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Abstract

We prove the existence of domain walls for the Bénard-Rayleigh convection in the case of
“rigid-free” boundary conditions. In the recent work [5], we studied this bifurcation problem
in the cases of “rigid-rigid” and “free-free” boundary conditions. In the three cases, for the
existence proof we use a spatial dynamics approach in which the governing equations are
written as an infinite-dimensional dynamical system. A center manifold theorem shows that
bifurcating domain walls lie on a 12-dimensional center manifold, and can be constructed as
heteroclinic solutions connecting periodic solutions of the restriction of the dynamical system
to this center manifold. The existence proof for these heteroclinic connections then relies
upon a normal form analysis, the construction of a leading order heteroclinic connection, and
the implicit function theorem. The main difference between the case of “rigid-free” boundary
conditions considered here and the two cases in [5], is the loss of a vertical reflection symme-
try of the governing equations. This symmetry was exploited in [5] to show that bifurcating
domain walls lie on an 8-dimensional invariant submanifold of the center manifold. Conse-
quently, the heteroclinic connections were found as solutions of an 8-dimensional, instead of
a 12-dimensional, dynamical system.
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1 Introduction

The classical Bénard-Rayleigh convection problem is concerned with the flow of a viscous fluid
filling the region between two horizontal planes and heated from below. We consider the Boussi-
nesq approximation in which the dependency of the fluid density p on the temperature T is
given by the relationship

p=po(1—~T-Tp)),



where v is the (constant) volume expansion coefficient, Ty and py are the temperature and
the density, respectively, at the lower plane. In Cartesian coordinates (z,y,z) € R3, the fluid
occupies the domain R? x (0, d) between the lower horizontal plane z = 0 and the upper horizontal
plane z = d. The mathematical problem consists in solving the Navier-Stokes equations coupled
with an equation for energy conservation, for the particle velocity V' = (V,, Vj,, V), the pressure
p, and the deviation of the temperature from the conduction profile . In dimensionless variables,
the system reads

OV = RVZAV 4+0e, — P YV -V)V — Vp, (1.1)
0 = V-V, (1.2)
00 = RV2AO+V, —(V-V)0, (1.3)

in which e, = (0,0, 1) is the unit vertical vector. The dimensionless constants R and P are the
Rayleigh and the Prandtl numbers, respectively, defined as

d3(Ty — T
o 298~ 1)
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where v is the kinematic viscosity, x the thermal diffusivity, g the gravitational constant, and
Ty the temperature at the upper plane.

The equations (1.1)-(1.3) are completed by boundary conditions. Each of the two horizontal
planar boundaries may be a rigid plane or a free boundary, hence leading to different possible
types of boundary conditions: “rigid-rigid”, “free-free” | “rigid-free”, or “free-rigid”. We consider
here the case of a “rigid” boundary at z = 0 and a “free” boundary at z = 1,

Vx’z:(] = Vy|z:0 = 0, 82Vx|zz1 - azvy’zzl — 0; ‘/2’220,1 = 9|z=0,1 =0. (14)

Together with these boundary conditions, the equations (1.1)-(1.3) are invariant under horizontal
translations, rotations, and reflections in both x and y. While in the cases of “rigid-rigid”
and “free-free” boundary conditions the system is also invariant under the vertical reflection
z +— 1 — z, this reflection changes the “rigid-free” boundary conditions above into “free-rigid”
boundary conditions, with a “free” boundary at z = 0 and a “rigid” boundary at z = 1.

In the hydrodynamic problem, there is a critical value R. of the Rayleigh number, below
which the simple “conduction regime” is stable, the fluid is at rest and the temperature depends
linearly on the vertical coordinate. Above this critical value, the “conduction regime” looses
its stability and a “convective regime” appears. Steady patterns bifurcating in this “convective
regime” have been extensively studied over the years. Mathematically, they are found as steady
solutions of the Navier-Stokes-Boussinesq system (1.1)-(1.3). Already in the forties, Pellew and
Southwell [10] computed the numerical value of R, in the three cases of “rigid-rigid”, “free-free”,
and “rigid-free” boundary conditions. The first existence results for regular patterns, such as
rolls, hexagons, or squares, appeared in the sixties in the works by Yudovich et al [13, 15, 16, 17],
Rabinowitz [11], Gortler et al [3]. We refer to [7] for further references on these types of patterns,
and also to the recent work [2] on quasipatterns.
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Figure 1.1: Projection in the (z,y)-horizontal plane of a (a) two-dimensional roll (periodic in y and
constant in x); (b) rotated roll; (¢) symmetric domain wall.

Besides regular convection patterns, different types of defects are regularly observed in exper-
iments [1, 9]. Domain walls, or grain boundaries, are line defects which may occur between rolls
with different orientations (see Figure 1.1), and are steady solutions of the system (1.1)-(1.3). In
our previous work [5], we showed that symmetric domain walls bifurcate for the Navier-Stokes-
Boussinesq system (1.1)-(1.3) with either “rigid-rigid” or “free-free” boundary conditions for
Rayleigh numbers R > R, close to the critical value R.. These domain walls are solutions of
the steady system which are periodic in y, symmetric in  and their limits as * — Foo are rolls
rotated by opposite angles +« with o € (0,7/3). Here, we prove that a similar result holds in
the case of “rigid-free” boundary conditions. We point out that larger angles a € [r/3,7/2)
have been treated in the simpler case of the Swift-Hohenberg equation in [12] (see also [8]).

For the analysis of the bifurcation problem we use the spatial dynamics approach developed
for the Swift-Hohenberg equation in [6] and adapted to the Navier-Stokes-Boussinesq system
(1.1)-(1.3) in [5]. The steady system (1.1)-(1.3) is written as a dynamical system in which the
evolutionary variable is the spatial variable x and a center manifold theorem is used to reduce
this infinite dimensional dynamical system to a 12-dimensional system. The reduction holds
for Rayleigh numbers R close to the critical value R, and any fixed Prandtl number P and
rotation angle o € (0,7/3). Domain walls are constructed as heteroclinic solutions of this 12-
dimensional system which connect suitably chosen periodic orbits. In [5], the vertical reflection
symmetry has been used to further reduce this system to an 8-dimensional system. The loss
of this symmetry in the case of “rigid-free” boundary conditions does not allow for this second
reduction of dimension, here we have to analyze the full 12-dimensional system.

