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ABSTRACT

We introduce a class of rooted graphs which are expressive enough
to encode various kinds of classical or quantum circuits. We then
follow a set-theoretic approach to define rewrite systems over the
considered graphs. Afterwards, we tackle the problem of equational
reasoning with the graphs under study and we propose a new Super-
position calculus to check the unsatisfiability of formulas consisting
of equations or disequations over these graphs. We establish the
soundness and refutational completeness of the calculus.
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1 INTRODUCTION

Rewrite systems play an important rdle in defining operational se-
mantics of declarative programming languages such as functional
programming [3, 26, 32] or functional-logic programming [16, 24].
In general, the basic objects of such declarative languages are trees,
e.g., lambda terms or first-order terms. In this paper, we consider
rewrite systems operating on a class of rooted graphs. Such sys-
tems are tailored to model applications based on circuits building
and simulation. The road to computing by means of graph rewrite
systems started in the seventies [19] using the well-known alge-
braic double pushout approach. Since then, several approaches of
graph rewriting have been proposed. One can distinguish two main
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streams of research : the algebraic approaches using constructs
borrowed from category theory [14, 15, 18, 29] on one hand and the
set-theoretic or algorithmic approaches [4, 17, 20] based on actual
algorithms/operations involved in graph transformations on the
other hand. All the proposed approaches define dedicated solutions
to the delicate action of replacing a given subgraph by another in
the rewriting process. Subgraph replacement is more difficult to
achieve in general if compared to subterm (subtree) replacement.
This difficulty is mainly due to the way one handles the possible
edges connecting nodes of the subgraph to be replaced with the rest
of the considered graph. In this work, we propose a set-theoretic ap-
proach to define a class of rewrite systems over rooted graphs. We
introduce the basic operations over graphs needed to work out the
machinery used to define rewriting steps. Due to the shape of the
graphs we consider, our definition of graph rewriting is rather close
to term rewriting and thus avoids the difficulties behind subgraph
replacement actions.

Rule-based programming offers the possibility to write programs
in a declarative way by stating rules or inferences behind the in-
tended algorithm without caring for the control in a first step.
Another benefit of rule-based programming is the underlying math-
ematical foundation which allows one to make some formal reason-
ing on programs. For example, in the case of term rewrite systems,
equational reasoning has been developed intensively and now is
routine in most theorem provers. Unfortunately, reasoning on graph
structures is still in its infancy despite the progress made in using
Hoare-like calculi [9, 22, 34] or model-checkers [35, 39]. In this
paper, we also tackle the problem of reasoning with graphs and
propose an extension to graphs of the well-known Superposition
calculus.

The Superposition calculus [1] is the most successful automated
proof procedure for equational reasoning. The calculus may be
viewed as an extension of the Knuth-Bendix algorithm [28] to a
wider class of equational formulee, involving disjunctions (e.g., con-
ditional rules) and quantifiers. It also generalizes the narrowing
procedure [25] by handling equations that cannot be oriented and
may be viewed as an extension of the Resolution calculus [31, 37],
which is the most efficient proof procedure for predicate logic, to
sets of clauses containing the equality predicate. The calculus is
presented as a set of inference rules, deducing new assertions from
axioms or previously generated assertions, together with a generic
redundancy criterion that permits to prune the search space and
discard many inferences. This calculus is sound, in the sense that
every derived formula is a logical consequence of the premises, and
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refutationally complete: if a set of axioms E is contradictory, then a
contradiction (i.e., an empty clause, equivalent to false) can always
be generated by the calculus. It is also generic, and can be uniformly
applied to any set of axioms that can be expressed in first-order
logic. Most efficient theorem provers, such as Vampire [36], E [38]
or Spass [42], are based on the Superposition calculus. Numerous
extensions of the Superposition calculus have been proposed to han-
dle specific theories or extensions of first-order logic, for instance
higher-order logic [6], inductive and co-inductive datatypes [7],
cancellative monoids [41], or general-purpose theory-reasoning
[5]. In the present paper, we extend the calculus to perform equa-
tional reasoning on graphs instead of terms and we establish the
soundness and refutational completeness of the obtained proof
procedure.

Graphs are ubiquitous in programming and verification. They
are often used for example to model pointer-based data-structures,
and equations between graphs may be viewed as specifications
of functions operating on such data-structures. In this context,
proving general properties of these functions involves performing
equational reasoning on graphs. In quantum computing, graphs
have become particularly useful for the formal verification of quan-
tum algorithms and protocols, and several such languages have
been developed over the past years for such an analysis, including
the ZW calculus [23], the ZH calculus [2], the ZX calculus [13],
the SZX [10] calculus, or more recently the PBS-calculus [11]. The
reason these languages are so useful is that standard approaches
to verifying the correctness of quantum algorithms and protocols
involve computations on complex matrices, and such approaches
are non-intuitive and error-prone. On the other hand, graph-based
languages permit to represent the same algorithms and protocols
in a more intuitive way, by abstracting the numerical values and
matrices, and replacing computations on these matrices by rewrite
rules. Using graph-based languages to represent quantum algo-
rithms thus permits to reduce many verification tasks to testing
the equivalence of two graphs modulo a set of equations, which
represent properties of the considered computations.

Extending the Superposition calculus to reason on graphs is thus
a very desirable feature, with promising applications in program-
ming. A first, rather straightforward, approach would be to encode
graphs into first-order terms, stating all the necessary properties as
axioms. However, such an approach would be very inefficient and
the produced proofs would be extremely long and hardly readable,
since they will be cluttered by the many reasoning steps necessary
to handle trivial transformations related to associativity, commuta-
tivity, isomorphism etc. A second, more promising, approach is to
tune the Superposition calculus so that it applies directly on graphs,
which would replace terms as basic objects, with built-in algorithms
to cope with basic graph properties. This approach is appealing but
it raises three difficult issues. First it has been known for a long
time that well-established properties of term rewriting fail when
graphs are considered. In particular, orthogonal ground rewrite
systems operating on graphs are not confluent in general [27]: for
instance the system {f(x) — x,¢g(x) — x} is not confluent if
cyclic graphs are considered. In fact, it is known that confluence
of terminating set of rules operating on graphs is undecidable [33].
Unfortunately, the confluence of ground rewrite systems plays a key
role for establishing the completeness of the Superposition calculus,
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because, informally, term rewrite systems are used to construct
models of saturated clause sets (i.e. of the clause sets on which no
non-redundant inference apply and containing no contradiction),
to prove that such sets are indeed satisfiable. A second issue, related
to the first one, is that equality between graphs is not preserved
by context embedding, for instance two isomorphic graphs may
become non-isomorphic when additional vertices and edges are
added. Finally, the most difficult problem is that the Superposition
calculus relies on the existence of reduction orders, i.e., of well-
founded orders which are total on ground terms (i.e., on terms
containing no variables) and closed under context embedding and
under replacement. Such orders are used to orient ground equations
into rewrite rules in order to construct suitable representations of
models for saturated sets containing no contradiction. However,
such reduction orders are very difficult (if not impossible) to define
for graphs, because the order must be closed under isomorphism.

In the present paper we overcome these issues by consider-
ing a specific class of graphs, called DRL-graphs, which possess
properties similar to those used in term rewriting. We provide a
Superposition-based calculus to check the satisfiability of sets of
equations and disequations between the considered class of graphs
and we prove that the calculus is sound and refutationally complete.
To tackle the problem mentioned above related to the existence
of reduction orders, the completeness proof relies on non-well-
founded orders and non-terminating rules, which comes at the
cost of a more restrictive redundancy criterion. It should be noted
that using non-terminating rules makes the confluence proof more
difficult, since establishing local confluence is not sufficient.

Graphs may contain variables, denoting terms labeling the nodes
and the calculus may be used to synthesize terms satisfying some
graph properties, by propagating unifiers. In Section 8, we shall
see that this class is general enough to denote circuits occurring in
quantum programming. We wish to emphasize that the considered
class is strictly more expressive than that of terms, for instance the
satisfiability problem is undecidable even if the considered formula
contains no variable (see Theorem 45).

Related Work

The very recent research report [21] is very close to our work. It
pursues similar aims, namely to construct automatically equational
derivations on diagrammatic structures, more precisely on ZX di-
agrams [12]. The considered approach, which is practically very
successful, is different from ours: it relies on the use of the stan-
dard Superposition calculus [1] together with an encoding of ZX
diagrams and rules by terms and equations between them (includ-
ing an embedding of higher-order terms to cope with schematic
rules). In our work, we bypass this encoding by defining a Super-
position calculus that applies directly on graphs. The advantage is
that we do not have to model graph properties by first-order axioms
(such as the associativity and commutativity of graph constructors,
see, e.g.,[21, Equations 303-304, p. 80]), instead these properties are
taken into account in the definition of the inference rules. We do not
use schematic rules to cope with variadic gates, instead instances of
these rules with fixed arities may be generated on demand during
the proof search.
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Numerous works in graph rewriting use an algebraic framework
based on categories theory, using mostly the double pushout ap-
proach introduced in the seminal paper [19] (which has since been
generalized in many directions). Here, we prefer to use an algorith-
mic, set theorical framework. This low-level approach, although
less general, is more suited to deal with the intricacies in the def-
inition of the inference rules and in the completeness proof. The
considered structures are also closer to those considered usually in
superposition-based theorem proving, which is more convenient
for extending the calculus to graphs.

In [8], it is proven that confluence is decidable for terminating
rewrite systems on graphs with an interface, which embed those
considered in the present paper (as mentioned above, confluence
is undecidable in general in graph rewriting). In our results, the
rewrite rules we consider are not necessarily terminating (and equa-
tions are not even orientable in general). In Section 7, confluence
is used as a tool to construct models of saturated sets of clauses. It
is easy to check that a terminating set of rules with no non join-
able critical pair is always saturated (in the sense of Definition 53
and w.r.t. some adequate order), thus the decidability of confluence
could be re-established for our particular class of graphs using
Lemma 56 in the present paper.

We wish to emphasize that the notion of “completeness” consid-
ered in the present paper refers to the completeness of the infer-
ence rules, i.e., to their ability to detect that graphs are reducible
to each other. It should not be confused with work asserting the
completeness of the diagrammatic axiomatization w.r.t. a particular
semantics and application domain (such as [40]).

The rest of the paper is organized as follows. Some basic defini-
tions are recalled in the next section. The class of rooted graphs
is introduced in Section 3 together with some basic operations
on these graphs as well as the considered class of graph rewrite
systems. Sections 4 and 5 define the graph formulas and their se-
mantics. In Section 6, the new Superposition calculus is presented
and its completeness is established in Section 7. Section 8 provides
examples of the considered graphs and concluding remarks are
made in Section 9.

2 BASIC DEFINITIONS AND NOTATIONS

For any partial function f, we denote by dom(f) its domain, i.e., the
set of elements x such that f(x) is defined and by img(f) the set
{f(x) | x € dom(f)}. For any function f and for any D C dom(f),
we denote by f|p the restriction of f to D. The integer interval
{a,a +1,...,b} is denoted by [[a,b] (it is empty if a > b). The
function of domain {t1, . ..,t,} mapping t; to s; for all i € [1,n] is
denoted by {t; — s; | i € [1,n]}.

Any partial function f operating on some set S may be ex-

tended into a function operating on tuples or sets of elements
def

in S, using the relations: f({t1,...,tn)) = (f(t1),..., f(tn)) and

def

fH{t,..otn}) = {f(t1),....f(tn)}. If t; & dom(f) for some i =
1,...,nthen f({t1,...,tn)) and f({t1,..., tn}) are undefined. These
relations may be applied recursively, e.g., if t1, . . ., t,, are themselves
sets or tuples of elements.

The notation g o f denotes as usual the composition of g and

f, with dom(g o f) = {x € dom(f) | f(x) € dom(g)} and (g o
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)(x) = g(f(x)) for every x € dom(g o f). According to the pre-
vious convention, if functions are viewed as sets of pairs, then
for every function f and for every injective function g such that
img(f) U dom(f) € dom(g), g(f) is a function with dom(g(f)) =
g(dom(f)). img(g(f)) = g(img(f)). and (¢(f))(g(x)) = g(f(x)),
for any x € dom(f). Note that, by definition, g(f) = go fo gl
With a slight abuse of notations, we sometimes use set notations
on tuples when the order and duplication of components are irrel-
evant, i.e., we write u € (t1,...,t,) to state that u € {t1,...,t,},
(t1,...,tp) UE to denote the set {t1,...,tn} UE or (t1,...,ty) =
(t oty U (t{’,..‘,t]’c’) for {t1,....ta} = {t],.... tpt]’s.... 1] }.

DEFINITION 1. Let X be a set of function symbols and let V be
a countable set of variables. Each symbol f € X is associated with
a unique arity ar(f). The set of terms 7 is the least set such that
VT andty,....tn €T = f(t1,...,tn) € T, forevery f €
with n = ar(f). We denote by V (t) the set of variables occurring in
t. A term t is ground if V(t) = 0.

A substitution o is a total mapping from V to 7. As usual, for any
term ¢, o(t) denotes the term obtained from ¢ by replacing every
variable x by o(x). A substitution o is ground if o(x) is ground for
every x € dom(o). A unifier of a set of pairs E is a substitution o
such that o(¢) = o(s) holds for all pairs (¢,s) € E. E is unifiable if it
admits a unifier. A substitution o is more general than a substitution
0 iff there exists a substitution ¢’ such that 0 = ¢’ o . It is well
known that every unifiable set of pairs admits a most general unifier

(mgu).

