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Introduction

The intense noise radiated by high-bypass turbofan engines to both the community and those on board remains an important issue. At cruise conditions, the jet exit velocity of the bypass flow in many modern turbofans is supersonic. As summarised by [START_REF] Tam | Supersonic jet noise[END_REF], noise from supersonic jets can be separated into three distinct components: turbulent mixing noise, screech and broadband shock-associated noise (BBSAN). Discrete screech tones are generated by a self-reinforcing feedback loop [START_REF] Powell | On the mechanism of choked jet noise[END_REF]Raman 1999;[START_REF] Edgington-Mitchell | Aeroacoustic resonance and self-excitation in screeching and impinging supersonic jets-a review[END_REF]. Non-resonant interaction of jet turbulence with the shock cells produces BBSAN, which is most intense in the sideline directions. At aft angles, the contribution of BBSAN is small compared to turbulent mixing noise [START_REF] Tam | Supersonic jet noise[END_REF][START_REF] Viswanathan | Characteristics of the shock noise component of jet noise[END_REF]. Interest in BBSAN remains high for both commercial [START_REF] Huber | Understanding and reduction of cruise jet noise at aircraft level[END_REF]) and high-performance military [START_REF] Vaughn | Broadband shock-associated noise from a high-performance military aircraft[END_REF] aircraft. This component of supersonic jet noise is the focus of this paper.

As demonstrated by [START_REF] Harper-Bourne | The noise from shock waves in supersonic jets[END_REF], the broadband noise component is easily identifiable by its directivity and amplitude trends. At higher frequencies, BBSAN is observed to be more dominant than turbulent mixing noise, and its intensity is proportional to the fourth power of the off-design parameter β, defined as

β 2 = M 2 j -M 2 d (1.1)
where the ideally-expanded and design Mach numbers are M j and M d respectively. The peak frequency of BBSAN also increases as an observer moves downstream. By modelling the interaction of turbulence with the train of shock cells as a phased array, this frequency trend was successfully reproduced by [START_REF] Harper-Bourne | The noise from shock waves in supersonic jets[END_REF]. Their prediction for BBSAN peak frequency f p is given by

f p = u c L s (1 -M c cos θ) (1.2)
where u c and M c are the convection velocity and Mach number of the turbulent structures, L s is the shock-spacing, and θ is the angle of observation from the downstream jet axis. The early success of this model substantiated the claim that many features of BBSAN could be explained by the interaction of jet turbulence with the quasi-periodic shock-cell structure. BBSAN modelling approaches nonetheless vary. The model developed by [START_REF] Morris | Prediction of broadband shock-associated noise using Reynolds-averaged Navier-Stokes computational fluid dynamics[END_REF] uses solutions of the Reynolds-averaged Navier-Stokes (RANS) equations, requiring only the nozzle geometry and jet operating condition to be specified. Based on an acoustic analogy [START_REF] Lighthill | On sound generated aerodynamically. i. general theory[END_REF], construction of the equivalent sources requires turbulent length and time scales which are approximated using the RANS CFD simulations. As the equivalent source behaviour is sensitive to these scales, efforts have been made to refine their description to improve predictions (Kalyan & Karabasov 2017;[START_REF] Markesteijn | Supersonic jet noise: an investigation into noise generation mechanisms using large eddy simulation and high-resolution PIV data[END_REF][START_REF] Tan | On the application of shock-associated noise models to PIV measurements of screeching axisymmetric cold jets[END_REF][START_REF] Tan | Correlation analysis of high-resolution particle image velocimetry data of screeching jets[END_REF]. Within the same framework and by using BBSAN scaling arguments, a different equivalent source term based on decomposing the Navier-Stokes equations was identified by [START_REF] Patel | Statistical sources for broadband shockassociated noise using the Navier-Stokes equations[END_REF]. Reasonable agreement can be obtained with experiments provided the models are calibrated to match the acoustic field.

Rather than focusing on modelling bulk-turbulent statistics, a more fundamental approach was proposed by [START_REF] Tam | Shock associated noise of supersonic jets from convergent-divergent nozzles[END_REF] on the basis that BBSAN arises from the nonlinear interaction between large-scale coherent structures and shocks. The propagating coherent disturbances, resembling the Kelvin-Helmholtz instability in transitional shear layers, motivated the use of linear stability theory [START_REF] Tam | On the noise of a nearly ideally expanded supersonic jet[END_REF][START_REF] Crighton | Stability of slowly diverging jet flow[END_REF]. Hence, the turbulent structures are represented as instability waves [START_REF] Crighton | Stability of slowly diverging jet flow[END_REF][START_REF] Tam | A statistical model of turbulence in twodimensional mixing layers[END_REF][START_REF] Tam | Sound generated by instability waves of supersonic flows. part 2. axisymmetric jets[END_REF], while the periodic shock-cell structure is modelled as a series of time-independent waveguide modes, with wavenumbers k n and a corresponding shock-cell length approximated by L s = 2π/k 1 [START_REF] Tam | Shock associated noise of supersonic jets from convergent-divergent nozzles[END_REF]. Using this interpretation, f p can be re-written as

f p = u c k n 2π(1 -M c cos θ)
, n = 1, 2, 3..., (1.3) where n is the shock-cell mode. Equation (1.3) can also be used to predict peaks generated by higher-order shock-cell modes (n 2). The work of Tam and co-workers was consolidated into a stochastic model for BBSAN [START_REF] Tam | Stochastic model theory of broadband shock associated noise from supersonic jets[END_REF]. Due to the prohibitive cost of the extensive numerical computations required, a similarity source model was constructed which, when compared to experimental measurements [START_REF] Norum | Measurements of mean static pressure and far field acoustics of shock containing supersonic jets[END_REF], gave favourable noise spectra predictions over a wide range of jet operating conditions. As azimuthally-decomposed BBSAN measurements were not available at the time, scaling coefficients were used to match source model predictions for a single azimuthal mode to the total signal.

Recently, turbulent mixing noise generation mechanisms in jets have been associated with spatiotemporally coherent structures known as wavepackets. These axially-extended structures have been used extensively for predicting noise radiated from subsonic [START_REF] Reba | Wave-packet models for largescale mixing noise[END_REF][START_REF] Cavalieri | Axisymmetric superdirectivity in subsonic jets[END_REF][START_REF] Unnikrishnan | Acoustically informed statistics for wave-packet models[END_REF], supersonic [START_REF] Tam | Sound generated by instability waves of supersonic flows. part 2. axisymmetric jets[END_REF][START_REF] Wu | Mach wave radiation of nonlinearly evolving supersonic instability modes in shear layers[END_REF][START_REF] Sinha | Wavepacket models for supersonic jet noise[END_REF]) and installed [START_REF] Piantanida | Scattering of turbulent-jet wavepackets by a swept trailing edge[END_REF]) jet flows. A thorough summary on the topic can be found in the review by Jordan & Colonius (2013), and the relationship to resolvent modes is discussed in detail by [START_REF] Cavalieri | Wave-packet models for jet dynamics and sound radiation[END_REF]. The detection of these coherent structures in real flows [START_REF] Suzuki | Instability waves in a subsonic round jet detected using a near-field phased microphone array[END_REF][START_REF] Kopiev | Experimental validation of instability wave theory for round supersonic jet[END_REF][START_REF] Cavalieri | Wavepackets in the velocity field of turbulent jets[END_REF][START_REF] Lesshafft | Resolvent-based modeling of coherent wave packets in a turbulent jet[END_REF], and our ability to describe them in linearised dynamic models [START_REF] Schmid | Stability and transition in shear flows[END_REF][START_REF] Criminale | Theory and computation in hydrodynamic stability[END_REF], make them ideal candidates to represent the turbulent component of the BBSAN source. The flow properties of large-scale coherent structures, now depicted as wavepackets, may be obtained directly from data [START_REF] Maia | Two-point wavepacket modelling of jet noise[END_REF], or alternatively, using solutions to linearised equations with the mean field as a base flow [START_REF] Cavalieri | Wavepackets in the velocity field of turbulent jets[END_REF][START_REF] Schmidt | Spectral analysis of jet turbulence[END_REF]). The success of previous studies in using wavepackets to predict far-field noise [START_REF] Landahl | Turbulence and random processes in fluid mechanics[END_REF] motivates their use to model BBSAN.

Grounded in stability theory, wavepacket models are well posed and have been used to investigate the underlying sound generation mechanisms for BBSAN. While peak directivity trends were recovered, previous instability wave models for BBSAN offered poor agreement at frequencies above the primary BBSAN peak where sound amplitudes were severely underpredicted [START_REF] Ray | Sound generated by instability wave/shock-cell interaction in supersonic jets[END_REF] or artificial dips in the spectra were observed [START_REF] Tam | Stochastic model theory of broadband shock associated noise from supersonic jets[END_REF]. The two-point wavepacket model proposed by Wong et al. (2019b) offered an explanation. It was shown that, along with higher-order shock-cell modes, coherence decay (Cavalieri & Agarwal 2014) is essential to broaden the spectral peaks at high frequencies. The inclusion of coherence decay removed the 'dips' observed in the predicted acoustic spectra. In Wong et al. (2019a), an equivalent BBSAN source was constructed using parabolised stability equations (PSE) to model the wavepackets, along with two-point coherence information derived from an large-eddy simulation (LES) database. While a single amplitude scaling coefficient was required to match experimental data, recovery of the spectral shape at high frequencies was encouraging.

In the BBSAN models described above, the 'inverse' approach of determining source parameters from the radiated field is ill-posed, as more than one set of parameters may be found to give satisfactory results. Moreover, the parameters found may not be representative of those observed in a real jet. A more direct approach is to use information from direct numerical simulation (DNS) or large-eddy simulation (LES) computations to educe or fit model parameters of the acoustic source terms [START_REF] Freund | Noise-source turbulence statistics and the noise from a Mach 0.9 jet[END_REF][START_REF] O'hara | A hybrid analysis methodology for improved accuracy in low-cost jet noise modelling[END_REF]Karabasov et al. 2010, amongst others). Improvement in using this type of approach was explicitly shown by [START_REF] Maia | Two-point wavepacket modelling of jet noise[END_REF] for a subsonic jet. Using an 'inside-out' approach, source parameters, including amplitude, were carefully educed directly from a high-fidelity LES of a turbulent jet and compared to the parameters previously obtained by [START_REF] Cavalieri | Axisymmetric superdirectivity in subsonic jets[END_REF] for the same inverse problem. Parameter values were clearly shown to differ. An 'inside-out' approach was also attempted by [START_REF] Suzuki | Wave-packet representation of shock-cell noise for a single round jet[END_REF] for BBSAN where wavepacket parameters were extracted from the linear hydrodynamic region of an LES database of an underexpanded jet and the shock cells were represented by a number of distinct 'Gaussian humps'. The results confirmed modelling assumptions and obtained similar peak predictions to LES results, though agreement at high frequencies remained poor. From these observations, it is evident that a discord remains between the mechanistic insights provided by wavepacket model problems and their ability to accurately predict BBSAN.

