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Abstract: We present a theoretical and experimental study of photonic demultiplexers based on
detuned stubs. The demultiplexers consist of Y-shaped structures with one input line and two output
lines. Two different types of structures are proposed to achieve a selective transfer of a single mode
in one output line without disturbing the second one. (i) In the first platform each output contains
two different stubs attached at two different sites (U-shaped resonators). We derive in closed form
the geometrical parameters of the stubs to achieve a selected frequency in each line while keeping the
other line unaffected. The frequency selection can be made on the basis of two different mechanisms,
namely a Fano or an electromagnetic induced transparency (EIT) resonance. Consequently, different
demultiplexing schemes can be designed by a combination of the two mechanisms, such as Fano-
Fano, Fano-EIT or EIT-EIT. In particular, the width of the Fano or EIT resonances can become zero
for an appropriate choice of the stubs’ lengths, giving rise to trapped modes also called bound in
continuum states (BICs) with infinite quality factors. We also show that the crosstalk between the
two outputs can reach minimum values around −45 dB. (ii) In the second platform, each output line
contains a photonic comb with a defect stub. The latter is appropriately designed to filter one or a
few frequencies in the bandgap of the photonic comb. The analytical calculations are performed with
the help of the Green’s function method which enables us to derive the transmission and reflection
coefficients as well as the density of states (DOS). These results are confirmed by experimental
measurements using coaxial cables in the radio frequency domain.

Keywords: demultiplexer; EIT resonance; Fano resonance; BIC; photonic circuit

1. Introduction

Wavelength selection or demultiplexing is one of the key technologies in optical
telecommunications. The filtering can be based on a resonant transmission with high
quality factor by introducing a cavity in a periodic structure that display localized modes
in the band gap of the photonic system. This method has been the object of several works
to create a demultiplexer in different dimensions 1D and 2D [1–7]. The width of the gap,
the cavities used, and the resolution are determining factors which define the number of
filtered modes. Other methods use specific resonances created by resonators inserted in
a waveguide [8–12]. In this case, we can get peaks that can reach unity with high quality
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factors in the perfect materials. Two types of these resonances are electromagnetic induced
transparency (EIT) [13,14] and Fano resonances [15,16]. These resonances were originally
discovered for atomic systems as the consequence of destructive quantum interference
phenomena between the excitation pathways to the atomic upper levels [13–15] and have
been extended to other areas due to their interesting applications in slow light [17], data
storage [18] and high performance nano-sensing [19]. Due to their strong interest, Fano
and EIT phenomena are not restricted to atomic systems and have been the subject of
intense studies in classical systems including photonic waveguides [20–22], acoustic slen-
der tubes [23,24], plasmonic nanostructures [25,26] and metasurfaces [27]. Recently, Fano
and EIT resonances have been also studied in Y-shaped demultiplexers in various areas
such as photonic circuits [28], acoustic slender tubes waveguides [29,30] and plasmonic
nanostructures [31–33]. Also, it is worth noticing that photonic demultiplexers based on
1D and 2D photonic structures have been the subject of intense studies in the last two
decades due to their great interest in global communication systems [2,28,34–37]. Different
mechanisms are used for designing demultiplexers based on photonic crystals such as
defect waveguides [38], coupled cavities [39–42], superprisms [43], coupling and cascading
photonic crystal waveguides [44], photonic crystal ring resonators [45,46], Mach-Zehnder
interferometers [47], and spiral resonators [48].

Some years ago, we investigated both theoretically and experimentally the existence
of Fano and EIT resonances in U-shaped [21] photonic circuits based on coaxial cables
at radio frequency domain. In this work, we consider a Y-shaped demultiplexer with
an input line and two output lines, where two or periodic detuned stubs are grafted at
different places along each output line. In the case of the platform based on two stubs
separated by a segment with U-shape, we show that different possibilities of filtering can
be realized such as: Fano resonances on both outputs, EIT resonances on both outputs or
EIT resonance on one output and Fano resonance on the other output. The geometrical
parameters necessary to realize each filtering are obtained analytically. The particular case
where the two resonators are placed at the same position, called cross-shape structure, has
been studied recently [28]. This latter system enables us to obtain only EIT-EIT resonances.
In order to overcome this constraint about the appropriate choice of the lengths of the
stubs and segments separating them, we propose another Y-demultiplexer platform where
each output contains a periodic structure with a cavity defect. The advantage of the last
structure lies in the fact that it can present large gaps where the propagation is prohibited.
Then, by appropriately introducing a cavity (stub defect) along each output, one can filter
different frequencies inside the gap of the corresponding circuit.

This paper is organized as follows: In Section 2 , we study the demultiplexer based on
EIT and Fano resonances introduced by U-shaped resonators. First we give the method
of calculation of transmission and reflection coefficients based on the Green’s function
method [49,50] as well as some numerical results with an experimental validation for
Fano-Fano demultiplexing. The other possibilities of demultiplexing such as EIT-EIT and
EIT-Fano are given in the Supplementary material. In Section 3, we give the analytical
calculation of the dispersion relations, transmission and reflection coefficients through
a demultiplexer made of two photonic circuits in a Y-shaped form, with numerical and
experimental realizations by coaxial cables. In addition, we study the performance and
efficiency of these demultiplexers through an analysis of the crosstalk and local density of
states (LDOS) for some filtered modes. In Section 4, we summarize and conclude the main
results of this work.

