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Ontological parsimony requires that if we can dispense with A when best explaining B, or when deducing a nominalistically statable conclusion B from nominalistically statable premises, we must indeed dispense with A. When A is a mathematical theory and it has been established that its conservativeness undermines the platonistic force of mathematical derivations (Field), or that a non numerical formulation of some explanans may be obtained so that the platonistic force of the best numerical-based account of the explanandum is also undermined (Rizza), the parsimony principle has been respected.

Since derivations resorting to conservative mathematics and proofs involved in non numerical best explanations also require abstract objects, concepts, and principles under the usual reading of "abstract," one might complain that such accounts turn out to be as metaphysically loaded as their platonistic counterparts. One might then urge that ontological parsimony is also required of these nominalistic accounts. It might, however, prove more fruitful to leave this particular worry to the side, to free oneself, as it were, from parsimony thus construed and to look at other important aspects of the defeating or undermining strategies that have been lavished on the disposal of platonism.

Two aspects are worthy of our attention: epistemic cost and debunking claims. Our knowledge that applied mathematics is conservative is established at a cost, and so is our knowledge that nominalistic proofs play a genuine theoretical role in best explanations. I will suggest that the knowledge one must acquire to show that nominalistic deductions and explanations do indeed play their respective theoretical role involves some question-begging assumptions regarding the nature and validity of proofs.

As for debunking, even if the face value content of either non numerical claims, or conservative mathematical claims, or platonistic mathematical claims didn't figure in our causal explanation of why we hold the mathematical beliefs that we do, construed or understood as beliefs about such contents, or as beliefs held in either of these three ways, we could still be justified in holding them, so that the distinction between nominalistic deductions or non numerical explanations on the one hand and platonistic ones on the other turns out to be spurious with respect to the relevant propositional attitude, i.e., with respect to belief.

Knowledge (II)

Suppose that in order to give a nominalistically respectable explanatory proof you need to know more than you need to know in order to give a mathematically loaded explanatory proof. The extra knowledge isn't mathematical but requires a fair amount of extra-mathematical or extra-numerical assumptions, theories, and techniques to be applied.

How should we assess the merits and demerits of the non mathematical cognitive cost? We may want to measure three things: (i) the sum total of theory one must appeal to, (ii) the length of proofs or formal derivations obtained given (i), and (iii) the range of application of the selected methods. It may be that, in certain cases, the theory appealed to is more complex, or that proofs and derivations happen to be longer and more cumbersome, or that the range of application of the methods is restricted compared to a bona fide mathematical derivation or numerical explanatory proof. In other words, it may turn out that in specific cases we give up our right to epistemic economy ((i) and (ii)), to elegance or beauty ((ii)), to strength ((iii)), or to some combination thereof.

It's important to find out how (i)-(iii) interact in order to assess the merits and demerits of nominalistic proofs. Should these proofs be preferred in spite of these drawbacks? If so, there must be a trade off between costs and rewards that speaks in favor of the nominalistic choice even though the cost happens to be high. The trade off isn't just a question of the psychological or mental collective effort we humans must muster in order to obtain a bona fide nominalistic proof or a nominalistically respectable derivation. We must explain why the effort has the features that it has rather than others it could have but just doesn't have. The assessment of epistemic cost is an objective matter, and the problem in this respect is to determine the means by which one will measure the costs of the trade off. It isn't merely a question of observing and computing how much time has been spent, how much collective stamina has been built up to secure the results, and so on and so forth. It is a question of why it should be so, and in this or that particular way.

Once we know why the nominalistic proof or derivation must be obtained in some particular way, we might perhaps appeal to principles that would justify a conclusion to the effect that the trade off is indeed worthwhile in spite of the cognitive cost; but that is a different matter altogethera matter that must be assessed on independent grounds, i.e., on grounds that must be independent of any consideration that would belittle the cost from the outset, or presuppose that its very consideration is downright irrelevant. Although we don't want to rule out the possibility that some philosophical principle or argument overrides the epistemological drawback or concern, we certainly mustn't put the cart before the horse.