Unlike previous work which already have shown high-fidelity LES can provide excellent agreement in the far-field [START_REF] Shur | Noise prediction for underexpanded jets in static and flight conditions[END_REF][START_REF] Brès | Unstructured large-eddy simulations of supersonic jets[END_REF][START_REF] Arroyo | Azimuthal mode analysis of broadband shock-associated noise in an under-expanded axisymmetric jet[END_REF], this work instead aims to identify the relevant source mechanisms by extending previous wavepacket-type BBSAN models and examining the predicted frequency and amplitude trends. This is achieved by using an 'inside-out' approach to construct the equivalent source from experimental and numerical flow databases. We adopt the same interpretation of the BBSAN source as [START_REF] Tam | Shock associated noise of supersonic jets from convergent-divergent nozzles[END_REF] and use Lighthill's acoustic analogy to evaluate the far-field noise. To test the efficacy of the proposed model, sound predictions are compared to the azimuthally-decomposed acoustic data of a target jet case. The source is composed of shock and turbulent components; the shocks are modelled as stationary waveguide modes based on experimental particle image velocimetry (PIV) data. To test which turbulent features are important for sound generation, three descriptions of the wavepackets are obtained, each with an increasing level of complexity. It will be shown that reduced-order linear wavepackets, requiring only a jet mean flow field and a single amplitude parameter, can be used to accurately predict BBSAN peaks across a wide-directivity range. Inclusion of two-point coherence information does indeed recover the 'missing sound' at high frequencies. The study we perform is intended to explore the strengths and limitations associated with the use of large-scale coherent structures in BBSAN modelling. The proposed approach should not be viewed in the same light as direct computation of the acoustic field using near-field surface integration techniques for acoustic propagation (e.g. Ffowcs Williams-Hawkings (FW-H), Kirchoff), but rather, as an attempt to elucidate the critical parts of the source responsible for BBSAN generation.

The paper is presented as follows. The mathematical framework for the model is explained in § 2 and the key details of the databases used are outlined in § 3. We discuss the steps to educe source parameters in § 4 and § 5 shows comparisons between simplified flow models with those from the databases for both the shock and turbulent components. We present far-field BBSAN predictions in § 6 and source characteristics in § 7. Some conclusions and perspectives are offered in § 8.

Mathematical formulation

Sound prediction using Lighthill's Acoustic Analogy

The fluctuating sound pressure, p, in the acoustic field can be computed using Lighthill's acoustic analogy [START_REF] Lighthill | On sound generated aerodynamically. i. general theory[END_REF])

1 c 2 ∞ ∂ 2 p ∂t 2 -2 p = ∂ 2 T ij ∂x i ∂x j , (2.1)
where t is time, c ∞ is the ambient speed of sound, x are the source co-ordinates and T ij is the Lighthill stress tensor

T ij = ρu i u j -τ ij + (p -c 2 ∞ ρ)δ ij , (2.2)
where u is fluid velocity, τ are viscous stresses and ρ is density. In high-Reynolds number flows, viscous contributions are minimal [START_REF] Freund | Noise sources in a low-Reynolds-number turbulent jet at Mach 0.9[END_REF]) and can hence be neglected. The term (p -c 2 ∞ ρ)δ ij represents noise generation due to entropic inhomogeneity. [START_REF] Bodony | Low-frequency sound sources in high-speed turbulent jets[END_REF] have shown that there is significant cancellation between the entropic term and the momentum component (ρu i u j ) at downstream observer angles in an ideallyexpanded supersonic jet. This cancellation, however, is negligible at sideline directions where we expect BBSAN to dominate. This view is also echoed by [START_REF] Freund | Noise-source turbulence statistics and the noise from a Mach 0.9 jet[END_REF] who found that sideline (θ = 90 o ) noise is dominated by Lighthill source terms that are largely independent of the entropic term. For BBSAN specifically, evidence also exists which suggests the contribution of the entropic term is negligible compared to the momentum terms in unheated shock-containing jets [START_REF] Ray | Sound generated by instability wave/shock-cell interaction in supersonic jets[END_REF][START_REF] Morris | Prediction of broadband shock-associated noise using Reynolds-averaged Navier-Stokes computational fluid dynamics[END_REF]. From these observations, we choose to neglect the entropic term as a first approximation, as it greatly simplifies the model. The stress tensor is hence approximated by

T ij ≈ ρu i u j .
(2.3)

A solution to equation (2.1) for the acoustic pressure field in the frequency domain, ω, is given by

p(y; ω) = V ∂ 2 Tij (x; ω) ∂x i ∂x j G 0 (x, y; ω)dx, (2.4)
where Tij is the time Fourier-transformed quantity of T ij . An implicit exp(-iωt) dependence on t is assumed. The observer y and the source x positions are in spherical and cylindrical coordinates respectively as shown in figure 1. The prescribed cylindrical coordinate system (x, r, φ) has the x-axis aligned with the jet centreline, r is the radial separation and φ the azimuthal angle. For the observer coordinates (R, θ, φ), the same azimuthal coordinate of the cylindrical system is used, the polar angle θ is defined from the downstream jet axis and R is the distance from the origin. The integration is carried out in the volume V where the source is non-zero. We define G 0 as the free-field Green's function

G 0 (x, y, ω) = 1 4π e ika|x-y| |x -y| , (2.5)
where k a = ω/c ∞ is the acoustic wavenumber. We also transfer the second derivative of T ij onto the Green's function by applying the divergence theorem and assuming the resulting surface integral to be negligible (Goldstein 1976). This makes evaluation of the integral less sensitive to spurious fluctuations in the stress tensor due to numerical noise. Acoustic sources embedded in high-speed flows may also be subjected to propagation effects such as refraction [START_REF] Tam | Mean flow refraction effects on sound radiated from localized sources in a jet[END_REF]. For predicting far-field BBSAN from an unheated single-stream shock-containing jet, at polar angles 50 o θ 130 o , [START_REF] Miller | The prediction of broadband shock-associated noise including propagation effects[END_REF] show that a free-field Green's function provides adequate results when compared to predictions which included propagation effects.

Equation (2.4) is appropriate for time-periodic Tij , or for a T ij that may be Fourier transformed in time. Since flow fluctuations are not square-integrable functions, as required for the application of a Fourier transform, one cannot obtain the sound field through direct application of equation (2.4), as the computation of a Fourier transform in this case would require windowing in time. One way to circumvent this issue [START_REF] Landahl | Turbulence and random processes in fluid mechanics[END_REF]Cavalieri & Agarwal 2014;[START_REF] Baqui | A coherence-matched linear source mechanism for subsonic jet noise[END_REF] is to compute the power spectral density (PSD) of the acoustic field. For a given frequency ω, the PSD p(y, ω)p * (y, ω) is given by

p(y; ω)p * (y; ω) = V V T ij (x 1 ; ω)T * ij (x 2 ; ω) ∂ 2 G 0 (x 1 , y; ω) ∂x i ∂x j ∂ 2 G * 0 (x 2 , y; ω) ∂x i ∂x j dx 1 dx 2 , (2.6) 
where denotes an expected value, the quantity

T ij (x 1 , ω)T * ij (x 2 , ω)
is the crossspectral density (CSD) of the stress tensor for a pair of points x 1 and x 2 , * denotes the complex conjugate and we have dropped the hats for convenience. We exploit axisymmetry by expanding T ij as a series of azimuthal modes [START_REF] Michalke | On turbulence and noise of an axisymmetric shear flow[END_REF]; noting that there is a direct correspondence between the azimuthal mode of the source and that of the sound field [START_REF] Michalke | A wave model for sound generation in circular jets[END_REF][START_REF] Cavalieri | Axisymmetric superdirectivity in subsonic jets[END_REF]. By taking a Fourier transform of the source in azimuth, we can compute azimuthal mode m of the far-field pressure to be

p(R, θ; m, ω)p * (R, θ; m, ω) = V V S ij (m, ω) ∂ 2 G 0,1 (m, ω) ∂x i ∂x j ∂ 2 G * 0,2 (m, ω) ∂x i ∂x j dx 1 dx 2 , (2.7)
where we have dropped the spatial coordinates of the source for compactness, G 0,1 and G 0,2 represent the Green's functions at source location x 1 and x 2 respectively, and S ij represents the CSD of the stress tensor

S ij (x 1 , r 1 , x 2 , r 2 ; m, ω) = T ij (x 1 , r 1 ; m, ω)T * ij (x 2 , r 2 ; m, ω).
(2.8)

Equivalent BBSAN source model

The proposed BBSAN model is based on the idea that the source only involves fluctuations associated with interactions between the turbulent component (q t ) and shock perturbations (q s ). This assumption has been made by a number of authors [START_REF] Tam | Shock associated noise of supersonic jets from convergent-divergent nozzles[END_REF][START_REF] Landahl | Turbulence and random processes in fluid mechanics[END_REF][START_REF] Ray | Sound generated by instability wave/shock-cell interaction in supersonic jets[END_REF]Wong et al. 2019b), where different descriptions of q t and q s were investigated. We follow this approach and, similar to Wong et al. (2019b), adopt a two-point description of the source.

As performed by [START_REF] Tam | Stochastic model theory of broadband shock associated noise from supersonic jets[END_REF], we decompose the flow variables according to q = q + q t + q s , (2.9)

where q, q t , q s are the mean, turbulent and shock-cell disturbance components respectively. We take the mean component to be the time-averaged flow of an ideally-expanded jet. The vector q refers to the dependent flow variables of interest, q = [u x , u r , u φ , T, ρ] T , where u x , u r and u φ are the axial, radial and azimuthal velocity components respectively. The thermodynamic variables include T and ρ which are the temperature and the density of the fluid respectively. The decomposition in equation (2.9) is substituted into the stress tensor in equation ( 2.3)

T ij ≈ (ρ + ρ s + ρ t )(ū i + u i,t + u i,s )(ū j + u j,t + u j,s ).
(2.10)

Assuming that BBSAN is generated by turbulence-shock interaction, the expression for T ij , as shown in appendix A, can be simplified to T ij ≈ ρ(u i,t u j,s + u i,s u j,t ) + ρ s (ū i u j,t + ūj u i,t ) + ρ t (ū i u j,s + ūj u i,s ).

(2.11)

Here we highlight some characteristics of equation (2.11). Firstly, this representation of T ij does not account for turbulent mixing noise since only turbulence-shock interaction terms are retained (appendix A). This is justified by the minimal contribution of mixing noise at the frequencies and polar positions where BBSAN is dominant [START_REF] Viswanathan | Scaling laws and a method for identifying components of jet noise[END_REF][START_REF] Viswanathan | Characteristics of the shock noise component of jet noise[END_REF]. Agreement with measured acoustic data at low frequencies and downstream polar angles would therefore not be expected. Secondly, unlike previous wavepacket models in subsonic jets [START_REF] Cavalieri | Jittering wave-packet models for subsonic jet noise[END_REF][START_REF] Piantanida | Scattering of turbulent-jet wavepackets by a swept trailing edge[END_REF][START_REF] Maia | Two-point wavepacket modelling of jet noise[END_REF], we retain all velocity components of T ij in order to improve predictions in the sideline direction. We also note that while equation (2.11) is similar to the source term derived by [START_REF] Landahl | Turbulence and random processes in fluid mechanics[END_REF], we retain the double-divergence and have discarded the entropic term.

