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aÉcole Centrale de Lyon, 36 Avenue Guy de Collongue, 69134 Écully Cedex, France
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Abstract

This paper investigates the use of a wave-based method in the framework of structural optimisation of composite

panels involving advanced components. The wave/finite element method (WFEM) is used to evaluate the influence of

a core’s geometry on the transition frequency of a sandwich panel involving composite skins. This transition occurs

is a sandwich panel when the transverse shear stiffness has a significant influence on the flexural motion, compared

to the bending stiffness. It follows that the modal density and the acoustic radiation will considerably increase above

this frequency. The periodic waveguide is modelled at the mesoscopic scale using a 3D finite element model of

the unit-cell. Therefore this method does not require an homogenisation of the core based on Gibson and Ashby

formulations to provide the wave dispersion characteristics. Although the cellular cores compared in this study share

the same mass-to-stiffness ratio, a significant alteration of the transition frequency and modal density can be observed

compared to honeycomb cores. A periodic octagonal core is designed, providing up to 70 % increase of the transition

frequency and a significant reduction of the modal density.

Keywords: Honeycomb, cellular core, finite element, sandwich, wave, acoustic, design

1. Introduction

Sandwich panels are extensively used in automotive, naval and aerospace industry. These structures have high

stiffness-to-weight ratios and are usually made of a moderately thick, lightweight core surrounded by glass or carbon-

fibre composite skins. The core can be made of polymer foam or more complex structures involving aluminium or

resin honeycomb constructions. Although the material and geometrical properties of the panel are usually designed to

provide specific stiffness and density characteristics, structural optimisation also concerns acoustic radiation efficiency

in order to improve the acoustic comfort. Therefore, there is an increasing need for reliable optimisation tools for

design engineers, providing fast vibro-acoustic evaluation of large-scaled structures involving composite components.

In this context, the knowledge of accurate wave dispersion characteristics in two laminated orthotropic skins con-

nected by 3D cellular honeycomb core is a key information for the prediction of the acoustic transmission parameters.
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Numerical methods for analysing the vibrational behaviour of complex composite or periodic panels in a broadband

frequency range were extensively investigated in the last decade. Honeycomb sandwich panels were usually modelled

using classical laminate plate (CPLT) of Reissner–Mindlin (FSDT) theories involving three homogeneous layers. An

extensive number of analytical formula for analysing wave dispersion characteristics in two-dimensional waveguides

can be found in the literature (see Reddy [1]), starting with the asymptotic model for analysing wave dispersion in

thick symmetric sandwich panels developed by Kurtze and Watters [2], then later in the classic work of Wilkinson

[3] and Erickson [4]. The prediction of wave propagation characteristics of structurally advanced structures using

analytical models has been a subject of intense research over the past years. Renji et al. [5] introduced a new ana-

lytical formulation providing a core transverse shear stiffness and bending matrices in both directions for orthotropic

honeycomb sandwich panels. Ghinet and Atalla [6] also used an analytical model based on Discrete Laminate Theory

(DLT) to compute the dispersion characteristics of layered structures and obtain their acoustic parameters.

Recently, Guillaumie [7] proposed an analytical solution for the eigenmodes and modal densities of symmetric

sandwich panels involving composite skins and honeycomb core. This model was found to be effective in the low-

and medium-frequency range for moderately thick sandwich structures and was confirmed by experiments. Florence

and Renji [8] also derived explicit solutions for the modal density of composite cylinders.

However, these analytical solutions require a homogenisation of the hexagonal cells of the core based on Gibson

and Ashby formulations [9]. These analytical approaches therefore suffer some drawbacks in the medium-frequency

range, since they cannot handle arbitrarily shaped 3D cells for the core. Besides, these models are often inaccurate

when compared to experimental characterizations in higher frequency range, especially when dealing with complex

industrial products involving thick, multi-layered constructions made of anisotropic glass or carbon fibres skins.

Therefore, numerical methods were recently developed to perform wave analysis in complex periodic waveguides

defined using classical finite element packages (FEM). Among others, the wave finite element method (WFEM) [10,

11] has been successfully applied to predict the radiation efficiency of numerous thick layered structures. Nevertheless,

these models involve homogeneous orthotropic layers for the honeycomb construction, and may become inaccurate

when the wavelengths are reaching the periodic cells dimensions. Although the design optimisation of honeycomb

cells has received a lot of attention recently [12, 13], the dispersion characteristics of sandwich panels involving

realistic composite skins and arbitrarily shaped cores was not investigated to the author’s knowledge.