Let us look once again at Field and Rizza's proposals. However different they may be, they share a common feature: In order to avoid a commitment to numbers in the derivation (Field) and in the explanation (Rizza), one must appeal to non numerical axioms whose models have suitable numerical representations. It is essential that the ordinary numerical treatment of the theory one wants to dispense with i.e., the treatment that prima facie commits one to numbers given a face value reading of the theorymay be recovered from a non numerical system of axioms, so that the platonistic reading of the mathematical theory taken at face value is undermined.

In Field's case, we're allowed to use mathematical existence assertions provided that the theory they belong to is conservative (Field 1980: 14). This is established by showing that, for number theory and ZF, consistency implies conservativeness given Robinson's joint consistency theorem [START_REF] Robinson | A Result on Consistency and Its Application to the Theory of Definition[END_REF]. The idea that mathematics applies conservatively to nominalistic versions of physical theories such as Newtownian gravitational theory (Field op. cit.: 19) requires modellability in ZF. What one gets then, in this case, is a platonistic proof that a physical theory "has all the nominalistically statable consequences that the usual platonistic formulation of the […] theory […] has" (Field 1980: 5). What makes it platonistic, presumably, is the recourse to ZF (with the axiom of choice and with or without urelements).

One may, according to Field, use platonistic methods of proof in arguing in favor of nominalism: Since the argument shows that abstract entities are not needed, either for ordinary inferences or for physical science, the Quine-Putnam indispensability argument thereby loses its clout (Field op. cit.: 6).

In Rizza's case, one establishes that mathematics plays an explanatory role "in a non-ontological way" (Rizza 2011: 113) by conceptualizing the structure of an empirical phenomenon so that "the explanation may be presented as a derivation from certain formal conditions" (Rizza: loc. cit.). Obviously, in this case, the epistemological worry has shifted from a focus on non causal abstracta, or on the reliability of beliefs in non causal mathematical objects, to a focus on formal or structural properties of some bona fide non-numerical explanation.

What I want to suggest here is that, even if we grant that platonistic methods are nominalistically respectable (Field), or that an emphasis on a commitment to concepts is preferable to an emphasis on a commitment to objects (Rizza), it remains that the axioms one relies on must possess certain features. Whether they be Suppes's axioms (Rizza) or Zermelo-Fraenkel's (Field), they must allow the recovery of what's usually appealed to in a mathematical practice that is unconcerned with philosophical worries about abstracta (whether they be concepts or objects in the ordinary (non-Fregean) sense).

What are the features that allow and indeed secure the recovery, and how do these axioms inherit them? The features are structural in the following sense. In Suppes's case, a relation that holds between consecutive points in a relational structure whose domain is both finite and non-empty, and on which a quaternary relation is defined, determines congruent intervals. So if one supposes that the lifecycles of Magicicadas do indeed satisfy Suppes's axioms, one may show that the numerical properties one wishes to dispense with are mere counterparts of purely empirical properties of time intervals that an empirically minded nominalist may be satisfied with. The reconstruction of a mathematical or numerical reasoning within a non-numerical, i.e., geometrical theory is possible only provided axioms of measurement theory correctly characterize finite equal-interval structures (see . They do so by fiat, and one has of course, no right to complain that this is how they enable us to secure the much-wanted recovery. Axioms are devised for a purpose, and one may certainly use them in any way one pleases as long as the use is consistent.

Now the fact that one has to establish the dispensability of numerical properties by showing that they have the particular ontological status of counterparts might be a source of worry. The counterpart claim that justifies the dispensability claim that would allow us to shoo platonism away is established given the acceptance of Suppes's axioms. These counterparts are not just "mere" or innocuous, ontologically light counterparts. They inherit a light ontological status because Suppes's axioms have models that may be described or investigated settheoretically as relational structures. The problem, of course, isn't with Suppes's axioms per se, but with the way in which they are used, especially Axiom 4.