The BBSAN sound field can be obtained using equations (2.7) and (2.11). Unlike previous two-point wavepacket modelling work [START_REF] Maia | Two-point wavepacket modelling of jet noise[END_REF]Wong et al. 2019b), we choose to relax the line-source simplification and work with a full volumetric source instead. The q t and q s parts of T ij are each computed using numerical and experimental databases, respectively, as shown in § 4, before being combined according to equation (2.11). The source domain extends from 0

x 25D and 0 r 2D in the axial and radial directions respectively. An appropriate window function, summarised further in § 5.1, is used to ensure no artificial overprediction of the acoustic field [START_REF] Obrist | The influence of spatial domain truncation on the prediction of acoustic far-fields[END_REF][START_REF] Martínez-Lera | Correction techniques for the truncation of the source field in acoustic analogies[END_REF]. 

Databases

To explore the sound source mechanisms, far-field acoustic spectra predictions are computed and compared to experimental measurements. The goal is to build an equivalent source appropriate for describing the sound field for a target jet operating condition. The model is based on a decomposition of the flow field into q, q t and q s components (equation (2.9)).

We obtain this data from different databases; wavepackets are educed from an ideallyexpanded jet, while the modelling of the shock disturbances is based on an underexpanded jet. Ideally, the exit conditions of these jets (NPR, M j , Re, T j ) should be as close as possible to the target case.

The flow-field databases are summarised in § 3.1-3.2 while the acoustic measurements of the target jet are described in § 3.3. A summary of the jet operating conditions is provided in table 1. We note that the databases do not correspond to identical operation conditions. They are here only used to inform our modelling choices such that the descriptions of q t and q s align closely with a realistic jet. Given the small discrepancies between the databases, we perform a short sensitivity study to assess how these may impact BBSAN peak frequency and amplitude. This is provided in appendix B.

3.1. Numerical database: Large-eddy simulation of M j = 1.5 ideally-expanded jet

The turbulent flow quantities q t are extracted from a large-eddy simulation (LES) of an isothermal ideally-expanded M j = 1.5 supersonic jet. An extension to the previous LES by [START_REF] Brès | Unstructured large-eddy simulations of supersonic jets[END_REF], this simulation was performed using the compressible flow solver "Charles", developed at Cascade Technologies, on an unstructured adapted grid with 40 million cells. The jet issues from a round converging-diverging nozzle. The Reynolds number based on nozzle exit conditions is Re = ρ j U j D/µ j = 1.76 × 10 6 , matching the experiment carried out at the United Technologies Research Center (UTRC) anechoic jet facility [START_REF] Schlinker | Supersonic jet noise from round and chevron nozzles: experimental studies[END_REF]. Near-wall adaptive mesh refinement is employed on the internal nozzle surface to closely model the boundary layer inside the nozzle, leading to turbulent boundary layer profiles at the exit [START_REF] Brès | Importance of the nozzle-exit boundary-layer state in subsonic turbulent jets[END_REF]. A slow co-flow of M co = 0.1 is also included in the simulation to match the UTRC experimental conditions. As the LES jet is shock-free, direct computation of the BBSAN sound field via an FW-H surface is not possible.

To facilitate post-processing and analysis, the LES data is interpolated from the original unstructured LES grid onto a structured cylindrical grid with uniform spacing in azimuth. The three-dimensional cylindrical grid is defined over 0

x/D 30, 0 r/D 6, with (n x , n r , n θ ) = (698,136,128), where n x , n r and n θ are the number of grid points in the streamwise, radial and azimuthal direction, respectively. The simulation time step, in acoustic time units, is ∆tc ∞ /D = 0.0004 and the database is sampled every ∆tc ∞ /D = 0.1. Snapshots are therefore recorded every 250 time steps, corresponding to a cutoff (Nyquist) frequency of St = ∆f D/U j = 3.33. The simulation parameters are For the description of q s , we resort to high spatial resolution 2D 2C particle image velocimetry (PIV) measurements of a cold screeching underexpanded supersonic jet with an ideally-expanded Mach number of M j = 1.45. The data was previously acquired at the supersonic jet facility at the Laboratory for Turbulence Research in Aerospace and Combustion (LTRAC) (Edgington-Mitchell et al. 2014a). The facility has been used extensively in previous experimental studies of shock-containing supersonic jets (Edgington-Mitchell et al. 2014b;[START_REF] Weightman | Nozzle external geometry as a boundary condition for the azimuthal mode selection in an impinging underexpanded jet[END_REF]). The facility is not anechoic and noise measurements were not conducted.

The final field of view of the images is 10D and 2.2D, with (N x , N y ) = (1000, 75), in the axial and radial directions respectively. The optical resolution of the images is 0.001D/px. Full details of the experimental set-up and post-processing techniques are described in Edgington-Mitchell et al. (2014b). Mean axial and radial velocity fields from both the LES and PIV data are shown in figure 2.

3.3. Acoustic database: Far-field acoustic measurements M j = 1.5 underexpanded jet

The acoustic measurements were performed at the Supersonic Jet Anechoic Facility (SJAF) at Monash University. This is a different facility to the jet rig used to acquire the PIV measurements in § 3.2. Most importantly, the jet is mounted inside a fullyenclosed anechoic chamber. The chamber walls are treated with 400mm foam wedges, corresponding to a cut-off frequency of 500Hz. The interior chamber dimensions (wedgetip-to-wedge-tip) are 1.5m × 1.2m × 1.4m. The jet exits out of a converging-round nozzle with an exit diameter of D = 8mm. Unheated compressed air is supplied to the jet at N P R = 3.67, corresponding to the same M j as the LES case.

Acoustic measurements were performed using an azimuthal ring of radius 11D and a schematic of the experimental setup is shown in figure 1. The CSD of pressure, as a function of azimuthal separation, was obtained using a pair of G.R.A.S. Type 46BE 1/4" pre-amplified microphones with a frequency range of 4Hz-100kHz, one fixed and the other moving in the azimuthal direction. Using the post-processing methodology detailed in [START_REF] Wong | Azimuthal decomposition of the radiated noise from supersonic shock-containing jets[END_REF], the measured sound fields were azimuthally decomposed. The azimuthal array is traversed axially to acquire measurements at different polar angles over a cylindrical surface. The radial distance r = 11D is therefore constant, while observer distance R changes. A detailed description of the experimental setup can be found in [START_REF] Wong | Azimuthal decomposition of the radiated noise from supersonic shock-containing jets[END_REF].

The motivation for using azimuthally-decomposed data is twofold. Firstly, the measurements of previous authors [START_REF] Suzuki | Wave-packet representation of shock-cell noise for a single round jet[END_REF][START_REF] Arroyo | Azimuthal mode analysis of broadband shock-associated noise in an under-expanded axisymmetric jet[END_REF][START_REF] Wong | Azimuthal decomposition of the radiated noise from supersonic shock-containing jets[END_REF] suggest the spectrum of each azimuthal mode differs from the total sound field; an increasing number of modes is required to reconstruct the total signal at high frequencies and for upstream angles. Secondly, in a linear acoustic problem such as this, [START_REF] Michalke | On turbulence and noise of an axisymmetric shear flow[END_REF] demonstrated there exists a direct correspondence between the acoustic source S ij and the far-field sound of the same azimuthal mode.

Construction of source variables

This section details the procedures used to compute the source variables in equation (2.9) using the databases described in the preceding section. Each source variable (q, q t and q s ) is either obtained via direct substitution of LES data or constructed using models informed by flow information from the LES and PIV databases.

Eduction of shock-cell component

Similar to [START_REF] Tam | Shock associated noise of supersonic jets from convergent-divergent nozzles[END_REF] and [START_REF] Landahl | Turbulence and random processes in fluid mechanics[END_REF], we adopt the Pack and Prandtl [START_REF] Prandtl | Über die stationären Wellen in einem Gasstrahl . Hirzel. Raman, Ganesh 1999 Supersonic jet screech: half-century from powell to the present[END_REF][START_REF] Pack | A note on prandtl's formula for the wave-length of a supersonic gas jet[END_REF]) approximation of the shock-cell structure. The shocks are modelled as small disturbances superimposed over an ideally-expanded jet. The model assumes the jet to be bounded by a vortex sheet, allowing the periodic shock-cell structure to be represented by a sum of zero-frequency waves. Good agreement is found close to the nozzle exit, where the shear layer is thin, but worsens downstream as the shear layer thickens, invalidating the vortex sheet assumption [START_REF] Tam | A multiple-scales model of the shock-cell structure of imperfectly expanded supersonic jets[END_REF]. With increasing distance from the nozzle exit, the model therefore fails to predict the decay in shock strength and the accompanying contraction in shock-cell spacing. Since the BBSAN source is reported to extend several several jet diameters downstream (Seiner & Norum 1980;[START_REF] Gojon | Numerical study of the flow and the near acoustic fields of an underexpanded round free jet generating two screech tones[END_REF], any disagreement between the vortex sheet model and measured jet characteristics is likely to lead to incorrect peak frequency predictions.

While the shock-cell disturbances may be extracted from data (e.g. PIV) or computed by solving linear locally-parallel stability equations [START_REF] Tam | A multiple-scales model of the shock-cell structure of imperfectly expanded supersonic jets[END_REF], the shock perturbations have a smooth and nearly sinusoidal variation towards the end of the potential core. The Pack and Prandtl (P-P) model therefore remains an attractive simplified approach for capturing the mean shock structure; indeed, source models adopting the approximation are able to reproduce the main features of BBSAN, including higher-order BBSAN peaks [START_REF] Tam | Shock associated noise of supersonic jets from convergent-divergent nozzles[END_REF]Wong et al. 2019b). To remedy the shortfalls of the vortex sheet assumption, we use the PIV database to modify the P-P solution in order to arrive at a more realistic model.

The jet is modelled as a cylindrical vortex sheet [START_REF] Lessen | The instability of inviscid jets and wakes in compressible fluid[END_REF], and the normal mode Ansatz is introduced q s,vortex (x, r, θ, t) = ω ks ms qs (r)e iωst-iksx-imsφ , (4.1)

where ω s is frequency, k s and m s are axial and azimuthal wavenumbers. By assuming the shock-cell disturbances are stationary (ω s = 0) and axisymmetric (m s = 0), we obtain for each dependent variable of interest q s ,

q s,vortex (x, r) = ∞ n=1 A n J 0 (α n r)e -iks n x , (4.2)
where A n is the amplitude of each shock-cell mode n, k sn are the axial wavenumbers and J 0 is the zeroth-order Bessel function of the first kind. The boundary condition for constant velocity on the jet boundary [START_REF] Pack | A note on prandtl's formula for the wave-length of a supersonic gas jet[END_REF] requires that the values of α n satisfy

J 0 (α n ) = 0, (4.3)
and from the dispersion relation, we obtain the sequence of axial wavenumbers to be

k sn = α n M 2 j -1 . (4.4)
In real jets, A n and k sn are functions of x, as the underlying evolution of the mean flow modifies each Fourier component. This variation is not captured in the P-P model due to the parallel vortex-sheet assumption. Hence, we wish to obtain a modified version of the vortex sheet model, q s,mod , which more closely resembles measured shock-containing jet characteristics. A realistic representation of q s is obtained by subtracting the ideallyexpanded flow quantities of the LES dataset from the shock-containing quantities of the PIV dataset q s ≈ q P IV -q LES , (4.5)

where we have assumed the quantity q LES contains both the mean and turbulent contribution in (2.9). While the PIV data provides axial and radial velocities, the mean shock-associated density modulation (ρ s ) is estimated using the ideal gas law, with reconstructed temperatures and pressures obtained by the method of [START_REF] Tan | Equivalent shock-associated noise source reconstruction of screeching underexpanded unheated round jets[END_REF]. Good agreement is observed between the reconstructed densities and mean background-oriented schlieren (BOS) measurements [START_REF] Tan | Measurement of density in axisymmetric jets using a novel background-oriented schlieren (BOS) technique[END_REF]. LES quantities are then interpolated onto the lower-resolution PIV grid.