The first step in the construction of the heteroclinic connection for the reduced system
consists in a normal form transformation. We prove a normal form theorem which is valid
for general reversible and O(2)-equivariant 12-dimensional vector fields under a certain non-
resonance condition. For our reduced system these symmetries are obtained from the invariance
of the Navier-Stokes-Boussinesq system under reflections in the horizontal variables x and y
and under translations in y, and the non-resonance condition is satisfied for angles a # /6.
Next, similarly to [5], we scale variables in the normal form and identify a leading order system
for which we construct a heteroclinic connection. Finally, using the implicit function theorem



we prove the persistence of this leading order heteroclinic connection for the full 12-dimensional
system. We obtain a heteroclinic solution connecting two periodic solutions of the 12-dimensional
system. The two periodic solutions correspond to the same roll of the Navier-Stokes-Boussinesq
system but rotated by opposite angles +a and the heteroclinic connection corresponds to a
symmetric domain wall. The result holds under suitable conditions on two quotients g; and g3
involving four coefficients of the normal form. While the conditions on the quotient g3 are the
same as the ones used in the persistence proof in [5], the conditions on the quotient g; are specific
to the present case of “rigid-free” boundary conditions. Both g; and g3 depend on the rotation
angle o and the Prandtl number P through complicated analytical formulas. The validity of
the required conditions is checked symbolically (Maple computations; see Figure 4.1). Our main
result is summarized in the following theorem.

Theorem 1. Consider the Navier-Stokes-Boussinesq system (1.1)-(1.3) with “rigid-free” bound-
ary conditions (1.4). Denote by R. the critical Rayleigh number at which convective rolls with
wavenumbers k. bifurcate from the conduction state. Then for any angle o € (0,7/3), o # 7/6,
there exists Pi(a) = 0 such that, up to a finite set, for any Prandtl number P > P.(a), a
symmetric domain wall bifurcates for Rayleigh numbers R = R. + €, with € > 0 sufficiently
small. The domain wall connects two rotated rolls which are the rotations by opposite angles
+(a+ O(e)) of a roll with wavenumber k. + O(€), continuously linked to the amplitude which is
of order O(e'/?).

In contrast to the cases of “rigid-rigid” and “free-free” boundary conditions in [5], here we
exclude the angle a = 7/6, because of the non-resonance condition in the normal form theorem,
and for each angle a € (0,7/3), o # 7/6, we exclude a finite number of values of the Prandtl
number P, at most, because of the presence of the additional four dimensions in the reduced
system.

The analysis being similar to the one in [5], we focus in our presentation on the main
differences, namely, the normal form analysis and the persistence proof. In Section 2 we recall
the first steps of the approach which up to some computations are the same as in [5]. We
give the formulation of the steady Navier-Stokes-Boussinesq system as a dynamical system in
Section 2.1, briefly discuss the existence of rolls and rotated rolls in Section 2.2, and obtain the
12-dimensional reduced system in Section 2.3. In Section 3 we prove the general normal forms
result for reversible and O(2)-equivariant 12-dimensional vector fields. The proof of Theorem 1
is completed in Section 4. In Section 4.1 we recall the connection between rotated rolls and
periodic solutions of the normal form system. The leading order system is found in Section 4.2
and we construct the heteroclinic connection in Section 4.3. Finally, in Appendix A we compute
the coefficients of the normal form and the quotients g; and gs.

Acknowledgments: MH was partially supported by the EUR EIPHI program (Contract No.
ANR-17-EURE-0002) and the ISITE-BFC project (Contract No. ANR-15-IDEX-0003).



2 Spatial dynamics approach

Following [5], we start in Section 2.1 by formulating the steady system (1.1)-(1.3) as a dynamical
system. In Section 2.2 we recall the existence of rolls and rotated rolls, and in Section 2.3 we
obtain the 12-dimensional reduced system by using the center manifold theorem. All these steps
being similar to the ones in [5], we only recall the results and refer to [5] for further details.

As in [5], we replace the Rayleigh number R in the system (1.1)-(1.3) by its square root

p="R2

and denote by k, the wavenumber in y of the solutions.

2.1 Formulation as a dynamical system
We introduce the new variables
W =p"'0.V —pea, ¢ =0ub,
and set
V=V, Vo), Wi=Wy,W,), U=V, VL, Wy, W1, 0,0).

Then the steady system (1.1)-(1.3) is equivalent to the system
0.U =L, U+ B,(U,U), (2.1)
in which the operators £,, and B,, are linear and quadratic, respectively, defined by

V.-V
pWy
AV A
WALV — e, — IV (VL VL) — VAW,
¢
—AL0—pV,

0
0
P H(VL-V)Ve = Va(Ve- V1))
PYH (VL - VL)V + uV, W)
0
p((VL - V1)0 + Vi)

The choice of the phase space takes into account the boundary conditions (1.4), the period-

Bu(Ua U) =

icity in y of solutions, and the property that the flux

F(z) = / Vedydz, Qper = (0,27/ky) x (0,1),

Qper



is constant. Fixing the constant flux to 0 we take the phase space

X ={U € (HL (D) x (L2 (Q))® X Hpop () X L2,(Q) ; Vo =0=0o0n2=0,1,

per per per

Ve=V,=0o0nz=0, and/ deydz:O},
Q

per

where 2 = R x (0,1) and the subscript per means that the functions are 2m/k,-periodic in y.
The remaining boundary conditions are included in the domain of definition of £,

Z={UeXn(H. () x (H () x H2 () x H.,.(Q); W.=¢=0o0nz=0,1,

per per per per

Vi -Vi=W,=0o0nz=0, and@ZV;:@V;J:Oonz:”.

The phase space X is a closed subspace of the Hilbert space

X = (Hpep ()7 X (Liper ()% % Hpe, () x Ly, (),

per per per per

so that it is a Hilbert space endowed with the usual scalar product of X and with the choice
above, the linear operator £, is closed in X with dense and compactly embedded domain Z.
The latter property implies that £, has purely point spectrum consisting of isolated eigenvalues
with finite algebraic multiplicities.

