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On complex algebraic singularities of some genuinely
nonlinear PDEs

DENYS DUTYKH* AND ERIC LEICHTNAM

ABSTRACT.

In this manuscript we highlight a new phenomenon of complex algebraic sin-

gularities formation for solutions of a large class of genuinely nonlinear Partial

Differential Equations (PDEs). We start from a unique CAUCHY datum which
1

is holomorphic ramified like x "' (and its powers) around the smooth locus

x1 = 0 and is sufficiently singular. Then, we expect the existence of a solution
which should be holomorphic ramified around the singular locus & defined by
the vanishing of the discriminant of an algebraic equation of degree k + 1. No-
tice, moreover, that the monodromy of the CAUCHY datum is Abelian whereas
the one of the solution is non-Abelian and that & depends on the CAUCHY
datum in contrast to the LERAY principle (stated for linear problems only). This
phenomenon is due to the facts that the PDE is genuinely nonlinear and that
the CAUCHY datum is sufficiently singular. First, we investigate the case of the
inviscid BURGERS Equation (iBE). Later, we state a general Conjecture 9.1 which
describes the expected phenomenon. We view this Conjecture 9.1 as a working
programme allowing to develop interesting new Mathematics. We state also Con-
jecture 7.1 which is a particular case of the general Conjecture 9.1 but keeps all
the flavour and difficulty of the subject. Then, we propose a new algorithm with a
map F such that a fixed point of F would give a solution to the problem associate
to Conjecture 7.1. Then, we perform convincing elaborate numerical tests which
suggest that there should exist a BANACH norm for which the mapping F should
be a contraction, so that the solution (with the above specific algebraic structure)
should be unique.
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Preface

In this manuscript we investigate the process of singularity formation in two examples
of fully (or genuinely) nonlinear Partial Differential Equation (PDE)s starting from a
single algebraic singular CAUCHY datum. Namely, we consider specific ramified initial
value (or CAUCHY-type) problems. In order to understand better the real singularities, our
approach consists in looking at what happens in the complex domain. Thus, we formally
assume that space and time variables take complex values. The analysis of the PDEs in
the complex domain sheds new light on the origin of familiar real singularities. In the case
of the inviscid BURGERS Equation (iBE) (with an algebraic singular CAUCHY datum)
we are able to carry out all computations analytically using two completely different
methods: CAUCHY-KOVALEVSKAYA theory and contact geometry on the space of 1—jets.
We propose a generalisation to the case of genuinely nonlinear PDEs of orders two or
higher, and we state several conjectures. Moreover, for a second order PDE we propose
an iterative scheme, which allows to construct efficiently approximate complex solutions.
The convergence of this scheme is empirically demonstrated on a sufficient number of
numerical examples, which is a good indication in favour of our conjectures. We stress out
that the proposed algorithm is completely new. This scheme might be also used to show
the existence and uniqueness of solutions to the ramified Initial Value Problem (IVP)
corresponding to our conjectures.

In more precise mathematical terms, in this manuscript we highlight a new phenomenon
of complex algebraic singularities formation for solutions of genuinely nonlinear Partial
Differential Equation (PDE)

P(u)(t,x) =0, (t,x) € CxC"

starting from a unique CAUCHY datum which is sufficiently singular. More precisely, we
1

start from a unique CAUCHY datum u (0, x ) which is ramified near the origin like x  *'
around the smooth hyper surface x; = 0 and assume that P is simply characteristic
with respect to the co-normal of x; = 0. Then, we expect the existence of a solution

to P (u) = 0 of a specific form (ansatz) u (¢, x) = #A (t, x, z(t, x)) , where A is a
holomorphic function near the origin and z (¢, x ) is a solution of an algebraic equation

25N x) — a1 (6, x)zF N (e, x) — ... —ae(t,x) = 0. ()

Thus, the solution is holomorphic ramified around the singular locus defined by the
discriminant (swallow-tail) of Equation (x). Since we search a solution under a special
form which is ramified along a single (singular) hyper-surface we need only single CAUCHY
datum. Actually, “morally” the solution is unique once we have fixed the choice of a root to
the polynomial equation defined by the simply characteristic hypothesis. The fact that the
solution is ramified around a singular locus and has a non-ABELIAN monodromy whereas
the CAUCHY datum is ramified around a smooth locus and has ABELIAN monodromy is
a (new) phenomenon which is due to the facts that the CAUCHY datum is sufficiently
singular and that the PDE P (u) = 0 is genuinely nonlinear. Let us provide two examples
to illustrate the concept of genuine nonlinearity, while the more general definition will be
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given in the formulation of Conjecture 9.1. Let u be a holomorphic function
u: C"t — C
(£, X1, X2, .o, Xp) —> u(t, X1, X2, ..., Xpn).

Then, the following ‘initial’ value problem is genuinely nonlinear

1+4
Upp — Uxy, (Uxyx, + Uxyx, + oo Ux,x,) = 0, u(0,x) = c1x1 + ca2x; 7,
and the next one is not

1+3
Ui — Uxy (Uxyx, + Uxyx, + oo Uy,x,) = 0, u(0,x) = cixy + c2x; 7,

where ¢y, € C*.

The full generalization of this phenomenon is stated in Conjecture 9.1 for genuinely
nonlinear PDE of order greater or equal than two. Simpler versions of this Conjecture are
stated in Conjecture 7.1 and Conjecture 7.2. But Conjecture 7.1 keeps all the flavour and
the conceptual difficulty of Conjecture 9.1. Conjecture 7.1 considers the following PDE

Ugg — UxUxy = 0
along with the CAUCHY datum
No .
u(0,x) = Z cij"/El,
ji=1

N
where Ng € N.,,¢c1,, € C* and{ci}jo

—3 C C are constants. Moreover, a root
of the polynomial equation associated to the simple characteristic hypothesis is chosen.
Then, Conjecture 7.1 states the existence of an algebraic solution u (¢, x ) ramified along
a cusp
4p3(t,x) — 27¢%(t,x) =0

depending on the CAUCHY datum and on the previous choice. This conjecture is a working
programme allowing to develop interesting new Mathematics. The algebraic and geometric
studies carried out in Sections 5 and 6 allow to construct, in Section 7, a new algorithm with
a map F such that a fixed point of F provides a solution to Conjecture 7.1. In Section 8
we carry out various elaborate numerical experiments which show quite convincingly that
the iterations F °™ (wq) seem to converge (as m — + 00) to a unique fixed point. This
suggests that there should exist a family of semi norms allowing to construct a BANACH
norm for which F would be contracting. However, this is a very difficult problem, much
harder than the one treated successfully in [32] corresponding to the case of algebraic
equations of degree two (see also Section 2 for a short reminder).

In the case of the inviscid BURGERS Equation (iBE), we are able to carry out all
the computations analytically using two completely different methods: the CAUCHY—
KOVALEVSKAYA theorem and the contact geometry approach on the space of 1—jets.
This new phenomenon is exhibited very clearly in the case of the iBE. For the most
general case of genuinely nonlinear PDEs of the order higher or equal to two, we state
the general Conjecture 9.1 which describes very precisely the new phenomenon previously
mentioned. Conjecture 9.1 is a very difficult problem. We view it as a motivation to
develop new Mathematics and, indeed, in this paper we try to lay the foundations of a
proof. We also state Conjectures 7.1 and 7.2, which are particular cases of the general
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Conjecture 9.1. The Conjecture 7.1 deals with the case k = 2 and

P(u) = Ui — UxUxx = Q, (**1)
No -
u(0,x) = Z c,~x1+/T, (*%2)
j=1

where Ng > 3,¢32, € C*andc; € C,(3 < j < Ny) are constants, and
(t, x) € C?. Morally, Conjecture 7.1 is not much easier than Conjecture 9.1 but its
simpler formulation allows for direct numerical verifications.

We revisit and improve the geometric study of the algebra @ [z], where z3 = pz + ¢
and @ denotes the algebra of germs of holomorphic functions {a ( p, ¢ ) } near the origin
0 € C?2. This study allows us to construct a new algorithm (and the corresponding
ansatz) along with a mapping F such that a fixed point of F gives a solution to the
Problem (%), (*%,). We provide various numerical experiments which show that that
the iterations F°™ (wg) seem to converge numerically (when m — 4 00) to a fixed
point which does not depend on wg. This provides a strong empirical evidence that
this algorithm will provide a unique solution to the Problem (i), (*%5) of the form
A (t, x,z(t,x )) once a choice of a root to the simply characteristic equation (of degree
two here) has been chosen. It remains a very difficult open problem to find appropriate a
BANACH (normed) algebra for which

IF(w) — F(u)| < cllw = v],

with 0 < ¢ < 1, which would give a proof of Conjecture 7.1.

Chambéry, Denys Dutykh
Saint-Jean-de-Chevelu, Eric Leichtnam
May 2021
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1. Introduction

The process of formation of singularities to solutions of nonlinear Partial Differential
Equations is a huge and important topic which has stimulated a lot of interesting works
(see e.g. [44, 51]). We begin with recalling some known results in this topic in order to
describe briefly the landscape in which our results and goals will be realized.

Even an infinitely smooth initial data under the dynamics of a nonlinear PDE will not
remain in general smooth for all times. Henceforth, the topic of the singularity formation
in solutions to nonlinear PDEs has been central in the study of these equations. Perhaps,
the wave breaking phenomenon is the most familiar, and far from being completely studied,
natural singularity formation processes [4]. Moreover, the wave breaking process can be
easily seen by everyone.

An attempt to classify various finite time singularities in PDEs has been made in [12].
This classification has been clearly motivated by physical (and several other) applications.
The question of eventual blow-up in 3D incompressible EULER and NAVIER-STOKES
equations is open and central to many current theoretical and numerical investigations
[23]. We also refer to [8] as an excellent review of available numerical approaches to detect
complex singularities of PDFEs. Complex singularities of the LORENZ dynamical system
(with complex time) have been studied in [49].

The present manuscript is devoted in the first place to the study of complex algebraic
singularities in the inviscid BURGERS Equation (iBE). Namely, we study the algebraic
singularity blow-up under the dynamics of some first and second order genuinely nonlin-
ear PDEs. Among the second order PDEs, we focus on a particular second order PDE
belonging to the celebrated family of p—systems described in some detail below.

The iBE can be written as [7]:
Uy — uuy = 0, (1.1)
where in the (classical) real case
u: Rsyy xR — R,
(t,x) —> u(t, x).
The subscripts (—); and (—), denote the usual partial derivatives % and % respectively.
In order to obtain an Initial Value Problem (IVP), Equation (1.1) has to be completed
by an appropriate initial condition:
u(tyg, x) = ug(x), x € R.

It is well-known that the iBE will develop the gradient catastrophe in finite time from a
generic initial condition. More precisely, the existence time 19 < ¢t < fg depends on the
initial condition: {

sup o, x (x)

x€R

Please, note that the real singularity never occurs (in forward time) if u o , takes strictly
negative values for all finite x € R. Below, for the sake of simplicity, we shall take
lo - O

ty =

11 / 86
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The real singularity is point-like in the sense that it occurs locally in a single point
at a fixed time ¢;. In contrast to real singularities, we shall demonstrate below that
complex algebraic singularities take place on sets of positive dimension (i.e. analytical
hyper-surfaces in C? in our case). For the sake of completeness, we would like to mention
that some singularities may even happen on sets of fractional HAUSDORFF dimensions
[13]. This mechanism is conjectured for the NAVIER-STOKES equations in 3D. We can
remind also an old idea of J. LERAY that singularities in the NAVIER-STOKES equations
could be related to the phenomenon of turbulence [5]. However, this idea was not followed,
up to now and to the best of our knowledge, by any significant results.

In a similar line of thinking, we shall consider also in the present manuscript the following
second order nonlinear hyperbolic equation:

Ugp — UxUxx = 0, (1.2)

whose [VP requires traditionally two data to be specified:
u(0,x) = ug(x), x € R, (1.3)
u(0,x) = ui(x), x € R. (1.4)

However, we shall consider a ramified CAUCHY problem with only one (algebraic) CAUCHY
datum (1.3) and we shall seek a solution (¢, x) — u (t, x) of a very special (algebraic)
form so that only the first CAUCHY datum is needed. Both considered Equations (1.1) and
(1.2) come from the same family of PDEs discussed in Section 3. Mathematically speaking,
we discuss in the present study the hyperbolic sub-family of genuinely nonlinear PDEs.
The general notion of genuinely nonlinear PDE that we use is stated as Assumption (2)
in Conjecture 9.1. For example, the following PDE

Urp — UxUyxxy = 0
is genuinely nonlinear whereas

Ugr — UUxx = 0

is not genuinely nonlinear but only quasilinear. Other examples will be given in Section 3.

Example 1.1. Let us consider the following CAUCHY ‘toy’ problem in C?:

ou
- = uz s
ot
1
u(0,x) = —.
X
It is not difficult to see that the exact solution to this problem is
1
u(t,x) = .
x —t

This simple example shows that it is absolutely crucial to assume that CAUCHY data
(1.3) is bounded if we want to establish the existence of a holomorphic solution ramified
along a characteristic hyper-surface. However, we mention that this toy example is not
representative for our study for the following reasons:

(1) The singular locus & := {t € C| (¢, t)} is a regular hyper-surface.
(2) The hyper-surface & is not characteristic for the differential operator % )

Henceforth, our example has some serious limitations.

12 / 86
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It is well-known that the behaviour of the real-valued and complex-valued solutions
is quite different. We shall mention the example of the 2D viscid BURGERS system. For
real-valued solutions O. LADYZHENSKAYA proved™ in 1963 global existence and unique-
ness result in SOBOLEV spaces [29]. Later, it turned out that complex-valued solutions
differ drastically from real ones. In particular, L1 and SINAI proved in [36] using the renor-
malization group method that complex-valued solutions (in nD) can develop finite time
singularities. For gradient-like solutions this was proven earlier in [43]. The 2D complex
BURGERS equation was studied in [38], where an open set of six-parameter family of
initial conditions is constructed such that the corresponding solutions exhibit blowups in
finite time. Finally, complex-valued initial conditions have been showed numerically to
develop singularity in finite time in complete agreement with theory. These results have
also been extended to 3D complex-valued NAVIER-STOKES equations [37]. The complex
singularities in 2D EULER equations have been studied in [19].

Our study differs at least in two important respects from previously described line of
thinking:

(1) We consider hyperbolic and inviscid equations starting with the iBE.
(2) We complexify not only the dependent variables, but also the independent ones.

The viscous BURGERS equation with real time and complex spatial variables have been con-
sidered in [17] in the context of semi-groups. Similarly, the linear wave (or D’ ALEMBERT)
and telegraph equations were treated in [16]. Perhaps, the complex view on PDEs can be
traced back to the work of S. KOVALEVSKAYA who considered the CAucHy problem (CP)
for the usual (linear) heat equation with complex temporal and spatial variables [28]. In
particular, she showed that there are examples of holomorphic non-entire initial conditions
such that the power series solution does not converge in any neighbourhood of 1y € C.
The BOREL summability of these divergent solutions has been studied much later [39].
However, the goal of our study consists in shedding new light from the complex geometry
angle on the formation of real singularities in fully nonlinear PDEs. The complex iBE
appeared surprisingly also in random matrix theory [41] and random surface models [27].

In the present work we focus first on the classical iBE and the following ramified [VP:

u; — uuy = 0,
1
u(0,x) = x3.
We show that the last IVP possesses solutions of the form u = a + z, where a is a regular
holomorphic function and z verifies the cubic equation z3 = pz + ¢. The obtained

solution can be analytically continued along any path in a small neighbourhood of the
origin 0 € C? and originating from (0, xo) € C? and avoiding the cusp singularity
4p3 — 27¢g? = 0. This is explained in details in Section 4. Thus, the solution u is
ramified along the singular locus 4 p> — 27¢? = 0 and its monodromy group** (cf.

*This result is a kind of folklore theorem because the original reference [29] does not contain a very
detailed proof.

**Informally speaking, the monodromy group is a group of transformations that encodes what happens
with data when we turn around the singularity. More formally, a monodromy is a representation of
the fundamental group. Let V be a holomorphic connected variety. Let us take xo € V and u be a
holomorphic germ defined at point x¢, which can be prolongated along any closed loop issued from xg .
If y is any such closed loop at x¢, by y - u we denote the result of this prolongation. Finally, by £ we
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Remarks 4.1 and 4.2) is the (non-commutative) permutation group Sz (c¢f. Remark 4.1)
whereas the CAUCHY datum x 3 is ramified around a smooth locus with a commutative
monodromy group, namely 7 /37 . This phenomenon (including the changing of the
monodromy group) is due both to the genuine nonlinearity of the iBE and the fact
the algebraic CAUCHY datum is sufficiently singular (see Section 4.1 and Theorem 6.2).
However, the main goal of our study is to formulate a convincing numerical
convergence evidence along with the generalisation of this phenomenon for
genuinely nonlinear PDEs of the order two and higher (see Conjectures 7.1,
7.2 and 9.1). A first generalization is stated in Conjecture 7.1 which considers the Partial
Differential Equation (PDE) (1.2) with the initial condition

No -
M(O,X) — chxl+f3 ,

Jj=1

N
where Ng € N.y,c1.2 € Cxand{cj}ji3

of an algebraic solution u (¢, x ) ramified along a cusp 4 p3 (¢, x) — 27¢%(t,x) = 0
depending on the CAUCHY datum. We strongly believe that Conjectures 7.1, 7.2 and the
most general Conjecture 9.1 are important problems requiring to develop interesting new
Mathematics.

