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CODIMENSION ONE FOLIATIONS WITH NUMERICALLY TRIVIAL CANONICAL
CLASS ON SINGULAR SPACES

STEPHANE DRUEL

ABSTRACT. In this article, we describe the structure of codimension one foliations with canonical singularities
and numerically trivial canonical class on varieties with terminal singularities, extending a result of Loray,
Pereira and Touzet to this context.
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1. INTRODUCTION

In the last decades, much progress has been made in the classification of complex projective varieties. The
general viewpoint is that complex projective varieties with mild singularities should be classified according to
the behavior of their canonical class.

Similar ideas can be applied in the context of foliations on complex projective varieties. If ¢4 is a foliation
on a complex projective variety, we define its canonical class to be Ky = —c1(¥¢). In analogy with the case of
projective varieties, one expects the numerical properties of K to reflect geometric aspects of 4 (see [Bru04],
[McQO8], [Spil7], [CS18], [AD13], [AD14], [AD16], [AD17], [LPT18], [Tou08]). This led, for instance, to the
birational classification of foliations by curves on surfaces with quotient singularities ([Bru04], [McQO08]), gen-
eralizing most of the important results of the Enriques—Kodaira classification. The classification exhibits an
interesting feature, which is in sharp contrast with the Enriques—Kodaira classification: there exist foliations
with pseudo-effective canonical bundle and negative Kodaira dimension. So the abundance conjecture fails
already in ambiant dimension two.

The present paper aims at describing one of the most basic class of codimension one foliations, namely
(mildly) singular foliations with numerically trivial canonical class on (mildly) singular spaces.

The Beauville-Bogomolov decomposition theorem asserts that any compact Kéhler manifold with numerically
trivial canonical bundle admits an étale cover that decomposes into a product of a torus, and irreducible, simply-
connected Calabi-Yau, and holomorphic symplectic manifolds (see [Bea83]). In [Tou08], Touzet obtained a
foliated version of the Beauville-Bogomolov decomposition theorem for codimension one regular foliations with
numerically trivial canonical bundle on compact Ké&hler manifolds. The statement below follows from [Tou08,
Théoreme 1.2] and [Drul8, Lemma 5.9].

Theorem (Touzet). Let X be a complex projective manifold, and let 4 be a regular codimension one foliation
on X with K¢ =0. Then one of the following holds.
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(1) There exists a P*-bundle structure p: X — Y onto a complex projective manifold Y with Ky =0, and
9 induces a flat holomorphic connection on .

(2) There exists an abelian variety A as well as a simply connected projective manifold Y with Ky =0, and
a finite étale cover f : AxY — X such that f~'9 is the pull-back of a codimenion one linear foliation
on A.

(3) There exists a smooth complete curve B of genus at least 2 as well as a complezx projective manifold
Y with Ky =0, and a finite étale cover f: B xY — X such that f~'% is induced by the projection
morphism B XY — B.

Loray, Pereira and Touzet recently described the structure of codimension one foliations with canonical
singularities (we refer to Section 4 for this notion) and numerically trivial canonical class on complex projective
manifolds in [LPT18]. However, with the development of the minimal model program, it became clear that
singularities arise as an inevitable part of higher dimensional life. In this article, we extend their result to the
singular setting. Our first main result is the following.

Theorem 1.1. Let X be a normal complex projective variety with canonical singularities, and let & be a
codimension one foliation on X with canonical singularities. Suppose furthermore that K4 ~g 0. Then one of
the following holds.

(1) There exist a smooth complete curve C, a complex projective variety Y with canonical singularities and
Ky ~z 0, as well as a quasi-étale cover f: Y x C — X such that f~'9 is induced by the projection
Y xC—C.

(2) There exist complex projective varieties Y and Z with canonical singularities, as well as a quasi-étale
cover [:Y x Z — X and a foliation 5 = ﬁgimzfl on Z such that f='9 is the pull-back of H via
the projection Y x Z — Z. In addition, we have Ky ~yz 0, Z is an equivariant compactification of
a commutative algebraic group of dimension at least 2, and € is induced by a codimension one Lie
subgroup.

Remark 1.2. In the setup of Theorem 1.1, suppose that Z is rational, and set n := dim Z. Then Z is an
equivariant compactification of (G,,)" or (G,,)"~! x G, (see proof of Lemma 11.7). In either case, Z is a toric
variety by [AK15].

In Theorem 1.1 above, we assume that the canonical divisor K¢ is abundant. In fact, we also show that
abundance holds provided that X is terminal. Theorem 1.1 together with Theorem 1.3 then give the structure
of codimension one foliations with canonical singularities and numerically trivial canonical class on varieties
with terminal singularities.

Theorem 1.3. Let X be a normal complex projective variety, and let 4 be a codimension one foliation on X
with canonical singularities and Ko = 0. Suppose in addition that either X has terminal singularities, or that
X has canonical singularities and Ke is Cartier. Then Kq is torsion.

If dim X = 3, Theorem 1.3 is a special case of [CS18, Theorem 1.7].

As a consequence of Theorem 1.1, we describe the structure of weakly regular (we refer to Section 5 for this
notion) codimension one foliations with torsion canonical class, extending [Tou08, Théoréme 1.2] to this context.

Corollary 1.4. Let X be a normal complex projective variety with canonical singularities, and let & be a
weakly reqular codimension one foliation on X. Suppose furthermore that either Ky is Cartier and Ko =0, or
Kg ~g 0. Then one of the following holds.
(1) There exist a complex projective manifold Y with Ky = 0, a Pl-bundle p: Z — Y, and a quasi-étale
cover f: Z — X such that f~'9 induces a flat holomorphic connection on .
(2) There exists an abelian variety A as well as a simply connected projective manifold Y with Ky =0, and
a finite étale cover f : Y x A — X such that f~'9 is the pull-back of a codimenion 1 linear foliation
on A.
(3) There exist a smooth complete curve C, a complex projective variety Y with canonical singularities and
Ky ~7 0, as well as a quasi-étale cover f: Y x C — X such that f~19 is induced by the projection
YxC—C.

From the point of view of birational classification of foliations, this class of singularities is however inadequate.
Indeed, the foliated analogue of the minimal model program aims in particular to reduce the birational study
of mildly singular foliations with numerical dimension zero on complex projective manifolds to the study of
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associated minimal models, that is, mildly singular foliations with numerically trivial canonical class on klt
spaces (see for instance [CS18, Theorem 1.7]). Building on the results of the present paper, it has been shown
that both Theorem 1.1 and Theorem 1.3 are valid for codimension one foliations with canonical singularities on
projective varieties with klt singularities (see [DO19]).

If ¢ is a regular foliation on a complex manifold X and L is a compact leaf with finite holonomy group, then
the holomorphic version of the local Reeb stability theorem asserts that there exist an invariant open analytic
neighborhood U of L and an unramified Galois cover f;: U; — U such that the pull-back fl_lffw of Gy to Uy
is induced by a proper submersion U; — S. The proofs of our main results rely on the following global version
of Reeb stability theorem.

Theorem 1.5. Let X be a normal complex projective variety with klt singularities, and let 4 be an algebraically
integrable foliation on X with canonical singularities. Suppose that Ko = 0. Then there exist complex projective
varieties Y and Z with klt singularities and a quasi-étale cover f:Y x Z — X such that f~'9 is induced by
the projection Y x Z — Y.

Outline of the proof. The main steps for the proofs of both Theorem 1.1 and Theorem 1.3 are as follows. As we
will see below, our work owes a great deal to the general strategy introduced in [LPT18].

Let X be a normal complex projective variety with terminal singularities, and let ¢ be a codimension one
foliation on X with canonical singularities and K¢ = 0. An analogue of the Bogomolov vanishing theorem says
that X has numerical dimension v(X) < 1 (see Lemma 12.5).

Following [LPT18], we show that either ¢ is closed under p-th powers for almost all primes p, or ¢ is given by
a closed rational 1-form (see Proposition 12.3) with values in a flat line bundle, whose zero set has codimension
at least two. In the latter case, one checks that v(X) < 0. If v(X) = 0, one then proves that ¢ is induced by
a linear foliation (see Proposition 11.10 for a precise statement). If v(X) = —oo, then one first reduces to the
case where ¢ is defined by a closed rational 1-form (see Proposition 11.6). One then shows that ¢ is as case
(2) of Theorem 1.1 (see Theorem 11.3). In particular, abundance holds in this case.

Suppose from now on that ¢ is closed under p-th powers for almost all primes p. We will prove that ¢ is
algebraically integrable, confirming the generalization to foliations by Ekedahl, Shepherd-Barron and Taylor of
the classical Grothendieck-Katz conjecture in this special case. Theorem 1.1 then follows from Theorem 1.5.
Moreover, abundance holds for algebraically integrable foliations with canonical singularities and numerically
trivial canonical class by Proposition 4.24, as an easy consequence of a theorem of Ambro ([Amb05, Theorem
3.5] or [Flol4, Theorem 1.2]).

Suppose that v(X) = —oco. In this case, we show that it is enough to prove the statement under the additional
assumptions that X is P!-bundle over an abelian variety A and ¢ is a flat connection on X — A. This follows
from the Minimal Model Program together with [GGK19, Theorem I] that says that the fundamental group
of the smooth locus of a projective klt variety with numerically trivial canonical class and zero augmented
irregularity does not admit any finite-dimensional linear representation with infinite image. By a result of
André ([And04, Theorem 7.2.2]), we see that we can also suppose that ¢4 and X — A are defined over a
number field. The statement then follows from a theorem of Bost ([Bos01, Theorem 2.9]) who proved the
Ekedahl—Shepherd-Barron—Taylor conjecture for flat invariant connections on principal bundles with linear
solvable structure groups defined over number fields.

Suppose now that v¥(X) = 0. Using Theorem 1.5, we first show that we may assume that there is no positive-
dimensional algebraic subvariety tangent to ¢ passing through a general point of X (see Proposition 8.13).
Then, running a MMP, one reduces to the case where Kx is torsion. A weak version of the singular analogue
of the Beauville-Bogomolov decomposition theorem due to Kawamata ([Kaw85, Proposition 8.3]) implies that,
perhaps after passing to a quasi-étale cover, ¢ is a linear foliation on an abelian variety. [Bos01, Theorem 2.3]
together with [ESBT99, Proposition 3.6] imply that dim X = 1 and ¢ is the foliation by points.

Suppose finally that v(X) = 1. The proof in this case is much more involved. We use the assumption
that ¢ is closed under p-th powers for almost all primes p to conclude that it is weakly regular. On the
other hand, Touzet described in [Toul6] the structure of codimension one foliations on complex projective
manifolds with pseudo-effective conormal bundle. As a consequence, either the normal sheaf .44 satisfies
k(—c1(Ag)) = v(—c1(AHy)) = 1 and ¥ is algebraically integrable, or k(—c1(Ay)) = —o0 and v(—c1(Ay)) = 1.
In the latter case, ¢ is induced by a codimension one tautological foliation on a quotient of a polydisc DV for
some N > 2 by an arithmetic irreducible lattice I' € PSL(2,R)". Using the fact that ¢ is weakly regular, we
then show that the image of the map X — D /T is curve, yielding a contradiction (see Theorem 10.4).
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These steps are addressed throughout the paper, and are collected together in Section 12.

Structure of the paper. Section 2 gathers notation, known results and global conventions that will be used
throughout the paper. In section 3, we recall the definitions and basic properties of foliations. In section 4,
we establish a number of properties of foliations with canonical singularities. In particular, we analyze the
behaviour of foliations with canonical singularities under finite covers and Q-factorial terminalization. We also
address foliations with algebraic leaves. In particular, we show that abundance holds for algebraically integrable
foliations with canonical singularities and numerically trivial canonical class (see Proposition 4.24). Section 5
is devoted to weakly regular foliations. We first establish basic properties. We then give criteria for a foliation
with trivial canonical class to be weakly regular (see Propositions 5.21 and 5.26). We end this section with the
local structure of rank one weakly regular foliations on surfaces with quotient singularities. Sections 6 and 7
prepare for the proof of Theorem 1.5. It is well-known that an algebraically integrable regular foliation on a
complex projective manifold is induced by a morphism onto a normal projective variety. In section 6, we extend
this result to weakly regular foliations with canonical singularities on mildly singular varieties (see Theorem
6.1). Section 8 is mostly taken up by the proof of Theorem 1.5. Sections 9 and 10 prepare for the proof of our
main results. In particular, we confirm the Ekedahl—Shepherd-Barron—Taylor conjecture for mildly singular
codimension one foliations with trivial canonical class first on projective varieties with v(X) = —oo in Section
9, and then on those with v(X) > 0 in Section 10. In section 11, we describe codimension one foliations with
numerically trivial canonical class defined by closed (twisted) rational 1-forms. With these preparations at
hand, the proofs of Theorems 1.1 and 1.3 and the proof of Corollary 1.4 which we give in Section 12 become
reasonably short.

Acknowledgements. We would like to thank Frank Loray, Jorge V. Pereira and Frédéric Touzet for answering
our questions and for extremely helpful conversations concerning the paper [LPT18]. We would also like to
thank Jean-Pierre Demailly, Wenhao Ou and Mihai Paun for useful discussions. During the preparation of the
paper, we benefited from a visit to the Department of Mathematics, Statistics, and Computer Science at the
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The author was partially supported by the ERC project ALKAGE (ERC grant Nr 670846), the CAPES-
COFECUB project Ma932/19 and the ANR project Foliage (ANR grant Nr ANR-16-CE40-0008-01).

2. NOTATION, CONVENTIONS, AND USED FACTS

2.1. Global Convention. Throughout the paper a wvariety is a reduced and irreducible scheme separated and of
finite type over a field.

Given a scheme X, we denote by X, its smooth locus.

Suppose that k = C. We will use the notions of terminal, canonical, klt, and lc singularities for pairs without
further explanation or comment and simply refer to [KM98, Section 2.3] for a discussion and for their precise
definitions. We refer to [KM98] and [KMMS87] for standard references concerning the minimal model program.

2.2. QQ-factorializations and Q-factorial terminalizations.

Definition 2.1. Let X be a normal complex quasi-projective variety with klt singularities. A Q-factorialization
is a small birational projective morphism 8: Z — X, where Z is Q-factorial with klt singularities.

Fact 2.2. The existence of Q-factorializations is established in [Koll3, Corollary 1.37]. Note that we must have
Kz ~q B*Kx.

Definition 2.3. Let X be a normal complex quasi-projective variety with canonical singularities. A Q-factorial
terminalization of X is a birational crepant projective morphism g: Z — X where Z is Q-factorial with terminal
singularities.

Fact 2.4. The existence of Q-factorial terminalizations is established in [BCHM10, Corollary 1.4.3].

2.3. Projective space bundle. If & is a locally free sheaf of finite rank on a variety X, we denote by P(&) the
variety Projy (S'é’), and by Op(s)(1) its tautological line bundle.

2.4. Stability. The word stable will always mean slope-stable with respect to a given movable curve class. Ditto
for semistable and polystable. We refer to [HLI7, Definition 1.2.12] for their precise definitions.
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2.5. Reflexive hull. Given a normal variety X, m € N, and coherent sheaves & and ¢4 on X, write &I™ =
(&&= Slmlg.— (Sm&)™= det & := (A™*k &) and & RY := (& ® 9)**. Given any morphism f: Y — X,
write fI& = (f*&)**

2.6. Reflexive Kahler differentials and pull-back morphisms. Given a normal variety X, we denote the sheaf of
Kihler differentials by Q%. If 0 < p < dim X is any integer, write Q[p I = (Q%)**. The tangent sheaf (Q%)*
will be denoted by T'x.

If D is a reduced effective divisor on X we denote by (X, D),es the open set where (X, D) is log smooth.
We write Q[)’;] (log D) for the reflexive sheaf on X whose restriction to U := (X, D),eg is the sheaf of logarithmic
differential forms Q7 (log Dyy). We will refer to it as the sheaf of reflexive logarithmic p-forms. Suppose that X
is smooth and let ¢ be a defining equation for D on some open set X°. Let a be a rational p-form on X. Then
a is a reflexive logarithmic p-form on X° if and only if ta and tda are regular on X° (see [Sai80]).

Suppose that &k = C.

If f: Y — X is any morphism between varieties, we denote the standard pull-back maps of Kahler differentials
by

df: f7 O = QF and df: HO(X, Q%) = HO(Y, Q).

Reflexive differential forms do not generally satisfy the same universal properties as Kahler differentials. How-
ever, it has been shown in [GKKP11] and [Keb13] that many of the functorial properties do hold if we restrict
ourselves to klt spaces.

Theorem 2.5 ([Kebl3, Theorem 1.3]). Let f: Y — X be a morphism of normal varieties. Suppose that X is
klt. Then there exist pull-back morphisms

deenf s £ 5 O and deeaf: HO(X, Q) - HO(v, Q)
that agree with the usual pull-back morphisms of Kdhler differentials wherever this makes sense.

More precisely, the pull-back morphism for reflexive forms satisfies the following universal property (see
[Keb13, Proposition 6.1]). Let f: Y — X be any morphism of klt spaces. Given a commutative diagram

/__—) lﬁ resolution of singularities

g, dominant £ Yreg

where V' is smooth, we have

dg o dren (f\Yreg) = dav o dyen 3.

2.7. Pull-back of Weil divisors. Let ¢: X — Y be a dominant equidimensional morphism of normal varieties,
and let D be a Weil Q-divisor on Y. The pull-back ¥*D of D is defined as follows. We define ¥*D to be the
unique Q-divisor on X whose restriction to )~ (Yieg) is (¥y-1(viep))*(Djvs,,). This construction agrees with
the usual pull-back if D is Q-Cartier.

We will need the following easy observation.

Lemma 2.6. Let ¢¥: X = Y be a projective and dominant morphism of normal varieties, and let D be a Weil
divisor on 'Y . Suppose in addition that 1 is equidimensional. If 1¥* D is Q-Cartier, then so is D.

Proof. The statement is local on Y, hence we may shrink Y and assume that Y is affine. By [GLL15, Theorem
6.3], there exists a subvariety Z C X such that 1|z: Z — Y is finite and surjective. Replacing X by the
normalization of Z, we may assume without loss of generality that 1 is a finite morphism. Recall that ¥* D is Q-
Cartier by assumption. Shrinking Y again, if necessary, we may also assume that there exist a positive integer m
and a rational function ¢ on X such that divt = m*D. One then readily checks that div Nx,y () = m(deg 1) D
where Nx/y (t) denotes the norm of ¢. This shows that D is Q-Cartier (see [KM98, Lemma 5.16] for a somewhat
related result). O
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2.8. Numerical dimension. Let D be a Q-divisor on a complex projective manifold X, and let A be an ample
divisor on X. Following Nakayama (see [Nak04, Definition V.2.5]), we set

= h(X,Ox(|mD] + A)) . O}

m—o0 mk

o(D, A) ;== max {k € Z>o

if hO(X, Ox(|mD| + A)) # 0 for some arbitrary large positive integer m, and o(D, A) := —oo otherwise. The
numerical dimension of D is defined as

v(D) = maX{a(D7A) | A ample divisor on X}.

Let now D be a Q-Cartier Q-divisor on a normal projective variety X, and let §: Z — X be a resolution of
singularities. The numerical dimension of D is defined as v(D) := v(B*D). Then v(D) is independent of the
resolution, and it depends only on the numerical class of D by [Nak04, Proposition V.2.7]. We refer to [Nak04]
for more detailed properties.

Remark 2.7. Recall that a Weil Q-divisor D on a normal projective variety X is said to be pseudo-effective if,
for any big Q-divisor B on X and any rational number € > 0, there exists an effective Q-divisor E on X such
that D +eB ~q E. If D is Q-Cartier, then D is pseudo-effective if and only if v(D) > 0.

2.9. Quasi-étale morphisms. We will need the following definition.

Definition 2.8. A cover is a finite and surjective morphism of normal varieties.
A morphism f:Y — X between normal varieties is called a quasi-étale morphism if f is finite and étale in
codimension one.

Remark 2.9. Let f: Y — X be a quasi-étale cover. By the Nagata-Zariski purity theorem, f branches only on
the singular set of X. In particular, we have f‘l(Xreg) C Yieg-

The following elementary fact will be use throughout the paper.

Fact 2.10. Let f: Y — X be a quasi-étale cover between normal complex varieties. If Ky is Cartier (resp.
Q-Cartier), then Ky ~z f*Kx is Cartier (resp. Q-Cartier) as well. If X is terminal (resp. canonical, klt) then
so is Y by [Kol97, Proposition 3.16].

2.10. Augmented irregularity. The irregularity of normal complex projective varieties is generally not invariant
under quasi-étale maps. The notion of augmented irregularity addresses this issue (see [GKP11, Definition 3.1]).

Definition 2.11. Let X be a normal complex projective variety. We denote the irregularity of X by ¢(X) :=
hY(X, Ox) and define the augmented irregularity as

q(X) :=max{q(Y) | Y — X a quasi-étale cover} € NU {oo}.

Remark 2.12. By a result of Elkik ([E1k81]), canonical singularities are rational. It follows that the irregularity
is a birational invariant of complex projective varieties with canonical singularities.

Remark 2.13. The augmented irregularity of canonical varieties with numerically trivial canonical class is finite.
This follows easily from [Kaw85, Proposition 8.3].

The following result often reduces the study of varieties with trivial canonical class to those with ¢g(X) =0
(see also [Kaw85, Proposition 8.3]).

Theorem 2.14 ([GKP11, Corollary 3.6]). Let X be a normal complex projective variety with canonical singu-
larities. Assume that Kx is numerically trivial. Then there exists an abelian variety A, as well as a normal
projective variety Y with Ky ~z 0 and ¢(Y) = 0, and a quasi-étale cover A XY — X.

2.11. Automorphism group. Let X be a complex projective variety and let Aut®(X) be the neutral component
of the automorphism group Aut(X) of X; Aut®(X) is an algebraic group of finite type with dim Aut®(X) =
h%(X,Tx). By a theorem of Chevalley, Aut®(X) has a largest connected affine normal subgroup G. Further,
the quotient group Aut®(X)/G is an abelian variety. By [Uen75, Theorem 14.1], if G is non-trivial, then X is
uniruled. In particular, if X is canonical and Kx = 0, then Aut®(X) is an abelian variety. Lemma 2.15 below
extends this observation to klt spaces.

Lemma 2.15. Let X be a complex projective variety with kit singularities. Assume that Kx is numerically
trivial. Then the neutral component Aut®(X) of the automorphism group Aut(X) of X is an abelian variety.
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Proof. By [Nak04, Corollary V 4.9], Kx is torsion. Let m its Cartier index, and let f: ¥ — X be the index
one canonical cover, which is quasi-étale ([KM98, Definition 2.52]). By Fact 2.10, the variety Y is then klt.
Moreover, we have Ky ~z 0 by construction, and therefore Y has canonical singularities. On the other hand,

m—1

Y = Specy @ Ox(—iKx),

i=0
and hence there is an injective morphism of algebraic groups Aut®(X) C Aut®(Y). The lemma then follows
from [Uen75, Theorem 14.1] applied to Y as explained above. a

Remark 2.16. Let X be a complex projective variety with klt singularities. Suppose that Kx ~z 0, and set
n :=dim X. Then

dimAut®(X) = h%X,Tx)

ho (X, Q[Xn_l]) since Q[)?_l] =Ty

h"~Y(X,0x) by Hodge symmetry for klt spaces (see [GKP11, Proposition 6.9])
= q(X) by Serre duality using the assumption that Kx ~y 0.

3. FOLIATIONS

In this section, we have gathered a number of results and facts concerning foliations which will later be used
in the proofs.

Definition 3.1. A foliation on a normal variety X over a field k is a coherent subsheaf 4 C T'x such that

(1) ¢ is closed under the Lie bracket, and
(2) ¢ is saturated in Tx. In other words, the quotient Tx /¥ is torsion-free.

The rank r of ¢ is the generic rank of 4. The codimension of ¢ is defined as ¢ := dim X — r.
The canonical class Kg of 4 is any Weil divisor on X such that Ox(—Ky) = det¥.

Suppose that &k = C.

Let X° C X,eq be the open set where ¥|x is a subbundle of T, . A leaf of ¥ is a maximal connected
and immersed holomorphic submanifold L C X° such that T, = 4. A leaf is called algebraic if it is open in
its Zariski closure.

The foliation ¥ is said to be algebraically integrable if its leaves are algebraic.

We will use the following notation.

Notation 3.2. Let ¢¥: X — Y be a dominant equidimensional morphism of normal varieties.
Write Ky )y := Kx — ¢*Ky. We will refer to it as the relative canonical divisor of X over Y.
Set

R() =Y (¢"D = (¥"D),)
D
where D runs through all prime divisors on Y. We will refer to it as the ramification divisor of 1.

Example 3.3. Let ¢: X — Y be a dominant equidimensional morphism of normal varieties, and let ¢4 be the
foliation on X induced by . Then ¥ is the saturation in T’x of the kernel of tangent map

Ty (Vi) Tt (Viwg) = (V101 Vieg)) Doy

A straightforward computation then shows that
Ky ~z Kx/y — R(¥).

3.1. Foliations defined by g-forms. Let ¢ be a codimension ¢ foliation on an n-dimensional normal variety X.
The normal sheaf of 4 is N = (T'x/9)**. The ¢-th wedge product of the inclusion A — Q[)l(} gives rise
to a non-zero global section w € H?(X, Q% X det .#) whose zero locus has codimension at least two in X.
Moreover, w is locally decomposable and integrable. To say that w is locally decomposable means that, in a
neighborhood of a general point of X, w decomposes as the wedge product of ¢ local 1-forms w = wi A -+ Awq.
To say that it is integrable means that for this local decomposition one has dw; Aw = 0 for every i € {1,...,q}.
The integrability condition for w is equivalent to the condition that ¢ is closed under the Lie bracket.
Conversely, let £ be a reflexive sheaf of rank 1 on X, and let w € H°(X, Q% K_¥) be a global section whose
zero locus has codimension at least two in X. Suppose that w is locally decomposable and integrable. Then the
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kernel of the morphism Tx — Qg{l X Z given by the contraction with w defines a foliation ¢ of codimension
g on X with det 4y = Z. These constructions are inverse of each other.

3.2. Foliations described as pull-backs. Let X and Y be normal varieties, and let ¢: X --» Y be a dominant
separable rational map that restricts to a morphism ¢°: X° — Y°, where X° C X and Y° C Y are smooth
open subsets.

Let ¢ be a codimension ¢ foliation on Y. Suppose that the restriction 4° of ¢ to Y° is defined by a twisted
g-form ay. € HY(Y°,Q%. ® det Ao). Then ayo induces a non-zero twisted g-form

axe 1= dp°(wye) € H*(X°,Q%. ® (¢°)* (det Ag|yo)).

Shrinking X° further, we may assume that axo is nowhere vanishing. So that axo. defines a codimension ¢
foliation &° on X°. The pull-back ¢~ '9 of 4 via ¢ is the foliation on X whose restriction to X° is &°.

The following observation is rather standard. We include a proof here for the reader’s convenience.

Lemma 3.4. Let f: Y — X be a quasi-finite dominant morphism of normal complex varieties, and let 4 be a
foliation on X of rank 1 < r < dim X — 1. Let also B be a codimension one irreducible component of the branch
locus of f.

(1) Suppose that B is 4-invariant (see section 3.5 for this notion). Let D be any irreducible component of
f~Y(B), and let m denote the ramification index of f along D. Then the natural map det f["‘],/l/gik —
det Ji/Jc’ilg vanishes at order m — 1 along D. Equivalently, the natural map fU1O0x (Keg) — Oy (Kf-14)
is an isomorphism at a general point in f~1(B).

(2) If B is not 9-invariant, then the map det f[*],/%; — det Ji/jr’ilg is am isomorphism at a general point in
f~Y(B). Equivalently, let D be any irreducible component of f~(B), and let m denote the ramification
index of f along D. Then the natural map fHOx(Ky) — Oy (Kj-14) vanishes at order m — 1 along
D.

Proof. Set q := n —r. Replacing X by a dense open set X° with complement of codimension at least two in
X and Y by f~1(X°), we may assume without loss of generality that X and Y are smooth, that the branch
locus of f is a smooth hypersurface B C X, and that ¢ is a regular foliation. We may also assume that the

ramification divisor D := f~1(B) is smooth. Given a point x € B, there are analytic coordinates (z1,...,zy,)
centered at x such that B is defined by 1 = 0 and such that f is given by (y1,...,yn) — (W, y2...,yn) for
some integer m > 1 and some local analytic coordinates (yi,...,y,) centered at a point y in f~1(x).

Suppose first that B is ¢¥-invariant. Then ¢ is given by a local g-form dz; A a1 + x109, where a; €
AL (ﬁx’xddfg PP ﬁx’wdxn) is nowhere vanishing and ay € /\q(ﬁxwdml PP ﬁX@dwn). It follows that
df (dzy AN ag + $1042) = yiﬂil (mdy1 A df(Oq) + yldf(ag))

vanishes at order m — 1 along D.
If B is not ¢-invariant, then ¢ is given by a nowhere vanishing ¢-form ag € /\q(ﬁX@dxg DD ﬁxvmdxn).
But df (a3) is a nowhere vanishing g-form. This completes the proof of the lemma. O

3.3. Ehresmann connection. Let 7: X — Y be a dominant morphism with Y smooth. A connection (also
called Ehresmann connection) on 7 is a distribution & C Tx such that the restriction of the tangent map
Tr: Tx — 7Ty to & induces an isomorphism & = 7*Ty. The connection is said to be flat if & is a foliation.