3 ROOTED GRAPHS

3.1 Definitions

We define the class of graphs on which the adaptation of the Su-
perposition calculus will be applied. Intuitively, this class consists
of labeled graphs with a distinguished sequence of nodes which
can be viewed as an interface that constrains the operations of re-
placing a subgraph by another graph that can be performed. More
precisely, the replacement is possible only if all the edges between
the original graph and the replaced subgraph have an incident node
inside the interface.

Let N be a fixed countable set of nodes, disjoint from the set
of terms, and let S be a set of sorts. We consider a function sort
mapping every node € N to a sortin S and a pre-order < on N.
We write o £ o’ if ¢ < o’ and @’ < a, and a < a’ for « < a’ and
a’ 4a.

DEFINITION 2. A DRL-graph (for Directed Rooted Labeled graph)
G is a tuple (NG, R, Eg, Ig) where:

o Ng is a finite subset of N'.

o Rg is a finite sequence of nodes in NG with no repetition, called
the roots of G. We denote by N{; the set of nodes NG \ Rg.

o &g is a finite set of ordered pairs (written (¢ — f)) of nodes
in NG, called edges. We write (a 2 f) to denote any edge
(@ — B or(f— a)

e I is a function mapping each node a € N, to a term (called
the label of ).
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Two DRL-graphs G and H are disjoint if Ng N Ny = 0. We denote

def

byV(G) = UaeNé V(Ig(@)) the set of variables occurring in the
labels of nodes in G. A DRL-graph G is ground if V(G) = 0.

Note that the function I; is not defined over the nodes in Rg.

DEFINITION 3. For any substitution o and DRL-graph G, o(G)
denotes the DRL-graph (NG, Rg,Eq, "), wherel'(a) = o(lg(@)),
foralla € N¢,.

DEFINITION 4. A DRL-graph H is a DRL-subgraph of G (written
H < G) if the following conditions hold:

(1) Nu € Ng;

(2) If (¢ > P) € Ey then (a — f) € Eg.

(3) If (« = p) € Eg and a, f € Ny then (a — p) € Eg.

(4) If(a 2 P) € Eg. p ¢ Ng and a € Ny, then a occurs in Ry.

(5) If a occurs in Rg and a € Ng, then a occurs in Ry.

(6) Iy is the restriction of g to the nodes in N;.

PROPOSITION 5. The relation < is transitive and reflexive.

ProoOF. It is immediate to check that < is reflexive. Assume that
I < H < G. Then:

(1) Nt € Ny € NG hence N7 € Ng.

(2) Wehave (e > f) e & = (> p) e g = (a— p) €
&c-

(3) If (@ = B) € &g and o, f € NJ, then by Condition 5 of
Definition 4 «, f € N};, thus (¢ — ) € Eg and (¢ — f) €
&r.

(4) Assume that (e 2 ) € Eg,a € Nyand f ¢ N1. If f € Ny,
then (e 2 f) € &g and we deduce that @ must occur in R;
because I < H.If § ¢ Np then a occurs in Ry since H < G.
Thus a € Ry, since I < H.

©) Ir=luln; = UsIn;)In; = lcIn; (because Nf € Npj).

ProposITION 6. IfH < G then Rg € NG \ N

PrOOF. Assume for a contradiction that & € Rg N N;. Then by
definition, « is a node in Ny that does not occur in Ry, but this is
impossible by Condition 5 of Definition 4. O

In what follows, we define an equivalence relation on graphs to
formalize the fact that the properties we prove do not depend on
the actual nodes that occur in the graph.

DEFINITION 7. An N-mapping yu is a partial injective mapping
from nodes to nodes, such that sort(a) = sort(u(a)) and « = p(a).
For technical convenience we assume that p(t) = t holds for every
termt, i.e., every N-mapping is extended to the identity on terms.

PRroPOSITION 8. IfG is a DRL-graph, then for every N -mapping
p with dom(p) 2 Ng, p(G) is a DRL-graph. Moreover, N;,(g) =
NG, Eue) = H(EG). Ruc) = #Rg) and Iy = pllg) =
polgop™ =lgopu™!

Proor. The result follows immediately from the definition of
1(G) (see Section 2) and from the fact that y is injective. O

Similarly, because NV-mappings are injective, we have the fol-
lowing result:
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ProrosITION 9. IfH < G and Ng C dom(y) for an N-mapping
#, then p(H) < p(G).

DEFINITION 10. We write G ~ G’ if there exists p such that
dom(p) 2 Ngr and G = p(G’).

PROPOSITION 11. The relation ~ is an equivalence relation.

Proor.

o Reflexivity. The identity on Ng is an N-mapping, thus
G~G.

e Symmetry. If G ~ G’, then G = u(G’), where p is an N-
mapping such that dom(y) 2 N . Since y is injective, u~! is
well-defined, p=1(G) = (u o )(G’) = G’ and dom(p™!) =
img(p) 2 p(Ng) = Ng. Hence G’ ~ G.

e Transivity. If G ~ G’ ~ G’ then there exist N-mappings
pand p’ such that G = u(G’), G’ = p’(G”), dom(p) 2 Ng/
and dom(p’) 2 Ngr. Then since the composition of two
injective functions is also injective, y o p’ is an N-mapping,
and G = (po p’) (¢’ (G”)) with dom(p o u’) 2 Ng~. Hence
G~G".

[m}

We now define a replacement operation on the considered class
of graphs. Intuitively, this replacement operation applied to a graph
permits to replace one of its subgraphs by another graph, provided
a so-called substitutability condition is satisfied. This condition
will guarantee that the replacement operation on graphs enjoys
properties similar to those of standard term rewriting.

DEFINITION 12. Let G, H and H' be DRL-graphs such that H < G,
Ry =A{a1,...,an) and Ry = {(ay,..., a,). The DRL-graphs H and
H’ are root-compatible if n = m and for every i € [1,n], we have
sort(a;) = sort(a]) and a; = .

DEFINITION 13. A DRL-graph H’ is substitutable for H in G if H
and H' are root-compatible and Ng N Ngyr € Ny.

An immediate consequence of this definition is the following
property:

ProrosITION 14. If H' is substitutable for H in G then (Ng \
Ng) NNy = 0.

DEFINITION 15. Let G, H and H' be DRL-graphs such that DRL-
graph H’ is substitutable for H in G, H < G, Ry = {a1, ..., an) and
Ry ={aj,...,a,). The mapping from H to H' in G, is the function

/.lIGi—)H/déf{aiHai/|15i5n}u{aHa|a€NG\NH}'
def

Letp = ,ug_’H’. We denote by G[H' /H] the DRL-graph G’ de-
fined as follows:

(1) N’ :=e: (N \ Ng) U Np'.

@ Ror 2 p(R).

def
(3) &¢r = p(Ec \ En) U Epr.
(4) For everya € Ng:
lG(a) ifO{ € Né, \NH/
of | I (@) ifa e N,
lor(a) = § T PSS ,
G2 I (@) i (@) € NG N R
undefined otherwise

ExAMPLE 16. Consider the following DRL-graphs (see also Figure
1):
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U @ ®
®
@

Figure 1: Graphs G, H (dashed lines) and H’ in Example 16
(the labels are omitted for readability)

@)— (7)—>()
&)
@)

Figure 2: The graph G[H’/H] in Example 16

o G is defined as follows:

Ne € {1, a0 a3 a4}

RG o O

& L {(a1 - a), (a2 > x), (a3 — ag)}
Ic £ {(ana), (a2 f(x), (a3, f(b)), (as,b)}

o H is defined as follows:

Ng £ {azas)
Ry £ (o a3)

& £ {(e2 > m)}
€ 0

e H’ is defined as follows:

Nir < {B1, B2 B3, a}
R = (b1 )
Ew = {(B1— B3), (1 — Bu), (B — B3), (B2 — Pa)}

I = {(B30), (Pa,d)}

We assume that all nodes are of the same sort and that all nodes are
distinct. Then H is a subgraph of G, and H' is substitutable for H in G.
The DRL-graph G[H' [H] is represented in Figure 2, wherelg|p /p| =
{(a1,a), (P1, f(x)), (P, f (b)), (P3,¢), (P4, d), (a4, b)}.

ProrosITioN 17. IfH’ is substitutable for H in G, then by letting
«f yg_’H' and G' ¢ G[H’/H], we have p(Rg) = R and
u(Re) =Ry
ProrosiTioN 18. IfH’ is substitutable for H in G, then by letting
G’ ¥ G[H'/H], we have:
® No' \ Ngr = NG \ Nu;
L4 Ng, \NHf = NC*; \NH.
Proor. We have Ng' \ Ny = [(Ng \ Ng) U Nl \ N =

[N \ Ni] \ Nir = Ng \ Ny by Proposition 14. Consider a node
a € Ng; we show that « € Rg \ Ny if and only if « € Rgr \ N;
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together with the previous result this will prove the second item of
the proposition. First assume that « € R \ N and let i denote the
mapping from H to H” in G. Then by definition, we have y(a) = a €
R and by Proposition 14, @ ¢ Ny ; hence the result. Conversely,
ifa € Rey \ N then @ € Ng' \ N = Ng \ Ny by the first item
of the proposition, and by definition, @ = p(a’) for some a’ € Rg.
Since a ¢ Ny, necessarily @’ = a, hence the result. O

Observe that, with the notations of Definition 15, if « € Ng, \
Nir = NZ \ Np, then necessarily p(a) = a, so that pHa) =a
and I (@) = I (1" ().

LEmMMA 19. Let G be a DRL-graph, let H be a DRL-subgraph of G
and let H' be a DRL-graph substitutable for H in G. Then, G[H' [H]|
is a DRL-graph and H' < G[H'/H].

PRroOF. Observe that the function y in Definition 15 is injective,
since Ry is repetition-free and no node in Ng \ Ny may occur in
Rp, because Ng N Ny € Np by hypothesis. We show that the
domain of y contains all nodes occurring either in R or in an edge
in &g \ Eg. By Condition 5 of Definition 4, the nodes in Rg occur
in either Ry or Ng \ Ng.

The function I is well-defined: if @ € N;I, and « = p(a’) for
a’ € N\ N, then we have a’ ¢ Ny (because Ng N Ny C
NG), hence @’ # a, and in this case, by definition of y, a occurs
in Ry, hence may not occur in NI’_‘I,, a contradiction. Thus it is
straightforward to check that G[H’/H] is a DRL-graph.

We prove that H < G’, with G’ &f G[H'/H]:

(1) Nwr € Ngr = (NG \ Ng) U N

(2) If (a = p) € Egr then (a 2 f) € Egr = (Eg \EF) U Emr.
3) If o, € N and (¢ — f) € Eg, then by definition of
&g, either (¢ — f) € Ey and the proof is completed, or
(@ > p) € u(Eg \ x). In the latter case, we have a =
u(a’), p = p(p’) with (¢’ — ') € Eg \ Ey. We show
that '’ € Ny.If @ = a’, then we have « € Ny N NG,
thus @ = @’ € Ny (since H’ is substitutable for H in G).
Otherwise, a # a’, hence by definition of y, a’ occurs in
Ry, thus @’ € Ny. Similarly, 8’ € Ny, and since H < G
we deduce that (¢’ — p’) € Ep, contradicting the fact that
(a" > p')e&g\ En.

Assume that (@ 2 f) € Eg/, a € N and f ¢ Np. By
definition of Eg’ this entails that (¢ 2 p) € u(Eg \ Ex)
and o = p(a’), p = p(p’), for some o’, ' € Ng. lf a = o’
then « € Ny U N, and since H’ is substitutable for H in
G, we have a € N, thus, by definition of y1, & occurs in Ry
(since a € dom(p)). Otherwise, @ # @’, and « occurs in Ry
by definition of p.

Let @ € N be a node occurring in Rg. We have a =
u(a’) for some node occurring in Rg. By definition of p,
either « occurs in Ry and the proof is completed, or a = a’
with & ¢ Ny, which contradicts the hypothesis that H’ is
substitutable for H in G.

(6) By definition of I5/, we have Iy = I | Ny

—
N
=

—
53)
=
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3.2 Properties of the Replacement Operation

We establish some basic properties of the replacement operation,
all of which are similar to their counterparts for the replacement
operation on first-order terms.

PROPOSITION 20. Let G be a DRL-graph and let H < G. Then H
is substitutable for H in G and G|H/H] = G.

Proor. By definition, Ng NNy € Ng thus H is substitutable for
H in G. The conditions of Definition 15 (with H = H’) entail that p
is the identity on NG \ Nj; and that Ng' = (NG \ Ni) UNg = NG,
R = R, Egr = (Eg \ Eg) U Eg = Eg and I = I (since
In =lgIng,)- =

PROPOSITION 21. Let G,H and H' be DRL-graphs, with H < G
and H' is substitutable for H in G. Let u be an N-mapping with
domain Ng U Ny. Then u(H’) is substitutable for u(H) in p(G),
and:

p(G[H'/H]) = p(G) [p(H") /p(H)]

PROOF: We }.1a.ve Nue) "Ny = #ING) N p(Npr) = p(Ng N
Nmr) by injectivity of p, thus NGy N Ny € p(Nu) = Ny
(since Ng N Ny € Ny, as H’ is substitutable for H in G). Conse-
quently, p(H’) is substitutable for p(H) in p(G).