The dynamical system (2.1) is reversible and O(2)-equivariant. The reflection z — —x gives
the reversibility symmetry

SlU(y,Z) == (—Vm,VJ_,Wa;,_WJ_,Q, _(b)(ya Z)a U € Xa
which anti-commutes with £, and B,,, the reflection y — —y gives the symmetry
S2U(y7 Z) = (an _Vya VYZ, Wma _Wy7 WZ7 9, Qb)(_y, Z)a U e X?

which commutes with £, and B, and the horizontal translations y — y + a/k, along the y
direction give a one-parameter family of linear maps (74)ac r/277;

Uy, 2) =U(y+a/ky,z), UecAX,
which commute with £, and B, and satisfy
TuS9 = 8014, To=Tox =1L

In addition, the pressure p in the system (1.1)-(1.4) being only defined up to a constant, the
dynamical system is invariant upon adding any constant to the new variable W, i.e., it is
invariant under the action of the one-parameter family of maps (T})per defined by

TyU = U + bpy, o= (0,0,0,1,0,0,0,0), U € X. (2.2)



2.2 Rolls, rotated rolls and domain walls

The existence of convection rolls for the steady system (1.1)-(1.3) with any combination of
“rigid” / “free” boundary conditions is well-known (e.g., see [5, Section 2.2]). We consider here
rolls which are constant in z and periodic in y with wavenumber k (see Figure 1.1a). According
to classical theory, convection rolls bifurcate supercritically at the instability threshold u = u,
of the conduction state, for wavenumbers k close to a critical value k. and p > po(k) such that
po(ke) = pie. The value po(k) is the smallest value p for which the boundary value problem

(D? = k*?V = puk?0, V=DV =0inz=0,V=D?V=0inz=1, (2.3)
(D? — k0= —pV, 6=0in2z=0,1, (2.4)

where D = d/dz denotes the derivative with respect to z, possesses nontrivial real-valued so-
lutions (V,6) = (Vi(2),60k(2)). The map k — po(k) is analytical in k£ and has a strict global
minimum at k = k..!

These solutions being independent of x, they are equilibria of the dynamical system (2.1).
For any k, = k > 0 fixed close enough to k., we obtain a circle of equilibria ’Ta(U;;u), for
a € R/27Z, which bifurcate for p > po(k) sufficiently close to po(k), belong to Z, and satisfy

SiU;, = SeUp,, = U,

Furthermore, we have the expansions (see [5, Sections 2.2 and 4.1])

Uy .y, 2) = eV (2) + 6 MVUL(2) + O(6?), 1= po(k) + p2d® + O(8%), (2.5)

in which ¢ > 0 is sufficiently small, us > 0, and

. T
~ i
Ui(z) = (O, %DVk(z),Vk(z),—pk(z),0,0, Hk(z),()) ,
where (Vj,0;) is a solution of the boundary value problem (2.3)-(2.4) for u = po(k) and the
pressure py is determined up to a constant from the stationary part of the equation (1.1).

The system (1.1)-(1.4) is invariant under horizontal rotations acting through

Ra(vl"? Vy? VZ7 0)($7 Y, Z) = (Ra(vﬁfﬂ Vy)7 VZ’? 9)(R_a($, y): z): (2'6)

where
Ra(z,y) = (xcosa — ysina, xsina + y cos a),

and « € R/27Z is the rotation angle, and this rotation invariance is inherited by the dynamical
system (2.1).2 Consequently, the rotated rolls R,U, ,: . are solutions of both systems. As solu-
tions of the dynamical system (2.1), they are 27 /k sin a-periodic solutions in x which belong to
the phase space X’ for ky, = kcosa. For the particular angles o € {0, 7} the rotated rolls are

'Pellew and Southwell [10] computed the numerical values of k. and p. = po(ke) and found in the case of
“rigid-free” boundary conditions that k. =~ 2.682 and p. =~ 33.176.
2We do not need here the more complicated representation formula for the 8-components vector U in (2.1).



equilibria in the phase-space X’ with k, = k, whereas for a € {7 /2,37 /2} they are 27/k-periodic
solutions in x, for any k, > 0. Notice that rolls rotated by angles o and 7 + « coincide,

Ra U’j;vu = Rﬂ+a UZ;M’

and that the actions of S; and S on a roll rotated by an angle a ¢ {0, 7} gives the same roll
but rotated by the opposite angle,

Sl(RaU]iu(iL‘)) = 'R_aU,;"’H(—x), SQ’R,QU,;"’H = ’R_aU,;u. (2.7)
In particular, rotated rolls keep a reversibility symmetry,
Slsg(RaU,:’u(x)) = RaUg,u(—w). (2.8)

Heteroclinic solutions of the dynamical system (2.1) connecting two rolls rotated by different
angles are domain walls. We construct our symmetric domain walls as Sp-reversible heteroclinic
solutions of the dynamical system (2.1) which connect the rotated rolls R Uy, , at 2 = —co and
R_.Uj;, at x = oo, for rotation angles o € (0,7/3).

2.3 Reduced bifurcation problem

Following the bifurcation analysis in [5, Section 4], we consider the dynamical system (2.1) in
the phase X with
ky =kecosa, « € (0,7/3),

fix the Prandtl number P and take u = p. + € close to p. as bifurcation parameter. We apply
a center manifold theorem to construct a 12-dimensional invariant manifold which contains the
small bounded solutions of the dynamical system (2.1).

We write the dynamical system (2.1) in the form

0,U = L,,U +R(U,e), (2.9)

where

RWU,e)= (L, — L,)U+B,(U,U)
is a smooth map from Z x I., I. = (—p.,0), into X, and
R(0,6) =0, DyR(0,0) = 0.

The hypotheses of the center manifold theorem are checked in the same way as in [5, Section 5.1].
The only differences are the explicit formulas of the eigenvectors and generalized eigenvectors
which are slightly changed because the boundary conditions are different, and the absence of
a symmetry due to the loss of the vertical reflection symmetry z — 1 — 2z for the “rigid-free”
boundary conditions.
As shown in [5, Lemma 4.2], the center spectrum o.(L,,.) of the linear operator £, consists
of five eigenvalues,
oc(Ly,) = {0, £ike, £iky}, ky = kesina, (2.10)

with the following properties.



(i) The eigenvalue 0 is simple with associated eigenvector ¢q given by (2.2), which is invariant
under the actions of S7, S5, and 7.

