
HAL Id: hal-03372984
https://hal.science/hal-03372984

Submitted on 11 Oct 2021

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

End-to-End Mutual Coupling Aware Communication
Model for Reconfigurable Intelligent Surfaces: An

Electromagnetic-Compliant Approach Based on Mutual
Impedances

Gabriele Gradoni, Marco Di Renzo

To cite this version:
Gabriele Gradoni, Marco Di Renzo. End-to-End Mutual Coupling Aware Communication Model
for Reconfigurable Intelligent Surfaces: An Electromagnetic-Compliant Approach Based on Mutual
Impedances. IEEE Wireless Communications Letters, 2021, �10.1109/LWC.2021.3050826�. �hal-
03372984�

https://hal.science/hal-03372984
https://hal.archives-ouvertes.fr


1

End-to-End Mutual Coupling Aware Communication Model for Reconfigurable Intelligent
Surfaces: An Electromagnetic-Compliant Approach Based on Mutual Impedances

Gabriele Gradoni, Member, IEEE and Marco Di Renzo, Fellow, IEEE

Abstract—Reconfigurable intelligent surfaces (RISs) are an
emerging technology for application to wireless networks. We
introduce a physics and electromagnetic (EM) compliant commu-
nication model for analyzing and optimizing RIS-assisted wireless
systems. The proposed model has four main notable attributes:
(i) it is end-to-end, i.e., it is formulated in terms of an equivalent
channel that yields a one-to-one mapping between the voltages
fed into the ports of a transmitter and the voltages measured at
the ports of a receiver; (ii) it is EM-compliant, i.e., it accounts
for the generation and propagation of the EM fields; (iii) it is
mutual coupling aware, i.e., it accounts for the mutual coupling
among the sub-wavelength unit cells of the RIS; and (iv) it is
unit cell aware, i.e., it accounts for the intertwinement between
the amplitude and phase response of the unit cells of the RIS.

Index Terms—Wireless, reconfigurable intelligent surfaces.

I. INTRODUCTION

Reconfigurable intelligent surfaces (RISs) are an emerging
and promising software-defined technology for enhancing the
performance of wireless networks at a low cost, power, and
complexity [1], [2]. An RIS consists of a large number of
inexpensive and nearly-passive scattering elements that can be
configured to customize the propagation of the radio waves [3].

For analyzing and optimizing RIS-aided wireless systems,
sufficiently realistic and accurate yet tractable communication
models that account for the physics and electromagnetic (EM)
properties of the scattering elements of the RIS are needed.
This is an open research issue, and only a few EM-compliant
models for RIS-assisted wireless systems are available to date
[4]-[7]. In [4], an experimentally-validated path-loss model
for a non-homogenizable RIS is proposed. In [5], a path-loss
model for a homogenizable RIS is introduced by using the
vector theory of scattering. In [6], an approach for modeling
the interplay between the amplitude and phase response of a
lossy unit cell is proposed. In [7], the mutual coupling among
the active radiating elements of a large surface is investigated.

These research works are noteworthy but tackle specific is-
sues in isolation, and do not provide an operational and end-to-
end communication model for analyzing and optimizing RIS-
assisted wireless systems, in which the impact of the EM fields
and of the currents impressed and induced on the radiating
elements can be explicitly identified. In this letter, we tackle
these fundamental issues by introducing a new physics- and
EM-compliant communication model for RIS-assisted wireless
systems. The proposed approach has four main attributes: (i)
it has its foundation on the laws of electromagnetism for
the generation, propagation, and scattering of the EM fields;
(ii) it accounts for the intertwinement between the amplitude
and phase response and for the mutual coupling between the
radiated EM fields and the current induced on closely spaced
scatterers; and (iii) it yields a one-to-one mapping between
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Fig. 1: System-model.

the voltages measured at the ports of a multi-antenna receiver
and the voltages impressed at the ports of a multi-antenna
transmitter. Thus, the proposed communication model is end-
to-end, EM-compliant, mutual coupling and unit cell aware.