3.4. Projectable foliations. Let m: X — Y be a dominant separable morphism between normal varieties, and let
% be a foliation on X. We say that ¢ is projectable under 7 if there exists a saturated distribution 57 C Ty
such that the restriction of the tangent map

T2 (Vieg) " TX =1 (Yieg) = =1 (Vaeg) L Yreg
to 9 r-1(y,,,) induces an isomorphism

sat

Girt (eew) = (Tt i) A1)
where (7‘(",”—1(yrcg)*jﬁw—l(ymg))sat denotes the saturation of T(lﬂ-il(}/rcg)*%ﬂ-il()/rcg) in

(T TY ) |51 (Vieg) = Tr=1 (Veeg) L¥reg-

One then checks that ¢ is a foliation on Y. We refer the reader to [Drul7b, Section 2.7] for a more detailed
explanation.
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3.5. Invariant subvarieties. Let X be a normal variety, let Y C X be a closed subvariety, and let 0 be a derivation
on X. Say that Y is invariant under 0 if 9(Fy) C Hy.

Let ¥4 C Tx be a foliation on X. Say that Y is invariant under ¢ if for any local section 9 of & over some
open subset U of X, Y NU is invariant under d. To prove that Y is invariant under ¢ it is enough to show
that Y N U of Y is invariant under %)y for some open set U C X such that Y N U is dense in V. If X and YV’
are smooth and ¢ C Ty is a subbundle, then Y is invariant under ¢ if and only if g‘y CTy C TX‘y.

By [Sei67, Theorem 5], the singular locus of a normal complex variety is invariant under any derivation.
Other examples of invariant subsets are provided by the following easy result.

Lemma 3.5. Let 4 C Tx be a foliation of rank r > 1 on a complex manifold X. Then any component of the
singular locus of 4 is invariant under 4.

Proof. We argue by induction on r > 1.

If » = 1, then the singular set of ¢ is obviously invariant under ¥.

Suppose from now on that r > 2. The statement is local on X, hence we may shrink X and assume that X
is affine. Let S be a component of the singular locus of ¢4, and let also z € S be a general point. We may also
assume that 0(F ;) € F,y for some § € H*(X,9) C H°(X,Tx). But then 0xd C Tx is a regular foliation
at x of rank one. By a theorem of Frobenius, there exist an open neighborhood U of x with respect to the
analytic topology and an isomorphism of analytic varieties U =2 D x W such that 0xd C Tx is induced on U
by the projection ¢: U = D x W — W, where D is the complex open unit disk and W is a germ of smooth
analytic variety. In particular, there is a foliation % on W such that 4y = ¢ =5, and hence SNU = ¢~ (T
for some component 7' of the singular set of 5#. By induction, we conclude that T is invariant under . This
immediately implies that S is invariant under ¢, completing the proof of the lemma. (]

3.6. The family of leaves. We refer the reader to [AD14, Remark 3.12] for a more detailed explanation. Let X
be a normal complex projective variety, and let & be an algebraically integrable foliation on X. There is a
unique normal complex projective variety Y contained in the normalization of the Chow variety of X whose
general point parametrizes the closure of a general leaf of 4 (viewed as a reduced and irreducible cycle in X).
Let Z — Y x X denote the normalization of the universal cycle. It comes with morphisms

7z x

y

where 8: Z — X is birational and, for a general point y € Y, B(w_l(y)) C X is the closure of a leaf of 4. The
morphism Z — Y is called the family of leaves and Y is called the space of leaves of 4.

Suppose furthermore that K¢ is Q-Cartier. There is a canonically defined effective Weil Q-divisor B on Z

such that
Kg1y+ B~z Kz/y — R(¢) + B ~q " Ky,
where R(v) denotes the ramification divisor of 4. Note that B is S-exceptional since 5, Kg-14 ~7 Kg.

The following property holds in addition. Let m be a positive integer and let X° C X be a dense open set
such that Oxo (ng‘Xo) > Oxo. Let f°: X7 — X° be the associated cyclic cover, which is quasi-étale (see
[KM98, Definition 2.52]). Finally, let Z7 be the normalization of the product Z° x xo X?, where Z° := 371(X°).
If p7: Z9 — X7 and ¢g°: Z7 — Z° denote the natural morphisms, then there exists an effective g7-exceptional
divisor B} on Z7 such that

Kggy-1(f0)-1(4x0) + BT ~z (BY) K (po)-1(4 y0)-

Let C} denote the non (7)1 (f°) ™! (¥|x-)-invariant part of the ramification divisor R(g°) of ¢°. Using Lemma
3.4 applied to ¢° and (879)|z., we obtain (¢°)*(B)z0) ~g B; + C{. By the negativity lemma, we get

(3.1) (go)*(B‘Zo) = BY + (7.
3.7. Bertini-type results. The present subsection is devoted to the following auxiliary result.

Proposition 3.6. Let X be a normal complex projective variety with dim X > 3, and let ¢ C Tx be a foliation
of rank 2 < r < dim X — 1. If H € |.Z| is a general member of a basepoint-free linear system corresponding to
Z € Pic(X), then 9y C Tx |y and 9y := Gy N Ty is a foliation on H. In addition, the following holds.
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(1) Suppose that H is transverse to 4 at a general point in X. Then 9y has rank r — 1, and there exists
an effective divisor B on H such that

K%H ~Z (Kg +H)|H - B.

Moreover, if By is a prime divisor on H, then By C Supp B if and only if 4 is tangent to H at a general
point of By.

(2) Suppose that there is a dense open set X° C X,cg with complement of codimension at least two satisfying
the following property. For each x € X°, & is reqular at x, and there exist Hy € |£| and Hy € |.Z
passing through x with Hy # Hs such that any member of (Hy, Hy) is transverse to 4 at x. Then

K%H ~Z (K% +H)\H
(3) Suppose finally that £ is very ample. Then we have

Proof. 1f H is sufficiently general, then we have an inclusion ¥ C Tx |y and 9y = 9y N Ty is saturated in
Ty by [Gro66, Théoreme 12.2.1 (i)]. On the other hand, ¥y is closed under the Lie bracket. This proves that
Yy is a foliation.

Set A :=Tx/¥% and g =n —r, and let w € H*(X, Q% K det /) be a non-zero twisted g-form defining 4.
Let also wy € H°(H, QY Wdet.A{y) be the induced g-form, and let B be the maximal effective divisor on H
such that wg € HO (H, 01, Kdet M X ﬁH(fB)). Then wy is a twisted g-form defining ¢y since the sheaf ¥y
is reflexive by [AD13, Remark 2.3]. A straightforward computation then shows that K, ~z (K¢ + H) g — B
using the adjunction formula Ky ~z (Kx + H)|y. This shows Item (1).

Now, Item (2) follows from Item (1) and an easy dimension count (see proof of [AD19, Lemma 2.9]), while
Item (3) is an immediate consequence of Item (2). O

4. SINGULARITIES OF FOLIATIONS

There are several notions of singularities for foliations. The notion of reduced foliations has been used in the
birational classification of foliations by curves on surfaces (see [Bru04]). More recently, notions of singularities
coming from the minimal model program have shown to be very useful when studying birational geometry of
foliations. We refer the reader to [McQO8, Section I] for an in-depth discussion. Here we only recall the notion
of canonical foliation following McQuillan (see [McQO8, Definition 1.1.2]).

Definition 4.1. Let 4 be a foliation on a normal complex variety X. Suppose that K¢ is Q-Cartier. Let
B: Z — X be a projective birational morphism. Then there are uniquely defined rational numbers o(F, X,¥)
such that

Kg-1g ~qg B Kq + Y _a(E,X,9)E,
E

where F runs through all exceptional prime divisors for 5. The rational numbers a(E, X,¥) do not depend on
the birational morphism 3, but only on the valuations associated to the E. We say that ¢ is canonical if Ky
is Q-Cartier and, for all E exceptional over X, a(E, X,¥) > 0.

Note that in general, Definition 4.1 requires some understanding of the numbers a(FE, X,¥) for all exceptional
divisors of all birational modifications of X.

4.1. Elementary properties. In this subsection we analyze the behaviour of canonical singularities with respect
to birational maps, finite covers, and projections.

Lemma 4.2. Let : Z — X be a birational projective morphism of normal complex varieties, and let 4 be a
foliation on X . Suppose that Kg is Q-Cartier.
(1) Suppose that Kg-1 ~q B*Kg+E for some effective 3-exceptional Q-divisor on Z. If 3719 is canonical,
then so is 4.
(2) If Kg-14g ~q B* Ky, then & is canonical if and only if so is 7'4Y.

Proof. We can write Kg-14 ~q 8*Ky + E for some 3-exceptional Q-divisor on Z.
Suppose first that E is effective and that 37'% is canonical. Let v: Z; — X be a birational projective
morphism of normal varieties, and let F' be a prime -exceptional divisor on Z;. We have to show that
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a(F,X,9) > 0. Since a(F,X,¥) depends only on the valuation associated to F, we may assume that
factorizes through 5. Let 81: Z1 — Z be the induced morphism. Write

K14 ~q7" Kg + E;
for some Q-divisor E; on Z; with support contained in Exc 8 o 8;. Then
K,Y—lg ~Q ﬁTKﬁ—lg + B — ,BTE
Note that Fy — 7 E is supported on Exc ;. Indeed, we have ($1).F1 — E = (61)*(E1 — BTE) ~gq 0 since
(B1)+K (gop,)-19 ~z Kg-14. On the other hand, (f1).E1 — E is [-exceptional, and hence we must have
(B1)«E1 — E = 0. This shows that E; — 37 F is Bi-exceptional. Since 87!% is canonical by assumption,
Ey — BT E is effective, and hence so is Ey. This proves Item (1).
Suppose now that E = 0. If 371¢ is canonical, then so is & by Item (1). The above computation also shows
that a(F, Z,37'9) = a(F, X,¥) for any prime j3;-exceptional divisor on Z;. In particular, if ¢ is canonical,
then 8719 is canonical as well. This proves Item (2). O

Lemma 4.3. Let f: X1 — X be a quasi-finite dominant morphism of normal complex varieties, and let & be
a foliation on X with Ko Q-Cartier. Suppose that any codimension one component of the branch locus of f is
G -invariant. If 9 is canonical, then so is f~'9.

Proof. Set % = f~'9. By Lemma 3.4, we have K¢, ~7 f*Kg. In particular, Ky, is Q-Cartier. Let
B1: Z1 — X1 be a birational projective morphism, and let E; be a fi-exceptional prime divisor on Z;. By
[Kol97, Theorem 3.17], there exists a projective birational morphism 8: Z — X a well as a commutative diagram

7, -4 7z

ml l@

X1 4)0) X
such that F := g(E7) is a S-exceptional prime divisor on Z. Let m denote the ramification index of ¢ along Fj.
By Lemma 3.4, if E is f~'%-invariant, then a(FEy, X1,%) = ma(E, X,¥9), and a(E1, X1,%) = ma(E, X, 9) +
m — 1 otherwise. In particular, if ¢ is canonical, then so is f~!%, proving the lemma. O

The following example shows that the converse is not true in general.

Ezample 4.4. Let G be a finite subgroup of GL(2,C) that does not contain any quasi-reflections, and set
X := A?/G. Suppose that G ¢ SL(2,C), so that X is not canonical. Let Y be a normal variety and consider
the foliation ¢4 on X x Y induced by the projection X x Y — Y. Let also f: A2xY — X x Y be the quasi-étale
cover induced by the projection morphism A? — A2/G = X. Then ¢ is not canonical while f~1¥¢ is (see
Example 4.16 below).

Lemma 4.5. Let Y and Z be normal complex projective varieties, and let 7€ be a foliation on Y. Denote by
¥:Y x Z =Y the projection, and set G =~ 3. If 4 is canonical, then so is J.

Proof. Suppose that ¢ is canonical. Let 8: Y7 — Y be a projective birational morphism with Y7 normal, and let
F} 2 Y] be a fiber of the projection Y1 X Z — Y X Z — Z. Denote by v: Y1 X Z — Y x Z the natural morphism,
and set F' :=~y(F1) =Y. One then checks that Ky ~z Ky z/y +9* Ky and K14 ~7 Ky, x z/v, + V7 Kg-1.¢,
where 1: Y1 x Z — Y1 denotes the projection. It follows that K¢ |p ~z K and KT@‘FI ~z Kg-1. In
particular, Ky is Q-Cartier. By assumption, K14 ~q 7*Kg + E for some effective y-exceptional Q-divisor,
and hence Kg-1, ~q 8" K + Ejp. This proves the lemma. ]

4.2. Q-factorial terminalization. In this paragraph, we analyze the behaviour of canonical singularities with
respect to Q-factorial terminalizations.
We will need the following auxiliary result.

Lemma 4.6. Let X be a normal compler quasi-projective variety with kit singularities, let 1 < p < dim X be
an integer, and let of C Q[)Ié] be a saturated reflexive subsheaf of rank one. Suppose that <™ is a line bundle
for some positive integer m. Let 8: Z — X be a resolution of singularities with exceptional set E, and assume
that E is a divisor with simple normal crossings. Let 28 C QY denote the saturation of plHler C 0, and let Ey
denote the reduced divisor on Z whose support is the union of all irreducible components E' of E such that B
is not saturated in QF, (log E) at general points of E'. Then, there exist an effective S-exceptional Q-divisor Es
and a rational number 0 < € < 1 such that f*c1() + Eq ~q c1(#) + €E;.
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Remark 4.7. In the setup of Lemma 4.6, [GKKP11, Theorem 4.3] shows that there is an embedding Bz C ay.

Remark 4.8. In the setup of Lemma 4.6, suppose furthermore that 1 < p < dim X — 1, and that & is the
conormal sheaf of a foliation ¥ on X. Then Supp F; is the union of all irreducible components of E that are
invariant under 3~1¥.

Proof of Lemma 4.6. The proof is very similar to that of [GKKP11, Theorem 7.2], and so we leave some easy
details to the reader.

Note that 2 is a line bundle by [Har80, Proposition 1.9]. To prove the statement, it suffices to show that
there exists a rational number 0 < € < 1 such that, if ¢ is any section of ™ over some open set U C X, then
the rational section (87)*o of %™ is regular on 8~!(U) \ Supp E; and has poles of order at most me along
(Supp E1) N B~H(U).

The statement is local on X, hence we may shrink X, and assume that /™ =~ @x. Let g: Y — X be the
associated cyclic cover (see [KM98, Definition 2.52]), and let T denote the normalization of the fiber product
Y X x Z with natural morphisms v: T'— Y and f: T — Z. Note that Y is klt by Fact 2.10 and that gi*l.7 = &y

Let o € H° (X , [m}) be a nowhere vanishing section, and consider the pull-back S*c, which is a rational
section of

BE" C SO,
possibly with poles along E. Applying [GKKP11, Theorem 4.3] to v and using the fact that g*l.e7 is locally
free, we see that there is an embedding

This immediately implies that
(Bo f)*o € HO(T,S™QF).

Set n := dim X. Let z € Supp E be a general point, and let (z1,..., 2,) be local coordinates on some open
neighborhood U of z in Z such that z; = 0 is a local equation of Fy. Let ¢t € T such that f(t) = z, and
let (t1,...,tn) be local coordinates on some open neighborhood V of ¢ in T with f(V) C U. We may assume
without loss of generality that f is given by (¢1,...,t,) — (t’fl,tg, coyty)on V.

Suppose first that 4 is not saturated in Q7 (log E) at z. Shrinking U, if necessary, we may assume that %y
is generated by dz1 A a1 + 2100 where a; € AP™1 (ﬁUdzg ®--- D ﬁUdzn) is nowhere vanishing and oy € QF, =
NP (Oydzy @ - @ Oydzy,). Then B°™; C SmQ%‘U is generated by (dz1 A a1 + 2102)®™ and f*%®m|v C
SmQr[Zg]‘v by t;n(klil)(k‘ldtl N df(al) + tldf(ag))®m

m(1— k%) along z; = 0 since (8o f)*o is regular on V.

. One then checks that $*c has a pole of order at most

If A is saturated in 27, (log E) at z, then we may assume that %)y is generated by a nowhere vanishing p-form
o1 with aq € /\p(ﬁUdZQ O D ﬁUdzn). Arguing as above, one concludes that 8*o is regular in codimension
one on U.

Write f*FE; = Zie] k; F; where the F; are prime divisors on 7" and k; are positive integers, and let 0 < e < 1
be a rational number such that ¢ > 1 — ki for every indices i € I. We conclude that S*o (viewed as a rational
section of the line bundle Z%™) is regulai“ on X \ Supp E; and has poles of order at most me along Supp E;.
This finishes the proof of the lemma. ([

The following is an easy consequence of Lemma 4.6.

Proposition 4.9. Let X be a normal complex projective variety with kit singularities, and let 4 be a codimension
one foliation on X such that c1(Ng) is Q-Cartier. Let B: Z — X be a resolution of singularities with exceptional
set B, and assume that E is a divisor with simple normal crossings. Let also E; denote the reduced divisor on
Z whose support is the union of all irreducible components of E that are invariant under ~19. There exists a
rational number 0 < € < 1 such that

k(= c1( M) = k(— a(Mg-19) +eE1)  and v(—ca(Hy)) =v(—ci(ANp-1g9) +eEr).
In particular, —cy(Ng) is pseudo-effective if and only if so is —ci(Np-14) +cE;.
Proof. Applying Lemma 4.6 and using Remark 4.8, we see that there exist an effective S-exceptional Q-divisor
E5 and a rational number 0 < ¢ < 1 such that —f3*c;(A%) + E2 ~q —c1(ANp-1¢) + €E1. By [Nak04, Lemma

I1.3.11], we have k( — B*c1(ANg) + E2) = r( — c1(A)) since By is effective and S-exceptional. We also have
v( = B*c1(Mg) + E) = v(—c1(Ay)) by [Nak04, Proposition V.2.7]. This proves the proposition. O



CODIMENSION ONE FOLIATIONS WITH TRIVIAL CANONICAL CLASS ON SINGULAR SPACES 13

The following results often reduce the study of mildly singular foliations with numerically trivial canonical
class on varieties with canonical singularities to those on varieties with terminal singularities.

Proposition 4.10. Let X be a normal complex projective variety with canonical singularities, and let & be
a foliation on X. Suppose that 4 is canonical and that Ky is Cartier. Let f: Z — X be a Q-factorial
terminalization of X. Then B~'Y is canonical with Kg1y ~7 f"Kg.

Proof. Note that ¢1(Ay) is Q-Cartier since ¢1( Ay ) ~z Ky — Kx. Recall also that Kz ~g 8*Kx. Applying
Lemma, 4.6 to det .47 on a resolution of Z, we see that there exist effective S-exceptional Q-diviors F; and
E5 with E; reduced, and a rational number 0 < € < 1 such that ¢; (e/t/ﬁflg) + By ~qg BFar (JVg) +eFE;. On
the other hand, we have Kz-14 ~z 8" Ky + F for some effective integral S-exceptional Weil divisor F' since ¢
is canonical and K is Cartier. Since Kg-14 ~q Kz + c1 (%*1%) and Ky ~7 Kx + 1 (JVg), we must have
eEy = F + E3 by the negativity lemma. It follows that F' = 0, and hence Kg-14 ~7z 8*Kg. By Lemma 4.2, we
see that 37'¢ is canonical, completing the proof of the proposition. O

Example 4.11 below shows that Proposition 4.10 is wrong if one drops the assumption that K¢ is Cartier.

Example 4.11. Let E be an elliptic curve, and set X; := E x PL. Let G be a cyclic group of order 2 acting on
E by z — —z and acting on P! by (x : y) — (y : z), where (z : y) are homogeneous coordinates on P!. Set
X := X, /G, and denote by f: X; — X the projection map, which is two-to-one quasi-étale cover. We obtain a
rational surface containing eight rational double points. Consider the foliation ¢ on X given by the morphism
X — P'/G = P!. The canonical divisor Ky is not Cartier, but 2K« is. Let 3: Z — X be the blow-up of the
eight singular points, and denote by E; the 8-exceptional divisors. We have Kg-14 ~q " Kg + % > Ei. Now,
we claim that & and S~ '% are canonical. By Lemma 4.2, it suffices to show that 87'% is canonical. Any of
the four singular fibers of Z — P! is a chain of three smooth rational curves: the union of two reduced disjoint
(—2)-curves and a (—1)-curve with multiplicity 2. Moreover, it has simple normal crossings. Thus, 871¥ is
locally given by the 1-form 2udv + vdu, and hence canonical (see [McQ08, Fact 1.2.4 (d)] or Proposition 4.15
below).

Lemma 4.12. Let X be a normal complex projective variety with canonical singularities, and let 9 be a foliation
on X. Suppose that & is canonical and that det A is Cartier. Let 5: Z — X be a Q-factorial terminalization
of X. Then B9 is canonical with Kg-1¢ ~z *Kg.

Proof. Recall that Kz ~g *Kx. By [GKKP11, Theorem 4.3], there is an effective S-exceptional Weil divisor
E on Z such that ¢, (A3-14) ~z B*c1(Ng) — E. Since Kg-14 ~q Kz +c1 (JVﬁ—lg) and Ky ~g Kx +¢1 (JVg),
we must have Kg-14 ~q f*Ky — E. It follows that I/ = 0 since ¢ is canonical by assumption. Applying
Lemma, 4.2, we see that 719 is canonical. This finishes the proof of the lemma. O

4.3. Algebraically integrable foliations. In this paragraph, we address algebraically integrable foliations with
canonical singularities.

Lemma 4.13. Let X be a normal complex projective variety, and let 4 be an algebraically integrable foliation
on X. Suppose that 4 is canonical. Let : Z — Y be the family of leaves, and let B: Z — X be the natural
morphism (see 3.6). Then the following holds.
(1) The foliation 319 is canonical with Kg-14 ~q B*Kg.
(2) There exists a dense open set Y° CY such that Z has canonical singularities over Y°. In particular, a
general fiber of ¥ has canonical singularities.
(3) If P is a prime divisor on'Y and C := (Y*P)req, then the pair (Z,C) is log canonical over an open
neighborhood of the generic point of P.

Proof. Recall from subsection 3.6 that there is an effective Weil Q-divisor B on Z such that
(4.1) K149 + B ~q B*Kg.

On the other hand, since ¢ is canonical by assumption, there exists an effective Weil Q-divisor E on Z such
that

From equations (4.1) and (4.2), we obtain
B+ FE ~qg0.
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This immediately implies that B = 0 and ' = 0, and shows that Kg-14 ~q 8" Ky. By Lemma 4.2, B71Y is
then canonical, proving Item (1).

Let B1: Z1 — Z be a resolution of singularities, and set 1; := v o 3. By Example 3.3, we have Kg-14 ~7
K7y — R(3) and Ky1p-1g ~2 Kz, v — R(11) + Fy, where R(¢) and R(¢1) denote the ramification divisors
of ¢ and 9 respectively, and Fj is a f1-exceptional Q-divisor on Z; such that ) (Supp F1) has codimension
at least two in Y. In particular, K,y — R(3) is Q-Cartier. Since 8714 is canonical, there exists an effective
B1-exceptional Q-divisor E; on Z; such that

(43) Kﬁflﬂfl‘ﬁ ~Q ﬁrKﬁ—lg + Fi.
Set also Y° := Y \ 1 (Supp R(¢1) USupp F), Z° := ¢~ 1(Y°), and Z{ := ¢; ' (Y°). Equation (4.3) then gives
Kzo ~q BiKze + Ev|ze.

This shows that Z° has canonical singularities. Item (2) follows easily.
To prove Item (3), we may assume that 5: Z; — Z is a log resolution of (Z,C'). Shrinking Y, if necessary,
we may assume that Y is smooth, and that ¢ is also equidimensional. Then Kﬂflﬂ’lg = Kz, /v — R(41).

We may also assume without loss of generality that either R(¢1) = 0 or 1 (Supp R((/)l)) = P. It follows that
C =¢*P — R(¢) and that Cy := (¢ P)rea = ¥} P — R(41). Equation (4.3) now yields

Kz, +C1 ~q B*(Kz + C) + Er.
Since Cf is reduced, we conclude that (Z, C) is log canonical, completing the proof of the lemma. O
Remark 4.14. In the setup of Lemma 4.13 (1), suppose in addition that K¢ is Cartier. Then Kg-14 ~z 3*Kg.
The converse is also true if dimY = 1 by Proposition 4.15 below.

Proposition 4.15. Let X be a normal complex projective variety, and let ¢»: X — Y be a surjective morphism
onto a smooth projective curve. Denote by 94 the foliation induced by . Let 5: X1 — X be a resolution of
singularities, and denote by R(y1) the ramification divisor of ¢y := 1o 8. If X has canonical singularities over
Y\ 1 (Supp R(wl)) and, for any point P in 1 (Supp R(’L/)l)), the pair (X, (w*P)red) 1s log canonical over an
open neighborhood of P, then & is canonical.

Proof. Let R(v) denote the ramification divisor of 1, and denote by B(t) the reduced divisor on Y with
support w(Supp R(w)). By Example 3.3, we have Ky = Kx/y — R(1). Note that Ky is Q-Cartier since
R() = $*B() — (0*B()),., and Kx + (" B(#)), ., is Q-Cartier.

Let 8: X7 — X be a resolution of singularities, and let E be the S-exceptional divisor on X7 such that
(4.4) Kg-14 ~q 8"Kg + E.

Denote by B(#1) the reduced divisor on Y with support i1 (Supp R(¢1)). Set C' := (w*B(wl))red and C; =
(wi*B(zljl))red. Then Equation (4.4) above yields

Kx, +C, =p"(Kx +C)+ E.

Since X has canonical singularities over Y° : =Y \ ¢, (Supp R(wl))7 we see that F is effective over Y°. On the
other hand, since the pair (X, C) is log canonical over some open neighborhood of Supp B(¢), we conclude
that E is effective over some open neighborhood of Supp B(t1). This proves that E is effective, completing the
proof of the proposition. O

Example 4.16. Let Y and Z be normal projective varieties, and let 4 be the foliation on X := Y x Z induced
by the projection Y x Z — Y. Then ¢ is canonical if and only if Z has canonical singularities. Indeed, if ¢ is
canonical, then Z has canonical singularities by Lemma 4.13 above. Suppose that Z has canonical singularities,
and let 81: Z1 — Z be a resolution of singularities. Let also Y7 — Y be a resolution of Y;. Let ¢4 be the
foliation on Y7 X Z induced by the projection Y7 x Z — Y7, and denote by v1: X1 :=Y1 X Z =Y x Z = X the
natural morphism. Notice that K¢ is Q-Cartier, and that K¢, ~q 7] K«. Thus, by Lemma 4.2, it suffices to
show that ¢; is canonical. Let % be the foliation on X5 := Y] x Z; induced by the projection Y; x Z; — Y7,
and denote by vo: Xo = Y] X Z7 — Y7 X Z = X; the natural morphism. Since Z has canonical singularities,
Kg, ~g 73Ky, + E; for some effective and ~s-exceptional Weil Q-divisor. Now, % is canonical since it is a
regular foliation (see Lemma 5.9). In particular, if vy3: X3 — X2 is any projective birational morphism with
X3 normal, then K vty ~Q v3 Ko, + E5 for some effective and ~3-exceptional Weil Q-divisor. It follows that

Kws_l% ~q (72 073)*Kg, +vi E2 + E3. This shows that ¢ is canonical.
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The following result, which will be crucial for the proof of Theorem 6.1, extends [AD19, Lemma 2.12] to the
singular setting.

Proposition 4.17. Let & be a foliation of rank v > 1 on a normal complex projective variety X. Suppose
that & s algebraically integrable and that Kg is Q-Cartier. Let v: Z — Y be the family of leaves, and let
B: Z — X be the natural morphism (see 3.6). Let also B be the effective (-exceptional Q-divisor on Z such
that Kg-1g + B ~q *Ky. If E is a 3-exceptional prime divisor on Z such that ¢(E) =Y, then E C Supp B.

Remark 4.18. Proposition 4.17 says that ¢ is not canonical along S(E).

Proof of Proposition 4.17. We argue by induction on r > 1. Let E be a ($-exceptional prime divisor on Z, and
assume that ¢(F) =Y.