(ii) The complex conjugated eigenvalues +ik. are algebraically double and geometrically simple
with associated generalized eigenvectors of the form

Coly,2) = Uo(2), To(y,2) = To(2),

for the eigenvalue ik., and the complex conjugated vectors for the eigenvalue —ik., such
that
(‘Cuc - ikc)CD = 07 (['uc - ikc)‘I’D = CO,

and

S1¢o = Co,  S260 = o, Talo = o,
S$1%y =Py, So¥y=T), 7, ¥)=",.

(iii) The complex conjugated eigenvalues +ik, are algebraically quadruple and geometrically
double with associated generalized eigenvectors of the form

Ci(y,2z) = eFRVUL(2), Wi(y,z) =PV (2),

for the eigenvalue ik,, and the complex conjugated vectors for the eigenvalue —ik,, such
that
(Eﬂc - ka)Cﬂ: = 07 (ﬁuc - Zkl’)‘I’ﬂ: - C:I:)

and

Si¢ =C—, Soly=¢o, Taly =€y,
Si1¢-=¢Cy, S =Cy, Tl =€,

S1W, =-W_, S0, =V_, 71,0, =,
SIW_=-W,, SW_ =V, 71,0 =cW_,

The explicit formulas of the eigenvectors {y and {4+ needed for our computations are given in
Appendix A.

As a consequence of the center manifold theorem, the small bounded solutions of the dy-
namical system (2.9), and in particular the heteroclinic solutions, belong to a center manifold

M.(e) ={U.+ ®(U,,¢) ; U, € X}, (2.11)

where X, is the spectral subspace associated with the center spectrum (2.10) of £, and ® €
CF(X, x I., Z3,), for any arbitrary, but fixed, k > 4, with 2, = (I — P,)Z and P, the spectral
projection onto &,. The invariant dynamics on the center manifold is determined by the reduced

system
dU,
dI - Euc

de
XCUC +PRU: + ®(U,,¢),¢) ef f(U.¢), (2.12)




where

f(O,E) =0, DUCf(O, 0) = Luc

and this reduced system inherits the symmetries of (2.9), i.e., the reduced vector field f(-,¢)

X’

anti-commutes with S7, commutes with S5 and 7, and is invariant under the action of Tj.
Writing

U. = wpo+ AoCo+ BoWo+ A +B. Y, +A ( +B ¥_ (2.13)
+AoCo+ BoWo+ A+ (r + BL¥ L + A (- +B_¥_,

with w € R and X = (Ag, Bo, Ay, B, A_,B_) € CO, the reduced system (2.12) leads to the
system

d _
% = h(w, X, X, ¢), (2.14)
dX _
% :F(’U],X,X,E:), (215)

together with the complex conjugated equation of (2.15) for X, in which A is real-valued and
F = (fo,90, f+,9+, f—, g—) has six complex-valued components. The invariance of the reduced
system under the action of Ty,

Tb(wa AOv B07A+a B+7A7a B*) = (w + ba AOa BO>A+7 B+7A77 B*)?

implies that the reduced vector field (h, F') does not depend on w, so that we can first solve
(2.15) for X, and then determine w by integrating (2.14). Consequently, we can restrict to
solving the equation

dX —
— =F(X,X 2.16
— = F(X,X,2), (2.16)

which together with the complex conjugate equation for X form a 12-dimensional system. Notice
that the symmetries of the reduced system act on these variables through

S1(Ag,By,Ay,By,A_,B_)=(Ay,—~By,A_,—B_,A,,—B,), (2.17)
SQ(AO, B(], A+, B+, Af, Bf) - (AO, Bo, Af, Bf, A+, B+), (218)
Ta(Ao, By, Ay, By, A_,B_) = (Ag, By, e Ay, "By, e “A_, e B_). (2.19)

3 A cubic normal form for 12-dimensional vector fields

In this section we prove a normal form theorem for reversible and O(2)-equivariant 12-dimen-
sional vector fields having the same linear part and symmetries as the one in (2.16).

Theorem 2. Consider a system of ordinary differential equations

dX

- =G(X, X,e), (3.1)

10



in which X = (Ao, By, Ay, By, A_,B_) € C® and the vector field G is of class C*, for some
k >4, in a neighborhood Uy x Uy x Us C C8 x C% x R of the origin. Assume that

G(0,0,6) =0, DxG(0,0,0) = Ly, DxG(0,0,0) =0,

where Ly is a Jordan matrix acting on X through

B 0 0 . .
ike 1 iky 1
LO = 0 B2 0 y Bl = . ; BQ = . 5
0 ik, 0 ik,
0 0 By

with 1 < ke/ky # 2, and that G(-,-,€) anti-commutes with Si given by (2.17) and commutes
with Sy and T, given by (2.18) and (2.19), respectively.

There exist neighborhoods Vy and Va of 0 in C® and R, respectively, such that for any e € Vs,
there is a polynomial P(-,-,€) : C® x C6 — C® of degree 3 in the variables (Z,Z), such that for
Z € Vi, the change of variable

X =27+ P(Z Z,e),

transforms the equation (3.1) into the normal form

Z . —
‘ij = LoZ+ N(Z,Z,€) + p(Z,Z,¢), (3.2)

with the following properties:
(i) the map p belongs to C*(V1 x V1 x V5, CY), and
p(Z,Z,e) = O(|el’| Z] + el 2P + 11 2]|);
(i1) both N(-,-,€) and p(-,-,€) anti-commute with S1 and commute with Sz and 7,, for any
€ € Vy;
(iii) the siz components (No, Mo, Ny, M4y, N_,M_) of N are of the form

No = iAo Py + as(Ayur + A_ug),

My =iByPy + AoQo + as(Biur + B_ug) + ias(Arur + A_ug),
Ny =iAL Py + BrAour + BsA_uy,