Let G’ & G[H’/H] and G” «f w(G)[p(H")/u(H)]. We show
that u(G’) = G”. Let Ry = (a1, ..., an), Ry = {af, ..., ay), and:

W={ai—all1<i<niU{ar alaeNg\ Ny}

B =) o opa)) [1<i<npU{a = a|a € Ny \ Ny}
Observe that y”’ = oy’ o ~!. We have:

Nuy = #Ne) =p((Ng \ Nu) U Nu)
= p(Ng \ Ng) U u(Np)
= (u(NG) \ i(Ng)) U u(Ngr) by injectivity of p
= NGN
[
EuGn w(&g) =p(' (Ec \ €n) U Epr)

p( (Ec \ €m)) U p(Emr)) = p(W' (Ec \ Em)) VY Epmry
(p( (E6)) \ p(1' (Em))) U E ) by injectivity of p, p/
(B @)\ S (1)) VY Epuar

Further,

Ecr = F' (&) \ Eumy) Y Epmr)
= Eurue) \ Ew (um)) Y Epcrr)
= (Eur6) \ S (1) Y Epgr)
Hence &gy = Eg7.

* Ry = HRe) = p(p' (R)) = 1" (1(Ra)) = 1" (Ru(c))) =

R,
Y . ’ % %

e Assume that a = p’/(a’), with @’ € N#(G) \N#(H). Then
o' = p(a”), where a” € NE \ Njj, and p(p'(a”)) =
p”(a’) = a. Furthermore, I~ (a) = L) (a’) = lg(a”) =
lor (' (a")) = Lcy (@), because pHa) = p'(a"). Ifa e
N;(H')’ then a = p(a’), with a’ € NI’_“I Moreover, we have
lon(@) = Ly (@) = Iy (@) =l (@) = L) (a). Finally,
if &« = p(a’) is not of one of the two forms above, then it is
easy to check that @’ ¢ N;,, and that there is no &'’ such
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that ¢’ = p’(a”), with «” € N5\ Ng. Thus Ig»(a) and
g’ (a’) are both undefined.
O

A similar property holds for substitutions:

PROPOSITION 22. Let G, H and H’ be DRL-graphs, where H < G
and H' is substitutable for H in G. Let o be a substitution with domain
V(G) UV(H’). Then a(H’) is substitutable for c(H) in o(G), and:

o(G[H'/H]) = 0(G)[o(H") /o (H)]

PRroOF. Since a substitution only affects the labels of the DRL-
graphs, the first property is immediate, and we only have to prove
that, for every node & € (Ng \ Ng) U Np', Isgar/m)) (@) =
la(G) [O'(H')/O'(H)](a)' By definition, we have IU(G[H’/H])(D‘) =
o(lgr/H) (@) Let p o ,ugﬁHl, we distinguish several cases.

If a € Ny, then Iy (ga/m) (@) = lpr(a). Moreover, we also
have If o € N;(H’)’ thus lo‘(G)[o‘(H’)/o‘(H)J(a) = lo‘(H’)(a) =
o(lgr (a)) and the proof is completed.

If « € Ry, then l;gar/ay) (@) = Ig(y'(@)). Further, we
have a € Ry (1), thus Lo () [o(H7) o ()] (@) = lo(c) (1 (@) =
o(lg (1~ (@))) and the proof is completed.

Finally, if & ¢ Np, then by definition l;(G[r/H)) (@) = I6(a),
anda ¢ No (), thus by (6) (o1 o (1)) (@) = l5(G) (@) = ol ().

O

The next lemma shows that renaming the nodes of some sub-
graph does not affect the graphs obtained by replacing this sub-
graph.

LEMMA 23. Let G, H and H' be DRL-graphs, withH < G and H’
is substitutable for H in G. Let y be an N-mapping of domain Ng

such that u(a) = a if e € Ng \ Ny. Then:
#(G)[H'/u(H)] = G[H' /H]

ProoF. Let G' & G[H'/H], G” < w(G)[H'/u(H)], Ry &
(a1, ...,an), Ru « (a1, ...,ap) and consider the following N-
mappings:

,uldzef{aiHaH1Si£n}u{0u—>a|a€NG\NH}
and
12 o {pla)—aj|1<i<nfU{a—alac Nu) \ Nun +-
By injectivity of y, we have NGy \ Ny = p(NG) \ u(Ng) =
u(NG \ Ni) = Ng \ Ng, since p(a) = aif @« € Ng \ Ng. Thus
Ho o p = pi1. We show that G’ = G””:
e By Definition 15 (1), No» = (Ng \ Ng) U Ngr and N =
(Nue) \ Num) YN = (NG \ Ni) U N = Ngr
e By Definition 15 (2), Rg' = p1(Rg) and Ro» = p2(Ry(6)) =
H2(p(R)) = m(Rg) =R
e By Definition 15 (3), 8¢’ = p1(Ec \ Eg) U Epr and Egr =
#2(Eu(6) \ Ep(rn) VS = p2(p(EG) \ p(Ep)) U Eppr. Since
u is injective, we deduce that Eg» = o (u(EG\Ex))VUE =
(6 \ Ep) U Epr = Egr.
e Leta € NS\ Njj, with & = p1(a’), hence a = iz (p(a)).
By Definition 15 (4), we have lg/ (a) = Ig(@’) and I/ () =
Ly (u(@) =lg(a’) = lg/(a). If a € N, then, again by
Definition 15 (4), we have I/ (@) = lg» (@) = Iy (a).
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O

This entails that the replacement of a subgraph by an isomorphic
subgraph preserves isomorphism:

COROLLARY 24. Let G,H,H’,H” be DRL-graphs, where H < G,
H{ and H; are substitutable for H in G and H] ~ H,. Then:

G[H{/H] ~ G[H,/H]

Proor. Since H] ~ H,, there exists an N-mapping y of domain
Ny such that H] = u(H;). Consider the extension 1 of 1 to Ng,
such that: /(@) = a if « € Ng \ Ny and all the nodes in N \NHé
are mapped to pairwise distinct nodes not occurring in G or Hj.
Observe that u is well-defined, since Ng N NH; C Ny, as HZ’ is
substitutable for H in G. We show that p’ is injective. Let «, a’
such that p/(a) = p/(@'). f a,a” € NH; then p/(a) = p(a) and
' (a’) = p(a’) hence a = &’ as p is injective. If o, &’ € Ng \ Ny
then p/(a) = e and p/(a’) = @’ hence a = a’. If @, &’ € Ny \ NH;
then we have « = «’ by definition of p/. If @ € Ny \ Npy and
a’ ¢ Ng\ Ny then by definition of p’/, p’(a’) € Ng U ,u’(NHé) =
NG U NH{ and p'(a) ¢ Ng U NH{, which contradicts the fact
that p’(a) = p’(a’). The only remaining case is (by symmetry):
a € NH; and @’ € Ng \ Ng. Then p'(a) = p(a) € N and
1 (a’) = a’ € Ng, hence, since HI' is substitutable for H in G, we
must have a’ € Ny, contradicting the fact that @’ € Ng \ Ny.

We get, by Proposition 21, since pi” coincides with y on NHE:

¥ (GIHy/H]) = p'(G) [y (Hy) /' (H)] = p"(G)[H{/p' (H)].
By definition of y’, y’(a) = « holds for any node @ € Ng \ Ny,
hence, by Lemma 23, we deduce:

#'(G[Hy/H]) = G[H{/H].
Therefore, G[H/H] ~ G[H,/H]. O

The next lemma states a form of transitivity of the replacement
operation: replacing H by I and then I by I’ is equivalent to replac-
ing Hby I’.

LemMma 25. Let G, H, I, I’, where H < G, I is substitutable for H
in G and I’ is substitutable for I in G[I/H]. Then I’ is substitutable
forH inG and G[I/H|[I’/I] = G[I'/H].

ProoF. Let G’ & G[I/H]. We show that I’ is substitutable for H
in G, i.e., that N6 NNy € N By definition Ngr = (NG \Ng) UNT,
we show that (NG \ Ng) N Ny = 0. We have

(NG \ Nu) " Np € [(Ng \ Ng) UNIINNp = Ng' " Np € Np,

because I’ is substitutable for I in G’ by hypothesis. We deduce
that (NG \ Ng) "Np € (NG \ Nig) NN7.But (NG \Ng) NN =0
by Proposition 14, hence the result.

We show that G’[I’/I] = G[I’/H]. We define p «f ,ug_’l, u «f

,UIGT)I' and p”’ “ yg —I" Note that i’ = i o 1. Indeed, by definition
we have dom(u) = dom(p”). Furthermore, for every a € dom(y), if
a € Ng\Npg then u(a) = p/ (), and a ¢ Nj (since I is substitutable
for H in G), hence p”' (@) = a.If « € dom(y) and @ ¢ NG\ Ny, then
a = aj, forsome i =1,...,n, with Ry = (a1, ..., an). By definition,

plai) = af, with Ry = (af,...,ap) and p’(]) = &', p”" (i) = @]’
with Ry = (a{’, coap).
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(1) We have
Noirim = (Ne \Np) UNp
= [((Ng \ Nu) UN) \ NIl U Np
= [N\ Nu) \ N1 U ANy
= (NG \ Nu) UNp

= Ngr/)
where the second to last equality is obtained using the fact
that, by Proposition 14, (Ng \ Ng) N N7 = 0.

(2) We have R/ (/1) = ' (Rer) = 1/ (1(Ra)) = 1’ (Ra)-

(3) We show that u(Eg \ Ex) N Er = 0. Suppose for a contradic-
tion that (¢’ 2 f’) € u(Eg \ Ey) N E;. Then &', ' € Ny,
and there exist nodes «, 8 such that &’ = p(«) and g’ = p(f),
with (@ 2 f) € Eg \ . Since (a 2 f) ¢ Ep, necessar-
ily, {a, f} € Ng, by Definition 4 (3). Assume w.l.o.g. that
a € NG \ Ny. Then by definition ¢’ = @ € N}. But this is
impossible because (NG \ Ng) N N1 = 0 by Proposition 14.
We deduce that

H(Ec \ENUEY

p([p(Ec \Em VEIN\ EN U EY

p(u(Ec\Em)\ & uép
1’ (Ec \ Em) U ErP

= &g[r/H)

SG'[I’/IJ

where the second to last equality is obtained using the fact
that p(Eg \ &) N Er = 0 and that p”’ = p’ o p.
(4) Leta € NG’[I’/I]'

o Ifa e N, w1 \ N, then by Proposition 18 we have
ae€ N(*;'[I'/I] \ Ay if and only if &« € N, \ Nt if and only
ifa € NS\ Ng ifandonlyifaeN(*;[ ! \ Np. Thus
lorn(@) = lg(@) = lgp /a1 (@)

e Ifae N;i then lG’[I’/I] (@) =lp(a) = lG[p/H] ().

o If « 1Y) € N, N R then by definition of y, we
must have () € Ry. We cannot have € Rg because
otherwise we would have 8 € Rg:; hence y~1(f) € NEN
Rp. Since p”’ = i’ o y, we deduce that p”’ 1 (a) = = 1(f)
and I/ (p /(@) = lor (B) = lg (W™ () = g1/ (@)

By Proposition 18 we have a € N*’[I'/I] \ N if and only if

a € N5, \ Ny ifand only if @ € N5 \ Np. This proves that

lorin(a) = lgr/a) ().

I'/H

O

In particular, replacing H by H’ and then H’ by H is equivalent
to doing nothing:

COROLLARY 26. AssumeH’ is substitutable for H in G and let G’ <
G[H’/H]. Then H is substitutable for H' in G’ and G’'[H/H'] = G.

Proor. We have Ngs N Ng = [N\ Ng) UNg | N Ny =
N N Ng € Np, which show that H is substitutable for H” in G’.
By Lemma 25 and Proposition 20, we deduce that G[H’ /H|[H/H'] =
G[H/H] = G. o

The next lemma states that the replacement operation does not
affect the subgraph that are disjoint from the replaced DRL-graph.



PPDP 2021, September 6-8, 2021, Tallinn, Estonia

LemMmA 27. Consider the graphs G,H, H', I, and assume that H <
G, I < G and H' is substitutable for H in G. If Ngy N N1 = 0 then
I < G[H'/H].

Proor. Let G’ & G[H’/H] and p pH_’H Note that since H’
is substitutable for H in G, we have

N DN € NN Ng € NgnNp =0,

and that since Ng N N1 = 0, if « € Nj then p(a) = a. We verify
thatI < G”:

(1) Since I < G, by definition N7 € Ng. By hypothesis Ny N
Ni=0,thus Nt € Ng \ Ng € Ng'.

(2) If (¢ — p) € & then (a — pP) € Eg, because I < G. Since
Ny NN7 = 0 by hypothesis, (¢ — f) ¢ Eg. Thus (@ — p) €
(Ec\EH)UE, and since p(a) = aand p(f) = f, we deduce
that (@« — f) € u(Eg \ &) U Ey = Eg.