As for Field, the conservativity principle guarantees that a nominalistically-stated assertion A* resulting from restricting each quantifier in A with the formula "not M(x)" 1 isn't a consequence of a mathematical theory unless it is logically true. The claim that the mathematical theories one resorts to do indeed satisfy that principle implies that our mathematical claims are true in all possible worlds, i.e., that they are a priori true (Field op. cit.: 13). Field considers the objection that standard, i.e., classical mathematics might after all turn out not to be conservative because it might "conceivably" be inconsistent. The weak reply to this objection is that a proof of the inconsistency of classical mathematics that would motivate a revision of mathematical theories and of mathematical practice is highly unlikely. Of course, Field offers more than a quasi-inductive reason for the belief that classical applied mathematics is consistent.

The key point here is that the conservativity of number theory and ZF is an (almost direct) consequence of their consistency, i.e., of Robinson's joint consistency theorem. It hardly matters whether such theories are true. What matters is that a mathematics that applies conservatively to a nominalized physical theory is modellable in ZF, and that the conservativity claim we need for the vindication of nominalism follows from the consistency of ZF. If conservativity is secured in this way, i.e., if it can be shown that the gap between the consistency of classical mathematics and its conservativity is that narrow, then both consistency and conservativity are indeed sufficient for the purpose of application.

It must be noted that no matter how narrow the gap might be, and although some form of elegance and beauty might be preserved in the cases covered 1 . The predicate "M(x)" means intuitively "x is a mathematical entity." See the first part of this article, sect 2, p. 68. in Field's account (in the arithmetical, the geometrical, and the Newtonian gravitational theory cases), the consistency of set theory that allows us to use mathematics conservatively is something we must assume. We must assume that the usual axiomatizations of set theory are indeed consistent (and we know from Gödel and Church respectively that if ZF were to be proved consistent, it would be incomplete and undecidable). So the avoidance of abstract counterparts that prima facie refer to numbers and the obtaining of "concrete" conclusions using the homomorphisms with those counterparts is secured at a cost. "Descending back to the concrete" requires us to find a consistent mathematical structure that allows us to prove the existence of structurepreserving mappings from nominalistically respectable concreta to the abstract structure.

Nominalistically respectable inferences and derivations are deemed correct and truth-preserving only provided that we may obtain the very same results without ascent into the abstract, so that the secured homomorphisms are just convenient devices. The epistemic cost of not ascending into the abstract must be evaluated in terms of what it must take to prove a "representation theorem." The proof must establish that for any model of the appropriate axiom system, there is a function that satisfies the appropriate "homomorphism conditions," mapping whatever nominalistically respectacle objects one needs in a nominalistically respectable derivation onto whatever platonistically respectacle objects one needs in a downright platonistic derivation. Although it would certainly be unjust to object that the vindication of nominalism thus conceived rests on the assumption that ZF is consistent, or on Gödel and Cohen's relative consistency proofs (because these may be turned into relative conservativeness proofs), it seems fair to note that the epistemic cost of showing that classical mathematics isn't true but merely useful in deducing "concrete conclusions" from carefully crafted nominalistic or nominalized theories is high indeed, both in terms of the derivations themselves and of their theoretical background.

Debunking

What is debunking? To debunk is to expose what was formerly held to be both true and warrant-ed as false and of vastly exaggerated value. When you debunk a belief or a theory, you don't merely expose the pretension of falseness, you somewhat ridicule the belief or the "theory" you take not to be a genuine one by undermining it in a strong way. In the particular case we're looking at, the debunking strategy purports to undermine both the mathematical beliefs and the claim that there are grounds in their favor by exposing their common causal origin. The causal origin disclosed by the explanation of how we come to have such beliefs is supposed to play an epistemic role with respect to both aspects of the undermining. The fact that the beliefs-cumjustifications exhibit a given causal pattern (or perhaps the fact plain and simple that they are caused) is supposed to provide sufficient grounds for rejecting both the beliefs and the justifications in their support as equally unwarranted, that is, as not constituting knowledge.