C C are constants. It states the existence

This manuscript is a first step in which we shall provide solid mathematical foundations
along with numerical evidences to believe that they are indeed true. Especially, regarding
the Conjecture 7.1 we shall construct in Section 7 a new (and highly non-trivial) algorithm
allowing to obtain quite convincing numerical convergence results in Section 8. Moreover,
we sketch a tentative strategy to address the general Conjecture 9.1 theoretically. In
Sections 5 and 6 we revisit the general results of [35] in the specific case of the cubic
equation z3 = pz + ¢ and make them more precise. The big advantage here is that most
of computations can be done almost explicitly which allow us to highlight the underlying
structures, which will allow us to construct a new practical algorithm from Section 7.
More precisely, in Section 5 we revisit the ring* @ [z] (with z® = pz + ¢) and we
introduce the primitive operator 8;1 . The reason why the derivation d, operator governs
the structure of the ring @ [ z ] is elucidated in Section 6. In the same Section we establish
the fact that (z, z2) is a solution of a holonomic D—module with the characteristic
variety V which is included in the union of the zero section and the co-normal™* to the
cusp 4p3 — 27¢%* = 0:

V() TeC* = (0.0:0.C).

denote the vector space generated by all such elements y -u . If dim E < 400, we say that u is of finite
determination. The homotopy equivalence classes [y ] form the fundamental group 71 (V). Finally, the
monodromy is defined as the following map:

71 (V) — GL(E),
y — (U — y-u).
Of course, it has to be shown that all these maps are well-defined and the result does not depend on the
representative y of the homotopy class [y ]. Fortunately, it can be done without any difficulties.
*Throughout this article, the word “ring” means “ring with identity”.

**Let us remind that the co-normal is constituted of all co-tangent vectors which annihilate on the
tangent space to a given manifold (here, an analytic curve or surface).
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In fact, using a deep result of KASHIWARA, we are able to prove an even stronger result
stating that the characteristic variety V is the the union of the zero section and the
co-normal to the cusp. The characteristic variety is an important geometric invariant
of a D—module. The integrability of the characteristic variety is a central result in the
theory of D—modules. Loosely speaking, this result says that the singular support of a
D—module is an involutive sub-variety in the co-tangent bundle. The involutivity property
may be seen under the sheaf angle: the ideal sheaf defining the singular support is closed
with respect to the natural POISSON bracket on the co-tangent bundle [47].

Let us remind some additional relevant background material which will help to under-
stand the sequel of this Section. We denote by D the sheaf of holomorphic differential
operators on C2 = {(p, q)}. The vector space of sections of O over an open subset U
is denoted by D (U) .

Definition 1.1. Let M be a sheaf of D—modules (D—module for short) over an open
subset U of C2. The H—module M is said to be coherent if for any sheaf homomorphism
of D—modules

o D" — M
and for any point z of U, one can find an open neighbourhood U, of z and a finite
number of sections s1, 55, ..., s, (over U ) of the sheaf (ker ¢ ) such that for any open

subset W C U, , the restrictions s |w, S2|w, ..., S, |w generate (ker ¢ ) (W) as a
module over D (W).

The fact that above the origin there is only one line (the co-normal to d4) in V is
absolutely crucial for our constructions. In particular, it explains why the primitive 8;1
exists and why the “micro-local singularities” of the product z? remain under the control
above the origin 0 € C?2. This observation will constitute one of the key ingredients in
the future proof of Conjecture 7.1. However, before engaging into this huge endeavor, we
thought that it was indispensable to obtain convincing numerical tests for the convergence
of our new iterative algorithm. Indeed, its convergence was not obvious a priori and its
proof will constitute a big challenge. We end with a short heuristic explanation why we
believe that if we impose a second CAUCHY datum to Conjecture 7.1, then there will be
no solution in general. Indeed, from the linear result [35], two cusps will show up. The
products of u and its derivatives will provide a spreading of singularities (associate to the
co-normal of each of the cusps) over the origin which will not be possible to control. We
shall return to this question in the forthcoming works.

993k

The present manuscript is organized as follows. In Section 2 we briefly review some
results of [32] which proves Conjecture 9.1 in the case of the algebraic equation of degree
two and which provides some foundational material for an approach of Conjectures 7.1
and 7.2. In Section 3, we review an interesting family of genuinely nonlinear PDE to which
our Conjectures should apply. First, we understand the formation of complex singularities
in the iBE using the CAUCHY-KOVALEVSKAYA theory in Section 4.2, then, for the sake
of completeness, we obtain the same results using completely different methods of contact
geometry in Section 4.3. The reason to tackle the same problem from two completely
different angles allows us to explore different ideas underlying the general conjecture

*We take this expression in the quotes because the distributions z and z?2 are not yet well-defined in
the real case stricto sensu. It will be a topic of our future works.
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formulated below. Some brief reminder on the ring of formal series with holomorphic
germs™ coefficients is made in Section 5 and some remarks on holonomic d—modules are
presented in Section 6. The second order nonlinear PDE (1.2) is analyzed in Section 7
and a completely new algorithm to approximate ramified solutions is presented in Sec-
tion 7.1. The convergence of this algorithm would prove a particular case of the general
Conjecture 9.1. We demonstrate it numerically in Section 8 that the proposed algorithm
converges in practice, which constitutes one of the main achievements of the present work.
Some possible further generalizations are discussed in Section 9. The main conclusions
and perspectives of this study are outlined in Section 10. Finally, in Appendix C we show
on an elementary example how our theory relates to the classical theory of shock waves.

2. Review of existing results

In this Section we remind the general theory of singular solutions to genuinely nonlinear
PDEs which was initiated by the second author some thirty years ago and the construction
of holomorphic ramified solutions have been considered even earlier, see e.g. [22, 24, 50].
Certain linear ramified CAUCHY problems were considered in [33] and second-order semi-
linear problems in [34]. The linear ramified differential operators were considered in [10]
in the setting of sheaves theory. They demonstrated independently a weaker version of the
results presented in [35]. HAMADA considered the homogeneous linear case even earlier
in [21]. The micro-local existence result was established in [6] for certain classes of linear
differential operators. The same homogeneous case was investigated later using the contact
transformation approach in [26]. The linear homogeneous case was considered also using
the tools of the micro-local theory of sheaves in [11].

The reminders will allow to understand better the context and set up of Conjectures 7.1,
7.2 and 9.1. Actually, Theorem 2.2 (to be recalled below) is the particular case of Con-
jectures 7.1 and 9.1 obtained by restricting oneself to algebraic equations of the second
order. This is an additional good reason in favour of Conjecture 7.1.

Let us consider an operator &# of the order m :

w— P ()= Y Po(xou 38u)d%u + R(x, 3bu)

lo|=m

*The notion of a germ of a mathematical object captures the local properties of that object. The germ
is precisely the equivalence class of objects that share the same local property. In order to implement the
idea of germs, the space has to be at least topological to give sense to the word ‘local’. The name ‘germ’
was introduced into Mathematics in the continuation of the sheaf metaphor.
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where we use the multi-indices® 0 and B with || < m — 1. The use of multi-index
notation is often attributed in the literature to Laurent SCHWARTZ. All functions P,
and R are supposed to be holomorphic in their arguments VY x in some vicinity U ¢ of

def
0 ¢ C"1. v32u in some vicinity of ug = 3%u(0), B € N"t'. The question

of local solutions to equation £ u = 0 can be naturally asked. The solution u (x) is
holomorphic and ramified around a hyper-surface & defined by equation s (x ) = 0 and
passing by 0 € C"*!. This solution has the following analytical form [32]:
+o00
u(x) = a(x) + Y br(x)s" (x), (2.1)
k=0

where the sequence { y },:'ZOO takes its values in R~ ¢ and is strictly increasing and tending
to +o0o. The functions a and by, Vk € IN are holomorphic in U9 > 0. The series
(2.1) is convergent on the covering space of Uy \ &. The following assumption is also
adopted: the hyper-surface & is simply characteristic for the linearized equation #y;, of
the genuinely nonlinear operator & in every point a (x ). In other words, the principal
symbol p,, of P

Pm(x, €) = Z Py (x,a(x),db8a(x))E°, 1Bl < m — 1,
lo|=m

verifies two conditions:
Opm(x,ds(x)HG = 07
° agpm((),ds(O)H6 # 0.

The hypothesis of simple characteristics is a holomorphic analogue of the strictly hyperbolic
operator relative to & in the real case.

We suppose also that we know the ‘initial’ data B,ﬂ ali=0 (VIB] < m — 1), bx|r=0
(Vk > 0)and s|;=¢, where t = 0 is the equation a complex smooth hyper-surface 7~
transversal to the vector field 85 Pm (x, ds(x )) . Below we consider two separate cases.

2.1. Weakly singular solutions

In this case, we take a holomorphic function a and a hyper-surface & (given by equation
s(x) = 0) verifying preceding conditions, we assume & (a) = 0 and we seek for
weakly singular solutions of type (2.1) with

e '=m + (k + Dp, p €]0, 1]
*IfB = (Bo.B1.... Bn) € Z"T! be a multi-index. By |- | we denote the height of the multi-index

defined as .
def
1Bl = > 1Bl

ji=0
The derivation operator with respect to the variable x j, j € (n + 1)& is denoted by dx, . Ifp € N” +1
is a multi-index of derivation, then we shall write:

def
0F = 0Bocghio.  gbn.
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so that the constructed solution u admits m bounded derivatives. A change of variables
allows to assume that & is defined by the equation

where we decompose x = (¢, y) and we introduce the following notation:

n
Yy def Vi
1 — = = ( — ——), R > 0.
FETI0 - %

By analogy,

rl , R > 0.

Y
R

Definition 2.1. Let u ZJ—1 u;y’ and v 21—1 v y? be two formal power
series with complex Coefﬁ(nents We shall say that u < vif and only if

lujl < lv;jl, Vj e N.
The last definition can be easily extended to the multi-variable case:

Definition 2.2. Let p € N*andu = } g, Up yPandv = D penr VB y? be
two formal power series with complex coefficients. We shall say that ¥ < v if and only if

lug| < |vgl, VB € N7,

Definition 2.3. Let T be a formal variable. Given R > 0,& > 0, p € Nandd € IN,
we denote by A4 (R, e, p) the set of formal power series of the type:
+o00 +o00

u =u(x,T) = ZZuk,j(t,y)Tk“"’j"'d, 0 < pu <1,
j=0k=1

where functions u, ; are holomorphic in some neighbourhood of 0 € C"*! and verify

+ oo 1 .
t (k +j + 1) »
Uk, ] < — . - -Criy (2.2)
such that ot
lull g = Y Cli et * < 400, (2.3)

k,j,leN
where C ,f il (u ) are the smallest non-negative real constants allowing to bound functions
Uk, j in (2.2). We introduce also the following related definitions:

AYR) = (JAYR e p).  ACE | AYR),

>0 R>0

To each element u € A (R, &, p) we put non-injectively in correspondence a function
+oo0 +o0

u(x) — Z Z uk,jyku—i_j—i_d-

j=0k=1

It is not difficult to see that if u; € A9 and u, € AdZ, thenu,-u, € Adr+d2 1f
B is a multi-index in IN?*1 of the height < d then the operator 3# takes the elements
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from A9 and sends them to A?4~181 Since & is characteristic, then #);, sends A4 to
Ad—m+1  The following property specifies the geometric domain of the convergence

associated to the norm |||, ; defined in (2.3):

Lemma 2.1 ([32]). Letu € A? (R, e, p). Then, everyuy, ; is a holomorphic function
in the domain

def
Q= (1, y) € €| |y;| < R, |z|<g]_[( 'yfl)},
j=1
and, for every compact K C K there exists a constant Cx > 0 such that
iy
sup [ug ;| < CETITL,
K

Conversely, let {ug,;} be a sequence of holomorphic functions defined on an open neigh-
bourhood U g of the point 0 € C"+! such that

suplug, ;| < CkHit1,

Uo

Then,
+o0 +o00

Z Zuk,kaM+j+d c Ad.

j=0k=1
Then, finally, we may state the first result:

Theorem 2.1 ([32]). Take ug € A™(C") and let T be an analytic hyper-surface
passing by 0 € C"T1 being defined by the analytical equation t = 0. This hyper-
surface is transversal to the field 9z pm (x, dy1) (and, thus, to &). Then, there exists
r e Am(C"tY) such that

{P(a(x) —l—r(x)) =0 and Fli=o = uyp.
The proof consists, roughly speaking, in applying the fixed point iterations.

Remark 2.1. The obtained solution a (x ) + r (x) in the previous Theorem is ramified
around a smooth locus (independent of the value of @) because the CAUCHY datum is
not sufficiently singular.

2.2. Strongly singular solutions

In this Section we are looking for solutions of type (2.1) with

.def 1 k
We stress out that the function a is not necessarily a solution of equation £ (a)
anymore if by # 0. In this Section @ and & will be considered as problem unknowns on

the same footing with { by } 7 2%
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Definition 2.4. Let S be a formal variable. By B”~! (C"*1) we designate the algebra
of formal series of the form:

+ 00
r(x.8) = Y bi(x)S .
j=0
We assume also that all {b; } ;¢ are holomorphic functions defined on the same neigh-
bourhood U ¢ of the point 0 € C”*! and there exists a constant C > 0 such that

b (x)] < CkHL, Vi e N, Vx € Up.

Below, we shall substitute the formal variable S by the holomorphic function s vanishing
at the origin 0 € C"*! and defining the characteristic hyper-surface for the operator
J)lin .

For any | 8| = 1, we define the action of 3# on B™~! by conveying that

k+22m71) _ k+22m—1Sk+2m 38ﬂs(x)

The action of 3# on B™~1 is defined recursively for any || < m. To each element
r(x,S) € B"1(C"*') we associate non-injectively a function x +— r(x, s(x))
defined near the origin.

P (S

Let x = (t,y) € C x C" and we assume that the operator & has the form
P = 9" + Q(t,y,dP) with |,3| < mand B # (m,0,...,0). The principal
symbol of the linearized operator Py, (a) of £ at a has the form p,, (¢, y, 3% 1, é)
with || < m — 1. Finally, we consider a point (7o, § ) € (CxC™)\ 0 together
with CAucHY data {a; (y)}7Z ' holomorphic in some neighbourhood of 0 € C”. We
assume that

Pm(0.9%;(0), 7% E%) = 0, 3:pm(0.9%;(0),t% %) # 0,
where j + |o| < m — 1. We choose also a root 71 (x, ug, £) of the equation
T +—> pm(x,u, 7, &) = 0 holomorphic near the point (0, 3%a; (0), £°). Finally, let
s1 be a holomorphic function near 0 € C” such that

s1(0) =0, dsi(0) = E°.
We can state the main result:

Theorem 2.2 ([32]). Let 3725, b2 (y) S € B™~1(C"). Then, there exists a

neighbourhood of the point 0 € C”+ U along with holomorphic functions s, a, {by }1%,
defined on it such that s is characteristic for Py, and

bp(0,y) = b, Vk € N,
/a0, y) = a;. j e (m+1)",

j=0

k+2m 1

s(0,y) = s1,
d,5(0) = 1°.
The series
r(x,S) * Zbk(x)S e Bm!
andx +— u(x) = a(x) + r(x,s(x)) is a solution of the equation P (u) = 0.
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The space B~ ! (C"*!) is endowed with appropriate norm to define a BANACH
algebra. This Theorem is proved by applying the fixed point PICARD iteration, which
gives also a practical algorithm converging to the required solution [34].

Remark 2.2. Since the CAUCHY datum uoy = u (0, y) is sufficiently singular, the hyper-
surface s = 0 around which the solution is ramified depends on u¢ and cannot be

prescribed in advance. Moreover, since u o is ramified like s%, the algebraic equation
z2 + bz + ¢ = 0 will inevitably show up in the construction of the solution. The
discriminant of this equation is equal to A := b2 — 4¢. Observe that A = 0 defines a
smooth locus with respect to the variables (b, ¢ ). That is why Theorem 2.2 is easier to
prove than its generalizations to the algebraic equations of order k& > 3, ¢f. Conjectures
7.1, 7.2 and 9.1.

3. An interesting family of genuinely nonlinear PDEs

We consider a family of PDEs with the unknown function u : R x R — R:
def
Em (u) == 0Mu — 3" ud™u = 0, (3.1)
where m > 1 is an integer parameter and 8('1 ) denotes the m™ order partial derivatives
with respect to independent variables ¢ or x . Let us introduce the auxiliary variables:

def

Vit x) = 9" u(r x), um (£ x) = 9™ u(r x).

Then, we have

m—1 m—1
0 vy — 07 vy, =

dvm — Ox(2v7) =

2

We shall also introduce the functions { v }']";12 satisfying the following system:

divg — dxvy = 0,

0;vy — dxv3z = 0,
0; Uy — E)x(%vf) = 0.

For regular solutions (i.e. of the class C1), the last system can be rewritten under the
following matrix form:

V1 0 1 0 --- 0 V1
o 01 -0
o |- T e[ ] = (3.2)
Um vy, 00 --- O Um

where 0 is a function taking a constant (zero) vector value, i.e.
0: R.oxR — R™,
(t,x) — (0,0,...,0)".

21 / 86



D. Dutykh and E. Leichtham

Formulations (3.1) and (3.2) are equivalent to each other on the set of sufficiently regular
solutions.

It is not difficult to see that this system matrix is nothing else but the transposed
companion matrix of the polynomial

A™ — v, e R[A].

If we assume that v; > 0 (just for definiteness), the eigenvalues of this matrix are all

simple and given by:
def L .omk

A = v/"elTm | k € m~.

The eigenvector associated to the eigenvalue A is a direction in the kernel of the following
linear operator:

A 1 0 - 0
0 —Ax 1 -~ O
V1 0 0 -+ —Ag
or simply the following vector:
def
wr = (1, A, ..., AP HT
We can easily verify that
Ak
(dAg, o) = # 0,
mbuvq

which means that the k™ characteristic field is genuinely nonlinear according to the
definition from [30, Section §5]. It is also obvious that System (3.2) is not hyperbolic since
it admits complex characteristic speeds if m > 2. Below we shall consider in some detail
the two hyperbolic cases m € 1 and m = 2. The former corresponds to the familiar
iBE. The latter deserves more attention. It can be written as the following system of two
equations:

drvy — dxyvy = 0, (3.3)
d:vy — 0x(0(v1)) = (3.4)

In the last system (also known as the p—system) we can recognize a particular case of
nonlinear elasticity written in LAGRANGIAN variables, where v is the deformations field
2

< 1o

and v, corresponds to the velocity field. Finally, the mechanical constraint o (w) :d - w

is induced by the deformation v, . See [9, Chapter 7] and, in particular, Equation (7.1.11)
therein for more details. It is known that System (7.13) is hyperbolic when j—g = w >
0, which becomes the condition vq; > 0 in our case. The two characteristic fields

corresponding to speeds
A 4+ = + A/ U1

w+ = (17 :I:\/U_I)T

are genuinely nonlinear as in the general case (i.e. m > 2).