To adjust k sn , a Fourier transform of q s is performed downstream of the nozzle exit to capture the variation of shock-cell spacing, similar to [START_REF] Morris | Prediction of broadband shock-associated noise using Reynolds-averaged Navier-Stokes computational fluid dynamics[END_REF]. The axial wavenumber from the vortex-sheet approximation is adjusted empirically, using a linear fit to match the PIV data k sn,mod = 0.79 × k sn,vortex + 1.02.

(4.6)

To determine the axial variation in A n , we assume there exists a relationship between the vortex sheet model q s,vortex and the adjusted values q s,mod

q s,mod (x, r; n) = b(x; n)q s,vortex (x, r; n), (4.7)
where the factor b(x; n) is determined by using the experimentally-deduced values

q s , b(x; n) = q s,vortex (x, r; n), q s (x, r) ||q s,vortex (x, r; n)| | 2 , (4.8)
and the inner-product is defined as

q s,vortex (x, r; n), q s (x, r) = R 0 q s,vortex (x, r ; n)q * s (x, r )W (x, r )r dr , (4.9)
where the orthogonality of Bessel functions is exploited. The matrix W is solely used to assign null weights to the temperature component, since we are only concerned with the density and velocity components that contribute to the BBSAN source term in (2.11).

The integration limit R is taken to be the maximum radius of the PIV measurement domain.

Unlike [START_REF] Ray | Sound generated by instability wave/shock-cell interaction in supersonic jets[END_REF], higher-order modes (n > 1) are included in our shock-cell description. Wong et al. (2019b) used a line-source wavepacket model, incorporating the effects of coherence decay, to demonstrate the importance of higher-order modes at high frequencies, despite the fact they possess wavenumbers which lie outside the radiating range [START_REF] Ray | Sound generated by instability wave/shock-cell interaction in supersonic jets[END_REF]. The final shock-cell structure is reconstructed using three modes (n = 1, 2, 3), as this was deemed suitable for predicting the far-field BBSAN over the frequency range of interest.

Eduction of wavepacket component

Two methods are used to obtain the turbulent (wavepacket) component of the source T ij . The first method involves the direct substitution of post-processed LES data, representing the most 'complete' prediction possible for the proposed BBSAN model as it encapsulates the full range of resolved spatial and temporal turbulent scales. The second utilises solutions to parabolised stability equations (PSE), which have previously been shown to be appropriate reduced-order representations of the large-scale perturbations in turbulent jets [START_REF] Gudmundsson | Instability wave models for the near-field fluctuations of turbulent jets[END_REF][START_REF] Cavalieri | Wavepackets in the velocity field of turbulent jets[END_REF][START_REF] Sinha | Wavepacket models for supersonic jet noise[END_REF].

LES database

The LES data contains a broad range of temporal and spatial scales. To handle this, extraction of coherent wavepackets is performed in a similar fashion to previous studies [START_REF] Sinha | Wavepacket models for supersonic jet noise[END_REF][START_REF] Schmidt | Wavepackets and trapped acoustic modes in a turbulent jet: coherent structure eduction and global stability[END_REF][START_REF] Maia | Two-point wavepacket modelling of jet noise[END_REF], assuming the jet to be periodic in azimuth (φ) and statistically stationary. The fluctuating turbulence variables q t are decomposed using the following ansatz,

q t (x, r, φ, t) = ω m qt (x, r)e -iωt+imφ , (4.10)
where ω is angular frequency and m is azimuthal wavenumber of the wavepacket. Using this decomposition, the LES data is Fourier-transformed in both azimuth and time. For each azimuthal mode m = 0, the contribution from the positive mode +m is combined with the complex conjugate of that from the negative mode -m, since the jet has no swirl. Prior to the temporal Fourier transform, the time series is divided into data blocks of N f f t = 128 sample points and a Hann window is applied to suppress spectral leakage. The final number of blocks is N B = 310, with a 75% overlap, was sufficient to ensure statistical convergence. The resulting frequency bin width is ∆St = 0.052, which was considered to be sufficient to resolve the frequency content of BBSAN (St > 0.4 in the present database). For a given ω and m, the J th block of the Fourier-transformed flow field q

(J th ) m,ω
is obtained and substituted directly into the q t part of T ij in (2.11). Fluctuations extracted from the LES data do not undergo any additional processing. The q t (from LES) and q s (from PIV) parts are then combined to produce the BBSAN source term, given by [START_REF] Kleine | Evaluation of PSE as a model for supersonic jet using transfer functions[END_REF] turbulent jets where the mean flow is assumed to be slowly diverging. The PSE approach has also been used to model the turbulent component in previous BBSAN models [START_REF] Ray | Sound generated by instability wave/shock-cell interaction in supersonic jets[END_REF]Wong et al. 2019a).

S ij,LES (x 1 , x 2 ; m, ω) = 1 N B J =N B J =1 T (J ) ij (x 1 ; m, ω)T * (J ) ij (x 2 ; m, ω). ( 4 
The PSE system follows the same non-dimensionalisation and ansatz (4.10) used to decompose the LES data. It is assumed that q t (x, r, φ, t) may further be decomposed into a slowly and rapidly varying component. The appropriate multiple-scales ansatz, proposed by [START_REF] Bouthier | Stabilité linéaire des écoulements presque parallèles[END_REF], [START_REF] Saric | Nonparallel stability of boundary-layer flows[END_REF] and [START_REF] Crighton | Stability of slowly diverging jet flow[END_REF], can be written

q t (x, r, φ, t) = qt (x, r)e i α(x )dx e -iωt e imφ , (4.12) 
where the rapidly and slowly-varying parts are described by the exponential term e i α(x )dx , and the modal shape function qt , respectively. The integrand α(x ) is the complex-valued hydrodynamic wavenumber that varies with axial position. Equation (4.12) can be substituted into the governing inviscid linearised equations. The resultant matrix system is recast into the following compact form

A qt + C ∂ qt ∂x + D ∂ qt ∂r = 0, (4.13)
where the left-hand side is the linear operator acting on a given (m, ω) shape function qt . Full expressions for operators A, C and D can be found in [START_REF] Fava | Propagation of acoustic waves in ducts with axially-varying parameters using the parabolized stability equations[END_REF].

To find α(x) and qt , the system is discretised and solved by streamwise spatial marching. Chebyshev polynomials are used to discretise the radial domain and first-order finite differences to approximate the axial derivatives. The axial step-size ∆x is limited by the numerical stability condition specified by [START_REF] Li | Spectral analysis of parabolized stability equations[END_REF] ∆x

1 |Re {α m,ω (x)} | . (4.14)
As discussed by [START_REF] Herbert | Parabolized stability equations[END_REF] and [START_REF] Cavalieri | Wavepackets in the velocity field of turbulent jets[END_REF], there remains an ambiguity in the PSE decomposition, since the spatial growth of q t is shared by both the shape function qt and the complex amplitude e i α(x )dx . A normalisation condition is introduced to remove this ambiguity

∞ 0 q * t ∂ qt ∂x rdr = 0. (4.15)
Dirichlet boundary conditions are used as r → ∞ and the condition along the jet centreline follows the treatment prescribed in [START_REF] Mohseni | Numerical treatment of polar coordinate singularities[END_REF] using parity functions. A complete description of the procedure is provided by [START_REF] Gudmundsson | Instability wave models for the near-field fluctuations of turbulent jets[END_REF] and a good summary can be found in Sasaki et al. (2017b).

The PSE solutions are computed using the the mean flow of the ideally-expanded jet LES. The LES mean flow is linearly interpolated onto the PSE grid, and for each frequency, the PSE is solved on its own axial grid given by the minimum step-size specified in equation (4.14). To initiate the marching procedure, initial flow conditions at the nozzle exit plane are provided by the eigenfunction of the Kelvin-Helmholtz (KH) instability mode, obtained by solving the locally-parallel stability problem.

Wavepacket amplitudes are undefined, as PSE solves a linear problem. For meaningful comparisons, PSE solutions must be scaled to experimental results. Different approaches to the task have been performed by previous authors and a summary is provided by [START_REF] Rodríguez | A study of linear wavepacket models for subsonic turbulent jets using local eigenmode decomposition of PIV data[END_REF]. Method complexity ranges from a simple scalar multiplication, to more robust bi-orthogonal projections of LES data onto PSE wavepackets near the nozzle exit [START_REF] Rodríguez | Inlet conditions for wave packet models in turbulent jets based on eigenmode decomposition of large eddy simulation data[END_REF]. While PSE scaling approximately follows an exponential trend with frequency [START_REF] Antonialli | Amplitude scaling of wave packets in turbulent jets[END_REF], scaling amplitudes are found to be sensitive to the choice of the matching flow variables, region of interest and the axial position.

A scaling method compatible with the goal of this study, that is, to develop a BBSAN model that does not require calibration from far-field acoustic data, demands that the amplitude of the source term must be obtained directly from the flow information. This requires the PSE solution to be scaled to the same amplitude as the extracted LES fluctuations. The most stringent method obtains the PSE amplitudes based solely on flowfield quantities of the LES data at a single given axial station x 0 . We define the sourcebased inner product of the PSE solutions q t,P SE and the J th block of the processed LES data q (J th ) t,LES as q t,P SE (x, r; m, ω), q (J th ) t,LES (x, r; m, ω) = (4.16) R 0 q t,P SE (x, r; m, ω)q * (J th ) t,LES (x, r; m, ω)W (x, r )r dr ,

where we have again assigned null weights to the temperature component, and R is determined by the outer bound of the LES data. We assume the LES flow variables may be expressed in the form q (J th ) t,LES (x, r; m, ω) = A(x; m, ω)q t,P SE (x, r; m, ω), (4.17)

where the value A is evaluated for every J th block according to

A (J th ) (x; m, ω) = q t,P SE (x, r; m, ω), q (J th ) t,LES (x, r; m, ω) ||q t,P SE (x, r; m, ω)| | 2 . (4.18)
For each frequency-azimuth pair, the axial scaling location is chosen to be the peak of the PSE wavepacket x 0 ; A(x 0 ; m, ω) becomes the PSE scaling factor. The wavepacket peak is chosen as x 0 as there is good alignment between PSE solutions and those extracted from LES data at this location (Sasaki et al. 2017a;[START_REF] Antonialli | Amplitude scaling of wave packets in turbulent jets[END_REF]. Each value of A is averaged over the total number of blocks N B . The scaled PSE solutions are then substituted into the turbulent part of equation (2.11) and a statistical, perfectly-coherent BBSAN source, Šij , is given by 