Suppose first that » = 1. Let m be a positive integer and let X° C X be a non-empty open set such
that Oxo (ng‘Xo) > Oxo.. Suppose in addition that S(E) N X° £ (. Let f°: X? — X° be the associated
cyclic cover, which is quasi-étale (see [KM98, Definition 2.52]). Finally, let Z7 be the normalization of the
product Z° X xo X¢, where Z° := 871(X°), and let 87: Z{ — X7 and ¢°: Z7 — Z° denote the natural
morphisms. Recall from subsection 3.6 that there exists an effective S7-exceptional divisor Bf on Z7 such that
K(po)-1(fo)-1(% o) T BT ~z 0. Moreover, (9°)* (B)z) — By is effective (see equation (3.1)). Since ¢(E) =Y
by assumption, we see that E is not invariant under 8719¢. Let E} be a prime divisor on Z7 such that
g°(EY) = ENZ°. Notice that EY is not invariant under (57)~'(f°)~*(¥|x-) and that EY is f-exceptional. By
[Sei67, Theorem 5], the singular locus of X7 is invariant under any derivation on X?7. Thus, if 5 (EY) is contained
in X9\ (X7 )reg then EY C Supp Bf by Lemma 4.19 below. Suppose that 7 (EY) N (X7 )reg # 0. By construction,
the image in X7 of any irreducible component of a general fiber of the composed map Z7 — Z° — Y is the closure
of a leaf of ( fo)*l(fﬂ Xf). Since EY is [7-exceptional, we see that there are infinitely many such subvarieties
through a general point of 57 (EY). Therefore, 87(EY) is contained in the singular locus of (fo)’l(%‘xf), and
hence EY C Supp BY by Lemma 4.19 again and Lemma 3.5. In either case, since (¢°)* (B‘Zo) — BY is effective,
we see that F C Supp B. This proves the proposition when r = 1.

Suppose from now on that r > 2. We may assume without loss of generality that X C PV for some positive
integer V.

Let H C X be a general hyperplane section. We may assume that H and G := 371(H) are normal varieties
(see [Gro66, Théoreme 12.2.4]). Set v := Big: G — H and & := ¥z N Ty, so that ylE = ﬁ’lg‘g NTg.
Applying [Gro66, Théoréme 12.2.4] again, we see that general fibers of ¢: G — Y are integral by general
choice of H. This implies that 1g: G — Y is the family of leaves of &. Since the restriction of 3 to any fiber
of ¢ is finite, we have dim §(£) > r — 1 > 1. In particular, E|; is a non-zero divisor on G.

Using Proposition 3.6 and the formula Kg-14 + B ~q 8*Kg, we obtain

(4.5) K¢ ~z Kg\g + Hig
and
(46) K,Y—léa ~7 Kﬂ—lg‘g + G|G’ — Bg ~q v*Kg — Bg — B\G7

for some effective y-exceptional divisor Bg on G. By induction, we must have
Supp E|g C Supp(BG + B‘G).

Given a general fiber F' of 1, we may assume that H N F.g is smooth by Bertini’s theorem. This immediately
implies that w|G(Supp Bg) C Y (see Proposition 3.6 (1)). On the other hand, by general choice of H, any
irreducible component of £ NG is mapped onto Y by 9. Therefore, we have Supp E|g C Supp B|g, and hence

FE C Supp B.
This completes the proof of the proposition. O

Lemma 4.19. Let Z and X be normal complex varieties, and let 3: Z — X be a birational projective morphism.
Let & be a foliation of rank one on X. Suppose that Ky is Cartier, and write Kg-1¢ ~yz 3*Kg + B for some
B-exceptional divisor B on Z. Let E C Z be a prime divisor not contained in Supp B. If B(E) is contained in
a proper closed 9-invariant subvariety Y C X, then E is invariant under =19,

Proof. The statement is local on X, hence we may shrink X and assume that K¢ ~z 0 and that X is affine,
X C AN for some integer N > 1.

Let 9z € H°(Z,T; X 07(B)) such that 37'¢ ® 04(B) = 070z, and denote by dx € H®(X,Tx) the
derivation on X induced by 9z, so that 4 = 0xdx. By construction, dy is a regular derivation on Z \ Supp B.
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Let f be a non-zero regular function on X, vanishing on Y, such that m := vg(f) is minimal, where vg
denote the divisorial valuation on the field of rational functions on X induced by E. Note that m is positive
since f vanishes on Y. Let also g be a local equation of E on some open subset U C Z \ Supp(B). There exists
a function u on U such that wpny # 0 and f o By = ug™. It follows that

9z(f o B)y = 9" 0zju(u) + mug™ 0z (9).-

On the other hand, we have
9z(foB)=Bo0x(f)
and thus
vp(9z(f 0 B)) =ve(0x(f)) = ve(f) =m

by choice of f, using the fact that dx (f) vanishes on Y since f does and Y is ¢ invariant.
Suppose that vg(dz(g)) = 0. We have vg(0z|7(u)) > 0 since Oz is regular on U, and thus

vg (9" 0z (1)) = m.
But then
vE (9™ 0z y (1) +mug™ 19210 (9)) = ve(mug™ziu(g9)) =m — 1
since vg(u) = 0, yielding a contradiction. This shows that vg(9z(g)) > 1, proving the lemma. O

The following easy consequences of Lemma 4.19 might be of independent interest.

Proposition 4.20. Let Z and X be normal complex varieties, and let B: Z — X be a proper birational
morphism. Let 07 € H°(Z,Ty), and let Ox € H°(X,Tx) be the induced derivation on X. Suppose that Ox # 0
in codimension 1. Let also E C Z be a prime divisor. If B(E) is contained in the singular locus of X, then E
is invariant under Oz.

Proof. By [Sei67, Theorem 5], the singular locus of X is invariant under dx. Let B be the maximal effective
divisor on Z such that 9, € H° (Z , TR0 Z(—B)). Observe that B is §-exceptional since 0x # 0 in codimension
1 by assumption. If E¥ C Supp B, then 0z = 0 and E is invariant under dz. If E is not contained in Supp B,
then the claim follows from Lemma 4.19 above applied to the foliation ¥ = 6x0 C Tx. (]

Recall that an equivariant resolution of a normal variety X is a projective birational morphism g: 7 — X
with Z smooth such that 8 restricts to an isomorphism over the smooth locus of X and such that 5,77 = Tx.
The following consequence of Lemma 4.19 is a special case of [GKK10, Corollary 4.7].

Corollary 4.21. Let X be a normal complex variety, and let 8: Z — X be an equivariant resolution of X.
Then BTz (—log E) = Tx, where E denotes the union of all prime B-exceptional divisors.

4.4, Singularities of foliations with numerically trivial canonical class. In general, Definition 4.1 requires some un-
derstanding of the numbers a(F, X,¥) for all exceptional divisors of all birational modifications of X. However,
if Ko is Q-Cartier and K¢ = 0, then we have the following characterization of canonical singularities, due to
Loray, Pereira, and Touzet when X is smooth.

Proposition 4.22. Let X be a normal complex projective variety, and let & be a foliation on X with Ky
Q-Cartier and Ko = 0. Then & has canonical singularities if and only if & is not uniruled.

Proof. The same argument used in the proof of [LPT18, Corollary 3.8] shows that the conclusion of Proposition
4.22 holds. One only needs to replace the use of [LPT18, Theorem 3.7] by Theorem 4.23 below. ]

Theorem 4.23. Let X be a normal complex projective variety, and let 4 be a foliation on X with canonical
singularities. Then 9 is uniruled if and only if Kg is not pseudo-effective.

Proof. Let B: Z — X be a resolution of singularities.

Suppose first that K is not pseudo-effective. Then Kg-14 is not pseudo-effective as well. Applying [CP15,
Theorem 4.7] to 371¢, we see that ¢ is uniruled.

Suppose now that ¢ is uniruled. The same argument used in the proof of [LPT18, Theorem 3.7] applied to
8714 shows that K s-1¢ is not pseudo-effective. This in turn implies that Ky is not pseudo-effective since ¢ is
canonical, finishing the proof of the theorem. |
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4.5. Abundance for algebraically integrable foliations with numerically trivial canonical class. Let X be a projective
klt variety with numerically trivial canonical class. By a theorem of Nakayama, Kx is torsion. Proposition 4.24
below extends Nakayama’s result to mildly singular algebraically integrable foliations.

Proposition 4.24. Let X be a normal complex projective variety, and let 4 be an algebraically integrable
foliation on X . Suppose that 4 is canonical with Ko = 0. Then Kq is torsion.

Proof. Let ¥: Z — Y be the family of leaves, and let 8: Z — X be the natural morphism (see 3.6). Let
also F be a general fiber of v. By Lemma 4.13, 7'% is canonical with Kg-14 ~q@ B*Kg, and moreover, I
has canonical singularitites. Recall from Example 3.3 that Kg-1y = Kz/yv — R(¢), where R(1)) denotes the
ramification divisor of ¥. From the adjunction formula, we conclude that Kp ~z K zip =0, and thus Kr is
torsion by [Nak04, Corollary V 4.9]. It follows that there exists a Q-divisor B on Z with ¢ (Supp B) C Y such
that

Kz/y — R(¢) ~q B.

On the other hand, since K,y — R(1)) = 0 by assumption, there exists a Q-divisor on Y such that B = ¢*D.
This follows easily from [Rei97, Theorem A.7]. Therefore, we have

Kz +4 1 (C) ~g ¢v*(Ky +C + D),

where C' is the reduced divisor on Y with support w(Supp R(w)). By Lemma 2.6, D is Q-Cartier. Moreover,
we have D = 0 by the projection formula. By Lemma 4.13 applied to 3¢, the discriminant of the lc-trivial
fibration : (Z,9"1(C)) — Y is C (we refer the reader to [Amb05] for the definitions of lc-trivial fibration
and discriminant). From [Amb05, Theorem 3.5] (see also [Flo14, Theorem 1.2]), we conclude that D is torsion,
proving the proposition. O

5. WEAKLY REGULAR FOLIATIONS ON SINGULAR SPACES

5.1. Definitions and examples. There are several notions of regularity for foliations on singular spaces. We first
recall the notion of strongly regular foliation following [Hol78, Definition 1.9].

Definition 5.1. Let ¢ be a foliation of rank » > 1 on a normal complex variety X. Say that ¢ is strongly
reqular at x € X if x has an open analytic neighborhood U that is biholomorphic to D" x M, where D is the
complex open unit disk and M is a germ of normal complex analytic variety, such that ¢|;; is induced by the
projection D" x M — M. Say that ¥ is strongly regular if ¢ is strongly regular at any point x € X.

Remark 5.2. By [BM16, Lemma 1.3.2], ¢ is strongly regular at € X if and only if ¢4 is locally free in a
neighborhood of x and the natural map Q% — Ox(Kg) induced by the r-th wedge product of the inclusion
¢ — Tx is surjective at x.

Ezxample 5.3. If Y and Z are normal varieties and ¢ is the foliation on X :=Y X Z induced by the projection
Y x Z =Y, then ¥ is strongly regular if and only if Z is smooth.

The notion of strong regularity is however not flexible enough to allow for applications. The following notion
of regularity for foliations addresses this issue ([AD14, Definition 3.5]).

Definition 5.4. Let ¢ be a foliation of rank r > 1 on a normal complex variety X. The r-th wedge product
of the inclusion ¢4 — Tx gives rise to a non-zero map Ox(—Kg) — (A"Tx)**. We will refer to the dual map
Q[;{] — Ox(Kg) as the Pfaff field associated to .

The singular locus S of ¢4 is the closed subscheme of X whose ideal sheaf is the image of the induced map
Q[;(} X Ox(—Kg) — Ox, which we will refer to as the twisted Pfaff field associated to .

We say that ¢ is weakly regular at v € X if x ¢ S. We say that ¢ is weakly regular if S = ().

Example 5.5. Let X be a normal variety, and consider 4 = T'x. Then ¢ is weakly regular.

A strongly regular foliation is weakly regular in the sense of Definition 5.4 above. The converse is true if X
is smooth by Frobenius’ theorem. Other examples of weakly regular foliations are provided by the following
results.

Proposition 5.6. Let X be a normal complex variety, and let ¢»: X — Y be a dominant morphism onto a
variety Y. Let 4 be the foliation on X induced by . Then ¢ is weakly regular over the generic point of Y.
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Proof. Note that we may assume without loss of generality that Y is smooth. By [Har77, Proposition I11.10.6],
the tangent map Tvy: Tx — *Ty is surjective along a general fiber F of ¢). The claim then follows from
Lemma 5.7 below. O

Lemma 5.7. Let X be a normal variety of dimension n = 2 and let 4 C Tx be a foliation of rank r = 1 on
X. Set g :==n—r. Then ¥ is weakly reqular if and only if the map n: (ANTx)** Rdet Ay — Ox induced by
the q-th wedge product of the quotient map Tx — N is surjective.

Proof. The wedge product of differential forms on X,¢, induces an isomorphism of reflexive sheaves
Q[}T(‘] o ( N9 Tx)** X ﬁx(Kx)
The canonical isomorphism Ox(Kg) = Ox(Kx) X det A4 then yields
O R Ox(—Ky) = (A1 Tx)™ Rdet Ay

One readily checks that the map ng] X O0x(—Kg) — Ox induced by 7 is the twisted Pfaff field associated with
4. This shows the lemma. U

Lemma 5.8. Let X be a normal variety, and let 4 be a foliation on X . Suppose that there exists a distribution
& on X such that Tx =9 ® &. Then ¢ is weakly regular.

Proof. Set r :=rank¥. Observe that det ¥* = Ox(Ky) is a direct summand of Q[)T(] and that the twisted Pfaff

field Q[;('] X Ox(—Kg) — Ox associated to ¢ is induced by the projection Q[; — det¥*. This immediately
implies that ¢ is weakly regular. O

5.2. Elementary properties. The following lemma says that a weakly regular foliation ¢ has mild singularities if
Kg is Cartier.

Lemma 5.9. Let X be a normal complex variety with kit singularities, and let 4 be a foliation on X . Suppose
that Ky is Cartier. If 4 is weakly regular, then it has canonical singularities.

Proof. Let Z be a normal variety, and let 8: Z — X be a birational projective morphism. Let nx: Q[;(} —»

Ox(Kyg) and nz: Q[ZT] — Oz(Kg-14) be the Pfaff fields associated to & and 7'¢ respectively. Recall from
paragraph 2.6 that there exists a morphism of sheaves d..af: 6*9[;(] — Q[ZT] that agrees with the usual pull-
back morphism of Kéahler differentials wherever this makes sense. Next, we show that there exist a morphism
B*Ox(Kg) = Oz(Kz-14) and a commutative diagram as follows:

/B*Q[;;v] dren B Q[Z'I”]

5*nxl J{nz

5*ﬁx(Kg) —_— ﬁz(Kﬂ—lg).

Let £ denote the kernel 8*nx. Since f is birational, the image of JZ by 7z o dien3 is a torsion subsheaf
of O07(Kp-14). But the latter is torsion-free by construction, proving our claim. In particular, there is a
B-exceptional effective divisor £ on Z such that Kg-14 = 8*Ky + E, proving the lemma. O

Remark 5.10. We will show that the converse is also true if ¢ is algebraically integrable with K¢ = 0 (see
Corollary 5.23).

Example 5.11 below shows that Lemma 5.9 is wrong if one drops the assumption that K¢ is Cartier.

Example 5.11. Let Y and Z be normal varieties, and let & be the foliation on X := Y x Z induced by the
projection Y x Z — Y. Then ¥ is weakly regular by Lemma 5.8. But ¢ has canonical singularities if and only
if Z has canonical singularities by Example 4.16.

Next, we analyze the behaviour of weakly regular foliations with respect to smooth morphisms, quasi-finite
maps, and birational modifications.

Lemma 5.12. Let m: Y — X be a surjective étale morphism of normal varieties, and let 4 be a foliation on
X. Then 94 is weakly regular if and only if so is 714,
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Proof. Recall that the pull-back of a reflexive sheaf by a flat morphism is reflexive as well by [Har80, Proposition
1.8]. Note also that =* (Q[)Q] X ﬁX(—Kg)) =] Q@ X Oy (—m*Kg) since both are reflexive sheaves and agree on
7T_1(Xreg) = Yieg. Let n: Q[;;] X Ox(—Kg) — Ox be the twisted Pfaff field associated to ¢. One readily checks
that the induced map 7*n: Q[YT] X Oy (—n*Kg) — Oy is the twisted Pfaff field associated to 71%¢. The lemma
follows since 7 is a faithfully flat morphism. O

Proposition 5.13. Let X be a normal complex variety, let 4 be a foliation on X, and let m:' Y — X be a
quasi-finite dominant morphism. Suppose that any codimension one irreducible component of the branch locus
of ™ is ¥ -invariant. Then the following holds.

(1) If 9 is weakly regular, then so is 7~ 19.
(2) Suppose in addition that 7 is finite and surjective. If 719 is weakly regular, then so is 9.

Proof. Set r :=rank¥, and let 7y : Q[Q XOx(—Ky) = Ox and ny : Q[YT] X Oy (—Kr-14) — Oy be the twisted
Pfaff fields associated to & and 7~ '% respectively.
Suppose first that ¢ is weakly regular. By Lemma 3.4, we have K -14 ~z 7*Kg. This implies that
QU R Oy (~Ky)) = MU R 0y (K, -1g).

One then checks that we have a commutative diagram

(K Ox(~Kyg)) — QR Oy (—K, 1g)

" nxl J{ny

ﬁy ﬁY-

This shows that 7719 is a weakly regular foliation, proving Item (1).

Suppose from now on that = is a finite cover, and that 7—'¥ is weakly regular. Let v: Y7 — Y be a finite
cover such that the induced cover 71 : Y7 — X is Galois, with Galois group G. We may also assume that 7 is
quasi-étale away from the branch locus of 7. By Item (1) applied to v, 71 147 is weakly regular as well. Thus, we
may assume without loss of generality that « is Galois with Galois group G. By Lemma 3.4, the tangent map
Tr induces an isomorphism 7719 =2 (7*¢)**. Tt follows that Oy (K, 14) = Oy (7*Kg) as G-sheaves. Note
that ny is G-equivariant. By [GKKP11, Lemma A.4] and [Bri98, Theorem 2], we have

[r] ¢ Lol
(T(* () ﬁy(—Krl%))) ~ O R Gy (~Ky).

It follows that the map 77)(,; : Q[;] X Oy (—Ky) — Ox induced by ny is the twisted Pfaff field associated to
9. From [GKKP11, Lemma A.3], we see that nx = 1§ is surjective. This shows that ¢ is weakly regular,
completing the proof of the proposition. O

The following is an immediate consequence of Proposition 5.13.

Corollary 5.14. Let X be a normal complex variety, let 4 be a foliation on X, and let m: Y — X be a
quasi-étale cover. Then 9 is weakly reqular if and only if so is 7~'9.

Lemma 5.15. Let m: Y — X be a projective birational morphism of normal complexr varieties, and let 4 be a
foliation on X. Suppose that Kg is Cartier, and that K, .-14 ~y n*Kqg. Suppose furthermore that X has kit
singularities. If 4 is weakly reqular, then so is 7 '9.

Proof. Let nx: Q[;;] — Ox(Kg) and ny: Qgﬂ — Oy(K,-14) be the Pfaff fields associated to ¢4 and 7~ '¥
respectively. Recall from the proof of Lemma 5.9 that there is a commutative diagram

et Q[;;] drenm ngﬂ]

W*nxl J”]Y

F*ﬁx(Kg) — ﬁy(Kﬂ.—lg).

This immediately implies that 7~ 1% is weakly regular, proving the lemma. O
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Lemma 5.16. Let w: Y — X be a dominant morphism of normal complex varieties, and let 4 be a foliation
on X.
(1) Suppose that Y = X x Z and that 7 is the projection onto X. Then Kp-1q ~z 7" Ky + Ky/x, and ¢
is weakly regular if and only if so is m19.
(2) If w is a smooth morphism, then K -1q ~z 7" Ky + Ky,x. Moreover, 9 is weakly regular if and only
if 7719 is weakly regular.
(3) Suppose that X has kit singularities, and that 7w is a small projective birational map. Suppose on addition
that Kg is Q-Cartier. Then K -14 ~q 7 Kg. Moreover, if 4 is weakly regular, then so is 7~19.

Proof. Set r :=rank¥, and let nx: Q[;(] X Ox(—Kg) = Ox be the twisted Pfaff field associated to .

Suppose first that Y = X x Z and that 7 is the projection onto X. Denote by p the projection onto Z, and
set m := dim Z. Recall that the pull-back of a reflexive sheaf by a flat morphism is reflexive as well by [Har80,
Proposition 1.8]. Then

Tl Ty)x @9 =p" Tz &Y,
and hence K-1g ~z 7" Ky + Ky, x ~z 7" Ky + p*"Kz.
We have
ot @ rompal
i+j=r+m

and the twisted Pfaff field associated to 7% is the composed map
AR Ox (~ K1) — (7O Bp Q) B Ox (- Kpog) 2 7 (O B Ox (— K)) 25 70 0x = 0.

It follows that ¢ is weakly regular if and only if so is 77! since 7 is a faithfully flat morphism.

Suppose now that 7 is smooth. Set m := dimY — dim X, X° := X,¢q, and Y° := 77 1(X°) C Y;ce. We have
an exact sequence of vector bundles

0— Tyo/Xo — (Wﬁlghyo — (’/T|yo)*g‘Xo —0

and thus K -1y ~z 7" K¢ + Ky/x since Y° has complement of codimension at least two in Y. We proceed to
show that ¢ is weakly regular if and only if so is 7='%. The statement is local on X for the étale topology by
Lemma 5.12. Thus, we may assume that Y = X x A™ and that 7 is given by the projection Y = X x A™ — X.
The claim then follows from the previous case.

Suppose finally that X has klt singularities, and that 7 is a small projective birational map. Suppose in
addition that K¢ is Q-Cartier. We clearly have K, -14 ~q 7*Ky«. Replacing X by an open subset, if necessary,
we may assume that K¢ is torsion. It follows that K, -1 is torsion as well. By Corollary 5.14, replacing Y
and X by the associated cyclic quasi-étale covers (see [KM98, Definition 2.52]), we may also assume that Ky is
Cartier and that K, -14 ~z 7*Kg. The statement then follows from Lemma 5.15. O

Remark 5.17. In the setup of Lemma 5.16 (3), suppose in addition that K¢ is Cartier. Then K -1 ~z 7" Kg.

Lemma 5.18. Let X be a normal complex projective variety with kit singularities, and let 4 be an algebraically
integrable foliation on X with canonical singularities. Let v: Z —'Y be the family of leaves, and let : Z — X
be the natural morphism (see 3.6). If 4 is weakly regular, then so is B~19.

Proof. By Lemma 4.13, we have Kg-14 ~q 8*Kg. Note that the statement is local on X. Let m be a positive
integer and let X° C X be a dense open subset such that Oxo (ng‘Xo) & Oxo. Let f°: X7 — X° be the
associated cyclic cover, which is quasi-étale (see [KM98, Definition 2.52]), and let Z7 be the normalization of
the product Z° x yo X{, where Z° := 371(X°). Let also 5{: Z{ — X7 and ¢°: Z — Z° denote the natural
morphisms. Recall from subsection 3.6 that K(goy-1(s0)-1(%x0) ~2 (ﬂf)*K(fo)—l(g‘Xo) and that the support
of the ramification divisor R(g°) of g° must be (87)'(f°)~!(¥x-)-invariant. By construction, K(fo)-1(9,x0)
is Cartier. Moreover, (f°)™!(%xo) is weakly regular by Corollary 5.14. Applying Lemma 5.15, we see that
B L) MG xe) = (9°) 7 ((B719)20) is weakly regular. The statement then follows from Proposition
5.13. |
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5.3. Criteria for weak regularity. Let ¢ be a foliation with numerically trivial canonical class on a complex
projective manifold. Suppose that ¢ has a compact leaf. Then Theorem 5.6 in [LPT18] asserts that ¢ is
regular and that there exists a foliation on X transverse to ¢ at any point in X. In this paragraph, we extend
this result to mildly singular varieties (see Corollary 5.22). We also show that algebraically integrable foliations
with mild singularities and numerically trivial canonical class are weakly regular (see Corollary 5.23). Finally,
we provide another criterion for regularity of foliations (see Proposition 5.26).

We will need the following easy observations.

Lemma 5.19. Let X be a normal complex variety, and let 4 be a foliation of rank r on X. Suppose that Ky
is Cartier, and let n: Q[;;] — Ox(Kg) be the Pfaff field associated to 9. Let L C X be a subvariety which is not
entirely contained in the union of the singular loci of X and . Suppose in addition that dim L = r. Then the
following holds.
(1) The variety L is the closure of a leaf of 4 if and only if the composed map X — Q[;(]lL — ﬁX(K(g)lL
factors through the natural map QS(|L — QF .
(2) Suppose that L is the closure of a leaf of 4, and let F be the normalization of L. Denote by n: F — X
the natural morphism. Then there is a commutative diagram

n*Qy —— n*Q[;]

.

o, ol n*Ox (Ky).

T Oy (Ky)

Proof. Item (1) follows from [AD13, Lemma 2.7] using the fact that Ox (Ky),; is torsion-free. Item (2) follows
from Item (1) and [ADKOS8, Proposition 4.5]. O

Lemma 5.20. Let X be a normal complex projective variety, and let H be an ample divisor on X. For any
integer 1 < r < dim X, the image of c;(H)" € H" (X, Q’X) under the natural map H" (X7 QS{) — H" (X7 Q[;(])
S mon-zero.

Proof. In order to prove the lemma, it suffices to consider the case when r = dim X. Let 8: Z — X be
a resolution of X. The image of c;(H)4™X ¢ HdlmX(X, Qj‘}‘mx) under the map HdlmX(X, Qj‘?mx) —
HdimX(Z, Qgimx) is non-zero, and hence ¢, (H)4™ ¥ is non-zero as well. On the other hand, the kernel and
the cokernel of the natural map Q$mX — Q[;{hmx] are supported on closed subsets of codimension at least two.

It follows that the natural map HmX (X, Q)d(imx) — HgdimX (X, Q[;im X]) is an isomorphism, completing the
proof of the lemma. O

Proposition 5.21. Let X be a normal complex projective variety, and let 4 be a foliation of rank r on X with
Ky Cartier and K¢ =0. Let L C X be a proper subvariety which is not entirely contained in the union of the
singular loci of X and &. Suppose that L is the closure of a leaf of 4. Let F be the normalization of L, and

denote by n: F — X the natural morphism. Suppose furthermore that the map ng: Q[Iz] — n*Ox(Kg) given
by Lemma 5.19 is an isomorphism, and that F has rational singularities. Then 4 is weakly reqular, and there
exists a decomposition Tx =94 ® & of Tx into involutive subsheaves.

Proof. Let 5: Z — X be an embedded resolution of L, and let T" be the strict transform of L in Z. Observe
that B7: T'— L factors through F' — L, and denote by «v: T'— F' the induced map.

Let H be an ample divisor on X. Let also 7: Q[)Z] — Ox(Kg) be the Pfaff field associated to ¢. Consider
the image c of ¢1(H)" € H” (X, QB() under the composed map

H™ (X, Q%) = H'(X,9%) - H" (X, Ox(Ky)).
We will show that ¢ # 0 and that H"(n*)(c) # 0, where H"(n*): H" (X, 0x(Ky)) — H"(F,n*0x(Kg))

denotes the map induced by n*. By Lemma 5.19, we have a commutative diagram

H(X, Q%) —— H(X,0) 2 gr (X, 0x(Kq))

HT(dn)J( J{Hr(n*)

H"(F, Q) —— H™(F,QU) —— H"(F,n*0x (Kq)).
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By assumption, the map H" (F, Qg]) — H" (F, n* ﬁ’X(Kg)) is an isomorphism. On the other hand, by Lemma
5.20 above, the image of ¢; (H|F)T € H" (F7 Q’I}) under the map H" (F, Q}) — H” (F7 Q[Iz]) is non-zero. This
immediately implies that ¢ # 0 and that H"(n*)(c) # 0.

Consider the commutative diagram

H"™(Z,8"0x(Ky)) —— H"(T,(no~)*Ox(Kg))

| [

H"(n*
H™ (X, 0x(Kq)) ——"0 BT (F 0" 0x(Kq)).
Since F has rational singularities, the morphism H" (F,n*0x(Ky)) — H"(T,(no~)*0x(Kg)) is an isomor-
phism. This implies that the image ¢z of ¢ under the map H" (X7 Ox (Kg)) — H" (Z7 5* ﬁ’X(Kgg)) is non-zero.
On the other hand, by Hodge symmetry with coefficients in local systems, there are natural isomorphisms

HY (2,8 0x (Kq)) = T0(Z,00, & 7 Ox (—Kg))
and HT(T, (no ’y)*ﬁx(Kg)) = I{O(T7 QL ® (no ’y)*ﬁx(ng)).

It follows that ay := ¢z € HY (Z, Q) ® 5*@))((7Kg)) is a twisted r-form that restricts to a non-zero twisted
r-form ap € H(T, Q@ (noy)*0x(—Kg)). Let « € H°(X, Q[;] ®Ox(—Kg)) be the twisted reflexive r-form on
X induced by az, and let ap € H® (F7 Q[Ig] Xn*Cx (ng)) be the non-zero twisted reflexive r-form on F' induced
by ar. By construction, n(«) is a regular function that restricts to the non-zero regular function np(ap) on F.
It follows that 7(c) is constant. The contraction with a then gives a morphism (A"71¢)** — Q[)l(] ® Ox(—Kg)
such that the composed map (A"194)** — Q[;(] ®Ox(—Kg) = 9* ® Ox(—Kg) is an isomorphism. This shows
that there is a decomposition Tx =2 ¢ ® &. Note that & is given by the twisted r-form « which extends to
the twisted r-form ayz on Z with values in the flat line bundle 8*@x(—Kg), which is automatically closed.