1
2
1.

and to eigenvectors
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4. Inviscid Burgers equation

In this Section we consider a particular IVP for the iBE (1.1):
Uy — uuy = 0, (4.1a)

u(0,x) = x%. (4.1b)

The main particularity of our study is that we consider the space and time variables to
be complex including the unknown function u :

u: CxC — C.

The derivatives with respect to x and ¢ are understood from now on in the sense of
complex analysis. The initial condition containing an algebraic branching point in the
complex domain was taken on purpose. Consequently, the IVP (4.1) is called the ramified
CAUCHY problem. Solving the ramified CAUCHY problem (4.1) means by definition to
find an open neighbourhood U ¢ of 0 € C? along with a germ of holomorphic function
u (t, x) at apoint of Ug N {t = 0} (different from the origin) satisfying (4.1a) and (4.2)
such that u (¢, x) can be continued holomorphically along any path in U ¢ which does
not meet a certain characteristic hyper-surface which restricts to x = 0 whent = 0.
Below we describe two different approaches to study the IVP (4.1) because both of them
contain the foundational ideas to approach the Conjecture 7.1.

4.1. A linear digression

It is often helpful to consider first the linear problem before tackling the fully nonlinear
formulation. It often brings some useful insight. The linear counterpart to [VP (4.1) reads

ut_ux:Q,

W=

u(0,x) = x
It is clear to see that the last [VP has the following ezact solution:

u(t,x) = (t + x)%.

Moreover, the singular locus of this solution is the following affine algebraic variety:

G. = {(t.x) e C?|t + x = 0}.

It is clear to see that this locus is completely regular as a geometric object. This is a
characteristic property of linear equations. Below in Section 4.2 we shall demonstrate that
in the genuinely nonlinear case (4.1) the corresponding singular locus is singular itself
and we shall describe explicitly its algebraic singularity. We emphasize that Example 1.1
was (simply) nonlinear and also had a completely regular locus. Also the GALOIS group of
the field extension of the CAUCHY data and of the solution is the same ABELIAN group:

Gal (C(x3):C(x)) = Us.
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This observation is to be compared with the genuinely nonlinear case described below.
Moreover, the solution u (¢, x ) and the CAUCHY datum u (0, x ) share the same mon-
odromy group.

Let us underline one more aspect in which linear and genuinely nonlinear problems
differ. If we remove from C? the singular locus and we compute the fundamental group
of the obtained domain, we shall obtain™:

i (C*\ 6,) = Z,

which is an ABELIAN group. In the genuinely nonlinear case the fundamental group will
be non-commutative.

4.2. The Cauchy—Kovalevskaya approach

In the present Section we employ the CAUCHY-KOVALEVSKAYA theory in order to
study the Initial Value Problem (IVP) (4.1). We shall even obtain a slightly more general
result by considering the following IVP:

uy — uuy = 0, (4.2a)

1
u(0,x) = apg(x) + x3. (4.2b)
Theorem 4.1. Consider the IVP (4.1) for the iBE. Then, there exist three holomorphic

functions (t, x) —> a(t,x), (t,x) +—> p(t,x) and (t, x) —> q (¢, x) defined
in some neighbourhood of the point (0, 0) € C? such that

a(0,x) = ao(x), p(0,x) = 0, qg(0,x) = x (4.3)

and
def

u(t,x) := a(t,x) + z(t, x) (4.4)
being a unique solution to Equation (4.1) with the complex auziliary function (t, x) +——>
z (t, x) verifying the following algebraic relation™™

2’ = pz + gq. (4.5)
Proof. First of all, we check that the ansatz (4.4) verifies the initial condition (4.2). Indeed,
by taking the limit + — 0 in Equation (4.5), we obtain
5 (4.3)
z27(0,x) = p(0,x)-2(0,x) + g(0,x) = x.
1
Thus, z (0, x) = x 3. Substituting this result into the solution ansatz (4.4) we obtain:

: 1
u(0,x) .= a(0,x) + z(0, x) = ap(x) + x3.

w

*Indeed, this result is not difficult to obtain:
71 (C?\ &) = nl(Cz\{x = 0|(t,x) € CZ}) = 1 (CxC\{0}) = 71 (C\{0}) = Z.

**This cubic relation can be beneficially seen as an algebraic equation f (z) = z3 — pz — ¢ = 0
over some field k of characteristic different from 2 and 3. We would like to mention here that the GALOIS
group associated to this equation depends on the fact whether its discriminant 4 p3 — 27¢2 is a square
or not in k. In the former case, Gal x ( f) = Z /37 and in the latter case Gal  ( f) = S3, i.e. the
symmetric group over a finite set of 3 symbols. Since we are working over the field of complex numbers
k := C(p,q), the GALOIS group is the latter.
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By differentiating the algebraic relation (4.5) with respect to ¢t and x , we may compute
the partial derivatives of the function z :

PtZ + q: PxZ + gx
3z2 — p’ Z'x:3z2—p'
Let us substitute the solution ansatz (4.4) into the iBE (4.1a):

a; + z; — (a + z)(ax + zx) = 0.
By substituting partial derivatives (4.6) and multiplying both sides by the denominator

3z%2 — p, we obtain:

(3z> = p)ay + zpe + qr — (a + 2)(ax(32> = p) + z2px + qx) = 0.

lr = (46)

Now, by equating the coefficients in front of equal powers of z, we have the following
sequence of equalities:

z° —par + 4 + apax —aqx = 0,
z': pr + pax —apx — qx = 0,

z? a, —aax — 3 px = 0,

23 3a, = 0.

The last equation can be substituted into three previous ones to obtain:
q: = aqx + pa; = aqx + 3ppx,
Pt = apx + 4x, (4.7)
ag = % Px-

The first two equations are not incompatible because co-tangent vectors d p and d g are
linearly independent by continuity in the vicinity of the point (0, 0) € C?2. Indeed,

(P px)(0,0) = (1,0), (g qx)(0,0) = (ao(0).1).

It is not difficult to see that the last two co-vectors are linearly independent® for any value
of ag (0) € C. Thus, after applying the classical CAUCHY-KOVALEVSKAYA theorem to
System (4.7), we obtain the required local existence and uniqueness result. |

Corollary 4.1. The local existence and uniqueness for the IVP (4.1) is obtained by simply
choosing ag = 0.

Remark 4.1. Tt is instructive to have a look at the obtained solution from the point of
view of GALOIS theory. We already established above that the (GALOIS group associated
to the initial data is the ABELIAN group Uj;. The dynamics of the iBE transforms this
initial data into the local analytic solution (4.4). The GALOIS group associated to the
solution u can be easily computed:

Gal (C(p.q)[z]:C(p.q)) = Ss.

We stress out that the last group is obviously different from Us and, additionally, it is
non-commutative.

*Indeed,

=1+#0, Vaog(0) € C.
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It is also very interesting to investigate the situations where the solution established in
the last Theorem 4.1 becomes singular. Let us fix some values of ( pg, go) of (p, q) € C?
for which z ¢ is a simple root of Equation (4.5). Then, by the classical implicit function the-
orem, there exists a holomorphic function ( p, ¢) +—— z ( p, q) defined in the vicinity of
the point ( po, ¢o ) of the complex plane. Henceforth, the singular locus for Equation (4.5)
will consist of the following points:

def
A = {(p, g) € C? ‘ Equation (4.5) has a double root } .
It is not difficult to describe this set analytically. For this, we eliminate z from the following
system of equations:

3z2 — p = 0.
The last two equations can be seen as a system of linear equations with respect to
parameters ( p, ¢ ). It admits the following parametric solution:

q = —22°,
p = 3z%.

{z"“—pz—q:(),

Henceforth, the singular locus is
A= {(p.q) € C*|4p> —27¢q> = 0}.

It is not difficult to recognize here the swallow tail (cusp) singularity [52], which coincides
with the cusp in this particular case (n = 2, see below).

Remark 4.2. The Theorem 4.1 establishes the local existence of the solution in some
polydisc D around the origin (0, 0) € C?2. Let us take the solution germ u (¢, x)
at (tg, xo) € D \ A=({0}). If y denotes a closed loop around the point (zq, x¢)
which does not intersect the singular locus A~ ({0}), then one can obtain the analytical
continuation of the germ u (¢, x) along the loop y [14]. In other terms, this defines the
action of the first homotopy (or fundamental) group 4 ( Uo\A=({0}) ) on the solution
(4.4):
y-u =a + y-z,

since the regular part a is not ramified. We note that this group action turns out to be
transitive (see below Theorem 4.3). We say that y - z is the monodromy action of y on
z . Depending on the chosen loop y € D \ A~({0}), this action may bring us to a
different root of the algebraic Equation (4.5). This situation is schematically depicted in
Figure 1. We mention also that this action can be lifted to the universal covering as well.

It is well-known (see e.g. [1]) that the fundamental group™ of the complex plain without
the cusp is

771(@2 \ A<({0})) = Brs,

*Both Authors of this manuscript are deeply convinced that the mathematical reality is connected. We
have some reasons to think that there are some deep hidden connections between the problem considered

in our study and the number theory. Indeed, it is known that the braid group Br 3 is the universal central

extension of the modular group PSL, (Z) ‘= SL,(Z)/Z (SL,(Z)) = SL,(Z)/{+1} (here by

1 we understand the unit element of SL, (Z)). The last modular group is deeply rooted in the theory
of modular forms and newforms in the number theory. However, at the current stage we are unable to
make this statement more precise.
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teCh
<
A~(0)
D .-~ RN
// b
4 \
/
! ’)/ h
! 1
| T >
X
‘ O e x € C
\\ //
N\ //

Figure 1. A schematic illustration for the analytical continuation of a solution
germ defined at xo € D along a closed path y C D.

the braid group with three strands, which is an infinite non-commutative group (in contrast
to the linear case discussed above).

Let us clarify our terminology. Consider the following polynomial equation™:

F(x,z) = 2z2""" — x,z" ' — xp_12"% — ... — x22 —x; =0, (458

def
where x = (x1, X2,...,x,) € C". By A(x) we denote the discriminant of the

polynomial Equation (4.8) [18]. By swallow tail we shall designate the analytical hyper-
surface A= ({0}). We provide below the most general definition of the swallow tail which
suits our purposes:

Definition 4.1 ([35]). An analytical hyper-surface & in C"*! defined in some open
neighbourhood U is called the swallow tail with the edge 0 € C”*! if there exists
k € IN.; and k holomorphic functions

g;i: Uy — C, g;(0) =0, j € k-,

such that the differentials {d g;i(0) }I;=1 are linearly independent and & is defined as
the locus of the equation

A(gi(x). g2(x),....gx(x)) = 0,

where, as above, A (g1, g2, ..., gk ) denotes the discriminant of the following polynomial
equation in z [18]:

2kt gz — L — gz — g1 = 0.

*We would like to mention that the GALOIS group of this polynomial equation is the symmetric
group S, 41 over a finite set of n + 1 symbols, which is the most non-commutative finite group, in the
sense that the center of Z (S, ) is trivial Vn > 3. The point is that if the underlying GALOIS group is
non-commutative, then the analytical prolongation of the solution will be non-commutative as well, i.e.
the solution value will depend on the order of loops starting and returning to a given point.
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We define the co-normal & (&) of & to be the closure in T* Uy \ 0 of the co-normal
N (S ey ), Where &, is the smooth (regular) part of &, i.e.

def

S = [y € €[ A(y) = 0. dA(y) # 0},

It can be also shown that for any polydisc D centered around 0 € C*, D N G is a
connected domain. This property is important from the topological point of view.

Remark 4.3. Let xo € Up \ 6. Consider a holomorphic germ™ at the point
(287 87 gn”) == (g1(x0), &2(x0).- g (x0)):

gl sgz ,---,gn
(gl’ g2, ..., gn) > Z(gl’ g2, -+, gn)9

where z is the solution to the polynomial Equation (4.8). The existence of this germ
is ensured by the classical implicit function theorem. The germ z (g1, €2, ..., &€n) IS a
holomorphic function ramified around A= ({0} ) and it can be prolonged holomorphically
along any path starting from the point (g1 (x0), g2(x0),..., gn(xo )) and avoiding
the swallow tail A= ({0}). Then, the germ in x¢:

X Z(gl(x)v gZ(x)v"'9gn(x))

can be prolongated holomorphically along any path starting from x ¢ and belonging to
Uo \ &. These facts are rigorously established in [35, Theorem 3.2

Theorem 4.2. Let {z j }’;:i denote the set of solutions to polynomial Equation (4.8). Then,
forYj € (n + 1)7, the germ z ; defined at x ¢ can be holomorphically prolongated
along any path starting from x o and belonging to C* \ A~ ({0}).

Proof. See [35, p. 40]. M

Basically, we came to the point where we may define a group epimorphism from the fun-
damental group on the permutation group of simple roots to the algebraic Equation (4.8):

Theorem 4.3 ([35]). Let D be a polydisc of some positive radius centered around 0 € C"
and y is a closed path drawn in D \ A~ ({0}) starting and ending at x ¢ :

[0, 1] — D\ AT ({0}),
t — y (1)

such thaty (0) = y (1) = xo. Byy-z(xo) we denote the holomorphic germ obtained
from z (x o) after the analytical continuation along the loop vy . Thanks to the implicit

*Consider a point x of a complex topological manifold V . Consider also two maps f, g : ‘u;f »@
C defined on some neighbourhoods (not necessarily the same) of the point x € V. These functions
define the same germ (or they belong to the same equivalence class) if there is an open neighbourhood

U c ‘uﬁcf) N ‘L(;g) such that

f(u) = g(u), Yu € U.
This fact can be denoted as f ~, g and the germ generated by the function f is defined as

[l S (g Ue — €| f ~x g}
The set of germs at a point x can be obviously endowed with the ring structure over the field C. Here
we discussed the scalar case. The generalization to the vectorial case is straightforward. We would like to
mention that the set of germs does not possess a non-trivial topology. Henceforth, it makes little sense
to speak of the convergence of a sequences of germs.
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function theorem and the fact that the roots of (4.8) are simple in D \ A= ({0}) allows
us to define the mapping:

Sn+1 — Snt1
2(x9) > y-2(x9),

where S, +1 is the permutation group onn + 1 symbols {z1, Z2, ..., Zn+1}. Then, the
following mapping

7T1(D \ A<({0})) — Snt1,
y — (2;(x0) +—> yz;(x9))

defines the desired group epimorphism.

4.2.1. Uniformization of the local solution

It is known that the CAUCHY-KOVALEVSKAYA theory provides only the local analytic
solutions. However, we work in the complex analytic setting where a germ can be contin-
ued along any path avoiding singularities. Henceforth, the local solution obtained in the
previous Section can be continued analytically along any path starting in some neighbour-
hood in the origin and avoiding the swallow tail singularity A= ({0}). The analytical
continuation theorem ensures that two solution germs at a point x obtained from two
homotopic paths starting at xo are identical. This fundamental theorem of the analytical
continuation guarantees that the uniform solution is well-defined in each homotopy class
of paths [14].

We shall use this analytical continuation technique in order to lift the obtained local

solution to the global one on the universal covering. Let us denote the universal covering™

of X d;f C2\ A=({0}) by ¥. In the previous Section we already mentioned that the

fundamental group of X is Br 3 and the GALOIS group associated to Equation (4.5) is
S5 . It is known from the theory of groups that there exists a group epimorphism™**

x: Br; — §3.

It is also a well-known fact that ker y <0 Br 3 is a normal sub-group and Br 3/ ker y =~

S5 . Moreover, for every y € ker y, the monodromy action of y (y) fixes each solution
def
z of (4.5). We introduce also an intermediate covering R := ¥/ ker y. It is composed

of Y elements orbits by the (sub-)group action ker y. It is also the RIEMANN surface
which defines the GALOIS covering of the structural automorphisms group (i.e. ker y).

*Let X be a connected topological manifold. We shall say that a topological manifold ¥ is a covering
of X if there exists a surjection w : X — ¥ such that Vx € X, 3 U, an open neighbourhood with
the property that 7 = ({‘Ux}) = UjerViisopenin ¥ and Vi € [ themaps w; : V; — U, are
diffeomorphisms. A covering is said to be the universal covering if Y is also simply connected (we remind
also that a space is called ‘simply connected’ if any closed loop is homotopic to a point). The equivalence
classes of homotopic paths give basically the universal covering. The term ‘the universal covering’ is not
an abuse of the language because all universal coverings of a space are isomorphic to each other.

**An epimorphism is simply a surjection subject to some additional properties.
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This situation is represented on the following commutative diagram:

T (X) —> Y

X

Hence, the solution germ u on X induces a uniform holomorphic function u o 7, on
the intermediate covering R . In a similar way, the solution germ u can be lifted to the
universal covering ¥ by taking the composition u o w . We added a little illustration of the
uniformization process in Figure 2. This completes our short description of the solution
uniformization.

xo.\/
%

y

€*\ A%(0)

Zo

AS(0)
=

Figure 2. Illustration of the solution uniformization on the universal covering ¥ .

4.3. The contact geometry approach

In this Section we recover the same swallow tail singularity using the contact geometry
approach. It can be also seen as a holomorphic method of characteristics.
Consider a complex space™
def
CS = g2tz = {(t.x,u,7,§) € C°},
together with a holomorphic contact form
def
w = du — tvdt — &dx,
which defines the contact structure on C> . Let us consider also a first order holomorphic
PDE:
Ft,x,u,us,uy) = F(t,x,u,7,§) = 0.

*We may think of it as a 1—jet space of a complex function (¢, x) —> u (f, x).

30 / 86



On complex algebraic singularities of nonlinear PDEs

Typically, the practical application we are interested in is given by the inviscid BURGERS
Equation (iBE):
Ft,x,u,t,§) =17 —ué& = 0.

(4.9)
It is assumed that the family {d ¥, w } is free® and ¥ is a real smooth function of its
arguments.