M. = iByPs + Ay Q4 + B Bowir + ibr Aot + BsB_ug + ibs A_ug,
N_ =iA_P_ + BrAoug — Bs A1y,

M_=iB_P_+ A_Q_ + B7Boug + iby Agus — Bs B4 ug — ibg A g,

11



with
Py = ape + apug + agus + as(ug + us) + aq(ug + ug),
Qo = ape + ajug + agug + asg(ug + us) + ag(ug + ug),
Py = Boe + Brur + Pauz + Baus + Baug + Brus + Beue,
Q+ = boe + bruy + baug + b3ug + byug + bsus + bgue,
P_ = Boe + Brur + Boua + Bsuz + Beua + Baus + Baug,
Q_ = bge + byuy + bausg + byus + bgug + bzus + byug,

where (Ao, Bo, A4, By, A_, B_) are the six components of Z, the coefficients o, aj, f;,
bj are all real, and

uy = AgAg, uy =i(AgBy — AgBy),
us = Ay AL, ui=i(A By — AyBy), us=A_A_, wug=i(A_B_ —A_B_),
uy = (AOE — A7+Bo), usg = (A()E — IBO), ug = (A+K — IB.}_)

Proof. From general normal form theorems (e.g., see [4, Sections 3.2.1, 3.3.1, and 3.3.2]), we
obtain the existence of two polynomials P(-,-, &) and N(, -, ¢) of degree 3 in the variables (Z, Z)
such that the properties (i) and (iz) hold, the polynomial N is of the form

N(Z,Z,¢) = N\(Z,Z)e + No(Z,Z) + No(Z, Z)e + N3(Z,Z), (3.3)
with NV, and Np homogeneous polynomials of degree p in (Z, Z), and satisfies the identity
DyN(Z,Z,e)L§Z + DzN(Z, Z,e)LiZ = LyN(Z, Z,e), N (Z,e) € CO x Vs, (3.4)

in which Lg is the adjoint of L. Due to the equivariance of the normal form under the action of
the symmetry Sy, it is enough to determine the first four components (No, My, Ny, M) of N,
the result for (IN_, M_) being obtained by exchanging the indices + and — in the expressions
of (N4, My).

Monomials in Ny are My are of the form

AR A BBy ALY AL B BT AT AT BT B (3.5)
with nonnegative exponents such that
pot+q+ro+sot+pr+qr+ry+se+po+q+r_+s_=m, me{l,23} (3.6)
From the commutativity of N and 7,, we obtain that their exponents also satisfy the equality
(P+ — a4 +re —s4) = (p- —g-+7-—s-) =0, (3.7)
and we claim that we also have the equalities

po—q+ro—so=1, (pr—qyr+ry—s)+{p-—q +r-—5)=0, (3.8)
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when k./k; # 2.
Indeed, the identity (3.4) implies that Ny and My satisfy the equalities

(D* +ikc)Ng =0, (D" +ike)My = No,

in which
D* = —ik:CAoajo + (Ag — ikcBo)aaBO - ikcAoaaAo + (4o + ikcBO)aaBo
ko Ay + (A = kB 5o+ ’“‘*ai A+ z’kx&)a;
—ikIA_a% + (A= — z‘ka_)a% + z'kxA_afL +(A_+ ika_)ag_,

is a linear map which preserves the degree of homogeneous polynomials. For a fixed degree m,
taking a basis of monomials ordered by decreasing exponents pg, qo, 70, S0, P+ G+, T+, S+, P—,
q—, r—, and s_, the action of D* is represented by a lower triangular matrix with equal elements
on the diagonal given by

—tke (po — qo + 10 — S0) — tky (p+ — g+ + 7+ — $4) —iky (p— —q— +7r_ —s_).

Consequently, the polynomials Ny and My, which belong to the kernel and generalized kernel
of D, + ik,., respectively, belong to the subspace spanned by monomials for which the quantity
above is equal to —ik.. Taking into account that k./k; > 1 and the properties (3.6)-(3.7), we
conclude that (3.8) holds when k./k, # 2. This proves the claim.

Next, taking m = 1 in (3.6) and using (3.6)-(3.8) it is straightforward to check that the first
two components of N in (3.3) have the form given in (iii). For even integers m, and in particular
for m = 2, from the equalities (3.6) and (3.7) we obtain that py — go + 79 — so must be an even
integer. This contradicts the first equality in (3.7). Consequently, there are no monomials of
even degree in the first two components of N. It remains to consider the cubic monomials,
m = 3. Collecting all cubic monomials satisfying (3.6)-(3.8), we directly compute the action of
(D* + ik.) on all these monomials. Then we identify a basis for the kernel of (D* 4 ik.) which
gives the result for Ny, and a basis for the generalized kernel of (D* 4 ik.) which gives the result
for M.

For the components N, and M, of N the result is obtained in the same way. We only point
out that for these polynomials the exponents of the monomials (3.5) satisfy (3.6), the equality

(P+ —q++ry —s4) —(p- —q-+r-—s_) =1,
replacing (3.7), and
po—qo+ro—s0=0, (P4 —gq4+r—s4)+(p-—g-+r-—s-)=1,

instead of (3.8).
Finally, taking into account the action of the reversibility Si, it is straightforward to check
that the coefficients «;, a;, §; and b; are real. This completes the proof of the theorem. |
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Remark 3.1. In the resonant case k./k, = 2, the two polynomials Ny and My contain the
additional quadratic terms ag A+ A_ and ioag(BLA— + Ay B_) +agAL A_, respectively, with real

coefficients ag and cg.

Applying the result in Theorem 2 to our reduced system (2.16) we obtain its normal form (3.2)
for k./ky # 2, i.e., for any angle o € (0,7/3), a # 7/6.

4 Existence of domain walls

In this section, we prove the existence of a heteroclinic connection for the normal form sys-
tem (3.2). Following the analysis from [5], we focus on the main differences and refer to [5] for
the technical details which remain the same.

We restrict to € > 0, which corresponds to values pu > p. for which rolls exist and exclude
the resonant angle o = 7/6 which requires a different analysis.

4.1 Rotated rolls and coefficients of the normal form

The rotated rolls R_gUy; , with rotation angle 3 € (0,7/2) are 2m/k sin $-periodic solutions of
the dynamical system (2.1) and belong to the phase X when their wavenumber in y is equal
to ky,

kcos 8 = ky = k. cos a.