2. Demultiplexer Based on U-Shaped Resonators
2.1. Theoretical Approach

It has been demonstrated [21] that a simple U-shaped structure made of two resonators
of lengths d1 and d2 separated by a segment of length d0, inserted inside a waveguide,
may present Fano and EIT resonances. Each resonator induces its own transmission
zero at specific frequencies depending on its length di (i = 1,2). If the lengths of the two
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resonators d1 and d2 are slightly different and d0 = d1 + d2, a resonance (transparency
window) falls between the two transmission zeros giving rise to an EIT resonance. In the
particular case where d0 = d1 + d2, the EIT resonance appears symmetrically between the
two transmission zeros, and its width depends on the detuning between the two stubs
δ = d2 − d1. Conversely, in order to obtain a Fano resonance, the lengths of the two stubs
should be taken identical and slightly different from d0

2 (i.e., d1 = d2 6= d0
2 ). In the particular

case where d1 = d2 = d0
2 , the resonance coincides with the two transmission zeros giving

rise to a zero-width resonance called bound states in continuum (BIC) with an infinite
quality factor [51].

In this section, we use the characteristic of the U-shaped resonators, namely Fano
and EIT resonances, to design a Y-shaped demultiplexer based on the combination of the
two resonances (Figure 1). The platform consists of one input line and two output lines.
Each output contains a U-shaped resonator where two stubs are placed at different sites
along the output line. On the first output the two stubs of lengths d1 and d2 are attached
on two different sites separated by a segment of length d0. The stub of length d1 is grafted
at the site {2} at a distance d5 from the entrance and the stub of length d2 is grafted at the
site {3} at a distance d5 + d0 from the entrance. Likewise, the second output contains two
lateral stubs of lengths d3 and d4 separated by a segment of length d′0. These two stubs are
placed respectively at the sites {4} and {5} at a distance d6 and d6 + d′0 from the input line.
All waveguides are coaxial cables constituted by the same dielectric permittivity εd and
characterized by the same impedance Z.
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Figure 1. (a) Schematic representation of the Y-shaped demultiplexer with one input line and two
output lines. Each output consists of U-shape resonators where two stubs are placed at different sites
along the output line. See the text for the details of the geometrical parameters of the waveguides.
(b) Experimental setup of the Y-shaped demultiplexer performed with standard coaxial cables
connected to the vector network analyzer. The boundary conditions at the end of the stubs are H =
0. The different lengths of the cables are indicated in accordance with (a). When one output line is
connected to the analyzer entrance, the second output is 50 Ohm impedance matching in order to
avoid any reflection of the wave at the end of this line.

In order to calculate the transmission and reflection coefficients through the U-shaped
demultiplexer depicted in Figure 1, we need the Green’s function elements in the space of
interfaces of the whole system (Figure 1). The details of the analytical calculations are given
in Supplementary material SM1. Using the Green’s function method [49,50], the Green’s
function of the whole system can be obtained by a linear superposition of the inverse
Green’s functions of its elementary constituents, namely
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g−1(MM) =
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(1)

where Ci = cos(kdi), Si = sin(kdi) (i = 0, 0′, 1, 2, 3, 4, 5, 6) and j =
√
−1. k = ω

√
εd
c is the

wave vector of the incident wave, ω is the pulsation, εd the dielectric permittivity of the
waveguides and c the speed of light in vacuum.

Let us consider an incident wave U(x) = e−jkx launched in the left semi-infinite
waveguide (Figure 1). The amplitude of the reflected wave in the semi-infinite waveguide
at the input of the demultiplexer is defined by [49,50]

r = −1− (2jω/Z)g(1, 1), (2)

where g(1,1) is the Green’s function at the site {1} at the entrance of the demultiplexer
(Figure 1). The amplitudes of the transmitted waves in the two semi-infinite outputs 1 and
2 (Figure 1) are given respectively by

t1 = (2jω/Z)g(1, 3), (3)

and
t2 = (2jω/Z)g(1, 5), (4)

where g(1,3) (g(1,5)) is the Green’s function between the sites {1} and {3} ({1} and {5})
along the first (second) output of the demultiplexer (Figure 1).

The analytical expressions of the transmission and reflection amplitudes are quite
complicated. Thus, we give only the conditions that should be satisfied by all the lengths
of the waveguides in order to realize an efficient demultiplexing. In addition, in the
next section we will distinguish between three different possibilities of demultiplexing
depending on the choice of the lengths of the stubs on each output such as Fano-Fano,
Fano-EIT or EIT-EIT resonances on both output lines. However, in order to shorten the
length of the paper, we will give the details of the results only in the case of Fano-Fano
resonances and postpone the results of EIT-EIT and EIT-Fano to supplementary materials
(SM2 and SM3).