(3) Let a, f € N1, and assume that (@ — f) € Eg = p(Eg \
&) U Egy. Since N N N = 0, we cannot have (« — f) €
Epp. Since p(a) = a and p(pf) = P, necessarily (a — f) €
& \ &g € &g, and since I < G, we deduce that (¢ — f) €
&r.

(4) Assumethat (¢ 2 f) € Eg = p(EG\E)UER, where a €
Nrand § ¢ Ni.Then p(a) = a and since Nygraphp NI = 0,

we cannot have (a 2 f) € Eg. Let f’ « u~1(B), note that

we cannot have f§ € Nj because otherwise we would have
u(B)=p" =p¢ Np.Thus, (a 2 ') € Ec\Ex C Eg, and
since I < G, we deduce that « € R;.

(5) Assume @ € Rgr N N1 = u(Rg) N Ni7. Then since p(a) = a,
we have a € Rg N Nj, hence a € Ry because I < G.

(6) Consider & € N} € N. Then by hypothesis, & € N \ Ny
and by Proposition 18 we have & € N, \ Ny. By definition,
lg'(a) = Ig(a) = lj(a), because I < G.

O

Further, the result of the replacement of two disjoint subgraphs
does not depend on the order in which the replacement operations
are performed:

LEmMA 28. LetG, H,Hl' be DRL-graphs fori = 1,2, whereH; < G
and H] is substitutable for H; in G. If Ny 0 Ny, = N, 0 Ny, =
O then, fori,j € {1,2} with i # j, H] is substitutable for H; in
G[H]'./Hj] and

(G[H{/H1])[Hy/Hz] = (G[Hy/Hz]) [H{/H1].

Proor. By Lemma 27, Hy < G[H;/H;] and H, < G[H]/Hi].
We show that H] is substitutable for Hy in G[H;/Ha]; the proof
that HZ' is substitutable for Hy in G[Hl’ /Hi] is symmetric. Let a €
Nitr 0 Nopa ) = Niz, 0 [(NG \ N,) U N |. By hypothesis
NH{ N NH; = 0, hence @ € Ng \ Ng, € NG, and since Hj is
substitutable for H in G, we deduce that & € Ny, hence the result.

Let G/ = G[H//H;] and G/’ = G}_,[H!/H;]. We show that
G = G" First note that Np, N Ny = NH2 N Np; = 0. Indeed,
since H; < Gand HZ’ is substitutable for H, we have Ny, N NHE c
N, N Ng n NH/ Nm, N NH2 = 0. For i = 1,2, we define

def H;—H] ,def Hi—
Hi = g and i = pgy

if € Ry, then ,ul(a) =y ((x) € ﬂH/ so that py3_j(a) = a and

i Note that by definition, for i = 1, 2,
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y_; (pi(e)) = pi(e). Similarly, if @ € Ng \ (Np, U Np,) then for
i=1,2 pi(a) = pi(a) = a

e We have NGi/ = (NG; \NH,) UNH{ = ((Ng\Ng,) UNH;) \
Nm,) U NH{. Since Ny, ﬂNHé = NH, ﬂNH; =, we deduce
that

Ngr = ((Ng U Ng; UNu) \ (Nu, U Ni,)

= ((Ng \ Nu,) U Nuy) \ N,) U Np
= (Ng; \ Nu,) U Ny = Ny -

e By definition we have RG;/ = ,u;(RGé) = ,u{ (#2(Rg)) and
‘RGZ = yé(Rq) = py(11(Rg)). Consider « € Ng. If a €
Ry, for i = 1,2, then we have

M (2(@) = pi(a) = p(a) = py(pi(a)).
Otherwise @ € Rg \ (Ng, U Np,), so that

pi(pz(@) = py(a) = a = p(a) = py(p(a)).

We conclude that RGY = RGQ"
e Fori=1,2, wehave y3;(En,) = Ep, and ”é—i(aH,f) = SHQ’
hence

&gy #5(Ecy \ Em,) U Epy
= (186 \ Emy) UER) \ E,) U Epy
= m(m(Ec\&Em) \ Em,) UEW U,
= m(m(Ec \ (8, UEm,)) U U,
= 1 (12(Ec \ (8p, U Ep,)) UEm U Ep,
= &g
The second to last line stems from the relation Yo € Ng,

p1 (2(a) = p5, (1 (a)) established in the previous item.
e Since Ng» = Ngy and Rgr = Rgy, we have Nij, = N
1

Gy
We show that for all « € NC*;,,, lGu (a) = le ().
- By Proposition 18 we have N",, \ (Ng; UNpy) = G” \

(Np; UNp;) = 2\(NH1UNH§) = N*\(NHIUNHZ)-
Thus, if a € NC*;” \ (NH{ U NH;) then lG;r(a) =lg(a) =
lgy (a).

- Ifa € N* then lG"(O() lgé(a) = lH; (@) = l(;ér(a). The
case where aeN, *, is proved in a similar way.

-Iface Né,, n RHf then ae€ NG” \NHé and a = p1(f)
p17(P) for some element f§ € RHl Since f € Né; \ NHZ; =
NC*; \ Np, (Proposition 18), we have lG;r(oc) = IG/ B
l6(B) = lg; () = ﬂRHg

is proved in a similar way.

l(;ér (). The case where a € NG,,

Finally, replacements can be embedded:

LEMMA 29. Let G, H and I be DRL-graphs such that < H <
G, and let I’ be a DRL-graph substitutable for I in G. Then I’ is
substitutable for I in H, H[I' /1] is substitutable for H in G, and:

G[I'/T] = G[H[I'/1] /H]
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Proor. We have Ny N Ny € Ng N Np € Nj (since I is substi-
tutable for I in G). Therefore, I’ is substitutable for I in H. Similarly,
NGO N1 € NaN(NgUNE) = NgU(NGNNp) € NgUNT =
Ny, hence H[I’/I] is substitutable for H in G.

Let G’ ¥ G[I'/1), H' & H[I’/I] and G” & G[H’/H]; we show
that G’ = G”’.

Let i1y o ,ué_’l,, o « yé[_”/ and p3 « ,ug_’H’. Note that by
definition, yy is the restriction of y; to the nodes in (Ng \Np)UR; =
Np \ Ny. We show that for all @ € Ng \ Nj; = (NG \ Ni) U R,
we have p3(a) = p1(a). If @ € Ng \ Ny then since N; C Ny, we
have ps(a) = p1(a) = a. Otherwise, @ € Ry and by Proposition 17,
p3(@) = pz(@). Since Ry € N \ N} by Proposition 6, we deduce
that p3(a) = pa(a) = p1(a).

e By Definition 15 (1), Ng» = (Ng \ Ng) U Ngr = (NG \
Nu) U (Ng \N) UNp = (N \ N)) UNp = Ng.

e By Definition 15 (2), Rg» = u3(Rg) and Rgr = p1(Rg)-
Since Rg € Ng \ N{; by Proposition 6, we have u3(Rg) =
11(Rg) so that Rg» = Rer.

e Consider an edge (¢ 2 f) in Eg \ &r. Then since I < H,
we cannot have {a, f} € Ny and if @ € N then necessarily
@ € Ry. This shows that {a, B} C Ny \ N/ and therefore,
p2(Em \ &1) = p1(Ep \ &p). The fact that p3(Eg \ Ep) =
11(Eg \ Ex) is proved in a similar way. We have

Egr = (&g \EY)UEW
= (&g \ &)V p2(Ep \ & VU EP
= m(&c\ &) Vm(Eu\&Vér
= m((Ec\E)VU(Exg\EN)UEP (p is injective)
= m(Ec\&ENPUér
- &

e Consider anode a € N,,. Since N = N7 and R = Rg,
we also have a € Ng,,. First assume that a € Ng, \ Ny, so
that I/ (@) = lg(a).

- If« € N, \ Np then by definition g~ (@) = lg(a).

- If a € Njj, then since & ¢ N by hypothesis and H < G,
we have lgr (@) =l (@) = lg(a) =Ig(a).

- Ify;l(a) € NiNRpy thenlgr (a) = l(;(ygl (@)). But since

a ¢ N, we must have y;l(a) = yz_l(a) = «, hence the

result.
Assume that & € N, so that I (a) = Iy (@).
— We cannot have a € N, \ N because Ny, C Npp.

-Ifae NI*{, then Ig» («) = Iy («) = Iy () because a € N,
by hypothesis.

— We cannot have y;l () € N(*; N Ry because otherwise
we would have a € p3(Ry) = Ry and since I’ < H’,
necessarily a € Rp.

Now assume that o € N(*;, NRy,ie., yl_l(a) € N(*; N Ry, so

that Ig/ () = I (47 ' (@)).

— We cannot have a € N, \ N because Ry C Ny

-Ifae N;‘I, then we have g (@) = Iy (@) = lH(pz_l(a)) =
I (7N (@) = I (p " (@)

- If,uz_l(oc) € N NRy S N5\ N then we have g (a) =
lG(,LI;I(OC)) = lG(pl_l(a)) because p1 and p3 coincide on
NEANG.
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3.3 Graph Merging

We introduce the notion of a merge of two graphs. Intuitively, the
merge of graphs Gj and G will be any graph G containing all nodes
and edges occurring in either Gy or Gg, possibly along with some
additional edges.

DEFINITION 30. Two DRL-graphs G and G, are label-compatible
iff the set of pairs {{Ig, (B).1c,(B))) | B € Ng, " Ng,} admits an
mgu.

Given two label-compatible DRL-graphs G1, G2 with mgu o and
a set of edges E of the form (a 2 ) such that @ € Rg, \ Ng, and
B € Rg, \ Ng,, the E-merge of Gy and Gy is the graph G defined as
follows:

o« N ¥ Ni, UNG,;

e Rg = (Rg, URG,) \ (Né1 U N(*;Z) (the order of the nodes in

RG is chosen arbitrarily);

e &g o &g, UEgG, VE;

e for every node oo € Ng, withi = 1,2, lg(a) « o(lg,(@)).
A merge of two label-compatible DRL-graphs G1, Gz is a DRL-graph
G that is an E-merge of G1 and Ga, for some set E of edges of the form
(o 2 P) such that @ € Rg, \ Ng, and € Rg, \ Ng, -

It is easy to check that merges can be constructed using usual
unification algorithms.

ProrosiTION 31. Assume H, H' < G and consider the set of edges

EE ((a2p)laecRuy\ N, R\ Ny (a2 p) € Eg).

Then H and H' are label-compatible and if G’ is the E-merge of H
and H’, then G’ < G.

Proor. It is straightforward to verify that H and H’ are label-
compatible, with the empty mgu. We show that G’ < G, using the
fact that, by hypothesis, H,H' < G.

(1) By Definition 30, we have Ng' = Ny U Ny € NG.

(2) All the edges in E are also in &g, it is thus straightforward

to verify that Egr € Eg.

(3) Assume that (¢ — f) € Eg, wherea, f € Ng. If a, f € Ny
ora,f € Ny then (a — ) € Eg since H, H' < G. Suppose
that « € Ny \ Ny and f € Ny \ Ng. Since H,H’ < G,
by Definition 4 (4), necessarily « € Ry and f € Ry, hence
(e« > B) € E C Eg'. The case where « € Ny \ N and
B € Ng \ Ny is proved in a similar way.

(4) Consider (¢ 2 p) € Eg, where ¢ € N5 and ff ¢ Ng.
Assume a € Ny, the case where a € Npp is proved in a
similar way. Since ¢ N’ we have f ¢ Ny, hence a € Ry
by Definition 4 (4). It cannot be the case that @ € N}, because
otherwise we would have @« € Ny and f ¢ Ny, so that
a € Ry, a contradiction. We conclude that o € Rgr.

(5) Consider a node @« € Rg N Ng' and suppose w.l.o.g. that
a € Np.Since H < G, by Definition 4 (5) necessarily & € Ry.
If « € Ny then a € Ry, we deduce that @ € Ry \ (N U
N;I,) C Rg.

(6) By definition (since the considered substitution o is empty)
lg is the restriction of I to N%,.
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3.4 Restricting the Class of Graphs: C-Relations

Depending on the intended applications, it is sometimes necessary
to further restrict the considered class of graphs. For instance, if
graphs are intended to model standard circuits obtained by com-
posing gates associated with inputs and outputs, then it might be
necessary to dismiss cyclic graphs, which have no obvious seman-
tics in this particular context. We shall thus consider an arbitrary
but fixed class of DRL-graphs C, which is assumed to be closed
under isomophism. The class C should be provided by a user, de-
pending on the considered application (an example is provided in
Section 8 to model possibly cyclic circuits).

To perform equational reasoning, we need to ensure that the
replacement of a subgraph within a DRL-graph in C results in a DRL-
graph that is still in C. It is clear that this property will not hold in
general, even if the considered subgraph is also in C. For instance,
the replacement of a subgraph in a non-cyclic DRL-graph may
create new paths in the DRL-graph, which may create a cycle. To
overcome this issue, we shall consider a restriction of the subgraph
relation, denoting the particular subgraphs on which replacement
is allowed. This relation is called a C-relation and will be denoted
by <¢. In the following we only state the abstract properties that
must be fulfilled by the relation <¢, its actual definition will depend
on the considered application and on the class C. In most cases,
<c will coincide with < on graphs in C (this is the case for the
class defined in Definition 62). However, we prefer, for the sake of
generality, not to make this assumption.