For (k, p) close enough to (k., i1c) they are small bounded solutions which belong to the center
manifold (2.11) of (2.9). Projected on the center space X, they become 27 /k sin S-periodic
solutions of the reduced system (3.1) and also of the normal form system (3.2). Comparing the
formulas (2.5) and (2.6) for R_gUj; , with the formulas (2.11) and (2.13) for the solutions on
the center manifold, we obtain a family Z, g of 27 /k sin S-periodic solutions of the normal form
system, where the parameters (g, 0) are related to (k, u) through the equalities

1
E=p— e, O=ksinf —k,=ksinf —kesina = —(k — ke) + O(|k — kc|?).
S1n &«
These solutions have the expansion
Zeo(w) = (0,0,8¢%+92,0,0,0) + O(|o] 6] + |5]2),

with § > 0 as in (2.5), and satisfying

1 " kc s 02
52 = e W92 + O + |e[V210]% + [6]).

As shown in [5, Section 6.2], we can use this family of solutions to determine two coefficients of

the normal form system

2 2
<0, by=—— T2 50, (4.1)

by = — —
0 g (ke) sin” a

i (ko) sin® a
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where pj(k) > 0 is the second order derivative of po(k) with respect to k and po > 0 is
determined by the second equality in (2.5). The symmetry properties (2.7) and (2.8) of rotated
rolls are preserved so that Z. g is S§1S>-reversible and the rolls RBU,:’ " rotated by the opposite
angle (3 give the periodic solutions S2Z. 9. We refer to [5, Section 6.2] for more details.

Similarly, by taking the rotation angle 5 = 7/2, from the rotated rolls R, 12Uy ,» Which are
constant in y and therefore 27 /k-periodic solutions of the dynamical system (2.1), we obtain a
second family of periodic solutions for the normal form system. With the help of these solutions
we can compute two other coefficients of the normal form system,

2 2412
——— <0, a;=
g (e) P (k)

Notice that we have the following relationship between coefficients:

> 0.

apg =

ap = by Sin2 a<0, a3 =bs Sin2 a > 0. (4.2)

4.2 Leading order dynamics

We consider the new variables

- 1/2 . . . R
z = |boe|"?x,  Ao(z) = || e*Cy(@), Bolz) = |b|:(|)1€/‘2€zkc$Do(3?)a (4.3)
12 N , RN
As(x) = %= et CL(T), Bi(w) = |;:Tf)2@zszpi(x). (4.4)

Replacing these variables into the normal form system (3.2) and taking into account the signs
of by and bs in (4.1) and the relationship (4.2), we obtain the new system

Ch = Do+ O0(/?), (4.5)
Dfy = sin® a (=14 |Col* + g1 (|C+> + |C_[*)) Co + O('/?), (4.6)
C' = Dy + O(Y/?), (4.7)
D'y = (=14 g2|Col* + [C1]* + g3|C_|*) C1 + O('/?), (4.8)
C'" =D_+ 0(51/2), (4.9)
D' = (=14 g2|Col* + g3|C1 > + |C_*) C— + O(e'/?), (4.10)
in which
_a _h _b
gl_alv 92_b37 g3—b3-

Solving the equations (4.5), (4.7) and (4.9) for Dy, Dy and D_, respectively, we rewrite the first
order system (4.5)-(4.10) as a second order system,

Gy =sin®a (=14 |Col* + 1 (|C+* + |C-[*)) Co + O('7?), (4.11)
Cll = (=14 golCof* + [C4? + g5|C-2) Oy + O(e!1?), (4.12)
C" = (=14 ga|Col® + g5IC4 > + |C-?) - + O(e"?), (4.13)
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in which the O(e!/?)-terms are continuous in (Cp,Cy,€"/?) and continuously differentiable in
(Co, C1).3

From the periodic solutions Z. g and S2Z. ¢ of the normal form system we obtain the S7.S5,-
reversible solutions P,y and Q.9 = SoP: g, respectively, for the system (4.11)-(4.13) with ex-
pansions

P.o(x) = (0,(1 = 6%"2¢%,0) + 0(=/), Qup(x) = (0,0,(1 - 67127 + O(/?);

(see also [5, Lemma 6.3]). Notice that these solutions represent the rotated rolls R_sUy , and
’R,/gU,’; e While they are periodic at leading order, the terms 0(51/ 2) are quasiperiodic in = due
to the presence of the exponentials e?*<* and e**=* in the change of variables (4.3)-(4.4).

An important property of the leading order system obtained by setting ¢ = 0 in (4.11)-(4.13)
is that it leaves the four-dimensional subspace {(Co,Cy,C_) ; Cp = 0} invariant. Restricting
to this subspace we recover the leading order system from [5, Section 7.1],

= (14Cs* + gs| C-?) Cy, (4.14)
C! = (=14 g3|Cy > +[C_]*) O-. (4.15)

The existence of a heteroclinic solution for this system has been proved in [14]. According to [14,
Theorem 5], for any g3 > 1, the system (4.14)-(4.15) possesses a heteroclinic solution (C7,C*),
with CZ smooth real-valued functions defined on R, which is Si-reversible and connects the
equilibrium (0,1) as x — —oo with the equilibrium (1,0) as x — oco. This heteroclinic solution
represents the leading order part of the domain walls constructed in [5].

The invariance of the subspace {(Cy,C;,C_) ; Cy = 0} implies that the leading order
system from (4.11)-(4.13) possesses the Si-reversible heteroclinic solution (0,C%,C*), with CZ%
as above, which connects the equilibrium (0,0,1) as  — —oo with the equilibrium (0, 1,0) as
x — o0o. Notice that the equilibria (0,0, 1) and (0,1,0) are equal to Qo and Py and therefore
represent the rotated rolls with wavenumber k., ’R,aU,;"w L and ’R,_OCU,;? W respectively.

4.3 Existence of heteroclinic solutions

The existence of domain walls is obtained by proving that the Si-reversible heteroclinic solution
(0,C%, C*) found for e = 0 persists for € > 0. More precisely, we have the following result.

Theorem 3. Assume that g > 1 and g3 € (1,4 4+ /13). Except for at most a sequence of
values g, converging to 1, for any e > 0 sufficiently small, there exists = O(/?), continuously
depending on £'/?, such that the system (4.12)-(4.13) possesses a reversible heteroclinic solution
C. = (Coe,Ct o, C_ ;) connecting the solutions Q. g, as x — —oo, to P.g, as x — 0.