The contact field # # is defined by the following condition [2]:
do(Hg,h) = dF «h, Vh € kerw.
In our case, the contact field can be easily computed explicitly™*:
Hy = (Fo. FeotFe + EFe. —(Fo + tF0). —(Fx + £EF4)).  (4.10)
By ¢! we denote the flow map along the vector field # ¢ :

d B
Ed) (z) o T Hz(z),
$°(z) = z.

The integral curves of this flow are called the characteristics. By construction, the function

F is constant along this flow. We can easily check it by direct computation:

%(?(W(Z))) D g F b T T + Fu(oFe 4+ EFe) +
Fe(=Fr —tFu) + Fe(=Fx — §Fu) = 0.
Obviously, the last identity is the consequence of the fact that
d¥ - Hg = do(Hg, Hz) = 0.
It is not difficult to check that ## € ker w.

We recall that the LEGENDRIAN sub-variety V in our case is a holomorphic, possibly
singular, integral sub-variety of ker @ of dimension dim V = 2 such that

TV C kerw,
VvV € F71(0).

We shall say that V is the generalized solution in the sense of LIE. We know that a
contact transformation allows to obtain a classical solution locally given by the graph of
a function. If the canonical projection

7:V — C?,

(t,x,u,t,§) — (t,x)

(4.11)

is of (maximal) rank 2, then V is a 1—jet 4! (u) of a complex holomorphic function u,
i.e.

V = {(l, x) € C? } (t, x,u(t,x), us(t, x), uy(t, x))}
We remind that all considerations in this article are local in the vicinity of (0, 0) € CZ2.
The LEGENDRIAN V should be understood in the same sense.

*In the contrary case, the contact field # ¢ will be identically equal to zero.
**The contact field can be easily computed explicitly for a general ¥ as well [31, Chapter V, Section §1]:

0F 0F 0F 0F 0F 0F 0F 0F
ws = (Ge e e e (G e ) -G+ Ea) ).
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The LEGENDRIAN V can be also defined by a generating function [2], i.e. (t, x) +—>
(7, x):
VvV = {(r, xX) € C? | (—8,, T, 8 — 18, x, é’x)}.
It is not difficult to check that conditions (4.11) hold. For example,

d(8 — t8;) — 1d(—8:) — 8xdx = d8 — §,dt — 8.dx = 0.
4.3.1. Application to the iBE

In this case, the first order holomorphic PDE was defined above in Equation (4.9). In
this case, the contact field becomes:

Ky = (L—u, v —ué, t§ £%). (4.12)
———

0 by (4.9)

Using the iBE (4.9) and CAUCHY data (4.2), we may reconstruct the 1—jet of the function
uatt = 0:

11 _1 1 _2 def
jl(u) ﬂ{t = 0} = (0,x,x3,—x 3, — X )z: Zo.

w

3 "3
The last point z ¢ will be used as an initial condition in finding the flow ¢* (z¢) (we change
the flow parameter ¢ to s, because ¢ is already employed in the iBE). To simplify com-
putations, we notice also that the third component in # g vanishes (cf. Equation (4.12))
since  conserves its value along the flow trajectories:

%(ﬁs(zo) o Hs(z0) = (1, —u, 0, 7€ £%),
¢O(ZO) = Zo.

The flow can be explicitly written in this case:

¢ (z0) = (t(s), x(s),u(s), t(s), £(s)) :=

1
1 1 X3 1
S, X — X358, x3, 3 , 3 .
3x3 s 3x3 S

1
Hence, u = x 3. We introduce a new variable
def 1 3
y = X — Xx3ft = u- — ut.

In these new variables, the flow becomes:

¢S(Zo)5(t,y,u, zu_ 1 )

3u t’ 3u? —t

with an additional algebraic relation:
u> —ut —y = 0. (4.13)

The singularity occurs when ¢ — 3u?. It is not difficult to see that by definition of
variably y we have in the limit y — —2u3. After eliminating u , we obtain an important
algebraic relation between ¢ and y on the singularity:

413 — 27y% = 0.
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It corresponds to the swallow tail (cusp) singularity seen above in Section 4.2.
Remark 4.4. If in CAUCHY problem (4.1) we take another ramified initial data
1
u(0,x) = x5,

then direct computations show that the algebraic relation between u , t and y would be

u> —ut —y = 0.

4.4. Generalizations

A natural multidimensional generalization of the IVP (4.2) for an unknown function

u: CxC" — C,

(t, X1, X2, .., Xp) — u(t, X1, X2, ..., Xp)
is the following one:
up — u(ux, + Uy, + ... + uy,) =0, (4.14a)
1
u (0, x1, X2, ..., Xp) = Uo (X1, X2, ..., Xp) + X7, (4.14b)

for some holomorphic function u ¢ in the vicinity of (0, 0,..., 0) € C”. The right hand
side in the multi-dimensional PDE could be a polynomial in variables ¢, x and u . In the
homogeneous case, it is not difficult to show the following

Theorem 4.4. Consider the IVP (4.14). Then, there exist p germs of holomorphic
functions ao, ay, ..., ap—1 in the vicinity of (t, X1, X2, ..., X,) = (t,x) =

0,0,...,0) € C"*! along with a holomorphic function (t, x) > v (f, x) de-
def
fined in the vicinity of the origin such thatu (t, x) := v (t, x) + z (¢, x) is the unique

solution to (4.14). The function (t, x) +— 2z (t, x) is defined as a solution to the
following algebraic equation (with t and x being seen as parameters):

z2? = ap, (6, x)z?V + Loa(t,x)z + ao(t, x)

together with ‘initial’ conditions:

aO(O,xl,xz,---»xn) = xlv
a; (0, x1, X2, ..., Xp) = 0, j e (p—1)7~.
Proof. Can be done by analogy with the proof of Theorem 4.1. d

5. A ring of algebraic convergent power series

In the present Section we give a glimpse on the very rich and complex geometry of
the ring® of formal power series. The goal of this Section is to provide a differential
study of the algebra O [z] (with z*> = pz + ¢). This study will exhibit some of the

*1f necessary, this ring can be considered also as an algebra over the field of complex numbers C.

33/ 86



D. Dutykh and E. Leichtham

tools allowing to construct the Algorithm of Section 7.1 which will provide a test of our
Conjecture 7.1.

To fix the ideas, let us consider the following ring [48]:
Definition 5.1. We define

dof + o0
Ozl =13 > a;(p.q)z’ ¢,
j=0
where the coefficients {a i(p,q) }j < are the germs of analytic functions at the origin”

(0,0) € C? and the complex variable z satisfies the algebraic equation (4.5). The
algebra of these germs is denoted by (9. We require also that there exists 3¢ > 0
(depending on the {aj (p,q) }j <) such that

+ 00

S sup la;(pog)le’ < +oo.
j:0|P|<8
lgl < e

By applying the WEIERSTRASB division theorem [42], we may show that this ring is
isomorphic to the following reduced form:

def
Olz] :={a(p.q) + b(p.q)z + c(p.q)z*|2> = pz + q},
for some germs of analytic functions a , b and ¢ . Our goal consists in building some form

of the differential and integral calculus on O [z ] (or, in our case, equivalently on O [z]).

Remark 5.1. Notice that we may remove the explicit dependence on variable ¢ in coeffi-

cients a , b and ¢ since according to Equation (4.5), ¢ = z3 — pz and the coefficients

(a, b, c) may be re-expanded in the second variable ¢ +— {a, b, ¢} (p, q) after the
substitution of the new expression for ¢ . Finally, after collecting all the terms, we obtain
the equivalent representation of the ring using formal power series:

+ oo
def .
Olz] =1 bj(p)z/|z> =pz+4q

J=0

It is not difficult to see that the same remark applies also to the ring O [z ] that we
considered from the beginning:

+ oo ‘ + 00 .
Y oaj(p.g)z’ = Y bi(p)z’.
i=0 i=0

Namely, we have demonstrated the following

Proposition 5.1. Every element Z;.riooaj (p.q)z? € 0Ofz] may be written un-

der the form Z;rioobj (p)z’ for some appropriately chosen holomorphic coefficients

{bi(p)}; 2.

Now, we start to construct the differential calculus over the rings O [z ] and @ [z]:

*All germs in this study are implicitly supposed to be defined at the origin (0, 0) € C2.
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q \ RQ
Cy

Ny

Co

Figure 3. Division of the real domain M \ A=< ({0}) < R?2 in three regions
C1,2,3-

Lemma 5.1. The partial derivatives of the solution z with respect to coefficients p and

q are given by:
0z Z 0z 1

ap T 3.2 _ p’ aq - 3z2 — p°
Proof. By taking the differential of Equation (4.5), we obtain:
(3z2 — p)dz = zdp + dg

or

Z
dz = —d e
< 3z2—pp+3z2—p

After identifying the left and right hand sides we obtain the required result. d

dg .

Remark 5.2. Lemma 5.1 (and Section 4.2) shows that the derivatives of a branch of z ( p, q)
blow up when the point ( p, ¢ ) tends to a point of the discriminant locus A=< ({0}).

5.1. A lyrical digression

Let us return to the real space R? < C? for the moment. At the current stage we
conjecture the following intuitive, but precise statement about micro-local singularities
of z and z? (real) distributions:

Proposition 5.2.
WF (Z) = WF (2?) = N(A<({0})\ {0 € R?}), (5.1)

where by the bar we denote the closure operation and N (-) is the co-normal set and the
distributions Z and Z? are defined below.
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Proof. This proposition is left for our future works on the subject. Namely, in a future
work, we wish to apply the results of this manuscript to the construction, in the real
domain, of weak solutions to some genuinely nonlinear PDEs. A first step would be
the following investigation. Divide the domain {(p,q) € Rso x R} \ A=({0}) in
three connected components €1,2,3 as depicted in Figure 3. Choose in each branch €

a branch z ; of solution to the Equation (4.5). Let us denote by Z the distribution on

ef
M :d= {(p,q) € R-p x R} obtained by gluing together all the local pieces {Zj }j.=1 :

Then, in a separate work we plan to address the following question: would it be possible
to choose the z ; in each € so that the wave front sets WF (Z) and WF (Z?) is included
in the intersection of the co-tangent bundle T* M with the co-normal to A~ ({0}) 7 It
is in this sense that the proposition above has to be understood. |

In the last Equation (5.1) there is an obvious part of the statement:

singsupp(z) € A~({0}),
singsupp (z2?) € A~ ({0}).
The deeper sens of Proposition 5.2 consists in making the connection between our

theory and the more classical theory of shock waves with first steps in this direction given
in Appendix C.

5.2. Primitivization

For the reasons which will become clearer below, the goal of this Section is to introduce
and study the primitive of the ring @ [z] with respect to the variable g :

ef
0710[z] = {a + bz + ¢z € O[z]|d,(a + bz + cz2) € O[z]}).

The following Lemma shows that the derivative d, of an element of @ [z] belongs to
O [z ] only under certain conditions:

Lemma 5.2. Let z be a solution to Equation (4.5) and A = 4p3 — 27q? be its
discriminant. Take an elementa + bz + c¢z? € O[z]. Then,d4(a + bz + cz?) €
O [z] if and only if the discriminant A divides 6¢cq — 2bp and 9bgq — 4cp?.

Proof. Let us show the main steps of computations which yield the required result. First
of all, we differentiate the element a + bz + cz? € O[z] with respect to g and we
use the result from Lemma 5.1:
b + 2cz
322 — p’
It is clear that the derivative d4(a + bz + c¢z?) € O[z] if and only if the last
fraction can be presented as
b + 2cz
37— p
for some holomorphic germs o, B and y . The system of algebraic equations to determine
these germs is obtained from the following obvious relation:

b+ 2cz = (a + Bz +yz?)(3z% — p).

dg(a + bz + ¢cz?) = ag + bgz + cqz2° +

=a + Bz + yz?
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After expanding the powers of z higher than two using Equation (4.5) and identifying the
coefficients in front of z%, z! and z2, we obtain the following system of equations:

3g —ap = b,
3yq + 2Bp = 2c,
3a + 2yp = 0.
Simple algebraic manipulations yield:
2p(6cqg — 2bp)

A b
9bg — 4cp?
p = 1=,
. 3(6cq — 2bp)
y = A .
This yields the conclusion of this Lemma. d

Similar conditions can be formulated for the derivation with respect to p, however, it
is out of scope of our study.

The next question we have to discuss is the integral calculus on @ [z] in the sense of
the operation inverse to the differentiation. Let us focus on the independent variable® ¢
and introduce the following

Definition 5.2. An element w(z) € O[z] is called a primitive of v(z) € O[z] if
two conditions™™ are satisfied:

e d,w = v,
ew(0) = 0.
This fact will be denoted as w = 9, ' v and, by definition, we have 9400, " = To[,].

To illustrate this definition, we provide one concrete example:

3gz + pz?
go1p = 39+ p?
4
The last formula can be obtained by specifying Equation (5.2) to z . Otherwise, it can be
checked by a direct verification.

In the following two Lemmas 5.3 and 5.4 we show that this definition is meaningful
and effective. However, first of all, we make use of the Remark 5.1 and switch back to

*The reason is that the integration only with respect to this variable ¢ can be shown to be well-defined.
**The second condition is imposed to remove any ambiguity with respect to constant terms.
TIndeed, the following sequence of equalities holds:

3gz 2 1 2pz 3
3,108;12 = Bq(%) = Z(% + 3z + ﬁ) =
9z°> — pz +3q _ 9z — pz 4+ 3(z° — pz) _
4(3z2 - p) 43z% - p)
12z3 — 4pz _ 4z(3z - p) _
4(3z2 — p)  4(Bz2 - p) <
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the isomorphic ring object O [z ] since it is directly used in our construction presented
in Section 7.1:

Lemma 5.3. The primitive 3,;'v, Vv € O[z] is unique.

Proof. In order to show this statement, it is enough to demonstrate that if 9, w = 0
and w(0) = O0imply that w = 0 € O[z]. Indeed, from the second condition we

conclude that
(o,]

w =Y ¢;(p)z’
j=1
for some germs {c i(p) };ozl . Let us compute its derivative (which exists because w is
a primitive):
Zi—1

Zm(p) X = 0.
J=1 32 =p

We multiply both sides of the last equality by 3z2 — p:

w .
Y Jei(pyiTt = 0.

j=1
By using the unicity theorem for power series, we conclude that
cj(p) =0, Vj =1
4

Lemma 5.4. Let Z;ozo a;j(p)z/ € O[z]. Then, the primitive d, " of this element
with respect to q belongs also to O [z ] and can be explicitly computed (see Equation (5.2)).

Proof. The proof is constructive. Let us assume that there exists another element
Z,—o b;(p)z? € O[z] such that
o0
3q(2 bj(p)zj) = > a;(p)z’
j=0 j=0
and we shall construct it. By interchanging the summation and derivation operators, and
using Lemma 5.1 we obtain:

oo

S b, (p) ”J__ = Y a,(p)zl

j=1 j=0

By multiplying both sides by 3z2 — p and rearranging the terms, we obtain:

o o0
S+ Dbja(pyz = Y (3a52 = paj(p))2’
ji=o0 ji=o0
def
where we assume the following convention a_; = a_, := 0. It can be readily deduced
that ]
bjv1(p) = F (—paj(p) + 3a;»(p)). Vj e N.
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Henceforth, we obtain the required result:

8;1(2 af'(p)zj) = ). %(—paj—l(p) + 3a;-3(p))z’ .

J=0 Jj=1

def

= w e Ofz]

Once we constructed the primitive given in the right hand side of the above equation, it
is not difficult to check by the direct calculation that we have found the desired element
inO[z]:

D0 = aq(z S (pagi(p) + 3a,-_3(p))zf) = S ()l

Jj=1 Jj=0

This is left to the reader as a simple exercise™. The found primitive w in Equation (5.2)
satisfies also obviously the second condition w (0) = 0. D

It is worthwhile to observe that one cannot define the primitive with respect to the
other independent variable p. It is due, in particular, to the non-uniqueness as it follows
from this simple example (employing again Lemma 5.1):

Z Z
2 = prs—— =0 = 9,0.

dpq = 0,(z> — pz) = 32> ————
rd p( pz) 322 = 322 —

Hence, we just showed the following

Proposition 5.3. Let w € O[z]. Then, two conditions
ed,w = 0,
ew(0) =0

do not necessarily imply that w = 0.

Proof. See above. |

A conceptual explanation of the non-existence of the primitive 8;1 will be given at the
very end of Section 6.

*For the sake of completeness of our manuscript, we provide here this simple computation:

< ji7! 3 IS
dgw = ];7(3”‘]—3 - Pai—l)m = 12(3‘”‘3 —raj-1) 3z2 — p
1 °° ~ = :
m(:‘; Zaj_:;Zj_l - P Zaj—lzj_l) =
i=1 j=1

1 0 , i , s ;
(R S a) = Ya

< p j=0 j=0 J=0
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The primitive with respect to ¢ has another good property which deserves to be men-
tioned here: it is p—differentiable in the ring @ [z ] . The following computation demon-
strates this property and gives explicitly the formula for the p—derivative:

oo

i

Jj=1

oo

| 2
(3aj_5 + paj_y —aj-1)z’ + E: 52?7;75(301—3 - paj-1),

1
J

(%) (%)
where by prime ()" we denote the derivative with respect to p. The first term (%) is

regular and belongs to O [z ]. The second term (* %) can be further transformed to the
regular form:

(x%x) = Z 3Z—(3aj_3 — paj_l) =

j=1 P
322 — p ( Z“Z’+3—szzj+l):
j=0 j=0
—(z SN EED WD
<= = p j=0 j=0 Jj=0

Hence, to summarize, we just demonstrated the following result:

o0 (e}
_ 1 ‘ .
pod I(Zalzj) = Z;(3a;‘—3+l’a;_1—aj—1)2] +ZijZJ.
j=0 j=1 J=0
More generally, one can similarly show that
Proposition 5.4. Letu = 8;" v for some elementv € O[z] andk € IN. Then,

8;‘oagu € O[z] provided that « + B

6. Holonomic coherent D —modules

In this Section we perform the explicit construction of a coherent™ holonomic**
D—module whose geometry is underlying our solution strategy of Conjecture 7.1. The

*We remind that a D—module M is said to be coherent if for any m € IN* and any D—module

homomorphism

D" E DX Dx.. xD — M

m times
has a kernel which is locally a & —module of finite type.
**As a reminder, a coherent dD—module is said to be holonomic if its characteristic variety V is
LAGRANGIAN. In other words, in every regular point x € V, we have

T,V = (T:V)",
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goal is to study the singularities of the obtained solution. More precisely, we show that
the vector® (z, z2) T is a solution of a holonomic D—module whose characteristic variety
V is included into the union of the zero section and of the co-normal to the swallow tail.
In the case of a smooth hyper-surface defined by x = 0, the multivalued function X7 s
a solution of the equation

2 =0
XUy 3 0.
So, morally, the “micro-local” singularities of x 3 live in the co-normal of x = 0 and
this property is one of the ingredients of the proof of Theorem 2.2. Therefore, in order to
understand the Conjecture 7.1, it is important to work out the analogue of this property
in the case of z satisfying z> = pz + ¢. This is the goal of this Section.