DEFINITION 32. Let C be a set of DRL-graphs, such that G €
CAG~G’" = G’ € C. AC-relation < is a reflexive and transitive
binary relation included in < and satisfying the following properties:

(1) IfH <¢c G thenG € C andH € C.

(2) IfH <¢ G, H’ € C and H’ is substitutable for H in G then
H’ <¢ G[H'/H] (thus G[H'/H] € C).

(3) IfH <¢ G, then u(H) <¢ p(G), for every N-mapping pu.

(4 IfH 2¢ G, I 2¢ G, H and I are disjoint, I’ € C and I’ is
substitutable forI in G, then H <¢ G[I’/I].

(5) If Gi <¢ G, fori = 1,2, then there exists a merge G’ of G1 and
Gg, such that G’ <¢ G.

(6) If G ¢ H then for every substitution o, 0(G) Z¢ o(H).

In the following we consider a fixed set of DRL-graphs C, closed
under isomorphism, and a fixed C-relation <¢. Note that in partic-
ular, if C is closed under merging, then the intersection of < with
C? is always a C-relation.

3.5 Graph Rewrite Systems

In what follows, we define the notion of a graph rewrite system
that is based on the replacement operation. Note that the rewrite
relation is parameterized by <¢, as the replacement of a subgraph
H within G is allowed only if H <¢ G.

DEFINITION 33. A DRL-graph rewrite rule is a pair written G —
H, where G and H are DRL-graphs such that Rg and Ry are root-
compatible. A DRL-graph rewrite system is a set of DRL-graph
rewrite rules.
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DEFINITION 34. IfR is a DRL-graph rewrite system then we write
G —R G’ iff there exists a rule H — H’ € R, a substitution o and an
N -mapping p of domain Ny U Ny such that the following conditions
hold:
e o(u(H)) =¢ G,
e o(u(H")) is substitutable for o (u(H)) in G, and
o G’ ~Glo(u(H")/o(p(H))].

We denote by —7, the transitive closure of —g.We write G —>’f2 G’

if there exists a sequence of DRL-graphs H; (fori = 1,...,k) with
Hy ~ G, Hy ~ G’ and for everyi € |1,k — 1], Hi —g Hjy1. By
a slight abuse of notation, we also denote by —} the least relation
containing —% and ~.

Note that —>; is the reflexive and transitive closure of —p, if the
latter is viewed as a relation on equivalence classes of DRL-graphs
w.rt. ~.

The next proposition and lemma state that —p is compatible
with isomorphism and graph embedding.

ProrosITION 35. IfG =R G’ and G” ~ G, thenG"”" —r G’.

Proor. By definition of the relation —pg, there exists a rule H —
H’ € R, a substitution ¢ and an N-mapping y of domain Ny U Ny
such that o(u(H)) 2¢ G, o(p(H")) is substitutable for o(u(H))
inG,and G’ ~ G[o(u(H"))/o(u(H))]. Since G” ~ G, there exists
an N-mapping p’ such that G”” = p’(G). By Definition 32 (3), we
have p’(a(p(H))) <¢ p’(G). By Proposition 21, p’(o(u(H’))) is
substitutable for y’(o(u(H))) in p’(G), and

W (Glo(u(H")) /o (p(H))]) H(G) [ (a(u(H))) /i (o (p(H)))]
= G (o(pH)) /1 (o(u(H))].
Thus G” ~ G [/ (a(u(H"))) /1’ (o(u(H)))]. Since p’ (o (u(H))) =

o(p’ o pu(H)) and p’ (a(p(H'))) = o(u’ o u(H’)), by Definition 34
we deduce that G —g G'.

[m]

LEMMA 36. Let R be a DRL-graph rewrite system. Let G be a DRL-
graph and I be a DRL-subgraph of G, with I <¢ G.IfI —>§ I’ for
somek > 0 and I’ is substitutable for I in G, then G —>11§ G[I'/1].

Proor. The proofis by induction on k. If k = 0, then the proof is
an immediate consequence of Proposition 20. Assume that k >
0. By Definition 33, there exist a rule H — H’ € R, a substi-
tution ¢ and an N-mapping p of domain Ny U Ng such that
o(p(H)) =¢ I, o(u(H’)) is substitutable for o(u(H)) in I, and
I ~ I[o(p(H"))/o(u(H))] with I” —k=1 I’. We assume wlo.g.
that:

e The N-mapping p is such that N, gy NNG € N, so that the
graph I[o(u(H"))/o(u(H))] is substitutable for I in G (such
an N-mapping is guaranteed to exists because Ny C Ny);

e N N Ng =0, so that I’ is substitutable for I in G.

By Corollary 24 we have G[I"”’/I] ~ G[I[o(p(H"))/o(u(H))]/1],
and by Lemma 29,

Glo(u(H")/o(p(H))] = GlI[a(u(H"))/o(u(H)]/1].
We deduce that G[I"/I] ~ G[o(u(H"))/o(u(H))].
By Definition 32, < is transitive and since we have I <¢ G
and o(u(H)) <¢ I, we deduce that o(u(H)) <¢ G, which proves
that G —g G[I”’/I]. By Definition 32 (2) we have I’ <c G and
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by the induction hypothesis, G[1"’/I] _>II<2_1 G[I’/I]. Therefore,
G -k G[I'/1].
m]

4 GRAPH FORMULAS

In this section we introduce DRLG-literals, which are either equa-
tions or disequations between graphs and DRLG-formulas, that are
sets of DRLG-literals.

DEFINITION 37. A DRLG-equation is an unordered pair writ-
ten G ~ H, where G, H are root-compatible DRL-graphs. A DRLG-
disequation is the negation of a DRL-graph equation, written G # H.
A DRLG-literal can be either one of a DRLG-equation, a DRLG-
disequation or L (standing for false). The set of variables occurring in
a DRLG-literal L is defined as follows: V(G ~ H) = V(G # H) =
V(G) UV (H) and V(L) = 0. All substitutions and N -mappings u
are extended to DRLG-literals as follows: u(G »< H) = p(G) »< u(H),
foreee {~, #}, and p(L) = L.

If L, L’ are DRLG-literals, we write L ~ L’ iff either L = L’ or
L=(GwH),L' =(Gw~H)G~G andH ~ H’'.

A DRLG-formula is a set of DRLG-literals.

REMARK 38. Note that disjunctions are not allowed in our syntax.
Considering disjunctions of DRLG-literals would actually be straight-
forward (with the classical semantics), but it would not bring much
generality in our context, because nodes could not be shared between
the considered DRLG-literals (only variables could be shared). Stronger
forms of disjunction could be considered but it is not clear how their
semantics would be defined. This is why formulas are defined as con-
Jjunctions of literals. Depending on the application, disjunctions can
of course be encoded at the object level by specific nodes within the
graphs, with appropriate axioms. The graph languages considered
in quantum computing (such as the ZX calculus) do not allow for
disjunctions.

DEFINITION 39. For any DRLG-formula S, we denote by I(S) the
set of ground instances of a DRLG-literal in S, i.e., the set of DRLG-
literals o(L) where L ~ L’ for some L’ € S and o is a ground
substitution of domain V (L).

We write £L g L/ if L=G»H, L' =G’ >Hand G - G’.

5 SEMANTICS

Depending on the considered application, graphs may be associated
with various semantics. For instance, in quantum programming,
ZX-diagrams are associated with complex matrices. In classical
circuits, graphs may be associated with operators with multiple
inputs and outputs. In the present paper, for the sake of genericity,
we make no assumption on the way DRL-graphs are interpreted,
and we only assume that the chosen semantics is compatible with
the replacement of DRL-subgraphs. This leads to the notion of a
DRLG-congruence, which lifts the usual notion of congruence to
DRL-graphs.

DEFINITION 40. A binary relation > on DRL-graphs is closed
under isomorphisms if G~ G’ AH~GAH' ~G' = H»H’.

DEFINITION 41. A binary relation >« on DRL-graphs is closed
under embeddings if for all DRL-graphs G, H, H' such that H <¢ G,
H’ is substitutable for H in G and H > H’, we have G > G[H’/H].
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DEFINITION 42. A DRLG-congruence «v is an equivalence rela-
tion between ground DRL-graphs that is closed under isomorphisms
and embeddings.

DEFINITION 43. A DRLG-congruence <~ validates ¢ if:

o ¢ is a ground DRLG-equation G = H and G <~ H;

o ¢ is a ground DRLG-disequation G # H and G ¢~ H;

e ¢ is a formula and < validates all DRLG-literals in I;(¢).
If a DRLG-congruence validates ¢ then it is a model of ¢, and we
say that ¢ is satisfiable. We write ¢ |=  (and say that { is a logical
consequence of ¢) if every model of ¢ is a model of ¢’, and ¢ = ¢ if
¢k yandy .

PROPOSITION 44. For any set of DRLG-equations E, there exists a
DRLG-congruence «~g that is the minimal (w.r.t. C) model of E.

ProOF. It is easy to check that if M is a set of models of E, then
the relation defined as the intersection of all the relations in M is
also a model of E. Further, E has at least one model, containing all
pairs of root-compatible ground DRL-graphs. Hence «»g can be
defined as the intersection of all the models of E. O

We now prove that the satisfiability problem is undecidable for
ground DRLG-formulas. The result emphasizes the difference with
the usual ground equational logic (on terms) which is well-known
to be decidable

THEOREM 45. The satisfiability problem is undecidable for ground
DRLG-formulas.

Proor. The proof goes by a reduction from the halting problem
for Turing machines (TM). Let M be a deterministic TM of the form
(Q.T,b,%, qo, F, §), where Q is the set of states, qo is the initial state,
F C Q is the set of final states, b is the blank symbol, T is the
alphabet, 3 C T is the set of input symbols and 6 : (Q\ F) xT' —
Q x T x {L, R} the transition function. We assume, w.l.o.g., that
QNT = 0. The configurations are tuples ¢ = (g, w, w’), where g is a
state and w, w” € T" denotes the part of the tape before and after the
head, respectively (we assume that w, w” are nonempty for technical
convenience). Any such configuration, with w = wy..... wp, w =
wj,, and w;, w;. € T, may be encoded into a graph G(c)
defined as follows (where s, h, e are pairwise distinct symbols not
occurring in ' U Q):

No@ = Haoavazas,fi....Bu B B}
7QG(c) =
Ece = {Bi—Pw)li=1...,n—1}

U {(ﬁ;. _>/3;+1) lj=1....m-1}
U {(a1 = B1), (Bn — @2), (a2 = BY), (Brn — a3)}
w; (fori=1,...,n)

Ig(e) (ﬁj’) wj’. (forj=1,...,m)

Igo(@) =q lgey(a) =s lgylaz)=h lg)(as)=e
The transition function is encoded by the following DRLG-equations:

o) (Bi)

for all q1, 1, q2, j, k such that §(q1,i) = (g2, j,R) and k € T. The
second rule encodes the fact that the tape is infinite: if the head

Q

X
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is at the end of the word, a new blank symbol must be created
to ensure that there are always symbols after the head (i.e., w’
must be nonempty in any configuration (g, w, w”)). Similar rules
are defined for the left movement (for all g1, i, g2, j, k such that
6(q1,i) = (g2, j,L) and k,l € T):

We also define rules to delete useless blank symbols at the end or
at the beginning of the tape:

Let E be the set of such DRLG-equations. It is easy to check that,
for all configurations ¢, ¢/, G(c) «~»p G(c’) if either c is reachable
from ¢’ or ¢’ is reachable from c. We assume, w.l.o.g., that the
considered TM only ends in a configuration (g I3 b,b) (i.e., the TM
clears the tape and ends in a single fixed final state qy). Then, the
TM terminates on the empty word iff E, enriched by the following
DRLG-disequation, is unsatisfiable:

QR

QR

. @ O-0->0>0—®

6 A PROOF PROCEDURE

6.1 Inference Rules

We define a set of inference rules that can be viewed as an adaptation
of the Superposition calculus to graph formulas. Similarly to the
Superposition calculus, this set of inference rules is designed to
saturate a set of DRLG-literals in order to derive L when the set is
unsatisfiable.

DEFINITION 46. A binary relation >« on DRL-graphs is closed
under substitutions if for all DRL-graphs G, H such that G = H, and
for every substitution o, we have 6(G) > o(H).

DEFINITION 47. A graph reduction order > is a preorder on DRL-
graphs that satisfies the following properties:

o The associated order >, defined asG > H & (G 2=
H A H % G), is well-founded.

e > and > are closed under embeddings, substitutions and iso-
morphisms.

e For all ground DRL-graphs G, H, we have either G > H or
H>G.

We writeG ~ H forG>HAG < H.

ExAMPLE 48. For instance the relation G > H < |Ng| =
|Ng| is a graph reduction order.

Let < be a graph reduction order. We consider the following 3
rules, which apply modulo a renaming of nodes and variables.

Positive Unit Superposition (S*).

G=~G’ H=~H'
I[a(G")/o(G)] = I[a(H")/o(H)]

fV(G=G)NVH=H)=0,Ng NNy #0,]is amerge of G
and H with mgu o, 0(G) <¢ o(I) ,0(G") =¢ o(I), G’ and H’ are
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respectively substitutable for G and H in I, I[o(G’)/o(G)] # I and
Ilo(H")/o(H)] # I

Negative Unit Superposition (S™).