2.2. Numerical and Experimental Results

As mentioned previously, the U-shaped resonators can give rise to EIT and Fano
resonances. These resonances are respectively characterized by the existence of a resonance
between two transmission zeros or by a resonance lying in the vicinity of a transmission
zero. Based on the geometrical parameters, we are able to precise the system parameters to
achieve a complete filtering in one output without disturbing the other output. As it was
demonstrated earlier [21], in order to obtain a Fano resonance on both outputs, we should
take the lengths of the stubs along the first output identical and slightly different from
d0
2 (i.e., d1 = d2 = d0

2 − ε) and the two stubs along the second outputs should be chosen

different from d′0
2 (i.e., d3 = d4 =

d′0
2 + ε). These two conditions ensure that we obtain Fano

resonances on both outputs.
Now, we are able to specify the system parameters to realize a full transmission

in one output keeping the other one unaffected. Indeed, in order to realize a complete
transmission in the first output (T1 = 1), we have to cancel simultaneously the transmission
in the second output and the reflection along the input (i.e., T2 = R = 0). The expressions
of t2 (Equation (4)) and r (Equation (2)) are quite complicated, so by analogy with the
analytical demonstrations performed in the case of simple U-resonator [21], to cancel
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both T2 and R (i.e., T2 = R = 0) at specific frequencies, one should have C3 = 0 or
C4 = 0 and C6 = 0. Similarly in the second output, the two stubs d3 and d4 induce their
own transmission zeros, these occur when C3 = 0 or C4 = 0 [28]. In a lossless system,
the transmission zeros are given respectively by kd3 = (2m3 + 1)π

2 or kd4 = (2m4 + 1)π
2

where m3 and m4 are two integers. The position of the Fano resonance in the first output is
fixed by sin(k(d0 + ε)) = 0 (i.e., k(d0 + ε) = mπ) where m is an integer. Likewise, in order
to realize T2 = 1, T1 = 0, R = 0, one should satisfy C1 = 0 or C2 = 0 (i.e., kd1 = (2m1 + 1)π

2
or kd2 = (2m2 + 1)π

2 where m1 and m2 are two integers) and C5 = 0. The position of the
Fano resonance in the second output is fixed by sin(k(d′0 − ε)) = 0 (i.e., k(d′0 − ε) = m′π),
where m′ is a non-zero integer.

From the above conditions, one can derive that for the first order demultiplexing (i.e.,
m1 = m2 = m3 = m4 = 0 and m = m′ = 1), the lengths of the eight segments should be
taken as follows:

d1 = d2 =
d0

2
+ ε, (5)

d3 = d4 =
d0

2
+

ε

2
, (6)

d5 =
d0

2
+ ε, (7)

d6 =
d0

2
+

ε

2
, (8)

d′0 = d0 + 3ε. (9)

In order to illustrate the results of the above analysis, we present in Figure 2 the
variation of the transmission coefficients T1, T2 along the two outputs and the reflection

coefficient R along the input as a function of the dimensionless frequency Ω = ωd0

√
εd
c

where d0 = d1 + d2 for different values of ε. One can notice that the dimensionless frequency
of the Fano resonance is lower than π for positive values of ε and becomes higher than π
when ε is negative.

Figure 2 shows that for different values of ε one can obtain a full transmission along
the first output T1 (blue curves) when both the transmission in the second output T2 (red
curves) and the reflection R (black curves) vanish at the same frequency (i.e, T2 = R = 0).
Similarly in the second output, the transmission T2 (red curves) reaches unity when the
transmission in the first output T1 (blue curves) and the reflection R (black curves) vanish
(i.e., T1 = R = 0). It means that one can obtain a filtered wave in one output without per-
turbing the other one. The two selected resonances have a Fano-like shape, i.e., resonance
lying at the vicinity of a transmission zero. Figure 2 clearly shows that the frequency of
the Fano resonance varies as function of ε in the two outputs 1 and 2. However, the vari-
ation of the frequency of the resonance in output 2 (red lines) depends strongly on ε in
comparison with the variation of the resonance frequency in the first output (blue lines)
(see Figure 2 and Figure 3a). The other important remark concerns the order of the reso-
nance and the transmission zeros on the same line. We can see that the Fano line shape
is inverted from one resonance to another resonance (see below) in order to combine the
peak of one with the zero of the other and vice-versa. For ε > 0, the Fano resonance in
the second output appears below the one in the first output (Figure 2a). As ε decreases,
the two resonances approaches to each other (Figure 2b) and coincide for ε = 0 giving
rise to a BIC state which is characterized by a zero-width resonance (i.e., infinite quality
factor) as shown in Figure 2c. For ε < 0, the Fano resonance in the second output becomes
at the other side and appears at the right hand side of the Fano resonance in the first output
(Figure 2d,e).
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Figure 2. (a–e) Variation of the intensity of the transmitted signal in line 1 (blue lines), line 2 (red lines) and the reflected
signal at the input of the demultiplexer (black lines) versus the dimensionless frequency Ω/π for different values of ε and
for d0 = 1 m. The other lengths are chosen according to Equations (5)–(9). (f) The fitted results (open triangles) of the Fano
resonances in (b) obtained by the Fano formula in Equation (10). The arrow in (c) indicates the position of BIC state

In order to confirm that the two filtered resonances are of Fano type, the latter should
be fitted by a Fano-like expression such as [16]

