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Abstract During most metal manufacturing processes, the medium deforms
by generating large quantities of plastic strain at relatively high strain rates,
inevitably inducing rises in temperature. Metals characterized by low thermal
conductivity properties might locally retain high temperatures, consequently
undergoing thermal softening. The classical balance laws governing the con-
tinuum equilibrium show severe mesh sensitivity if they were numerically dis-
cretized through Finite Element Methods. Furthermore, the plastic deforma-
tion tends to localize in narrow areas whose characteristic length is comparable
to grain size, thereby requiring the adoption of theories able to predict size-
effects. In this manuscript we demonstrate that the Cosserat medium is able to
overcome these issues related to manufacturing processes simulation. We first
provide a thermodynamically-consistent description of the Cosserat medium,
and then we propose a method to calibrate the two additional characteristic
lengths introduced by the Cosserat medium description by enriching the model
with the TANH stress flow rule under adiabatic conditions.
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1 Introduction

Manufacturing processes of metallic materials can be found in almost every
engineering field, e.g. aerospace, naval and civil. Performing the numerical sim-
ulations of the processes, however, still represents a big challenge in many as-
pects. The material, in fact, during the process, experiences prohibitive defor-
mation fields, consequently reaching very high temperatures, close to the ma-
terial melting point. From the physical standpoint, a properly-adapted model
is necessary to obtain results from the simulation that would describe the real
medium development.

During machining, for example, the metal is shaped into its final form
through removal of small quantities of material, which is shredded from the
final piece through shear deformation mainly. The material locally experiences
high plastic deformation, which induce, if the adiabatic condition is met (the
thermal diffusion is characterized by a lower velocity than heat production
rate), to locally retain high temperatures, thus leading to material thermal-
softening. Upon material softening, a severe mesh dependence is experienced
whether these equations were to be solved through Finite Element Modeling
(FEM) [15,11,51]. On top of that, an accurate, thermodynamically-consistent
material description must be employed to correctly capture the thermal soft-
ening induced by high plastic deformation [2,32,13,53,40]. Furthermore, the
fact that during these processes the deformation is prone to localize in narrow
areas makes it necessary to adopt numerical models which are able to predict
size-effects [17,21,56,28,54,35,39,42,48].

Since the processes of interest are highly characterized by shear deforma-
tion, the medium undergoes large material rotations at the locations where
the deformation localizes. This line of reasoning, coupled with the fact that
the deformations are localized in areas whose size is comparable with the grain
size, led us think that the rotations experienced by the micro-structure, whose
effects are normally neglected during homogeneous deformation, would assume
a major role in characterizing the material response during these processes.
The medium description which fits with this description is the Cosserat theory
[14].

The Cosserat theory finds many applications in geomechanics, because the
mechanical behavior of the soil, being a granular material at macroscopic level,
is characterized by a size effects already at macroscopic level [37,50,43]. How-
ever, besides geomechanics, the Cosserat model has also been extensively used
both for homogeneous metal materials [22,4] and polycrystal materials [18,38,
3,27], and many authors focused on different aspects of the Cosserat medium
description. Steinmann and Willam investigated on the localization properties
of the Cosserat model in elasto-plastic materials under infinitesimal deforma-
tions in case the loss of ellipticity was caused by negative material tangent
operator [47]. De Borst and Sluys demonstrated that the presence of an inter-
nal length in a von Mises plastic model formulated for the Cosserat medium
can be used to avoid mesh dependency when localization phenomena were sim-
ulated [5]. Most recently, Sabet and de Borst demonstrated that the Cosserat
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medium description retains ellipticity also in case the material model is char-
acterized by a non-associated rate-independent plastic flow [45]. Kratochv́ıl
et al. investigated over the characteristic lengths introduced by the Cosserat
medium description from a physical point of view, by relating the Cosserat
wryness to the Nye’s dislocation tensor, thus interpreting the wryness tensor
as a measure of geometrically necessary dislocations [31]. Khoei et al. drew
a distinction between torsional and bending characteristic lengths, and they
investigated the effect of these lengths on the shear bandwidth during different
localization processes [29]. Many lines of work can also be found in literature
proposing a thermodynamically-consistent model of the Cosserat kinematics
[22,4,19,20,43].