3This property of the O(g'/?)-terms is less precise than the one from [5, Section 6.3] but it is enough for our
purposes. It is used when applying the implicit function theorem in the proof of Theorem 3. We point out that
the O(sl/ 2)-terms which are only continuous in €'/? could be excluded by considering a normal form to order 5,
the remaining terms being then continuously differentiable in (Co, Cy, et/ 3.

16



The quotients g; and g3 depend on the angle o and the Prandtl number P through the
complicated analytical formulas (A.1) and (A.2) computed in Appendix A. Taking @ = 0 in
(A.2) we obtain that the limit as & — 0 of g3 is equal to 2, just as in [5]. Consequently,
the condition g3 € (1,4 + v/13) holds at least for small angles a € (0, a(P)), for some positive
a(P). For g1, we have the same property when oo = 7/2, but these angles are excluded from our
analysis and it seems difficult to check analytically the inequality g1 > 1 for angles o € (0,7/3).
Instead, we compute g3 symbolically, using Maple, and obtain that g3 > 1.3, for any positive
Prandtl number P and any angle « € (0, 7/2), hence the inequality g3 > 1 is always satisfied. By
comparing the formulas (A.1) and (A.2) we then obtain that the inequality g; > 1.3 always holds,
as well. This implies that we only have to exclude a finite number of values g; in Theorem 3.
The same Maple computation also allows to determine the values (a,P) for which the second
condition on g3 is satisfied, i.e., g3 < 4 + v/13. We summarize these properties in Figure 4.1.

047
031 gs|l< 4+ /13
P o2

T

0.1

0 02 04 ofs2 08 1
O =sin“ «

Figure 4.1: In the (0, P)-plane, with © = sin? &, Maple plot of the curve along which g3 = 44 /13, for
© € (0,1). The inequality g3 < 4 + /13 holds in the shaded region, whereas g3 > 1.3 and g; > 1.3, for
any positive Prandtl number P and any angle « € (0,7/2). Domain walls are constructed in the shaded
region situated to the left of the vertical line © = sin®(7/3) = 0.75, except for the values on the vertical
line © = sin®(7/6) = 0.25 which correspond to the resonant case k./k, = 2, and perhaps a finite number
of curves corresponding to the finite number of (unknown) values g; excluded by Theorem 3.

The solutions Q.9 and P.p in Theorem 3 representing the rotated rolls ’I'v;’,,gU,:/L and
T\’,_EU,;"M, respectively, the result in Theorem 1 is an immediate consequence of Theorem 3
and the properties of g1 and g3 in Figure 4.1.

The proof of Theorem 3 is based on the implicit function theorem applied in the space of
S1-reversible exponentially decaying functions,

X; = {(CO’CQHC*’?(%C*JM&) € Xn ) C()(l‘) = ?0(—1‘), CJr(x) = i(_l‘)’ T € R},

where, for n > 0,

X, = {(Cy,C4,C_,Co, 04, C-) € (LAY}, L%Z{f:R—%i; /ezn'x'\f<x>\2<oo}-
R

17



It turns out that the linear operator needed in the implicit function theorem has exactly the
same properties as the one in [5, Lemma 7.3]. Therefore, the implicit function theorem can be
applied in the same way as done in [5, Theorem 2] and we omit these details of proof here.
We focus on the properties of this linear operator, which is obtained by linearizing the system
(4.11)-(4.13) with ¢ = 0, together with the complex conjugated equations, at (0,C%,C*), i.e.,
the linear operator £, acting on (Cp,Cy,C_) through

Co Cf —sin?a (=1 + g1(C32 + C*2)) Cy
Lo Cp | =] Cl— (14202 + g3C*?) Oy — C¥2Cy — g3CLC* (C- + C)
C_ C" — (=1 + g3C32 +2C*2) O_ — C*2C_ — g3CC* (Cy + CF)

We prove that this operator has the same properties as in [5, Lemma 7.3], which completes the
proof of Theorem 3.

Lemma 4.1. Assume that g1 > 1 and g3 € (1,4++/13). Except for at most a sequence of values
g1 converging to 1, for any n > 0 sufficiently small, the operator L. acting in Xy is Fredholm
with index —1. The kernel of L, is trivial and the one-dimensional kernel of its L?-adjoint is
spanned by (0,1C%, —1C*, 0, —iC%,iC*).

Proof. The action of the operator £, on the Cy-component being decoupled from the action
on the (Cy,C_)-components, we may write

(Lo 0
ﬁ*‘(o £i>’

ﬁoCo = C[/)/ - sin2 « (—1 + g1 (C_T? + CiQ)) C(],

’ Cy\ [ CL—(-1+20524g3C?) Cy — C12C1 — g3CC*(C- + C7)
o ) o= (=14 g3C32 +2C*2) C_ — C*2C_ — g5C1C* (Cy + C) )

with

and we have the complex conjugated actions on the components Cy and (C,C_). The operator
L4 is precisely the one from [5, Lemma 7.3]. For any g3 > 1, it is a Fredholm operator with
index —1, has a trivial kernel, and the one-dimensional kernel of its L?-adjoint is spanned by
(iCt,—iC*,—-iC7,iC*). To complete the proof it remains to show that the operator Lo is
invertible.

Taking as new variables

. 1 an 1 ran Ak *
y=(sina)z, Up=5(Co+Co); Vo=g5:(Co—Co), Clily) = Ci(),

we obtain the matrix operator

o (U0 _ UG+ U0 —an(CF + C2)Ug
T\ Vo Vo' Vo - (O 0V )
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acting in
X5 = {(Uo, Vo) € (12)*; Uo(y) = Uo(—y), Vo(y) = —Vo(~y), y € R}

The invertibility of Lg is equivalent to the invertibility of the matrix operator Mg. The action
of My on the two components Uy and Vj being the same its invertibility in X,? is equivalent to
that of the scalar operator

Lo[g1] = Oyy +1 - 91(612 + 5’?)

acting in L?]. We show the invertibility of this operator in L?, except for at most a sequence of
values g1 converging to 1, which by a standard perturbation argument implies its invertibility
L% for sufficiently ~s.mall .