In particularly cutting versions of the strategy, the argument purports to denounce both as preposterous, perhaps even as irrational, i.e., as clearly not controlled or governed by reason, or by considerations that appeal to objective grounds and rationales. There's a lesson to be learned here, and the epistemic lesson is that one's confidence in the beliefs and their justifications must decrease as much as possible and possibly reach 0 on the scale from 1 (certainty that the beliefs are true and their justifications genuine) to 0 (certainty that the beliefs are false and their justifications spurious). The intermediate degrees of confidence exhibit one's particular sensitivity to the (alleged) force of the debunking argument.

What causes us to have the mathematical beliefs that we have? A number of simplistic answers may come to mind. One factor is their outstanding success. We successfully apply mathematics in a wide array of cases and that gives us reason to believe that the mathematical beliefs we happen to have are both true and warranted. We might argue counterfactually on this particular point: How could false mathematical results be successfully applied? Try to apply 2+2=5 and see what happens.

Another factor is provided by proofs and computations. We obtain the mathematical results we believe to be true and correct by the appropriate mathematical means, and this is how we come to secure our mathematical beliefs. A similar kind of argument might apply: How could we secure mistaken mathematical beliefs with proofs and computations that have stood the test of time? Try to add 2 and 2 with an addition that misbehaves-that behaves like, say, Kripke's quaddition. Unless, of course, proofs and computations are themselves defective and not to be trusted, i.e., unless we are mistaken about what we take to be the appropriate mathematical means to establish our mathematical results.

To address debunking properly, one must therefore distinguish (i) the mathematical beliefs that we have from (ii) the means by which we come to justify the mathematical beliefs that we have, and both from (iii) the philosophical arguments we devise to show that a particular account of our having (i) and of possessing (ii) is the true and correct one.

The debunking strategy targets (i)-(iii) for different reasons, with distinct albeit closely related arguments. One may see how the strategy is supposed to work by expressing the problem in terms of the relation between the content of our beliefs, their causal origin, and our second order views about such contents.

Suppose the content of our mathematical beliefs, say the content of the belief that 2+2=4, plays a role in the explanation that we have of our having that belief. The advocate of the debunking strategy argues that since the best explanation involves causal patterns and evolutionary advantages, the belief is undermined. This is sometimes contended by way of an analogy with moral or evaluative beliefs.

The analogy typically appeals to counterfactuals and works as follows. Just as the evolutionary origin of our evaluative beliefs is supposed to undermine the confidence we have both in the beliefs as such and in whatever we appeal to in order to justify them (maximum utility, religious prescriptions, the pure consideration of a moral law to the exclusion of any consideration that would de facto count as external, etc.), the causal origin of our mathematical beliefs is supposed to undermine the confidence we have both in the beliefs as such and in the particular means we appeal to when justifying our mathematical results. Why? Advocates of the Evolutionary Debunking Argument for moral beliefs argue in the following way: Had the contents of our moral beliefs been false (or perhaps neither true nor false) because of the absence of moral facts or of whatever would make our evaluative beliefs warrentedly true, we still would have the very same beliefs with the very same contents. We have them and judge them to be worthy of our approval not because of their truth or because of any genuine justification we possess in their favor, but because it has benefited our ancestors to have them and because, throughout the causal evolutionary process, we have nolens volens and unbeknownst to us inherited these beliefs for the very same reason-the term "reason" referring in this instance to something purely mechanical or factual, i.e., to something that excludes any contribution on our part in terms of an appeal to grounds, purpose, or justification. These beliefs, whether true, false, or neither, whether justified or not, or beyond justification, have kept providing us with the very same benefits.

So, the argument goes, our evaluative beliefs have no truck with truth. The very fact that their content appears in the causal explanation of why we have them suffices to free these beliefs from the clutches of the semantic notion of truth. Does this evolutionary speculation (or established evolutionary fact), which appeals to benefits as opposed to truth, establish what the advocate of the Evolutionary Debunking Argument would like it to establish, namely that just because natural selection makes us believe certain moral contents independently of their truth or their correspondence to moral facts, these contents are spurious or of no intrinsic value? Does it thereby follow that they are false, or neither true nor false? Are they, just for that reason, not in the market for truth, or not in the market for either truth or falsity?