The problems related with metal manufacturing simulations are already
well known issues, and previous researches adopted a strain gradient the-
ory approach to overcome them [52,26,28,44], however, to the best of of the
author’s knowledge, no research has been conducted so far on the applica-
tion of the Cosserat medium for metal manufacturing simulations. There-
fore, in this manuscript, the authors aim to cover this gap by providing a
thermodynamically-consistent Cosserat medium description, which would be
able to predict size effects even for relatively high temperatures, while retain-
ing a compatible physical description and without loss of ellipticity. Further-
more, via the provided framework, it would be possible to unambiguously and
uniquely correlate plastic deformations with temperature variations, allow-
ing the calibration procedure to be performed through comparison of thermal
fields.

In order to reproduce the same phenomena occurring in manufacturing
processes, the Hat-Shaped Specimen [41] was chosen as benchmark test. The
combination of specific load case and specimen geometry drives the shear de-
formation to localize in a narrow band that takes the name of Adiabatic Shear
Band (ASB). The same ASB develops during machining operations [55,9,34,
36,52]. Regarding the material model to be plugged in the Cosserat framework,
the Johnson-Cook (JC) model is widely used in machining simulations [41,33,
12,8,23], however, it underestimates the softening effect on the flow stress [23].
Many models have been derived from the JC to overcome this issue, and we
decided to use the TANH model among the others [9].

The next section provides the description of the kinematics, energetic and
thermodynamic aspects of the Cosserat model. The choices of the specific
form of the Helmholtz free energy and plastic models are given in Sections 2.2
and 3.2 respectively. The description of the selected benchmark test geometry
and load conditions are given in Section 3. Finally, in Sections 3.3 and 3.4 the
methodology used to calibrate the additional characteristic lengths introduced
by the Cosserat medium are proposed.
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Notation and Recalls of Tensorial Algebra

Einstein’s convention is employed in the whole manuscript. Tensors are in-
dicated through compact notation or index notation, regardless of capital or
not-capital letters:

a =⇒ ai;

a
:

=⇒ aij ;

a
:

=⇒ aijk;

a
:
:

=⇒ aijkl;

The outer product is indicated with ⊗ and it operates in the following manner:

A
:

⊗B
:

= C
:
:

=⇒ AijBkl = Cijkl;

Single and double contraction operators are respectively indicated as follows:

A
:

· B
:

= C
:
:

=⇒ AijkBklm = Cijlm;

A
:

: B
:

= C
:

=⇒ AijkBjkl = Cil;

Divergence and gradient operators are represented as:

A
:

⊗∇ = B
:

=⇒ ∂Aij
∂xk

= Bijk;

A
:

·∇ = B =⇒ ∂Aij
∂xj

= Bi;

where xi is the i-th Cartesian coordinate of an Eulerian space. When handling
with skew-symmetric second order tensors, it might be easier to define the first
order tensor associated to it as:

A = −1

2
ε
:

: B
:

; (1)

where ε
:

is the Levi-Civita permutation symbol.

2 Cosserat Model

2.1 Kinematics and Balance Laws

The Cosserat model [14] enhances the Classical Continuum Mechanics (CM)
model by introducing three additional degrees of freedom, being the micros-
tucture infinitesimal rotation around the three axis. The degrees of freedom
of the continuum can then be written as:

{ui, θi}, i = 1, 2, 3 (2)
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where ui is the spacial displacement along the i-th direction, and θi is the
micro-structural rotation around the i-th axis. The superscript × indicates
the fact that the quantity is a pseudo-vector. As function of these degrees of
freedom, the deformation measures in the Cosserat medium are defined as:

e
:

= u ⊗∇ −Θ
:

; (3)

k
:

= θ ⊗∇; (4)

where the nabla operator ∇ is referring to the initial frame of reference and Θ
:

is the skew-symmetric second order tensor associated with the pseudo-vector
θ:

Θ
:

= −ε
:

· θ; (5)

The first deformation measure, e
:

, is commonly referred to as Cosserat
deformation, while the second, k

:

, is addressed as Cosserat wryness. It must
be noted here that the former incorporates the difference between material
infinitesimal rotation and micro-structure rotation in addition to the strain
measure usually used in linearized (small deformation) CM as can be seen in
the following:

e
:

= sym (u ⊗∇) + skew (u ⊗∇)−Θ
:

; (6)

where sym and skew indicate the symmetric and the skew-symmetric parts
of a tensor respectively. The balance laws governing the Cosserat medium
equilibrium can be derived by explicitly expressing the internal and external
power related to the deformation measures defined in Eq. (3) and (4):

P (i) =

∫
Ω

(
σ
:

: ė
:

+ µ
:

: k̇
:

)
dΩ; (7)

where σ
:

is the power conjugate to the Cosserat strain rate and µ
:

is the power
conjugate to the Cosserat wryness rate; in literature they are commonly re-
ferred to as stress and couple stress tensors. It is important to highlight here
that due to the not-symmetric nature of the Cosserat strain and Cosserat
wryness, both the stress and couple stress tensors are not symmetric as well.
Equivalently, the external power can be defined as:

P (e) =

∫
Ω

(
f · u̇ + c · θ̇

)
dΩ +

∫
∂Ω

(
t · u̇ + m · θ̇

)
dS; (8)

where f is the body force per unit volume conjugate with displacement, c is
the body couple per unit volume conjugate with micro-structure rotation, t is
the surface traction conjugate with displacement, and finally m is the surface
couple per unit surface conjugate with micro-structure rotation. The internal
power can be equivalently written as:
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∫
Ω

(
σ
:

: ė
:

+ µ
:

: k̇
:

)
dΩ =

∫
Ω

[
2σ · θ̇ − u̇ ·

(
σ
:

·∇
)
−θ̇ ·

(
µ
:

·∇
)]

dΩ+∫
∂Ω

[
u̇ · σ

:

· n + θ̇ · µ
:

· n
]

dS; (9)

where the vector σ is the axial vector associated with the skew-symmetric
part of the stress tensor σ

:

as in Eq. 1, and n is the unit vector normal to
the outer surface of the domain Ω. The equality between internal and external
power can be expressed in its weak form as:∫

Ω

u̇ ·
[(

σ
:

·∇
)

+ f
]

dΩ +

∫
Ω

θ̇ ·
[
2σ + c +

(
µ
:

·∇
)]

dΩ+

+

∫
∂Ω

u̇ ·
[
t − σ

:

· n
]

dS +

∫
∂Ω

θ̇ ·
[
m − µ

:

· n
]

dS = 0; (10)

from which, given the arbitrariness of u̇ and θ̇, the strong forms of the linear
and angular momentum balances can be derived as:

σ
:

·∇ + f = 0; (11)

µ
:

·∇ + 2σ + c = 0; (12)

which are vectorial partial differential equations in the variables u and θ,
bounded by:

σ
:

· n = t; (13)

µ
:

· n = m; (14)

2.2 Clausius-Duhem inequality

The material behavior can be explicitly stated in terms of stress-strain re-
lationship or by expressing the Helmholtz free energy and resorting to the
Clausius-Duhem inequality. Given that our objective is to characterize the en-
ergetic behavior of the Cosserat medium, in this work we employ the second
method. The following decompositions of strain and wryness are adopted:

e
:

= e
:

e + e
:

p + e
:

th; (15)

k
:

= k
:

e + k
:

p + k
:

th; (16)

in which the relation between elastic, plastic and thermal deformation has an
additive character, due to the linearization performed under small displace-
ments and small rotations assumptions. It is then necessary to define the state
variables of the medium, and in this work they are the following:

{e
:

e,k
:

e, T, α}; (17)
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namely, elastic strain, elastic wryness, temperature and a hardening variable,
which can be a tensor of any rank. Based on the choice of the state variables,
the Helmholtz free energy density per unit volume can be written as:

ψ = ψ
(
e
:

e,k
:

e, T, α
)

; (18)

Here a more explicit definition of the Helmholtz free energy, linearized with
respect to the initial conditions {e

:

e
0 = 0, k

:

e
0 = 0, T0, α0 = 0}, is provided in a

still quite generic form. It assumes quadratic potentials for the elastic defor-
mation measures, typical energy definition related to thermal deformations,
standard energy definition related to heat exchange and an additional term
concerning the stored energy relative to plastic deformations:

ψ
(
e
:

e,k
:

e, T, α
)

=
1

2
e
:

e : Λ
:
:

: e
:

e +
1

2
k
:

e : C
:
:

: k
:

e − (T − T0) P
:

: e
:

e

− (T − T0) P
:

k : k
:

e − 1

2
ρ
Cε
T0

(T − T0)
2

+ ψα; (19)

where Λ
:
:

and C
:
:

are the fourth-order elastic stiffness tensors, relating stress-

strain and couple stress-wryness respectively, P
:

and P
:

k are second order ten-
sors relating thermal variations with elastic expansions or wrynesses respec-
tively, Cε is the specific heat capacity, ρ is the density and ψα is the part of
the Helmholtz free energy that accounts for variation in the recoverable energy
of the continuum due to variation in the material yield limit, e.g. hardening
or softening. Subsequently, we employ the first and second thermodynamic
principles to write the Clausius-Duhem inequality and to explicitly express
the dissipation of the continuum. From the first thermodynamic principle:

u̇ = σ
:

: ė
:

+ µ
:

: k̇
:

− q ·∇ + r; (20)

where u̇ is the internal energy rate density per unit volume, not to be mistaken
with the displacement rate, q is the heat flux and r is the heat production.
The second thermodynamic principle reads:

η̇ − r

T
+
(q

T

)
·∇ ≥ 0; (21)

where η̇ is the entropy rate density per unit volume. Considering that the
Helmholtz free energy is defined as:

ψ
(
e
:

e,k
:

e, T, α
)

= u− Tη; (22)

and by expressing its differential as:

ψ̇ =

[
∂ψ

∂e
:

e
ė
:

e +
∂ψ

∂k
:

e
k̇
:

e
+
∂ψ

∂T
Ṫ +

∂ψ

∂α
α̇

]
= u̇− T η̇ − Ṫ η; (23)
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the second thermodynamic principle assumes the following form:(
σ
:

− ∂ψ

∂e
:

e

)
: ė
:

e +

(
µ
:

− ∂ψ

∂k
:

e

)
: k̇
:

e
+ σ
:

: ė
:

p + µ
:

: k̇
:

p

−

(
∂ψ

∂T
+ η + σ

:

:
∂e
:

th

∂T
+ µ
:

:
∂k
:

th

∂T

)
Ṫ − ∂ψ

∂α
α̇−

q · (∇T )

T
≥ 0; (24)

from which, assuming that the elastic strain, elastic wryness and thermal vari-
ation are fully recoverable, the followings can be derived:

σ
:

=
∂ψ

∂e
:

e
; (25)

µ
:

=
∂ψ

∂k
:

e
; (26)

η = −∂ψ
∂T

+ σ
:

:
∂e
:

th

∂T
+ µ
:

:
∂k
:

th

∂T
; (27)

and, by expanding Eq. (25) and (26), the following relation between thermal
deformations, elastic deformations and stress/couple stress can be found:

σ
:

=
∂ψ

∂e
:

e
= Λ
:
:

: e
:

e −P
:

(T − T0) = Λ
:
:

:
[
e
:

e −Λ
:
:

−1 : P
:

(T − T0)
]

= Λ
:
:

:
[
e
:

e − e
:

th
]

;

(28)

µ
:

=
∂ψ

∂k
:

e
= C
:
:

: k
:

e −P
:

k (T − T0) = C
:
:

:
[
k
:

e −C
:
:

−1 : P
:

k (T − T0)
]

= C
:
:

:
[
k
:

e − k
:

th
]

;