So, we consider the algebraic Equation (4.5) whose discriminant A is given by

A = 4p3 — 27q°%.
def
The co-normal™ N to & := A= ({0}) can be easily computed:
N(G) := N(G,) = {(32%, =22, z1, )| (2, 4) € C*} € T*C?, (6.1)
where we use the following cooérdinates to parametrize the co-tangent bundle:

T°C?> = {(p.q.&1.62)) = C*.

In the sequel, the co-normal N (&) will be always understood as the closure N (&)
according to its definition.

Remark 6.1. The fact that the co-normal & (&) to the swallow tail contains only one
complex direction' above the origin is absolutely crucial in our study).

Lemma 6.1. Let us define the following polynomials on the co-tangent bundle T* C? :
def def
Pi(p.q; &1, §2) = §$§ — £, my = deg(Py) = 2, (6.2a)

def def
Pa(p.qi§i ) = 28 + £l my = deg(Pa) = 3. (6.2b)

def

def
P3(p.q: &1, &) 1= (4p° — 27q%) €7, m3z = deg(P3) = 2, (6.2c)

whose respective degrees in variables (&1, £2) are denoted by my, j € 3-. Then,

3
M P70} = ¥ (&) | J{(p.q.0.0)} € T*C.

Jj=1

where the orthogonal complement (-) T is taken in the sense of the natural symplectic structure on the co-
tangent bundle T* V. We remind that in general one has only the involution property of the characteristic
variety [15]:

(TxV)T € TV,
This is a symplectic geometry view on the involutivity. More algebraic points of view are also possible,
see e.g. [15, 47].

*After some simplification, the solution ansatz we consider looks like @ + bz + cz2. So, one
could be inclined to consider instead the vector (1, z, z2) T . However, the first component is completely
regular and, since we are interested in singularities, we retain only the two last components.

**Informally speaking, the co-normal & (&) plays the rdle of the characteristic variety for the quasi-
linear operator (7.1a) defined below.

It would be more accurate to speak about a line, of course. In the real case the singular directions
are (0, £ 1), which lie along the same line.
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Proof. Due to the continuity of polynomial functions, it is enough to check the statement
on the regular part of the co-normal N (&). First, let us prove the inclusion €. So,
consider a point

3
(p.q:61.62) € [ P7({0}).
j=1

Observe that if £, = 0,then Py (p, q; £1, §2) = Oimplies that £ = 0. Consequently,
the point (p, g; €1, £€2) belongs to the zero section. If we assume now that 4 p3 —
27g% # 0,then P3(p,q; &1, &) = 0 implies §&, = 0. We draw similarly the
conclusion that the point ( p, q; &1, £2) belongs to the zero section again. Now assume
that £, # Oand 4 p3 — 27¢g? = 0. Then, there exists z € C such that (p,q) =
(3z2,-2z3).Ifz = 0, then from P, (p, q; €1, E2) = 0 we deduce that £, = 0
and (0, 0; 0, £,) belongs to N (&) as desired. If z # 0, then we can deduce from the
equalities P12 (p, q: §1, §2) = 0:

g _ -18
Sl = 5—2 — £22 = Z%-Z
1 3 52

This proves the inclusion. Now let us prove the reverse inclusion O . The zero section is
clearly included in N3 _; P~ ({0}). So, let us consider instead (3z%, —=2z° 24, 1) €
N (&) . Then, an easy computation shows that

P;(3z% =2z%zA, 1) = 0, Vi e 3.
This proves the Lemma. |

Theorem 6.1. There exists an open polydisc D centered around 0 € C? such that
Vk € 37 and V(i,j) € 27 x27 we can find a differential operator R;‘j with
holomorphic coefficients on D such that:

(1) The operator Rf-‘j, V(i # j)is of the order my — 1 at most.

(2) The differential operator lei is of the order my and admits the polynomial
Pr (p, q; &1, &2) as its principal symbol.
(8) The following identity holds:

RY, RY, %] = 0
RS, RS, z? 0
Proof. This theorem can be proved along the same lines as [35, Theorem 4.37]. 4

6.1. The holonomic D —module construction

The holonomic D—module M will be constructed in the proof of the following

Theorem 6.2. The characteristic variety” V of M is included in ﬂ;=l P:({0})
N (&) U{(p.¢.0,0)} and

*It might be useful to say a few words about the characteristic variety of a &—module in case a
reader is not familiar with this notion. The annihilator of M is defined as

def
Ann M = {P e grD|P-m = 0,Vm € gr M}.
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(1) The D— module M is holonomic.
(2) The vector (z, z?) defines a holomorphic solution to M on every simply connected
open subset of C2\ A<({0}).

Proof. We denote by O (respectively by D (/)) the sheaf of holomorphic differential
operators (of the order not greater than j , respectively) on the polydisc D . The grading
of O is defined as
+ o0 i
def D (j+1)
S (-1) —
gr D = .@1 D0 D = {0}.
j=—
Algebraically speaking, this object is isomorphic to the polynomial algebra @ [£4, &,].
We consider a d—module morphism ¢ defined as:
$: D¢ — D?

k k pk k pk
(Qe)lzceszj > E (QﬁRe,l’QKRZ,Z)'
€ ke3-
Le2-

We are particularly interested in the co-kernel of this morphism:
M coker ¢ = cod ¢ /d- ({dom ¢}) = D2/~ ({DS})

along with the canonical projection

T D — M.
We stress out that M is a D—module by construction. Theorem 6.1 allows us to define a
D—module sheaf homomorphism by the formula:

M — O[z]

(A, B) — Az + Bz”,

where the right hand side is a ramified solution existing on D \ A= ({0}) defined by
the pair (z, z?). Then part (2) of the Theorem follows from Theorem 4.2. We introduce

It is an ideal in gr O . However, this ideal generally depends on the choice of a good filtration. So, one
has to consider instead its radical:

~Ann M d;f {P € gr!D‘Pk € Ann M for some Ik € ]N}.

It can be shown that the object +/Ann M does not depend on the filtration. The set of common zeros of
+Ann M is referred to as the characteristic variety V of M :

V (VA M) = {(xo, E) | P(x0.80) = 0, VP € JAnnM}.
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also a good™ filtration™ { M ; } on M in the following way [40]:

JEZ >
def def oo
Moy =1{0}, M; =DV DY) Vv;jz0 M= ] M.
j=-1
Consider k € 3~ and (4, B) € M, with j > —1. The grading of M is
dof e MUTD

gl'(/%:: W

j=-1
The action of & on M induces the action of gr & on gr M in the obvious way. In
Mi+1+mi [ Mk +m, we have:

Pp- (A, B) = ‘A'(Rllc,l’ Rllc,z) + B- (Rlzc,l’ Rlzc,z) = 0.
Hence, the multiplication of Mg/ Mg by Pi induces a zero mapping into
Mit1+my [ Mitmy -
The characteristic variety of M minus the zero section { ( p, ¢, 0, 0) } is included into a

LAGRANGIAN sub-variety of T*C2 \ {(p, ¢, 0,0)}, so M is holonomic. This completes
the proof of the Theorem. |

Of course, the couple of holomorphic ramified functions (z, z2?) does not define a
(uniform) distribution, but morally, Theorem 6.2 means that the “micro-local singularities’
of (z, z?) live in the co-normal to the swallow tail N (&).

)

We reiterate the important fact there exists only one direction’ in N (&) above
(0,0) € C?, namely (0,A), A € C. The principal symbol of 3, (respectively,
d ) does not vanish (respectively, vanishes) on { (0, 0; 0, 1) | A € C*}. This explains
why the primitive 8;1 exists on O [z ] whereas 3;1 does not exist as we saw above in
Section 5. Lastly, Theorem 6.2 shows morally that the singularities of the product z - z
do not spread over the origin and remain confined in N (&) .

k .
We say that a filtration { M ; }j€Z>_1
exists 3kg € Z>_; suchthat Vk > ko:
DT M = My ;.
We remind that in general one only has a weaker property:

DB M < My

on M is good if M ; is coherent V j € Z>_; and there

**A filtration of M is an increasing sequence of sub-modules {M j }j Zo_, of M verifying two
properties: -
oM = U}_io—l M

N Q{D(k),Mj C Mjir,V(k, j) € N2,

It would be more accurate to speak about a line, of course. In the real case the singular directions
are (0, = 1), which lie along the same (complex) line.
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6.2. A computational digression

Let P; and P; (i, j € 3-) be any two polynomials from Lemma 6.1. Theorem 6.2
shows that the characteristic variety V is contained in
V. PT({0}), V € P7({0}).
Hence, T,V C kerdP; ;(x), where x € V is a smooth point of the characteristic

def
variety V. Then, if o := lec _1 dxx A d&i denotes the standard symplectic 2—form on
T,V,thenVh € T, V:

dP; j(x)-h = a)(,}fpl..j(x),h) =0, (6.3)
where J# p,  is the following vector field:
2

def aP; ; 0 IP;; 0
%Pi,j = k2=:1( aék] 0X g B axk] 3fk).

The second eqality in (6.3) shows that #p, , (x) € (Tx V)l , where the orthogonal
complement is taken in the sense of the natural symplectic structure on the (co-)tangent
bundle T* V. Due to the involutivity* property of the characteristic variety V [15], we
have that

(T:V)" € T,.V.
Henceforth, #p, ; (x) € T, V. Consequently, we obtain the following result:
o(Hp, (x), #Hp,(x)) = {P;i. Pj}(x) =0,

where the POISSON bracket operator definition is implied by the symplectic structure:
2

g 9P 90 IP 90
th, 03 = ,;1(351«3)% 3xk35k)'

Since x is a smooth point of V, Theorem 6.2 allows to show that V and ﬂj _ P7({0})
coincide in a small neighbourhood of x . Then, by HILBERT Nullstellensatz and Theo-
rem 6.2, one deduces that the POISSON brackets {P,- , Pj} (i, j € 37) must belong

def
at least to the radical ideal +/4 , where d := (P;, P,, P3). We are going to check
this property using modern computer algebra methods which are deeply based on the
GROBNER bases methods [45].

First of all, let us initialize and load the library to work with polynomial ideals:
restart:
with(PolynomialIdeals):

Then, we define the polynomials from Lemma 6.1:

P[1] := (p, q, r, s) —> 1/3%p*s™2 - r~2;
P[2] := (p, q, r, 8) —> 1/2%q*s”3 + r~3;
P[3] := (p, q, r, s) —> (4%p~3 - 27*q~2)*r"2;

*We remind that if the characteristic variety V is LAGRANGIAN, then one has an even stronger
n
property (TxV) = T,V.
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along with the procedure which allows to compute the POISSON bracket of two smooth
functions:

PBracket := proc(P,Q)
description "Returns  the Poisson bracket of two_functions P ,and Q";
return simplify(diff(P(p, q, r, s), r)*diff(Q(p, q, r, s), p) - diff(
— P(p, q, r, s), p)*diff(Q(p, q, r, s), r) + diff(P(p, q, r, s),
< s)*diff(Q(p, q, r, s), q) - diff(P(p, q, r, s), Q*diff(Qlp, q,
~ r, 8), 8));
end proc;

Then, we define the polynomial ideal J:
I := PolynomialIldeal(P[1](p, q, r, s), P[2](p, q, r, s), P[31(p, q, T,
— 8));
and check whether the ideal d is radical:
IsRadical(I);

The last function returns the logical value false. Henceforth, we construct its radical:
RI := Radical(I);

We have to compute also the corresponding pairwise POISSON brackets of polynomials

Pi2,3:

P12 := (p, q, r, s) —-> PBracket(P[1], P[2]);
P13 := (p, q, r, s) —> PBracket(P[1], P[3]);
P23 := (p, q, r, s) —-> PBracket(P[2], P[3]);

Finally, we can check whether the POISSON brackets belong to the radical ideal /4 :

IdealMembership(P12(p, q, r, s), RI);
IdealMembership(P13(p, q, r, s), RI);
IdealMembership(P23(p, q, r, s), RI);

All these functions return the value true. This motivates us to establish an even stronger

result comparing to Theorem 6.2.

It is also interesting to note that { Py, P, } and { P,, P3} belong even to the ideal J .
However, it is not the case for { P;, P3}. These facts can be simply checked as follows:

IdealMembership(P12(p, q, r, s), I);
IdealMembership(P23(p, q, r, s), I);
IdealMembership(P13(p, q, r, s), I);

The first two calls return true while the last one returns the value false. However, it is
not difficult to check that { Py, P3}? already belongs to d :

IdealMembership(P13(p, q, r, s)72, I);

which returns the value true.
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6.3. A stronger result

In fact, we were able to prove a stronger result comparing to Theorem 6.2. One actually
has the equality in Theorem 6.2:

Theorem 6.3. Under conditions of Theorem 0.2, one has

VA{(p.¢.0.0)} = N(SG)\{(p.q.0.0)},
where { (p, q, 0, 0)} refers to the zero section.

Proof. In Theorem 6.2 we already established the inclusion V \ {(p,¢,0,0)} C
N(S)\ {(p,q,0,0)} and from it we deduce that M is holonomic. Let
r: T*C? — (C?

(x,§) — x

denote the standard projection. We shall prove our statement be contradiction. So, let
us assume that &N (&) \ {(p, g, 0, 0) } is not included in V \ {( p, g, 0, 0) } and let us

deduce a contradiction. Consider a point

(Po.qos €7, €3) € N(&)\ (VU {(p.q.0,0)}).

By homogeneity, for any u € C*, the point (po, qo; L&Y, /Lég) does not be-
long to V. Since 7~ {(po.qo)} N N (S) is a complex line and since V \
{(p,q,0,0)} € N(S)\ {(p,q,0,0)}, we immediately deduce that ( po, go) &
/g (V \{(p,q,0,0) }) . Now recall that the characteristic variety minus the zero section
is (always) a homogeneous closed subset of T*C2 \ {(p, ¢, 0, 0)}. Therefore, there
exists an open neighbourhood U of (pg, go) € €2 such that

r(V\{(p.q.0.0)}) (U = 2.

Consider now a WHITNEY stratification of C?:

e = |J X
AEA

such that V. € |, <, N*X,, where X, are smooth (open) sub-manifolds and N*X
denotes the co-normal bundle to X, . Recall also that { X}, ¢ s form a partition of C2.
Since 7 (V \ {(p,q,0, 0)}) N U® = @, we can assume that (p, ¢, 0, 0) € Xjy,,
where X, is an open subset of C? so that its co-normal is the zero section. Then, consider
an open simply connected neighbourhood U *0) of ( pg, ¢o) which is included in X3, .
Consider also an open simply connected subset W 40) included in U*0) \ A< ({0}).
Now we can apply to M the first theorem of KASHIWARA [25, Theorem 3.1] (see also a
brief reminder below). It states, in particular, that the restriction of

ExtH (M, @) = Homgp (M, O)

to X, is a local system. Since by Theorem 6.2, the vector (z, z?) is a holomorphic
solution of M on ‘W (#0) KASHIWARA’s theorem implies that one can analytically continue
(z,z%) to W(*0)  But this is impossible because if we make the analytic continuation

1
of 0,z = 2=, along a path which ends up at ( po, qo), it will blow up. This
s = p
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contradiction therefore shows that the reverse inclusion is satisfied and this Theorem is
proved. |

For the sake of the exposition completeness, we formulate the following fundamental
result of M. KASHIWARA on which our Theorem 6.3 is based:

Theorem 6.4 ([25]). Let M by a mazimally overdetermined system on a complex man-
ifold X and X = |J Xy be a stratification of X satisfying the reqularity conditions of
H. WHITNEY such that the singular support of 9N is contained in the union of co-normal
projective bundles of the strata. Then, the restriction of Ext ’bx (M, Ox) to each stratum
is a locally constant sheaf of finite rank.

In the Theorem above the following notations were used:
Dyx :  The sheaf of differential operators of finite order on the complex manifold X .
Ox : The sheaf of holomorphic functions on X, which is a left coherent & x—module.

9T ¢ The coherent D x—module.
Ext :  The right derived functor of the hom-functor.

7. Second order PDE

In this Section we study the next representative of the PDE family (3.1) withm = 2.
Typically, we would like to develop the methods which would allow us to study the
following ramified CP* for a genuinely nonlinear second order PDE:

Uiy — UxUxx — Qv (71&)
No .
u(0,x) = Z cijJT, (7.1b)
=1

with Ng € IN.,,¢c1,2 € C* and {cj }?23 C C some constants. Namely, we would
like to provide a sufficient evidence that the following conjecture holds. This is the main

goal of this Section:

Conjecture 7.1. Consider the ramified [VP (7.1). Then, for each choice of a root to
the algebraic equation™ 2 — u,(0,0)-1> = 0 (where we put § < 1 # 0 by
homogeneity of the principal symbol), there exist holomorphic functions p (t, x), q (t, x)
and {aj (t, x)}i=0 defined in a neighbourhood of (0, 0) € C? with

p(O,X) = 0, Q(O,X) = X

*We underline the fact that the term CAvcHY problem (CP) is understood here in the incomplete
(or loose) sense specified in the Introduction Section 1 since our CAUCHY datum contains only one initial
condition for a second order problem in time (7.1a).
**We have to assume that u, (0, 0) # 0 in order to have two distinct roots.
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such that the following assertion holds: the problem (7.1) admits a local solution of the

form:
2
u(t,x) = 8;1(2 aj(t,x)zj), (7.2)

j=0
where z (t, x) satisfies the following algebraic equation:

2P = p(t,x)z + q(1,x).
Proof. Open problem. |

Remark 7.1. Please, notice that the second order ramified IVP (7.1) contains only one
CAucHY data. To compensate this fact, we impose a special form (i.e. ansatz) for the
solution that we are seeking. The condition ¢; # 0 is necessary in order to ensure that
the equation 72 — u,(0,0)-1?> = 0 has two distinct roots. The condition ¢, # 0
means that the CAUCHY datum is sufficiently singular, it is crucial to ensure that the
matrix IM defined in Equation (7.10) in the eikonal Equation (7.9) is invertible. Actually,
the Theorem 2.1 from Section 2.1 shows that if the constant ¢, is equal to zero, then the
solution will be ramified around a smooth hyper-surface.