G#G’ H=~H'
o(G)lo(H)/o(H)] # 0(G")

IfV(G#G)NV(H=~H’) =0, o is a most general substitution
such that 6(H) <¢ o(G), H’ is substitutable for H in G, o(G’) #
0(G) and o(H’) # o(H).

Reflection (R). Two DRL-graphs G and H are label-unifiable iff
there exists a substitution o such that o(G) = o(H).

% If G and H are label-unifiable.
For every DRLG-formula S, we denote by Sup(S) the set of the

DRLG-literals deducible from S by one of the above rules (in one
def

step). Let Sup™(S) = U2, Supi(S), with:

Sifi=0
SUSup(S)ifi=1

Sup! (Supi~1(S)) otherwise

def

sup’(S) =

We show that all the inference rules are sound, in the sense
that every deduced DRLG-literal is a logical consequence of the
premises.

THEOREM 49 (SOUNDNESS). The rules S*, S~ andR are sound, i.e.,
for every DRLG-formula S, S |= Sup(S). Thus if L € Sup*(S) then S
is unsatisfiable.

Proor. The proof goes by an easy inspection of each rule, using
the fact that DRLG-congruences are closed under embeddings and
closed under substitutions. We only detail the proof for the rule S*,
the other cases are similar. Let «~> be a DRLG-congruence satisfying
G~ G andH ~ H'. Let £ = I[o(G")/o(G)] ~ I[oc(H')/c(H)]
be a DRLG-literal deduced from G ~ G’ and H ~ H’ and S*
and let 6 be a ground substitution of domain V(£L). We have to
prove that «v» is a model of L0, i.e., that 0(I[c(G"))/c(G)] e
0(I[c(H’)/o(H)]). Consider any ground substitution 6" of domain
V(G)UV(G")UV(H)UV (H’) and coinciding with o006 on all vari-
ables in V(L). Since «v is amodel of G ~ G’ and H ~ H’, we have,
by Definition 43: 6’ (G) «» 6’(G’) and 0’ (H) «» 0’(G’). Since I isa
merge of G and H, G <¢ I and H <¢ I. By Definition 32 (6), we de-
duce that 6’(G) =<¢ 6’(I) and 6’(H) = 6’(I). By Proposition
22, we have 0'(c(I)[c(G")/a(G)]) = 0'(D[6'(G")/6’(G)] and
0’ (c(I)[c(H")/a(H)]) =6’ ()[6’(H")/6’ (H)]. Since «w is closed
under embeddings and since 6'(G) «» 6'(G’), we deduce that
0’'(D)[0'(G")/0’(G)] e 0’ (I). Similarly, 6’ (1) [0’ (H') /0’ (H)] e~
0’ (I). Therefore 6’ (o(I)[6(G") /o(G)]) e~ 8’ (c(I)[c(H’) /o (H)]),
which entails the result. O

6.2 Redundancy

We now define a notion of redundancy, which is useful to dismiss
useless DRLG-literals. It is similar to the one of [1] but more restric-
tive (in the sense that fewer formulas may be deleted). As explained
before, this is due to the fact that total reduction orders are difficult
to define for DRL-graphs; in fact, the existence of such orders is an
open problem.
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DEFINITION 50. For every DRLG-formula S we denote by RS (resp.
Rs) the set of rules G — H where G ~ H € 14(S) and G > H (resp.
G > H).

PROPOSITION 51. IfG —7
G > H.

Rs H thenG > H, andlfG—> H then

DEFINITION 52. A ground DRLG-literal L is redundant w.r.t. a
DRLG-formula S if one of the following conditions hold.

(1) L€S

(2) L is of the form G ~ H where G ~ H.

(3) There exist a DRLG-literal L’ € S and a substitution ¢ such
that o (L) ~ L.

(4) There exists a DRLG-literal L’ such that L —r: L' and L’
is redundant w.r.t. S.

DEFINITION 53. A DRLG-formula S is saturated if all DRLG-
literals in I;(Sup(S)) are redundant w.r.t. S.

7 COMPLETENESS

In this section we prove the completeness of our calculus, in other
words, that if a saturated DRLG-formula is unsatisfiable, then it
necessarily contains L. Throughout this section, we assume that S
denotes a fixed DRLG-formula.

Our first goal is to show that if S is saturated and contains no
contradiction then the relation — g, is confluent (Lemma 57). This
result will allow us to use this relation as a basis for defining a
DRLG-congruence satisfying S (Definition 58). Note that showing
local confluence is not sufficient since — g, is not necessarily well-
founded (this is an essential difference with the usual completeness
proofs for standard Superposition calculi, for which total reduction
orders exist). We consider a restriction of —7, Rs obtained by bound-
ing the number of steps for which the rewritten graph is greater or
equal to some given DRL-graph G.

DEFINITION 54. Let G be a DRL-graph. We write H —>| H’

iff there exists a sequenceI; (i = 1,...,m) with; = H, I, = H',
I; =R Iiv1 foralli=1,...,m — 1 and there are at most n indices i
in [1,m — 1] such that Ii+1 £ G.

PROPOSITION 55. We have the following properties:
(1) IfH —>R I then H —>|G I, for somen € N.
(2) IfH —>" I then H —>m I forallm > n.
(3) IfH < G and H —>R IthenH —>| I

(4) fH<G andH—>

I then H —>|GI
(5) IfH—> H’ andH’

m n+m
=6 I then H s I
Proor. The results follow immediately from the definition of
_>TG and Proposition 51. O
The following lemma states a form of local confluence:

LEMMA 56. Assume that S is saturated and 1. ¢ S. Let G, Gy, G2
be ground DRL-graphs such that G —pg, G; (fori =1,2). There exists
a DRL-graph G’ and numbers n; € {0, 1} such that G; —> G G for
alli = 1, 2. Furthermore, if G > G; for some i = 1,2 then r]l =n2=0.
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Proor. By definition of —pg; there exist rules H; — H/ in

Rs, substitutions o; and N-mappings y; such that, for i = 1,2,

oi(pi(Hi)) ¢ G, oi(pi(H])) is substitutable for o;(p;(H;)) in G,
and G; ~ Glo(pi(H]))/o(pi(Hi))].
Let i € {1,2}. Since Rs is ground we have o; = id, and since

14(S) (hence Rg) is closed under isomorphisms, we may assume

that y; = id, so that G; = G[H]/H;]. Furthermore, by definition
of Rg, we have H; > Hl’ and since > is closed under embeddings,
G > G;.
We distinguish two cases.

o Assume that N, NNy, = 0. By Lemmas 27 and 28, for every
i,j € {1,2} with i # j, we have H; < Gj;, H/ is substitutable
for H; in G; and:

Ga[H]/Hy] = G [Hy/Hy). &)
By Definition 32 (4), we have H; <¢ Gj,thusG; —g G; [H]’/HJ]
so that G; _)|G Gi [H /Hj], where:
1 1fG,[Hj’/HJ] ~G
P { 0 otherwise
Note that by Equation 1 we necessarily have 11 = n3. Since
Hj > H]’ and > is closed under embeddings, we have G; >
Gi[HJf/Hj].IfG > Gj,forsomei = 1,2,thenG > Gi[HJ'./Hj],
thus by definition 1; = 0. By Equation 1, we obtain the stated
result.
Assume that Ny, N Ny, # 0. By definition of Rg, there
exist DRLG-literals I; ~ Il.' in S, groundsubstitutions 6; and
N-mappings v; (for i = 1,2) such that H; = 6;(v;(I;)) and
H/ = 0;(vi(I])). We may assume that [; ~ I] and I ~ I are
variable-disjoint, so that 6; and 0, have disjoint domains.
By Definition 32 (5), v1(I1) and v2(I2) admit a merge I, with
mgu 6, such that (0; U ;) = 0" o 6, for some substitution
0’,and §’(I) <¢ G. Since I;(S) is closed by node renaming,
we may also assume, w.l.o.g., that vi(Il.’) NNg C Nv,-(I,-):
so that v;(I]) is substitutable for v;(I;) in I and also that
I[vi(I])/vi(I;)] is substitutable for I in G.
Let i € {1,2} and assume that I[0(v;(I}))/60(vi(I;))]
I. Then, since the order > is closed under substitutions,
we have 6'(I[0(vi(I]))/0(vi(I;))] > 0’(I), and therefore
0" ([0 (vi())) /0 (vi(I;))] > 6(I). We get
G[O"(D)[0:(vi(I)))/0:(vi(1:))]/60" ()] > G
because > is closed under embeddings, thus, by Lemma 29,
GlO: (vi(I}))/0; (vi(I)] > G.

Therefore, G[H] /H;] > G, which contradicts the fact that
H; > Hl/
Consequently, we have I[0(v;(I]))/0(vi(I;))] # I (fori =
1, 2). This entails that the rule S* is applicable on I; ~ I;

and I, ~ IZ' (up to the node renamings vi, vz), yielding the
DRLG-literal:

IO (1) /0(vi ()] ~ I[0(v2(1)) /0(v2(L2))].

Since S is saturated and L ¢ S, there exist DRL-graphs J;

(for i = 1,2) such that either J; = J; or J1 = J2 € I;(S), and

0" (I[6(vi(I)))/0(vi(I;)]) —>;> Ji. We assume that J; ~
S

J2 € I4(S), the proof if Ji

= Jo is similar and simpler. Since
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> is total on ground DRL-graphs, we have either J; > J»

or Jo > Ji. Assume by symmetry that J; > J, so that

Rs contains a rule J; — J». Using Lemmas 25 and 36, we

get G[O"(I[0(vi(I] ))/G(Vz(l))])/Q (D] =% G/ (D],

ie., (by Lemma 29) G; —%. G[J;/0'(I)]. We deduce that

Gz _)|G G[J2/0’(1)], and (due to the rule J; — J5), Gy —"
G[J2/6’(I)], where

:{ 0 if G[J2/6"(D)] <

|G

1 otherwise

Note that if G; < G, for some i = 1,2 then necessarily
G[ /6’ ()] < G (as G; < G), hence n = 0. Thus we get the
result, with G’ = G[J2/6’(I)], n1 = nand 52 = 0.

]

We write Gy |gg G if there exists a DRL-graph H such that

G —>; H, foralli=1,2.
s

LEMMA 57. IfS is saturated and 1 ¢ S, then the relation —p; is
confluent.

ProoF. Assume that there exist DRL-graphs G, Gy, G such that
G —>;5 Gj for i = 1,2 and Gy Jps G2. Wlo.g., we assume that
G is a minimal (w.r.t. <) DRL-graph such that DRL-graphs Gy, G2

satisfying the above properties exist. Thus, for every DRL-graph

G’ such that G’ < G, if G’ —>;‘2 G/ for i = 1,2 then G| |g, Gj.

By definition of the relation —
(for i = 1,2) such that G _>\G
set (n1, nz), that for every DRL-graph H ~ G, if H —>|é G; for
i = 1,2 then there exists a DRL-graph G’ such that for i = 1, 2, we
have G; Té i G’. Note that this immediately entails the required
result, by taking H = G. First assume that H € {Gl,Gz} say,
H = Gy. Then by taking G’ < IG Gz, and by
Proposition 55 (2), Gy —" \G Ga, hence the result. We now assume
that H —g, H; —>R G;j. Note that we have H; _)\G G; where by
Proposition 55, either H; ~ H ~ G, n; > 0 because H; £ G and
m; = n; — 1; or H;j < G and n; = m; = 0. By Lemma 56, there exists
I such that: H; — IG I, with 1,72 € {0, 1} and if H; < G for some
i=12thenn; =9y =0.
Let i € {1,2}, we have H; —

fex there exist natural numbers n;

G;. We prove, by induction on the

Gz we have G; "

lGIandH, IG i Gi.

o If H; < G, then by minimality of G there exists a DRL-graph
I; such that I —>R I; and G; ; I;. By Proposition 51

we have I,G; < H; < G, hence I _)|G I; and G, _)(l)G
I; by Proposition 55 (3), and I —>|G I; and G; — IG I; by

Proposition 55 (2).

e If H; ~ G, then m; = n; — 1 < nj. Moreover, we have either
n3—; > 1> n; or n3—; = 0, and in the latter case H3—; < G,
so that n; = 0 by Lemma 56. In both cases, the pair (m;, n;)
is strictly smaller than the pair (ni, nz). Consequently, by
the induction hypothesis there exists a DRL-graph I; such

thatI—>IG I; and G; — \GIi
Thus in both cases we get that fori = 1,2, T —)|G Ij and G; —

for some graphs I; We again distinguish two cases.

|G Ils
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e If I < G, then by minimality of G there exists a DRL graph

G’ such that for i = 1,2, I; —>ZS G’, hence I; _)|G G’ by

Proposition 55 (3). Since G; —>'|7& I;, we deduce that G; —>|é

G’ by Proposition 55 (5). If 51 = 52 = 0 then this entails

that G; "g " G’ and the proof is completed. Otherwise, by

definition of 7;, we have H; ~ Hy =~ G, hence ny,nz > 0 and
ni, ng > 11, n2, thus we also have G; —>"1C3;’i G’

o If I ~ G, then necessarily H; ~ G for all i = 1,2, thus m; =
n; — 1 and, by applying again the induction hypothesis, there
exists G’ such that I; ="~ G’, hence by Proposition 55 (5)

|G
Gi —>T3'i+m G’. Since n; < 1, we deduce that G; ?é’ G/,
and the proof is completed.
m}

DEFINITION 58. We denote by «vg the relation defined asfollows
G «v»gs H iff there exists a DRL-graph I such that G —7 I and
H —> Rs 1

Rs

LEMMA 59. IfS is saturated and does not contain L then ¢~g is a
DRLG-congruence.