T = A
(ω−ωr + qΓ)4

(ω−ωr)2 + Γ2 (10)
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where A = 1
q4Γ2 . ωr and Γ are the parameters that denote the position and the width of

the resonance, respectively. q is the so-called Fano parameter which describes the degree of
asymmetry of the resonance. An example of the results of the fitting expression (Equation (10))
is shown in Figure 2f for ε = 0.1 m (Figure 2b). The fitted results represented by open
triangles fit very well the exact results presented by solid lines. From the fitted results, one
can deduce that the resonance on the first output (blue curve) exhibits a Fano shape with
ωr = 0.91π, q = 12 and Γ = 0.02π. Similar results are found for the second resonance
(red curve) with ωr = 0.83π, q = −15 and Γ = 0.015π. Figure 3a gives the variation of
the positions of the two resonances along the two outputs as a function of ε. One notes
that the frequencies of the two resonances on the two outputs depend strongly on ε. This
dependence appears greater in the second output (dashed line) compared to the first output
(solid line). In addition, the resonance in the second output (solid line) falls below the
one in the first output (dashed line) for ε > 0, coincide with it for ε = 0 giving rise to a
BIC mode, and reappears above the resonance on the first output for ε < 0. Figure 3b
shows the variation of the quality factors Q1 (continuous line) and Q2 (dashed line) of
the two Fano resonances discussed in Figure 2 as function of ε. One can notice that the
quality factors of both demultiplexed signals are almost similar and give the same behavior
as a function of the parameter ε. For lower values of ε, the Q-factors reach high values
around Q ' 1000. However, for ε = 0 the width of the resonance vanishes for lossless
system, and its Q-factor diverges towards infinity values which gives a clear signature of
the existence of BIC state [51]. This mode remains confined in the U-shaped resonators and
does not interact with the continuum modes associated to the semi-infinite waveguides.

Figure 3. (a) Variation of the position of the two Fano resonances presented in Figure 2 as a function
of ε. (b) Variation of quality factor Q as a function of ε in output 1 (continuous line) and in output
2 (dashed line).
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In order to give a better insight about the spatial localization of the different modes
that can be selected or stopped by the U-shaped demultiplexer, we have presented in
Figure 4 the square modulus of the electric field along the two outputs of the system for
the two Fano resonances discussed in Figure 2b for ε = 0.1 m. Figure 4a shows that the
first Fano resonance at Ω = 0.91π corresponds to a filtered mode along the first output,
while this mode is stopped along the second output. The transfer of this mode along the
output 1 can be explained by the excitation of both stubs of lengths d1 and d2 and the
segment d0 which separate them. Its stopping along the output 2 is due to the excitation
of the stationary mode of the stub of length d3 as shown in Figure 4a. Figure 4b gives the
same results as in Figure 4a but for the second Fano resonance which appears at Ω = 0.83π
(Figure 2b). The wave at this dimensionless frequency is completely transferred along the
second output due to the excitation of both stubs of lengths d3 and d4 as well as the segment
d′0, whereas the wave is completely stopped along the first output through the excitation
of the stationary mode of the stub of length d1. These results show that one can achieve a
good filtering in one output keeping the other output unaffected by appropriately choosing
the lengths of the different segments and stubs along the two outputs.

Figure 4. Square modulus of the electric field |E|2 (in arbitrary units) along the two outputs of the
demultiplexer at (a) Ω = 0.91π and (b) Ω = 0.83π for the two Fano resonances discussed in Figure 2b.



Photonics 2021, 8, 386 9 of 20

In order to give an experimental validation of the above theoretical results, we per-
formed an experiment using standard coaxial cables in the radio frequency domain [52].
The experiment is carried out using coaxial cables and a vector network analyzer. The exper-
imental setup is shown in Figure 1b. The cables are characterized by the same characteristic
impedance and permittivity. The coaxial cable is RG-58/U with an impedance equal to
Z = 52 Ω. The core and sheath of the cables are separated by a polyethylene layer character-
ized by a dielectric permittivity ε′ = 2.3 which corresponds to a nominal propagation speed
of the order of 0.66c. The connection between the cables is made by BNC connectors in the
form I or T or cross. The elements of the scattering matrix are measured in the interval
1–200 MHz by the vector network analyzer Agilent PNA-X N5242A type. The number
of acquisition points is adjusted to 5000 points with a step of 100 Hz. The acquisition
results include both the magnitude and the phase of transmission (S12 = S21) and reflection
(S11 = S22). The attenuation inside the coaxial cables was simulated by introducing a
complex dielectric constant (ε′ + jε′′). The attenuation coefficient α′′ can be expressed as
α′′ = ε′′ω/c

√
ε′. On the other hand, the attenuation specification data supplied by the

manufacturer of the coaxial cables in the frequency range of 10 to 200 MHz can be approxi-
mately fitted with the expression ln(α′′) = γ + η ln(ω), where γ and η are two constants.
From this fitting procedure, a useful expression for ε′′ as a function of frequency can be
obtained under the form ε′′ = ( f

f0
)−0.5 where the frequency f is expressed in Hertz and

f0 = 9200 Hz. During the measurement, the input of the demultiplexer is connected to the
analyzer and an output of the demultiplexer is connected to the other input of the analyzer,
while the second output of the demultiplexer is blocked by a cap of 50 Ω. The ends of the
stubs (cables connected vertically to the guides) are open with free boundary conditions
i.e., vanishing magnetic field (perfect magnetic conductor) at the end of the stubs. Since the
section of the cables is small enough compared to their lengths, the monomode propagation
is verified.