More specifically, we introduce a circuit-based communica-
tion model for RIS-assisted wireless systems that is based on
the mutual impedances between all existing radiating elements
(transmit/receive antennas, passive scatterers) [8]. We prove
that the impact of (i) the incident EM fields (impressed by
a generator or scattered/induced); (ii) the voltage generators
at the transmitter and the load impedances at the receiver;
and (iii) the tunable load impedances that control the passive
scatterers of the RIS is jointly taken into account, and is
explicitly unfolded and individually observable in the proposed
end-to-end communication model. To the best of our knowl-
edge, this letter introduces the first complete EM-compliant
communication model for RIS-aided wireless systems.

Notation: Vectors and matrices are denoted in bold font; ẑ
is the unit-norm vector z; j =

√
−1 is the imaginary unit;

ε0 and µ0 are the permittivity and permeability in vacuum;
c0 = 1/

√
ε0µ0 is the speed of light; η0 =

√
µ0/ε0 is the

characteristic independence in vacuum; f is the frequency;
ω = 2πf is the angular frequency; λ is the wavelength; k0 =
2π/λ is the wavenumber; δ(·) is the Dirac delta function; ∂2z
denotes the second-order partial derivative with respect to z;
and · denotes the scalar product between vectors.

II. SYSTEM MODEL

We consider the wireless system in Fig. 1, in which a
transmitter with Nt antennas and a receiver with Nr antennas
communicate through an RIS that is made of Nris = M ×N
passive scatterers. The locations of the tth transmit antenna,
rth receive antenna, and sth passive scatterer are rξ =
xξx̂ + yξŷ + zξẑ for ξ = {t, r, s}. For illustrative purposes,
the transmit antennas, the receive antennas, and the passive
scatterers are cylindrical thin wires of perfectly conducting
material whose length is l and whose radius a � l is finite
but negligible with respect to l (thin wire regime). The inter-
distance between adjacent radiating elements is denoted by d.
For generality, we consider three distinct triplets (lξ, aξ, dξ).
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All thin wires are parallel to the ẑ-axis. The proposed model
is general enough for application to different types of anten-
nas, passive scatterers, spatial distributions, provided that the
radiating elements are minimum scattering antennas [8].

A. Transmitter Modeling
Each transmit antenna is fed by an independent voltage

generator VGt, t = 1, 2, . . . , Nt, according to the delta-
gap model [9, Eq. 8.28] that imitates an antenna fed by
a transmission line. As shown in Fig. 1, the generator is
applied between the lower and upper halves of the transmit
antenna across a short gap of negligible size. The voltage
generator has an internal impedance ZGt, and, therefore, the
current flowing through the port of the transmit antenna is
ITt = (VGt−VTt)/ZGt, where VTt is the voltage at the input
of the port. In our system model, VGt and ZGt are given, and
ITt and VTt are variables to be determined as elaborated next.

B. Receiver Modeling
Each receive antenna is connected to an independent load

impedance ZLr, r = 1, 2, . . . , Nr. Therefore, the relation
between the voltage drop across the load, VLr, and the current
flowing through the load, ILr, is ILr = −VLr/ZLr. Since
the load impedance is assumed to be infinitesimally small,
this model is usually referred to as the impedance delta-gap
model. In our system model, ZLr is given, and ILr and VLr
are variables to be determined as elaborated next.

C. RIS Modeling
The RIS is modeled as a collection of Nris passive scat-

terers. Each passive scatterer is a cylindrical thin wire of
perfectly conducting material, which is connected, between
the lower and upper halves of the wire, to a tunable load
ZSmn, m = 1, 2, . . . ,M and n = 1, 2, . . . , N . Similar to
the receiver, the relation between the voltage drop across the
load, VSmn, and the current flowing through the load, ISmn,
is ISmn = −VSmn/ZSmn. Also, ZSmn is given, and ISmn and
VSmn are variables to be determined as elaborated next.