This paper focuses on the influence of the meso-scale parameters of the core’s construction on the vibro-acoustic

response of the sandwich panel. A special interest is given to the modal density, a typical vibro-acoustic parameter

and the transition frequency, associated with the passage from a behaviour where the flexural wave is ruled by the

skins stiffness to a behaviour where the core’s transverse shear parameters governs the flexural motion. First, finite

element models are developed for the periodic cells. The WFEM, which combines FEM and the Periodic Structures

Theory (PST) is applied to evaluate the wave dispersion characteristics. Since numerous degrees of freedom are

usually involved to ensure accuracy in a broadband frequency range, reduced order modelling (ROM) was recently

investigated for periodic [14, 15] and large-scaled [16] waveguides. A hybrid wave-mode ROM is therefore applied to
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provide suitable computational efficiency. When dealing wit hexagonal cores, the equivalent orthotropic material can

be described using Gibson and Ashby formulations, and the analytical expression of the wavenumber can be derived

for the symmetric sandwich. The possibility to use a regression on the wavenumber function is therefore examined for

various core’s configurations, in order to derive an analytical expression of the transition frequency from the equivalent

bending and shear parameters. Finally, the effects of several geometrical parameters of the core on the modal density

and the transition frequency are investigated.

2. Wave propagation in 2D periodic structures

2.1. The wave finite element method

Numerous formulations of the WFEM were given in the literature. The method is briefly reviewed hereby. Con-

sider a periodic cell of a 2D waveguide of dimensions dx and dy in x and y directions (see Fig. 1), modelled using a

FE software. The mass M, stiffness K and damping C matrices can be extracted and the dynamic stiffness matrix is

written at the circular frequency ω: D = K + jωC − ω2M. The degrees of freedom q (DOF) on the edges, corner and

centre of the cell can be reordered as follows:

q =
[
qT

I qT
B qT

T qT
L qT

R qT
1 qT

2 qT
3 qT

4

]T
. (1)

Figure 1: Top-view of the modelled periodic element with its edge (B, T, R, L), corner (1, 2, 3, 4) and inner (I) degrees of freedom.
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It should be noted that apart from the mesh compatibility between the opposite edges of the unit-cell, the dis-

cretization is arbitrary inside the periodic element. Then using the periodicity relations and Bloch’s theorem [17], a

reduced state vector can be defined using the propagation constants λx and λy in x- and y-directions:

qI

qB

qT

qL

qR

q1

q2

q3

q4



=



I 0 0 0

0 I 0 0

0 Iλy 0 0

0 0 I 0

0 0 Iλx 0

0 0 0 I

0 0 0 Iλx

0 0 0 Iλy

0 0 0 Iλxλy





qI

qB

qL

q1


= Rq′. (2)

Then, denoting kx, ky the wavenumbers in x and y directions, the propagation constants λx = e− jkxdx and λy = e− jkydy

are the solutions of the problem:

RT (λx, λy)DR(λx, λy)q′ = 0. (3)

These solutions describe the propagating and evanescent waves in the periodic waveguide. Each solution (kx, ky, ω)

is associated with an eigenvector Ψ describing the deformed shape of a given wave. The propagating and evanescent

waves can be discriminated from the imaginary parts, since (=(kx),=(ky)) describes wave attenuation in x- and y-

direction, respectively. In dissipative waveguides, all the waves are decaying and a customised selection procedure,

usually based on the value of
|=(k)|
<(k)

can be employed.

2.2. Resolution and post-processing

It should be noted that Eq.(3) is a transcendental eigenvalue problem whose resolution is not straightforward when

internal DOFs are involved. In order to turn this problem into a classical eigenvalue problem, two parameters are

usually given (the circular frequency ω and the wavenumber in one direction: kx or ky). The directional wavenumber

k(θ, ω) can be obtained from the discrete (kx(ω), ky(ω)) solutions. An accurate description of the 2D dispersion curves

(also referred as k-space) hence requires an important number of resolutions of Eq.(3).

In order to enable fast design optimisation, through broadband wave analyses of finely meshed periodic honey-

comb constructions, a reduced formulation of the WFEM (see [18]) is used in the numerical applications. It employs

a projection of the state vector q′ on solution subset involving a reduced number of wave solutions and component

modes of the periodic cell.

