of [vy]. The same holds
for B(G, p).

Here is the corollary we will use. This is a key point in the proof of our main
theorem. We don’t know a direct proof of this in the sense that there is a priori no
direct relation between B(G, u) and B(Jy, p=1).

Corollary 4.16. The following are equivalent:

(1) the set B(G, ) is fully HN decomposable,
(2) the set B(Jp, u~1) is fully HN decomposable.

5. HARDER-NARASIMHAN STRATIFICATION OF THE FLAG VARIETY

5.1. The twin towers principle ([21], [20], [22]). Let [b] € B(G) be a basic
element. What we call the “twin towers principle” is the identification

Bunj, = Bung,

that is to say there is an equivalence of groupoids between G-bundles and J,-bundles
on the curve. Here and in the following we give sometimes statements that are true



ON THE STRUCTURE OF SOME p-ADIC PERIOD DOMAINS 23

at the level of perfectoid v-stacks of bundles like in [26] and [30] or objects like the
diamond F(G, p1)°. Nevertheless the reader not familiar with those notions should
not be frightened; at the end, for the proof of our main theorem, we only need the
evaluation on C-points of those objects and he can work in this context.

In fact, Jp x X is the twisted pure inner form of G x X obtained by twisting by
the G-torsor &,
Jpx X = Aut(gb)

as a group over the curve. If £ is a G-bundle on X one associates to it the J,-bundle
Isom(&, £).

This is what Serre calls “torsion au moyen d’un cocyle” in sec. 5.3 of [58]. At
the level of points of the preceding perfectoid v-stacks this gives the well known
bijection

B(J,) — B(G)
that sends [1] to [b].
Example 5.1. For A € Q the functor & — Hom(O(M),E) induces an equivalence

between semi-stable vector bundles of slope A and vector bundles equipped with an
action of DS? = End(O(X))°P, where Dy is the division algebra with invariant .

The identification Bunj;, = Bung respects modifications of a given type p that
is to say it identifies the corresponding Hecke stacks of modifications. Suppose
[b] € B(G, 1) is the basic element. Let

"] € B(Jo, ")
be the basic element, [b] + [1] via B(J,) — B(G). One thus has
Jyr = G.

The preceding considerations give an isomorphism of moduli spaces over Spa(E)Q:

modifications of type u between £ and £F

lw

modifications of type p between Si] ® and El;{*,’

modifications of type p~! between 5{}7 and 51J”.

In the end this induces a Jy,(F') x G(F)-isomorphism of local Shimura varieties with
infinite level

M(G, 11, b)oc = M(Jo, 1716 )

as pro-6tale sheaves on Spa(E) (that are representable by diamonds). This fits into
a twin towers diagram using the de Rham and Hodge-Tate period morphisms that
allow us to collapse each tower on its base

M(Ghuvb)oo — M(Jba:u_lab//)OC
TdR THT TdR
/ \
F(G, p,b)* ]:(Jbvﬂilvbl/)a

G(F) ()

where:

o M(G, ,b)o classifies modifications of type p between £F and £F.
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e For such a modification its image by mag is z if £F = £ . Its image by
maris y if EC = €€,

o M(Jy, i1, b") o classifies modifications of type u~! between 55],’? and &}

e For such a modification, its image by mgg is z if Si]b = Eg],’,”x. Its image by
mar s y if £ = &,

We will extend this type of diagram outside the admissible locus in section 5.3.

5.2. Computation of the modifications of &,. Let [b] € B(G) be any basic
element.

Proposition 5.2 ( [51] A.10). As a subset of B(G) there is an equality
{0l € F(G,0)(C)} ~ = B(G,k(b) — i, mpp ™).
Proof. Let f: B(G) = B(Jy). According to the twin towers principle
(& | 2 € F(Gu)(CO)}) ~= T ({E1e | © € F(Jy,n)(C)}/ ~).
Now,
{E10 [ € F(Jo, ) (C)}) ~ = {[t'] € B(Jo) | 3y € F(Jp, ™ )(O), Evy =~ &1}

The condition on the right hand side means y € F(Jy, =, b))% and s(b') = (u~1)%.
Now,

F(Jo,n 10 £ 0 V] € A(Jp, ™)
(see 3.2). Thus,
{&10 | @ € F(Jy, m)(O)}/ ~ = B(Jy, n™").
Moreover, via the identifications N (G) = N(J,) and m1(G) = m1(Jp), we have
Vo f*1 =+
ko f~t =k(b) + k.
The result follows immediately. ]

5.3. The Harder-Narasimhan stratification. Suppose now that [b] € B(G, p)
is the basic element. According to proposition 5.2 there is a stratification

F(G,p) = T 76yt
v1e€B(G,0,vppu—1)

where F(G, 11, b)) is a locally closed generalizing subset of the adic space F(G, 1)
that defines a locally spatial sub diamond of F(G, u)®. Here the fact that each stra-
tum is locally closed can be deduced from Kedlaya-Liu’s semi-continuity theorem
of the Harder-Narasimhan polygon ([40]). The open stratum is

F(G, p,0)M = F(G, 1, b)",

the admissible locus.