By appropriately optimizing the tunable loads ZSmn, one
can adaptively configure the scattered EM fields. Assuming,
e.g., that each tunable load is a positive intrinsic negative
(PIN) diode, the corresponding impedance is ZSmn = RSmn+

jωLSmn and ZSmn = Z
‖
Smn + jωLSmn with 1

/
Z
‖
Smn =

1/RSmn + jωCSmn for forward and negative bias implemen-
tations, respectively, where RSmn, LSmn, and CSmn are the
resistance, inductance, and capacitance of the PIN diode. By
varying the inductance and/or the capacitance, one can recon-
figure the response of each passive scatterer. The resistance
usually accounts for the internal losses of the PIN diode.

D. Modeling Assumptions and Methodology
Our objective is to introduce a physics- and EM-compliant

communication model for RIS-assisted communications that
is accurate but tractable and insightful enough for application
to wireless systems. Due to the complexity of the generation,
propagation, and scattering of the EM waves, some assump-
tions are necessary. In this section, we clarify the assumptions
of our system formulation, by focusing on the transmission,
interaction, and detection of the EM waves in free space. The
generalization to random media is postponed to a future work.

An antenna, whether transmitting or receiving, is driven by
an external electric field that acts as a source. Based on Section
II-A, a transmit antenna is driven by a voltage generator that is
applied to its port. Thus, the source electric field is determined
by the voltage generator. A receive antenna, e.g., for the
receiver and the RIS in Sections II-B and II-C, respectively, is
driven by the external electric field (generated by any physical
source, e.g., a transmit antenna driven by a voltage generator)
that impinges upon it. In both cases, the source electric field
is referred to as the incident field and is denoted by E(inc).
This incident field induces a current on the antenna, either in
transmit or receive mode, and the induced current generates,
in turn, its own electric field that is radiated away from the
antenna. This electric field is referred to as the radiated field
and is denoted by E(rad). For any antenna, thus, the electric
field at any observation point, r, is the sum of the incident
and radiated fields, i.e., E(r) = E(inc)(r) + E(rad)(r).

Given E(inc), the key component to develop an EM-
compliant communication model lies in determining the dis-
tribution of the current induced on (the surface of) each
radiating element. This current distribution is determined by
the boundary conditions of the electric field on the surface
of each antenna. When the radiating elements are made of
perfectly conducting material, the boundary conditions impose
that the tangential component of the electric field vanishes on
the surface of the antenna. In Fig. 1, the thin wire antennas are
parallel to the ẑ-axis. Thus, the tangential component of the
electric field is Ez(r) = E(r)·ẑ = E(inc)(r)·ẑ+E(rad)(r)·ẑ =

E
(inc)
z (r)+E

(rad)
z (r), and the boundary conditions at any point

on the surface, rS , of any (transmit or receive) radiating ele-
ment impose Ez (rS) = 0, i.e., E(rad)

z (rS) = −E(inc)
z (rS).

Consider a generic radiating element located at rξ. The
tangential component of the incident field on its surface,
E

(inc)
z (rS), is, thus, sufficient for computing the distribution

of the current. Let I (z′), for zξ − l/2 ≤ z′ ≤ zξ + l/2, be the
(unknown) surface current. Under the thin wire regime, I (z′)
is distributed only along the ẑ-axis, i.e., I (z′) ≈ Iz (z′) ẑ, and
it is solution of Pocklington’s equation [9, Eq. (8.22)]:∫ zξ+l/2

zξ−l/2
Iz (z′)

(
∂2z + k20

)
G (z, z′) dz′ = cPE

(inc)
z (rS) (1)

where G (z, z′) = exp (−jk0R (z, z′))/R (z, z′) is the Green

function, R (z, z′) =

√
(z − z′)2 + a2, cP = −j4πωε0, and

the constraint that Iz (z′) vanishes at the two ends of the
antenna, i.e., Iz (−l/2) = Iz (l/2) = 0 needs to be imposed.