The choice of a root in the algebraic equation will allow to fix the value of ¢, (0, 0),
then it is very likely that the solution under the form (7.2) will be unique. Notice that
the functions p (¢, x) and ¢ (¢, x ) will depend on the CAUCHY datum.

Despite the fact that we do not have a proof for this conjecture, we shall present in
this Section a strong evidence that it is true. Our symbolic-numeric computations will
be performed in the case of c; = 1 and ¢, = % for the sake of convenience.

In the sequel we shall rather write the solution ansatz without applying the WEIER-
STRAR division theorem [42], i.e.
2

Z aj(t, x)z/ = Z by (t, x)zk.
k=0

j=0
Despite the apparent complication, in this way it will be easier to express the iterative
process.

7.1. Construction of iterations

Motivated by Lemma 5.3 and Theorem 6.3, we extract from the PDE (7.1a) the following
characteristic equation:

Qt(o’o)z - ux(o, 0)qx(0,0) = 0.

Observe that g, (0, 0) = 1 and that the choice c; = 1 necessarily implies u, (0, 0) =
1. Then, in the previous equation we shall choose the root g, (0, 0) = 1 for the rest of
this Section.

The approach we adopt in this Section is greatly inspired by Sections 5 and 6. We
would like to construct a solution to Equation (7.1a) in the following form, motivated by
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Lemma 5.4:
o0

1
u(t,x) = Z — (—p(l, X)br—1(t, x) + 3br_5(t, x))zk e O[z], (7.3
k=1 k
where p (7, x), q (¢, x) and {bk (1, x) } 7~ are holomorphic functions of its two vari-
ables (7, x) € C? defined in the vicinity U (o,0) of (0, 0) € €2 that verify the following
‘initial’ conditions:
p(0,x) =0 q(0,x) = x, q:(0,0) =1, (7.4a)

bo(0,x) = 1, b1(0,x) =1, br(0,x) =0, Vk > 2, (7.4b)

and
23 = pz+4q, VY(t,x) € Uqpo < C2.
The ‘initial’ conditions (7.4) correspond to the CAUuCHY datum (7.1b) with ¢; = 1 and
3
Cr = Z:
3 4
u(O,x):x+Zx3. (7.5)

Several other initial conditions will be considered below in Section 8.

It seems impossible to construct directly such a solution u (¢, x ) having a property
that the series (7.3) is convergent V (¢, x) € Uo,0) . Instead, we propose to construct
this solution u (z, x ) using the fixed point iterative scheme.

Using the ansatz (7.3) and this scheme, we shall see that the solution is completely
determined if we have the following collection of holomorphic functions:
def
¢ = (p(rx), q(t,3), (he (1, )17, ) () (74). (7.6)
By construction, the functions from this collection € verify the ‘initial conditions’ (7.4).

Thus, if we know these functions, we can easily recover the solution u (¢, x) thanks to
(7.3). Hence, the collection (7.6) will be called the solution data.

The first naive tentative to solve Conjecture 7.1 consists in replacing u (¢, x ) by (7.3) in
the nonlinear differential operator u — u;; — U U, . One obtains a certain expression
("X) . Unfortunately, it seems to be unrealistic to construct the solutions directly in this
way. Henceforth, we introduce an iterative procedure where we replace in one specific
place of the expression (*X) the function p (to,O x) by p(t, x), respectively, g (¢, x) by
g(t,x)and {bi (1, x)}7_o by {l;k (t, x) }k—o . This procedure is better explained in

Appendix B. As a result, we obtain the new expression:
00 00 k

< D k=0 Brz

(%) = 3t o Bl

Then, by requiring that 372 — p divides Y p—, Bk 2* we obtain the eikonal Equation (7.9)
which gives us the new components ( p, ¢ ). Roughly speaking, (7.9) means that the cusp
is characteristic for the PDE. By requiring that (;I:) vanishes, we obtain the following
discrete ‘time’ (but infinite dimensional) dynamical system:

(B0 a2 the(r.2)330) = F (p(1x).q (1), (i (1) 1y ).
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Henceforth, we may say that the construction of iterations is inspired by the ideas of the
geometric optics. A similar procedure was employed by WAGSCHAL in [50].

Then, by construction of the mapping F , its fixed point gives us the desired solution
to Conjecture 7.1. In this Section we shall construct the mapping F and implement it in
a computer algebra system Maple

F:¢ — ¢, (7.7)
(P () () (032 ) = (500 %) a0 ) bk (13017, ).

As we already mentioned, the mapping F is constructed such that if we have a fixed point

F(p(t) g () bt x)}ile) = () g (hx). (bt x) )L, ).

then the solution (7.3) reconstructed from this data verifies (7.1a) (¢f. Lemma 7.1). Addi-
tionally, since we impose Conditions (7.4b), this mapping will yield that (q, (0,0) ) 2= 1.
The fact that we have chosen g, (0, 0) = 1 corresponds to the choice of a root to equa-
tion 2 — 9,u(0,0)-12 = 0in Conjecture 7.1 (where we replaced § < 1 # 0 by
homogeneity of the principal symbol).

We define the following family of functions:

By = i[(l - jl)pxb,_l +qub; + %(—pb,-_l,x T 3b,-_3,x)]x

j=0
[(k —j = D) plbr—j_1 + 2(k — j)pxqxbr—; + (k —j + 1)qx2l?k—j+1]

— (k= 1)-pZbj_1, Vk € N,
where we additionally use the convention:

b, =0,V) >

p—

(7.8)

The eikonal equation™ is defined as

(ﬁ,) o [mE ) e ) -
qr Zoo0<§)k£2k+1

Since functions p and ¢ belong to the class €, they verify the following initial conditions:
p(0,x) =0, ¢(0,x) =
The functional 2 x 2 matrix IM is defined as
p k
dof 42;200(5) kqibak ]_:ioo(

)
3
o [ P\* o0

25525 () 2k + Darban 25025 (

*Strictly speaking, the term ‘eikonal equation’ is not defined for genuinely nonlinear PDEs and singular
hyper-surfaces. However, we have good reasons to think that what we are doing is the right generalization
of this notion to our case.
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We underline that the inversion of the last matrix is necessary to obtain an explicit form
of the eikonal System (7.9) solved with respect to the time derivatives. It is not difficult
to see (by substituting the necessary initial data and conventions) that the first Equation
in (7.9) yields p, (0,0) = =

Let us define also the following family of functions:

def ~ A~
Ar = (k — 1)bk—1pt + 2kbrpigq: + (kK +1)4:qibry1 —

k

1 1
Z[(l_—>b1_1px +b]qx + _,(_pbj—l,x +3bj—3,x)]x
= J J

|:(k_j_l)bk—j—lpxz+2(k_j)bk—jpxq)c+(k_j+1)bk—j+lq,?], Vk € IN.

Also, for any k € IN we define:

Cr = i Ak+z+2;(§)j-

j=0
Now, we are ready to write down equations which define the family of functions

{l;k(l’x)}k=

)bk P _<1_l)bk pit — brq
—1,t t k —1 tt tt

( Pbr—1.:r + 3bk—3,tt) - Cr +

k
Z[( ]) ji—1Px + b]Qx + %(_pbj—l,x + 3bj—3,x)]x

D
¥|&
Pl
[l
S|
;Q P
(=)
——
|
VN
[\)
x| = »| )

~.
(=]

2 1
|:(2_ bk j—1,x Px + (1 _r)bk j—1DPtt + bk jQxx+

1
2bk—jxqx + ; (—pbr—j—1,xx + 3bk_,-_3,xx)]§, Vk € N. (7.11)

k —

We underline that functions {b k (1, x)} satisfy the initial conditions (7.4b). The

convention (7.8) must be employed to 1nterpret correctly the last equation.

The solution of differential Equations (7.9) and (7.11) completes the construction of
the fixed point mapping F (7.7). Then, the connection between the mapping F and the
ramified CAUCHY problem (7.1) is elucidated in the following

Lemma 7.1. Let us assume that we have a fized point data:
F(p(tx)q(t0) b (t,x)30) = (p (%), q(tx), (b (1, %)17%,)
satisfying the ‘initial’ conditions (7.4). Then, the function

+ oo
u(t, x) = a;l(z bk(t,x)zk), (7.12)
k=0
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with z°> = pz + q satisfies PDE (7.1a) together with the initial condition (7.1b).

Proof. By direct computations we have the following expressions for ansatz (7.12) deriva-
tives:

J’_
8

_ 1 1
Uy = k_()_(l — E)bk—lpoc + kaa + % (_pbk—l,a + 3bk—3,a)]zk’
+oo 2 1
Uga = k_0_<2 — E)bk—l,apa + (1 - E)bk—lpaoc + brqua + 2bk,0lq0¢ +
1 k
%(pbk—l,aa + 3bk—3,aa) "+
+ o0
S k= )bk p2 + 2kbipada + (K + Dbesig? |2,
3z2—p * ¢

k=0
where the symbol « € {1, x}.
Then, using the definition of the mapping F along with the fact that

(A (x). () the(rx)3ig) = (P (x). (1) {be (1. 6)}FL, ).

one obtains the result stated in this Lemma. For more details, we refer also to Appendix B.

4

To the best of our knowledge, the presented algorithm is completely new.

7.2. Generalizations

We may attempt to generalize the result stated in Theorem 4.1 to the case of the PDEs
family (3.1) with m > 2. However, we stress out that at the current stage it remains at
the level of a conjecture:

Conjecture 7.2. Consider the following ramified IVP for Equation (3.1):

Lm(u) := 3"u — 3" 'ud’u = 0, (7.13a)
1
u(0,x) = c x4 cpx™ I3

Foesx™mTItE 4 x™ug(x), (7.13b)

where c1,, € C*,c3 € C anduyg is a holomorphic function in some neighbourhood of
0 € C. Then, for each choice of a root to the algebraic equation® t™ — 3™~ 1u (0,0)-
1" = 0 (where we replaced & < 1 # 0 by homogeneity of the principal symbol), there
exist holomorphic functions p (t, x), q (t, x) and {aj (t, x) };=0 defined in the vicinity

*In order to have m distinct roots, we have to choose the initial data so that 7 ~1u (0, 0) # 0. As
a result, we may say that the solution procedure is parametrized by the elements of the multiplicative

def
group of the roots of unity U,, 1= {&™ = 1]|& € C}.
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of (0, 0) € C? such that there exists a local solution u to (7.13) which can be written in
the following form.:
2

u(r,x) = 9, Vo (Y ay (6 x)27),

ji=0
where the function z satisfies the following algebraic relation (4.5):
2 = p(t,x)z + q(t.x).
The coefficients p , q verify the ‘initial’ conditions:
p(0,x) =0, ¢q(0,x) = x.

Proof. Open problem. |

Remark 7.2. The holomorphic functions p (¢, x), g (¢, x) and {aj (t, x) }
existence is conjectured above depend also on c¢1,,,3 and on the function u ¢ (x ) appearing
in the formulation of the CAUCHY problem (7.13b).

2
. whose
Jj=0

8. Numerical illustrations

In the absence of the rigorous theoretical proof, in this Section we would like to illustrate
the practical convergence of the fixed point algorithm described in Section 7.1. Thus, it
will provide a rational computational support towards various conjectures formulated in
this study (in particular, the Conjecture 7.1 and indirectly Conjecture 7.2).

8.1. Test 1

In order to come up with a practical algorithm, we have to truncate the expansion
(7.3):
Al
u(t, x) ~ —(— t,x)br_1(t, x 3bj_— t,x)z,k,
(1, %) Eg;k p (. x) by (1.x) + 3bis (1. x)
Since we work with holomorphic functions, we shall expand all the functions in double
truncated series in the vicinity of the origin (0, 0) € C?2 as follows:

M—1
Y(tx) = Y Ymt'x™ 4+ O™ 4 M 4 x4 M),
I,m=1
Il+m < M-—1
with v € {p, q, bo, ..., by—1}. So, in practice we perform all our computations with

such double truncated power series in independent variables (¢, x) € C?2. There is
another technical issue towards the practical implementation of our algorithm that we
have to describe here. Since we work with truncated data, our finitary mapping F by
construction returns a slightly reduced set of data:

(0 a0 b ig) o (5 x) a0 ), thi (1)
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Table 1. Various numerical parameters used in our computations.

Parameter Value
Floating point arithmetics, significant digits 30
Truncation degree in ¢, M 25
Truncation degree in x , M 25

Total number of iterations, 25

Initial length of data vector, N 80 = 3xI + 5
Observation point in C, xg 0.11i
Temporal segment for the error control, [a, b ] [0, 0.1]

Thus, at every iteration we are practically loosing three components of the data. Conse-
quently, if we are willing to obtain N components of data vector {bg (¢, x) },ICV=0 after
I iterations, we have to initiate the iterative process with { by (t, x) },]CV iy 031 initial com-
ponents. We took into account this observation in our computations. We are going to

illustrate the work of the algorithm starting from the following initial guess:

t
p(t,x) := 7 q(t,x) :=1t + x, (8.1a)
bo =1, by =1, b; =0, Vj > 2. (8.1b)

It corresponds to the CAUCHY datum (7.5) as it is explained in the beginning of Section 7.1.
Throughout all this Section 8 we shall assume ¢y = 1 and ¢, = 3 However, three

g
different possibilities are taken for the rest of coefficients™ {c j } C C. For example,

Jj=3
in this Section 8.1 we take all {cj }j 5 to be zero.

Remark 8.1. The choice of the initial data (8.1a) implies that ¢, (0, 0) = 1. This specifies

one of two roots in ¢, (0, 0) in the eikonal equation. Consequently, in all iterations we
1

shall also have that ¢, (0, 0) = 1. Similarly, we shall also have p, (0, 0) = 3"

In order to speed-up the computations, we turn also to the floating-point arithmetics
with, possibly, extended precision. The values of all other parameters are reported in
Table 1. The proposed algorithm was implemented in the computer algebra system Maple'".
The essential part of the employed code is reported in Appendix D. The complete program
can be shared upon a simple request by email.

To summarize, we can say that we perform numeric-symbolic computations in order to
observe the convergence towards a fixed point in practice. If we denote by ¥/ the value
of the variable ¢ € {p, q,bo, ....bn_3; } after j iterations, the closeness to the fixed
point may be appreciated by looking at the norm of the difference between two successive
iterations:

Iy =y UL
We illustrate the behaviour of the proposed algorithm on the initial data (8.1). We perform
I iterations of our mapping. It turns out that even very moderate values of the parameter

*For the precise meaning of coefficients {cj }j o see Equation (7.1Db).

>
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Figure 4. The absolute value of the difference between two successive iterations
(D™ and (I — 1) of solution data for I = 10. The values of several
numerical parameters are reported in Table 1.

I (cf. Table 1) are enough to appreciate the convergence of the iterative fixed point process.
The whole symbolic/numeric computation lasted about five minutes of the CPU time (on
our computers). The precise information is not very important because it may vary from
one system to another. In four panels of Figure 4 we show the differences between two last
iterations of functions { p, g, bo, b1 }, constituting the problem data. It can be clearly
seen that the absolute value of the difference is quite small already after I = 10 iterations.
We checked that subsequent iterations reduce further this difference. The reduction of the
L o, norm of the difference between two successive iterations is shown in Figure 5. This
Figure presents a strong empirical evidence for the convergence towards a fixed point,
which solves the underlying IVP according to Lemma 7.1, even if the convergence seems
to be far from being linear.
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Figure 5. The mazimum norm L o ([a, b]) of the difference between two

successive iterations (I and (I — 1)t as a function of the iteration number in
semi-logarithmic coérdinates. The initial data is given in Equation (8.1). The
values of several numerical parameters are reported in Table 1.

In order to present even more convincing numerical evidence, we include in our study
another test case with the following initial guess:

t + x,

q(t,x) : (8.2a)
bo b1 b; (8.2b)

It is not difficult to see that these initial data (8.2) (which correspond to a different
initialization with respect to (8.1)) verify the same initial conditions (7.4), i.e. the CAUCHY

Z,X : -,
=1+ ¢, =1 —t, =0, Vi > 2.
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datum (7.5). Thus, if the solution we seek is unique®, we may expect the iterations
to converge to the same fixed point. This explains the motivation behind this second
numerical study. We are using precisely the same numerical parameters as reported
above in Table 1 (and, thus, the same parameters as in the previous computations). The
convergence of the fixed point iterations is reported in Figure 6. We can observe the
same (cf. Figure 5) roughly linear, but non-monotonic convergence to a fixed point. Now
one may ask a legitimate question whether iterations starting at (8.1) and (8.2) converge
to the same point in O [z]? We may answer this question by looking at the difference
between obtained solutions data at the final iteration I . We can have a look at these
differences t +— | Wfl) (t, x9) — W;” (t, xo) | in Figure 7 where they are represented

1
as functions of time™ for t € [a, b] = [O, E] In particular, we would like to
underline the fact that the magnitude of these differences is consistent with the results

presented in Figures 5 and 6. All these observations provide a strong empirical evidence
for the convergence of the iterative process described above. The experimental findings
of this Section are schematically depicted and summarized in Figure 8.