One can describe each stratum in the following way. Fix [b'] € B(G,0,vpu™?!)
and let [b"] € B(Jp, u~ ') be the corresponding element. We note

Jy = Aut(Ey)

the pro-étale sheaf of automorphisms of &, on Perf?q; that is, S — Aut(&y|xg)-
One has
Jy = Jp % Jy (F),
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where jl?, is a connected unipotent diamond that is a successive extension of effective
Banach-Colmez spaces (see [26] and [30]). This is identified with the same object
for b:

j;)// = j;)/,
Now let
T — F(G,p, )l

be the pro-étale sheaf of isomorphisms between &, and &, 4, € ]—'(G7/¢,b)[b/]7°.
Using again a result of Kedlaya-Liu ([40]) one can check this is a Jy-torsor. More
precisely, this is deduced from the fact that the Harder-Narasimhan stratum in the
perfectoid stack Bung attached to b’ is the v-stack classifying Jy-torsors ([30]).
Now, using the twin towers principle, 7 is identified with

M( Ty, 170" oo
and the morphism to F(G, 1) with the Hodge-Tate period morphism 7g7.
Proposition 5.3. If [b"] € B(Jy, 1) corresponds to [b'] € B(G,0,vyu~1) then
F(G, b)) = T (M(Jy, ™8 oo 22 F(Jy, 1) = F(G, ).
The morphism wgr s a j;,u—torsor and thus
F(G . 0)1 = M Sy, ™10 oo [

One has
dim F (G, p, b)" = dim F(G, 1) — ([vy], 2p)-

Here the dimension of a locally spatial diamond is the maximal length of a chain of
specializations in its underlying locally spectral space ([56] sec. 21).

Proof. The fact that myr is a jbu—torsor is a consequence of the structure of the
HN stratum corresponding to b” in Buny, recalled before. For the assertion about
the dimension we use lemma 3.2.5 in [2]. Using it we deduce that

dim F(G, p1, b)Yl = dim M(Jy, =1, 0" ) oo — dim Jy.
Since mar : M(Jy, u= 1, 0" ) oo — F(Jp, u~ 1) is pro-étale one has
dim M(Jy, 1= 0" oo = dim F(G, ).
The formula
dim Jyr = {[],20)

is obtained by writing jl?,,, the neutral connected component, as a successive ex-
tension of Banach-Colmez spaces, a use of lemme 3.2.5 in [2], and the fact that

:E)” = cj;?// X Jb”(@p)' ‘:l

We can thus again collapse the tower on two different bases

My b

TdR THT

Jo(F) T =y

F(Joyn=t,0") F(G,p,b)lLe
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6. PROOF OF THE MAIN THEOREM

As before, we consider a triple (G, {¢}, [b]) with {x} minuscule. In sections 2 and
3 we have introduced two open subspaces F(G, u,b)* C F(G, u,b)** of F(G, ).
In general, the inclusion F(G, u,b)* C F(G, u,b)™* is strict, see [35] Example 3.6,
[36] Example 6.7. In [36] section 9 and [51] A.20, Hartl and Rapoport asked when
do we have

‘F(Gvﬂa b)a - ‘F(Gvua b)wa ?

For G = GL,,, Hartl gave a complete solution of this question in Theorem 9.3 of
[36]. We give a complete solution to this problem for any G when [b] is basic.

Here is the main theorem of this article.

Theorem 6.1. If u minuscule and [b] € B(G, ) is basic, then the following are
equivalent:

(1) B(G,p) is fully HN decomposable,

(2) F(G,p, )" = F(G, p, b)".
Proof. We first treat the case when G is quasi-split.
(1)=(2) [quasi-split case]. Let x € F(G,u)(C) \ F(G, u,b)*(C). We want to
prove that = ¢ F(G, u, b)¥*(C). Let [b'] € B(G,0,v,u~1) be such that

Evw = Ep
(proposition 5.2). Let My be the centralizer of |vy], a standard Levi subgroup. Up

v

to replacing b’ by a o-conjugate element we can suppose b’ € My (F). Since z is
not admissible, b’ is non basic. According to corollary 4.16 and lemma 4.13, there
exists a strict standard Levi subgroup M of G containing M}, such that

(2) ki (Bay) ® 1 =[] +wo(—p) € T (M)r ® Q

where b}, is the image in M of b/. Here we assume py € X,(T)" as usual and
wo.(—p) is seen as a cocharacter of M. Let P be the standard parabolic subgroup
associated to M. We note b}, for the image of b, in P. By lemma 2.4, the reduction
Eb/P of & induces a reduction

&b, p

)

of & to P. Let [b] € B(M) be such that

P
55 ~ 8b7p x M.
Let us note b for the image of b in G. We are going to prove that [bg] = [b] in B(G).

According to lemma 2.6 there exists yy € Wy and y € F(M, uy ") such that
&~ &y

We can suppose p; is in the negative Weyl chamber associated to M. We have
rar(b) = kar (V) + 4 € w1 (M)r.