The exact solution of (1) usually requires numerical meth-
ods, e.g., the method of moments [9]. Under the considered
assumptions of minimum scattering radiating elements and
thin wire regime, however, the current Iz (z′) in (1) can be
approximated with the following sinusoidal function [8], [9]:

Iz (z′) ≈ I (zξ) sin (k0 (l/2− |z′ − zξ|))/sin (k0l/2) (2)

where zξ − l/2 ≤ z′ ≤ zξ + l/2 and I (zξ) is the current that
flows through the port of the antenna. Based on Sections II-A-
II-C, I (zξ) is equal to ITt, ILr, and ISmn for the transmitter,
receiver, and RIS, respectively. In particular, I (zξ) is unknown
and is a variable to be estimated. This is discussed next.
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The approximation for Iz (z′) in (2) assumes that the current
density on each thin wire radiating element is not influenced
by the proximity of other radiating elements. However, (2) can
be applied to isolated and closely spaced radiating elements.
The accuracy of (2) is substantiated in [8, Sec. III-C] with
the aid of full-wave numerical simulations. In [8, Fig. 11], in
particular, it is shown that the approximation in (2) is accurate
for typical values of sub-wavelength inter-distances [3]. We
emphasize that the analytical frameworks developed in the
following sections rely only on the approximation for Iz (z′)
in (2) and on the assumption of thin wire regime (a� l). No
additional approximations or assumptions are employed.

III. IMPEDANCE-BASED MUTUAL COUPLING MODELING

In this section, we introduce three enabling results: (i)
we compute the electric field that is radiated by an isolated
antenna; (ii) we introduce the concept of self and mutual
impedances; and (iii) we calculate the voltage observed at the
ports of a pair of coupled (transmit and receive) antennas.

We consider two arbitrary antennas χ = {p, q}, which are
characterized by the pair (lχ, aχ) and whose locations are rχ
= xχx̂ + yχŷ + zχẑ. χ operates in transmit or receive mode,
and, in either cases, the current on its surface is Iz,χ (z′) ≈
I (zχ) sin (k0 (lχ/2− |z′ − zχ|)) / sin (k0lχ/2) in (2).

A. Isolated Antenna: Radiated Electric Field
Based on Section II-D, we need to compute only the tan-

gential component of the electric field radiated by χ. This field
evaluated at the observation point r is denoted by E(rad)

z,χ (r).
Lemma 1: Consider the transmit antenna p. Under the thin

wire regime, E(rad)
z,p (r) is equal to (cE = −jη0/ (4πk0)):

E(rad)
z,p (r) = cE

∫ zp+lp/2

zp−lp/2
Fp (r, z′)Gp (r, z′) Iz,χ (z′) dz′ (3)

where Gp (r, z′) = exp (−jk0Rp (r, z′))/Rp (r, z′) with

Rp (r, z′)=
√
a2p + (z − z′)2 if (x, y)=(xp, yp) and R (r, z′)

=
√

(x− xp)2 + (y − yp)2 + (z − z′)2 if (x, y) 6=(xp, yp), and

Fp (r, z′) =
(z − z′)2

R2
p (r, z′)

(
3

R2
p (r, z′)

+
3jk0

Rp (r, z′)
− k20

)
− (jk0 + 1/Rp (r, z′))/Rp (r, z′) + k20

(4)

Proof: From Maxwell’s equations, the radiated electric
field is E

(rad)
z,p (r) =−cE

(
∂2z + k20

)
Vz,p (r) [9, Eq. (3.15)],

where Vz,p (r)=
∫ zp+lp/2
zp−lp/2 Gp (r, z′) Iz,p (z′) dz′ is the normal-

ized magnetic potential, and, under the thin wire regime,
Gp (r, z′)≈(2π)

−1 ∫ 2π

0
exp (−jk0Rp (r, z′))/Rp (r, z′)dz′.