The flexural waves can then be discriminated using a wave-matching algorithm. At each frequency step, the wave

shape is compared to the whole set of propagating waves using a MAC criterion. It expresses the correlation between
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two vectors Φi and Φj by:

MAC =
(Φt

iΦ j)(Φt
jΦi)

(Φt
iΦi)(Φt

jΦ j)
. (4)

Therefore, the wavetypes can be sorted and the flexural wave is identified by the transverse vertical motion of

the unit-cell. Although this procedure is not always necessary in lower frequencies it becomes essential for the

identification of the flexural wave in higher frequencies, where numerous high-order (or structural) waves can be

subjected to veering effects and conversions.

Generally, refined angular sampling for k(θ, ω) is necessary for orthotropic or anisotropic structures, which may

exhibit high directivity. Therefore, the modal density can be written using classical Statistical Energy Analysis (SEA)

expression [19]:

n(ω) =

∫ π

0
n(θ, ω)dθ, (5)

where n(θ, ω) denotes the angular distribution of the modal density:

n(θ, ω) =
A

2π2

k(θ, ω)
|cg(θ, ω)|

. (6)

A is the surface area and cg(θ, ω) =
∂ω

∂k
is the group velocity in the direction θ. An equivalent wavenumber

〈
k f (ω)

〉
is defined so that the modal density can be written:

n(ω) =
A
2π

〈
k f (ω)

〉 ∂ω

∂
〈
k f (ω)

〉 . (7)

This expression enables the comparison of scalar solutions of the dispersion relation while ensuring the accurate

computation of the modal density in the 2D structure, since the directivity is taken into account. The averaged

wavenumber can be expressed in terms of the angular wavenumber:

〈
k f (ω)

〉
=

√
1

2π

∫ 2π

0
k2

f (θ, ω)dθ. (8)

The modal density can be also determined by the area integration of the wavenumber space (see Langley [20]). In

case of an elliptic orthotropy along x- and y-directions, the equivalent wavenumber can be defined so that the k-space

areas remain the same: πkxky = π
〈
k f

〉2
. It yields

〈
k f

〉
=

√
kxky.

For a sake of clarity, the equivalent flexural wavenumber < k f (ω) > and group velocity
∂ω

∂
〈
k f (ω)

〉 are simply

denoted k and cg in the following.

2.3. Evaluation of the transition frequency

In sandwich structures, one can discriminate between three frequency domains associated with different kinetic en-

ergy distributions. In low frequency, the structure has a classical isotropic plate behaviour. The asymptotic wavenum-

ber modulus k( f → 0) and modal density n( f → 0) are written:

k( f → 0) =

(ms

D

)1/4 √
ω ; n( f → 0) =

A
2

√
ms

D
(9)
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where A,D,ms denote the area, equivalent bending rigidity and mass per unit area of the plate, respectively.

In a medium frequency (usually acoustic) range, the transverse vertical shear rigidity S , increases and influences

the dynamical behaviour. The asymptotic solutions for the orthotropic plate are:

k( f )M.F. ' ω

√
ms

S
; n( f )M.F. ' A

(ms

S

)
ω (10)

In terms of waves, higher frequencies are associated with fully localised propagation, meaning that flexural waves

can propagate independently in both skins. The transition frequency considered here refers specifically to the passage

from the isotropic plate behaviour to a motion governed by the out-of-plane shear rigidity. In Guillaumie [7], this

frequency is calculated as the intersection between the asymptotic wavenumbers: k( f → 0) and k( f )M.F.. The influence

of a core’s shear rigidity on the modal density and transition frequency of a sandwich plate was well analysed by Renji

et al. [5]. Above the transition frequency the modal density increases linearly with frequency and produces higher

levels of acoustic radiation. In the following, the possibility to shift the transition frequency by using different cores

geometries is investigated.

3. Wave dispersion characteristics in arbitrary shaped sandwich panel

3.1. Material properties and geometry of the core

The periodic panel considered here is a symmetric sandwich plate involving composite faces made of carbon

reinforced epoxy resin. The core is made of Nomex paper (aramid fibre and phenolic resin) of thickness 76.2 µm

assumed isotropic. The skins are made with two plies of transverse isotropic, 0.25 mm-thick, unidirectional composite

(UD) with the staking sequence [0o, 90o]. The thickness of the core is hT = 25 mm and the material properties are

detailed in Table 1.

Material Density (kg.m−3) Young modulus (Pa) Shear modulus (Pa) Poisson ratio

Nomex core ρc = 1240 Ec = 5.5 × 109 Gc = 2.7 × 109 νc = 0.33

E1 = 133.6 × 109 G23 = 2.6 × 109 ν23 = 0.49

UD laminate ρs = 1550 E2 = 7.7 × 109 G13 = 3.1 × 109 ν13 = 0.29

E3 = 7.7 × 109 G12 = 3.1 × 109 ν12 = 0.29

Table 1: Mechanical properties of Nomex paper and UD fibre.