8.2. Test 2

We shall consider a completely different initial condition from (7.1b):

3 4 3 8 1
0, — ~x3 —_ X3 — x3. 8.3
u (0, x) x—|—4x —|—50x —|—20x (8.3)

In terms of the solution data, the last initial datum translates in the following coefficients:

t
p(t,x) = 7 q(t,x) =1t + x, (8.4a)
b() = l, bl = l, (84b)
X X
b, (t = — bs(t = — A4
2 (1, x) 0 3 (2, x) 0 (8.4c)
b; =0, Vj > 4. (8.4d)
The complexity of this test-case is much higher than what we do before. In order to make
the computational times reasonable, we had to reduce the parameter M := 10. All other

numerical parameters were kept as in Table 1. We studied the convergence of fixed point
iterations under the map F for this IVP. Namely, we monitored the differences between
successive iterations for variables p, g, bg, ..., b3. The results are reported in Figure 9.
As we can see, the practical linear non-monotonic convergence can be clearly witnessed
even in this test-case.

*We may reasonably assume that, at least within the solution ansatz we consider. Perhaps, the best
reason to believe in the uniqueness would be the LAX—GLIMM theory [20], but “we sadly lack a local
uniqueness theorem” as the authors of [20] put it them-selves (in the real case).

**It turns out that in this particular case these differences are only functions of time, 4.e. they do not
depend on x.
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Figure 6. The mazimum norm L o ([a, b]) of the difference between two
successive iterations (I and (I — 1)t as a function of the iteration number in
semi-logarithmic coérdinates. The initial data is given in Equation (8.2). The
values of several numerical parameters are reported in Table 1.

As we do it systematically, we consider also another initialization of the fixed point
algorithm, which corresponds to the same CAUCHY datum (8.3) as before:

t
p(t,x) = 5, q(t,x) =1t 4+ x,
l«2
b = 1, b = 1 - T
0 = ! = 10
X X t
ba(tx) = = 4 L by(nx) = 2 - L
2 (1, x) 0 T 100 3 (7, x) 10 100
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Figure 7. Differences between corresponding components of the solution data at
I = 25% jteration. Both iterative processes were initialized with data (8.1) and
(8.2) respectively. The values of all numerical parameters are given in Table 1.

The algorithm was run with this initialization and all other parameters as above. The
convergence of the iterations initialized with the initial date (8.5) is reported in Figure 10.
We can observe a very similar behaviour to Figure 9 attesting one more time of the
convergence of the proposed algorithm. One may ask the legitimate question whether two
different initializations (8.4) and (8.5) do converge to the same point? This theoretical
question is very complicated. However, what we can do in practice is to measure how
close are the corresponding iterates from each other in the spirit of mental representation
from Figure 8. This is done in Figure 11 where the difference (¢, x) + | 1//1(1) (t, x) —
1//2(1) (t, x)| withy € {p,q, by, ..., bs}.Inorder to make the error plot possible, we
considered the real values of independent variables varying in some finite neighbourhood
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Figure 8. A schematic representation of the experimental findings of Section 8:

Pl(o) stands for the initial guess (8.1) while PZ(O) stands for (8.2). The
convergence should be understood in the sense of a numerically-supported
conjecture.

of the origin 0 € R?:
1
100 (-
In particular, Figure 11 shows that the convergence is the slowest for the component b3
of the solution data but even for b3 the results are perfectly acceptable.

{(t,x) e R? |12 + x?2 <

The Section below contains another couple of computational investigations of the pro-
posed fixed point algorithm.

8.3. Test 3

As a final numerical test-case, we consider another [VP (7.1), represented by two different
4 5

initial guesses, which contains explicitly the fractional power x 3 along with x 3 in perfect
agreement with the generalized Conjecture 7.2. Namely, in the CAUCHY datum (7.13D)
5

there is a term c3x™~'*3 (with ¢; € C), which for m = 2 gives c3x 3 and it
was absent in previous numerical Tests 1 (Section 8.1) and 2 (Section 8.2). As a result,
we decided to include an additional numerical test which contains explicitly this term.
Namely, we consider the following CAUCHY datum:
3 4 3 5

u(O,x)—x+4x3—|—50x3. (8.6)
This CAUCHY datum can be represented by two slightly different initial data. The first
initial guess reads:

t

p(t,x) = 3 qg(t,x) =1t + x, (8.7a)
b() = l, b1 = l, (87b)

1
by(t,x) = 0 bj =0, Vj > 3. (8.7¢)
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Figure 11. The absolute value of the differences between corresponding
components of the solution data at I = 25 iteration. Both iterative processes
were initialized with data (8.4) and (8.5) respectively. The values of all
numerical parameters are given in Table 1.
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The second one is

t
p(t,x) = > q(t,x) =1 + x, (8.8a)
t
by =1, by =1 — —, 8.8b
o= 1 b= 1- (5.8)
btx) = L+ h im0, V>3 (8.8¢)
LX) = — —, =0, > 3. .
2 103 ;=2 / ¢

The convergence of both initializations has been studied symbolically and numerically
using the code provided in Appendix D. The norms of differences between two successive
iterations are reported in Figures 12 and 13. Moreover, Figure 14 indicates that both
iterations converge to the same element of O [z ].

To make an intermediate conclusion, we would like to mention that the Authors tested
several other (and even gradually more complicated) configurations, and the practical
convergence of the proposed algorithm was invariably observed. This constatation gives us
a good hope that Conjectures 7.1, 7.2 are true. More precisely, these numerical tests make
quite plausible the following (informal) Conjecture, which, thanks to PICARD theorem,
would imply the Conjecture 7.1:

Conjecture 8.1. There exists a BANACH space E with current point (p (t,x),q(t,x),

{br(t, x) },20=0) and a closed subset B C E satisfying the three following properties:

(1) The elements of B satisfy fort = 0 the initial condition corresponding to the
value u (0, x) .

(2) F-({B}) C B.

(3) The restriction F|p is a contraction.

8.4. The singular locus 4 p®> — 27¢g% = 0’s dependence on the
Cauchy datum

Recall that the LERAY principle states that singularities of a ramified linear CAUCHY
problem are determined by the singularity locus of the CAUCHY data. In our genuinely
nonlinear case, this principle seems not to be valid anymore.

Above, we solved (approximately) three different ramified CAUCHY problems (7.5), (8.3)
and (8.6). The singularities of the solution are determined by functions p and ¢ . Let us
compare them at the end of respective iterative processes:

pi" ~ Lt 4+ 0025002 + 0006813 + ...
ps" A~ Lt 4+ (00250 + 0.0004x + 0.0025x2)1% +

(0.0175 + 0.0070x — 0.0009x2 + 0.0003x%)¢3 + ...
pi ~ Lt 4+ 0011322 + 0.0019¢3 + ...

65 / 86



D. Dutykh and E. Leichtham

Error

Error

Error

10 \/\
\//\
\

107 \/ ™

\\

V
108 E

0 5 10 15 20 25

I, iteration number

(@) [ P (1, x0) = pU 7D (1, x0) |

Error

-
/Y
1078 \\ r \
\ \
\/ \ r—
Y WaN
106 \/oo
14 \\
107 ‘.
0 5 10 15 20 25

I, iteration number

(c) Hbg” (t.x0) — bV (1, xO)Hoo

\ N
Voo
106 \ TN
Vo
107 V
\ /
\/
.
108
0 5 10 15 20 25

1, iteration number

() g (1, x0) — ¢ (1, x0) | o

SN
’ VN

0 5 10 15 20 25
I, iteration number

() Hb§”(:,x0) e xo)Hoo

Error

I I
0 5 10

I I I
15 20 25

I, iteration number

(e) Hbg” (1, x0) — bg“”(z,xo)Hc><>

Figure 12. The mazimum norm L s ([a, b]) of the difference between two
successive iterations (1)t and (I — 1), The initial data is given in

Equation (8.7).
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successive iterations (I and (I — 1), The initial data is given in

Equation (8.8).
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at I = 25% iteration. Both iterative processes were initialized with data (8.7)

and (8.8) respectively. The values of all numerical parameters are given in
Table 1.
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Let us have a look at the corresponding ¢ component approximations:
g\~ 1t 4+ x — 0033312 - 0.00507% + ...
g ~ 1t + x + (=0.0333 + 0.0133x) % +

(0.0082 — 0.0010x + 0.0006x2)> + ...
gs"” ~ 1t + x —0.0200r2 — 0.0017¢% + ...

The lower indices show the test case number (1, 2 or 3 corresponding to Sections 8.1,
8.2 and 8.3 respectively) and we show only four significant digits for the sake of notation
compactness. Just from the visual inspection of expressions provided above, we can see
that solution data p and ¢ depend on the CAUCHY datum. Thus, the LERAY principle
seems to hold in our problem and it is another sign of the genuinely nonlinear problem.

9. Further generalizations

In this Section we would like to announce the general conjecture that we would like
to formulate as a result of our investigations on this topic. Let us denote by (¢, x) a
generic point of C"*! where x = (xi, X2, ..., x,) € C". We fix also a polydisc
D C C"*! centered around the origin 0 € C”*! and we denote by O p the ring of
holomorphic functions A (¢, x) on D .

Definition 9.1. Denote by &,,_1 the vector space of polynomial functions in several
variables on @ p of the following form:

n m-—1
def 4,k
F(taxavl,alvl)Z,(lza'~~a9vn,(xn) = Z Aa(lax) 1_[ 1_[ v‘z’(k )a

a€a {=1k=1
where A, € Op,VYa € a and the collection of maps a is a finite set with elements of
the type
a:n’x(m-1)7 — N,
which do not vanish identically, so that we always have
F((t,x,0,...,0) = 0.

In the Definition above, v (respectively, v‘z(,f ’k)) should correspond morally to 8@

(respectively, to the nonlinear operator u +—— (8];6 u) &R0y,

Let u (¢, x ) be a germ of a holomorphic function at a point of the polydisc D . For any
F e §8,,_1 we shall write:

n m-—1
" def k €k
F(t,x, 0% u, 02u, ..., 0% u) = > Ag(t.x) [] [] 0% w*"?.
a€a {=1k=1
Notice, that in the previous expression the involved partial derivatives of the germ u are
of order at most m — 1. Also, as above, we shall use extensively the multi-index notation.

IfB := (B1, B2, ..., Bn) € IN", we shall denote |B| := By + B2 + ... B, and
9% = 8b1opf2o o phn
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We consider also the following scalar quasi-linear differential operator of order m :

m—1
def P
P(u):= 07u + Y > Fip(t.x, 00w 0%u, ..., 0% u)d] 0dfu +
j=0 B e N”"
Bl =m—j

G(r.x, 08 u, 02u, ..., 05" u),
where F; g and G both belong to the vector space §,, ;. We are finally led to formulate
the following

p

Conjecture 9.1. Consider p € N> and p + 1 holomorphic functions {Uj (x) }j:0

on D N ({0} X C”) such that both vy (0) and vy (0) are not zero. Let

L J
m—1+m

ug(x) = X:Uj(x)xl (9.1)
j=0
be a germ of a holomorphic function ramified around x; = 0. We make the following

two assumptions:

(1) The following polynomial equation in variable & admits m distinct roots*:

§" +

-1
S E F im0, (0,0, 991100 (0), 3% ug (0), ..., 9%7ug (0)) = 0. (9.2)
j=0
(2) avl’m_l F(),(m’()’.__,()) (0, 0, 3%} Uo (0), az; Uo (0), ey 8% Uo (0)) 7£ 0.
Then, the following statements are true. For each choice of a root to the algebraic Equa-
tion (9.2), there exist holomorphic functions {q¢ (t, x) }f;; defined in a neighbourhood
of the origin 0 € C"*! such that

q0(0,x) = xq, q¢(0,x) = 0, te(p-—1)7~.

We denote by z (t, x) a holomorphic germ satisfying the following algebraic equation
outside the swallow tail singularity:

2Pt x) — qpo1(t,x)z? 7 (8, x) — ... go(t.x) = 0.

There exist also the holomorphic functions {ag (¢, x) }fzo defined on a neighbourhood of
the origin 0 € C"*1 such that the function

u(t,x) = ;" (ap, (1, x)2?(t,x) + ... + a1 (1, x)z (1, x) + ao(t, x))
satisfies:
P(u)(r,x) =0,
u (0, x) uo(x),
where u o (x) was defined in (9.1).

Now, let us discuss the motivation behind this general Conjecture 9.1. The p—tuple
(z,z2, ..., zP) is solution of a holonomic H—module whose characteristic variety V is

*This is precisely the place where we see that the initial data enters explicitly into the definition of a
suitable differential operator in the context of our study.
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included in the union of the zero section of T* C? and of the co-normal to the swallow
tail singularity associated to the algebraic equation:

p+1 1

z —qp-12?7 — ... q12 — qo = 0.

The fact that this singularity is stable plays the crucial réle in our constructions. Moreover,
T;C? () V coincides with the line co-normal to go = 0 and ¢g¢ (0, x) = x;. These
important facts explain why we consider only the contributions of the monomials 8{ oB?l_j
in Equation (9.2).

The assumption (1) means that all the characteristics associated with this geometry are
simple. The proof of Conjecture 9.1 should allow to construct m solutions of this type, each
corresponding to a choice of a root in Equation (9.2). It is quite clear that holomorphic
functions {q¢ (1, x)}7 ;é highly depend on the initial datum u o (x) and, even more
precisely, on {vj (x)}j.)zo. The assumption (2) means that the PDE P (u) = 0
is genuinely nonlinear with respect to this geometry. The simplest example of such an
operator P () from the Conjecture 9.1 statement is given by the following expression:

P(u) == 0fu + (07 'u)" 97 u, n e N.y.

To make things clearer, let us emphasize that, for instance, the two following quasi-linear
operators do not satisfy the assumption (2) of Conjecture 9.1:

o Py(u) = 07u + (97 2u)" 9™ u,
o Pr(u) = 97u + (97 u)" 0™ u.
We summarize below the proposed strategy to attack this problem:

(1) We seek a solution of P (u) = 0 under the form

+ 00
u(r, x) = a;om“(z bj(t,x)zj).

j=0
Since it does not seem to be possible to construct a solution directly, we proceed
as in Section 7, i.e. we try to find an algorithm with an underlying map F such
that a fixed point of F gives a solution. The fact that the swallow tail singularity
should be characteristic for the PDE will lead to the eikonal equation. So, in some
sense, we use an ansatz and the method of the geometric optics™. An heuristic (but
crucial) underlying idea is that the HAMILTONIAN flow of the principal symbol of
the linearized operator should propagate the singularities along the co-normal of
the swallow tail.

(2) Find suitable semi-norms allowing to construct a BANACH space so that one might

apply the fixed point theorem to the mapping F .

We hope to motivate and stimulate the research in this direction. Of course, this pro-
gramme is extremely difficult. The best rational reasons to believe that it should work
are the validity of Theorem 2.2 (the case of algebraic equations of the second degree) and
the numerical convergence results for the algorithm of Section 7.

*This method is also known as the HAMILTON—JACOBI theory.
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10. Conclusions and perspectives

Above we presented the main results of the present manuscript. The main conclusions
and perspectives of this study are outlined below.

10.1. Conclusions

In this article we considered several ramified CAUCHY problem (CP)s for the first and
second order genuinely nonlinear PDEs in the full complex setting. The term CP should be
understood in the context because we specify only one initial condition even for PDEs (3.1)
with m > 1. We succeeded to understand completely the case of the iBE (1.1) using the
methods of CAUCHY-KOVALEVSKAYA and those of the contact geometry. Both theories
give the same singularities for the iBE solutions to the IVP (4.2). Then, we switched to
the second-order IVP (7.1) for the genuinely nonlinear PDE (1.2). However, this problem
cannot be addressed with the same methods. This observation lead us to consider some
holonomic H—modules, their geometry, which gave us the solution ansatz. The closed
form expression is not possible even within the proposed ansatz. Consequently, we devised
an iterative method whose fixed point gives the desired solution. Unfortunately, we were
not able to prove rigorously its convergence. Nevertheless, we performed the practical
computations with the celebrated computer algebra software Maple™ in order to check
in practice the behaviour of the proposed algorithm. Indeed, our symbolic computations
clearly indicate the convergence of the proposed method. The main part of the employed
code is provided in Appendix D. On the basis of this empirical evidence, we were able
to formulate several new conjectures which remain open for the moment, the main one
being the Conjecture 9.1.

10.2. Perspectives

We already mentioned in Remark 5.2 the need to study the micro-local singularity
of distributions z and z?. The Authors are currently working to establish a rigorous
convergence proof for the iterative scheme proposed in Section 7. The underlying theo-
retical setting was briefly mentioned in Section 2. This result will allow us to establish
the existence and uniqueness result for the considered IVP to Equation (1.2). For the
moment, the appropriate BANACH spaces seem to have been identified (see Section 2). Of
course, the application of these methods to other fully nonlinear and even higher order
PDEs (such as the family of PDEs (3.1) with m > 2) is to be expected. Finally, we would
like to see the connections between our theory with the more classical theory of shock
waves for p—systems as presented in [46, Chapter 12]. We shall investigate the interplay
and connections between both theories. As the first glance on possible connections, we
invite the reader to consult Appendix C. As a separate research direction, we would like
to explore other types of singularities. According to the classification of catastrophes [3],
the cusp and swallowtail belong to the class 4, for some n € IN. We believe that it
would be interesting to explore other types of singularities D, and E, and the solutions
they generate in the current genuinely nonlinear PDE framework.
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A. Nomenclature

f A — B: A map from the domain dom f = A to the co-domain (or target)
cod f = B.

f~ : Image of a map. Consider a map f : A — B. Then, the image f~ :
§2(A) — § (B) is defined in the usual way, where § (-) denotes the power

set.

f = : Pre-image of a map. Consider a map f : A —> B. Then, the pre-image
f=: 8 (B) — §(A) is defined in the usual way, where § (-) denotes the
power set.

o : Composition operation for functions of differential operators.

f™°(—): The m™ iterate of a mapping f : A —> A forsomem € IN*, i.e.
def

fm(=) = (fofo...of)(=)

mtimes
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d f:  The differential of a smooth function f .
44 (u) :  1—jet of a smooth function u .

IN :  The set of natural numbers starting from 0.

IN* : The set of strictly positive natural numbers.
R : The set of real numbers.

R :  The multiplicative group of real numbers.
R-o : The set of non-negative real numbers.