Šij,P SE (x 1 , x 2 ; m, ω) = Ťij (x 1 ; m, ω) Ť * ij (x 2 ; m, ω). ( 4 

Coherence-matched source term

For a BBSAN line-source model, Wong et al. (2019b) demonstrated that the use of wavepacket solutions from PSE gives rise to non-physical dips in the far-field sound spectrum. This is due to the PSE-derived wavepackets, and hence the statistical source Šij , having unit coherence between any pair of points (Cavalieri & Agarwal 2014). Instead, two-point coherence information of the flow field, which represents randomness in wavepacket phase statistically [START_REF] Cavalieri | Jittering wave-packet models for subsonic jet noise[END_REF], smooths out higher-order BBSAN peaks and results in the recovery of missing sound at upstream angles. To reproduce the original source S ij , in addition to amplitude and phase velocity, two-point coherence of the source must also be matched (Cavalieri & Agarwal 2014;[START_REF] Maia | Two-point wavepacket modelling of jet noise[END_REF]. The CSD of S ij becomes

T ij (x 1 ; m, ω)T * ij (x 2 ; m, ω) = γ 2 (x 1 , x 2 ; m, ω) Ťij (x 1 ; m, ω) Ť * ij (x 2 ; m, ω), (4.20) 
where γ is the coherence between two points x 1 and x 2 . Unlike previous studies [START_REF] Baqui | A coherence-matched linear source mechanism for subsonic jet noise[END_REF][START_REF] Maia | Two-point wavepacket modelling of jet noise[END_REF], we do not model the coherence envelope but, rather compute it directly from the LES data. The coherence profile of S ij,LES (equation (4.11)) is computed between all sets of points in the source region, given by

γ 2 (x 1 , x 2 ; m, ω) = | S ij,LES (x 1 , x 2 ; m, ω) | 2 |S ij,LES (x 1 )| 2 |S ij,LES (x 2 )| 2 .
(4.21)

Summary of BBSAN source model construction

An overview of the BBSAN source assembly is shown in figure 3 with model inputs summarised in table 3. The stationary nature of the shock-cell component q s means that the parameters of the Pack and Prandtl model may be educed from the time-averaged PIV fields and thus temporal fluctuations (hydrodynamic or acoustic) will have zero amplitude. In all the reconstructed sources, q s is informed by the PIV data set alone as the LES and PSE flow fields are shock-free. From here, we shall refer to the 'LES model' where wavepacket fluctuations are extracted directly from LES data (figure 3a) and the 'PSE model' for wavepackets described by PSE solutions (figure 3b). For the PSE model, we will present both cases with and without coherence decay. As the shock cells are assumed to be axisymmetric and stationary, the frequency and azimuthal dependence are described solely by the properties of the wavepacket.

The three descriptions of q t have varying levels of complexity. In the simplest description, the perfectly-coherent PSE model only requires a jet mean flow profile and a single parameter to fix the free amplitude of the linear solution. This reduced-order representation should confirm the results of [START_REF] Tam | Stochastic model theory of broadband shock associated noise from supersonic jets[END_REF]. As suggested by Wong et al. (2019b), and confirmed in § 6, a linear model is unable to capture certain features of the BBSAN spectrum and a description of the nonlinearities in the form of coherence decay is thus imposed on the linear wavepackets. The two simplified cases are compared to the wavepacket obtained from LES data alone, which represents the most accurate description of the current BBSAN model.

We would also like to highlight the sensitivities of the far-field sound predictions to the parameters b, A and γ. Since the components of q t and q s are multiplied together (equation 2.11), the factors b and A will be combined into a single amplitude factor. As this is a linear factor, changes to both parameters would only affect the overall amplitude of noise generated; for example, a 10% increase in both b and A would result in a increase of 1.65dB/St. On the other hand, the γ parameter is educed directly from the LES. A detailed study of the sensitivity to γ is presented in (Wong et al. 2019b).

Clearly, a shortcoming of this BBSAN source interpretation [START_REF] Tam | Stochastic model theory of broadband shock associated noise from supersonic jets[END_REF]; Lele 2005; Ray & Lele 2007) is, by construction, the artificial separation of the shock disturbances from the wavepacket. The evolution and dynamics of the wavepacket are assumed independent of the presence of shocks in the jet. Hence, the properties of the educed wavepackets (e.g. convection velocity, phase, amplitude) may differ from those in a shock-containing flow. While there is evidence to suggest that wavepacket dynamics are not affected by weak shocks (Edgington-Mitchell et al. 2019), it remains unknown whether this extends to highly underexpanded jets, such as that studied here. Despite PSE having been attempted on a shock-containing base flow [START_REF] Ansaldi | PSE-based sensitivity analysis of turbulent and supersonic single stream jet[END_REF]), that approach is not pursued here, due to the breakdown of the slowly-diverging mean flow assumption in the vicinity of the shocks.

The complexity of the current approach may be attributed to the requirement to carefully extract the source parameters from the flow field. This is crucial for accurate sound pressure level predictions using an 'inside-out' approach. While direct computation of the sound field may be more straightforward, provided a shock-containing LES jet is available, the authors would like to reiterate that the present goal is to shed light on the BBSAN generation mechanisms and not simply to obtain the far-field sound. By constructing three source models with increasing complexity, this approach also allows the role of non-linearity to be partially revealed.

Nearfield predictions and comparisons

Shock-cell component: Comparison of PIV data and modified P-P model

Comparisons between the modified P-P model and experimental PIV data for the shock-cell disturbances are shown in figure 4. The x -r contour maps show good agreement for each of the flow variables [u x , u r , ρ] s in phase and amplitude. The axial decay in the strength of the shock-cell structure is also well-captured by the model. There is poor agreement in the shear layer region as expected; the model uses a vortexsheet approximation which is non-physical along the nozzle lip line. While there remain differences between model and experimental data, figure 4 illustrates that the salient qualitative features of q s are preserved by the model. Furthermore, we expect these small discrepancies to have minimal impact on the far-field noise as they are dwarfed by other effects, as discussed in appendix B.

As alluded to in section 2.2, a spatial Hann window is used to smoothly truncate the source domain in the axial direction. For the axial source domain of length L, the window function w x is given by

w x (x) = 1 x < x w , 1 2 1 + cos π Lw (x -x w ) x w x L, (5.1)
where x w and L w are the start and length of the window respectively. As the experimental shock-cell disturbances are weak by x = 10D, and since the equivalent source is the product of q s and q t (equation (2.11)), contributions to the BBSAN source at locations x > 10D are negligible. Hence, the value of x w = 15 was found to be suitable and L w was chosen to ensure zero amplitude at the boundary of the integration domain.

Wavepacket component: Comparison of PSE and LES

We compare the PSE predictions with the wavepackets extracted from LES data for a selection of frequencies and the first azimuthal mode (m = 0). The PSE solver used in this study has previously been validated for supersonic flows [START_REF] Kleine | Evaluation of PSE as a model for supersonic jet using transfer functions[END_REF]. The aim of this section is not to show in-depth comparisons, but rather to highlight key similarities and differences which may impact the BBSAN source composition. Detailed investigations have previously been carried out by [START_REF] Cavalieri | Wavepackets in the velocity field of turbulent jets[END_REF] and [START_REF] Sinha | Wavepacket models for supersonic jet noise[END_REF] for subsonic and supersonic jets respectively. Thus, for brevity, only comparisons for axial velocity fluctuations are shown; a similar degree of agreement is obtained for the remaining components of q t .

It is well known that PSE solutions produce poor agreement with LES data for St 0.3, as a weaker KH growth rate becomes comparable with the Orr mechanism induced by nonlinear interactions (Tissot et al. 2017a;[START_REF] Schmidt | Spectral analysis of jet turbulence[END_REF][START_REF] Pickering | Resolventbased jet noise models: a projection approach[END_REF]). Discrepancies at low frequencies, however, do not affect the results presented in § 6, since BBSAN dominates at higher frequencies. Hence, comparisons are only shown for St > 0.4.

For comparison of wavepacket structure, Spectral Proper Orthogonal Decomposition (SPOD) is also performed on the LES data. SPOD decomposes the flow into an orthogonal basis optimally ranked by energy content. The smaller-scale turbulence will be filtered out, highlighting the coherent structures present in the flow. SPOD has been used to show an acceptable degree of fidelity between PSE predictions and SPOD-filtered LES data for the M = 1.5 jet [START_REF] Rodriguez | Acoustic field associated with parabolized stability equation models in turbulent jets[END_REF][START_REF] Sinha | Wavepacket models for supersonic jet noise[END_REF]. For a given azimuthal mode and frequency, we define the spectral eigenvalue problem [START_REF] Towne | Spectral proper orthogonal decomposition and its relationship to dynamic mode decomposition and resolvent analysis[END_REF]) 

Q ij (x 1 , x 2 ; m, ω)Ψ (x 2 ; m, ω)dx 2 = λ(m, ω)Ψ (x 1 ; m, ω), (5.2)
where Q ij is the cross-spectral density matrix of the flow variable of interest, λ and Ψ are the eigenvalues and a set of linearly-independent spatial eigenfunctions respectively. Both eigenfunctions and eigenvalues are obtained using the snapshot method described in [START_REF] Towne | Spectral proper orthogonal decomposition and its relationship to dynamic mode decomposition and resolvent analysis[END_REF].

Figure 5 shows the real component of axial velocity for the axisymmetric mode m = 0. For each frequency, the PSE solutions (right column) are scaled using the averaged A constant. The contour maps show the PSE predictions are able to capture both the nearfield fluctuations and the propagating Mach wave radiation. As frequency increases, the axial location of the wavepacket peak (x 0 ) shifts upstream and the spatial wavelength decreases. As expected, the mode shapes, wavelength and phase of the PSE and the leading SPOD (left column) fields exhibit good agreement.

Success in amplitude matching between PSE and LES fields is observed in the radial shapes at the axial station x = 4D in figure 6. For the PSE solutions, the drop in amplitude of u x near the lip line is due to the phase jump either side of the mixing layer in a perfectly-coherent wavepacket [START_REF] Cavalieri | Wavepackets in the velocity field of turbulent jets[END_REF]. This is not observed in the LES data due to the jitter of the coherent wavepackets [START_REF] Cavalieri | Wavepackets in the velocity field of turbulent jets[END_REF][START_REF] Baqui | A coherence-matched linear source mechanism for subsonic jet noise[END_REF]. By comparing the spatial structure of the shock disturbances shown in figure 4 with the wavepacket radial profiles, the distributed nature of the BBSAN source is apparent. The wavepacket has non-zero support within the jet potential core, allowing it to interact with the shock-cell structure and generate BBSAN. This will be shown in the source maps presented in § 7.

The centreline axial velocity fluctuations in figure 7 increase in energy by approximately four orders of magnitude between the nozzle exit and the location of the peak value (x 0 ≈ 5D). This amplification is also observed in hot-wire measurements in subsonic jets [START_REF] Cavalieri | Wavepackets in the velocity field of turbulent jets[END_REF]. As the matching location is at the wavepacket peak, we observe disagreements close to the nozzle exit similar to previous studies [START_REF] Cavalieri | Wavepackets in the velocity field of turbulent jets[END_REF][START_REF] Antonialli | Amplitude scaling of wave packets in turbulent jets[END_REF]. This mismatch would have minimal effect on the BBSAN prediction since much of the reconstructed source energy exists further downstream (figure 14). There is ongoing work to investigate the excitation mechanisms of the shear layer at the nozzle and how this affects the wavepacket downstream [START_REF] Kaplan | Nozzle dynamics and wavepackets in turbulent jets[END_REF]. We also observe that, relative to the LES data, PSE underestimates amplitudes in the downstream portion of the jet (x > 6D). This well-known inconsistency has previously been attributed to the dominance of nonlinear effects, and fluctuations that are uncorrelated with the extracted wavepackets [START_REF] Suzuki | Instability waves in a subsonic round jet detected using a near-field phased microphone array[END_REF][START_REF] Gudmundsson | Instability wave models for the near-field fluctuations of turbulent jets[END_REF][START_REF] Cavalieri | Wavepackets in the velocity field of turbulent jets[END_REF]. Since shock fluctuations remain significant past x = 5D (figure 4), the discrepancy in turbulent intensity may lead to differences in BBSAN prediction between the LES and PSE model. A more detailed discussion of this issue can be found in § 7. Lastly, from equation (1.3), it is evident that the BBSAN peak frequency strongly depends on the convection velocity of the large-scale structures. The convection velocity is related to the hydrodynamic wavenumber k h , which is extracted from the PSE solution as the real component of the eigenvalue α m,ω

u c (x 1 ) = ω k h = 2πSt Re(α m,ω (x 1 ))
.