The influence of a core’s geometry on the transition frequency and modal density is the concern of this paper.

Consequently, the mechanical properties and thicknesses of the skins, core and Nomex paper are identical in all the

models. The sandwich panels developed below only differ in the geometry of their cores and the dimensions dx, dy of

their unit-cells.

The cores are created from the parametrized models shown in Figure 2. The rectangular boxes describe the

periodic cell’s dimensions, while the inner lines describe the top-view position of the Nomex paper in the core. A
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parametrized hexagonal core is proposed in Figure 2.a. The core construction is designed using the three points M, P1,

P2 and the corner parameters Ax, Ay, Bx and By. The other parameters are imposed by the compatibility requirement

between the unit-cells. It can be seen that triangular, squares and pentagonal geometries can be obtained by setting

coincident points M = P1, P1 = P2 or Ax = Bx and Ay = By.

M

P1

P2

Ax

Ay

By

Bx

M

P1 P2

Ax

Ay

By

Bx

P'1

P'2

Figure 2: Top view of the 2D parametrized cores. Hexagonal (a) and octagonal (b) constructions.

In Figure 2b, two additional points P′1 and P′2 are used for the construction of octagonal cores. Although this

model can be easily generalised to create more complex shapes, it is reminded that the computational cost associated

with optimisation procedures depends on the number of design parameters.

The finite element model of five unit-cells obtained using the first parametrized model is shown in Figure 3.

These models involve linear block elements having 3 degrees of freedom per node. Case (a) is a classical hexagonal

model (honeycomb). Case (b) is a rectangular, Case (c) is triangular, Case (d) is a pentagonal core and Case (e) is a

parallelogram. An finely meshed octagonal core was also designed in Figure 4. It should be noted that all the models

are converged in the considered frequency range, but refined meshes such as in Figure 4 would be necessary in higher
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frequencies to describe the local dynamics at the cell’s scale.

(a)

(b)

(c)

(d)

(e)

Figure 3: 3D Finite element models of the considered periodic cells.

Besides, the geometry of the core has a noticeable influence on the Nomex distribution, hence on the surface

density of the sandwich panel. For this reason, the dimensions of the cellular core is chosen so that the overall

bending stiffness-to-mass ratio remains constant in the sandwich. It means that the modal density is expected to be

identical for all the considered models at low frequency. The size of the unit-cells, dx and dy are detailed in Table 2.

Case (a) (b) (c) (d) (e) (f)

dx (mm) 6.93 8 4.29 6.93 13.85 20

dy (mm) 12 8 14.48 10.53 8 20

Table 2: Size of the rectangular unit-cells in the six cases.
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(f)

Figure 4: 3D Finite element model of the octagonal construction.

3.2. Effects on the transition frequency

The wave dispersion characteristics of the periodic waveguides defined by unit-cells (a)-(f) are obtained using

the method described in Section 2. The flexural wavenumbers k are compared in Figure 5a. It is seen that the

core geometry has a significant influence on the wavenumbers of the sandwich panel. More precisely, the flexural

behaviours remain similar due to the constant bending rigidity and differ above the transition frequency. A 95%

difference can then be observed between the (c) and (f) wavenumbers at 1800 Hz.

The transition frequency is located at the intersection between the asymptotic shear and bending curves. The

method is shown in Figure 5b for the core geometry (b), where the bending kb and shear ks wavenumbers are both

derived from the WFEM solution. It should be noted that an accurate bending wavenumber requires a refined fre-

quency sampling in the lower frequencies. For the considered models, it can be seen that a clear bending behaviour is

observed below 200 Hz, while the shear behaviour occurs above 600 Hz except for case (f).

For the honeycomb core (a), an exact analytical expression can be derived for the transition frequency. The

dispersion relation in the sandwich can be written in terms of the mass per unit area ms, the equivalent transverse

shear stiffness S and bending rigidity D of the plate [7]:

k2 =
mS

2S

ω2 + ω

√
ω2 +

4S 2

mS D

 (11)

Therefore, equalizing the asymptotic solutions defined Eqs.(9) and (10) yields:

ωT =
S
√

mS D
(12)
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Figure 5: Flexural wavenumbers for the 5 different core configurations (a). Definition of the transition frequency : intersection between Case (b)

asymptotic shear and bending waves (b).

The transition frequency ωT can therefore be expressed analytically in terms of the equivalent bending, shear and

mass parameters.