Using equation (2) this implies

(3) k(D) @1 = vy + [wo(—)f @ 144 ©1 € m(M)r Q.

One can identify
Hom(P,G,,) ® Q = (m (M)r @ Q)".
Via this equality (3) gives that for any x : P/Zg — G,

degx+&p,p = (o, x)  + (wo.(—=p), x) + (11, X)-
N——

0 since x|z,=1
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Since &, is semi-stable one obtains

Vx € X*(P/Za)™",  (wo.(—p),x) + (p1,x) 0.
Lemma 6.3 then shows that
p1 = —wo.(—p).
Inserting this in equation (3) we obtain

K]y[(b)@l = € 7T1(M)F®Q.

We can now conclude that [b¢] = [b] using lemma 6.4 that follows.

Now, since My C M, if we choose x € X*(P/Zg)tt NN.Ay, then
deg x+&;,, > 0.

Hence by proposition 2.7 x is not weakly admissible.

(2)=-(1) [quasi-split case]. We show that if B(G, 1) is not fully HN decompos-
able, then F(G, u, 0)* C F(G, u, b)**. We may assume that G is simple and adjoint.
In fact, ./."(G, M, b)wa = f(Gad, Hads bad)wa and f(G, M, b)a = f(G(ld7 Hads bad)a.
According to corollary 4.16, B(Jy, 1) is not fully HN decomposable. We now
use the construction at the end of the proof of proposition 4.14. Let o € Ag be
such that
(—wop®,0q) > 1.

Let M and P be the associated standard maximal Levi and parabolic subgroups,
Ao = Ao \ {—wpa}. Let by, € B(M)pasic be such that
ke (byr) = (=BY)F

with 3 € A and |4 = —woa. Let b’ be the image of by, in G. Then [vy | € N(M)
is G-antidominant and [vy] = wo[vy |. Moreover, the image of [t'] € B(G, 0, vpp 1)
in B(Jp, 1) is HN-indecomposable.

Claim: We may assume that [b'] € B(G,0,v,p~1)\{[1]} is minimal (i.e., there
doesn’t exist [b'] € B(G,0, v )\{[1]} satisfying [v;,] < [vp] and (0] # [b]).

Suppose [b'] € B(G,0, v~ )\{[1]} is not minimal. Then there exists [0] €
B(G,0,vpu~1)\{[1]} which is minimal and V] < [vp]. Let M = Cent(wovy, ).
Then it’s a maximal Levi subgroup by the minimality of . Suppose A07 =
Ao\ {—woa} for some & € Ag. Still by the minimality of ['], we can show that [b'] is
the imAage of some [BE\/[} € B(M)pqsic in B(G), where 13’1\/[ satisfies nM(lA)EW) = (—pY)!
with 8 € A and |4 = —wod. Moreover,

<_w0u(>’ (I)@>

= (—wop® — [y ], @a) + (] — [vy], @a) + ([ ], @a) > 1
>0 >0 =1

where the first part is positive since [b'] is HN-indecomposable in B(G, 0, vpu~")
and the fact that G is simple, thus the relative root system of G is irreducible.
Therefore, we may replace «, 8, b', M, b}, by &, BV, M, l;'M respectively and the
Claim follows.

Let us note

Z ={x e F(G,p)(C) | &o ~ &}
We want to show Z N F(G, p, b)** # 0.
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Let z € Z be such that &, , is not weakly admissible. Then there exists a
standard maximal parabolic subgroup @, a reduction by, (x) (that depends on x)
of b to Mg and x € X*(Q/Z¢)™" such that

(4) deg x«(&bz)o > 0.
According to theorem 1.8 the vector
v: X*Q/Zg) — Z
X+ deg X« (&p.2)Q
seen as an element of X, (A)q satisfies v < vg, .. The existence of x implies that
v € N(G) and it’s non-trivial. Therefore
v<vg = —wolVy]

is the usual dominant order. It follows that —wev < [vy]. By the description
of B(G,0,vpu~1) in terms of Newton map in corollary 4.4, we see that —wgv €
B(G,0,v,u~1). By the minimality of [b'] € B(G,0,v,u~ 1)\ {[1]} in the Claim, we
deduce that @@ = P and (&,)¢ is the Harder-Narasimhan canonical reduction of
Epa-
We now note bas(z) := by, (). Let g1 € Wop be such that
P
Eb/M ~ (Sb@)p X M ~ ng(@.%y
with y € F(M, p1). One then has
rar(byr) = kar(bar (@) — i € w1 (M)r.
Pushing forward this equality in 71 (M)r ® Q = X..(Za)g one obtains

vy, ] =[] — 1} ® 1 € X (Zu)h.
Here we use that since b, and thus by (), is basic then [, (2)] = [5]. We now use

the diagram at the end of section 5.3. Let [”] € B(J) corresponding to [V'] € B(G).
Let us look at

M( Ty, 10" (C)