Figure 5 gives the theoretical (continuous lines) and experimental (open circles) trans-
mission and reflection coefficients as a function of the frequency along the output 1 (blue
curves) and the output 2 (red curves). The reflection coefficient is given by the black curves.
The lengths of the different cables are chosen to realize Fano resonances on both outputs
such as: d0 = 1 m, d1 = d2 = 0.35 m, d5 = d2, d3 = d4 = 0.425 m, d6 = d3 and d′0 = 0.55 m
which are very close to the conditions required in Equations (5)–(9) with ε = −0.15 m.
The experimental results are in good agreement with the theoretical ones. The amplitudes
of the resonances do not reach unity due to the attenuation in the cables. One can see that
when the amplitude is maximal in one output line, it becomes minimal in the other output
line as well as in the input line.

Figure 5. Theoretical (continuous lines) and experimental (open circles) transmission and reflec-
tion coefficients as a function of the frequency along the ports 1 (blue curves) and 2 (red curves).
The reflection coefficient is given by the black curves. The results are presented for ε = −0.15 m.
The lengths of different cables are chosen according to Equations (5)–(9).
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Another quantity that can characterize the demultiplexer is the crosstalk which is
defined as the ratio between the power in the interested channel Pic and the power in the
other channel Poc [53]

C = 10 log
(

Poc

Pic

)
. (11)

In Figure 5, the crosstalk for output 1 compared to output 2 for the filtered fre-
quency 112.51 MHz is about −45.3 dB, whereas the crosstalk is about −45.41 dB for output
2 compared to output 1 for the filtered frequency 142.73 MHz. Let us mention that for
lossless system, the wave is completely transferred along one output (T = 1) and stopped
(T = 0) on the other output, and therefore the crosstalk in this case tends to infinity. In other
words, the two outputs do not communicate with each other. However, for lossy systems as
it is the case in Figure 5, the crosstalk shows finite values. In Table 1, we give a comparison
of crosstalk values with previous works of demultiplexers based on photonic crystals with
two outputs:

Table 1. Comparison of our results with some recent works.

References Crosstalk (dB)

Ref. [53] −26.48
Ref. [54] −22
Ref. [55] −18.35
Ref. [56] −14.9

Our work −45.41

The results presented in Table 1 show that the proposed demultiplexer has better
performance in comparison with previous works and has a good potential to be used for
communication application in WDM systems. Indeed, the advantage of our design lies
in the possibility to coincide a maximum of transmission in one line with almost zero
transmission in the second line; this is a characterestic property of Fano resonances.

In addition to the results of the reflection and transmission amplitudes presented in
Figure 2, one can display the LDOS of the electromagnetic wave at specific points along
the two outputs. From the imaginary part of the interface Green’s function elements
(Equation (1)), one can derive the LDOS at the points {2} and {3} along the first output
and at the points {4} and {5} along the second outputs, as follows

n1(ω) =
2ω

πc2 Im[g(2, 2) + g(3, 3)] (12)

and
n2(ω) =

2ω

πc2 Im[g(4, 4) + g(5, 5)], (13)

where g(i, i) is the Green’s function elements at the interface {i} (i = 2,3,4,5).
Figure 6 presents the LDOS at specific points along the first output (blue curves) and

second output (red curves) for the same values of ε as in Figure 2. The behavior of Fano
resonances discussed in Figure 2 appear as well defined peak in LDOS. Figure 6 shows that
as ε increases, both the width and the intensity of the peaks decreases. It can be seen that
both peaks depend strongly on the parameter ε. Also, the first peak which corresponds to
the first Fano resonance appears above the second one for ε > 0 (Figure 6a,b), and below
the second peak for ε < 0 (Figure 6d,e). For ε = 0, the LDOS gives a clear signature of
the BIC state as a zero-width peak (Figure 6c) despite the existence of loss in the cables.
Let us mention that for lossy system, as it is the case of coaxial cables, the intensity of
the resonance for ε = 0 (Figure 6c) tends to zero and its full width at half maximum (i.e.,
Q-factor) becomes ill-defined.
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Figure 6. Local density of states (LDOS) as function of dimensionless frequency for different value of ε.
Blue and red curves correspond to LDOS in the first and second outputs respectively. The arrow in
(c) indicates the position of BIC state.

It should be mentioned that from the U-shaped resonators, one can derive another
particular case called mixed demultiplexer structure. This structure can be obtained when
the two stubs on one output being located at the same position (i.e., d0 = 0 on the fist output
or d′0 = 0 on the second output), while the two stubs on the other output remain separated
(i.e., d′0 6= 0 or d0 6= 0). The mixed structure may exhibit two different possibilities of
demultiplexing, namely EIT-EIT resonances on both outputs or EIT resonance on one
output and Fano resonance on the second one. To shorten the length of the paper, we have
avoided giving these results.

3. Demultiplexer Based on Photonic Circuits with Cavities
3.1. Theoretical Approach

In this section, we present another type of a Y-demultiplexer platform based on
periodic photonic circuits in presence of cavities along each output. The cavity in the
middle of the photonic crystal is obtained by replacing a stub of length d2 by a stub of length
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dc (dc 6= d2) (see Figure 7). The advantage of such a system lies in the presence of large gaps
induced by the photonic circuit where waves are not allowed to propagate. The photonic
circuits in each output are assumed to be identical, which makes it possible to have the
same regions of forbidden frequencies for both lines. Then by introducing specific defects
on each line, we can filter a well-defined frequency associated with that defect, while it is
rejected by the other line. Such a demultiplexer has been studied numerically in 1D comb
waveguides [57] and microstrip lines [38,58–60]. However, to our knowledge, a detailed
analytical study and an experimental realization of such a demultiplexer is lacking.