This implies that & is involutive. Finally, ¢ is weakly regular by Lemma 5.8, completing the proof of the
proposition. O

Corollary 5.22. Let X be a normal complex projective variety with klt singularities, and let 4 be a foliation on
X. Suppose that Kg is Cartier and that K4 = 0. Let L C X be a proper subvariety disjoint from the singular
locus of & and mnot contained in the singular locus of X. Suppose that L N Xyeg is a leaf of Y|x,,,. Suppose
furthermore that the normalization F of L has rational singularities. Then & is weakly regular and there is a
decomposition Txy 294 ® & of Tx into involutive subsheaves.

Proof. Denote by n: F — X the natural morphism, and let ng: QE?] — n*Ox (Kg) be the map given by Lemma
5.19. By Lemma 5.19 and paragraph 2.6, we have a commutative diagram

nQll s oy (Ky)

drcfan/

On the other hand, the map n*n is surjective by assumption. This immediately implies that ng is an isomor-
phism, so that Proposition 5.21 applies. O

Corollary 5.23. Let X be a normal complex projective variety with klt singularities, and let 9 be an algebraically
integrable foliation on X with canonical singularities. Suppose that Ko is Cartier and that Kg = 0. Then & is
weakly reqular and there is a decomposition Txy =294 @& & of Tx into involutive subsheaves.

Proof. Let ¢: Z — Y be the family of leaves, and let 8: Z — X be the natural morphism (see 3.6). Let also
F be a general fiber of 1. Note that L := §(F) is the closure of a leaf of 4. By Lemma 4.13, F' has canonical
singularities and Kg-1¢4 ~q *Kg. In particular, F' is the normalization of L, and it has rational singularities
by [ELk81]. Moreover, Kp ~g n*Ox(Kg) by Example 3.3 and the adjunction formula, where n: F — X denotes
the restriction of 8 to F. It follows that the map np: Qg] ~ O0p(Kp) = n*0Ox(Kg) given by Lemma 5.19 is an
isomorphism, where r denotes the rank of 4. The conclusion then follows from Proposition 5.21. |
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Example 5.24 shows that Corollary 5.23 above is wrong if one drops the assumption that K¢ = 0.

Ezxample 5.24. Let B and C be smooth projective curves, and let X be the blow-up of B x C at some point.
Let also ¢ be the foliation on X induced by the natural morphism X — B. Then ¢ has canonical singularities
but it is not regular.

The proof of Proposition 5.26 below makes use of the following result, which might be of independent interest.

Lemma 5.25. Let X be a normal complex projective variety, and let 4 be a foliation of rank r on X with Ky
Cartier and Kg = 0. Let H be a very ample Cartier divisor on X, and let Qs — Ox(Kg) be map induced
by the Pfaff field associated to 4. Let B: Z — X be a resolution of singularities. Suppose that the image ¢ of
c(H)" € H” (X, QS() under the composed map

H"(X,Q%) = H' (X, 0x(Ky)) — H"(Z,8*Ox(Kq))

is non-zero. Then 9 is weakly regular, and there exists a decomposition Tx = 4 @® & of Tx into involutive
subsheaves.

Proof. The proof is similar to that of [DPS01, Proposition 2.7.1].

Set n := dim X. The linear system |H| embeds X into PV for some positive integer N. Denote by v: Z — PV
the natural map. Let (U;);c; be a finite covering of PV by open sets such that &y (Kg)‘xi ~ (Ox,, where
X; := U; N X. Denote by v; € H(X;, /\[T]Txi) a r-field defining ¥ x,, and let u; € H°(U;, A"Ty,) such that
Ui x, = Vi € HO(X;, /\["]Txi) c H (Xi, /\"TUilXi). Let wrg be the Fubini-Study form on PV, and denote by w;
its restriction to U;. The pull-back 7n; on 7_1(Ui) of the contraction u;w] of w] by u; is a d-closed (0, 7)-form.
Moreover, the 7; glue to give a d-closed (0, r)-form 7 with coefficients in the unitary flat line bundle 3* Ox (K« ).
By construction, n represents c if H" (Z, B*Cx (Kg)) is identified with the corresponding Dolbeault cohomology
group.

By Hodge symmetry with coefficients in local systems, there exists a holomorphic r-form « with values in
B*Ox(—Kg) such that {a} = c € H"(Z,3*0x(Kg)). In particular, there exists a (0,7 — 1)-form & with values
in 8*0x (Kg) such that @ = n + 9¢. Note that « is harmonic with respect to any Kihler form. In particular,
« is closed.

Set X° := X\ ﬁ(EXC ﬁ) and let v° € HO (XO, A Txo ® ﬁxo(Kg‘Xo)) be a twisted r-field defining ¢|x.. Let
also a° € HO (XO, Q%o ® Oxo (—Kg‘xo )) be the twisted r-form induced by a on X°. Notice that the contraction
a®(v°) is a regular function, and hence constant since X° has complement of codimension at least two in X.
To prove the statement, it suffices to show that a°®(v°) is non-zero (see Lemma 5.8).

Let w be the smooth closed semi-positive (1, 1)-form on Z induced by wgs. Since o and w are closed, we have

dlaNEAW™T) = (1) tandEANW"T = (1) ta ADEAWTTT,

/a/\a/\w"#:/a/\n/\w"ﬂ“
z z

by Stokes’ theorem. By the Hodge-Riemann bilinear relations, there exists a complex number C7 # 0 such that
the smooth (n,n)-form

and hence

Chla /\a/\w”_ﬂﬁ_l(xo) = Cha° /\?/\w;gr
is semi-positive and not identically zero since a # 0 by assumption. It follows that [, « An Aw™ " # 0. On
the other hand, a straightforward computation shows that

/Za AnAW"T = / o’ A (UO_:wFs‘TXO) A WFSTL);OT = Coa’(v°),

for some complex number Cy # 0. This immediately implies that «°(v°) is non-zero. Arguing as in the proof
of Proposition 5.21, one shows that there is a decomposition Tx = ¢ @ & of Ty into involutive subsheaves and
that ¢ is weakly regular, finishing the proof of the lemma. O

Proposition 5.26. Let X be a normal compler Q-Gorenstein projective variety, and let 4 be a codimension
one foliation on X with Kg Cartier and Ko = 0. Suppose that X is smooth in codimension two with rational
singularities, and that Kx - HY™X=1 =L 0 for some ample Cartier divisor H on X. Suppose furthermore that
there erists an open set X° C Xyeg with complement of codimension at least three such that 9 xo is defined by
closed holomorphic 1-forms with zero set of codimension at least two locally for the analytic topology. Then &
is weakly regular, and there exists a decomposition Tx =94 & & of Tx into involutive subsheaves.
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Proof. Set n := dim X, and let n: Q’;{l — Ox(Kg) be map induced by the Pfaff field associated to ¢. Let
B: Z — X be a resolution of singularities. The natural map H"~!(X,Ox(Kg)) — H" ' (Z,5*0x(Ky)) is
an isomorphism since X has rational singularities. Thus, by Lemma 5.25, it suffices to show that the image of
a(H)"t e H (X, Q% ") under the map H" (n): H" (X, Q% ") — H"}(X, Ox(Kg)) is non-zero.

Set .Z := ;. By Lemma 5.27 below, the cohomology class ¢1(Zjx.) € H'(X°,Q%.) lies in the image
of the natural map H'! (X %4 Xo) — HY(X°,0%.). Recall that rational singularities are Cohen-Macaulay.
It follows that Ox(Kx) and Ox(Kx — Kg) = £ are Cohen-Macaulay sheaves. Then the restriction map
HY(X,¥)— H! (XO, ,,?jxo) is an isomorphism by [ST71, Theorem 1.14]. Applying [ST71, Theorem 1.14] again
together with [Har80, Proposition 1.6], we see that the restriction map H' (X, Q[;(]) — H'(X°,Qk.) is injective.
It follows that the image of ¢; (.£) € H! (X, Q}() under the natural map H* (X7 Q}() — H! (X, Q[)l(]) is the image
of a class c € HY(X,.%).

The same argument used in the proof of Lemma 5.20 shows that ¢ (H)" ! ® ¢; () maps to a non-zero class
a(H)" U (Z) e H'(X, Q[;]) under the composed map

H =YX, Q) @ HY(X, 04 ) =22 H™(X, Q%) —— H™(X,Q)),

using the assumptions that Kx-H4™ X1 -£ 0 and K¢ = 0. On the other hand, one checks that ¢, (H)"~*Uc; (£)
is the image of ¢; (H)"~! ® ¢ under the composed map

H" ' (n)81d

HY(X, 0% Yo H(X,2) H" (X, 0x(Ky)) ® HY(X,.Z) j

eUe

L H™(X, Ox(Kq) ® %) = H"(X, Q).

This immediately implies that H"~1(n) (01 (H)"’l) = 0, completing the proof of the proposition. |
The following result generalizes [BB70, Corollary 3.4].

Lemma 5.27. Let X be a complex manifold, let 4 C Tx be a codimension one foliation, and set £ := N .
Suppose that 4 is defined by closed holomorphic 1-forms with zero set of codimension at least two locally for
the analytic topology. Then the cohomology class c1(£) € H'(X,Qk) lies in the image of the natural map
HY(X,.%) — H'(X,Qk).

Proof. Note that .Z is a line bundle by [Har80, Proposition 1.9]. Let (U;);cs be a covering of X by analytically
open sets such that ¥y, is defined a closed 1-form w; with zero set of codimension at least two. Then, we can
write w; = gi;w; on Uy := Uy NUj, where g;; is a nowhere vanishing holomorphic function on U;;. The cocycle
[(gi;)] € HY(X, 0%) then satisfies [(g;;)] = [-Z] since both classes agree away from the singular set of ¢ which
has codimension at least two in X. Now, since w; and w; are closed, we must have 0 = dg;; A w; on Uy;. It
follows that

dgij S HO (Uij,.,%(]”) C HO (Uij, Q%}”)

since . is saturated in Q% by [AD13, Lemma 9.7]. This implies that the cohomology class ¢1 () = [(dlog g;;)] €
H'(X,QY%) lies in the image of the natural map H'(X,.#) — H'(X,QY), proving the lemma. O

5.4. Local structure in codimension 2 of weakly regular rank 1 folations. In the present section, we exemplify the
notion of weakly regular foliation by describing weakly regular rank 1 foliations on surfaces with klt singularities.
The results are not used elsewhere so that this section can be safely skipped.

We first show that a weakly regular foliation given by a derivation with zero set of codimension at least two
is strongly regular in codimension two.

Proposition 5.28. Let X be a normal complex variety with klt singularities, and let 9 C Tx be a weakly reqular
foliation of rank one. Suppose in addition that Kg is Cartier. Then there exists a closed subset Z C X with
codim Z > 3 such that 9x\ z is strongly regular.

Proof. Set n := dim X. Recall from [GKKP11, Proposition 9.3] that klt spaces have quotient singularities in
codimension two. Thus, we may assume without loss of generality that X has quotient singularities. Given
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x € X, we have (X,z) = (C"/G,0) for some finite subgroup G of GL(n,C) that does not contain any quasi-
reflections. In particular, the quotient map 7: C* — C"/G is étale outside of the singular set. The statement
is local on X, hence we may shrink X and assume that there exists 9 € H°(X,Tx) such that 4 = 0xd. By
Proposition 5.13, @ induces a nowhere vanishing vector field 9y € H°(U, Tyy) on some open G-stable neighbor-
hood U of 0 € C™. Since ¥ is weakly regular, there exists a G-invariant holomorphic 1-form ay on U such
that ap(dy) = 1. Let of; be the 0-th jet of ap at 0. Then of; is G-invariant as well, and o (9y)(0) = 1.
In particular, we have af, # 0. On the other hand, o, = df for some holomorphic function f at 0 such that
f(0) = 0. Observe that f must be G-invariant, so that there exists a holomorphic function ¢ on some open ana-
lytic neighborhood of z in X such that 9(t)(z) # 0. By a result of Zariski (see [Zar65, Lemma 4]), this implies
that R = R;[[t]], where R is the formal completion of the local ring (Ox ;,m;) and R1 C R is a Noetherian
normal ring with dim Ry = dim R — 1. Moreover, the extension of %6 to R coincides with 9;. The proposition

then follows from [BM16, Lemma 1.3.2] (see Remark 5.2). O

The following is an immediate consequence of Proposition 5.28.

Corollary 5.29. Let X be a normal surface, and let ¢ C Tx be a weakly regular foliation of rank one. Suppose
that X has klt singularities and that Kg is Cartier. Then X is smooth.

We finally describe the structure of weakly regular foliations on klt surfaces.

Proposition 5.30. Let (X, z) be a germ of normal surface with kit singularities, and let ¢ C Tx be a foliation
of rank one. Then & is weakly regular if and only if there exists a positive integer m, as well as non-negative
integers a and b with (a,m) =1 and (b,m) = 1 such that (X, z) = (C?/G,0) and 7='Y = Oc20,, where (y1,y2)
are coordinates on C2, G =< ¢ > is a cyclic group of order m acting on C2 by ¢ - (y1,y2) = ((%y1,C%y2), and
7: C2 — C%/G denotes the quotient map.

Proof. Suppose first that ¢ is weakly regular. Recall that X is Q-factorial by [KM98, Proposition 4.11]. Let m
be the smallest positive integer such that mKy is Cartier at x, and let 7: Y — X be the associated local cyclic
cover, which is a quasi-étale cover of degree m (see [KM98, Definition 5.19]). By Proposition 5.13, 771¥¢ is a
weakly regular foliation on Y with K, -14 Cartier. It follows from Corollary 5.29 that Y is smooth. The same
argument used in the proof of [McQ08, Corollary 1.2.2] then shows our claim.

Conversely, let m be a positive integer, let @ and b be non-negative integers such that (a,m) = 1 and (b, m) = 1,
and let G =< ¢ > be a cyclic group of order m acting on C? with coordinates (y1,v2) by - (y1,v2) = ((*y1, (%y2).
Set X := C?/G, and denote by m: C?> — C?/G the natural morphism. Let . be the line bundle &2 equipped
with the G-linearization given by the character { — (* of G. Note that there exists a reflexive rank 1 sheaf .#
on X such that .# = 7l*.#. Then 9, (resp. dyi) is a global G-invariant section of Tr2 ® .% (resp. Qk, ® L),

and thus yields a global section 7 (resp. «) of Tx & .# (resp. Q[)l(] X .#z*). Since dyi(dy,) = 1, we must have
a(7) = 1. This shows that the foliation induced by 7 on X is weakly regular, completing the proof of the
proposition. U

6. WEAKLY REGULAR FOLIATIONS WITH ALGEBRAIC LEAVES

It is well-known that an algebraically integrable regular foliation on a complex projective manifold is induced
by a morphism onto a normal projective variety (see [HV10, Proposition 2.5]). In the present section, we extend
this result to weakly regular foliations with canonical singularities on mildly singular varieties.

Theorem 6.1. Let X be a normal complex projective variety with Q-factorial klt singularities, and let 4 be a
weakly regular algebraically integrable foliation on X. Suppose in addition that 4 has canonical singularities.
Then & is induced by a surjective equidimensional morphism 1¢: X — Y onto a normal projective variety Y .
Moreover, there exists an open subset Y° with complement of codimension at least two in'Y such that ¥~ (y)
is irreducible for any y € Y°.

Before we give the proof of Theorem 6.1, we need the following auxiliary lemma.

Lemma 6.2. Let X be a normal complex projective variety with kit singularities, and let 4 be a weakly reqular
algebraically integrable foliation on X. Let v¥: Z —'Y be the family of leaves, and let B: Z — X be the natural
morphism (see 3.6). Suppose in addition that 4 has canonical singularities. Then there exists an open subset
Y° with complement of codimension at least two in'Y such that 1¥~1(y) is irreducible for any y € Y°.
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Proof. By [Drul7a, Lemma 4.2], there exists a finite surjective morphism ¢: Y1 — Y with ¥; normal and
connected such that the following holds. If Z; denotes the normalization of Y7 Xy Z, then the induced morphism
11: Z1 — Y7 has reduced fibers over codimension one points in Y;. We obtain a commutative diagram

z sz P x

q P

YlT>Y.

Let Y° C Yeg be an open subset with complement of codimension at least two in Y such that Y := g=*(Y°)
is smooth and R(wl\zf) = 0, where Z¢ := ¢ (Y?) and R(¢1|Zf) denotes the ramification divisor of the
restriction ¢qz0 of ¢y to Z7. Set Z° := ¢¥~1(Y°), and denote by R(t|z.) the ramification divisor of the

restriction 1|70 of ¥ to Z°. By [Drul7a, Lemma 5.4] together with Lemma 4.13, the pair (Z°, —R(t|z-)) has
canonical singularities. On the other hand, we have

Kzopvp = Kzopvp — R(1120) ~z (fize)" (Kzove — R(¥)20))

by Lemma 3.4. Applying [Kol97, Proposition 3.16], we see that Z; has canonical singularities.

To prove the statement, it suffices to show that ¥ ! (y) is irreducible for any y € Y; away from a codimension
two closed subset. We argue by contradiction and assume that there exists a prime divisor D C Y7 such that
Y1 (y) is reducible for a general point y € D.

Let S C oy 1(D) be a subvariety of codimension two in Z; such that for a general point z € S there is
at least two irreducible components of ] 1(w1(z)) passing through z. Let z € S be a general point. Recall
from [GKKP11, Proposition 9.3] that z has an analytic neighborhood U that is biholomorphic to an analytic
neighborhood of the origin in a variety of the form CY%™X /G where G is a finite subgroup of GL(dim X, C)
that does not contain any quasi-reflections. In particular, if W denotes the inverse image of U in the affine
space CH™ X then the quotient map m: W — W/G = U is étale outside of the singular set.

From Lemma 5.18 together with Proposition 5.13, we see that ¢ induces a regular foliation on W. Let F
and F, be irreducible components of ;' (¢1(z)) passing through z with Fy # F,. Note that 7—1(Fy N U) N
7 Y (Fy NU) # (. By general choice of z, F; and F are not contained in the singular locus of f~1371¢, and
hence both 7=1(F; NU) and 7~ (F, NU) are a disjoint union of leaves. But then any leaf passing through some
point of 71 (Fy NU) N7~ (F, NU) is a connected component of both #=*(F; NU) and 7~*(F>, N U). This in
turn implies that F; = F5, yielding a contradiction. This finishes the proof of the lemma. O

Proof of Theorem 6.1. Set r :=rank¥. Let ¢: Z — Y be the family of leaves, and let 8: Z — X be the natural
morphism (see 3.6). Set also ¥z := 371¢. To prove Theorem 6.1, we have to show that the S-exceptional set
Exc 3 is empty. We argue by contradiction and assume that Exc8 # 0. Let F be an irreducible component
of Exc 8. Note that E has codimension one since X is Q-factorial by assumption. By Lemma 4.13, we have
Ky, ~q 8*Kg. Applying Proposition 4.17, we see that ¢)(E) C Y. On the other hand, there exists an open
subset Y° with complement of codimension at least two in Y such that 1 ~!(y) is irreducible for any y € Y° by
Lemma, 6.2. This implies that £ = ¢! (w(E)) In particular, E is invariant under ¢.

Let m be a positive integer and let X° C X be a dense open subset such that &'xo (ng‘Xo) > 0xo. Suppose
in addition that S(E) N X° # 0. Let f°: X{ — X° be the associated cyclic cover, which is quasi-étale (see
[KM98, Definition 2.52]), and let Z§ be the normalization of the product Z° x xo X7, where Z° := 371(X°).
Let also B7: Z7 — X7 and g°: Z7 — Z° denote the natural morphisms. Recall from the proof of Lemma 5.18
that the foliations ¥xo and ¥z. induced by ¢ on X7 and Z7 respectively are weakly regular foliations, and that
Ky, ~z (Bf)*Kng. Let EY be a prime divisor on Z7 such that ¢°(EY) = E N Z° =: E°. Notice that EY is
invariant under ¥z¢ since F is ¢z-invariant. Moreover, E7 is 7-exceptional. Let F} denote the normalization
of EY, and let of: FY — B} be the Stein factorization of the map F? — X7. Shrinking X°, if necessary, we
may assume wihtout loss of generality that Bf is smooth. We obtain a commutative diagram
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o aCl) o .
BB
| I
By o zp — 2 X
L vl |
EO ZO ’8 XO
I I , ¢
E X

Z
‘|
Y.
Claim 6.3. The foliation on FY induced by ¥z is projectable under the map «af: FY — BY.

Proof of Claim 6.3. Let 1z : Q[; - Ozo (ngi,) the Pfaff field associated to ¥z.. Since EY is invariant under
970, the composed map of sheaves Q7 — ol factors through the natural morphism

o Z} | Ep — Oz (Kng)|E§
ng B —» QE;’ and gives a map QE? — Oz (ngi’)\Ei’ (see [AD13, Lemma 2.7]). By [ADKO08, Proposition 4.5],
the latter extends to a morphism
nee: QTF{’ — (ni’)* (ﬁZf (ngi) ) ‘Ei})

By construction, npe is the Pfaff field associated to the foliation induced by ¥z on FY on a dense open set.
Notice that
(1) (075 (Ko ) ) = (0)" ()" Oz (Kogy)

since Oz (ngo) ~ (ﬁf)*ﬁxf (Kgg’xo) by construction. Therefore, there exists a morphism of sheaves
1 1

neg: Upo = (77)" Oxg (Kay, )

whose pull-back under af is the composition

daf nre

(a7)" Qg Ve — (19)" (025 (Ka0) o) = (1) ((57)" Ox; (Ko ))-
Now, to show that the foliation on F} induced by ¥zo is projectable under the map «af: FY — BY, it suffices
to prove that npe is non-zero.

Let nxe: Q[;]f - Oxo (Kgxo) the Pfaff field associated to ¥xe. Let E3 C EY denote a smooth dense open

1
set contained in the smooth locus of Z7, and let Fi3 C FY be its inverse image in FY. Notice that £S5 = Fy. Set
i5 =1} ge: B3 — Z7 and a3 := af o : F5 — By. By [Keb13, Proposition 6.1] (see also subsection 2.6), the

composition
o
dren1 B1 |BS Q[T] ~ QO di
z? =3tz

o\x()[] T
((52)" 2 ) g B3 s

agrees with

o\ % [T] ~ oN % o [’l‘] ((ag)*drcﬂjf)|F§ R
((57) Qxf)‘Eg = ((a9)*((47) QX{’))‘FZO — ((a9) QBf)|F20

dag
r
Q.

On the other hand, recall from the proof of Lemma 5.15, that there is a commutative diagram

dren 87

()l

w;’)*nxfl

lﬁzf

(B1)"Ox; (Kayy) —— Oz (Ka,o)-
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One then checks that the diagram

el
dref1Jy

(79

<ji’>*nxfl
nB¢

(77)" Ox; (Ko, )

T
Qe

is commutative as well. This immediately implies that npe is non-zero, completing the proof of the claim. [J

Since the foliation induced by ¥z. on FY is projectable under af, there are infinitely many leaves of ¥zo
contained in E7 that map to the same leaf of the foliation induced by npe on BY since dim EY > dim B7. On the
other hand, recall that 1 ~!(y) is irreducible for any point y € 1(E) NY°. Hence, there exists a positive integer
m such that the cycle theoretic fiber ¥~ (y) is m[yp=1(y)] for a general point y in 1 (E). It follows that the
restriction of the map Y — Chow(X) (see 3.6) to ¢)(F) has positive dimensional fibers, yielding a contradiction.
This finishes the proof of the theorem. (|

Remark 6.4. In the setup of Theorem 6.1, let ¥: Z — Y be the family of leaves, and let 8: Z — X be the
natural morphism (see 3.6). If X is only assumed to have klt singularities, then the same argument used in the
proof of the theorem shows that § is a small birational map.

Corollary 6.5. Let X be a normal complex projective surface with kit singularities, and let 4 be an algebraically
integrable foliation by curves on X with canonical singularities. If 9 is weakly reqular, then it is induced by a
surjective equidimensional morphism ¢: X — 'Y onto a smooth complete curve Y.

Proof. This is an immediate consequence of Theorem 6.1 since X is automatically Q-factorial by [KM98, Propo-
sition 4.11]. O

The following is an easy consequence of Theorem 6.1 above together with Lemma 5.9.

Corollary 6.6. Let X be a normal complex projective variety with Q-factorial klt singularities, and let & be
a weakly reqular algebraically integrable foliation on X. Suppose in addition that Ky is Cartier. Then ¢ is
induced by a surjective equidimensional morphism : X — Y onto a normal projective variety Y. Moreover,
there exists an open subset Y° with complement of codimension at least two in'Y such that 1~ (y) is irreducible
foranyy e Y®

7. QUASI—ETALE TRIVIALIZABLE REFLEXIVE SHEAVES

In this section we provide another technical tool for the proof of the main results.

Proposition 7.1. Let X be a normal complex projective variety, and let 4 be a coherent reflexive sheaf of rank
r. Suppose that there exists a finite cover f: Y — X such that f9 = ﬁé‘?r, Then, there exists a quasi-étale
cover g: Z — X such that g*19 = 7

7.1. The holonomy group of a stable reflexive sheaf. We briefly recall the definition of algebraic holonomy groups
following Balaji and Kollar ([BKO0S]).

Let X be a normal complex projective variety, and let ¢4 be a coherent reflexive sheaf on X. Suppose that
¥ is stable with respect to an ample Cartier divisor H and that pug (%) = 0. For a sufficiently large positive
integer m, let C C X be a general complete intersection curve of elements in |mH|, and let € C. By the
restriction theorem of Mehta and Ramanathan, the locally free sheaf ¢¢ is stable with deg % = 0, and hence
it corresponds to a unique unitary representation p: w1 (C,z) — U(%,) by a result of Narasimhan and Seshadri
(INS65]).

Definition 7.2. The holonomy group Hol, (%) of ¢ is the Zariski closure of p(m(C,z)) in GL(%,).

Remark 7.3. The holonomy group Hol,(¥) does not depend on C' > x provided that m is large enough (see
[BKOS]).
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7.2. Strong stability. The following notion is used in the formulation of Lemmas 7.5 and 7.6.

Definition 7.4. Let X be a normal projective variety, let H be a nef and big Cartier divisor on X, and let ¢ be
a coherent reflexive sheaf. We say that & is strongly stable with respect to H if, for any normal projective variety
Y and any generically finite surjective morphism f: Y — X, the reflexive pull-back sheaf f*1 is f* H-stable.

Lemma 7.5 ([Drul7b, Lemma 6.3]). Let X be a normal complex projective variety, let x € X be a general
point, and let G be a coherent reflexive sheaf. Suppose that & is stable with respect to an ample divisor H and
that pg(9) = 0. Suppose furthermore that the holonomy group Hol,(¥) is connected. Then ¥ is strongly stable
with respect to H.

The following observation is needed for the main result of this section.

Lemma 7.6. Let X be a normal complex projective variety, and let 4 be a coherent reflexive sheaf. Suppose
that 4 is polystable with respect to an ample divisor H and that pp(9) = 0. Then there exists a quasi-étale
cover g: Z — X as well as coherent reflexive sheaves (94;);er on Z such that the following holds.

(1) There is a decomposition g = @19

(2) The sheaves 9; are strongly stable with respect to g*H with pg-p(9%;) = 0.

Proof. Suppose that there exists a quasi-étale cover g;: Z; — X such that the reflexive pull-back gg*]g is not
stable with respect to gf H. Applying [HLI7, Lemma 3.2.3], we see that the gg*]% is polystable, and hence,
there exist non-zero reflexive sheaves (¥;);cr, g7 H-stable with slopes pgr (%) = ung(gg*]g) = 0 such that

39 =P
icl

Suppose in addition that the number of direct summands is maximal. Then, for any quasi-étale cover
go: Za — Z1, the reflexive pull-back gé*]% is stable with respect to (g1 0 g2)*H.

By [BK08, Lemma 40] (see also [Drul8, Lemma 6.19]), there exists a quasi-étale cover g;: Z; — Z; such that
Hol,, ((91 o gi)[*]%) is connected, where z; is a general point on Z;. Let Z be the normalization of Z; in the
compositum of the function fields C(Z;). Observe that the natural morphism g: Z — Z; is a quasi-étale cover,
and factors through each Z; — Z;. The proposition then follows from Lemma 7.5 above. ([l

Remark 7.7. In the setup of Lemma 7.6, suppose furthermore that ¢ is polystable with respect to any polar-
ization H on X and that puy (%) = 0. Let H; be any ample divisor on X. Then the sheaves ¥; are strongly
stable with respect to ¢* H; and pg«m, (%) = 0.

Proof of Proposition 7.1. Let H be an ample Cartier divisor on X. Applying [HLI7, Lemma 3.2.3], we see that
¥ is polystable with respect to H with pgy (%) = 0. By Lemma 7.6, there exists a quasi-étale cover ¢;: Z3 — X
as well as coherent reflexive sheaves (¥;);c; on Z; such that the following holds.