B. Self and Mutual Impedances
Consider the radiating elements p and q, either in transmit

or receive mode, and let Iz,p (z′) and Iz,q (z′′) be the currents
on the surface of p and q, respectively. When p and q are
close to each other, whether in transmit or receive mode, some
energy created locally within a specific antenna may reach and
influence the boundary field of the other antenna. For example,
part of the energy radiated from p impinges upon q and excites
some currents, which, in turn, generate a scattered field that
impinges upon p and excites other currents. This interchange

of energy is known as mutual coupling. This effect, which is
especially relevant in RISs whose passive scatterers are closely
spaced, can be quantified through the mutual independence
Zqp that characterizes the mutual coupling induced by p on q.

Definition 1: Let E(rad)
qp (z′′) = E

(rad)
z,p

(
rSq
)

be the electric
field in (3) that is radiated by p and is observed on the surface
Sq of q, where rSq = xqx̂+yqŷ+z′′ẑ with zq− lq/2 ≤ z′′ ≤
zq + lq/2 under the thin wire regime. Zqp is defined as:

Zqp = − 1

I (zq) I (zp)

∫ zq+lq/2

zq−lq/2
E(rad)
qp (z′′) Iz,q (z′′) dz′′ (5)

The self impedance Zpp is obtained from (5) by setting
q = p. By virtue of reciprocity, Zpq = Zqp in vacuum.
An important property of Zqp is that it depends only on the
geometry of the radiating elements, as formalized below.

Lemma 2: Zqp can be explicitly formulated as follows:

Zqp =

∫ zq+lq/2

zq−lq/2

∫ zp+lp/2

zp−lp/2
gqp (z′, z′′) Ĩz,p (z′) Ĩz,q (z′′) dz′dz′′

(6)
where Ĩz,χ (z′) = sin (k0 (lχ/2− |z′ − zχ|)) / sin (k0lχ/2)
and gqp (z′, z′′) = jη0(4πk0)

−1Fp
(
rSq , z

′)Gp (rSq , z′).
Proof: It follows by inserting (3) in (5).

From (6), we evince that Zqp is independent of the (un-
known) currents I (zχ) that flow through the ports of χ =
{p, q}. This confirms that Zqp depends only on the geometry
of the antennas and is independent of the voltage generators
and the (tunable) loads. Thus, it can be precomputed once
and then used for different RIS-assisted wireless systems. The
usefulness of Zqp will become apparent in further text.

C. Pair of Antennas: Two Transmit Antennas
Consider the antenna elements p and q, and assume that

they both operate in transmit mode. Thus, they are fed by two
generators VGp and VGq as described in Section II-A. The
objective of this section is to compute an explicit analytical
relation between the voltages VTp and VTq and the currents
ITp = I (zp) and ITq = I (zq) as a function of the mutual
coupling between p and q. This is possible by using the self
and mutual impedances Zqp, as stated in the following lemma.

Lemma 3: Consider two transmit antennas p and q. The
voltages and currents at their ports are interwoven through the
following linear system (known as constitutive equations):{

VTp = ZppITp + ZpqITq

VTq = ZqpITp + ZqqITq
(7)

where Zqp is the mutual impedance in (6).
Proof: From Maxwell’s equations, the radiated electric

field on the surface Sq of q, i.e., evaluated at rSq = xqx̂ +
yqŷ + z′′ẑ with zq − lq/2 ≤ z′′ ≤ zq + lq/2 under the thin
wire regime, is equal to E

(rad,mc)
z,q

(
rSq
)

= E
(rad)
z,p

(
rSq
)

+

E
(rad)
z,q

(
rSq
)

in the presence of p, where “mc” stands for
mutual coupling and the two addends can be computed from
(3). By definition of delta-gap model, the voltage generator
is modeled as an incident electric field that is non-zero
just outside the surface of the gap, while the gap itself is
filled with a perfectly conducting material. Therefore, the
incident electric field on Sq is E(inc)

z,q

(
rSq
)