TdR THT

‘F(Jbaﬂilvb”)a(c) .F(G,,U,,b)[b/](C) =Z

The twin towers principle extends to P and M-torsors. More precisely, the reduc-
tions bys(x) and bp(x) define a Levi and parabolic subgroup of J; i.e. M and P
transfer to the inner form J,. We still denote them M and P (we can fix them so
that they do not depend on the choice of x, in fact a Levi subgroup, resp. a par-
abolic subgroup, of G transfers to at most one conjugacy class of Levi subgroup,
resp. parabolic subgroup, of J,). Moreover b admits a reduction by, (z) to M.
Then
ran ()
lies in the locus of points 2z € F(Jp, u~ 1, b")%(C) where

P
(51,//72)19 X M ~ 5b/1&($)’5 ~ 51

for some s € F(M, u;"). The open Schubert cell in F(Jy, u~') with respect to the
action of P is PwoPy,,~1/Py,,-1. The point z is thus in this Schubert cell if and
only if

—mRl=—pelem(M)®Q.
Projected to m (M)r ® Q this is equivalent to

pl-pY1=uy,.
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But this is impossible since

<p’ - 5vaw—woa> = <7w0,u7(:](x> - <ﬂv7a}—woa> > O

and is thus non zero.

From this analysis we deduce that if Z C F(G, u) \ F(G, p,b)** then
Im(myr) = F(Jp, ,u_l, b”)a

is contained in a profinite (indexed by J,(F)/P(F), the set of reductions of b to
P) union of non-open Schubert cells in F(J,, u~!). This is in contradiction with
the openness of the admissible locus. Thus Z N F(G, p, b)Y # () and therefore
F(G,p,0)* € F(G, p, b)“e.

Let us now explain how to treat the case of a general G which is not necessar-
ily quasi-split. One still suppose G is adjoint. Since H is adjoint, H'(F, H) =
B(H )pasic and G is an extended pure inner form of H, G = J,+ with [b*] € B(H)
basic. Via B(G) = B(H) let [b] ~ [b]. Then

F(G, p, )" = F(H, p, by,
F(G,pu,b)* = F(H, p, b™)“.

Here [b] € B(H, u* + k(b*),u°) is the basic element. Via B(G) = B(H) the
set B(G,0,wou~1°) is sent to B(H, k(b*), wou~1°). Then one checks that all the
preceding arguments are valid in this context, working with B(H, u* + x(b*), u°)
and B(H, k(b*), wou~°) instead of B(H,u) and B(H,0,wou™>°). O

Remark 6.2. The case G = GL,, was dealt by Hartl in [36]. In this case, the
proof of the main theorem can be illustrated and simplified as follows. Suppose
pw= (1",0"") with 0 < r < n and [b] € B(G,pu) is the unique basic element.
Let d = ged(r,n). Then &, can be viewed as the vector bundle O(—L)% on the
Fargues-Fontaine curve X.

Suppose (G, ) is fully HN decomposable. For any x € F(G, u)(C)\F(G, 1, b)*(C),
Let

51),1 = gb’

with [V'] € B(G,0, v )\{[1]}. The Newton polygon of vy and the Newton polygon
of ™t has a touch point with integral coordinates by the fully HN decomposable
condition. This touch point corresponds to a direct summand (subbundle) F of & 4
with positive degree which comes from a subisocrystal of the isocrystal given by [b].
Therefore x is not weakly admissible.

If (G, ) is not fully HN decomposable, then we can always find [b'] € B(G,0,vpu~1)
with
1) ©O(— 1

u n—u

& =O( )

for some integer u € [1,n — 1]\GN. Choose any element x € F(G,u)(C) such that
Epx ~ Ey. For any sub-vector bundle F of & , which comes from a subisocrystal
of the isocrystal given by [b], we have rank F € EN. In particular,

1
F # (9(;)
It follows that deg F < 0. Therefore x is weakly admissible but not admissible.

In the following lemmas G is quasi-split.
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Lemma 6.3. Consider p € X,.(T)*, M a standard Levi subgroup of G with as-
sociated standard parabolic subgroup P and p1 € W.u that is in the positive Weyl
chamber associated to M. If for all x € X*(P/Zg)*' one has (1 —p1,x) < 0 then

p1 = p.

Proof. The condition (i — 1, x) <0 for all x € X*(P/Zg)t implies that p — g
is a linear combination of positive simple coroots in M with positive coefficients.
The result follows since u; and p are both M-dominant. U

Lemma 6.4. Let £ be a semi-stable G-bundle on X equipped with a reduction Ep
to the standard parabolic subgroup P with standard Levi subgroup Mp such that

P P
ciwp (Ep x Mp) =ve in T (Mp)r ® Q, then Ep X Mp is in fact a reduction of € to
Mp.