Hardly so. At this point, a confusion lurks in the argument concerning the distinction between standpoints one may wish to defend regarding (i), (ii), and (iii).

Think in particular of a different but closely related consideration. One could hold a moral view, the view that, say, killing one's offspring is wrong, or hold a mathematical belief, say the belief that 2+2=4, and rest content with evolutionary speculations (or established evolutionary facts). One could have these beliefs and deny that there are either moral facts or mathematical facts that make them true. Should one then move to the level of (ii) to be presented with a causal explanation of the evolutionary advantage of securing the well-being of one's offspring, or of the evolutionary advantage of the mathematical practice that allows us to prove or conclude that 2+2=4 and apply the result of that proof or of that computation, the very same kind of consideration would apply. 2 One could be convinced by the causal explanation and still hold onto one's preferred means of justifying the moral view and to the particular computations or proofs that allow one to establish the arithmetical result.

In other words, one could accept the evolutionary speculation (or established evolutionary theory) and deny that the methods and justifications we appeal to thereby fall into disrepute. The explanation by way of evolutionary advantages doesn't undermine the appeal to say, religious prescriptions or moral law (in the case of moral beliefs), or to arithmetical computations or Peano Arithmetic (in the case of arithmetical beliefs).

As far as morality is concerned, this is of course closely related to the question of relativism in ethics. J. L. Mackie once remarked that one could be thoroughly conventional in one's strict moral views and believe that these are just attitudes others may very well not share (see Mackie 1971: 16). One could also hold a given moral view (either strict or liberal in the sense of open-mindedness and freedom from prejudice or bigotry) and remain agnostic with respect to the evolutionary speculation that would explain why one has that particular view.

In the evaluative case, it might well be psychologically unlikely that one would hold a first order view without being strongly opinionated about the second order one, ie., about the reasons one has to hold the first order view. If you think that killing is wrong whatever the consequences might be, or that slavery is unjust, or that abortion is murder, you usually also believe that you have compelling reasons to view the matters at hand in that particular way, reasons that, more often than not, you are willing to disclose and defend, and that you take to be non negotiable. A strongly held first order view often demands, if only psychologically, or perhaps for sociological or historical reasons, an equally strong second order view with respect to the grounds of the first order view. Now, think of the converse possibility. Mackie argues that one may very well "reject all established morality while believing it to be an objective truth that it was evil or corrupt" (Mackie: loc. cit.). In other words, one may hold a first order view and a second order view that, as it were, don't match psychologically or sociologically (an awkward combination of which there is perhaps no genuine historical example). It looks like, in that case, one shuns the current moral laws or prescriptions of one's community for no particular reason at all, or because one fancies oneself a skeptic about them, but nevertheless agrees that these laws and prescriptions are objectively badalthough agreement at the second order level in fact plays no role in one's first order rejection.

Since the motivation for the rejection isn't based on an argument to the effect that a particular law of prescription is wicked, what is the content of the first order attitude with respect to the second order one?

What is indeed unlikely, at least psychologically in terms of sensibility to the very purpose of morality and as far as choosing certain values rather than others is concerned, is to opt for such a rejection while not caring whether some particular course of action is taken, or some moral judgement voiced for objective reasons rather than for subjective motivations, or because it happens to be customary or fashionable to do so, or on the contrary because once fancies the fashion should be different. In this particular case, the first order rejecter throwing away second order considerations is one dyed-in-the-wool cynic. Diogenes might approve. One rejects all established social norms and behavior not because one believes they are evil or corrupt, but because one happens to dislike them for no particular reason at all. One might have done otherwise and have accepted them after all. Anything goes. Inconsistency lurks in the background.