(5.3)

For the LES case, u c can be computed using the argument φ of the CSD [START_REF] Maia | Two-point wavepacket modelling of jet noise[END_REF],

u c (x 1 ) = ω k h = ω ∂φ ∂x 2 -1
.

(5.4)

Figure 8 shows the extracted m = 0 phase velocities for PSE predictions (equation ( 5.3)) and the LES results (equation (5.4)). Over a range of frequencies, u c is estimated as ≈ 0.7 -0.8U j over much of the flow domain. Despite disagreements within the first diameter, agreement improves further downstream. This result suggests that both PSE and LES-based sources should predict comparable BBSAN peak frequencies according to equation (1.3).

We have shown that many of the wavepacket features extracted from LES are reproducible with PSE. In line with previous studies [START_REF] Rodriguez | Acoustic field associated with parabolized stability equation models in turbulent jets[END_REF][START_REF] Sinha | Wavepacket models for supersonic jet noise[END_REF]Sasaki et al. 2017a), good agreement is also observed at higher azimuthal wavenumbers. We reiterate that our goal is not to find optimal agreement between PSE model and LES data, but rather, to compute an appropriate scaling parameter for the indeterminant PSE amplitude. 

Far-field acoustic spectra and comparisons with experiment

Far-field acoustic predictions based on the BBSAN source models are examined in comparison with the experimental far-field noise measurements detailed in section § 3.3. There are some points to be highlighted in the presentation of these results. Firstly, we reiterate that, apart from the modifications to the P-P shock-cell model and scaling of the PSE to the LES data, the source is entirely built from flow information alone. The shock-cell representation used for both PSE and LES-based models is identical.

As shown in figure 1, the polar angle θ is nominally taken from the downstream jet axis. Since the acoustic measurements are taken along a cylindrical surface at a moderate distance of R = 11D from the jet centreline, the origin of the polar angle is moved to X o = 5D instead of the nozzle exit. This modification enables comparison with directivity results from other far-field jet databases in literature, where microphones are placed much further from the jet, and also provides a small correction in predictions of peak frequency which is consistent with equation (1.3).

After computing far-field PSD from equation (2.7), the sound pressure level is defined by

SP L = 10 log 10 pp * p 2 ref (6.1)
p ref = 20µP a and SPL is in units of dB/St.

Directivity contour maps

To observe the spectra and directivity trends of BBSAN, we first present St-θ contour maps in figure 9, from experimental data and model predictions. Unlike [START_REF] Tam | Stochastic model theory of broadband shock associated noise from supersonic jets[END_REF] and [START_REF] Ray | Sound generated by instability wave/shock-cell interaction in supersonic jets[END_REF], who compared predictions to the full acoustic signal, we retain the dependence on azimuthal wavenumber and show results for the first three modes (m = 0, 1 and 2). To highlight the theoretical BBSAN peak locations, peak frequencies computed using equation (1.3) are also indicated as dashed lines for the first three shock-cell modes (n = 1, 2 and 3), where we have assumed the convection velocity to be u c = 0.7U j .

As expected in the first column of figure 9, the experimentally measured BBSAN lobe is visible for St > 0.4 between 65 • < θ < 120 • , and peak frequency increases as observer position moves downstream. Screech peaks are clearly discernible as discrete frequencies, with the fundamental located at St = 0.31. The BBSAN primary lobe agrees largely with the theoretical peak frequency prediction at sideline and downstream positions, though some discrepancy develops at more upstream angles (θ > 110 • ). This could be due to the measurements not being performed in the 'true' far-field, or may arise from the variation in convection velocity as a function of frequency. The frequency of the second shock-cell mode (n = 2) peak is consistently higher than theory, which may arise from the mismatch in Mach numbers (and hence shock-cell spacing), between the PIV and acoustic databases (see figure 16a).

To accompany the measured acoustics, figure 9 provides predictions based on the BBSAN source models of § 4. We present three models for the reconstructed BBSAN source, each with a different description of q t . The LES model is presented in the second column of figure 9, while those described by PSE solutions with unit coherence or with coherence decay are shown in columns three and four respectively. We note that discrete peaks do not feature in either of the LES or PSE model predictions, as the screech mechanism is not modelled; the LES database is of an ideally-expanded jet and hence cannot produce screech while on-going exist looking at the screech problem using a global framework instead of PSE et al. 2015;[START_REF] Edgington-Mitchell | Waves in screeching jets[END_REF]). In addition, significant underprediction occurs at low frequencies < 0.4), as expected; the source term in equation (2.11) includes only the high-frequency BBSAN component.

Far-field noise predictions using the LES model exhibit fair agreement with measured data across a wide frequency and directivity range. The best agreement is in the sideline direction for both amplitude and peak frequency predictions; the LES model matches the experimental measurements to within ± 2dB/St. The model follows the theoretical BBSAN peak from equation (1.3), even at upstream angles where the peak half-width narrows. This is unsurprising since equation (1.3) assumes that BBSAN is produced by the interaction of an instability wave with the stationary shock-cell structure, with the resulting difference waves effectively behaving as the source of the far-field noise. In addition, the convection velocity of the extracted LES wavepacket (figure 8) is approximately 0.7U j . The narrowing of the BBSAN lobe at upstream angles is also observed in the acoustic measurements of [START_REF] Norum | Measurements of mean static pressure and far field acoustics of shock containing supersonic jets[END_REF].

Nevertheless, there remain key differences between the LES model and measurements. At slightly downstream angles, overprediction occurs at high frequencies (St ≈ 1). The overprediction in sound amplitude results in the BBSAN lobe being broader in directivity than the experimental spectra for all three azimuthal modes. The mismatch could be related to the simplification of the Lighthill stress tensor T ij , where cancellation between different components is known to occur over regions away from the sideline direction [START_REF] Freund | Noise-source turbulence statistics and the noise from a Mach 0.9 jet[END_REF]. [START_REF] Bodony | Low-frequency sound sources in high-speed turbulent jets[END_REF] found, for a M j = 2.0 ideally-expanded jet, that using only the momentum term (ρu i u j ) overpredicts the sound amplitude by over 20dB/St at high frequencies. Since we retain the momentum term alone (2.3), cancellation effects due to entropic and higher-order terms of the equivalent BBSAN source are not accounted for. The definition and simplicity of the present model prevents an investigation into the relevance of this potential phenomenon. Future investigation on the role of the entropic term in shock-containing flows, as a function of frequency and for various observer locations, would be valuable as previous studies only investigated the role of entropic inhomogeneity for a limited set of polar angles in non shock-containing flows [START_REF] Freund | Noise-source turbulence statistics and the noise from a Mach 0.9 jet[END_REF][START_REF] Uzun | Coupling of integral acoustics methods with LES for jet noise prediction[END_REF][START_REF] Bodony | Low-frequency sound sources in high-speed turbulent jets[END_REF].

Despite the simplicity, predictions based on the reduced-order PSE model are also encouraging. The primary BBSAN lobe is well-predicted and has similar trends to that of the LES model. This indicates that the proposition of [START_REF] Tam | Shock associated noise of supersonic jets from convergent-divergent nozzles[END_REF], that BBSAN is generated as a result of the interaction between the quasi-periodic shocks and large-scale turbulent structures, is indeed well-founded. Agreement in both peak frequency and amplitude in the present results further substantiates the applicability of the interpretation of [START_REF] Tam | Shock associated noise of supersonic jets from convergent-divergent nozzles[END_REF]. For upstream angles, the assumption of perfectly-coherent wavepackets is found to result in overprediction of peak intensity, as well as marked dips in the spectra between primary and secondary shock-cell mode signatures. When coherence decay is incorporated, however, the directivity map is smoothed and the dips are reduced. This effect was reported by Wong et al. (2019b) for a simple equivalent line-source model. Directivity changes occur as the source energy is spread in wavenumber space between shock-cell modes. By comparing the predictions from both PSE and LES-based models with experimental measurements, it is clear that a linear wavepacket model requires modification to account for nonlinearities (e.g. wavepacket jitter) in order to successfully predict BBSAN amplitude. The effects of coherence decay are examined in § 6.2.

Far-field noise spectra

Before showing azimuthally-decomposed spectra, the total measured sound-field is presented along with reconstructed model predictions using the first three azimuthal modes in figure 10 at different polar angles. For each observer position, predictions from both the LES (blue squares) and PSE models are shown, along with the full (solid red) acoustic spectra. The PSE predictions are further distinguished by either unit coherence (maroon circles) or coherence decay (green crosses). As shown in the contour directivity plots in figure 9, the models miss the peak BBSAN frequency at upstream angles. Nevertheless, excellent agreement in peak amplitude is observed (± 2dB/St) for the primary (n = 1) peak across the directivity range. Even with a small number of inputs, the simplified PSE model with perfect coherence performs particularly well in capturing peak amplitudes, though large dips are observed as either the polar angle or frequency increases. There is less success in predicting the secondary lobe (n = 2) due to its increased azimuthal modal complexity, requiring 4-5 modes to reconstruct the total signal [START_REF] Wong | Azimuthal decomposition of the radiated noise from supersonic shock-containing jets[END_REF].

To explore the similarities and differences between experimental and model spectra in further detail, figures 11-13 provide spectra for each of the azimuthal modes. In addition to the total signal, azimuthally-decomposed data (solid black) is shown. In terms of peak frequency and amplitude, we observe fair agreement between models and experiment for both the primary and secondary BBSAN peaks. Peak amplitudes are within ± 2dB/St accuracy and predicted peak half-width is most faithful to the measured spectra in the sideline direction (θ = 95 • ).

Previous studies have compared stability-based BBSAN models to the total acoustic signal (similar to figure 10). Ambiguity in amplitude of model predictions has led to the azimuthal dependence being dropped; [START_REF] Ray | Sound generated by instability wave/shock-cell interaction in supersonic jets[END_REF] assumed a 'white noise' spectrum while [START_REF] Tam | Stochastic model theory of broadband shock associated noise from supersonic jets[END_REF] assumed the equivalent source to be solely axisymmetric. The spectra of the equivalent source models are then fitted to experimental acoustic data. The ill-posed nature of such 'outside-in' approaches may lead to the deduction of source parameters not observed in the jet. Indeed, the azimuthally-decomposed acoustic spectra provided in figures 11-13 and the recent measurements performed by [START_REF] Wong | Azimuthal decomposition of the radiated noise from supersonic shock-containing jets[END_REF] indicate that these assumptions are invalid. For instance, the roll-off at high frequencies of individual azimuthal modes is steeper than the total signal (c.f. Ray & Lele 2007), and the spectral shape of each azimuthal mode is not identical (c.f. [START_REF] Tam | Stochastic model theory of broadband shock associated noise from supersonic jets[END_REF].