Proof. Let us begin with some generalities about reductions to parabolic subgroups.
Let us forget momentarily the hypothesis of the statement. Let £ be a G-torsor on
X. Let @ be a standard parabolic subgroup of G such that Q C P with associated
standard Levi subgroup Mg. Then N Mp is a standard parabolic subgroup of
Mp whose standard Levi subgroup is Mg and all of them are of this type. The
morphism
Q\E — P\¢&
is a locally trivial fibration with fiber Q\P = Mp N Q\Mp. If Ep is a reduction of
€ to P corresponding to the section s of P\é — X then the pullback by s of the
preceding fibration is
MpnN Q\((‘jp 5 Mp) — X.
As a consequence there is a bijection between
o reductions &g of £ to @

P
o reductions Ep of € to P together with a reduction (£p X Mp)mpong of
P
Ep X Mp to MpNQ.
P
Let us come back to our statement. We first prove that £p x Mp is semi-stable.

P
Thus, let @ C P be as before and (€p x Mp)am,.ng be a reduction corresponding
to the reduction £g. One has

X1(Q) — X*(MpNQ) — X" (Mg).
For x € X*(Q) one has

P
X+EQ = X|Mpn+(EP X Mp)Mpnq-

Now, suppose x|arpng € X*(Mp N Q/Zn,)T. Then one can write x = x1 + X2
with

X1 € X*(Q/Za)" and x € X*(P/Za).
Then,

P
deg X|MPmQ*(5P X Mp)vpng = degx1:.€g +deg x2.Ep < 0.
—— N——

<0 by s.s. of £ (ve ,x)=0
P
Thus, £p X Mp is semi-stable with slope ve. Now, as
P Mp
& ((Ep x Mp) x G) =cf(€),

P M
one concludes that (Ep x Mp) X G~ & using the injectivity of
(¥, v): HL(X,G) — 71 (G)r x N(G).
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O

Remark 6.5. For GL,, the preceding lemma says that if £ is a semi-stable vector
bundle equipped with a finite filtration (Fﬂié')iez whose graded pieces satisfy for
alli, p(Gr'€) = u(€), then & ~ @, , Gr'€. In fact, the category of slope p(€)
semi-stable vector bundles is abelian. From this one deduces by induction on i that
the Fil'E and the Gr'E, i € Z, are semi-stable of slope p(E). One concludes using
that if Fi and Fa are semi-stable with u(Fy) = u(Fe) then Ext!(Fi, Fa) = 0.

7. ASYMPTOTIC GEOMETRY OF THE ADMISSIBLE LOCUS

In this section we sketch some ideas about fully HN decomposable period spaces.
We suppose p minuscule, [b] € B(G, u) is the basic element and B(G, u) is fully
HN decomposable. Let us set

OF (G, p,b)" = F(G, p, b) \ F(G, 1, b)“.
One has the stratification

OF (G, p, b)* = 11 F(G, p, o).
(b1€B(G,0,up=H)\{[1]}
Suppose G is quasi-split. Then there is a bijection
{parabolic subgroups of G which admit a reduction of b}/ ~
—~={parabolic subgroups of J, }.

A parabolic subgroup of G transfer to the inner form J; if and only if b has a reduc-
tion to this parabolic subgroup. Now for each x € dF(G, u,b)*(C) the canonical
reduction (&, ;) p defines a reduction (&) p. According to the first part of the proof
of theorem 6.1 this corresponds to a reduction of bp, (&)p = Epp.-

The same type of analysis can be carried out if G is non-quasi-split, writing
Gad = Jp» with [b*] € B(Had)basic as at the end of the proof of theorem 6.1. At
the end one obtains the following result.

Proposition 7.1. Let P be a set of representatives of the conjugacy classes of
proper parabolic subgroups of J,. There is a Jy(F')-invariant stratification by locally
closed generalizing subsets

OF (G, p,0)* = | ) 9pF (G, p,0)°
PeP

together with o Jy(F')-equivariant continuous map OpF (G, u,b)* — Jo(F)/P(F).

Thus, F(G, i1, b)* shares a lot of similarities with hermitian symmetric spaces:
its boundary is parabolically induced. Another way to see this is via the generalized
Boyer’s trick also known as Hodge-Newton decomposition ([5] for the original trick,
[37] for its Shimura varieties variant, [46], [47], [60] for generalizations in the PEL
case, [32] for the special fiber in general, [34] and [31] for “modern” versions in the
context of local Shtuka moduli spaces). In fact for [b'] € B(G,0,vpu=t)\ {[1]} we
have the Jy-torsor (see sec. 5.3)

s

My 716" T F(G b)),
Now [b"] € B(Jp, 1) is HN decomposable (cf. corollary 4.16) and this local Shtuka

moduli space is parabolically induced.

Let us now state the following conjecture about the existence of analogues of
Siegel domains in hermitian symmetric spaces.
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Conjecture 7.2. For [b] € B(G, u) basic with p minuscule the following are equiv-
alent:

(1) f(G,,LL, b)a = ‘F(GMLL? b)wa‘

(2) There exists a quasi-compact open subset U C F(G, p,b)* such that

Jy(F).U = F(G, 1, b)*.