In the mathematical case, where beliefs do not have the controversial evaluative and subjective component moral beliefs conspicuously have, the situation is of course different. Anyone rejecting a given kind of mathematical practice, e.g., a particular way of proving theorems, may do so for very different kinds of reasons. One may choose, say, to prove theorems of geometry by geometrical means rather than by algebraic ones because of a belief in the purity of methods. But the rejection of certain kinds of proofs might also be motivated by considerations pertaining to the illegitimacy of some of the means by which we come to justify the mathematical beliefs that we have. One may, e.g., decide to reject classical mathematical practice because of a belief that constructive proofs are the only legitimate ones. In this case, the disagreement about the means targets a specific feature of classical proofs, namely the fact that they do not necessarily specify constructions that, at least in principle, we should be able to carry out. The disagreement, which yields a strong repudiation of a given kind of mathematical practice, is thus grounded on a conception of intuitionistic proofs according to which the content of the conclusions of these proofs (i.e., the very content of our mathematical beliefs) must embed the contention that non-constructive proofs may not count as genuine justifications of the very same conclusions.

What is of philosophical interest here, though, is that psychological considerations are nevertheless unhelpful and that they are so for the same reason in both cases, in spite of the fact that psychological considerations and emotive attitudes aren't to be found anywhere in the vicinity of mathematical practice, while the idea of a moral psychology and of a moral behavior brought about by Humean passions makes sense.

As for (iii), why should whatever philosophical argument one may devise to the effect that, say, a platonistic account, or a nominalist one is in order for both (i) and (ii) be threatened by considerations pertaining to debunking?

Since, in the present context, this involves the view that our mathematical beliefs are reliable insofar as they are both safe and sensitive (see Clarke-Doane 2016), let me end this section with a brief comment on truth, safety, and sensitivity. One may consider two epistemological challenges pertaining to mathematical belief formation. One is to show that our mathematical beliefs are safe, i.e., that we could not (at least not so easily) have false mathematical beliefs using the methods we actually use to form these beliefs. Another is to show that our mathematical beliefs are sensitive, i.e., that, had the content of our mathematical beliefs been false, we would have abjured them, using the methods we actually use to form these beliefs. The challenge to be met with respect to the explanation of why we hold the mathematical beliefs that we do, is to show that these beliefs are counterfactually persistent, i.e., that if mathematical truths had been different, or if there had been no mathematical truths at all, our mathematical beliefs would have been correspondingly different.

The construal of the reliability challenge that requires the content of our mathematical beliefs to be both safe and sensitive implies that mathematical truths are both contingent and defeasible. What matters here, the discarding of the necessity of mathematical truths notwithstanding, is that, as far as debunking goes, if it turned out to be impossible, given our cognitive capacities, or because this would involve a contradiction, to show that the content of our mathematical beliefs figure, via some causal explanation or otherwise, into the best explanation of our having them, this would still give us no reason whatsoever to give them up. It would not unless we were also ready to give up the requirement that they must be both safe and sensitive.

Conclusions

It has been argued all along that considerations of parity must play a part in the debate about the role and nature of mathematical explanations vs. the role and nature of non mathematical ones, in particular when they must be counted as being the best, so that competing platonistic and nominalistic devices used in accounts of the usefulness or, on the contrary, of the dispensability of mathematics, may not be treated differently, either epistemically or ontologically. The point was that it must be assessed in both cases which kind of account is more (or, on the contrary, less) ontologically or epistemologically loaded. By Quine's criterion of ontological commitment, any account has commitments. Since both mathematical explanations and proofs, and nominalistic ones, wear such commitments on their sleeves, the fact that we may dispense with number talk, either by way of paraphrase or by way of a conservativeness proof, hardly neutralizes the commitment. We just can't dispense with ontology.

It is sometimes assumed that platonism is a second-best option one accepts as it were by default, a position that would be dismissed just in case a nominalistic alternative to it could be devised. This pre-supposes, of course, that ontological parsimony should be preferred. It isn't clear why it should. In any event, it might be clearer why epistemic parsimony should be preferred. Pragmatic motivations might be called to the rescue: There is no reason to make our life more difficult with certain kinds of derivations or best explanations when an easier course is available. Of course, one might then offer an open question argument: Why should we grant a privilege to epistemological economy as such, or to anything that might imply it has advantages? Perhaps, then, epistemic economy is good sui generis.