= VTqδ (z′′ − zq),



4

and the boundary conditions for perfectly conducting wires
apply to the entire surface Sq of q. For perfectly conducting
wires, in particular, the boundary conditions on Sq impose
E

(inc)
z,q

(
rSq
)
+E

(rad,mc)
z,q

(
rSq
)

= 0, which yields E(rad)
z,p

(
rSq
)

+E
(rad)
z,q

(
rSq
)

= −VTqδ (z′′ − zq). Consider the integral:

Jq = − 1

Iz,q (zq)

∫ zq+lq/2

zq−lq/2
E(rad,mc)
z,q

(
rSq
)
Iz,q (z′′) dz′′ (8)

From (5), by definition, we obtain Jq = ZqpITp +
ZqqITq. From the boundary conditions, we obtain Jq =

− 1
Iz,q(zq)

∫ zq+lq/2
zq−lq/2 (−VTqδ (z′′ − zq)) Iz,q (z′′) dz′′ = VTq.

By comparing these two results, the second equation in (7)
is proved. The first equation follows mutatis mutandis.

D. Pair of Antennas: One Transmit and One Receive Antenna
Consider the antenna elements p and q that operate in

transmit and receive mode, respectively. Therefore, p is driven
by a voltage generator according to Section II-A and the port
of q is connected to a load impedance according to Sections
II-C and II-B. The relation between the voltages VTp and VLq
or VSmn and the currents ITp = I (zp) and ILq = I (zq) or
ISmn = I (zq) at the ports of p and q is given as follows.

Lemma 4: Consider one transmit antenna p and one re-
ceive antenna q. The voltages and currents at their ports are
interwoven through the following system of linear equations:{

VTp = ZppITp + ZpqIq
Vq = ZqpITp + ZqqIq

(9)

where Vq = VLq and Iq = ILq for the receiver, Vq = VSmn

and Iq = ISmn for the RIS, and Zqp is given in (6).
Proof: It is similar to the proof of Lemma 3 with the

main difference that q operates in receive mode, i.e., q is
not driven by a voltage generator but is connected to a load
impedance. The voltage drop across the load impedance can
be viewed as generated by an incident electric field that is
non-zero just outside the surface of the gap occupied by the
load, while the gap itself is filled with a perfectly conducting
material. By definition, the equivalent incident electric field is
E

(inc)
z,q

(
rSq
)

= Vqδ (z′′ − zq) with Vq given in Sections II-B
and II-C. The rest of the proof is the same as Lemma 3.

IV. END-TO-END COMMUNICATION MODEL

In this section, based on the enabling results proved in
Lemmas 3 and 4, we introduce an end-to-end communication
model for RIS-assisted communications that accounts for an
arbitrary number of coupled antenna elements at the transmit-
ter and receiver, and passive scatterers at the RIS. Some special
system setups are analyzed to gain engineering insights.

A. End-to-End Equivalent Channel Model
Let VG be the Nt × 1 vector whose tth entry is VTt and

VL be the Nr × 1 vector whose rth entry is VLr. The term
end-to-end communication model is referred to an analytical
framework that formulates VL as a function of VG. More
precisely, we wish to find an Nr × Nt matrix, HE2E, such
that VL = HE2EVG. The matrix HE2E, which is referred
to as end-to-end equivalent communication channel, accounts
for the transmit and receive antenna elements, the passive
scatterers of the RIS, the load impedances at the receiver, and,

more importantly, the tunable load impedances of the RIS. The
matrix HE2E is given in the following theorem.