Condition (2) is equivalent to the fact that there exists a quasi-compact open
subset V' C M(G, u,b)so such that J,(F) x G(F).V = M(G, 4,b)-. Reduction
theory and the construction of Siegel domains can be done via stability conditions
in the Arakelov setting ([15]). In our setting this can be done in some particu-
lar cases, in the PEL case, using integral semi-stability conditions for finite flat
group schemes ([23], see in particular corollary 11 where the link is made with the
Laffaille/Gross-Hopkins fundamental domain ([43], [16]). For example, the preced-
ing conjecture is solved in [61] for U(1,n — 1) using this technique and methods
developed in [28].

Finally let us point out that the fact that the boundary of those spaces is parabol-
ically induced should have some cohomological consequences.

Conjecture 7.3. If T is a smooth representation with Q, coefficients of G(F), G, =
M(G, 1, b)00 X () T the corresponding pro-étale Jy(F)-equivariant local system on
F(G, u, b)* the natural map

RFC (F(Ga M, b)(l[zlpv gﬂ')
is an isomorphism in the derived category of smooth representations of Jy(F') with

Qy-coefficients.

Let us give more details on the meaning of the preceding conjecture in the context
of [30]. The representation 7 defines a local system F, on the smooth perfectoid
v-stack

;) RT (./—"(G, M, b)(%p, g‘n’)cusp

cusp

[Spa(F,)/G(F)] = Bung*,

the semi-stable locus of the component {c{’ = 0} in the perfectoid v-stack Bung.
Let

j: Bunés’0 — Bung,
an open immersion. Then according to [30], jiF, is a reflexive sheaf. Consider the
Hecke correspondence

Hecke,,

Pl
Bung Bung x Div!

where Div! = Spa(E)°/¢”. Then, again according to [30], the Hecke transform
— *

Rhoh j1Fx

is again reflexive. Let

p ¢ [Spa(Fy)/Jy(F) | = Bung?:_ﬁ(b)’ss — Bung.

Then Lo
2y (Rhoh §iFr) = RU(F(G,p,0)¢,, Gr)

as an admissible representation of Jy(F). Moreover D(jiF,) = Rj.Fr (Verdier
dual) and

— *

i (Rh.h Rj.Fr) = RU(F(G, 1, b)¢ ,Gr)
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as an admissible representation. Now, if

©Or : Wg — LG
is the L-parameter of m, by definition ¢, is cuspidal if it is discrete (S, JZ(G)T
is finite) and the image of the inertia by ¢, in G is finite (i.e. the monodromy
operator is trivial). When G, resp. Jp, is quasi-split, conjecturally, ¢, is cuspidal if
and only if all elements of the L-packet of 7, resp. the packet or representations of

Jp(F) associated to 7 via generalized Jacquet-Langlands, are supercuspidal. Under
this hypothesis F; is clean, in the sense that

j!]:ﬂ = R]*‘FTF

In this case conjecture 7.3 is thus immediate. Nevertheless it may happen that one
element of the L-packet is supercuspidal and not the other one in which case F,
may not be clean anymore. Conjecture 7.3 then says that, even if this cleanliness
hypothesis is not satisfied, the cohomological consequence for the associated basic
RZ spaces is satisfied, if B(G, u) is fully HN decomposable.