Using a direct 'inside-out' approach, inconsistencies in previous BBSAN amplitude predictions are now nullified. Examination of each individual azimuthal mode suggests that the proposed model can correctly capture the important flow dynamics related to BBSAN. Along with the findings from Wong et al. (2019b), the results also offer a convincing explanation for the 'missing sound' at high frequencies, as observed by both Suzuki (2016) and [START_REF] Ray | Sound generated by instability wave/shock-cell interaction in supersonic jets[END_REF] at upstream angles. It is clear that the secondary BBSAN peak is due to the interaction of the wavepacket with the second shock-cell mode which was not accounted for in either study. As alluded to in § 6.1, there are regions where the models perform poorly. At upstream angles (θ = 115 • and 125 • ), while the agreement in peak amplitude is within ±2dB/St, peak frequency is underpredicted. At slightly downstream positions (θ = 80 • ), the predicted half-width of the primary BBSAN peak is larger than measured. As well as the overprediction at high frequencies, the second harmonic of the screech tone coinciding with the BBSAN peak may explain why the models predict higher peak frequencies (St p ≈ 0.6) than the experiment (St p ≈ 0.55). The presence of screech is known to attenuate the axial extent of downstream shock cells [START_REF] André | Broadband shockassociated noise in screeching and non-screeching underexpanded supersonic jets[END_REF]. Currently, this cannot be verified as flow measurements are not available to supplement the acoustic database.

We turn our focus to comparing the efficacy of our models. With minimal inputs, the reduced-order model using a perfectly coherent (γ = 1) wavepacket source does a respectable job in predicting the primary and secondary BBSAN peaks (n = 1, 2). This is a confirmation of the modelling approach first proposed by [START_REF] Tam | Shock associated noise of supersonic jets from convergent-divergent nozzles[END_REF]; BBSAN is generated by the interaction between large-scale coherent structures and the shock-cell system. In terms of peak noise in the far-field, it is clear that second-order statistics of the flow are unimportant. The ability for a simple model to capture both amplitude and peak frequency renders it a promising candidate for future predictive schemes. Away from the peaks, however, the linear wavepacket source presents some drawbacks. In particular, the 'dips' mentioned previously are evident; the discrepancy is more severe at upstream angles, reaching up to 20dB/St less than the measured spectra. The amplitude prediction of the primary peak also becomes questionable over downstream angles (by up to 10dB/St). Agreement in SPL is recovered with the inclusion of twopoint coherence information. The improvement was predicted using a model line-source problem (Wong et al. 2019b), which included coherence information to represent the jittering of wavepackets due to the action of background turbulence [START_REF] Zhang | Just enough jitter for jet noise[END_REF]Tissot et al. 2017b). Together with the LES model, which is the most complete representation of the source CSD, figures 11-13 demonstrate the appropriateness the proposed BBSAN modelling framework.

The dips in figures 11-13 are similar to those observed by [START_REF] Tam | Stochastic model theory of broadband shock associated noise from supersonic jets[END_REF], attributed in that study to shock-cell unsteadiness due to interaction with turbulence. It was suggested that the fluctuating motion of the shocks could lead to further peak broadening, with the maximum shock-cell unsteadiness located near the end of the potential core. A quantitative measure for shock-cell unsteadiness was not available at the time and an empirical adjustment to the source structure was made to account for this effect. We show, however, that in fact most of the broadening is instead attributable to wavepacket jitter; nonlinear effects acting on the linear wavepackets are educed from the LES data as coherence decay and imposed onto the PSE model. While a large portion of the 'missing sound' can be attributed to wavepacket jitter (up to 15dB/St), the dips are not entirely eliminated in the LES model spectra (e.g. St = 0.6 for θ = 115 • ). In reality, the shock structure is unsteady and this phenomenon is not captured by the model ( § 4.4) since the shocks are modelled as zero-frequency waves. The application of q s and q t as distinct variables in our model further restricts the ability to describe how turbulence affects the shocks, and vice-versa. In addition, apart from unsteadiness due to large-scale structures [START_REF] Tam | Stochastic model theory of broadband shock associated noise from supersonic jets[END_REF], periodic shock oscillations in a screeching jet (such as the one used presently) could be attributed to the passage of upstream-travelling acoustic waves [START_REF] Panda | Shock oscillation in underexpanded screeching jets[END_REF][START_REF] Edgington-Mitchell | Upstream-travelling acoustic jet modes as a closure mechanism for screech[END_REF] or coupling between the shock cells. Due to the current modelling framework, the effects of shock unsteadiness on BBSAN remains unknown. Based on the above observations, we might hypothesise that the prevailing discrepancies evident in figures 11-13 indicate that both wavepacket jitter (modelled as coherence decay deduced from an ideally-expanded jet) and shock unsteadiness are essential to the composition of an equivalent BBSAN source. Another possibility is that the measure of coherence in a shock-containing jet differs nontrivially to that of an ideally-expanded jet. Investigation into such a coupling between wavepacket dynamics and the shock structure is outside the scope of this study, but ought to be considered in future work. A possible avenue to explore will be to perform resolvent analysis [START_REF] Schmidt | Spectral analysis of jet turbulence[END_REF][START_REF] Lesshafft | Resolvent-based modeling of coherent wave packets in a turbulent jet[END_REF]) on a shock-containing jet. Since the artificial separation of q t and q s may be avoided, by looking at the relevant forcing modes, resolvent analysis may shed light on the exact roles of both wavepacket jitter and shock-cell unsteadiness in relation to BBSAN generation. At upstream angles (θ = 115 • and 125 • ), we also observe that the PSE model with coherence decay (green crosses) gives more favourable predictions than the LES model when compared to the measured spectra. This is somewhat unexpected since for the LES model, flow variables are directly substituted into the source CSD, while the PSE solution only provides the statistical wavepacket. From equation (4.21), an adequate description of the original acoustic source requires matching of not only average amplitude and phases of wavepackets (provided by the PSE), but also a correct description of the two-point coherence function. A mismatch in the description of any one of these physical traits will translate into disagreement in the predicted acoustic field. We explore this inconsistency in § 7 by inspecting the reconstructed BBSAN sources.

Source term characteristics

This sections aims to highlight the differences between the reconstructed sources using the various descriptions for q t (LES, PSE with and without coherence decay). For brevity, we will only show the S 11 component for the m = 0 azimuthal mode at frequencies St = 0.6 and 0.8. The other source term components and azimuthal modes display similar behaviour.

Figure 14 shows the reconstructed BBSAN sources for both the LES and PSE cases. ) and also experimental measurements [START_REF] Savarese | Experimental study of shock-cell noise in underexpanded supersonic jets[END_REF]. Source intensity is apparent between 2D x 8D downstream, and most intense between the third and fifth shock cells. This is slightly upstream compared to those measured by Norum & Seiner (1980) and [START_REF] Seiner | Acoustic near-field properties associated with broadband shock noise[END_REF] for underexpanded jets operating at similar conditions. As frequency increases, the wavepacket contracts (figure 5) and hence the source shifts towards the nozzle, in line with previous modelling efforts [START_REF] Ray | Sound generated by instability wave/shock-cell interaction in supersonic jets[END_REF][START_REF] Suzuki | Wave-packet representation of shock-cell noise for a single round jet[END_REF][START_REF] Patel | Statistical sources for broadband shockassociated noise using the Navier-Stokes equations[END_REF]. Evidently, the LES description has source intensity extending past x = 8D while the PSE models do not. This is due to the differences between the LES and PSE description of the wavepacket; the PSE solution is unable to capture the downstream incoherent fluctuations as discussed in § 5.2, and as shown in figure 7. This observation may explain the difference in far-field predictions between the LES and PSE with coherence decay (γ = 1) case. As mentioned in § 6.2 and by Cavalieri & Agarwal (2014), agreement between the original and statistical source requires the coherence, in addition to both average amplitude and phase, of wavepackets to be the same. Since two-point coherence information imposed on the PSE model is extracted directly from LES data, any difference in the far-field will arise from a mismatch in the average wavepacket envelope shape.

We also note that the effect of coherence decay is not apparent in figure 14, even though it has significant effect on the far-field sound. To observe the effect of coherence decay, we present radially-integrated source CSDs as defined by equation (2.8), which are equivalent to a line-source approximation [START_REF] Maia | Two-point wavepacket modelling of jet noise[END_REF]Wong et al. 2019b). Amplitudes are normalised for qualitative comparisons. The radially-integrated CSD of the LES source is shown in the left column in figure 15. The freckled appearance is consistent with the CSD of the nearfield pressure of a shock-containing jet [START_REF] Suzuki | Wave-packet representation of shock-cell noise for a single round jet[END_REF]Wong et al. 2019b). Discrete peaks are present as the wavepacket interacts with the periodic shock-cell structure. A perfectly-coherent source (centre column) results in a spatially-broader CSD since the wavepacket is coherent over larger lengthscales. When coherence decay (right column) is incorporated into the source description, it narrows the CSD as expected (Cavalieri & Agarwal 2014;Wong et al. 2019b). The effect of coherence decay is to make the perfectly-coherent CSD more compact, and hence more similar to the LES model.

Summary and conclusions

We present a two-point model for investigating the sound-source mechanisms of broadband shock-associated noise where Lighthill's acoustic analogy [START_REF] Lighthill | On sound generated aerodynamically. i. general theory[END_REF]) is used to compute the sound field. The flow variables of the source term (T ij ) are decomposed into the mean, turbulence and shock-cell components as proposed by [START_REF] Tam | Stochastic model theory of broadband shock associated noise from supersonic jets[END_REF]. Using the same interpretation as [START_REF] Tam | Shock associated noise of supersonic jets from convergent-divergent nozzles[END_REF], we assume BBSAN to be produced by the non-linear interaction of shocks and jet turbulence. To build the equivalent source term, each component is either extracted or modelled from appropriate datasets. We use a modified Pack and Prandtl vortex-sheet model, informed by particle image velocimetry data of a shock-containing jet, to represent the quasi-periodic shock-cell structure. The turbulent component, on the other hand, is modelled as a wavepacket. A large-eddy simulation of an ideally-expanded supersonic jet is used to extract the wavepacket structure. To highlight the links to the underlying physical mechanisms, solutions to parabolised stability equations are also used to describe the statistical wavepacket shape. The same LES data is employed to provide the mean flow and the amplitudes of the PSE solutions. Unlike previous models for BBSAN, the source parameters are solely determined by the turbulent flow field of the shock-containing jet. Acoustic measurements are not used to calibrate or alter the source.