(1) There is a decomposition gﬁ*@ > D1
(2) The sheaves ¢; are strongly stable with respect to g7 H with pyz(%;) = 0.

Let Y7 be the normalization of the product Y X x Z7, with natural morphism f;: Y7 — Z;. By construction,
we have (g1 o f1)*¥ =~ ﬁ%r. It follows that (gi o f1)*%; = Oy, for all i € I, and hence EZ-[N] > 0y, , where
N = deg ¢1 o f1. Replacing Z; by a further quasi-étale cover, we may assume that &, = Oz, , proving the
proposition. O

Remark 7.8. In the setup of Proposition 7.1, suppose that X is a (smooth complete) curve. Then there is
an alternative argument. Indeed, by [HL97, Lemma 3.2.3], ¢4 is a polystable vector bundle. We may assume
without loss of generality that ¢ is stable. By [NS65], ¢ corresponds to a unique unitary representation

p: (X, z) = U(%,).
It follows that f*¥ corresponds to the induced representation
pomi(f): m(Y,y) = U(%)

where y is a point on Y such that f(y) = z. Applying [NS64, Proposition 4.2] to p o m1(f) and the trivial
representation of m1 (Y, y) in U(¥,), we see that pom(f) must be the trivial representation. The statement then
follows since the image of 71 (f) has finite index in m (X, x).
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8. A GLOBAL REEB STABILITY THEOREM

8.1. Global Reeb stability theorem. Let X be a complex manifold, and let 4 be a regular foliation on X. Let
L be a compact leaf with finite holonomy group G, and let € L. The holomorphic version of the local Reeb
stability theorem (see [HV10, Theorem 2.4]) asserts that there exist an invariant open analytic neighborhood U
of L, a (local) transversal section S at x with a G-action, an unramified Galois cover Uy — U with group G, a
smooth proper G-equivariant morphism U; — S, and a commutative diagram

U1 unramified U

proper submersionl J

S —— 5/G

such that the pull-back of 4 to Uy is induced by the map U; — S. In this section, we prove a global version of
Reeb stability theorem for weakly regular algebraically integrable foliations with trivial canonical class on mildly
singular spaces. The following is the main result of this section (see [DG18, Proposition 4.2] for a somewhat
related result).

Theorem 8.1. Let X be a normal complex projective variety with kit singularities, and let 4 be a weakly reqular
algebraically integrable foliation on X. Suppose that Ko ~g 0. Then there exist complex projective varieties Y
and Z with klt singularities and a quasi-étale cover f:Y x Z — X such that f~'9 is induced by the projection
YxZ-=Y.

The proof of Theorem 8.1 makes use of the following result, which might be of independent interest.

Proposition 8.2. Let X be a normal complex projective variety, and let 4 be an algebraically integrable foliation
on X. Suppose that & is canonical and that G = ﬁ;‘?r"mkg. Then there exists an abelian variety A as well as a
normal projective variety X1, and an étale cover f: A x X; — X such that f~'94 = Taxx,/x:-

Proof. Let ¢: Z — Y be the family of leaves, and let 8: Z — X be the natural morphism (see 3.6). Let also
F be a general fiber of . Then Kg-14 ~z 0 by Lemma 4.13 and Remark 4.14. Moreover, F' has canonical
singularities. By Example 3.3 and the adjunction formula, we have Kp ~7 Kﬁ—lglF ~z 0.

The same argument used in the proof of [AD13, Lemma 3.2] (see also [AD13, Remark 3.8]) shows that the

dual map Q[)l(] — @™ gives a generically surjective morphism Q[Zl]/y — [*9* and a commutative diagram

ag

B0 0y %y
w g (1]
B4 Q)
This immediately implies that Tp = ﬁ;‘? dm P gince Kp ~z 0. By Lemma 2.15, we see that the neutral

component Aut®(F') of the automorphism group Aut(F) of F is an abelian variety.

Let Aut®(X) denote the neutral component of Aut(X), and let H C Aut(X) be the connected complex Lie
subgroup with Lie algebra H°(X,¥4) C H°(X,Tx). Note that S(F) is invariant under the action of H, and
thus H also acts on the normalization F of 8(F'), so that H C Aut’(F). Since both ¢ and Tr are trivial vector
bundles, the tangent map

Lie H = H°(X,9) — H°(F,Tr) = Lie Aut®(F)
is surjective, and hence H = Aut®(F). In particular, H is a closed (projective) algebraic subgroup of Aut®(X).

By [Bril0, Proof of Theorem 1.2, page 10|, there exist a normal projective variety Xi, and a H-equivariant
finite étale cover f: H x X; — X, where H acts trivially on X; and diagonally on H x X;. In particular, we
have f~1¢ = Trxx,/x,, completing the proof of the proposition. O

Next, we consider the special case where the foliation is induced by a morphism equipped with a flat connec-
tion.

Lemma 8.3. Let X be a normal complex quasi-projective variety, and let ¢: X — Y be a projective equidi-
mensional morphism with connected fibers onto a smooth quasi-projective variety. Suppose that X has kit
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singularities over the generic point of Y, and that ¢ has reduced fibers over codimension one points in'Y. Sup-
pose furthermore that Kx/y is relatively numerically trivial and that there exists a foliation & on X such that
Tx =Tx;y ®&.

(1) Then there exist complex varieties B and G, as well as a quasi-étale cover f: B x G — X such that
Tsxg/B = fflTX/y. Moreover, B is smooth and quasi-projective, G is projective with canonical sin-
gularities, and Kg ~z 0.

(2) Let F be a general fiber of ¢. Suppose in addition that h°(F,Tr) = 0. Then there exists a smooth
quasi-projective variety Y1 as well as a finite étale cover Y1 — Y such that Y1 xy X £ Y] X F as
varieties over Y7.

Proof. Let X° C X be the open set where ¢|xo is smooth. Notice that X° has complement of codimension at
least two since ¢ is equidimensional with reduced fibers over codimension one points in Y by assumption. The
restriction of the tangent map
T(p|Xo : Txo — ((p|Xo)*Ty

to & xo C T'xo then induces an isomorphism &jxo = (¢|xo)*Ty. Since & xo and (@|xo)*Ty are both reflexive
sheaves, we must have & = ¢*Ty. Thus & yields a flat connection on ¢. Now, a classical result of complex
analysis says that complex flows of vector fields on analytic spaces exist (see [Kau65]). It follows that ¢ is a
locally trivial analytic fibration for the analytic topology.

Now, the same argument used in the proof of [Drul7b, Lemmas 6.4] shows that the conclusion of Lemma 8.3
holds. ]

Remark 8.4. In the setup of Lemma 8.3 above, suppose in addition that X is projective with klt singularities,
and that Kx is Cartier. Then the existence of & follows from the assumption Kx,y = 0 by Corollary 5.22
together with Proposition 5.6.

The proof of Theorem 8.1 relies in part on the following descent result for foliations.

Lemma 8.5. Let X be a normal complex variety, and let & be a foliation on X. Let also Y be a normal
variety, let A be an abelian variety and let B be a projective variety with canonical singularities, Kg ~z 0, and
4(B) = 0. Suppose that there is a finite cover f: Y x A x B — X such that f~'4 = Ty xaxB)y- Suppose in
addition that any codimension one irreducible component of the branch locus of f is ¥-invariant. Then there
exist foliations % C 4 and 9y C 9 such that f~'4 = Ty xaxB/yxB and f g, = Ty x AxB/Y xA-

Proof. Set Z :=Y x A x B. Let X° C X be the open set such that fj;—1(xey: f71(X°) = Z° — X° is
étale. By a result of Serre (see [Méz00, Lemma 2.10]), there exists a finite étale cover ¢°: Zy — Z° such that
the induced cover Z7 — X° is Galois. Let Z; be the normalization of X in the function field of Z7, and let
fi: Z1 — X be the natural morphism. Note that there exists a finite morphism g: Z; — Z such that f; = fog.
By construction, g is étale away from the branch locus of f, so that any codimension one irreducible component
of the branch locus of f; is ¥-invariant as well. By Lemma 3.4, we must have fflg = fl*]g.

Set & = g_lTyXAxg/yXB and & = g_lTyXAxg/yXA, and let v be any automorphism of the covering
fi: Z1 — X. In order to prove the statement, it suffices to show that &; C Ty, is 7-invariant (see [Clal7,
Lemme 2.13]).

Notice that & & & = f] 1 o~ fl[*]% is y-invariant by construction. Moreover, the natural maps

] ]

& =g " Tyxaxnyxs = 9 Tyxaxp/yxp and & =g "Tyxaxp/yxa = 9 Ty xaxp/yxa

are isomorphisms since we observed that the induced map

9 =& o8& — g (M) = My

~

is an isomorphism. In particular, & = ﬁ?ldimA. Let FF = A x B be a general fiber of the projection Y x
A x B — Y. By general choice of F, any irreducible component G of g=!(F') is normal (see [Gro66, Théoréme
12.2.4]) with T = &G © &) In particular, we must have K¢ ~z 0. Applying Theorem 2.14, one checks that
there exist an abelian variety A;, a projective variety By with canonical singularities, Kp, ~7z 0, and ¢(B1) = 0,
and quasi-étale covers A1 — A and B; — B such that G =& A; x By and such that the restriction of g to G
identifies with G = A; x By — A x B = F. Moreover, &1|g = Ta,xB,/B, and &g = T, xB,/4,- By Remark
2.16, we have h%(By,Tp,) = 0 and h' (Bl,Q%]l) = 0. This immediately implies that any map v*& — & or
v*& — & vanishes identically, completing the proof of the lemma. O

Before we give the proof of Theorem 8.1, we need the following auxiliary statements.
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Lemma 8.6. Let X be a normal complex projective variety, and let ¢: X — 'Y be a surjective equidimensional
morphism with connected fibers onto a normal projective variety. Suppose that X is Q-factorial. Let F denote
a general fiber of v, and assume that q(F) = 0. If =1 (Y°) 2 Y° x F for some open set Y° C Yo with
complement of codimension at least two, then X 2Y X F.

Proof. Set X° :=¢~*(Y°). Let H be an ample divisor on X. We have Pic(Y*° x F) 2 Pic(Y°) x Pic(F) since
g(F) = 0 by assumption. Thus there exist Cartier divisors Hys and Hr on Y° and F respectively such that
Oxo(H|xo) = Oyo(Hyo)XOp(Hp). Let Hy be the Weil divisor on Y that restricts to Hye on Y°. By Lemma
2.6, Hy is Q-Cartier. Notice that mg (H — w*Hy) is relatively ample over Y for any positive integer mg such
that mg (H — ’(/)*Hy) is Cartier. It follows that

X = Projy @) ¢+0x (mmo(H — v*Hy)).

m=0

On the other hand, by [Har80, Corollary 1.7], the coherent sheaves ¥, Ox (mmo (H —Y*H y)) are reflexive, and
restrict to H° (F, Or(mmoH F)) ® Oyo by assumption. Therefore, there is an isomorphism of sheaves of graded
Oy-algebras

P v (mmo(H — v Hy)) = ( D H(F, Op(mmoHr)) ) @ Oy

m=0 m=0

This implies that X &2 Y x F, finishing the proof of the lemma. (]

Lemma 8.7 ([Drul8, Lemma 4.6]). Let X1, X2 and Y be complex normal projective varieties. Suppose that
there exists a surjective morphism with connected fibers f: X1 x Xo — Y. Suppose furthermore that ¢(X1) = 0.
Then'Y decomposes as a product Y = Y1 xXYs of normal projective varieties, and there exist surjective morphisms
with connected fibers B1: X1 — Y1 and Bo: Xo — Yo such that B = 1 X Bo.

We are now in position to prove Theorem 8.1.

Proof of Theorem 8.1. We maintain notation and assumptions of Theorem 8.1. For the reader’s convenience,
the proof is subdivided into a number of steps.

Step 1. Reduction to the case where Kg ~7 0. By [KM98, Lemma 2.53] and Fact 2.10, there exists a quasi-étale
cover f: X1 — X with X klt such that f*Kg ~z 0. Moreover, K¢-14 ~z f*Kg and f~19 is weakly regular by
Proposition 5.13. To prove Theorem 8.1, we can therefore assume without loss of generality that the following
holds.

Assumption 8.8. The canonical class K« is trivial, K4 ~7 0.
This implies that ¢ is canonical by Lemma 5.9.

Step 2. Reduction to the case where & is given by a morphism. Suppose that the conclusion of Theorem 8.1
holds under the additional assumption that the foliation is given by an equidimensional morphism. Then we
show that it holds in general.

Let 3: X; — X be a Q-factorialization (see 2.2), and set 4, := 71¢9. By Lemma 5.16 and Remark 5.17,
%, is a weakly regular foliation with K¢, ~z 0. By Lemma 5.9 again, we see that ¢ is canonical. It then
follows from Theorem 6.1 that ¢; is induced by a surjective equidimensional morphism onto a normal projective
variety. By assumption, there exist complex projective varieties Y7 and Z; with klt singularities and a quasi-
étale cover f1: Y7 x Z; — X; such that fl_l% is induced by the projection Y; x Z; — Y7. In particular, we have
Kz, ~7 0. By Theorem 2.14, replacing Z; by a further quasi-étale cover, if necessary, we may assume without
loss of generality that Z; & Ay x By, where A; is an abelian variety and Bj is normal projective variety with
G(B1) = 0. Let X3 be the normalization of X in the function field of Y7 x Z;. We have a commutative diagram

B2, small and birational

Yl X Z1 X2
fi, quasi—étaleJ Jf, quasi-étale
X1 X.

3, small and birational
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Note that Ty, x4, x5, = Ty, B T4, B Tp,. The direct summand T4, of Ty, x4,xp, induces an algebraically
integrable foliation & C f~'¢ with & = ﬁ;‘?zdimAl. By Lemma 5.8, & is a weakly regular foliation, and it
has canonical singularities by Lemma 5.9. Applying Proposition 8.2 to &, we see that there exists an abelian
variety Az as well as a normal projective variety Z3, and a finite étale cover fo: X3 := A3 X Z3 — X5 such that
the foliation &3 := fy 1&, is induced by the projection As x Zs — Zs. Observe that the direct summand Tg,
of Ty, x A, x B, induces an algebraically integrable foliation &3~ on X3 such that &3 ® & = f{lfflfﬁ. One then
checks that there exists an algebraically integrable foliation %3 on Z3 such that & is the pull-back of ¥ under
the projection Az x Z3 — Z3. Note that ¥ is weakly regular with K¢, ~z 0 by Lemma 5.16. By replacing X
by Z3 and ¢4 by ¥, and repeating the process finitely many times, we may therefore assume that dim A; = 0.
But then the conclusion of Theorem 8.1 follows from Lemma 8.7 since ¢(B;) = 0 by construction. To prove
Theorem 8.1, we can therefore assume without loss of generality that the following holds.

Assumption 8.9. The foliation ¢ is induced by a surjective equidimensional morphism with connected fibers
1: X — Y onto a normal projective variety Y.

Step 3. Let F be a general fiber of ¢. Note that F has klt singularities by [Kol97, Corollary 4.9]. Applying
Corollary 5.22, we see that there is a decomposition Tx = ¥4 @ & of T'x into involutive subsheaves.

Clatm 8.10. There exist an open subset Y° C Y, with complement of codimension at least two in Y, and a
finite galois cover g°: Y} — Y° such that the following holds. Let X7 be the normalization of Y;° xy. X, and
denote by ¥7: X7 — Y7° the natural morphism. Then 7] is a locally trivial analytic fibration for the analytic
topology. In particular, 17 has integral fibers. Moreover, there exists a decomposition Txe = T'xo/ye @ &7 of
Txe into involutive subsheaves.

Proof. By [Drul7a, Lemma 4.2], there exists a finite surjective morphism ¢: Y7 — Y with Y7 normal and
connected such that the following holds. If X; denotes the normalization of Y7 Xy X, then the induced morphism
11: X1 — Y7 has reduced fibers over codimension one points in Y. By replacing Y7 with a further finite cover,
if necessary, we may assume without loss of generality that the finite cover Y7 — Y is Galois. We have a
commutative diagram

X1 f, finite X
1/11J( Jfﬁ
}/1 g, finite Y.

Next, we show that the tangent sheaf T, decomposes as a direct sum Tx, = f~19 @& f~1& and that
K¢y ~z 0. Set ¢ :=rank¥, and let w € H 0 (X , Q[)‘?) a reflexive g-form defining &. The reflexive pull-back
wy € HY(X 1,9[)3]1) of w then defines f~'& on a non-empty open set. In particular, w; induces an Ox,-linear
map (AYTx,)" — Ox, such that the composed morphism of reflexive sheaves of rank one

7 det 19 — (AN Tx, )™ — Ox,

is generically non-zero. On the other hand, by Lemma 3.4, we have det f ™19 & f*0x(—Kg) = Ox, and hence
7 must be an isomorphism. This easily implies that T, = f~'9 @ f~1&.

Let Y? be the smooth locus of Y3, and set X7 := ¢; (V). Let Z2 C X7 be the open set where Y1ixe is
smooth. Notice that Z7 has complement of codimension at least two in X7 since ¢; has reduced fibers over
codimension one points in Y;°. The restriction of the tangent map

Trxg: Txp = (V1yxs) Ty

to f’lcgjzf C Tzo then induces an isomorphism fflé"zf =~ (1/)1\Zf)*TY1°' Since f*IﬁXf and (wl\Xf)*TYf are
both reflexive sheaves, we finally obtain an isomorphism

F e = (Vryxp) Tp -

Now, a classical result of complex analysis says that complex flows of vector fields on analytic spaces exist (see
[Kau65]). It follows that 1, x¢ is a locally trivial analytic fibration for the analytic topology. Set Y := Yieq \

g(Y1 \'Y). Then gjg-1(yey: g1 (Y°) — Y° satisfies the conclusions of Claim 8.10. O
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Step 4. Reduction to the case where q(F') = 0. We maintain notation of Claim 8.10. Set f° := fixo: X7 —
X° =9 1(Y°).

By Lemma 8.3 (1) and Theorem 2.14, there exist a quasi-projective variety Yy, an abelian variety A and a
projective variety B with canonical singularities, Kg ~z 0 and ¢(B) = 0, and a quasi-étale cover fy: X3 :=
Yy x Ax B — X7 such that (f?)"(%xs) is the foliation given by the projection Y3 x A x B — Y5. Notice
that any codimension one irreducible component of the branch locus of f° o f7 is invariant under ¢ so that
Lemma 8.5 applies. There exist algebraically integrable foliations ¢; C 4 and % C ¢ with torsion canonical
class such that (fo o ff)il (gllXo) = Ty2o XAxB/Yg xB and (fo o ff)il (gglxo) = Ty; XAXB/YLXA- Note that 4
and % are weakly regular foliations by Lemma 5.8 since 4 & % & & = T'x by construction.

Let X5 be the normalization of X in the function field of X3. Applying Proposition 7.1 to the cover Xy — X
and to ¥, we see that, replacing X by a further quasi-étale cover, if necessary, we may assume without loss of
generality that 4 = 03™4. By Proposition 8.2 together with Lemma 5.9, there exists an abelian variety A,
as well as a normal projective variety X;, and an étale cover f: A; x X; — X such that f~'% = Ta xx1 /X,
Then f~1% C Tx, v x, /A, and it is induced by a weakly regular algebraically integrable foliation 7 on X; with
Ky ~7 0 (see Lemma 5.16). Moreover, by the rigidity lemma, 77 is given by a surjective equidimensional
morphism 1 : X; — Y7 onto a normal variety Y7 whose general fiber Fy satisfies g(F;) = 0 since irregularity
increases in covers by [Laz04, Lemma 4.1.14]. To prove Theorem 8.1, we can therefore assume without loss of
generality that the following holds.

Assumption 8.11. The augmented irregularity of a general fiber F' of v is zero, ¢(F) = 0.
Step 5. Next, we show the following.

Claim 8.12. There exist a finite cover g: Y7 — Y and an open subset Y° C Y}, with complement of codimension
at least two in Y such that the following holds. Let X; be the normalization of Y; xy X, and denote by
f: X7 — X and ¢;: X; — Y; the natural morphisms. Then f is a quasi-étale cover, and 1/11_1(Y1°) =Y X F as
varieties over Yy, where Y := g~ }(Y°).

Proof. We maintain notation of Claim 8.10. Notice h°(F,Tr) = 0 since ¢(F) = 0 (see Remark 2.16), so that
Lemma 8.3 (2) applies. Replacing Y7 by a quasi-étale cover, if necessary, we may assume that ¢, 1(Y1°) = X7 =
Y x F as varieties over Y;°. We obtain a commutative diagram

XP2YP x F X, L oy
Ylo Yl g, finite Y.

By replacing Y; with a further finite cover, if necessary, we may assume without loss of generality that the
finite cover Y7 — Y is Galois. In particular, there is a finite group G acting on Y; with quotient Y. The group
G also acts on X since X identifies with the normalization of Y; xy X. Moreover, X7 = Y;° x F' is G-invariant.
Since h°(F, Tr) = 0, G acts on F and its action on Y;° x F is the diagonal action. Let G denote the kernel of
the induced morphism of groups G — Aut(F). Note that X{/G; = (Y/G1) x F. By replacing Y7 by Y1/Gj,
X1 by X1/Gy, and G by G/G, if necessary, we may assume that G C Aut(F). Set X° := ¢p~1(Y°). We
may obviously assume that dimY > 1 and dim F' > 1. Then the quotient map Y® x F — (Y° x F)/G = X7
is automatically étale in codimension one, and hence quasi-étale by the Nagata-Zariski purity theorem. This
immediately implies that f: X; — X is a quasi-étale cover as well. (Il

Step 6. End of proof. We maintain notation of Claim 8.12. Let 8;: X3 — X; be a Q-factorialization (see 2.2),
and set % = Bflf_lg. By Lemma 5.16 and Remark 5.17, ¢ is a weakly regular foliation and K¢, ~z 0.
It follows that % is induced by a surjective equidimensional morphism 5: X5 — Y5 onto a normal projective
variety by Theorem 6.1 again.

Since B; is a small birational morphism, we may assume without loss of generality that 1); o 81 has integral
fibers over Y;°. In particular, the restriction of 11 o f1 to X3 := (v1 o £1) " 1(Y}) is equidimensional. It follows
that X3 — Y7 is the family of leaves of 43| xg, and hence there exists an open set Y3 C Y5 and an isomorphism
Yy = YP such that X3 = 1, '(Yy). Notice that we have a decomposition Tx, = % @ ;' f~'& of Tx, into
involutive subsheaves. Set Fy := By '(F), and observe that h°(Fy, Tr,) = h°(F,Tr) = 0 since B1|p, is a small
birational morphism. By Lemma 8.3 (2), replacing Y; and Y5 by further quasi-étale covers, if necessary, we may
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assume that X$ 2 Yy X F as varieties over Y. By Remark 2.16, we also have ¢(F3) = 0. On the other hand,
Yy has complement of codimension at least 2 in Y5 since X5 has complement of codimension at least 2 in Xy
and 19 is equidimensional. So Lemma 8.6 applies, and show that X, = F, x Y5. From Lemma 8.7 again, we
conclude that X; = F} x Y;. This finishes the proof of Theorem 8.1. O

Proof of Theorem 1.5. We maintain the notation and assumptions of Theorem 1.5. By Proposition 4.24, K¢ is
torsion. By [KM98, Lemma 2.53] and Fact 2.10, there exists a quasi-étale cover f: X; — X with X; klt such
that f*Kg ~z 0. Moreover, f~'%¢ is canonical by Lemma 4.3 and K14 ~z7 0. Applying Corollary 5.23, we
see that f 19 is weakly regular. Theorem 1.5 now follows from Theorem 8.1. (]

8.2. Application. The purpose of this subsection is to prove the following decomposition result (see [Drul7a,
Proposition 6.1] for a somewhat related result).

Proposition 8.13. Let X be a normal complex projective variety with kit singularities, and let 4 be a foliation
on X with canonical singularities and Ky = 0. There exist normal projective varieties Y and Z with kit
singularities, as well as a quasi-étale cover f:Y x Z — X such that the following holds. The foliation f~'%
is the pull-back via the projection Y x Z — 'Y of a foliation € on'Y with no positive-dimensional algebraic
subvariety tangent to € passing through a general point of Y. In addition, Kz ~z 0, € has canonical
singularities, and K 4 = 0.

We will need the following minor generalization of [LPT18, Corollary 3.9].

Lemma 8.14. Let X be a normal complex projective variety, and let 4 be a foliation on X with canonical
singularities and Ko = 0. Then 9 is semistable with respect to any polarization H on X.

Proof. Let 8: Z — X be a resolution of singularities. Suppose that ¢ is not semistable with respect to H. Then
B4 is not semistable with respect to f*H. Applying [CP15, Theorem 4.7] to the maximally destabilizing
subsheaf of 371% with respect to B*(HY™X~1) we see that & is uniruled. But this contradicts Proposition
4.22, proving the lemma. O

Proof of Proposition 8.13. Recall from [LPT18, Paragraph 2.3] that there exist a normal projective variety Y,
a dominant rational map ¢: X --» Y, and a foliation .7 on Y such that the following holds.

(a) There is no positive-dimensional algebraic subvariety tangent to 2 passing through a general point of
Y; and
(b) ¢ is the pull-back of 2 via ¢.
Let & be the foliation on X induced by ¢. We may assume without loss of generality that Y is the space of
leaves of &. Let ¢: Z — Y be the family of leaves, and let §: Z — X be the natural morphism (see 3.6).

Claim 8.15. The canonical class K¢ of & is torsion. In particular, Ke is Q-Cartier.

Proof. Replacing X by a Q-factorialization (see Paragraph 2.2), we may assume in addition that X is Q-factorial
by Lemma 4.2.
Since 3719 = )~ 12, there is an exact sequence
0= B =Tyy = B9 —pllor.
Therefore, there exists an effective Weil divisor B on Z
Kﬁ—lg ~7 Kﬂﬂéa + " K + B.
It follows that
Ky — Kg ~7 9" K +C,

where C' := (,B is effective. Notice that the pull-back ¢*K » is well-defined since ¢ is well-defined and
equidimensional on some open set with complement of codimension at least two (see Paragraph 2.7). Applying
[CP15, Corollary 4.8] to the foliation induced by J# on a resolution of Y, we see that K is pseudo-effective
(see Remark 2.7 for this notion). This immediately implies that ¢* K, + C is pseudo-effective as well. Let H
be an ample Cartier divisor on X. Then we have ugy(Kg) > puu(Kg). On the other hand, by Lemma 8.14, we
also have up(Ky) < pa(Kg), and hence pup(Kg) = pp(Ky) = 0. This implies that Kg = 0. By Proposition

4.22, & has canonical singularities since ¢4 does. Proposition 4.24 then implies that K is torsion, proving the
claim. |
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By Theorem 1.5 applied to & and [AD13, Lemma 6.7], there exist normal projective varieties Y7 and 77, as well
as a foliation %4 on Y7 and a quasi-étale cover f: Y; x Z; — X such that f~1& = Ty, x z, /v, and such that fle
is the pull-back of J# via the projection 7: Y7 x Z; — Y;. Moreover, there is no positive-dimensional algebraic
subvariety tangent to /1 passing through a general point of Y. We also have 7*K 3 = Ky-14g — Ky-15 = 0.
In particular, 7* K 4, is Q-Cartier. This in turn implies that K4 is Q-Cartier by Lemma 2.6. Moreover, we
have K » = 0. By Lemma 4.5, 54 is canonical. This finishes the proof of Proposition 8.13. O

9. ALGEBRAIC INTEGRABILITY, I

In this section we prove algebraicity criteria for leaves of algebraic foliations on uniruled varieties (see Propo-
sition 9.3 and Theorem 9.4).

Ezample 9.1. Let n > 2 be an integer. Let A = C""!/A be a complex abelian variety, and let p: m1(A4) —
PGL(2,C) be a representation of the fundamental group 71 (A) = A of A. Then the group 71 (A) acts diagonally
on C" ! x P! by v (2,p) = (7(2),p(7)(p)). Set X := (C"~! x P')/m(A), and denote by 1: X — A =
C"~!/m(A) the projection morphism, which is P!-bundle. The foliation on C*~* x P! induced by the projection
C" ! x P — P! is invariant under the action of 71(A) and yields a flat Ehresmann connection ¢ on 1. Note
that p is the representation induced by ¢. In particular, ¢-invariant sections of ¢ correspond to 71 (A)-invariant
points on P*.

Let H C PGL(2,C) be the Zariski closure of the image of p. Observe that H is abelian, and that ¢ is
algebraically integrable if and only if H is finite.

Suppose that dim H > 0. Let p: SL(2,C) — PSL(2,C) = PGL(2,C) denote the projection morphism, and

set
7= {(g a(_)1> ae cc*} CSL(2,C) and U := {(é l{) be cc} C SL(2,0).

Using [Kap76, Theorem 4.12] (or [CS08, Lemma 6.2]), one checks that H is conjugate to p(T') or p(U). In either
case, there is a representation

p: m(A) = SL(2,C) such that p=pop.

Thus, there is a flat rank two vector bundle (£, V) on A such that X 2 P4(&) over A. Moreover, if % denotes
the linear Ehresmann connection on the total space E of &* induced by V, then ¢ is the projection of % |gx
under the natural map 7: E* — X, where E* := F \ Ox.