REFERENCES

(1] J. Anschiitz, Reductive group schemes over the Fargues-Fontaine curve, Math. Ann. 374
(2019), no. 3-4, 1219-1260.
[2] C. Birkbeck, T. Feng, S. Hong, Q. Li, A. Wang and L. Ye, Extensions of vector bundles on
the Fargues-Fontaine curve, to appear in J. Inst. Math. Jussieu.
(3] 1. Biswas, Y. I. Holla, Harder-Narasimhan reduction of a principal bundle. Nagoya Math. J.,
174 :201-223, 2004.
[4] N. Bourbaki, Groupes et algébres de Lie, Chapitres 4, 5 et 6, Masson 1981.
[5] P. Boyer, Mauvaise réduction des variétés de Drinfeld et correspondance de Langlands locale,
Invent. Math. 138 (1999), 573-629.
[6] L. Breen, Ensembles croisés et algébre simpliciale, appendix B in Astérisque 257, 135-161
(1999).
[7] O. Biiltel, T. Wedhorn, Congruence relations for Shimura varieties associated to some unitary
groups, J. Inst. Math. Jussieu 5 (2006), 229-261.
(8] P. Colmez, J.-M. Fontaine, Construction des représentations p-adiques semi-stables, Invent.
Math. 140 (2000), 1-43.
[9] A. Caraiani, P. Scholze, On the generic part of the cohomology of compact unitary Shimura
varieties, Ann. of Math. (2) 186 (2017), no. 3, 649-766.
[10] C.-L. Chai, Newton polygons as lattice points, Amer. J. Math. 122 (2000), 967-990.
[11] M. Chen, M. Kisin, and E. Viehmann, Connected components of affine Deligne- Lusztig
varieties in mixed characteristic, Compositio. Math. 151 (2015), 1697-1762.
[12] J.-F. Dat, S. Orlik, and M. Rapoport, Period domains over finite and p-adic fields, Cambridge
Tracts in Mathematics, vol. 183, Cambridge University Press, Cambridge, 2010.
[13] O. Debarre, Periods and moduli, Current developments in algebraic geometry, 65-84, Math.
Sci. Res. Inst. Publ., 59, Cambridge Univ. Press, Cambridge, 2012.
[14] P. Deligne, Travaux de Griffiths, Séminaire Bourbaki, Tome 12 (1969-1970) , Exposé no. 376,
213-237.
[15] D. R. Grayson, Reduction theory using semistability, Comment. Math. Helv. 59 (1984), 600-
634.
[16] B. H. Gross, M. J. Hopkins, Equivariant vector bundles on the Lubin-Tate moduli space,
Contemp. Math. 158 (1994), 23-88.
[17] A. Grothendieck, Groupes de Barsotti-Tate et cristaux, Actes du Congrés International des
Mathématiciens (Nice, 1970), Tome 1, pp. 431-436. Gauthier-Villars, Paris, 1971.
[18] V. G. Drinfeld, Coverings of p-adic symmetric regions, Functional Anal. Appi.10, 29-40 (1976).
[19] A. J. de Jong, Etale fundamental groups of non-Archimedean analytic spaces, Compositio
Math., vol. 97, 1995, 89-118.
[20] G. Faltings, Coverings of p-adic period domains, J. Reine Angew. Math. 643 (2010), 111-139.
[21] G. Faltings, A relation between two moduli spaces studied by V. G. Drinfeld, in Algebraic
number theory and algebraic geometry, 115-129, Contemp. Math. 300 (2002).
[22] L. Fargues, L’isomorphisme entre les tours de Lubin-Tate et de Drinfeld, in L’isomorphisme
entre les tours de Lubin-Tate et de Drinfeld, Progr. Math. 262 (2008).
[23] L. Fargues, La filtration de Harder-Narasimhan des schémas en groupes finis et plats, J. Reine
Angew. Math. 645 (2010), 1-39.



34

(24]
[25]
[26]
27]
28]
29]
(30]
(31]
32]
(33]
(34]
(35]

(36]
(37)

(38]
(39]

[40]

[41]
42]

[43]
[44]
[45]
[46]
[47]
48]
[49]
[50]
[51]
[52]
/53]
[54]
[55]
[56]

[57)

MIAOFEN CHEN, LAURENT FARGUES AND XU SHEN

L. Fargues, Quelques résultats et conjectures concernant la courbe, in “De la géométrie al-
gébrique aux formes automorphes (I) - (Une collection d’articles en ’honneur du soixantieme
anniversaire de Gérard Laumon)”, vol. 369, Astérisque 2015.

L. Fargues, G-torseurs en théorie de Hodge p-adique, to appear in Compositio Math.

L. Fargues, Geometrization of the local Langlands correspondence: an overview, preprint,

L. Fargues, Lettre a Rapoport.

L. Fargues, Théorie de la réduction pour les groupes p-divisibles, preprint, arXiv: 1901.08270.
L. Fargues, J.-M. Fontaine, Courbes et fibrés vectoriels en théorie de Hodge p-adique,
Astérisque 406, Soc. Math. France, 2018.

L. Fargues, P. Scholze, Geometrization of the local Langlands correspondence, preprint,

I. Gaisin, N. Imai, Non-semi-stable loci in Hecke stacks and Fargues’ conjecture,

U. Gortz, X. He, S. Nie, Fully Hodge-Newton decomposable Shimura varieties, Peking Math-
ematical Journal June 2019, Volume 2, Issue 2, 99-154.

T. J. Haines, Dualities for root systems with automorphisms and applications to non-split
groups, Represent. Theory 22 (2018), 1-26.

D. Hansen, Moduli of local shtukas and Harris’s conjecture, preprint

U. Hartl, On period spaces for p-divisible groups, C. R. Math. Acad. Sci. Paris 346, no. 21-22,
1123-1128.

U. Hartl, On a conjecture of Rapoport and Zink, Invent. Math. (2013) 193, 627-696.

M. Harris, R. Taylor, The geometry and cohomology of some simple Shimura varieties, Annals
of Mathematics Studies 151 (2001).

X. He, S. Nie, On the acceptable elements, Int. Math. Res. Not. IMRN 2018, no. 3, 907-931.
N. Katz, Serre-Tate local moduli, Algebraic surfaces (Orsay, 1976-78), pp. 138-202, Lecture
Notes in Math., 868, Springer, Berlin-New York, 1981.

K. S. Kedlaya, R. Liu, Relative p-adic Hodge theory: Foundations, Astérisque 371, Soc. Math.
France, 2015.

R.E. Kottwitz, Isocrystals with additional structure, Compositio Math., 56 (2), 201-220, 1985.
R.E. Kottwitz, Isocrystals with additional structure. II, Compositio Math., 109 (3), 255-339,
1997.