For other cores’ geometries, it should be noted that the transition frequency can be only approximated using

Eqs.(9) and (10), since Gibson and Ashby homogenisation is no longer valid. The equivalent parameters m̃S ,D̃ and

S̃ are obtained from Eq.(11) and the numerical solution kt(ω) evaluated using non-linear least-square regression. The

error on the regression function is written:

εreg(ω) =

∣∣∣∣∣∣kt(ω) − freg(ω, D̃, m̃S , S̃ )
kt(ω)

∣∣∣∣∣∣ (13)

The values of εreg are compared in Figure 6. The regression appears in very good agreement with the WFEM

solutions, except for Case (c) which exhibits up to 3% error in the considered frequency range. On the other hand

Case (d) and (f) fit very well with the honeycomb model described in Eq.(11). It should be noted that the regression

accuracy may depends on the chosen frequency range for freg.

To summarize, the transition frequency can be determined from the asymptotic wavenumbers ks and kb derived

from the WFEM solutions. In order to reduce the sensitivity to sampling for the determination of kb(ω → 0), the
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Figure 6: Difference between WFEM solutions and approximated wavenumbers.

equivalent shear, bending and mass parameters can be obtained through a regression model. An analytical expression

can therefore be derived for ωT with a good accuracy, except for case (c).

3.3. Influence on vibro-acoustic parameters

The transition can be observed on the averaged group velocity cg, as the passage from a square to linear function.

The velocities are compared in Figure 7. It can be seen that the cores have a significant influence on the energy velocity

in the panel, and the waves are still dispersive above the transition frequency. Noteworthy, the maximal group velocity

is obtained around the transition, meaning that reduced wave attenuations are expected in this frequency range.

The transition frequencies are detailed in Table 3 and compared with the honeycomb model (a). Case (c), asso-

ciated with triangular construction has the lowest shear rigidity. The rectangular and parallelogram cores, cases (b)

and (e) are associated with reduced transition frequencies compared to the hexagonal (a) core. The pentagonal core

(d), produces a slight increase (9.11 %) of the transition frequency compared with honeycomb. On the other hand, the

octagonal core (f) provides a considerable increase (70 %) of the transition frequency. Therefore, this geometry can

postpone the transition frequency while maintaining the stiffness-to-mass ratio.

Case (a) (b) (c) (d) (e) (f)

Transition frequency (Hz) 765.79 624.03 244.64 835.54 570.29 1302.5

Variation with honeycomb � - 18.5 % - 68 % + 9.11 % - 25.5 % + 70.05 %

Table 3: Transition frequency in the panel for different cores geometries.
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Figure 7: Averaged energy velocity in the sandwich waveguide.

The modal density in the sandwich panel is calculated from the propagating wavenumbers and group velocities

as mentioned above. The WFEM solutions are compared in Figure 8 for a surface S=1 m2, although it is reminded

that the transition frequency does not depend on the panel’s surface. The scaling procedure to preserve the mass-to-

stiffness ratios is validated since the modal densities n(ω → 0) are the same for the six models. It can be seen that

n(ω) critically increases above ωT for each model. It should be noted that the influence of the core’s geometry on the

overall flexural behaviour will increase if the ratio between the core hT and the skins hs increases.

4. Concluding remarks

This paper is concerned with the design of sandwich panels with improved vibro-acoustic parameters. Although

honeycomb constructions provide excellent compressional strength to density ratio, other types of periodic cores can

be used to increase the transition frequency and reduce the modal density in a given frequency range.
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Figure 8: Modal density in the sandwich panels with different cores.

In this work, the WFEM was employed to compare various types of core constructions for a given sandwich panel.

This method does not suffer the limitations associated with core homogenisation and provides accurate wave disper-

sion characteristics with a reasonable computational cost. Additionally, the method can be further used to compute

bandgaps and local resonances of the periodic cells which have a significant influence on the acoustic parameters in

higher frequency (see Song et al.[21]). It was shown that a 70 % increase of the transition frequency can be obtained

by using an octagonal core geometry, while maintaining the same bending stiffness-to-mass ratio, as well as the skin

and core materials. As a consequence of the increased equivalent shear modulus, the octagonal core also produces

significantly higher group velocity and reduced modal density.

This transition frequency can be used as a relevant output for optimisation procedures oriented toward improving

vibro-acoustic parameters. It should be noted that the proposed application is restrained to 2D geometric parameters

(the core is unchanged along its thickness), since a reduced number of design parameters is required for sensitivity

of optimisation procedures. An interesting development would be to understand how 3D cores could be designed in

order to significantly postpone the bending to shear transition to higher frequencies.
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