Suppose that H = p(T). Then we may assume that & = .# @© .# ! as flat vector bundles for some
M€ PicO(A). Since dim H > 0 by assumption, .# is not torsion. The ¥-invariant sections D; and Dy of
are the two sections given by the quotients .4 & .4~ — M and & = M & M~ — #~'. The structure of
algebraic group on C" x G, induces a structure of commutative algebraic group G on X° := X \ (D1 U D»)
fitting into an exact sequence

1-G,, -G—A—1.

Moreover, X° is a principal G,,-bundle over A, and the action of G on X° extends to an action on X. Finally,
Y xo yields a flat G,,-equivariant connection on X° — A.

Suppose that H = p(U). Then there is a non-trivial exact sequence 0 — &4 — & — 04 — 0. The only ¥-
invariant section D of 1 corresponds to the quotient & — &4. In this case, there is a structure of commutative
algebraic group G on X° := X \ D fitting into an exact sequence

115G, —>G— A1,

and X is an equivariant compactification of GG. Moreover, X° is principal G,-bundle over A, and ¥ x- yields a
flat G4-equivariant connection on X° — A.

The proof of Proposition 9.3 below relies on an algebraicity criterion for leaves of algebraic foliations proved
in [Bos01, Theorem 2.9], which we recall now.

Let X be an algebraic variety over some field k of positive characteristic p, and let 4 C T'x be a subsheaf.
We will denote by F,ps: X — X the absolute Frobenius morphism of X.

The sheaf of derivations Dery(0x) = Tx is endowed with the p-th power operation, which maps any local
k-derivation D of O to its p-th iterate DIP). When & is involutive, the map F¥ .4 — Tx /9 which sends

D to the class in Tx /¥ of DIPl is @x-linear. The sheaf ¢ is said to be closed under p-th powers if the map
s — Tx /9 vanishes.

abs
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Let R C C be a finitely generated Z-algebra, with field of fractions K, and set S := Spec R. For any closed
point s € S with maximal ideal m, we let k(s) be the finite field R/m. We denote by 5: Speck(s) — S a
geometric point of S lying over s with k(8) an algebraic closure of k(s). Given a scheme X over S, we let
Xc:=X®C, and X5 := X ® k(5). Given a sheaf 4 on X, we let % :=9 ® C, and % := ¥4 ® k(3).

Let X be a normal complex projective variety, and let ¢ be a foliation on X. Let R C C be a finitely
generated Z-algebra, with field of fractions K, and let X be a projective model of X over S := Spec R. Let also
% be a saturated subsheaf of the relative tangent sheaf Tx /g such that %c coincides with . We say that ¢ is
closed under p-th powers for almost all primes p if there exists an open dense subset U of S such that for any
closed point s in U, the subsheaf ¥; of Tx_ is closed under p-th powers, where p denotes the characteristic of
k(5). This condition is independent of the choices of S and X.

Theorem 9.2 ([Bos01, Theorem 2.9]). Let G be an algebraic group over a number field K, whose neutral
component is solvable. Let P be a principal G-bundle over a smooth connected variety B over K, and let 4 be
a flat G-equivariant connection on P — B. Suppose that ¢ is closed under p-th powers for almost all primes p.
Then ¢ is algebraically integrable.

Proposition 9.3. Let A be a complex abelian variety, and let ¥: X — A be a P'-bundle. Suppose that there
exists a flat holomorphic connection 9 C Tx on 1, and that 9 is closed under p-th powers for almost all primes
p. Then & is algebraically integrable.

Proof. Set n := dim X. Since v admits a flat holomorphic connection, there is a representation

p: m(A) — PGL(2,C)
of 71 (A) such that X = (C"~! x P')/m;(A), where the group m;(A) acts diagonally on C"~1 x P!. Moreover,
4 is induced by the projection C*~! x P! — P!,

Let H C PGL(2,C) be the Zariski closure of the image of p. Note that ¢ is algebraically integrable if and
only if H is finite.

We argue by contradiction and assume that dim H > 0. We use the notation introduced in Example 9.1.

There is a dense open set X° C X that is a principal bundle over A with structure group K = G, or
K = G, and ¥ xo yields a flat invariant connection on 9° := 9 xo: X° — A, which is closed under p-th powers
for almost all primes p.

In addition, there is a flat rank two vector bundle (&, V) on A such that X =2 P4 (&) over A. Moreover, if
%y denotes the linear Ehresmann connection on the total space E of &* induced by V, then ¢ is the projection
of %v|px under the natural map 7: E* — X, where E* := E\ Ox (see Example 9.1 above). Let L C X be
a leaf of ¢. Since %y px is invariant under the natural C*-action on E*, we have 7~ '(L) = L x C* and the
restriction of %y to 7 ~!(L) is given by the projection L x C* — C* . It follows that ¢ is algebraically integrable
if and only if so is %y .

To show Proposition 9.3, let R be a subring of C, finitely generated over Q, and let A (resp. K, X and X°) be
a smooth projective model of A (resp. K, X and X°) over T := Spec R. We may assume that there exist a rank
two vector bundle & on X and a relative flat connection V: & — Q%(/A ® & on & such that (6c, V) = (£,V)
and such that X = Pa(&£). Let ¢ be the subbundle of Tkt induced by V, so that %c coincides with ¥.
Shrinking T, if necessary, we may assume without loss of generality, that for any closed point ¢t € T, % is closed
under p-th powers for almost all primes p. We may finally also assume that X7 is a principal bundle over Az
with structure group Kz, and that the restriction of ¥; to X7 is K-equivariant.

Now, when ¢ € T is a closed point, its residue field is a number field, and hence %; is algebraically integrable
by Theorem 9.2 above. Let %y denote the linear Ehresmann connection on the total space E of &* induced by
V. By construction, ¢ is the projection of %y gx under the map E* — X, where E* := E \ 0x. Moreover, if
t € T is a closed point, then (%y )z is algebraically integrable since %; does. In other words, the flat connection
(&7, V) has finite monodromy representation. By [And04, Theorem 7.2.2], we conclude that (&£, V) has finite
monodromy representation as well, so that dim H = 0. This yields a contradiction, completing the proof of the
proposition. O

The following is the main result of this section.

Theorem 9.4. Let X be a normal complex projective variety with terminal singularities, and let 4 be a codi-
mension one foliation on X. Suppose that & is canonical, and that it is closed under p-th powers for almost
all primes p. Suppose furthermore that Kx is not pseudo-effective, and that K4 = 0. Then ¢ is algebraically
integrable.
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Before proving Theorem 9.4 below, we note the following corollary.

Corollary 9.5. Let X be a normal complex projective variety with canonical singularities, and let 4 be a
codimension one foliation on X . Suppose that ¥ is canonical with K4 Cartier and Ky = 0 and that 9 is closed
under p-th powers for almost all primes p. Suppose in addition that Kx is not pseudo-effective. Then 4 is
algebraically integrable.

Proof. Let : Z — X be a Q-factorial terminalization of X. By Proposition 4.10, 37 '% is canonical with
Kg-14 ~7 8*Kg. Moreover, B9 is obviously closed under p-th powers for almost all primes p. Finally, K
is not pseudo-effective since 8, K7z ~7 Kx and Kx is not pseudo-effective by assumption. The statement now
follows from Theorem 9.4 applied to 37'9. ]

Proof of Theorem 9.4. For the reader’s convenience, the proof is subdivided into a number of relatively inde-
pendent steps.

Step 1. Let B: Z — X be a Q-factorialization of X. By Lemma 4.2, 37'%¢ is canonical with Kg-14 ~q " Kg.
Moreover, 3~1¢ is closed under p-th powers for almost all primes p. Finally, Kz is not pseudo-effective since
B+Kz ~7 Kx and Kx is not pseudo-effective by assumption. Thus, replacing X by Z, if necessary, we may
assume without loss of generality that the following holds.

Assumption 9.6. The variety X has Q-factorial terminal singularities.

Step 2. Since K x is not pseudo-effective by assumption, we may run a minimal model program for X and end
with a Mori fiber space (see [BCHM10, Corollary 1.3.3]). Therefore, there exists a sequence of maps

Pi- ; Pi Pm—
X=Xy - Xy - T xS X O e N Ly X,

Js-

Y

where the ¢; are either divisorial contractions or flips, and 1, is a Mori fiber space. The spaces X; are normal,
Q-factorial, and X; has terminal singularities for all 0 < i < m. Let ¥; be the foliation on X; induced by ¥.
Now, we show that K¢, = 0 and that ¢ is canonical by induction on 0 < i < m.

For ¢ = 0, the claim is true by assumption. Let 1 < i < m.

Suppose first that ¢;_1 is a divisorial contraction. By [KMMS87, Lemma 3.2.5 (2)], there exists a Q-Cartier
divisor K; on X; such that Ky, , ~q ¢! K;. Note that we must have K; ~g Kg,. This in turn implies that %;
has canonical singularities by Lemma 4.2 (2). Moreover, K¢, = 0 by the projection formula.

Suppose now that ¢;_; is the flip of a small extremal contraction ¢;_1: X;—1 — Y;_1, and let ¢;: X; — Y;_1
be the natural morphism. By [KMM87, Lemma 3.2.5 (2)] again, there exists a Q-Cartier divisor K;_; on Y;_;
such that K¢, , ~q ¢/ K;—1. Note that we must have K¢, ~g c/K;_1. As before, we see that ¢ is canonical
using Lemma 4.2 (2) and that Ky, = 0.

Finally, one readily checks that ¥, is closed under p-th powers for almost all primes p. Hence, we may
assume without loss of generality that the following holds.

Assumption 9.7. There exists a Mori fiber space ¢: X — Y.

Step 3. First, we show that dim X —dimY = 1. We argue by contradiction and assume that dim X —dimY > 2.
Let I be a general fiber of 1). Note that F' has terminal singularities, and that Kz ~z Kx|r by the adjunction
formula. Moreover, F' is a Fano variety by construction. Note also that F' is smooth in codimension two since
it has terminal singularities. Let J# be the foliation on F induced by ¢. Since c¢;(A4y) = —Kx is relatively
ample, we see that 7 has codimension one. By Proposition 3.6, we have K ~z K¢ p — B for some effective
Weil divisor B on F. Suppose that B # 0. Applying [CP15, Theorem 4.7] to the pull-back of 7 on a resolution
of F'; we see that S is uniruled. This implies that ¢ is uniruled as well since F' is general. But this contradicts
Proposition 4.22, and shows that B = 0. By Proposition 4.22 applied to ##, we see that J# is canonical.
Finally, one checks that 7 is closed under p-th powers for almost all primes p.

Let S C F be a two dimensional complete intersection of general elements of a very ample linear system |H |
on F. We may assume wihtout loss of generality that .S is smooth and contained in Fye,. Let £ be the foliation
by curves on S induced by . By Proposition 3.6, we have Ay = A p|g. In particular, we have

(9.1) 1 (Ng)? = K2 HimF=2 5
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On the other hand, by the Baum-Bott formula (see [Bru04, Chapter 3, Theorem 1]), we have
(9.2) c1(Mz)? =) BB(L, x),
x

where z runs through all singular points of ., and BB(.%, ) denotes the Baum-Bott index of £ at a (we refer
to [Bru04, Chapter 3] for this notion).

Let x be a singular point of .Z. If J# is regular at x, then there is a holomorphic function f defined in a
neighborhood of z such that df vanishes at finitely many points and such that df defines £ (see Proposition
3.6). It follows that BB(Z,x) = 0. Suppose now that x is a singular point of 5. By general choice of
S, we may assume that [LPT18, Corollary 7.8] applies. The foliation J# is defined at = by the local 1-form
w = pzadz1 + qz1dza, where p and ¢ are positive integers and (z1,. .., 25) are analytic coordinates on F' centered
at z. By general choice of S, we may also assume without loss of generality that S intersects the singular
locus of 2 transversely. It follows that £ is defined at x by the local 1-form w = pvdu + qudv, where (u,v)

2
are analytic coordinates on S centered at z, and hence BB(.Z,z) = —% < 0. In either case, we have

BB(.Z,x) < 0, and hence c;(A#%)? < 0 by equation (9.2). But this contradicts inequality (9.1) above, and
shows that dim X —dimY = 1.

Next, we show the following.

Claim 9.8. There exists an open subset Y° C Y., with complement of codimension at least two such that
Yo i=1xoisa P'-bundle, and such that 9 xo yields a flat Ehresmann connection on 4°, where X° := Pp=HY°).

Proof of Claim 9.8. Recall that X is smooth in codimension two since it has terminal singularities. Since
dim X — dimY = 1, there exists an open subset Y° C Y, with complement of codimension at least two such
that X° := ¢ ~1(V°) C X,¢p. From [AW97, Theorem 4.1], we conclude that 1)° := ¢)|x. is a conic bundle.

Suppose that there is a codimension two irreducible component of the singular set of ¢ which is mapped
onto a divisor D by .

Suppose first that 1° is smooth over the generic point of D. Let B C Y be a germ of analytic curve passing
through a general point y of D and transverse to D at y, set S := (¢°)71(B) C X, and let £ be the foliation
by curves on S induced by ¢. Denote by 7: S — B the restriction of ¢° to S, and set C := 7~ !(y) = P!. We
have ¢1(A4) - C = 2 and either C' is tangent to ¢, or C is transverse to 4. In the latter case, 4 must be regular
along C, yielding a contradiction. This shows C' is tangent to 4. We may assume without loss of generality
that ¢ intersects S transversely at a general point of C' (see Proposition 3.6). This implies in particular that C
is Z-invariant. Let z € C' be a singular point of .Z. If ¢4 is regular at x, then there is a holomorphic function f
defined in a neighborhood of z in S such that df vanishes at finitely many points and such that df defines £ (see
Proposition 3.6). Suppose that C' is given at by the equation ¢ = 0, and that f(x) = 0. Then f = tg for some
local holomorphic function g on S at x, and —CS(Z, C, ) is equal to the vanishing order of g|¢ at z, where
CS(Z,C,x) denotes the Camacho-Sad index (we refer to [Bru04, Chapter 3] for this notion). In particular,
CS(Z,C,z) < 0. Suppose now that ¢ is singular at z. By [LPT18, Corollary 7.8], ¢ is defined at = by the
local 1-form w = pzadz; + gz1dza, where p and ¢ are positive integers and (z1,. .., z,) are analytic coordinates
on X centered at x. This implies in particular that the singular locus of ¢ is smooth in a neighborhood of z.
By general choice of B, we may also assume without loss of generality that S intersects the singular locus of
¢ transversely. It follows that £ is defined at = by the local 1-form w = pvdu + qudv, where (u,v) are local
coordinates on S centered at x. Since C' is Z-invariant, we may also assume that C is given at = by equation
u = 0. But then CS(%,C,z) = 75 < 0. On the other hand, by the Camacho-Sad formula, we have

C? =) CS(Z,C ),

where x runs through all singular points of .. This yields a contradiction since C? = 0.

Suppose now that D is an irreducible component of the critical set of ¥°, and let y € D be a general point.
Let also C = C7 U C5 be the corresponding fiber of 1°. Note that Cy # Cs, and that C; is tangent to ¢ since
c1(Ag) - C; = 1. We argue as in the previous case. Consider a general germ of analytic curve passing through
y, set S := (1¥°)"1(B) C X, and let . be the foliation by curves on S induced by 4. Denote also by 7: S — B
the restriction of ¢° to S. Note that S is smooth by general choice of B. As above, we may assume without
loss of generality that ¢ intersects S transversely at general points of Cy and Co. This again implies that C; is
Z-invariant. Let « € C be a singular point of .Z. If z is a regular point of ¢, then we have CS(.¥,C,z) < 0 as
before. If ¢ is singular at z, then CS(.%,C, z) = —% < 0 for some positive integers p and ¢ if x # C; N Cy, and
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CS(&Z,C,z) = — (p ;3)2 otherwise. Together with the Camacho-Sad formula and using C? = 0, this shows that
¥ is regular at any point in C'\ C; N Cy and that ¢ is defined at the intersection point  of C; and Cy by the
local 1-form zodz; + z1dza, where (z1,. .., 2,) are analytic coordinates on X centered at x. Lemma 5.27 then
yields a contradiction since ¢1(Ag) - C; = 1.

This proves that the singular set of ¢ is mapped in codimension at least two in Y.

Let C =2 P! be an irreducible component of a fiber of 1/°, and suppose that ¢ is regular along C. Recall that
c1(Ag) - C € {1,2} and that C' is tangent to ¢ if ¢;(A4) - C = 1. By [Drul7b, Lemma 3.2], we see that C is
not tangent to ¢, and hence ¢;(Ag) - C = 2. This immediately implies that ¢ is transverse to ¥° at any point
of C, finishing the proof of Claim 9.8. |

Step 4. By [Fuj99, Corollary 4.5] and [KMMS87, Lemma 5.1.5], Y has Q-factorial klt singularities. Since
codimY \ Y° > 2 and K¢ = 0, we must have Ky = 0. Applying [Nak04, Corollary V 4.9], we conclude that
Ky is torsion. Let Y3 — Y be the index one canonical cover, which is quasi-étale ([KM98, Definition 2.52]).
By construction, Ky, ~z 0. In particular, Y7 has canonical singularities. By Theorem 2.14 applied to Y7, we
see that there exists an abelian variety A as well as a projective variety Z with Kz ~z 0 and ¢(Z) = 0, and a
quasi-étale cover f: Ax Z =Y.

Recall that f branches only on the singular set of Y, so that f~(Y°) is smooth. On the other hand, since
f71(Y°) has complement of codimension at least two in A X Zyeg, we have 71 (A X Zyeg) = 71 (f71(Y°)). Now,
consider the representation

pr (A X Zyeg) 2 (f1(Y°)) = m (Y°) = PGL(2,C)
induced by ¥ x-. By [GGK19, Theorem IJ, the induced representation
m (Zreg) —m (A) X T (Zreg) ~m (A X Zreg) — PGL(2,C)

has finite image. Thus, replacing Z with a quasi-étale cover, if necessary, we may assume without loss of
generality that p factors through the projection mq (A X Zreg) — m1(A). Let P be the corresponding P'-bundle
over A. The natural projection P — A comes with a flat connection ¥p C Tp. By the GAGA theorem, P
is a projective variety. By assumption, its pull-back to A X Z,eg agrees with f~1(Y°) xyo X° over f~1(Y°).
Moreover, the pull-backs on A x Z,., of the foliations ¢ and ¥p agree as well, wherever this makes sense. In
particular, ¢ is algebraically integrable if and only if so is ¥p. Now, one checks that ¥p is closed under p-th
powers for almost all primes p. Theorem 9.4 then follows from Proposition 9.3. (]

10. ALGEBRAIC INTEGRABILITY, II

In this section, we address codimension one foliations with numerically trivial canonical class on mildly
singular varieties X with pseudo-effective canonical divisor. An analogue of the Bogomolov vanishing theorem
then says that X has numerical dimension v(X) < 1 (see Lemma 12.5). We first describe codimension one
foliations with numerically trivial canonical class on varieties with v(X) = 0 (see Lemma 10.1 and Proposition
10.2). We then give two algebraicity criteria for leaves of algebraic foliations on varieties with v(X) = 1 (see
Theorem 10.4 and Theorem 10.5).

Lemma 10.1. Let X be a normal complex projective variety with kit singularities, and let &4 be a codimension
one foliation on X with K¢ = 0. Suppose in addition that Kx = 0. There exist an abelian variety A, a normal
projective variety Z with Kz ~z 0 and §(Z) = 0, and a quasi-étale cover f: A x Z — X such that f~19 is the
pull-back of a codimension one linear foliation on A wvia the projection A X Z — A.

Proof. By [Nak04, Corollary V 4.9], Kx is torsion. Let f: X; — X be the associated cyclic cover, which is
quasi-étale (see [KMO98, Definition 2.52]). Recall from Fact 2.10 that X is klt. Notice that K;-14 ~z f*Kg.
In particular, K¢-14 is Q-Cartier, and K;-14 = 0. To prove the statement, we can therefore assume without
loss of generality that Kx ~z 0. Then X has canonical singularities, so that Theorem 2.14 applies. Replacing
X by a further quasi-étale cover, if necessary, we may therefore assume that there exist an abelian variety A, a
normal projective variety Z with Kz ~z 0 and ¢(Z) = 0 such that X = A x Z.

Let 8: Z1 — Z be a resolution of singularities, and let m be a positive integer such that £ := J@m] is
a line bundle. Note that ¢;(.#) = 0 by assumption. Since ¢(Z) = 0, we have h° (Z,Q[Zl]) = 0 by Hodge
symmetry for klt spaces (see [GKP11, Proposition 6.9]), and hence h° (Zl, lel) = 0. It follows that 8*(Z{z)
is torsion, and hence, Z|z_  is torsion as well. Replacing Z by a further quasi-étale cover, if necessary, we
may therefore assume that A% |; = Oz. In particular, we see that .44 is a line bundle. Moreover, since
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ho (Z, Q[ZH ® ,/Wg‘z) =ho (Z, Q[Zl]) = 0, the fibers of the projection A x Z — A are tangent to &. Therefore, ¢
is the pull-back of a codimension one foliation .77 on A. Since K¢ = 0 and Kz ~z 0, we must have K » = 0,
and hence 7 is a linear foliation on A. This finishes the proof the lemma. a

We will use Lemma 10.1 together with Proposition 10.2 below.

Proposition 10.2. Let X be a normal complex projective variety with kit singularities, and let 4 be a codi-
mension one foliation on X with canonical singularities and Ko =0. If v(X) =0, then Kx is torsion.

Remark 10.3. We will prove that Kx = 0. Then [Nak04, Corollary V 4.9] implies that Kx is torsion.

Proof of Proposition 10.2. Applying Proposition 8.13, we may assume without loss of generality that there is
no positive-dimensional algebraic subvariety tangent to ¢ passing through a general point of X.

We argue by contradiction and assume that Kx is not torsion. By [Nak04, Corollary V 4.9], we have
k(X) = 0. Replacing X by a Q-factorialization (see Paragraph 2.2), we may assume that X is Q-factorial by
Lemma 4.2. By [Drull, Théoréme 1.2], we may run a minimal model program for X and end with a minimal
model. Therefore, there exists a sequence of maps

where the ¢, are either divisorial contractions or flips, and Kx, is torsion. The spaces X; are normal, Q-
factorial, and X; has klt singularities for all 0 < i < m. Let 4; be the foliation on X; induced by ¢. Arguing as
in Step 2 of the proof of Theorem 9.4, we see that K¢, = 0 and that %; has canonical singularities. Note that
since Kx is not torsion, there is some i such that ¢; is a divisorial contraction. Let iy be the largest integer ¢
such that 1; is a divisorial contraction. By replacing X by X, if necessary, we may assume that there exist a
divisorial extremal contraction ¢: X — Y and that Ky is torsion.

Let & denote the foliation on Y induced by ¢. By Lemma 10.1 and using the fact that there is no positive-
dimensional algebraic subvariety tangent to ¢ passing through a general point of X, there exist an abelian
variety A and a quasi-étale cover f: A — Y such that f~!& is a codimension one linear foliation on A. Let X;
be the normalization of the fiber product X xy A, and denote by ¢;: X7 — A and f;: X; — X the natural
morphisms. Let E be the exceptional locus of ¢.

Suppose first that E is invariant under ¢. Applying Lemma 3.4, we see that K iy = 0. Then the
map fl—lg — ] (f_léa) induced by the tangent map Tpi: Tx, — T4 is an isomorphism. This yields a
contradiction since every irreducible component of f; ' (E) is ¢;-exceptional.

Suppose now that F is not invariant under ¢, and let w € H°(A, Q4) defining f~'&. Observe that irreducible
components of f;'(E) are not invariant under ¢. This implies that di;(w) does not vanish in codimension
one by [CM82, Proposition III.1.1, Premieére partie], and hence ,/fo@ & Ox,. This in turn implies that
¢1(Ag) ~q 0 using Lemma 3.4. It follows that Kx ~g K¢ — c¢1(A%) = 0, yielding a contradiction again, since
—Kx is p-ample by construction.

This shows that Kx is torsion, completing the proof of the proposition. O

Next, we address weakly regular codimension one foliations with trivial canonical class on varieties X with
v(X)=1

Theorem 10.4. Let X be a normal complex projective variety with kit singularities, and let 4 be a weakly
reqular codimension one foliation on X. Suppose that 4 is canonical with K¢ = 0. Suppose in addition that X
is smooth in codimension two, and that v(X) = 1. Then ¥ is algebraically integrable.

Proof. For the reader’s convenience, the proof is subdivided into a number of relatively independent steps.

Step 1. Applying Proposition 8.13 together with Corollary 5.14 and Lemma 5.16, we may assume without loss
of generality that there is no positive-dimensional algebraic subvariety tangent to ¢ passing through a general
point of X.

Step 2. Let B: Z — X be a resolution of singularities with exceptional set F, and suppose that F is a divisor
with simple normal crossings. Suppose in addition that the restriction of 3 to 371 (X,eg) is an isomorphism.
Let F; be the reduced divisor on Z whose support is the union of all irreducible components of E that are
invariant under 371¢. Note that —c;(A4%) = Kx by assumption. By Proposition 4.9 and Remark 4.8, there
exists a rational number 0 < € < 1 such that

v(—ci(M-1g) +eBr) =v(—ca(Ay)) =1.
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By [Toul6, Theorem 6] applied to 371%, we may assume that there exists an arithmetic irreducible lattice T' of
PSL(2,R)" for some integer N > 2, as well as a morphism ¢: Z — § := DV /T of quasi-projective varieties such
that 4 = =1, where S is a weakly regular codimension one foliation on $) induced by one of tautological
foliations on the polydisc D?V. Note that ¢ is generically finite by Step 1.

By a result of Selberg, there exists a torsion-free subgroup I'y of T' of finite index. Set $; := DV /I';, and
denote by 7: 1 — 9 the natural finite morphism. Recall that $) has isolated quotient singularities. It follows
that 7 is a quasi-étale cover since N > 2.

Let F' C Z be a prime divisor, and assume that F is not S-exceptional. Set G := S(F). We show that
dim p(F) > 1. We argue by contradiction, and assume that dim ¢(F) = 0. One checks that there is only one
germ of JZ-invariant hypersurface through any (singular) point of $. This implies that F' must be invariant
under 3719 since otherwise, p(Z) would be contained in a leaf of #, which is impossible since the foliation
¢~ 1 has codimension one by construction. Set X° := Xreg- By assumption, ¥ xo is regular, and hence
G° := GNX° is a smooth hypersurface with normal bundle Age/xo = Ag|go. Let S C X be a two dimensional
complete intersection of general elements of a very ample linear system |H| on X. We may assume without
loss of generality that S is smooth and contained in X°, so that ¢ o 37! is regular in a neighborhood of S. Set
C:=5NG. Then G - C < 0 since C is contracted by the generically finite morphism ¢ o ﬂ’ﬂs. On the other
hand, we must have G-C = 0 by [Drul7b, Lemma 3.2], yielding a contradiction. This proves that dim ¢(F) > 1.

Step 3. By Step 2, the natural map Z x4 $, — Z is a quasi-étale cover away from the exceptional locus of §.
In particular, it induces a quasi-étale cover f1: X7 — X. Let Z1 — Z X $, be a resolution of singularities.
We obtain a diagram

B1, birational @1, generically finite

X1 Z 1

f1, quasi—étaleJ J{h Jﬂ', quasi-étale
X Z .
S, birational ¢, generically finite 9

Let &; be the codimension one regular foliations on £); induced by the tautological foliations on DY so that
9%1 = @Kig N Ag. Set n := dimX. We may assume without loss of generality that the natural map
b, <i<n 1 Ng — lel is generically injective. Now observe that the line bundle .4 is hermitian semipositive,
so that ¢34 is nef. On the other hand, we have c; (¢4 ) - - --c1(iAg ) > 0. This immediately implies that
k(Z1) =v(Z,) = dim Z;. Tt follows that x(X;) = v(X;) = dim X, since f; is a birational morphism. Applying
[Nak04, Proposition 2.7], we see that v¥(X) = v(X;) = dim X; = dim X since Ky, ~g fifKx. It follows that
dim X = 1 since v(X) = 1 by assumption. This finishes the proof of the theorem. |

The following is the main result of this section.

Theorem 10.5. Let X be a normal complex projective variety with terminal singularities, and let 4 be a
codimension one foliation on X. Suppose that & is canonical with K¢ = 0 and that v(X) = 1. Suppose in
addition that 4 is closed under p-th powers for almost all primes p. Then & is algebraically integrable.

Before proving Theorem 10.5 below, we note the following corollary.

Corollary 10.6. Let X be a normal complex projective variety with canonical singularities, and let 4 be a
codimension one foliation on X. Suppose that 4 is canonical with Kq is Cartier and Kg = 0 and that 9 is
closed under p-th powers for almost all primes p. Suppose in addition that v(X) = 1. Then ¢ is algebraically
integrable.