The function C’f + C*2 converging towards 1 as  — 400, the operator Lo[gi] is a relatively
compact perturbation of the asymptotic selfadjoint operator dy, + 1 — g1. Consequently, they
have the same essential spectrum,

Uess(LO[gl]) = Jess(ayy +1- gl) = U(ayy +1- gl) - (—OO, 1-— gl]'

This implies that for any g1 > 1 the operator Lo[gi]| is Fredholm with index 0, so that its
invertibility is equivalent to the property that its kernel is trivial.

We claim that if Lo[g7] has a nontrivial kernel for some g > 1, then Lg[g;] is invertible for
any g1 = g5+ # g7 with sufficiently small . Indeed, consider an orthogonal basis {{7,...,&:}
of the finite dimensional kernel of Lo[g;], which is the spectral subspace associated with the
eigenvalue 0, because 0 is an isolated eigenvalue and the operator is selfadjoint. For sufficiently
small v, the operator Lg[g1] has at most n eigenvalues close to 0, which are the continuation
of the eigenvalue 0 of Lg[g]], and the spectral subspace associated to these eigenvalues has a
basis {£1(7), ..., & ()} which is the smooth continuation of the basis above. These eigenvalues
of Lglg1] are the eigenvalues of the n x n-matrix M [v] representing the action of Lg[g;] on the
basis {£1(7),.-.,&n(7)}. A direct computation of this matrix shows that

Mh/] = M17+ 0(72)7 M, = (<B§?’€;>)1<i,j<n’

where

d ~ ~
2y ol (€2 +C)

The function CN’f + C*2 being continuous and positive with limits equal to 1 at x = o0, it

91=97

is bounded from below by a positive constant c,. This implies that B is a negative selfadjoint
operator, so that the eigenvalues of M are all negative. Consequently, 0 is not an eigenvalue of
MT[ry] for v # 0 sufficiently small, which implies that L[g;] is invertible, for g; close enough to
97, 91 # g7, and proves the claim.

As a consequence of this property, the set of values g1 > 1 for which the operator Lg[gi] is
not invertible is countable and has no accumulation point in (1,00). In addition, the function
CN'f +C*2 being bounded from below by ¢, > 0, it is straightforward to check that the operator
Lo[g1] is negative, and in particular invertible, for any g; > 1/c.. We conclude that the set of
values g1 > 1 for which Lg[g;] is not invertible is at most a sequence converging to 1, which
completes the proof of the lemma. |
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A Coefficients of the cubic normal form

The formulas for the coefficients b3 and b5 found in [5] remain the same, and we compute in the

same way the coefficients a; and a3z. We obtain

a1 (®o, ®5) = (2B, (P200000, C0) + 2B, (P 110000, C0), ¥F),
az(®o, ¥5) = (2B, (®oo1100, Co) + 2B, (®101000, 1) + 2B, (®100100, ¢ 1), ©5),
b3 (W, W) = (2B, (Poo2000; C+) + 2By, (Roor100, $+), ¥,

bs (4, ¥4 ) = (2B, (Poo1010, ¢ ) + 2B, (Rooroo1, ¢ ) + 2B, (Poooorr; ¢+ ), ).

where (o and ¢+ are the eigenvectors of £,,, from Section 2.3, ¥ and W* are eigenvectors of the
adjoint operator L, associated to the eigenvalues —ik. and —ik, respectively, and the vectors

D, grstu satisfy
(L. — 2ike)P200000 = — By, (Co, Co), L. ®110000 = —2B,.(o, o).
L. ®oo1100 = =28, (¢4, ¢4 ), (Lpe — (ke + kz))P101000 = —28B. (o, C+),
(Lye —ilke = kz))®ro0100 = =28, (€0, C+),  (Lpue — 2ika) Boo2000 = —Byu (¢4, C),
(L, — 2iky)®oo1010 = =28, (E+,¢-), L. ®oo1001 = —2B,,,(¢+,¢-),
L. Poooorr = —2B,,(¢-, ).

A direct computation (see also [5, Appendix A.1]) gives the formulas for the eigenvectors

kLCDV islicl,:aDV
0 Licosa py
v v
D3V , — L (D? — k2 cos® a)DV
2 2
Co(yv Z) = e ko ’ C:I: (ya Z) = eilkyy ke :FSinacosCOé DV )
ike zkcusina
He
. k,2 (D? — k2)?V 5 k2 (D2 k2)2V
ke (D2 = RSPV isne (D2 — k2)2V
and
_,ucle (ng - <D3V>) —“Clkg (D? — k2 cos® a) DV
’ 0 CisinacosaDV
He
ike tke sin o
-t DV ) _isina pys
iy, z) = e W (y, 2) = el e
0 _zclgcsaDV
. v
—ikc —ik.(sin )¢
¢ ¢
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In these formulas, V is a real-valued solution of the boundary value problem
(D* = k2)*V 4 p2k2V =0,
V=DV =(D*-k2)?V =0inz=0,
V=DV=DW=0inz=1,

¢ is the unique solution of the boundary value problem
(D*—k)o=V, ¢=0inz=0,1,

and

(D3V) = ; D3V (2) dy dz.
per

After very long computations we obtain that

az _ b51(%(1 + sin a)) + b51(%(1 — sin O()) + b51(0)

= , Al
& aj %651(1) + b51 (O) ( )
s = bs _ bs1 (sin? 014) + bs1(cos? a) + b51(0)7 (A2)
b3 5551(1) + b51(0)
in which
b51(©) = A51(0) + B51(©)P ! + C51(©)P 2,
with
A51(0) = 2u((D? - 4k20)°Vi, Ry),
B51(©) = 4p30 ((Vi, Ry) + (Va, R1)),
C51(0) - 2’;;@ ((D?* — 4K20)Va, Ry),
where

Ry =VD¢+ (1-20)¢pDV,
Ry = (D* — 4K2(1 — ©)) (VDV) — 40(DV)(D?*V),
and V1, V5 are the unique solutions of the boundary value problems
(D? — 4k20)3Vy + 4k2p20 V1 = Ry,
Vi =DVy = (D? - 4k?0)?V; =0 in z = 0,
Vi=D*Vi =DV, =0inz=1,

and
(D? — 4k20)3Va + 4k2u20 Vo = Ry,
Vo = D?Vy = (D? — 4k*0©)DVa = 0 in z = 0,
Vo=D*Vo=D%W5=0inz=1,
respectively.
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