G. Laffaille, Construction de groupes p-divisibles. Le cas de dimension 1, in Journées de
Géométrie Algébrique de Rennes. (Rennes, 1978), Vol. III, Astérisque 65 (1979), 103-123.
G. Laumon, M. Rapoport, The Langlands lemma and the Betti numbers of stacks of G-
bundles on a curve, Internat. J. Math., 7(1), 29-45, 1996.

J. Lubin, J. Tate, Formal moduli for one-parameter formal Lie groups, Bull. Soc. Math.
France 94 (1966), 49-59.

E. Mantovan, On non-basic Rapoport-Zink spaces, Annales Scientifiques de I'Ecole Normale
Supérieure 41 (2008), 671-716.

E. Mantovan, E. Viehmann, On the Hodge-Newton filtration for p-divisible O-modules, Math.
Z. 266 (2010), 193-205.

J. Carlson, S. Miiller-Stach, C. Peters, Period mappings and period domains, Cambridge
Studies in Advanced Mathematics, 85. Cambridge University Press, Cambridge, 2003.

A. Ramanathan, Stable principal bundles on a compact Riemann surface, Math. Annalen,
213 (1975), 129-152.

M. Rapoport, Non-archimedean period domains, In Proceedings of the International Congress
of Mathematicians, Vol. 1, 2 (Ziirich, 1994), pages 423-434.

M. Rapoport, Accessible and weakly accessible period domains, Appendix of On the p-adic
cohomology of the Lubin-Tate tower by Scholze, Ann. Sci. ENS 51 (2018), 856-863.

M. Rapoport, M. Richartz, On the classification and specialization of F-isocrystals with
additional structure, Compositio Math. 103 (1996), no. 2, 153-181.

M. Rapoport, T. Zink, Period spaces for p-divisible groups, Ann. of Math. Stud. 141, Prince-
tion Univ. Press, 1996.

M. Rapoport, E. Viehmann, Towards a theory of local Shimura varieties, Miinster J. of Math.
7 (2014), 273-326.

S. Schieder, The Harder-Narasimhan stratification of the moduli stack of G-bundles via Drin-
feld’s compactifications, Selecta Math. (N.S.), volume 21 (2015), 763-831.

P. Scholze, Etale cohomology of diamonds, preprint,

P. Scholze, J. Weinstein Berkeley Lectures on p-adic Geometry, Annals of Mathematics Stud-
ies 207, Princetion Univ. Press, 2020.


https://webusers.imj-prg.fr/~laurent.fargues/Geometrization_review.pdf
https://arxiv.org/abs/2102.13459
https://arxiv.org/abs/1608.07446
https://arxiv.org/abs/1608.07446
http://www.davidrenshawhansen.com/hnred.pdf
http://www.davidrenshawhansen.com/hnred.pdf
www.math.uni-bonn.de/people/scholze/EtCohDiamonds.pdf
www.math.uni-bonn.de/people/scholze/EtCohDiamonds.pdf

ON THE STRUCTURE OF SOME p-ADIC PERIOD DOMAINS 35

[58] J.-P. Serre, Cohomologie Galoisienne, Lecture Notes in Mathematics 5, cinquiéme édition,
1994, Springer.

[59] X. Shen, On some generalized Rapoport-Zink spaces, Canad. J. Math. (2020), vol. 72, issue
5, 1111-1187.

[60] X. Shen, On the Hodge-Newton filtration for p-divisible groups with additional structures,
Int. Math. Res. Not. (2014), 3582-3631.

[61] X. Shen, Cell decomposition of some unitary group Rapoport-Zink spaces, Math. Ann. 360
(2014), 825-899.

[62] T. A. Springer, Linear algebraic groups, Progress in Mathematics 9, 2nd edition, 1998.

[63] J.-P. Wintenberger, Propriétés du groupe tannakien des structures de Hodge p-adiques et
torseur entre cohomologies cristalline et étale, Ann. Inst. Fourier (Grenoble) 47 (1997), 1289-
1334.

SCHOOL OF MATHEMATICAL SCIENCES, SHANGHAI KEY LABORATORY OF PMMP, EAST CHINA
NoORMAL UNIVERSITY, NO. 500, DONG CHUAN ROAD, SHANGHAI 200241, CHINA
E-mail address: mfchen@math.ecnu.edu.cn

CNRS, INSTITUT DE MATHEMATIQUES DE JUSSIEU, 4 PLACE JUSSIEU, PARIS 75252, FRANCE
E-mail address: laurent.fargues@imj-prg.fr

MORNINGSIDE CENTER OF MATHEMATICS, ACADEMY OF MATHEMATICS AND SYSTEMS SCIENCE,
CHINESE ACADEMY OF SCIENCES, NO. 55, ZHONGGUANCUN EAST RoAD, BELING 100190, CHINA
E-mail address: shen@math.ac.cn



	Introduction
	Notations
	1. G-bundles on the Fargues-Fontaine curve
	2. The weakly admissible locus
	3. The admissible locus
	4. Hodge-Newton decomposability
	5. Harder-Narasimhan stratification of the flag variety
	6. Proof of the main theorem
	7. Asymptotic geometry of the admissible locus
	References