d2

d0

Output 1

Output 2

Input

d2

d2

d2

dc1

d1 d1
d1

d1

d1

d1

dc2

��� impedance

(c)

Vector Network

Analyser

Figure 7. (a) Schematic illustration of a finite comb structure with a defect stub. (b) Y-shaped
demultiplexer formed by comb structures with defect stubs. The stubs are of lengths d2, the segments
that connect the stubs are of lengths d1 and the defects are of lengths dc1 on the output 1 and dc2 on
the output 2. (c) Experimental setup of the system in (b) performed with standard coaxial cables
connected to the vector network analyzer. The boundary conditions at the end of the stubs are H = 0.
When one output is connected to the analyzer entrance, the second output is 50 Ohm impedance
matching in order to avoid any reflection of the wave at the end of this line.

The calculation of transmission and reflection coefficients along each output line
of Figure 7b first requires the calculation of the Green’s function of each finite structure
(Figure 7a). The details of the analytical calculations of the inverse of the Green’s function
g−1

1 (Mi Mi) of the finite structure (Figure 7a) are given in Supplementary material SM4. In-
deed, the inverse of the Green’s function of the finite comb structure with cavity (Figure 7a)
in the interface space Mi = {0, Ni} can be written as follows (see SM4):

g−1
1 (Mi, Mi) =

(
A′i Bi
Bi Ai

)
, (14)

where A′i, Ai and Bi are real quantities for lossless systems which are function of the
geometrical parameters of the system.

In the case of the demultiplexer described in Figure 7b, each output line is formed
from a finite comb structure with its own cavity of length dci with i = 1 or 2. The inverse of
the Green’s function g−1

2 (Mi, Mi) of the whole structure is obtained by the superposition
of the inverses of the Green’s functions g−1

i (Mi, Mi) (Equation (14)) of each comb, namely

g2(Mi, Mi)
−1 =

 −F + A′1 + A′2 B1 B2
B1 A1 − F 0
B2 0 A2 − F

, (15)
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F = j ω
Z is the inverse of the Green’s function of the semi-infinite waveguides surrounding

each comb. Note that Ai, A′i and Bi are real quantities for lossless systems, while F is
pure imaginary.

The transmission coefficient is defined by ti = −2Fg2(1, i) for each line i (i = 2,3), its
expression is given by:

t1 =
2FB1

(A1 + F)(F + A′1 + A′2 −
B2

1
A1+F −

B2
2

A2+F )
, (16)

along the first output and

t2 =
2FB2

(A1 + F)(F + A′1 + A′2 −
B2

1
A1+F −

B2
2

A2+F )
, (17)

along the second output. The reflection coefficient at the input of the system is given by
r = −1− 2Fg2(1, 1), or equivalently,

r = −1 +
2F

F + A′1 + A′2 −
B2

1
A1+F −

B2
2

A2+F

. (18)

3.2. Numerical and Experimental Results

Before showing the filtered frequencies using a demultiplexer based on photonic
circuits, we will first present the dispersion relation for an infinite comb structure as well
as the dispersion curves of cavity modes induced by a stub defect of length dc in a periodic
comb structure (Figure 7a). The dispersion relation in the case of periodic comb structure
made of segments of lengths d1 separated by stubs of length d2 is given by [61]

cos(kd1) = C1 −
1
2

S1S2

C2
, (19)

where Ci = cos(kdi), Si = sin(kdi) (i = 1,2) and k is the Bloch wave vector. Similarly,
the dispersion relation of an infinite comb structure with a defect stub of length dc is
given by [61] (

Sc

Cc

)2 S1

2
− S1S2Sc

C2Cc
+

2C1S2

C2
+ 2S1 = 0 (20)

together with the condition ∣∣∣∣C1 −
S1Sc

2Cc

∣∣∣∣ < 1, (21)

where Cc = cos(kdc) and Sc = sin(kdc).
The latter condition ensures that the waves are evanescent in the photonic circuit far

from the stub defect.
Figure 8b gives the dispersion curves, i.e., allowed bands (shaded areas) and the

forbidden bands (white areas) of an infinite comb structure formed by stubs of length
d2 = 0.5 m periodically separated by segments of length d1 = 1m (Figure 8a). One can
notice the existence of a flat band with zero-width at f = 98.68 MHz (i.e., ωd2

√
εd

c = π
2 )

due to the choice of cable lengths d2 = d1
2 . The choice of such commensurable lengths

enables us to get a large gap ('80 MHz) around 100 MHz. If d2 is chosen substantially
different from d1

2 , the flat band becomes wide (see Ref. [61]). The allowed bands are
obtained from | cos(kd1)| ≤ 1 (i.e., k real), while the forbidden bands (gaps) are given
by | cos(kd1)| > 1. Inside the gaps, we have presented by dotted lines the cavity modes
induced by the stub of length dc inserted in the periodic comb structure. These modes are
obtained from Equations (20) and (21). The cavity modes depend on the length of the stub
defect dc. One can see that the frequencies of the existing modes decrease as dc increases.
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Also, except for dc = d2 = 0.5 m, one can obtain for a given value of dc two modes at two
different frequencies in the region 0≤ dc ≤ 1 m (Figure 8b).