Theorem 1: Let ZXY be the Nx×Ny matrix whose (x, y)th
entry is the mutual impedance in (6) between the xth and yth
radiating elements of X and Y, where X,Y = {T,S,R} and
Nx,Ny = {Nt,Nris,Nr}, and T, S, R identify the transmitter,
the RIS, and the receiver, respectively. HE2E is as follows:

HE2E =
(
INr×Nr

+ PRSRZ−1L −PRSTP−1GTSTPTSRZ−1L

)−1
×PRSTP−1GTST (10)

where INr×Nr
denotes an Nr ×Nr identity matrix, ZG is the

Nt ×Nt diagonal matrix whose (t, t)th entry is ZGt, ZRIS is
the Nris × Nris diagonal matrix whose (mn,mn)th entry is
ZSmn, ZL is the Nr×Nr diagonal matrix whose (r, r)th entry
is ZLr, PGTST = ZG + PTST, and:

PXSY = ZXY −ZXS(ZRIS + ZSS)
−1ZSY (11)

Proof: Let VT and IT be the Nt×1 vectors whose
tth entries are VTt and ITt, so that VT = VG − ZGIT;
IL be the Nr × 1 vector whose rth entry is ILr so that
VL=−ZLIL; and VS and IS be the Nris×1 vectors whose
mnth entries are VSmn and ISmn, so that VS=−ZRISIS. The
proof is obtained in two steps. (i) The proofs of Lemmas 3
and 4 are applied to the system with Nt transmit antennas,
Nr receive antennas, and Nris passive scatterers. This yields
V = ZI, where V = [VT,VS,VL], I = [IT, IS, IL], and
Z = [ZTT,ZTS,ZTR;ZST,ZSS,ZSR;ZRT,ZRS,ZRR] are
block matrices. (ii) The system of equations V=ZI is solved
using VT=VG−ZGIT, VL=−ZLIL, and VS=−ZRISIS.

The matrix HE2E is an EM-compliant end-to-end multiple-
input multiple-output communication channel model that can
be utilized to quantify the advantages and limitations of RISs.
By computing, e.g., the rank, the eigenvalues, and the eigen-
vectors of HE2E, the multiplexing vs. diversity tradeoff of
RIS-assisted systems can be unveiled. In particular, the matrix
of tunable impedances ZRIS can be appropriately optimized
for realizing the desired multiplexing vs. diversity tradeoff.

B. Design Insights
HE2E accounts for the mutual coupling among the

(Nr +Nris +Nt) available radiating elements. To substantiate
the consistency of HE2E and to gain engineering insights for
system design, we analyze the following relevant case study.

Corollary 1: Consider (i) Nt = Nr = 1 and (ii) large trans-
mission distances between the transmitter and the receiver, the
transmitter and the RIS, and the RIS and the receiver. Then,
HE2E in (10) is a scalar and simplifies as follows:

HE2E = Y0
(
ZRT −ZRS(ZRIS + ZSS)

−1ZST

)
(12)

where Y0 = ZL(ZL + ZRR)
−1

(ZG + ZTT)
−1, and ZG, ZL,

ZTT, ZRR, ZRT are scalar versions of the associated matrices.
Proof: In the large distance regime, based on (3), the

absolute value of Zqp in (6) for p 6= q decays linearly with the
radial distance between the radiating elements. On the other
hand, Zpp is independent of the radial distance. Then, from
(11), we have PTST ≈ ZTT and PRSR ≈ ZRR. Also, 1 +



5

ZRRZ−1L − (ZG + ZTT)
−1

Z−1L PRSTPTSR ≈ 1 + ZRRZ−1L .
The proof follows from (10), by setting Nt = Nr = 1.

From Corollary 1, the following remarks can be made.
Far-Field Path-Loss. HE2E in (12) is the sum of the line-
of-sight (LOS) link HLOS = ZRT and the virtual LOS link
HVLOS=ZRS(ZRIS + ZSS)

−1ZST. Since the received power
is proportional to PL ∝ |HE2E|2, we retrieve the expected
scaling laws as a function of the transmitter-receiver distance
(rRT), i.e., |HLOS|2∝ r−2RT, and the transmitter-RIS (rST) and
RIS-receiver (rRS) distances, i.e., |HVLOS|2∝ r−2RSr

−2
ST [5].