Proof. Let : Z — X be a Q-factorial terminalization of X. By Proposition 4.10, 37 '% is canonical with
Kp-14 ~yz *Kg. Moreover, 37¢ is closed under p-th powers for almost all primes p. Finally, v(Z) = 1 since
Kz ~q f*Kx and v(X) = 1 by assumption (see [Nak04, Proposition V 2.7]). The statement now follows from
Theorem 10.5 applied to f~1¢4. ]

Proof of Theorem 10.5. For the reader’s convenience, the proof is subdivided into a number of relatively inde-
pendent steps. Set n = dim X.

Step 1. Let B: Z — X be a Q-factorialization of X. By Lemma 4.2, 37'¢ is canonical with Kg-1g ~q B*Kg.
Moreover, 371% is closed under p-th powers for almost all primes p. Finally, v(Z) = 1 since Kz ~q *Kx
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and v(X) = 1 by assumption (see [Nak04, Proposition V 2.7]). Thus, replacing X by Z, if necessary, we may
assume that X is Q-factorial.

Step 2. By [Drull, Théoréme 3.3], we may run a minimal model program for X and end with a minimal model
in codimension one. Therefore, there exists a sequence of maps

Xi=Xo -y xy -y L xRy X ST, X,
where the ¢; are either divisorial contractions or flips, and Kx, is movable. The spaces X; are normal, Q-
factorial, X; has terminal singularities for all 0 < ¢ < m, and v(X;) = 1. Let ; be the foliation on X; induced
by ¢. Arguing as in Step 2 of the proof of Theorem 9.4, we see that K¢, = 0 and that ¥, has canonical
singularities. Replacing X by X,,, we may therefore assume without loss of generality that X is Q-factorial and
K x is movable.

Step 3. Let S C X be a two dimensional complete intersection of general elements of a very ample linear system
|H| on X. We may assume wihtout loss of generality that S is smooth and contained in X,e,. Let £ be the
foliation by curves on S induced by ¢. By Proposition 3.6, we have A = A 5. In particular, we have

(10.1) ci(Ne) =K% -H"?>0

since Kx is movable by Step 2.
On the other hand, by the Baum-Bott formula (see [Bru04, Chapter 3, Theorem 1]), we have

(10.2) ci(Nz)? =) BB(LZ,x),

where x runs through all singular points of ., and BB(.Z, z) denotes the Baum-Bott index of .Z at z.

Let x be a singular point of .Z. Next, we compute the Baum-Bott index BB(.Z, x) as in Step 3 of the proof
of Theorem 9.4.

If 4 is regular at x, then BB(.Z,2) = 0. Suppose now that z is a singular point of 4. Then ¢ is defined
at = by the local 1-form w = pzedz1 + qz1dze, where p and ¢ are positive integers and (z1,...,2,) are analytic
coordinates on X centered at z, and BB(Z,z) = —% < 0. In either case, we have BB(.%,z) < 0.
Equations (10.1) and (10.2) above then show that BB(.Z, ) = 0 for any singular point z of .Z. It follows that
there exists an open set X° C X with complement of codimension at least three such that ¥ x. is defined by
closed holomorphic 1-forms with zero set of codimension at least two locally for the analytic topology.

Step 4. Suppose first that ¢(X) = 0. Then the Picard group of X is discrete, and thus K¢ is torsion. Replacing
X by the associated cyclic cover, which is quasi-étale (see [KM98, Definition 2.52]), and using Lemma 4.3 and
Remark 2.9, we may assume without loss of generality that K¢ ~z 0. By Proposition 5.26, we see that ¢ is
weakly regular. Theorem 10.4 above then says that ¢ is algebraically integrable.

Step 5. To prove the statement, we argue by induction on dim X.

If dim X =1, then ¥ is obviously algebraically integrable.

Suppose from now on that dim X > 2. By Step 4, we may assume without loss of generality that ¢(X) # 0.
Let

axlX—>A

be the Albanese morphism, that is, the universal morphism to an abelian variety (see [Ser01]). Since X has
rational singularities (see [KMMS87, Theorem 1.3.6]), we have dim A = ¢(X) > 0 by [Kaw85, Lemma 8.1]. Let
F be a very general fiber of the Stein factorization of X — ax(X), and let 52 be the foliation on F' induced by
9.

Suppose first that dim /' > 0. Then F' has terminal singularities, and Kr ~z Kx|p by the adjunction
formula. In particular, K is movable. If 5 = Tp, then S is algebraically integrable. Suppose that 7
has codimension one. By Proposition 3.6, we have K ~z K¢ — B for some effective Weil divisor B on F.
Suppose that B # 0. Applying [CP15, Theorem 4.7] to the pull-back of 5# on a resolution of F', we see that ¢
is uniruled. This implies that ¢ is uniruled as well since F' is general. But this contradicts Proposition 4.22, and
shows that B = 0. From Lemma 12.5, we conclude that v(F) € {0,1}. By Proposition 4.22 applied to %, we
see that J# is canonical. Notice that .7 is closed under p-th powers for almost all primes p. If v(F) = 0, then
A is algebraically integrable by Lemma 10.1 and Proposition 10.7 below. If v(F) = 1, then J# is algebraically
integrable by induction.
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This shows that if dim F' > 2, then there is a positive-dimensional algebraic subvariety tangent to ¢ passing
through a general point of X. By Proposition 8.13, replacing X by a quasi-étale cover, if necessary, we may
assume that there exist normal projective varieties Y and Z with dimY < dim X such that X =Y x Z, as well
as a foliation & on Y such that ¢ is the pull-back of & via the projection Y x Z — Y. Moreover, Kz ~7z 0, &
has canonical singularities, and K¢ = 0. The induction hypothesis applied to & then says that & is algebraically
integrable, so that ¢ is algebraically integrable as well.

Suppose from now on that dim F' < 1 and that 7 is the foliation by points. Then the tangent map to ax
yields an inclusion map ¢ C a%Ta. On the other hand, by Lemma 8.14, ¢ is semistable with respect to any
polarization on X. This immediately implies that ¢ = ﬁ}_l since ¥ is reflexive and K¢ = 0. Moreover, ¢ is a
sheaf of abelian Lie algebras. Let Aut®(X) denote the neutral component of the automorphism group Aut(X) of
X, and let H C Aut®(X) be the connected commutative Lie subgroup with Lie algebra H°(X,%) C H(X, Tx).
Finally, let G C Aut®(X) be its Zariski closure. Note that ¢ is induced by H by construction. Moreover, G
is a commutative algebraic group. If H = G, then ¢ is algebraically integrable. Suppose from now on that
dim G > dim X. Arguing as in the proof of [LPT18, Lemma 9.3], one shows that dim G = dim X and that X
is an equivariant compactification of G. Since Kx is pseudo-effective and X has terminal singularities, X is
not uniruled. It follows that G = X is an abelian variety by a theorem of Chevalley. But this contradicts the
assumption that v(X) =1, completing the proof of the theorem. O

Proposition 10.7. Let A be a complex abelian variety, and let 4 be a linear foliation on A. Suppose that 4 is
closed under p-th powers for almost all primes p. Then 9 is algebraically integrable.

Proof. By [ESBT99, Proposition 3.6], we may assume without loss of generality that X and ¢ are defined over
a number field. The statement then follows from [Bos01, Theorem 2.3]. O

11. FOLIATIONS DEFINED BY CLOSED RATIONAL 1-FORMS

In this section, we address codimension one foliations with numerically trivial canonical class defined by closed
rational 1-forms with values in flat line bundles and whose zero sets have codimension at least two. Recall that
a flat vector bundle on a normal complex variety X is a vector bundle of rank r induced by a representation
7m1(X) — GL(r,C). The following is the main result of the present section.

Theorem 11.1. Let X be a normal complex projective variety with canonical singularities, and let 4 be a
codimension one foliation on X. Suppose that 4 is canonical with Ky Cartier and Ko = 0. Suppose in
addition that 9 is given by a closed rational 1-form w with values in a flat line bundle £, whose zero set has
codimension at least two. Then there exists a normal projective equivariant compactification Z of a commutative
algebraic group G of dimension at least 2 as well as a codimension one foliation & = ﬁgim Z=Y on Z induced
by a codimension one Lie subgroup of G, a normal projective variety Y with Ky ~z 0, and a quasi-étale cover
f:Y x Z = X such that f~'9 is the pull-back of S via the projection Y x Z — Z. Moreover, there is no
positive-dimensional algebraic subvariety tangent to S passing through a general point of Z.

Example 11.2. Setup and notation as in Example 9.1. Suppose in addition that dim H > 0.

Suppose that H = p(T). Let z be a coordinate on C C P! such that the inverse images of D; and Dy on

the universal covering space C*"~! x P! of X are given by equations z = 0 and z = oo respectively. Then dz—z

induces a closed logarithmic 1-form with poles along D; and Dy and empty zero set defining ¢4. The 1-form ‘Zi—i
induces a closed rational 1-form on X with values in the flat line bundle . = ¢*.#®~2 whose divisor of zeroes
and poles is —2D;.

Suppose that H = p(U). Let z be a coordinate on C C P! such that the inverse image of D on the universal
covering space C" 1 x P! of X is given by equation z = 0. Then the 1-form ‘j—i induces a closed rational 1-form

on X defining ¢ with divisor of zeroes and poles —2D.
The proof of Theorem 11.1 makes use of the following result, which might be of independent interest.

Theorem 11.3. Let X be a normal complex projective variety with kit singularities. Let w be a closed rational
1-form, and let & be the foliation on X defined by w. Suppose that G has canonical singularities and Ko = 0.
Then one of the following holds.

(1) There exist a complete smooth curve C, a complex projective variety Y with canonical singularities and

Ky ~7 0, as well as a quasi-étale cover f: Y x C = X such that f~'9 is induced by the projection
Y xC—C.
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(2) There exists a normal projective equivariant compactification Z of a commutative algebraic group G
of dimension at least 2 as well as a codimension one foliation € = ﬁzdimz_l on Z induced by a
codimension one Lie subgroup of G, a normal projective variety Y with Ky ~z 0, and a quasi-étale
cover f:Y x Z — X such that f~19 is the pull-back of H via the projection Y x Z — Z. Moreover,
there is mo positive-dimensional algebraic subvariety tangent to J passing through a general point of
Z.

To prove Theorem 11.3 above, we will need the following auxiliary result.

Lemma 11.4. Let X be a normal complex projective variety. Let w be a closed rational 1-form, and let & be the
foliation on X defined by w. Then there is a finite dimensional complex abelian Lie algebra V' and a morphism
of sheaves of Lie algebras 94 — V ® Ox whose kernel & is an algebraically integrable foliation on X .

Proof. Let B: Z — X be a resolution of singularities, and let D be the divisor on Z of codimension one poles of
dB(w). We may assume without loss of generality that D has simple normal crossings. Set Z° := Z\Supp D, and
let zg € Z°. Consider the multivalued holomorphic function h(z) := fv w on Z°, where 7 is a path connecting

2o and z contained in Z°. Then h yields local first integrals for 37'¥. Let
p:m(Z°) = G,

be the representation of 71(Z°) induced by analytic continuation of the multivalued holomorphic function A
along loops with base point zy. Now, let

qage: Z° — G(2°) :== H°(Z,QY(log D))" /H1\(Z°,Z)

be the quasi-Albanese morphism, that is the universal morphism to a semi-abelian variety (see [Iit76]). Let
also F° be a general fiber of qay.. The kernel of the natural morphism (ZO) — m (G(ZO)) is generated by
[771 (Z °) , M1 (Z o)] together with finitely many torsion elements. It follows that the representation 71 (F°) — G,
given by the restriction of p to 71 (F°) is trivial. This in turn implies that the foliation induced by ¢ on F*° has
algebraic leaves by [CM82, Théoréme II1.2.1, Premiére partie].

Let &7 C B~'% be the foliation on Z such that 67|70 1s the kernel of the morphism

B7'Y 20 = (dage) Taze) = HY(Z,Q4(log D))" ® Oy,
and let & be the induced foliation on X. We have shown that & is algebraically integrable. On the other hand,
any irreducible component of D is invariant under 371¢ by [CMS82, Proposition III.1.1, Premiere partie]. This
implies that the map
B9 — H°(Z,94(log D))" ® 04
induced by the contraction morphism 7% x Q} — O is well-defined. Therefore, we must have exact sequences
0— & — Y — H(Z,9,(log D))" @ 07

and
0= 69— H°(Z QY (log D))" ® Ox.
This finishes the proof of the lemma. |

Proof of Theorem 11.3. We maintain notation and assumptions of Theorem 11.3. By Proposition 8.13, there
exist normal projective varieties Y and Z, a foliation J# on Z such that there is no positive-dimensional algebraic
subvariety tangent to J# passing through a general point of Z, and a quasi-étale cover f: Y x Z — X such
that f~'¢ is the pull-back of 4# via the projection Y x Z — Z. Moreover, ¢ has canonical singularities and
K{;f =0.

If dim Z = 1, then we are in case (1) of Theorem 11.3.

Suppose from now on that dimZ > 2. Let F' = Z be a general fiber of the projection Y x Z — Y. Then
(f7'9)r NTp = A, and hence the restriction of df (w) to F' is a closed rational 1-form defining #. Applying
Lemma 11.4 above to 72, we see that there is a finite dimensional complex abelian Lie algebra V' and an injective
morphism of sheaves of Lie algebras # — V ® 0. This immediately implies that 7 = & gimZ ~1 since
is reflexive and Kz = 0. Moreover, S is a sheaf of abelian Lie algebras. Let Aut®(Z) denote the neutral
component of the automorphism group Aut(Z) of Z, and let H C Aut®(Z) be the connected commutative Lie
subgroup with Lie algebra H?(Z, ) C H°(Z,Tz). Finally, let G C Aut®(Z) be its Zariski closure. Note
that .77 is induced by H by construction, and that dimG > dim Z since .7 is not algebraically integrable.
Moreover, G is a commutative algebraic group. Arguing as in the proof of [LPT18, Lemma 9.3], one shows
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that dim G = dim Z and that Z is an equivariant compactification of G. Thus, we are in case (2) of Theorem
11.3. ]

In the setting of Theorem 11.1, the twisted rational 1-form w is not determined by ¢ (see Example 11.2).
The following result addresses this issue.

Lemma 11.5. Let X be a normal complex projective variety, and let o and B be closed rational 1-forms with
values in flat line bundles £ and A . Suppose that the divisors of zeroes and poles of a and B coincide. Suppose
in addition that a A B = 0. Then either £ = .# as flat line bundles and o = ¢B for some ¢ € C*, or there is a
non-zero vy € H°(X, Q[)l(]) such that a Ay = 0.

Proof. Let D be the divisor of zeroes and poles of «, and set X° := X,¢5. There exist a covering (U;);er of X°
by analytically open sets and closed meromorphic 1-forms «; (resp. 5;) on U; with divisor of zeroes and poles
Dyy, satistying a; = a;ja; (vesp. f; = by 3;) over U; N U; with a;; € C* (resp. by; € C*) and such that (a;)ier
(resp. (Bi)ier) represents axo (resp. fixo).

Since a; A B; = 0 by assumption, there exists a meromorphic function f; on U; such that «; = f;3;. Note
that we must have df; A 8; = 0 since da; = dfB; = 0. Now, observe that f; is a nowhere vanishing holomorphic
function since the the divisors of zeroes and poles of «; and §; coincide by assumption. On the other hand, we

a;

have f; = 7L f; over U; N U;. If the functions f; are constant, then . = .# as flat line bundles, and we can
J

b;
suppose without loss of generality that a;; = b;; for all indices ¢ and j. Then a = ¢8 with ¢ = f; = f;. Suppose

that some f; is not a constant function. Since Cj{ = 45 there exists a non-zero holomorphic 1-form v° on X°

fi?
that restricts to % over U;. By construction we have a|xo A7° = 0. The claim now follows from the GAGA

theorem. O

To prove Theorem 11.1 in the case where X is uniruled, we will reduce to foliations defined by closed rational
1-form using Proposition 11.9 below. We first consider the special case where X has terminal singularities.

Proposition 11.6. Let X be a normal complex projective variety with terminal singularities, and let ¢ C Tx
be a codimension one foliation with canonical singularities. Suppose that & is given by a closed rational 1-form
w with values in a flat line bundle £ whose zero set has codimension at least two. Suppose furthermore that
Kx is not pseudo-effective, and that K4 = 0. Then there exists a quasi-étale cover f: X1 — X such that f 19
is given by a closed rational 1-form with zero set of codimension at least two.

Proof. For the reader’s convenience, the proof is subdivided into a number of steps.

Step 1. By Proposition 8.13, there exist normal projective varieties Y and Z, a foliation J# on Y such that
there is no positive-dimensional algebraic subvariety tangent to J# passing through a general point of Y, and a
quasi-étale cover f: Y x Z — X such that f~'% is the pull-back of J# via the projection Y x Z — Y. Moreover,
S has canonical singularities and K » = 0. Let F 2 Y be a general fiber of the projection Y x Z — Z. Then
(f7'9)rp NTr = S, and hence the restriction of df (w) to F' is a closed rational 1-form with values in Zjp
defining S whose zero set has codimension at least two. Moreover, its pull-back to Y x Z is a closed rational
1-form with values in the pull-back of Z|r whose zero set has codimension at least two defining . Finally, Ky
is not pseudo-effective, and one checks Y has terminal singularities using Fact 2.10. Therefore, replacing ¢ by
2, if necessary, we may assume that there is no positive-dimensional algebraic subvariety tangent to ¢ passing
through a general point of X.

Step 2. Let B: Z — X be a Q-factorialization of X. By Lemma 4.2, 37'%¢ is canonical with Kg-14 ~q " Kg.
Moreover, 3719 is given by a closed rational 1-form with values in the flat line bundle 3*.% whose zero set has
codimension at least two. Finally, Kz is not pseudo-effective since 8, Kz ~z Kx and Kx is not pseudo-effective
by assumption.

Suppose now that there exists a quasi-étale cover g: Z; — Z such that (go3) ™19 is given by a closed rational
1-form w with zero set of codimension at least two, and let f: X; — X be the normalization of X in the function
field of Z;. Denote by v: Z; — X; the induced birational map. Then f; is quasi-étale and dy(w) is a closed
rational 1-form with zero set of codimension at least two defining f~'%. Thus, replacing X by Z, if necessary,
we may assume without loss of generality that X has Q-factorial terminal singularities.

Step 3. Since K x is not pseudo-effective by assumption, we may run a minimal model program for X and end
with a Mori fiber space (see [BCHM10, Corollary 1.3.3]). Therefore, there exists a sequence of maps
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i v o0 O
X=Xy - Xy - T X, Y X O e N Ly X,

Js-

Y

where the ¢; are either divisorial contractions or flips, and 1, is a Mori fiber space. The spaces X; are normal,
Q-factorial, and X; has terminal singularities for all 0 < ¢ < m. Let ¢; be the foliation on X; induced by ¥.
Arguing as in Step 2 of the proof of Theorem 9.4, we see that K¢, = 0 and that ¢; has canonical singularities.
Moreover, w induces a closed rational 1-form w,, on X,, with values in a flat line bundle .%,,,, whose zero set

has codimension at least two. By construction, %, is given by w,,, and if ., is a torsion flat line bundle then
so is .Z.

We will show in steps 4-7 that either %, is torsion, or X,, is smooth, the polar locus of w,, is a smooth
hypersurface D,,, and ¥, can be defined by a (closed) logarithmic 1-form with poles along D,,,. Taking this for
granted, we now show that the conclusion of Proposition 11.6 holds for X.

If £, is torsion, then so is .. Therefore, there exists a quasi-étale cover f: X; — X such that f*.Z = Ox,
as flat line bundles. Then, f~1¥¢ is given by the closed rational 1-form df (w) whose zero set has codimension
at least two.

Suppose now that X, is smooth, that the polar locus of w,, is a smooth hypersurface D,,, and that ¥, can be
defined by a closed rational 1-form a.,, with a pole along D,,. Let Z be a resolution of the indeterminacy locus of
the rational map X --» X,,, and let p: Z — X and ¢: Z — X,,, be the natural maps. By construction, we have
p*L = q* %, By assumption, there exists an effective divisor D on X such that 44 = Ox (D) ®.%Z. Moreover,
we have Mg = Ox, (Dp,) ® Zp. Since Kg = 0 and Ky, = 0, we have p*(Kx + D) = ¢*(Kx,, + D). By
[KM98, Lemma 3.38], there exists an effective g-exceptional Q-divisor F on Z such that p*Kx = ¢*Kx,, + F.
Moreover, Supp ' contains the strict transforms of the divisors contracted by the rational map X --+ X,,.
Thus, we obtain

q¢'D,,=p*D+ E.

On the other hand, D,, is the push-forward of D on X,,,. This implies that ¢*D,,, — p*D is g-exceptional. By
the negativity lemma, we must have

D, =p*"D+E.

It follows that ¢(Supp E) C Supp D,,. In particular, the 1-form dg(«,,) has poles along Supp E. Since Supp E
contains the strict transforms of the divisors contracted by the rational map X --+ X,,,, we conclude that the
closed rational 1-form on X induced by «,, has zero set of codimension at least two. So, in either case, the
conclusion of Proposition 11.6 holds for X.

For simplicity of notation, we will assume in the following that X = X,,, writing ¢ := ¢,,.

Step 4. By assumption, there exist prime divisors (D;)1<i<» on X and positive integers (m;)1<i<, such that
Ng = ﬁX(ZlgigrmiDi) ®Z. Let I C{1,...,r} be the set of indices i € {1,...,r} such that ¢(D;) =Y.
Note that I # 0 since Zlgi@ m;D; = —Kx is relatively ample.

Suppose that there exists ¢ € I such that the residue of w at a general point of D; is non-zero. Then arguing
as in [LPT18, Section 8.2.1], one shows that .# is torsion.

Suppose from now on that the residue of w at a general point of D; is zero for any 7 € I.

Step 5. Let F be a general fiber of 1. Note that F' has terminal singularities, and that Kr ~z Kx|p by the
adjunction formula. Moreover, F' is a Fano variety by construction. Let 7 be the foliation on F' induced by
¢. Note that 7 has codimension one by Step 1. By Proposition 3.6, we have K ~z Ky p — B for some
effective Weil divisor B on F. Suppose that B # 0. Applying [CP15, Theorem 4.7] to the pull-back of .7 on
a resolution of F', we see that J# is uniruled. This implies that ¢ is uniruled as well since F' is general. But
this contradicts Proposition 4.22, and shows that B = 0. By Proposition 4.22 applied to J#, we see that ¢
is canonical. Since F is simply connected by [HMO07, Corollary 1.14], 5 is given by a closed rational 1-form
(possibly with codimension one zeroes) with zero residues at general points of its codimension one poles. Lemma
11.7 then implies that F = P!,

Now, we have Zlgigr m;D; - F = 2. Suppose that D - F = Dy - F =1 or that D, - F = 2. Let y € Y, be
a general point, and let U C Y,z be an analytically open neighborhood of y such that v =1 (U) 2 U x P'. We
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may assume that there exists a coordinate z on C C P! such that the poles of w)y-1(v) are given by equations
z =0 and z = co. Then

dz 1
Wiuxe = a— + ;(044'35 + 2%7)

where a is a holomophic function on U, and «, 8 and v are holomorphic 1-forms on U. Observe that a(y) # 0
since ¥ is generically transverse to F'. This implies that w has non-zero residue along D; for any i € I, yielding
a contradiction. Therefore, we must have I = 1 and renumbering the D;, if necessary, we may assume that
my=2,and D, - F =1.

Recall that X is smooth in codimension two since it has terminal singularities. Since dim X —dimY = 1, there
exists an open subset Y° C Y, with complement of codimension at least two such that X° := P H(Y°) C Xreg-
From [AW97, Theorem 4.1], we conclude that ¢° := ¢ x. is a conic bundle. It follows that 1° is smooth since
1 is an elementary Mori contraction and Dy - F' = 1.

Finally, we show that » = 1. We argue by contradiction and assume that r > 2. Set C; := ¥(D;) for
i € {2,...,r}. Note that C; is a divisor on Y by construction. Moreover, D; is invariant under ¢ by [CM82,
Proposition I11.1.1, Premiére partie]. By [Fuj99, Corollary 4.5] and Lemma [KMMS87, Lemma 5.1.5], Y has
Q-factorial kIt singularities. One readily checks that there exist positive rational numbers A; for i € {2,...,r}
and an effective Q-divisor C' on Y such that Ky "’Zzgigr AiCi+C = 0 using the fact that codim Y \Y° > 2 and
the assumption K¢ = 0. It follows that Ky is not pseudo-effective. In particular, Y is uniruled by [BDPP13]
applied to a resolution of Y.

Let Y --» R be the maximal rationally chain connected fibration. Recall that it is an almost proper map
and that its general fibers are rationally chain connected. We show that the canonical divisor of a general fiber
is not pseudo-effective. We argue by contradiction. Consider a commutative diagram:

3, birational

Y Y
|

I

|

J |
|

, birational h

R, Jpbirational

where Y7 and R; are projective manifolds. Let I' and E be effective §-exceptional divisors on Y7 such that
(Y1,T) isklt and Ky, +T = *Ky + E. We may assume without loss of generality that I'+ E has simple normal
crossing support. Notice that general fibers of Y7 — R; are rationally chain connected by [HMO07, Theorem
1.2]. Applying [GHS03], we see that R; is not uniruled. This in turn implies that Kg, is pseudo-effective
by [BDPP13] again. Using [Cam04, Theorem 4.13], we conclude that Ky, + I" is pseudo-effective, yielding a
contradiction since Ky is not pseudo-effective in our case.

Let now G be a very general fiber of the composed map X — Y --» R. Note that G is projective with
terminal singularities. Moreover, it is rationally chain connected and dim G > 2 by construction. Arguing
as in the first paragraph of this step and using Lemma 11.8, we see that we must have G = P!, yielding a
contradiction. This proves that r = 1.

Step 6. We now show that, shrinking Y° further, if necessary, | x- yields a flat Ehresmann connection on ¢°.
Let C = P! be any fiber of ¢°. We have c;(4%) - C = 2 and either C' is tangent to ¢, or C is everywhere
transverse to ¢. Thus, we have to show that C is not tangent to ¢.

Set y := ¥(C) € Y°. By assumption, there is an analytically open neighborhood U of y in Y° such that ¢ is
defined over ¢~ 1(U) by a closed rational 1-form wy with poles along D N+~ (U). Shrinking U, if necessary,
we may assume that 1 ~1(U) =2 U x P! and that there exists a coordinate z on C C P! such that the pole of wys
is given by equation z = co. Then

wuwxc = adz +a+ z8 + 2%y
where a is a holomophic function on U, and «, § and ~ are holomorphic 1-forms on U. Since dwy = 0 by
assumption, we must have da = 0, § = da, and v = 0. Shrinking U further, we may assume that o = db for
some holomorphic function b on U, so that wy|yxa1 = d(az +b). Set u := % Then ¢ is given by d(% +b) in a
neighborhood of z = co. If a(y) = 0, then ¢ is not canonical in a neighborhood of C'N {u = 0} (see [McQO8,
Observation 1.2.6] and [DO19, Proposition 2.10]), yielding a contradiction. This shows that a(y) # 0, and hence
C is not tangent to &. This proves that ¥ y. defines a flat Ehresmann connection on °.

Step 7. Recall that Y has Q-factorial klt singularities (see Step 5). Since codim Y \Y° > 2 and K¢ = 0, we must
have Ky = 0. Applying [Nak04, Corollary V 4.9], we conclude that Ky is torsion. Let Y7 — Y be the index
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one canonical cover, which is quasi-étale ([KM98, Definition 2.52]). By construction, Ky, ~z 0. In particular,
Y1 has canonical singularities. By Theorem 2.14 applied to Y7, we see that there exists an abelian variety as
well as a projective variety Z with Kz ~z 0 and ¢(Z) = 0, and a quasi-étale cover f: A X Z — Y. Recall that
f branches only on the singular set of Y, so that f~1(Y°) is smooth. On the other hand, since f~!(Y°) has
complement of codimension at least two in A X Z,eg, we have m; (A X ng) &~ (ffl(Yo)). Now, consider the
representation

p: (A X Zieg) 2 (f7H(Y?)) = m (Y°) = PGL(2,C)
induced by ¥ x.. By [GGK19, Theorem IJ, the induced representation

T (Zreg) — M (A) X ] (Zreg) &~ om (A X Zreg) — PGL(2,C)

has finite image. Thus, replacing Z with a quasi-étale cover, if necessary, we may assume without loss of
generality that p factors through the projection mq (A X Zreg) — m1(A). Let P be the corresponding P'-bundle
over A. The natural projection w: P — A comes with a flat Ehresmann connection ¥p C Tp. By the GAGA
theorem, P is a projective variety. By assumption, its pull-back to A X Ze agrees with f=1(Y°) xyo X° over
F7H(Y°). Moreover, the pull-backs on A X Zeg of the foliations & and ¥p agree as well, wherever this makes
sense. Since there is no positive-dimensional algebraic subvariety tangent to ¢ passing through a general point
of X by assumption, we must have dim Z = 0.