C :  The set of complex numbers.

C* : The multiplicative group of complex numbers.

|-| :  The absolute value of a real of complex number.
||| : The norm function on a BANACH space.
O p : The ring of holomorphic functions defined on the polydisc D .

@ [z]: The ring of polynomials in the formal variable z with coefficients being holo-
morphic germs at the origin.

O[z] : The ring of formal power series in the formal variable z with coefficients being
holomorphic germs at the origin.

n-: Finiteset {1,2,...,n},Vn € N.;.
n-: Finiteset {0,2,...,n —1},Vn € N.;.
r A function taking the constant value r € R. The domain and co-domain of this

function should be clear from the context (usually, from the left hand side of the
equation, where it appears).

r A function taking the constant vector value (r, r, ..., r) € R™ withr € R and
m € IN.,.The domain and co-domain of this function should be clear from the
context (usually, from the left hand side of the equation, where it appears).

(—) " : The transposition operator acting on a vector or on a linear operator. Strictly
speaking, the result of this operation belongs to the dual vector space.

def
x : Element of the vector space x = (x1, X2, ..., xp) € C".
BZ’]_ :  Partial derivative operator of the order m with respect to the independent variable

X j . Sometimes we use also the index notation () x; to denote the first order partial
derivative.

E : A BANACH space.
F : Fixed point mapping.

F : Finitary truncation of the fixed point mapping.
v (1) : Function ¥ on the (1)™ iteration.

77 / 86



D. Dutykh and E. Leichtham

:=: Assignment of the right hand side to the left hand side.
:= : The left hand side is defined by the right-hand side.

=: : The right hand side is defined by the left-hand side.
:= : By definition.

= : Equal identically.

Isomorphic.

Il

k™ : The standard n—dimensional vector space with the base field k.
U, : Some open neighbourhood of a point z € C™.

£ : Bold version of the Greek letter & .

Z (G) : The center of the group G .

U, : The multiplicative group of the roots of unity of degree n .

S, ¢ The symmetric group with n symbols.

GL, (k) : The general linear group of the square n x n matrices with entries belonging
to the field k.

SL, (k) : The special linear group of the square n x n matrices with entries belonging
to the field k.

PSL, (k) : The projective special linear group defined as SL,, (k) / Z (SLn (]k)) . For
n = 2and k = Z it is called the modular group.

Br, : The braid group with n strands.

M :  Holomorphic, smooth or topological manifold, depending on the context.
71 (M) :  The fundamental (or the first homotopy) group of a topological manifold M.
T,.M : Tangent space to a smooth manifold M at point x € M.

w : The standard symplectic 2—form on T, M.

{—,—1}: The standard Po1ssoN bracket on C*°(M).

TM : Tangent bundle of a smooth manifold M.

T.M : Co-tangent space to a smooth manifold M at point x € M.

T*M : Co-tangent bundle of a smooth manifold M .

N (M) :  Co-normal to a smooth sub-manifold M.

sing supp (-) :  The singular support of a distribution.

WE (-) :  The wave front set of a distribution.

X :  The complex manifold.

{Xi},ea s The WHITNEY stratification of the complex manifold X.
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Dx :  The sheaf of differential operators of finite order on the complex manifold X.
9T :  The coherent ODx—module.

O x : The sheaf of holomorphic functions on X, which is a left coherent £ x—module.
Ext :  The right derived functor of the hom-functor.

Gal (—) : GALOIS group of a field extension.

B. Details of computations

In this Appendix we explain more precisely how we construct the iterations from
Section 7.1. Namely, we specify how the expression (*X) is constructed from (*X).

Recall, that the solution ansatz is given by

oo

1
u(t,x) = 30 o (=t xX)bicr (6x) + 3bas(1,x) ) 25
k=1 k
One checks by direct computation that
+ o0 2 1
Uiy = Z[(z — %)bk—l,tpt + (1 — E)bk—lptt + brqer + 2bkiqr +

k=0
1
% (pbk—l,tt + 3bk—3,tt)]zk +
1 +OO
3:2- ) > [(k — 1)bx—1p? + 2kbx piq: + (k + 1)bk+1q3]zk, (B.1)
k=0

1
Moreover, one checks that the coefficient in front of FPr— in(MM) := U — UxUxy
e V4

is equal to

+ o0
Z[(k — D) pibe—1 + 2kbipigr + (kK + )bry1q;
k=0

k
- Z((l - })pxbj—l + gxb; + %(—ij—l,x + 3bj—3,x))'

J=0

((k=J = 1)p2b—jor + 2(k = j)pedebi—;
+ (k—j + l)qibk_jﬁ)]zk. (B.2)

Now, we construct (;I\*) from (M) = u;; — Uy U 5 in the following way. First, we replace
in (B.1) the term 2bg ;g by 2bk ¢ q; . Then, we replace in (B.2) the term 2k b p, q; by
2kbiprqr and (k + 1)bg 419> by (kK + 1)br 414 G, - Then, the eikonal Equation (7.9)

is obtained by writing that (OK) € © [2], namely, the coefficient (B.2) of —
<5 = p
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in (%K) is divisible by 3z2 — p. Finally, Equation (7.11) is obtained by fulfilling the
requirement that (") = 0.

Remark B.1. In Equation (B.2) we could have replaced the term 2k bx p; q; (respectively,
(k + 1)br1149?) by 2k by p; Gr (vespectively (k + 1) by 11 ¢?) and thus get a nonlinear
eikonal equation. What we did is roughly a simple linearisation of this, which is more
convenient for implementing in practice. In other words, no matter what is the form of
the eikonal equation, one has to perform the infinity of fixed point iterations. We took a
special care to make each such iterative step as easy as possible.

C. A simple explicit example of shock wave formation in
the iBE

In this Appendix we would like to provide one simple explicit example and discuss some
relations between our theory of ramified solutions and the classical theory of shock waves.
This Appendix should be perceived only as an appetizer. The deeper connections will be
revealed in the subsequent works.

Let us consider the following [VP for the iBE:

Uy — uuy = 0, (C.1)
1

u(0,x) = x2, (C.2)
where we took the square root singularity to simplify algebraic computations which follow.
In the real case we would consider the IVP on a half-line (¢, x) € R>¢xR-¢, but there
are no such restrictions in the complex case. So, in agreement with our line of thinking,
we assume that (#, x) € C?2. Using the methods of contact geometry described in

Section 4.3, we introduce the auxiliary variable

y:d;f x—x%t. (C.3)
The solution u verifies the following second order algebraic equation:
u?> —tu —y = 0. (CA4)
The last algebraic Equation (C.4) can be also rewritten in an equivalent form:

(-5 -6 - e

Now it is obvious that the discriminant of Equation (C.4) is

def 12
§ = + —.
Yoy
Our theory states that the complex solution u will be ramified around the locus § = 0.

Taking into account (C.3), two solutions to Equation (C.4) read

re = Ly \/(£ — ﬁ)z.

2 2
We take two points xo # x; and we consider two characteristics (C.3) passing through
these points at + = 0. If xo,; are real, we may assume that 0 < xo < x; to fix the
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1 1
def > >
ideas. Along the characteristic y ; = x i = sz ¢ the solution u takes the value x jz ,

j € 25. A shock wave forms when two characteristics cross each other since in the
crossing point the solution value is obviously contradictory:
1 1

Xo # X1 — xg # xt.
The crossing will take place when
1 1
Xo — xX§t = x1 — x{t.
1
It can be easily checked that the characteristic y = xo — x @ ¢ meets the singular locus
def =
6 = 0 in the real plane at time instance t¢ = 2x¢ . Indeed,
1
Yo = Xo — XZto = X9 — 2X9 = —Xo.
Henceforth,
1
312
12 2x 2
6 (1o, Xxo) = yo + Zo = —Xxo + (TO) =0

and we deduce that (tg, xo) € 6~ ({0}). Moreover, it is not difficult to compute exactly

the crossing time ¢, :
1 1 1

te = xoi + xlz > 2x05 = 1o.
We would like to explain what happens precisely at time ¢ = ¢ . Until the crossing time
1
{ = t,, the solution value along the characteristic yo is x§ . The point is that at time
t = to we change the solution branch. Indeed, for 0 < ¢t < ty:
1y 1
ry = — + x2 — - = x2,
* 2 °© 2 0
while for 1y < t < t* we have
1 1
t t 5 5
r_ ::>§—(§—x02) = x¢.

In other words, at the discriminant contact point t = o, we have no other choice except
jumping from one solution branch to another in order to keep the constant solution value
along the given characteristic. The changing of solution branch precedes and explains the
apparition of the shock. This situation is illustrated in Figure 15.
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Y a
1

5°(0)

Figure 15. A schematic graphical illustration of the shock wave formation in
the iBE for an IVP (C.1), (C.2) with the square root algebraic singularity.

D. Maple code

In this Appendix we provide the Maple' code which implements one iteration of the
mapping F used in Section 8:

restart:
with(LinearAlgebra):
Digits := 30;

DEG := 25;

[...]

Onelter := proc(v::Array)

description "Oneyiterationof jthe fixed point algorithm";
local N::integer,K::integer,l::integer,p::symbol,q: :symbol;
local px::symbol,pt::symbol,qgx::symbol,qt::symbol;

local qtt::symbol,qxx::symbol,b::Array,A::Array,B::Array;
local BB::Array,C::Array,M::Matrix,Minv::Matrix,B0O: :symbol;
local Bl::symbol,ptt::symbol,BOrhs::symbol,Blrhs::symbol;
local k::integer,j::integer,P::symbol,Q: :symbol,Pt: :symbol;
local Qt::symbol,RHS::symbol,rhsl::symbol,rhs2::symbol;
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local M11l::symbol,M12::symbol,M21::symbol,M22: :symbol;
p := convert(v[1l], float);
q := convert(v[2], float);
pt := convert(diff(p, t), float);
px := convert(diff(p, x), float);
gt := convert(diff(q, t), float);
gx := convert(diff(q, x), float);
ptt := convert(diff(p, t$2), float);
qtt := convert(diff(q, t$2), float);
gxx := convert(diff(q, x$2), float);
N := ArrayNumElems(v) - 2;
b := Array(-3 .. N - 1);
b[-3 .. -1] := Array([0., 0., 0.1);
b[0 .. N - 1] := convert(v[3 .. N + 2], float);
K := ceil((N - 2)/2);
B := Array(0 .. K);
for k from 0 to K do
B[k] := convert(b[0]*diff(q, x)*((k - 1.0)*px~2xb[k - 1] + 2.0xk*px*
— gx*b[k] + (k + 1)*qx"2*xb[k + 1]), float);
for j from 1 to k do
B[k] := B[k] + convert(((1.0 - 1.0/j)*px*b[j - 1] + gx*b[j] + (-p*
— diff(b[j - 1], x) + 3.0xdiff(b[j - 3], x))/*((k - j - 1.0)*
— px~2*%b[k - j - 1] + 2.0%x(k - j)*px*qgx*blk - jl + (k - j +

+

> 1.0)*qx"2*b[k - j + 1]), float);
end do;
B[k] := convert(B[k] - (k - 1.0)*pt~2xb[k - 1], float);
end do;
rhsl := convert(add((p/3.0) k*B[2*k], k = 0 .. floor(K/2)), float);

rhs2 := convert(add((p/3.0) k*B[2*k + 1], k = 0 .. floor((K - 1)/2)),
<> float);

M11 := convert(4.0*qt*add((p/3.0) "kxk*b[2xk], k = 0 .. floor((N - 1)/2)
<~ ), float);

M12 := convert(qt*add((p/3.0) k*(2.0xk + 1.0)*b[2*¥k + 1], k = 0 ..
— floor((N - 2)/2)), float);

M21 := convert(2.0xqt*add((p/3.0) k*x(2.0xk + 1.0)*b[2*k + 1], k = 0 ..
— floor((N - 2)/2)), float);

M22 := convert(2.0*qt*add((p/3.0)"kx(k + 1.0)*b[2*¥k + 2], k = 0 ..
— floor((N - 3)/2)), float);

M := convert(Matrix([[M11, M12], [M21, M22]]1), float);

Minv := MatrixInverse(M);

Pt := mtaylor(rhsi*Minv[1, 1] + rhs2+«Minv[1, 2], [t, x], DEG);

Qt := mtaylor(rhsi1*Minv[2, 1] + rhs2+Minv[2, 2], [t, x], DEG);

P := dsolve({P(0.) = 0., diff(P(t), t) = Pt});
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Q := dsolve({Q(0.) = 1.0%xx, diff(Q(t), t) = Qt});
A := Array(0 .. N - 2);
for k from 0 to N - 2 do
Alk] := -b[0]*diff(q, x)*((k - 1.0)*px~2xb[k - 1] + 2.0xkxpx*qx*b[k] +
— (k + 1.0)*qx"2*b[k + 1]);
for j from 1 to k do
Alk] := A[k] - ((1.0 - 1.0/j)*px*b[j - 1] + gx*b[j] + (-pxdiff(bl[j -
— 1], x) + 3.0xdiff(b[j - 3], x))/j*((k - j - 1.0)*px~2*b[k -
— j - 1] + 2.0%(k - j)*px*qx*bl[k - jl + (k - j + 1.0)*gx"2*b[k
— -3+ 11);
end do;
Alk] := convert(A[k] + (k - 1.0)*pt™2xb[k - 1] + 2.0xk*Ptxqt*b[k] + (
— k + 1.0)*Qt*qt*b[k + 1], float);
end do;
C := Array(0 .. N - 4);
for k from 0 to N - 4 do
C[k] := convert(add((p/3.0)71*A[k + 2 + 2%x1], 1 = 0 .. floor((N - k -
— 4)/2)), float);
end do;
BOrhs := mtaylor(1/(2.0*qt)*(-b[0]*qtt - C[0] + b[0]*qgx*(b[0]*qxx +
— 2.0xqx*diff (b[0], x))), [t, x], DEG);
BO := dsolve({B0(0.0) = 1.0, diff(BO(t), t) = BOrhs});
Birhs := mtaylor(1/(2.0*qt)*(-b[1]xqtt + pxdiff(b[0], t $ 2) - C[1] + b
— [0]*qgx*(b[1]*gxx + 2.0*gx*diff(b[1], x) - p*diff(b[0], x § 2)) +
— (b[1]l*gx - pxdiff(b[0], x))*(b[0]*qxx + 2*qx*xdiff(b[0], x))), [t,
— x], DEG);
Bl := dsolve({B1(0.0) = 1.0, diff(Bi(t), t) = Blrhs});
BB := Array(2 .. N - 4);
for k from 2 to N - 4 do
RHS := -(2.0 - 2.0/k)*pt*diff(b[k - 1], t) - (1.0 - 1.0/k)*ptt*b[k -
11 - qtt*b[k] - 1.0/k*(3.0%diff(blk - 3], t $§ 2) - pxdiff(b[k -
11, t $ 2)) - Clk] + gx*b[0]*((2.0 - 2.0/k)*px*diff(b[k - 1],
x) + (1.0 - 1.0/k)*ptt*b[k - 1] + gxx*b[k] + 2.0*qx*diff (b[k],
x) + 1.0/k*x(-pxdiff(blk - 1], x $ 2) + 3.0xdiff(b[k - 3], x $
2)));
for j from 1 to k-1 do
RHS := RHS + ((1.0 - 1.0/j)*px*b[j - 1] + qx*b[jl + 1.0/j*(-p*diff(

U

< blj - 11, x) + 3.0%diff(b[j - 3], x)))*((2.0 - 2.0/(k - j))*
< px*diff(blk - j - 1], x) + (1.0 - 1.0/(k - j))*pttsblk - j -
<> 1] + gxx*b[k - j] + 2.0xgx*diff(blk - j], x) + 1.0/(k - j)*(-
< prdiff(blk - j - 1], x $ 2) + 3.0%diff(blk - j - 3], x $ 2)))
=

end do;
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RHS := RHS + ((1.0 - 1.0/k)*px*b[k - 1] + gx*b[k] + 1.0/k*(-p*diff(b[
— k - 1], x) + 3.0%diff(b[k - 3], x)))*(qxx*b[0] + 2.0*qgx*diff (b
— [0], x));
RHS := mtaylor(RHS/(2.0*qt), [t, x], DEG);
BB[k] := dsolve({beta(0.0) = 0.0, diff(beta(t), t) = RHS});
end do;
return convert(Array([convert(series(rhs(P), t = 0, DEG), polynom),
< convert(series(rhs(Q), t = 0, DEG), polynom), convert(series(rhs(
< B0), t = 0, DEG), polynom), convert(series(rhs(B1), t = 0, DEG),
< polynom), seq(convert(series(rhs(BB[j]l), t = 0, DEG), polynom), j
<~ =2 .. N-4)]), float);
end proc;

The code provided above was used to study the convergence of initial data (8.1), (8.2)
and all the others from Section 8. A few modifications are needed to run the IVP (8.4).
The complete programs can be obtained under a simple request by email.

E. An example of a genuinely nonlinear problem

Sometimes, an example is worth one thousand words. In our terminology, the following

CAucHY problem is nonlinear (quasi-linear) but not genuinely nonlinear:
1+1
Uir — UUxx = 0, u(0,x) = c1x + cax 73,

for some real non-zero constants ¢;,, € R*. In contrast, the following PDE is genuinely

nonlinear:
14+
U — UxUxy = 0, u(0,x) = c1x + cpx 3.

In reality, this notion depends on the operator and on the initial condition as well. That

is why we speak above about the CAUCHY problem instead of just a PDE. The notion of
a genuinely nonlinear problem was made more precise in Section 9.

Acronyms

2D: Two dimensions. 11

3D: Three dimensions. 9-11

CP: CAUCHY problem. 11, 46, 69
CPU: Central Processing Unit. 53

iBE: inviscid BURGERS Equation. 3, 6, 7, 9, 11-13, 20, 22, 23, 28, 30, 69, 75, 77
IVP: Initial Value Problem. 6, 9-11, 20-23, 31, 46, 51, 53, 57, 62, 69, 70, 75, 77, 80
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PDE: Partial Differential Equation. 3, 6, 7, 9-14, 19, 28, 30, 31, 33, 46-51, 68-70, 80
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