Reconfigurability of the RIS. HE2E in (12) explicitly depends
on the tunable load impedances ZRIS, which can be appropri-
ately optimized for obtaining the desired performance. It is
worth noting that the intertwinement between the amplitude
and phase response of the individual passive scatterers of the
RIS is inherently accounted for in HE2E through ZRIS [6],
and it depends on the circuital model of the tuning circuit.
Conventional vs. Mutual Coupling Modeling. HE2E in (12)
explicitly accounts for the mutual coupling among the passive
scatterers of the RIS through the mutual impedances ZSS. In
particular, HVLOS =

∑Nris

u=1

∑Nris

v=1 Φ (v, u)ZST (u)ZRS (v),
where ZST (u) and ZRS (v) are the uth and vth entries
of ZST and ZRS, respectively, and Φ (v, u) is the (v, u)th
entry of Φ = (ZRIS + ZSS)

−1. In the absence of mutual
coupling, ZSS is a diagonal matrix and HVLOS simplifies to
H(no coupling)

VLOS =
∑Nris

u=1 Φ (u, u)ZST (u)ZRS (u). The obtained
HE2E subsumes current frameworks that are mutual coupling
unaware, but it allows for the optimization of the tunable loads
of the RIS by accounting for their mutual coupling.
How to Utilize the Proposed Communication Model?
H(no coupling)

VLOS resembles communication-theoretic models that
are formulated in terms of the received signal-to-noise ratio
(SNR) and that are typically used in wireless communications
[10, Eq. (1)]. In particular, Φ (u, u) can be viewed as the
reflection coefficient of the uth passive scatterer (unit cell)
of the RIS. Φ (v, u) in HVLOS has a similar meaning, but
it accounts for the mutual coupling between the unit cells u
and v. The main differences with SNR-based models are: (i)
HVLOS is based on mutual impedances; (ii) HVLOS yields
a one-to-one mapping among the voltages and the currents
that can be measured at the ports of the transmitter and
receiver; and (iii) HVLOS stems directly from Maxwell’s
equations. The analytical similarity with widely used EM-
unaware communication models allows us to use HVLOS for
system optimization by using algorithms similar to those used
for the SNR, with the advantage that the proposed model
is end-to-end, EM-compliant, unit cell aware, and mutual
coupling aware. A tangible example of how to utilize the
proposed model for optimizing the load impedances (i.e., the
tunable circuits) of the RIS can be found in [11].

V. NUMERICAL RESULTS

In this section, we report some numerical results in order to
study the impact of mutual coupling. In Fig. 2, we illustrate

|HVLOS|2 =
∣∣∣ZRS(ZRIS + ZSS)

−1ZST

∣∣∣2 in (12) for Y0 = 1

as a function of the inter-distance d and the number Nris of
scattering elements of the RIS. The setup is the following:
f = 28 GHz, Nt = Nr = 1, rt = (5,−5, 3), rr = (5, 5, 1),
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Fig. 2: Impact of mutual coupling in RIS-assisted transmission.

the RIS is centered at (0, 0, 0) with M = N =
√
Nris, the

transmit and receive antennas and the passive scatterers of the
RIS are identical with a = λ/500, l = λ/32, and ZSmn =
RSmn + jωLSmn with RSmn = 1 Ω and LSmn = 1 nH.

In the considered setup, we observe that the mutual coupling
among the elements of the RIS has a noticeable impact on the
received intensity |HVLOS|2. The results in Fig. 2 substantiate
the need of mutual coupling aware designs, in which the
tunable loads ZSmn are optimized to maximize |HVLOS|2 [11].

VI. CONCLUSION
We have introduced an end-to-end, EM-compliant, mutual

coupling aware, and unit cell aware communication model for
RIS-assisted wireless systems. The proposed model is inher-
ently compatible with conventional communication-theoretic
frameworks and can be leveraged for the physics-compliant
modeling, analysis, and optimization of RIS-assisted commu-
nications. The validation of the proposed model with the aid
of hardware platforms and experimental measurements is a
natural and relevant continuation of the present research work.
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