Set A° := f71(Y?), P° := n1(A°), and ¥po := ¥p|po. Let g°: P° — X° denote the natural morphism,
which is an étale cover. Set D% := (g°)~1(D; N X°). Then %po is given by the closed rational 1-form wpe :=
dg°(w|x») with values in the flat line bundle Zpo := (¢°)*(Z]x-). Moreover, the zero set of wpo has codimension
at least two. Since P is smooth and P \ P° has codimension at least two, Zpo is the restriction to P° of a
flat line bundle .£p on P, and w}p extends to a closed rational 1-form wp with values in .Zp whose zero set
has codimension at least two. Note that the divisor of zeroes and poles of wp is —2Dp, where Dp denotes the
Zariski closure of D%. By [CM82, Proposition III.1.1, Premiére partie], Dp is a leaf of ¥p. It follows that Dp
is a section of .

Let H C PGL(2,C) be the Zariski closure of the image of p. We use the notation introduced in Examples 9.1
and 11.2. Recall from Step 1 that there is no positive-dimensional algebraic subvariety tangent to ¢p passing
through a general point of P. Therefore, H is conjugate to p(T) or p(U). Observe that ¥p is not given by a
(closed) holomorphic form since it is transverse to m by Step 6.

If H=p(U), then £p = Op as flat line bundles by Lemma 11.5 together with Example 11.2. This in turn
implies that . is torsion since the image of m (P°) in 71 (X°) has finite index.

Suppose from now on that H = p(T). Let

ay:Y — A(Y)

be the Albanese morphism. Since X is a projective variety with rational singularities, Pic®(Y) is an abelian
variety, and A(Y) & (Pic®(Y))". Moreover, the Albanese morphism is induced by the universal line bundle (see
[Kaw85, Lemma 8.1]). In particular, there is a flat line bundle £y on A(Y') and a positive integer m such
that Z®™ = o* (ay*ﬁﬁ’;)). This in turn implies that there exists a degree m étale cover Y7 — Y such that
the pull-backs of £ and £ (y) on Y7 agree. Set Pa(y) := Pa(y) (ﬁA(y) @ ,,?A(y)) and A; := A xy Y. Lemma
11.5 together with Example 11.2 then imply that Ay x4 P = Ay Xa¢y) Pacy) and that the pull-back of ¢p on
Ay x4 P is also the pull-back of a foliation on Pa¢yy. We conclude that ay: Y — A(Y) is generically finite
since there no positive-dimensional algebraic subvariety tangent to ¢¥p passing through a general point of P.
Recall from [Nak04, Corollary V 4.9] that x(Y) = 0. Applying [Kaw81, Theorem 13] to the Stein factorization
of ay: Y — A(Y), we see that ay is an isomorphism. In particular, we can choose A =Y above. Then the
restriction of the tangent map T: Tx — ¥*T4 to ¢ gives an isomorphism ¢4 = )*T4, so that ¢ induces a flat
connection on ¥. Now, a classical result of complex analysis says that complex flows of vector fields on analytic
spaces exist (see [Kau65]). It follows that ¢ is a locally trivial analytic fibration for the analytic topology. This
shows that X = P and that ¢ identifies with ¥p. In particular, ¢ is defined by a closed logarithmic 1-form,
completing the proof of the proposition. O

Lemma 11.7. Let X be a normal complex projective variety with klt singularities. Let w be a closed rational
1-form on X, and let 4 be the foliation defined by w. Suppose that G has canonical singularities and Ko = 0.
Suppose in addition that the residues of w at general points of its codimension one poles are zero. If X is Fano,
then X = P!,
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Proof. By Theorem 11.3 and using the assumption that X is Fano, we may assume that there exists a normal
projective equivariant compactification Z of a commutative linear algebraic group G as well as a quasi-étale
cover f: Z — X such that f~'¢ is induced by a codimension one Lie subgroup H of G. Moreover, there is no
positive-dimensional algebraic subvariety tangent to ¢ passing through a general point of X.

Recall that G = (G,,)" X (G,)® for some non-negative integers r and s. If s > 2, then dim Lie HNLie (G,)® > 1,
and hence ¢ is uniruled. But this contradicts Proposition 4.22, and shows that s < 1. By [AK15, Theorem 2],
X is a toric variety. It follows that X,ce has finite fundamental group by [Oda88, Proposition 1.9].

Since w is closed and since the residues of w at general points of its codimension one poles are zero, we
conclude that there is a meromorphic function f on X,e, such that w = df using [CM82, Théoreme III.2.1,
Premiere partie]. By the Levi extension theorem, f extends to a meromorphic function on X, and thus, f is
a rational function. This in turn implies that ¢ is algebraically integrable. It follows that dim X = 1, since
there is no positive-dimensional algebraic subvariety tangent to & passing through a general point of X. This
completes the proof of the lemma. O

Lemma 11.8. Let X be a normal complex projective variety with klt singularities. Suppose that there exists
a surjective morphism ¢: X — B onto a normal rationally chain connected projective variety B with kit sin-
gularities whose fibers over an open set with complement of codimension at least two in Y are isomorphic to
P'. Suppose furthermore that Kp # 0. Let w be a closed rational 1-form on X, and let 4 be the foliation
defined by w. Suppose that 4 has canonical singularities and Ko = 0. Suppose in addition that the residues
of w at general points of its codimension one poles are zero and that there is no positive-dimensional algebraic
subvariety tangent to 4 passing through a general point of X. Then X = P!,

Proof. By Theorem 11.3, we may assume that there exists a normal projective equivariant compactification
Z of a commutative algebraic group G as well as a quasi-étale cover f: Z — X such that f~'¢ is induced
by a codimension one Lie subgroup H of G. Notice that there is no positive-dimensional algebraic subvariety
tangent to f~1'9¢ passing through a general point of Z. By a theorem of Chevalley, there is an exact sequence
of algebraic groups
1=->Gug—G—A—1,

where A is an abelian variety and G.g is a connected affine algebraic group. Using [HMO07, Theorem 1.2] together
with the rigidity lemma, we see that the morphism G — A extends to a morphism ¢: Z — A.

Let F be a general fiber of 1. Note that F has terminal singularities. Let . be the codimension one
foliation on F induced by f~'%¢. By Proposition 3.6, we have K » = —B for some effective Weil divisor B on
F. Suppose that B # 0. Applying [CP15, Theorem 4.7] to the pull-back of 7 on a resolution of F, we see that
S is uniruled. This implies that f~'% is uniruled as well since F is general. But this contradicts Proposition
4.22, and shows that B = 0. By Proposition 4.22 applied to ¢, we see that J# is canonical. Arguing as in
the proof of Lemma 11.7 above and using the fact that there is no positive-dimensional algebraic subvariety
tangent to f 1'% passing through a general point of Z, we conclude that dim F = 1 and that . is the foliation
by points. Now, we may assume without loss of generality that f~1¢ = ﬁ? dim Z-1 (see Theorem 11.3). This
immediately implies that f~!%¢ yields a flat Ehresmann connection 9. In particular, v is a P!-bundle.

Let Z 2% By —%5 B be the Stein factorization of the composed map Z — X — B. Observe that a general
fiber Fy of ¢ is contained in the smooth locus of X so that f is étale in a neighbourhood of it. It follows that
f71(F}) is union of rational curves and hence it is contracted by 1. Using the rigidity lemma, we then see there
exists an isomorphism g1 : A — Bj such that g; 0t = 1. On the other hand, since o f has reduced fibers over
an open set with complement of codimension at least two in Y by assumption, we conclude that g is quasi-étale.
In particular, we must have Kp ~q 0. This yields a contradiction since Kp # 0 by assumption, completing the
proof of the lemma. O

Proposition 11.9. Let X be a normal complex projective variety with canonical singularities, and let 4 be a
codimension one foliation on X. Suppose that & is canonical with Ko Cartier and Kg = 0 and that Kx is
not pseudo-effective. Suppose in addition that 4 is given by a closed rational 1-form w with values in a flat line
bundle £ and whose zero set has codimension at least two. Then there exists a quasi-étale cover f: X1 — X
such that f~'9 is given by a closed rational 1-form with zero set of codimension at least two.

Proof. By Proposition 8.13, there exist normal projective varieties Y and Z, a foliation 7 on Y such that
there is no positive-dimensional algebraic subvariety tangent to . passing through a general point of Y, and a
quasi-étale cover f: Y x Z — X such that f~'¢ is the pull-back of ## via the projection Y x Z — Y. Moreover,
Kz ~z 0, S has canonical singularities and K 5 = 0. Note that Ky is not pseudo-effective.



CODIMENSION ONE FOLIATIONS WITH TRIVIAL CANONICAL CLASS ON SINGULAR SPACES 51

If dimY = 1, then Y = P!, and ¢ is given by a (closed) logarithmic 1-form. Suppose from now on that
dimY > 2.

Let F =Y be a general fiber of the projection Y x Z — Z. Then (f~'9)p N Tr = 5, and hence K
is Cartier and the restriction of df (w) to F' is a closed rational 1-form with values in % defining % whose
zero set has codimension at least two. Its pull-back to Y x Z is a closed rational 1-form with values in the
pull-back of Zp defining ¥ whose zero set has codimension at least two. Finally, one checks that Y has
canonical singularities using Fact 2.10. Therefore, replacing ¢4 by ¢, if necessary, we may assume that there
is no positive-dimensional algebraic subvariety tangent to ¢ passing through a general point of X, and that
dim X > 2.

Let 8: Z — X be a Q-factorial terminalization of X. By Proposition 4.10, 3~'¥ is canonical with K14 ~z
8*Kg. Suppose first that ¢ is closed under p-th powers for almost all primes p. Then ¥ is algebraically
integrable by Corollary 9.5, yielding a contradiction. Thus, by Proposition 12.3 and Lemma 8.14, 37'¢ is
given by a closed rational 1-form « with values in a flat line bundle .# whose zero set has codimension at least
two. Finally, Kz is not pseudo-effective since 5, Ky ~z Kx and Ky is not pseudo-effective by assumption. By
Proposition 11.6, we may therefore assume without loss of generality that .# is torsion. Applying [Tak03], we
see that the natural map of topological fundamental groups 71(Z) — m1(X) is an isomorphism. Now, since .#
is flat, it is induced by a representation m(Z) — C*. The latter then yields a (torsion) flat bundle . on X
such that .# = 5*.Z. Moreover, a induces a closed rational 1-form w on X with values in £ whose zero set
has codimension at least two. By construction, w defines ¢. This completes the proof of the proposition. (|

Before proving Theorem 11.1 below, we address foliations defined by closed rational 1-forms with values in
flat line bundles on projective varieties with pseudo-effective canonical class.

Proposition 11.10. Let X be a normal complex projective variety with kit singularities, and let 4 be a codi-
mension one foliation on X with canonical singularities and Kg = 0. Suppose that Kx is pseudo-effective, and
that &4 is given by a closed rational 1-form w with values in a flat line bundle £ whose zero set has codimension
at least two. Then there exist an abelian variety A, a normal projective variety Z with Kz ~z 0 and q(Z) =0,
and a quasi-étale cover f: Ax Z — X such that f~19 is the pull-back of a codimension one linear foliation on
A wvia the projection A X Z — A.

Proof. There exists an effective divisor D on X such that A% = Ox (D)®.%. On the other hand, ¢ (M%) = —Kx
since K¢ = 0, and hence —Kx = D. It follows that Kx = 0 since Kx is pseudo-effective by assumption.
Proposition 11.10 then follows from Lemma 10.1. ]

Proof of Theorem 11.1. We maintain notation and assumptions of Theorem 11.1. By Proposition 8.13, we may
assume without loss of generality that there is no positive-dimensional algebraic subvariety tangent to ¢ passing
through a general point of X (see Step 1 of the proof of Proposition 11.6).

If Kx is pseudo-effective, then the statement follows easily from Proposition 11.10.

Suppose that Kx is not pseudo-effective. By Proposition 11.9, there exists a quasi-étale cover f: X7 — X
such that f~'¢ is given by a closed rational 1-form. Note that X is canonical by Fact 2.10. By Lemma 4.3,
!9 is canonical, and we obviously have K1y ~z f*Kg = 0. Theorem 11.1 then follows from Theorem
11.3. |

Finally, we prove abundance in the setting of Proposition 11.6.

Proposition 11.11. Let X be a normal complex projective variety with terminal singularities, and let 4 C Tx
be a codimension one foliation with canonical singularities. Suppose that 4 is given by a closed rational 1-form
w with values in a flat line bundle £ whose zero set has codimension at least two. Suppose furthermore that
Kx is not pseudo-effective, and that K4 = 0. Then Kqg is torsion.

Proof. By Proposition 11.6, there exists a quasi-étale cover f: X; — X such that f~'¢ is given by a closed
rational 1-form. Note that X; terminal by Fact 2.10. By Lemma 4.3, f~'%¢ is canonical, and we obviously have
K14 ~7 f*Kg = 0. Proposition 11.11 then follows from Theorem 11.3. O

12. PROOFS OF THEOREMS 1.1 AND 1.3 AND PROOF OF COROLLARY 1.4

The present section is devoted to the proof of Theorems 1.1 and 1.3 and to the proof of Corollary 1.4. Lemma
12.1 and Proposition 12.3 below extend [LPT18, Theorem 7.5] to the singular setting.
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Lemma 12.1. Let X be a normal projective variety over some algebraically closed field k of positive charac-
teristic p with dim X > 2, and let ¢ C Tx be a codimension one foliation on X. Let w be a rational 1-form w
defining 4, and let B denote the reduced effective divisor whose support is the union of codimension one zeroes
and poles of w. If 4 is not closed under p-th powers, then the following holds.

(1) There exist a reduced effective Weil divisor D on X that does not contain any irreducible component
of B in its support, and o € H°(X, Q[)l(](log(B + D))) with da = 0 such that dw = a Aw. If C is
any irreducible component of Supp(B + D), then the residue of a at a general point of C' is a constant
function with values in the prime field F, C k.

(2) Suppose that X is smooth, and let A be a nef divisor such that Tx (A) is generated by global sections.
Suppose furthermore that 4 is semistable with respect to a nef and big divisor H on X and that ug(9) >
0. Then we have

D H™ X1 oy (M) - HM™ X 4 (dim X — 2)A- HI™ X1 = M.

Let C be an irreducible component of Supp(B + D) such that C - HY¥™X=1 =L 0 and let m € 7 be the
vanishing order of w along C. Then we have resc o € {m,...,m+ M} CF,.

Proof. Let X° denote an open set of X with complement of codimension at least two, contained in the regular
loci of X and 4. Let (U;);er be a finite covering of X° by open affine subsets and let w; be a regular 1-form on
U; with zero set of codimension at least two such that w; A w = 0. Write w; = g;w for some rational function g;
on X, and set g;; := g—;. We have w; = g;;w;, and hence g;; is a nowhere vanishing regular function on U; N U;.

Set ¥° := ¥ xo, and consider the non-zero map Fr9° — Txo/9° = N xo =1 Ny induced by the p-th
power operation. Note that .47/ is a line bundle. Shrinking X°, if necessary, we may assume that there is an
effective divisor D° on X° such that the above map induces a surjective morphism

e — N (=D°).
We may also assume without loss of generality, that there exits a regular vector field 9; on U; such that
fi := w;(9) is a defining equation of D° on U;. By [LPT18, Proposition 7.3, %wi is a closed rational 1-form,
and hence dw; = ‘if A w;. On the other hand, by [LPT18, Corollary 7.4], we must have
dfi _df; _ dgij
fi  fi dgy’
dfi dg; _dfj dg;

and hence

fi 9i i 9
This immediately implies that there exists o € H°(X, QE{] (log (B + D)yeq) with da = 0 such that « restricts to
—% + % on U;, where D denotes the Weil divisor on X such that D|x. = D°. A straightforward computation
then shows that
dw =a A w.
This proves (1).
To prove (2), observe that we must have

fimin (Fips?) < pr (Mg (—D)) = pr(Ng) — pm (Ox (D)) < pr(ANg) — prr (Ox (Drea)).
On the other hand, by the proof of [Lan04, Corollary 2.5]), we have
Ihmax (szsg) — lmin (szs%) < (rank¥ — 1)A - FAm X1
Now, we must have fimax (Fips&) > 0 since py (%) > 0 by assumption. The claim then follows easily. O

Remark 12.2. Notation as in the proof of Lemma 12.1. By [LPT18, Corollary 7.4], there is a rational function
h;; on X such that f; = gijfjhfj. Note that h;; is regular on U; NUj since both f; and f; are local equations of
D° on U; NUj, and that the h;; automatically satisfy the cocycle condition. Therefore, there exists a rank one
reflexive sheaf .2 on X as well as an effective Weil divisor such that A4 = Ox (D) K £®P.

Proposition 12.3. Let X be a normal complex projective variety, and let 4 be a codimension one foliation
on X. Let B: Z — X be a resolution of singularities. Suppose that & is semistable with respect to some
ample divisor H on X with pp(9) > 0. Then either 4 is closed under p-th powers for almost all primes p, or
B71Y is given by a closed rational 1-form with values in a flat line bundle, whose codimension one zeroes are
B-exceptional.
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Remark 12.4. In the setup of Proposition 12.3, suppose in addition that X has klt singularities. Suppose that
B4 is given by a closed rational 1-form wy with values in a flat line bundle .%; whose zero set has codimension
at least two. Applying [Tak03], we see that there exists a flat line bundle .Zx on X such that £, & 5* Zx.
Then wyz induces a closed rational 1-form wx on X with values in Zx defining ¢. Moreover, its zero set has
codimension at least two.

Proof of Proposition 12.3. Proposition 12.3 follows from Lemma 12.1 using the spreading out technique, which
we recall now. Assume that dim X > 2.

Let w be a rational 1-form defining 37'¥¢. Let E be an effective S-exceptional divisor such that A := myB8* H —
E is ample for some positive integer mg, and let B be a reduced effective divisor that contains codimension one
zeroes and poles of w and all S-exceptional divisors in its support. Replacing H by mgH, we may assume that
mo = 1. Let m be a positive integer such that Tz (mA) is generated by global sections, and set

M = Cl(%flg) A(BTH)I XL 4o (dim X — 2)A - (B H)Im X1

Let R C C be a finitely generated Z-algebra, and let X (resp. Z) be a projective (resp. smooth projective)
model of X (resp. Z) over S := SpecR. Let 3: Z — X be a projective birational morphism such that B¢
coincides with 3. Let ¥ (resp. 871%) be a saturated subsheaf of the relative tangent sheaf Tx s (resp. Tzys),
flat over S, such that %¢ (resp. B8 1%c) coincides with & (resp. 371¢). We may assume that for any closed
point s € S, X is normal, and that % (resp. 871%;) is a foliation on Xj (resp. Zs). Let H (resp. A) be an
ample Cartier divisor on X (resp. Z) such that H¢ ~z H (resp. A¢ ~z A). Suppose that A = 3*H — E for
some effective 3-exceptional relative divisor E over S, and that E5 is Bs-exceptional for any geometric point
s € S. Finally, let B be a reduced effective relative divisor on Z over S and let w be rational section of le /T
such that Bc = B and wc = w. Shrinking S, if necessary, we may assume that w;s defines 371%; for any
geometric point s € S, and that B contains the codimension one zeroes and poles of wz. We can also choose
B so that B contains all 3-exceptional prime divisors in its support.

Since semistability with respect to an ample divisor is an open condition in flat families of sheaves (see proof
of [HL97, Proposition 2.3.1]), we may assume that the sheaves ¥ are semistable with respect to Hz, with slopes
LH. (%g) = up(94) > 0. Tt follows that B; ' % is semistable with respect to 3:Hjs with slope HB:H, (ﬂ_l‘ﬁg) =0.

By [Gro95b, Lemme 2.4] and [Gro95a, Proposition 4.1], there exists a quasi-projective S-scheme Divé%
parameterizing effective relative Cartier divisors on Z over S with A-degree at most M. Using [Gro66, Théoréeme
12.2.1], we see that there is an open set T C Div%% parametrizing geometrically reduced divisors that do not
contain any irreducible component of some Bj in their supports. Replacing T by T,eq, if necessary, we may
assume that T is reduced. By generic flatness, we can suppose that T is flat over S. Let D C T xg Z be the
universal effective relative Cartier divisor, and denote by w: T XxgZ — Z and v: T xgZ — T the projections.
Set C := w*B. Observe that C is a reduced relative effective Cartier divisor on T xg Z over T. Write
Q’[;‘]XsZ/T (log (C + D)) for the reflexive sheaf on T xg Z whose restriction to the open set Z7, where C+ D has

relative simple normal crossings over T is QIZOT/T (log (C\Z%. + D‘z%_))7 and set

U := U*Q,[%,]st/,r (log (C+ D))

By generic flatness and the base change theorem, we see that, replacing T with a finite disjoint union of locally
closed subsets, we may assume without loss of generality that U is flat over T, and that the formation of

U*Q’[;‘]XSZ /T (log (C+ D)) commutes with arbitrary base change. We will also assume that, for any geometric

point ¢ € T, the restriction of Q,[IE]XSZ/T (log(C + D)) to the fiber of the projection T xg Z — T over t is
reflexive, so that

5

1
Q’[I‘]XSZ/T (log (C + D))‘

where § € S is the image of ¢ in S. By [Gro66, Corollaire 9.7.9], there exist a finite set I C N and a decomposition

T=||T

iel

z. = Q[le} (log (Bs + Dg)),

of T into locally closed subsets such that any geometric fiber of D; := D x1 T; — T; has i irreducible
components, and such that any geometric fiber of C; := C x T; — T; has n(¢) irreducible components. Let
D; (resp. C7) denote the open set where D; — T; (resp. C; — T;) is smooth. We can choose T; so that

there exist sections a;1,...,a;; (resp. bi1,...,bin@)) of Dy = T; (resp. C; — T;) with a; ;(f) € D7, ; (resp
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bij(t) € Cf,;), where the D7, ,,..., D¢, (resp. CZ,,,...,C7, ;) are the irreducible components of the
corresponding fiber of D; — T; (resp. C; — T;).
Let t € T be a geometric point, and denote by 5 the image of £ in S. Let Iz, ; (resp. mg,; ;) be the vanishing
order of ws along D7, ; (resp. Cg, ;).
Let P C U be the closed subset defined by the conditions
(1) daz =0,
(2) dws = af A ws,
(3) respe jag(ai)j(f)) € {lzij,---slgi; + M} C k(t) for all indices 1 < j
(4) rescgijag(bi’j(ﬂ) € {mig;ij,-...mz;;+ M} C k(t) for all indices 1
Bs-exceptional,
where £ € T; and oy € H° (ZS7Q ' (log (Bs + Dg))).
Fix a closed point s in S, and denote by p > 0 the characteristic of k(5). Suppose that % is not closed under
p-th powers. This immediately implies that 3~1%; is not closed under p-th powers as well. Applying Lemma

12.1 to B 1%; and B:Hjg, we conclude that there exist a reduced effective Cartier divisor D(5) on Zz that does
not contain any irreducible component of Bjz in its support, and

a; € H (25,94 (log (Bs + D(5))))
with day = 0 such that dws; = af A ws. Moreover, the functions respe Of and rescy Qg are constant, with
values in {lg;;,...,lg;; + M} C k(5) and {mg,;,...,mg;; + M} C k(3) respectlvely if C¢,; is not Bs-

exceptional. We also have D(5) - (B:Hz)4™mZs—1 < M. Notice that there is no Bs-exceptional prime divisor
contained in Supp D(S) by construction. It follows that

1, and

<
< j < n(i) such that CZ, . is not

3,5

D(5)- AJ™# T = D(5) - (BiH)™ %~ YT D(5)- B Ap- (BH) B
0<i<dim Zs—2
< D(g) . (ﬂ;Hg)dimZ§_1 < M,

and hence, oz yields a closed point in P over ¢ := [D(5)] € T.

If the set of closed points s in S such that %; is not closed under p-th powers is Zarsiki dense, then the image
of P — S contains the generic point of S since it is a constructible set by a theorem of Chevalley (see [Gro64,
Corollaire 1.8.5]). It follows that there exists a closed logarithmic 1-form « on Z such that dw = oo A w. Let
C be any prime divisor on Z. Since the residue resc a of a at a general point of C' is a constant function, we
must have resca € {m,...,m+ M} C Z if C is not S-exceptional, where m denotes the order of vanishing of
w along C.

Let (Uj)ier be a covering of Z by analytically open sets such that o)y, = dIn f; +dg; where f; (vesp. g;) is a
meromorphic (resp. holomorphic) function on U;. Then

1
Wi = ———— Wy,
" Fiexp(gr) |
is a closed rational 1-form with zero set of codimension at least two and w; = ¢;;w; on U; NU; for some ¢;; € C.
This completes the proof of the proposition. O

We end the preparation for the proof of our main results with the following observation.

Lemma 12.5. Let X be a normal complex projective variety with kit singularities, and let &4 be a codimension
one foliation on X with Ky Q-Cartier and K¢ = 0. Then v(X) < 1.

Proof. Let B: Z — X be a resolution of singularities with exceptional set E, and suppose that F is a divisor
with simple normal crossings. Let F; be the reduced divisor on Z whose support is the union of all irreducible
components of E that are invariant under 3719¢. Note that —c;(.4%) = Kx by assumption. By Proposition
4.9 and Remark 4.8, there exists a rational number 0 < € < 1 such that

v(X)=v(—ca(My)) =v(—ci(N-1g) +cEr).
On the other hand, by [Nak04, Proposition V.2.7 (1)], we have
V( — Cl(/i/ﬁ—lg) + EE1> < V( — Cl(/i/ﬁ—lg) + El)

The lemma now follows from [Toul6, Proposition 9.3]. O
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Proof of Theorem 1.1. By [KM98, Lemma 2.53] and Fact 2.10, there exists a quasi-étale cover f: X; — X with
X, canonical such that f*Kg ~z 0. By Lemma 4.3, f~'¢ is canonical and K;-14 ~z 0. Replacing X by Xj,
if necessary, we may assume that K¢ ~7z 0.

By Proposition 12.3 and Lemma 8.14, either ¢ is closed under p-th powers for almost all primes p, or it is
given by a closed rational 1-form w with values in a flat line bundle whose zero set has codimension at least two
(see also Remark 12.4). In the latter case, the statement follows from Theorem 11.1.

Suppose that ¢ is closed under p-th powers for almost all primes p. By Lemma 12.5, we have v(X) < 1. If
v(X) = —oo, then Corollary 9.5 says that ¢ is algebraically integrable. If v(X) = 1, then ¢ has algebraic leaves
as well by Corollary 10.6. In either case, the statement follows from Theorem 1.5. If v(X) = 0, then Theorem
1.1 follows from Lemma 10.1 and Proposition 10.2. (]

Proof of Theorem 1.3. By Proposition 12.3 and Lemma 8.14, either ¢ is closed under p-th powers for almost
all primes p, or it is given by a closed rational 1-form w with values in a flat line bundle whose zero set has
codimension at least two (see also Remark 12.4).

Suppose first that ¢ is closed under p-th powers for almost all primes p. By Lemma 12.5, we have v(X) < 1.
If v(X) = —o0, Theorem 9.4 and Corollary 9.5 then imply that ¢ is algebraically integrable. If v(X) = 1, then
% has algebraic leaves by Theorem 10.5 and Corollary 10.6. In either case, K¢ is torsion by Proposition 4.24.
If v(X) = 0, then Ky is torsion by Lemma 10.1 and Proposition 10.2.

Suppose now that ¢ is given by a closed rational 1-form w with values in a flat line bundle whose zero set
has codimension at least two. If v(X) > 0, then the statement follows from Proposition 11.10. If v(X) = —o0,
then Theorem 1.3 follows from Proposition 11.11. O

Proof of Corollary 1.4. Arguing as in the proof of Theorem 1.1, we see that we may assume without loss of
generality that K« is Cartier. Lemma 5.9 then implies that ¢ is canonical, so that Theorem 1.1 applies. In
particular, to prove Corollary 1.4, it suffices to consider the case where X is an equivariant compactification of
a commutative algebraic group G of dimension at least 2 and ¢ = & )(?imX ~! is induced by a codimension one
Lie subgroup H C G.

If X is not uniruled, then G must be an abelian variety by a theorem of Chevalley, and ¢ is a linear foliation
on X, so that we are in case (2) of Corollary 1.4.

Suppose from now on that X is uniruled. Let 5: Z — X be an equivariant resolution of X with exceptional
set E/, and assume that E is a divisor with simple normal crossings and that § induces an isomorphism over X,¢g.
By Corollary 4.21, there is an inclusion 8*¢ C Tz(—logE). In particular, we must have 3*¢9 C 37'¢. Since
¢ is canonical, we conclude that Kg-14 ~z *Ky and that $*¢ = 7', This implies that any irreducible
component of F is invariant under f71%¢. This also implies that 37'¢ is regular by Lemma 5.15. Since Z is
uniruled by assumption, there exists a P'-bundle structure ¢: Z — Y onto a complex projective manifold Y
with Ky ~7z 0 such that 371¢ induces a flat connection on ¢. This follows either from [Tou08] or from the proof
of [Drul7b, Proposition 5.1] (see also [Drul7b, Lemma 3.8]). Suppose that E # ), and let F; be an irreducible
component of E. Then E; is smooth and A%, /7 is flat since E; is invariant under B71%. But this contradicts
the fact that E; is S-exceptional. It follows that X is as in case (1) of Corollary 1.4. This finishes the proof of
the corollary. O
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