In any event, one has no right to complain that there is no privileged neutral point of view from which to judge the advantages and disadvantages of either type of account or explanation. There is no petitio principii at stake in the contention that this is indeed possible. We can't argue that we're always somehow begging the question, either in favor of platonism or in favor of the opposite view. An assessment of the respective merits of these views doesn't necessarily take for granted that platonism offers the only possible account of mathematical truth, or that anti-platonism offers the only possible account of mathematical knowledge.

But sincegiven what has been said in section 5 -we're justified, after all, in holding our mathematical beliefs, the problem must lie elsewhere. We've been concerned with worries that presuppose that classical mathematics and classical reasoning are unproblematic as far as either mathematical knowledge or some nominalistically respectable knowledge that would replace it in best explanations of natural phenomena are concerned.

But suppose that proofs which establish the existence of something by providing the effective means of finding it, as is the case of constructive proofs, provide an insight that classical proofs conspicuously fail to provide. In a nutshell, a constructive proof of a closed statement of the form '(∃x) Fx' with the bound variable ranging over the natural numbers, either proves a specific instance A(n) or provides, at least in principle, an effective means for finding one. Now, a classical logician or mathematician might prefer constructive proofs for particular reasons. But the intuitionistic logician or mathematician believes he has no choice: Proofs must be constructive.

Of course, we're now looking at a kind of worry that is different from the one concerned with the availability of nominalistic derivations and best explanations. We're dealing with disputes that happen to be of a quite different nature. There is, on the one hand, the question whether platonism may be vindicated by an inference to the best explanation of mathematical success or, on the contrary, whether anti-platonism may be vindicated by the possibility of explaining the applicability of mathematics and of providing explanations of natural phenomena by nominalistic means. There is, on the other hand, the question whether classical proofs and classical reasoning should be preferred to constructive ones. This constitutes a second dispute, clearly distinct from the first, and one might complain that the dispute regarding the classical vs. the non classical character of proofs has no bearing on the one we've been concerned with so far.

Let me briefly suggest that it isn't so and that the two disputes aren't as unrelated as it may seem at first blush.

Whatever the theoretical role of a classical explanatory proof may turn out to be, it must indeed be different from that of an intuitionistic explanatory proof, or from that of a proof or derivation which resorts to conservative mathematics only. The role must be played differently, i.e., it must yield a different explanation of a natural phenomena.

This suggests that we want to distinguish two kinds of explanations : the explanation of why classical mathematics is conservative from the explanation of why intuitionistic mathematics is conservative. Likewise, we may want to distinguish the explanation of why a geometrical classical explanation of some natural phenomenon does the job, perhaps even a better job than the numerical one, from the explanation of why a geometrical intuitionistic explanation of the same natural phenomenon has the same advantages.

So what are the question-begging assumptions regarding the nature and validity of proofs that the claim to the effect that nominalistic proofs do play their theoretical role is guilty of?

If it were shown that mathematics isn't conservative, or has no genuine platonistic claims embedded in it, or need not be intuitionistic, the result would have deep implications regarding what we must argue for in order to establish that some suita-ble theoretical role is played. The scrutiny might show that nominalistically respectable proofs, or classically respectable proofs, or conservatively respectable proofs, happen not to be on a par with respect to playing a theoretical role.

This suggests that, because both the validity and the nature of proofs and derivations might differ in each case, the cost of undermining platonism is different from the cost of undermining nominalism or, for want of a better phrase, from that of undermining conservativism.

The differences will be brought about by features that might surface at different levels: at the level of applied number theory and applied geometry, but also at the level of logic. To show that there is indeed a difference and, moreover, that it matters a great deal as far as our problem is concerned, requires further inquiry. What I'm suggesting here is that the difference must matter for reasons that have to do with the most basic features of, respectively, classical proofs and intuitionistic proofs, namely their logic.

Just modify (ii) so that it reads "the means by which we come to justify the moral beliefs that we have" to cover the moral case.