In practical applications where accurately determining the sound field is the sole aim, it is evident that the current approach is unsatisfactory compared to the direct computation of the sound field using LES of a shock-containing jet coupled with integral acoustic methods (Ffowcs Williams-Hawkings (FW-H) or Kirchhoff) [START_REF] Shur | Noise prediction for underexpanded jets in static and flight conditions[END_REF][START_REF] Brès | Unstructured large-eddy simulations of supersonic jets[END_REF][START_REF] Arroyo | Azimuthal mode analysis of broadband shock-associated noise in an under-expanded axisymmetric jet[END_REF]. On the other hand, successful reproduction of far-field sound is not the present objective; we rather seek to understand the BBSAN generation mechanism. To this end, the acoustic analogy framework is deemed a suitable approach to connect the inner turbulent motions to the radiated sound, and the hypothesis of [START_REF] Tam | Shock associated noise of supersonic jets from convergent-divergent nozzles[END_REF] is the adopted starting point. The efficacy of the current approach should be evaluated from a modelling perspective rather than from the accuracy of far-field sound predictions.

Two major conclusions may be drawn from the results of § 6. Firstly, we have shown that a reduced-order representation of the equivalent source can provide largely accurate frequency and amplitude far-field predictions for BBSAN. This applies over a wide directivity range. Provided that shock-cell and mean flow profiles are available, only a single empirical constant is required to adjust the free amplitude of the linear PSE solutions. The efficacy of the simpler PSE-based approach is corroborated by agreement with the sound field features of the more complex, but complete, model using the LES CSD (± 2dB/St at peak frequency). Examination of the results is aided by the availability of azimuthally-decomposed acoustic data. The encouraging comparisons between measurements and model predictions further support the BBSAN generation mechanism proposed by [START_REF] Tam | Shock associated noise of supersonic jets from convergent-divergent nozzles[END_REF].

Secondly, the results also provide some answers to the shortfalls of previous BBSAN models. As predicted by the line-source model of Wong et al. (2019b), the inclusion of the effects of wavepacket jitter and higher shock-cell modes is integral to predictive ability at higher frequencies and regions between the BBSAN peaks. We demonstrate the importance of these effects by directly quantifying and incorporating them into the description of the equivalent source. It seems clear that the 'missing sound' observed at high frequencies by both [START_REF] Ray | Sound generated by instability wave/shock-cell interaction in supersonic jets[END_REF] and [START_REF] Suzuki | Wave-packet representation of shock-cell noise for a single round jet[END_REF] is due to the absence of higher shock-cell modes. The results also extend the work of Tam and co-workers. Unlike the assumption made by [START_REF] Tam | Stochastic model theory of broadband shock associated noise from supersonic jets[END_REF], where spectral broadening was solely attributed to shock-cell unsteadiness, we show that nonlinearity, in the form of jittering wavepackets, is instead responsible for recovering a large portion of the lost sound between the BBSAN peaks.

The artificial separation of the source into turbulent and shock components, however, means the effects of their interaction cannot be accounted for. Compelled by the modelling framework, q t and q s were both educed from separate ideally-expanded and shock-containing jets respectively. This may contribute to why, even with exact information, the BBSAN predictions between the first and second peak at upstream angles underpredict the measured data. As hypothesised by [START_REF] Tam | Stochastic model theory of broadband shock associated noise from supersonic jets[END_REF], the discrepancy may be due to the inability for the model to capture shock-cell unsteadiness further downstream. This interaction between the two components should be investigated in future work. 3) due to differences in jet parameters for the first three shock-cell modes (n s = 1, 2, 3). For the cold jet, a convection velocity of u c = 0.7U j was used for both plots while the relationship in equation (B 2) was used for the heated case.

where TTR represents the total temperature ratio, which is equal to 1.45 for the isothermal case and unity for a cold jet. This observation is corroborated by the measurements of [START_REF] Wishart | The structure of a heated supersonic jet operating at design and off-design conditions[END_REF] who also found that the effect of varying temperature on shock structure is relatively small.

We note that all three databases are of fully-turbulent jets with Re > 400, 000, which [START_REF] Viswanathan | Aeroacoustics of hot jets[END_REF] deems an appropriate threshold to avoid Reynolds number effects on the radiated sound field. Previous studies have also shown Re having minimal effect on shock spacing and wavelengths [START_REF] Tam | A multiple-scales model of the shock-cell structure of imperfectly expanded supersonic jets[END_REF]. Similarly, [START_REF] Hu | Flow and acoustic properties of low Reynolds number underexpanded supersonic jets[END_REF] found that the evolution of large-scale structures at Re = 8000 is similar to those in underexpanded jets at high Reynolds number. These observations give us some confidence that BBSAN may be considered independent of Re for the databases investigated here.

Lastly, experimental studies have shown that nozzle geometry can strongly affect screech and resonant characteristics of a supersonic jet (Edgington-Mitchell 2019). Screech is known to significantly influence the decay of the shock-cell structure and hence affects the production of BBSAN [START_REF] André | Broadband shockassociated noise in screeching and non-screeching underexpanded supersonic jets[END_REF]. Since both the acoustic and PIV databases use nozzles without screech suppression features, the intensity and frequency of BBSAN peaks are likely affected by the presence of screech. When interpreting the predictions of § 6, it must be noted that the model does not account for such effects, which will remain a source of error.

While there remain tangible differences across the three databases, our goal is not to match predictions with a particular experiment, but rather to identify the underlying sound source mechanisms. Despite the minor mismatches, the results confirm the suitability of using these databases to inform our flow modelling choices.
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 1 Figure 1: Schematic of experimental setup with the prescribed source (x, r, φ) and observer (R, θ, φ) coordinate systems.
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 2 Figure 2: LES (left) and PIV (right) x -r contour mean fields for ideally-expanded and shock-containing jets respectively; streamwise velocity (top), radial velocity (centre) and density (bottom). Flow quantities are normalised by the ideally-expanded condition.
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 3 Figure 3: Summary of BBSAN model construction; (a) source model with q t obtained directly from LES data and (b) statistical source model with q t obtained from PSE solutions.
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 4 Figure 4: x -r contour plots of flow variables u x , u r , ρ from PIV experiments (top-plane) and model (bottom-plane).
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 56 Figure 5: Comparison of real parts of u x between the extracted wavepacket from the first SPOD mode (left column) and PSE predictions (right column) for m = 0. Flow quantities are normalised by the ideally-expanded condition.
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 7 Figure 7: Centreline axial velocity fluctuations from LES (symbols) and PSE (lines) for m = 0.

Figure 8 :

 8 Figure 8: Convection velocity as a function of axial position for m = 0.
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 9 Figure 9: St -θ directivity contour maps of sound pressure level spectra at R = 11D. Contours are in dB/St.
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 10 Figure 10: Comparison of acoustic spectra for total measured signal and reconstructed model using the first three azimuthal modes m = 0, 1, 2.
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 11 Figure 11: Comparison of acoustic spectra for azimuthal mode m = 0.

Figure 12 :

 12 Figure 12: Comparison of acoustic spectra for azimuthal mode m = 1.
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 13 Figure 13: Comparison of acoustic spectra for azimuthal mode m = 2.
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 14 Figure 14: x -r contour maps of the reconstructed BBSAN source PSD. Intensity levels are normalised by the maximum value.

Figure 15 :

 15 Figure 15: The normalised real components of the CSD of S 11 for m = 0 and frequencies St = 0.6 (top row) and St = 0.8 (bottom row). The different reconstructed source models are LES (left column), PSE without coherence decay (centre column) and PSE with coherence decay (right column). Contours levels are from -0.5 to 0.5 and normalised by the maximum value.

Figure 16 :

 16 Figure16: Variation in peak BBSAN predictions as predicted by equation (1.3) due to differences in jet parameters for the first three shock-cell modes (n s = 1, 2, 3). For the cold jet, a convection velocity of u c = 0.7U j was used for both plots while the relationship in equation (B 2) was used for the heated case.

Table 1 :

 1 Summary of jet operating parameters for each database.

	Database Mj M d N P R Tj/T∞ Dj/D	Re	β
	LES	1.50 1.5 3.67	1.0	1.0 1.76 × 10 6 0
	PIV	1.45 1.0 3.40	0.70	1.07 8.51 × 10 5 1.05
	Acoustic 1.50 1.0 3.67	0.69	1.09 4.50 × 10 5 1.12

  The use of PSE to model wavepackets has been well studied in both subsonic[START_REF] Gudmundsson | Instability wave models for the near-field fluctuations of turbulent jets[END_REF][START_REF] Cavalieri | Wavepackets in the velocity field of turbulent jets[END_REF]) and supersonic[START_REF] Sinha | Wavepacket models for supersonic jet noise[END_REF][START_REF] Rodríguez | A study of linear wavepacket models for subsonic turbulent jets using local eigenmode decomposition of PIV data[END_REF] 

	.11)
	4.2.2. Parabolised stability equations

Table 3 :

 3 Summary of source model inputs.
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Appendix A. Approximation of T ij for BBSAN

The substitution of the decomposed flow variables into T ij (equation (2.10)) is rewritten below T ij = (ρ + ρ s + ρ t )(ū i + u i,t + u i,s )(ū j + u j,t + u j,s ).

(A 1)

By expanding out the terms we obtain,

To proceed, only the leading-order fluctuation terms are retained and higher-order ones are discarded. Furthermore, we only retain the interaction terms between turbulence and shocks (as these contribute to BBSAN). By only retaining the interaction terms, turbulent mixing noise such as Mach wave radiation is not modelled. Thus, we can simplify the above expression such that

The terms in the under-brace in equation (A 2) can be ignored because they are nonfluctuating and hence by definition cannot generate noise. We hence arrive at the approximated expression for the BBSAN stress tensor term

Appendix B. Discussion on jet database parameters

The effects on model predictions due to the variations between the databases is discussed in this appendix. Discrepancies, summarised in table 1, include exit velocity, operating temperature (isothermal in LES, cold in experiments), Reynolds number and nozzle geometry. We again note that the LES and PIV flow fields are only used to inform the modelling choices in order to predict far-field BBSAN SPLs. No acoustic information is directly obtained or used from either of these databases.

As discussed in § 2.1, the non-shock-containing components (q and qt ) of the shockcontaining jet should be obtained from the ideally-expanded case at the same M j . To show the effect of using different values of M j on frequency, the non-dimensional form of equation (1.2) is

where peak frequency is given by Strouhal St p . Assuming a constant convection velocity of u c = 0.7U j , the only variable controlling the peak is the shock spacing L s , which is approximately proportional to the off-design parameter β (equation 1.1). The shock spacing of a M j = 1.45 jet is approximately 5% shorter than that for M j = 1.5. The variation in the peak prediction is shown in figure 16a, where we observe only a slight difference for the primary peak. For BBSAN intensity, which scales with β 4 (Harper-Bourne & Fisher 1973), the mismatch in M j results in a 1-2dB/St difference in sound pressure level. The effect of temperature on BBSAN generation has previously been investigated in models [START_REF] Tam | Broadband shock-associated noise of moderately imperfectly expanded supersonic jets[END_REF]) and experiments [START_REF] Kuo | Effects of jet temperature on broadband shock-associated noise[END_REF]. With relevance to peak frequency prediction in (1.2), heated jets have lower convection velocities and a shorter potential core. Despite these differences, the measurements of [START_REF] Kuo | Effects of jet temperature on broadband shock-associated noise[END_REF] for underexpanded jets show either no change or a only a slight increase in peak frequency. This minor change is supported by the St -θ plot in figure 16b. The convection velocity, as a function of temperature, is taken to be [START_REF] Tam | Broadband shock-associated noise of moderately imperfectly expanded supersonic jets[END_REF] u c /U j = 0.7 -0.025(T T R -1), (B 2)