ProoF. It is clear that «wg is reflexive and symmetric. Since
~=—>0RS by definition, it is also closed under isomorphisms.

We now show that < is transitive. If G «vg Gy «vg Gs
then there exist H; and Hj such that G; —>R Hi, Gy —>R Hi,
Gy _)Rs Hy, and G3 —>RS H,. Since —>R is confluent by Lemma
57, we deduce that there exists a DRL-graph I such that H; —> Rs 1,
Hy _);35 I. By transitivity of _)};5 we get that Gy —>;S I and

G3 —% I, hence G1 «vg Gs.

Rs

There remains to prove that «vs is closed under embeddings.
Consider G, HHy, H; where H <¢ G, H; «~»s Hp and Hy, Hp are
substitutable for H in G. By definition of «wg there exists a DRL-
graph I such that H; _’R I, fori=1,2. Wlo.g. we assume that I is
disjoint from G and H;, hence substitutable for H; in G[H;/H]. Let
i = 1,2, by Lemma 36 we have G[H;/H] —>RS G[H;/H][I/H;] and
by Lemma 25 we deduce that G[H;/H] _)1*?5 G[I/H]. Therefore,

G[Hi/H] evs G[Hy/H]. o

LEmMMA 60. If'S is saturated and does not contain L then «vg is a
model of S.

Proor. Let G ~ G’ be a DRLG-equation in S and let 0 be a
ground substitution of the variables in G, G’. By definition, we have
6(G) = 8(G’) € I4(S). Since > is total on ground DRL-graphs,
either (G) > 6(G’) or 6(G’) = 0(G). We assume by symmetry
that 0(G) > 0(G’), so that Rg contains a rule 6(G) — 6(G’). Then
by definition of «v»g, we have 0(G) «wg 6(G’), hence «vg is a
model of G ~ G.

Now consider a ground DRLG-disequation G # G’ that is redun-
dant w.r.t. S; we prove that G ¢~»g G’. This is sufficient to obtain
the result, since all the ground instances of a DRLG-disequation
occurring in S are redundant w.r.t. S. Assume for a contradiction

that G ewg G, so that there exists H such that G —>g H and

G’ —>R H, for some n,n” € N. The proof is by induction on the
pair ({G,G’}, {n,n’}), ordered by the lexicographic and multiset
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extension of the ordering < and of the usual order on natural num-
bers.

o If there exists I such that G — R Iand I # G’ is redundant
w.r.t. S then by Proposition 51, I < G, thus by the induction
hypothesis I ¢»g G’. By definition of «»g we have G «vg I,
hence G ¢vg G'.

e The proof is similar if there exists I such that G’ — R I'and
G # I is redundant w.r.t. S.

e Otherwise, G # G’ must be an instance of a DRLG-literal in
S, i.e., there exist a DRLG-disequation H # H’ occurring in
S (up to a renaming of nodes) and a substitution ¢ such that
G =o0(H) and G’ = o(H’). We distinguish two cases.

- Ifn =n" = 0then o(H) ~ o(H’), thus H and H’ are
label-unifiable (up to a renaming of nodes). Consequently,
the rule R applies. Since S is saturated, this entails that
L € S, which contradicts the hypotheses of the lemma.

— Otherwise, we have either n > 0 or n’ > 0. Assume that
G > G’,n=0andn” > 0. Then we have G ~ H, thus
G’ —>1'5; G and G’ > G by Proposition 51, a contradic-
tion. The case where G’ > G, withn > 0 and n’ = 0
is symmetric. Now assume that n > 0 and that G > G’
(the proof where n’ > 0 and G’ > G is symmetric). Then
there exists a DRLG-equation J ~ J’ in S (up to a renam-
ing of nodes) and a substitution 0 such that 0(J) <¢ G,
G —ps G[O(J")/0())] —>§;1 Tand 6(J) > 0(J’). We as-
sume, w.l.o.g., that | ~ J" and H # H’ share no variable, so
that o and 6 have disjoint domains. Let y be a most general
substitution such that y(J) <¢ y(H). By definition, there
exists y’ such that (cU0) =y’ oy. Since 8(J) > 6(J’), and
> is closed under substitutions, we have y(J’) # y(G’)
(as otherwise we would have y'(y(J")) > vy’ (y(G")), i.e.,
0(J’) > 6(J)). Similarly, since G > G’ and > is closed un-
der substitutions, we deduce that y(H’) # y(H). This
entails that the rule S™ is applicable on H # H’ and
J = J', yielding: £ : (y(H)[y(J')/y()] # y(H'). Then
G[0(J")/6(J)] = G’ is an instance of £, and since S is
saturated, it must be redundant w.r.t. S. By the induction
hypothesis, we deduce that G[6(]")/0(])] «~s G’, thus
G “ag G’

|

THEOREM 61 (COMPLETENESS). Any saturated DRLG-formula not
containing L is satisfiable.

Proor. This follows immediately from Lemma 60. O

8 AN APPLICATION TO CIRCUITS
8.1 A Class of DRL-Graphs

In this section we consider a class of graphs, denoted by CIrcurTs,
which intuitively consists of graphs that represent gates. Informally,
a gate with n entries and m outputs is represented in this class by a
graph with 2(n + m) + 1 nodes:

e one node that contains the information about the number of
entries and outputs;

e nnodes that represent the entries and m nodes that represent
the outputs;
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e n+ m root nodes that are used for rewriting operations.

We also define the notion of a subcircuit and show that it is a C-
relation, thus guaranteeing the completeness of the proof procedure
defined in Section 6.

DEFINITION 62. We denote by CIRCUITS the class of graphs G

satisfying the following properties:

(1) The set of labels isN \ {0}.

(2) There are sorts gatell?, into and from denoting gates with n
entries and m outputs, input ports, and output ports respec-
tively.

(3) For each node a of sort gate)! there exist exactly n nodes
ai, ..., an of sort into labeled with 1, ..., n respectively and
m nodes a{, ...y, of sort from labeled with 1, ..., m respec-
tively, and edges (a; — a) and (a — a}) foreveryi € [1,n]
and j € [1,m].

(4) All nodes of sort into have exactly one incoming and at most
one outgoing edge; all nodes of sort from have exactly one
outgoing and at most one incoming edge.

(5) Every node of sort into which is labeled by i € N\ {0} admits
one outgoing edge, the target of which is a node of sort gatel,
where i < n.

(6) Every node of sort from which is labeled by i € N\ {0} admits
one incoming edge, the source of which is a node of sort gatel’,
where i < m.

(7) All the other edges are of the form (a — J) where a is of sort
from and f is of sort into.

(8) Rg is of the form Ry - R;, where every node in the sequence Rg
is of sort from and admits no incoming edge, and every node
in the sequence R; is of sort into and admits no outgoing edge.
The sequence Ry is denoted by RN and R; by Rg”t.

Intuitively, ‘Ré” denotes the inputs of G and R%“t its outputs.

ExAMPLE 63. The empty DRL-graph @ ' (0,),0.0), is in Cir-
currs, with Ry = R%”t = ().

DEFINITION 64. Given a node a in RiG“, we denote by trg;(a)
(or simply trg(a) when there is no ambiguity) the node f such that
(a — P) € Eg. Given a node a in Rg“t, we denote by srcg(a) (or
simply src(a) when there is no ambiguity) the node f such that

(f—a)e&g.
Since every node « in RiG“ is of sort from, the node f such that

(¢ — B) € Eg exists and is unique; similarly, if « in Rg”t then the
node f such that (f — «a) € Eg exists and is unique.

DEFINITION 65. H is a subcircuit of a DRL-graph G € CIrcuITs,
denoted by H <c G, if and only if H < G and H € CIRCUITS.

LEMMA 66. Assume that H <c G, let H' be a DRL-graph in CIr-

curTs that is substitutable for H in G and let G’ o G[H'’/H]. Then
G’ € Circurrts.

Proor. Let p o ,ug_’H/ (see Definition 15), we prove that G’ €
Circurrs. Items (1) and (2) of the Definition 62 are immediate to
verify.

Item 3 Let @ € N be a node of sort gatej'. Note that « can-
notbein RgURgy. If « € Ny, then because H’ € CIrculTs,
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it is guaranteed that there exist exactly n nodes a1, ..., an
of sort into labeled with 1,. .., n respectively and m nodes

a{, ..., ay, of sort from labeled with 1,..., m respectively,

and edges (a; — a) and (0( - a]’.) in 8y foralli € [1,n]
and j € [1,m]. Since Egr € Eg, we have the result.
Otherwise, « € Ng \ Ny. Let i € [1,n], we prove that
there exists a node «; of sort into labeled with i such that
(alf — @) € Eg. The proof for nodes of sort from is similar.
Since G € CIRcUITS, there exists a node a; € Ng of sort
into labeled with i such that (a; — a) € Eg. Necessarily
(ai » a) € &g \ En, and we have the result by taking
aj = ().

Item 4 Consider a node « € Ng of sort into, and first as-
sume that @ € Ng \ Ny, so that y(a) = a and @ ¢ Ny
by Proposition 14. By definition there exists a unique edge
(o’ — a) € Eg \ Ep, and since there can be no edge of the
form (¢ — a)in &y, @ admits p((a’ — @)) = (p(a’) = @)
as a unique incoming edge. If @ € N then by definition
p(a) = a and by Proposition 14, « ¢ Ng \ Ny because
a ¢ Ng. Since H € Circurrts, the proof in this case is
straightforward.

The proof that & admits at most one outgoing edge is carried
out in a similar way, and so are the proofs when a is of sort
from.

Item 5 Consider a node a € Ny of sort into and labeled by
i. A case analysis depending on whether « € Ng \ Ny or
a € Ny as in the previous point shows that the target of «
is of sort gate))’ for some n > i.

Item 6 The proof is the same as in the previous case.

Item 7 Because y preserves sorts, it is straightforward to prove
that all other edges are of the form (¢« — f) where « is of
sort from and f is of sort into.

Item 8 By definition we have R = u(Rg), and since G and
H’ are both in Circuits, Rg- is of the required form.

[}

LEMMA 67. Assume that H <c G, H' 2¢ G and that H and H’
are label-compatible. Then the E-merge of H and H' with

def

E = {(@e2p)|aecRu\Nu, p€Ru \ N, (a 2 ) € Eg}

is in CIRCUITS.

Proor. Let G’ denote the E-merge of H and H'; by Proposition
31, G’ < G. It is straightforward to verify that G’ € Circurrs: the
existence of nodes and edges satisfying the requirements of the
definition of Circurts are deduced from the fact that H and H' are
both in CircurTs, and the uniqueness properties are consequences
of the fact that H and H’ are both subgraphs of G which is in
CIRCUITS. O

LEMMA 68. The relation <c is a C-relation, with C = CIRCUITS.

ProoFr. First note that since H € CircurTs, if @ € Ng \ Ny is of
sort into then there can be no edge (a; — @) € Ey. Indeed, nec-
essarily, a; € R;In and by definition, ; cannot admit any outgoing
edge. Similarly, if @ € Ng \ Np is of sort from then there can be

no edge (¢ — «a;) € Eg.

Rachid Echahed, Mnacho Echenim, Mehdi Mhalla, and Nicolas Peltier

(1) By definition, if H <¢c G then G, H € CIRCUITS.

(2) By Lemma 19 we have H” < G[H’/H] and by Lemma 66
G[H'’/H] € CircurTs.

(3) It is clear that if G € Circurrs then p(G) € Circurrs for all
N-mappings p. By Proposition 9, we deduce that if H <¢c G
then u(H) <c p(G).

(4) By Lemma 27 we have H < G[I’/I] and by Lemma 66,
G[I’/I] € Circurrs.

(5) If H <¢c G and H’ =¢ G then the merge G’ of H and H’
considered in Lemma 67 is such that G’ <¢ G.

[m]

8.2 Parallel and Sequential Composition

It is natural to construct a circuit by composing simpler compo-
nents. For instance the diagrams of the ZX calculus [12], formally
defined as morphisms in a dagger compact category, are built from
a set of generators via composition and monoidal product (modulo
equalities induced by the considered structure). We thus introduce
two standard composition operations: parallel and sequential com-
position. The empty graph is the neutral element for parallel compo-
sition, and we introduce the class of so-called identity graphs, which
can be viewed as neutral elements for sequential composition.

DEFINITION 69. Consider two graphs G1, Gy in CIRCUITS, such
that Ng, N NG, = 0. We define the parallel composition of G; and

Ga, denoted by G1 ® Gg, as the graph G3 constructed as follows.
def

(1) Ng; = NG, UNG,;

(2) Rg, <RI - RID - ROUE . ROV,

(3) &, = &g, UEa,;

@) lg, € Ig, Ulg,.

It is straightforward to check that G, ® G; is a DRL-graph when
Gj and Gy are disjoint.

PROPOSITION 70. Parallel composition is an associative operation
on mutually disjoint DRL-graphs, and the empty DRL-graph @ is its
neutral element.