Figure 8. (a) Schematic illustration of an infinite comb structure with a cavity of length dc.
(b) Projected band structure of an infinite comb structure (shaded areas) and cavity modes (dots)
versus the length dc of the stub’s defect. Red and blue triangles give the positions of the cavity modes
for dc = 0.86 m and dc = 1 m respectively. (c) Dispersion curves of an infinite comb structure in the
reduced Brillouin zone. (d) Transmission through a finite lossless comb structure formed by three
identical stubs (black dotted curve), with cavity defects dc = 1 m (blue curve) and dc = 0.86 m (red
curve). (e) Experimental (open circles) and theoretical (solid lines) results for a lossy system.

Figure 8c gives the dispersion curves (frequency versus the dimensionless Bloch wave
vector kd1) of the infinite periodic comb structure. Inside the first two gaps, we have
presented the positions of the modes labeled 1, 2, 3 and 4 in Figure 8b. These modes 1
and 2 (3 and 4) are induced by the cavity of length dc = 1 m (dc = 0.86 m). Figure 8d
shows the transmission coefficient through a finite photonic crystal formed by three stubs
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of lengths d2 separated by segments of length d1 (Figure 7a). The stub in the middle of
the photonic crystal may be chosen different from the other stubs of the periodic circuit
(dc 6= d2). The black dotted lines represent the transmission through a finite photonic
circuit without defect (i.e., dc1 = dc2 = d2 = 0.5 m). The transmission spectrum shows
a broad gap around the frequency region [60–137] MHz which coincides well with the
gap presented by the dispersion curves (Figure 8c) and this despite the limited number
of stubs (N = 3) constituting the finite photonic crystal. In addition, one can notice that
the flat band of the infinite crystal around f = 98.90 MHz coincides with the transmission

zeros of the finite crystal (Figure 8d). This frequency is given by cos(ωd2
√

εd
c ) = 0 (i.e.,

ωd2
√

εd
c = (2n + 1)π

2 where n is an integer), and the first mode corresponds to n = 0 at
f = 98.90 MHz. The dashed lines in Figure 8d give the transmission in the case of two
different defect stubs introduced in the photonic comb. The two transmission peaks within
the gap coincide perfectly with the modes marked 1, 2, 3 and 4 in Figure 8b,c of the infinite
crystal (indicated by red and blue triangles). The advantage of the photonic circuit is the
existence of a large frequency domain that can be filtered by detuning the length of the
stub cavities while remaining in the gap. Figure 8e shows an experimental validation of the
theoretical results presented in Figure 8d. The solid lines in Figure 8e give the theoretical
results in presence of loss, whereas open circles represent the experimental results. Both
results show a good agreement. The amplitudes of the two resonances do not reach unity
due to the loss in the cables.

Figure 9 represents the transmission spectra through the two outputs of the demu-
tiplexer based on photonic circuits with or without cavities (Figure 7b). Each output is
formed of a finite photonic circuit composed of three stubs of lengths d2 separated by
segments of length d1. Figure 9a gives the transmission in the two outputs where the two
photonic circuits are chosen identical and without defects (i.e., dc1 = dc2 = d2 = 0.5 m).
Therefore, the two photonic circuits will exhibit the same forbidden bands (gaps) as shown
in Figure 8b,c. In addition, one can notice that the amplitude of the transmission does not
exceed 0.5 since the incident signal is divided between the two output lines. The advantage
of the demultiplexer based on photonic circuits is the existence of a large gap where any
frequency can not propagate and by changing appropriately the length of the cavities, one
can filter two closed frequencies inside the gaps. Figure 9b gives the transmission along the
first (blue curves) and the second (red curves) outputs where the two cavity defects on the
two outputs are chosen such as dc1 = 1 m and dc2 = 0.86 m. The two filtered resonances in
the transmission along each output are induced by its own defect stub. The lengths of the
two defect’s stubs are chosen such as a transmitted wave is filtered in one output, while
it is stopped by the band gap in the second output. The separation between the filtered
frequencies on each output depends on the difference between the lengths of the two
defect’s stubs. The amplitude of the filtered resonances exceed 0.5 and approaches unity
on each output for lossless materials (Figure 9b). Figure 9c,d give an experimental confir-
mation of the theoretical predictions represented in Figure 9a,b respectively. The circles in
Figure 9c,d represent the experimental results and the solid lines represent the simulation
taking into account the loss effect. Both results are in good agreement. The amplitude of
the resonances decrease due to the loss in the cables. Nevertheless, these results show the
possibility of a selective transfer in each output without perturbing too much the other
output. Another quantity that limits the efficiency of this demultiplexer is the reflection
rate. Indeed, without loss (Figure 9b) the reflection (black curve) is minimal when the
transmission in each line is maximal, which enables a high transfer of energy from one line
to another. However, in presence of loss (Figure 9d) the reflection remains reasonable when
the transmission is maximal which limits the transfer of energy from one line to another and
will enhance the crosstalk. Indeed, in Figure 9d the crosstalk rates for output 1 compared
to output 2 for the frequencies f1 = 74.38 MHz and f2 = 121.24 MHz are −16.92 dB and
−9.44 dB respectively. Similarly, the crosstalk rates are −11.43 dB and −12.97 dB between
output 2 and 1 for the frequencies f3 = 79.81 MHz and f4 = 128.94 MHz. We note a higher
crosstalk level than in the case of the demultiplexer based on U-shaped resonators. Indeed,
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in the latter, the lengths of different segments and stubs can be chosen such that to reach a
vanishing transmission in the second output when the transmission is maximal in the first
output, and vice-versa.

Figure 9. (a) Transmission through the two outputs of demultiplexer (Figure 7a) formed by
three identical stubs of length d2 = 0.5 m (without defect) separated by segments of lengths
d1 = 1 m. (b) Transmission along the output 1 of the demultiplexer (Figure 7a) which contains
the cavity dc1 = 1 m (blue curves) and along the output 2 of the demultiplexer which contains the
cavity dc2 = 0.86 m (red curves). Solid lines give the theoretical results in the absence of loss.
(c,d) Experimental verification of the results in (a,b) respectively. Blue and red solid lines and open
circles give, respectively, the theoretical results in the presence of loss and the experimental ones.
The black curves in (b,d) correspond to the theoretical reflection.

In order to show the spatial localization of the two filtered modes, we have presented
in Figure 10 the square modulus of the electric field |E|2 (in arbitrary units) as a function
of the space position along the two outputs of the demultiplexer for modes 1 and 3 in
Figure 9b. Figure 10a gives the variation of |E|2 as a function of the space position along the
first output and the second output for the frequency f1 = 74.38 MHz. Since f1 is induced
by the cavity of length dc1 = 1 m inserted in the first output line, we can notice a strong
localization of the electric field (blue line) in the defect stub located at {2} in comparison
with the electric field in the stubs located at {1} and {3} as well as the electric field along
the horizontal guide. This result corroborates the fact that the mode in the gap is induced
by the defect stub dc1 = 1 m. On the other hand, the mode is stopped along the second
output and the electric field is almost zero since the modes of the corresponding cavity are
not excited and the frequency falls in the forbidden band of the photonic crystal. Figure 10b
gives the same result as in Figure 10a, but for the frequency f3 = 79.81 MHz. This frequency
is induced by the cavity of length dc2 = 0.86 m in the second output. We note a strong
localization of the electric field in the defect stub dc2 located at {2′} in comparison with the
field in the stubs placed at {1′} and {3′} on the output 2. The electric field is forbidden
from propagation along the first output since this frequency falls in its gap. These results
show that in the frequency range of the gap, each output selectively transmits its own
frequencies corresponding to its defect’s stub without disturbing the transfer of the wave
in the other output.
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Figure 10. Square modulus of the displacement field |E|2 (in arbitrary units) along the two outputs
of the demultiplexer at (a) f1 = 74.38 MHz for dc1 = 1 m and (b) f3 = 79.81 MHz for dc2 = 0.86 m.

4. Conclusions

In this paper, the possibility of realization of photonic demultiplexers based on de-
tuned stubs composed of coaxial cables have been theoretically and experimentally demon-
strated. We proposed two different designs formed by one input line and two output lines.
On each output line, we inserted a suitable resonator that allows a complete selection of
a given frequency without disturbing the other line. In the first structure the resonators
are formed by two different stubs inserted at two different sites (U-shaped resonators),
whereas in the second structure we used a photonic circuit with a defect cavity to create a
resonance in the transmission spectra. In the first case, we have shown that the selective
transmission takes place through the combination of Fano-Fano, EIT-EIT and EIT-Fano
resonances. These resonances appear as a consequence of a transformation of BICs by
detuning appropriately the stubs. In addition, we determined analytically the lengths of the
different stubs and segments in order to achieve the selective transfer of the modes in one
output keeping the other one unaffected. The frequency and the width of the resonances
depend on the detuning between the lengths of the stubs. The localizations of the filtered
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and stopped modes along each output are illustrated through an analysis of the square
modulus of the electric field. Furthermore, from the U-shaped resonators, one can obtain
a particular device based on U-shaped resonators in one output and Cross resonator on
the other output. This latter system (not given here) may present both EIT resonances
on both outputs or Fano resonance on one output and EIT resonance on the second one.
The crosstalk between the two outputs shows minimum values around −45 dB. In the
second case of the demultiplexer based on photonic circuits, we have shown the possibility
of filtering the modes induced by an appropriate cavity inserted into a photonic circuit
along each output. The photonic circuits are assumed to be identical, while the lengths
of the cavities are chosen slightly different in order to transmit very close frequencies.
The advantage of the demutiplexer based on photonic circuits lies in the existence of a
broad gap due to the periodicity of the photonic circuit and the possibility of associat-
ing different resonant frequencies to the cavity defect in one output without perturbing
the other output. The results presented in this paper can be transposed to plasmonic
demultiplexers operating in the telecommunication domain [31]. A preliminary simulation
result of a plasmonic demultiplexer based on periodic circuits with cavities is given in
Supplementary material (SM5) for waveguides based on metal-insulator-metal waveguides.
This work is in progress. The width of the waveguides in such systems (around 50 nm) is
small enough compared to their lengths, and the monomode propagation is verified. Also,
the principle of the device proposed here can be adapted to the photonic circuits operating
in optical domain, similarly to our early work in filtering applications [62] based on a Finite
Difference Time Domain calculations. However, a direct transposition of the analytical
method is not straighforward because the larger widths of the waveguides (around 0.5 µm)
would allow multimode propagation of light.

Supplementary Materials: The following are available online at https://www.mdpi.com/article/10
.3390/photonics8090386/s1.
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