Proor. Immediate. O

DEFINITION 71. Consider two graphs G1, Gy in Circurrs, such that
Ne, N Ng, =0, whereRg‘:t ={ay,...,an) andﬂ(l;: ={(f1,....Pn).
We let Yglz denote the mapping on NG, U NG, defined as follows:

e Foralli = 1,...,n, rgf(ai) = trgg, (Bi) and Y32 (B) =

1
sreg, (ati);
e For all other nodes a € Ng, U Ng,, Yglz (@) def
We define the sequential composition of G; and Gy, denoted by
Gy o Gy, as the graph Gs constructed as follows.

(1) No, €15 (Na,) UG (NG,);

(2) Rg, = R - R

(3) &, £ 15} (Ec,) UG (Ea,);

@) lg, € I, Ulg,.

It is straightforward to check that G; o Gy is a DRL-graph when
Gj and Gy satisfy the conditions of Definition 71.
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@ED—>()
E—>()—>()
E—>()

O—O—0O

Figure 3: Graphs Gs3, G; and G, in Example 72

E—>()—>(=)
D—O—O

Figure 4: Sequential composition of G2 ® G; and G3 (Example
72)

ExaMmPLE 72. Consider the graph G3 defined as follows:

Ne, = Ha,....a7}
Ra, Y (a1, as,a7)
&, = {(a1— @), (a2 > a3), (a3 > aq), (a3 — ag)}

U{(ag — as), (ag — a7)}
{(a2,1), (a3, f), (@4, 1), (@6,2)}

This graph is an element of CIRCUITS, a3 is of sort gate%, nodes az, as
and a7 are of sort into and nodes a1, ay and ag are of sort from.
We also consider the graphs G, and G1, defined as follows:

N, £ {Pi....pBs}

Re, = (B1.ps)

&, = {(B1—B2). (Ba— Bs). (B3 — Ba). (Bs — Bs)}
lo, £ {(Ba1). (Bs.9). (B 1)}

No, = {on,02,03)

Re, £ (o1)

&g, = {(01 > 02), (v2 > v3)}

I, £ {(v21). (v3.h)}

Node p3 is of sort gate%, nodes 1 and P4 are of sort from; and nodes
P2 and Ps is of sort into. Node v3 is of sort gate(l), node vy is of sort
from and node vz is of sort into. All graphs are depicted in Figure 3,
and the graph (G2 ® G1) o G3 is depicted in Figure 4.

It is straightforward to check that by construction we have the
following result:

PROPOSITION 73. Assume Go o Gy is well-defined. We have the
following properties:

in — q@in out — qout
. RGzocl —RGI andﬁGZoG1 _RGZ .
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o fa e RY . then trgg, o, (@) = Y5 (trgg, (@)

° Ifa c ROUt

Go
Gy0G; then SICG,0G, (Ol) = YGIZ (SrCGz (0{))

ProprosITION 74. If the graphs G1, G2 and Gz in CIRCUITS are
mutually disjoint and such that G3 o Gy and Gy o Gy are well-defined,
then the sequential compositions (G3 o Gy) o G1 and G3 o (G2 o Gy)
are well-defined and equal.

Proor. We assume

RAL = (a1,....an) Ré{l = P, Bn)
R?}:t — <Y1""!Ym> Rlcr; = <51,...,5m>

LetH & Gy0Gyrand ] « G30Gy. We begin by proving the following
statements.

1 a € Ng, then oY () = «). First assume that
If a € N, then Y* 0 TS* (@) = X, (a). F h
a € Rg‘it, ie., that @ = «; for some i = 1,...,n. Then
by construction we have Y% o Ygf () = Yg3 (trgg, (Bi)),
and by Proposition 73, Y(Ih (a) =trgp(Bi) = ng (trgg, (Bi))-
Still by Proposition 73 we have Rg}‘t = Rg‘;t, therefore,
YgS (trgg, (Bi) = Yg; (trgg, (Bi)). Otherwise, since the con-
: wrice dicio t_ t
sidered graphs are pairwise disjoint and R = R%‘; , we
have
G G. G
Yo YgH@) = V(@) = @ = 15, (@),
hence the result.

(2) If « € NG, then Yg3 o Ygf (a) = Yél ) ng (). First assume
that o € Rg; ie., that « = f; for some i = 1,...,n. Then by
Proposition 73 ‘Rg; = 7{}” and

YS%YCG;lZ () = YSB (sreg, (ai)) = sreg, (i) = Yél () = Yél OYS; ().
Now assume that ¢ € Rg‘;t, ie., that @ = y; for some
i =1,...,m. Then by Proposition 73 RoGlzt = ‘R?}Jt and

G G; G: G:
Y toYG (@) = Y (@) = trgg, (8) = rgl (trgg, (8:) = rélorc

3 (a).

2
Otherwise we have
G G G G

Y e XgH(a) = X' (@) = @ = Y (@) = Y o Y5 (),
hence the result.

(3) If?z € Ng, then YI? (a) = Yél ngj (@). First assume that @ €
‘RlGr; i.e, that « = §; for some i = 1,. .., m. Then by construc-
tion we have Yél o Yg; (o) = Yél (srcg, (yi)), and by Proposi-
tion 73, Yg3 (a) = sreg(yi) = Yg}z (sreg, (yi))- Still by Propo-
sition 73 we have ‘RIi” = ‘Rg; therefore, YES (trgg, (Bi) =
Yg; (trgg, (Bi)). Otherwise, since the considered graphs are

pairwise disjoint and R}” = 7?&”2 we have
G G 1 G
Y7 (a) = a= YG;(a) =15, ° YG; (a),

hence the result.
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Using the statements above, we deduce that:
Eroe, = Y5 (86,) UG (&)
G G
= 15, (86) U XS o 15 (8G,) U 5 o 15 (86,)
G G. G G G
= YHS o YGlz (&g, U YH3 o YGlz (Eg,) U YHS (&a;)
G G
= YH3 (SH) U YH3 (863)
= &GyoH
We prove in a similar way that Nj.g, = NgG,on- Since RjoG, =

RG,om and oG, = lg,0n by construction, we have the result. O

We have the following commutation rule that shows that parallel
and sequential composition can be switched:

LEmMA 75. Consider the pairwise disjoint graphs G1, G2, G3, G4 in
CIRCUITS, and assume |RIG'I| = |Rg‘;t| and |‘Rg;| = |7€2;Lit|. Then we
have:

(G2®G4) 0 (G1®G3) = (G20G1) ® (Gg0Gs).

Proor. We define the following graphs:

def def def

GypoGy Hy = G4o0Gs H3; = Hi®H

Y 6,06 b ¥ G606 L ¥ Lop

H;

I
and prove that Hz = I3.

First note that by construction, we have 72111” = 731G“1 . Rg; and

ROUE = R - RYLE. Since [RY | = |RY!| and |RE) | = RG] by

hypothesis, I3 is well-defined. Furthermore, because all graphs are

pairwise disjoint, it is straightforward to verify that YIIIZ =% uYSH,

Gy Gs
(1)
Neg, = Ng UNg,
= XG (Nay) UTGE(NG,) U TG (NG, U TG (NG,)
= XP(Ne) UYE(NG,) UYE(NG,) UTE (Ng,)
= X2 (Ne, UNG,) UTE (NG, UNG,)
= XP(N) UYE(NG)
= N
)
Ry, = R Ry - RYC- Ry
= RG-RG, - RERES
= ﬂ}ln.yq?zut
= Ry,
3)
&y, = &y V&R,

= 15HEG,) VTG (86,) UTGH(EG,) VTG (E6,)
= Y(E6,) VT (Eq,) VT (EG,) VT (EG,)

= Y&, UEG,) UT(EG, UEG,)

= &L VYE(EL)

= &

3.
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ly, = Iy Ulg,
= lG1 U lG2 U lG3 U lG4
= I, ul
= 1
[m}

We now define the class of identity graphs. Intuitively, these
graphs can be viewed as parallel compositions of wires. Their se-
quential composition with a graph leaves the latter unchanged, up
to a renaming of nodes.

DEFINITION 76. A graph G is an id-graph if it is of the following
form:
* Ng ={a1, a2}, Rg = (a1, a2), Eg = {(a1 = a2)}, I = 0,
e « is of sort from and ay is of sort into.
The empty graph is an idg-graph and for k > 0, a graph G is an
idg-graph if it is of the form H ® H’, where H is an id-graph and H’
is an idg_-graph.

It is easy to check that G is an id;-graph iff it is an id-graph and
that every idg-graph is in Circurts. In what follows, we will denote
by Ii any idg-graph.

. . def
PROPOSITION 77. Consider a graph G in CIRCUITS, and let n =

def

R andm = RY. Then G ~ (G o I,) and G ~ (I © G).

ProoF. Let H £ G o I, we prove that G ~ H, the proof for

the other statement is similar. Let RiG” = (ag,...,an), Rli“ =
(B, > Bay and R = (B],.... B;). Let Y £ YC. Note that by

construction, for all i = 1,...,n, we have Y(ﬂ{)n: trg(e;) and
T(a) = sre(B)) = B

Consider an N-mapping p such that foralli=1,...,n, p(f;) =
a; and for all @ € N, pu(a) = a. We show that u(H) = G.

Nuy = p(X(NG) UY(NL,))
H(Ng\faili=1....,n ) U{fili=1,...,n})
Ng\{aili=1,...,n}H) U{a;|i=1,...,n}

= NG
.
Ruy = HRG - RN @)
= p(Ry) - H(RE™) 3)
= RY-RY" (@)
= Rg. ©)

o Let E ¥ {(a;i — trg(a;)) |i=1,...,n}, so that no node «;
occurs in Eg \ E. We have:
Sum = p(X(Ec)VY(&r,))
H(Y(Eg \ E)) U u(Y(E)) U p(X(Ex,))
H(EG\E) U p({(fi — trg(ai)) |i=1,...,n})
(Ec \E)UE
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o Iy =plgul) =ulc) =l
O

Another class of graphs that are frequently used in the construc-
tion of circuits are swap-graphs, which intuitively permit to change
the order of wires.

DEFINITION 78. A graph G is a swap-graph if it is of the following
form:
* NG =Rg = (a1, a2, a3,04), Eg = {(a1 — a4), (a2 — @3)},
o I = 0 and the nodes a1 and ay are of sort from and nodes a3
and ay are of sort into.

We define the subclass of elementary circuits, which are com-
positions of so-called elementary gates, identity graphs and swap-
graphs.

DEFINITION 79. A graph G is an elementary gate if it is in CIr-
curts and the following conditions hold:

o NG contains a single node of sort gate}, for some n and m.
o If (a; — Bi) and (aj — Bj) are edges such that f; occurs
before fi in RiG”, then lg(ai) < lg(aj).
o If (@i — Bi) and (aj — Bj) are edges such that a; occurs
before aj in ‘ROGUt, then I (Bi) < lg(B)).
A graph G is an elementary circuit if it is obtained by sequential and
parallel compositions from elementary gates, id-graphs and swap-
graphs.

ExAMPLE 80. Graphs G1, G2 and G3 in Example 72 are all elemen-
tary gates, hence (G2 ® G1) o G3 is an elementary circuit.

The class of elementary circuits is general enough to encode
several classes of graphs that are used in diagrammatic reasoning,
including the orthogonal diagrams of [30] or the ZX calculus [12],
thus making it to use the proof procedure of Section 6 to automati-
cally verify formulas involving such graphs. In particular, the rules
of the ZX calculus may be viewed as a set of DRLG-equations Ezx
on CIrcurTs, and checking whether two ZX diagrams G and H
(denoted by DRL-graphs in CIrRcuUITS) are equivalent boils down to
checking whether the DRLG-formula Ezx U {G # H} is unsatisfi-
able. Note that some of the nodes occurring in the ZX diagrams are
labeled by real numbers in the interval (-2, 27] (a phase), which
cannot be denoted in our formalism. However, one may consider
the fragment callled ZX; /4 which corresponds to the so called Clif-
ford+T quantum mechanics and is approximately universal, in the
sense that any quantum evolution (i.e., any unitary map) can be
approximated by a subset of gates that can be represented with a
ZX diagram where phases are multiples of 7. Thus only a finite
number of possible constants need to be considered [40].

9 DISCUSSION

We have defined an extension of the Superposition calculus to a
class of graphs that is general enough to encode the graph-based
languages that are used to perform diagrammatic reasoning on
quantum algorithms and protocols. This calculus is complete, mean-
ing that if a graph formula is unsatisfiable, then it is guaranteed
that the calculus will generate L. We now intend to adapt an im-
plementation of the Saturation calculus to design a tool on which
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we will be able to evaluate the efficiency of the calculus and inves-
tigate how it can be improved for specific subclasses of graphs —
for example, by defining suitable orderings for such subclasses in
order to reduce the search space as much as possible.

There are several lines of future work that would be interest-
ing to explore. We plan to investigate how variables representing
graphs can be introduced into the calculus. During the construction
of a refutation using a calculus that can handle such variables, these
variables would be instantiated by graphs with specific properties
that guarantee correctness, and would for example permit to auto-
matically synthesize circuits. Another promising topic is to extend
graph literals with constraints. This would permit to represent al-
gorithms in a more concise or natural way, while still being able to
automatically verify these algorithms.
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