(29)

where:

e
:

th = Λ
:
:

−1 : P
:

(T − T0) = Γ
:

(T − T0) ; (30)

k
:

th = C
:
:

−1 : P
:

k (T − T0) = Γ
:

k (T − T0) ; (31)

and the tensors Γ
:

and Γ
:

k are operators used to compute the thermal expan-

sion/wryness. The remaining terms in Eq. (24) define the medium dissipation,
here referred to as Π:

Π = σ
:

: ė
:

p + µ
:

: k̇
:

p − ∂ψ

∂α
α̇−

q · (∇T )

T
≥ 0; (32)

Furthermore, we can write the heat equation from Eq. (20) and (23) as:

σ
:

: ė
:

p + µ
:

: k̇
:

p
− q ·∇+ r =

∂ψ

∂α
α̇+ T η̇; (33)
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2.3 Specific Choices of the Material Model

2.3.1 Elastic part

From Eq. (25) and (26) it can be observed that the form of the constitutive
equations of stress and couple-stress directly derives from the chosen form of
the Helmholtz free energy, it is then essential to give a proper shape to this
potential. The Helmholtz free energy form adopted in Eq. (19) is still quite
general, and many mechanical behaviors can be modeled using this form. The
most simple model used for isotropic materials can be expressed as [7]:

σ
:

= λ tr
(
e
:

e
)

I
:

+ 2 G sym
(
e
:

e
)

+ 2 Gc skw
(
e
:

e
)

; (34)

µ
:

= ξ tr
(
k
:

e
)

I
:

+ 2β sym
(
k
:

e
)

+ 2 γ skw
(
k
:

e
)

; (35)

where I
:

is the Identity second-order tensor, and the following conditions on
the material parameters must be valid:

3λ+ 2G ≥ 0

G ≥ 0

Gc ≥ 0

&


3ξ + 2β ≥ 0

β ≥ 0

γ ≥ 0

(36)

In this constitutive model, λ and G are the usual Lamé parameters and Gc,
ξ, β and γ are additional material coefficients. In the 2D case, it is customary
to assume β = γ for simplicity [5]. For our computations, we are prone to
use relatively high values of Gc when compared to G, such that the mismatch
would be characterized by a stiffer response, and the value of skw{u ⊗ ∇}
would be negligible if compared to sym{u ⊗ ∇}. In this case, the Cosserat
theory would recover the characteristics of a couple-stress theory, also known
as constrained Cosserat theory [30]. There is, however, a conceptual difference
between the hydrostatic term of the wryness and its deviatoric counterpart:
while, in fact, the former is related to variation of the micro-structure rotation
along the axis in which it is defined (torsion), the latter expresses the variation
of the micro-structure rotation along the other two directions (bending), and in
general these two deformations might be characterized by different responses.
After a simple dimensional analysis, the following elastic characteristic length
of the Cosserat medium can be defined:

lel =

√
β

G
(37)

To be noted that in case no simplifications were done on the constitutive
behavior of the Cosserat model, other characteristic lengths were identifiable,
as done in other researches [29].
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2.3.2 Viscoplastic part

In the same way we defined the material response by defining the Helmholtz
free energy instead of the stress-strain relation, it is possible to explicitly state
the shape of the viscoplastic potential associated to the plastic deformation. A
general shape of the multi-criterion Cosserat viscoplastic potential is retrieved
[19] where two potentials are defined, one related to e

:

p and one related to k
:

p.
They can be modeled using the general viscoplastic potential form as the one
proposed by Chaboche in case of standard continuum mechanics [10] :

Ω =
D

k + 1

 〈f
(
σ
:

, p, T
)
〉

D

k+1

+
L

ξ + 1

 〈g
(
µ
:

, pk, T
)
〉

L

ξ+1

; (38)

where Ω is the viscoplastic potential, D and L are the drag stress and couple
stress, k and ξ are parameters to be calibrated and 〈f〉 and 〈g〉 are over-stress
and over-couple-stress between the Macaulay brackets. If we assume associated
plasticity and explicitly give the form of Ω, the plastic behavior would be
completely defined. This is because the plastic strain rate and plastic wryness
rate can be written as:

ė
:

p =
∂Ω

∂f

∂f

∂σ
:

, k̇
:

p
=
∂Ω

∂g

∂g

∂µ
:

; (39)

from which, the first ratios are equal to the rates of the viscoplastic multipliers:

ṗ =
∂Ω

∂f
, ṗk =

∂Ω

∂g
(40)

and the second ones define the direction of the plastic flows, being equal to
the one of the associated stress/couple stress:

∂f

∂σ
:

= n
:

σ,
∂g

∂µ
:

= n
:

µ; (41)

The choice of expressing the viscoplastic potential as in Eq. (38) would
impose the calibration of additional parameters related with both the con-
tributions coming from plastic deformation and plastic wryness. However, the
expression of the viscoplastic potential usually used with the Cosserat medium
is simplified by assuming a single criterion, thus a single viscoplastic multiplier,
which is common to both plastic deformation and plastic wryness:

Ω =
D

k + 1

 〈f
(
σ
:

,µ
:

, p, T
)
〉

D

k+1

; (42)

and:

ṗ =
∂Ω

∂f
, ė

:

p = ṗ
∂f

∂σ
:

, k̇
:

p
= ṗ

∂f

∂µ
:

; (43)
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with f depending both on stresses and couple stresses:

f = f(σ
:

,µ
:

, p, T ) = σeq(σ
:

,µ
:

)−R(p, T ); (44)

where R represents the radius of the yield surface above which plasticity is
activated. In the Cosserat framework, several equivalent stress measures can
be adopted :

σeq =

√
3

2

(
a1σ
:

′ : σ
:

′ + a2σ
:

′ : σ
:

′T + bµ
:

: µ
:

)
; (45)

σeq =

√
3

2

(
a1σ
:

′ : σ
:

′ + a2σ
:

′ : σ
:

′T + b1µ
:

: µ
:

+ b2µ
:

: µ
:

T
)

; (46)

σeq =

√
3

2

[
a3

(
σ
:

′
sym : σ

:

′
sym

)
+ a4

(
σ
:

′
skw : σ

:

′T
skw

)
+ b3

(
µ
:

sym : µ
:

sym

)
+ b4

(
µ
:

skw : µ
:

T
skw

)]
;

(47)

where the first one was proposed by de Borst [5,6], the second one by Forest
[19], and the third one is based on the invariant decomposition of a second order
tensor [57]. The operator σ

:

′ returns the deviatoric part of the tensor σ
:

. Based
on the dimensional analysis of the coefficients appearing in the Equations
above, and assuming that the terms ai are equal to each other, as well as the
bi terms, the plastic characteristic length arises from the model as:

lp =

√
a

b
; (48)

The last remark regarding the completeness of the plastic model concerns
the definition of the plastic part of the Helmholtz free energy, that is, ψα in
Eq. (19). This is, in general, equal to [46]:

ψα =

∫ α

0

π(ξ)dξ; (49)

where π is a general stress thermodynamically associated to the internal vari-
able α. In most plastic evolution laws the equivalent cumulative plastic strain
is used as hardening parameters, such that ṗ = α̇, and π is essentially the stress
thermodynamically conjugated to the equivalent cumulative plastic strain.
Given the integral formulation of this term, its closed form does not neces-
sarily exist, and it could be eventually found once the plastic flow rules are
defined.

2.3.3 Adiabatic Temperature Evolution

The time variation of the state variables is then to be defined. Given total
strain and wryness increment, the elastic stain/wryness, viscoplastic multi-
plier and thermal rates must be evaluated. The derivation of the adiabatic
temperature rate can be found in the appendix, and it is here reported:
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Ṫ =
σ
:

: ė
:

p + µ
:

: k̇
:

p
− ∂ψα

∂α
α̇+ T

∂2ψα
∂T∂α

α̇

ρT

[
Cε
T0

+
∂Cε
∂T

(T − T0)

T0

]
− ∂2ψα

∂T 2
T

; (50)

which in case of further simplification becomes:

Ṫ =

σ
:

: ė
:

p + µ
:

: k̇
:

p
− ∂ψα

∂p
ṗ

ρT
Cε
T0

; (51)

Note that it is possible, with this formulation, to evaluate the part of plastic
work converted into adiabatic temperature increment without any additional
calibration to be performed. Many researches can be found in literature where
the effects of hardening/softening on the temperature increment is incorpo-
rated in a unique parameter, namely the Taylor-Quinney coefficient Ξ [49],
that requires calibration in different condition:

Ṫ =
Ξ

ρCε

(
σ
:

: ė
:

p + µ
:

: k̇
:

p
)

; (52)

By using this temperature evolution law and the evolution of the plastic
deformations defined in Eq. (43), the elastic predictor can then be written as:

ė
:

e = ė
:

− ė
:

th − ė
:

p = ė
:

− Ṫ Γ
:

− ṗ ∂f
∂σ
:

; (53)

k̇
:

e
= k̇
:

− k̇
:

th
− k̇
:

p
= k̇
:

− Ṫ Γ
:

k − ṗ
∂f

∂µ
:

; (54)

3 Model Implementation and Characteristic Lengths Calibration

The model described in the previous section is here proposed to be a suit-
able solution for manufacturing processes simulations. The main reason is the
embodied property of the model to enlarge the domain of the vectorial solu-
tion space {u} for which the ellipticity of the PDEs is retained. In most of
the plastic models employed to simulate manufacturing processes, the strain
hardening effect overcompensates the thermal softening, thus the PDEs rarely
experience a loss of ellipticity. However, when high temperatures are expected
to develop, material softening could most likely exceed the strain hardening,
but not many material models are able to properly predict the flow stress at
high temperatures (≈ 0.8 Tm–melting temperature), therefore thermal soften-
ing might not be correctly captured. The Johnson-Cook model, widely used in
manufacturing processes, is known to underestimate the softening effect [23],
and its implementation in a strain-gradient theory was already documented
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[52]. Due to the limitation of the JC model in capturing material softening,
many modified versions model can be found in literature. Among the others,
we decided to use the TANH model [9]. Both the Classical CM model and the
Cosserat model have been fetched with this material description.

Therefore, acknowledging the lacking of a proper material plastic model
able to predict flow stress models at high operational temperature, in this
section we limit ourself to demonstrate the procedure by which the two ad-
ditional Cosserat characteristic lengths might be calibrated. Given our final
object of employing the Cosserat medium to simulate manufacturing processes,
the calibration procedure will be performed by modeling a Hat-Shaped Spec-
imen under compression [41]. The Hat-Shaped test is characterized by the
development of an ASB inside the specimen, followed by an increase in tem-
perature due to the high levels of localized plastic strain. Since most of the
manufacturing processes that export material from the final piece are designed
to do so through the development of ASBs and subsequent material removal,
this example could represent a simplified condition of the one occurring during
manufacturing. In fact, the calibration procedure has been performed precisely
while looking at the fields developed at the ASB location.

The geometry of the specimen was taken from the work of Peirs et al. [41].
Although the same geometry and material properties were used, the plastic
behavior chosen for this test is different than the one adopted by Peirs et
al. The specification of the plastic model and the material properties will be
assessed in Section 3.2, and aim to reproduce the behavior of the Titanium
alloy Ti6Al4V. Given the axial-symmetry of the specimen, only half of the
cross section has been modeled in 2D under axial-symmetric conditions.

In Figure 1 the geometry and the boundary conditions of the benchmark
tests are reported. A vertical downward velocity of 5.5 m/s was imposed at the
top surface of the specimen, and the simulations lasted until a vertical negative
displacement of -0.275 mm was reached. The simulations have been produced
using the FEM solver Z-set [1], in which the Cosserat element description and
material behavior are implemented. Quadratic interpolation has been used
to discretize displacement and rotation fields between nodal values, thereby
quadratic elements have been used.

3.1 Mesh-independence Simulations & Mesh Size Choice

One of the reasons for us to employ a Cosserat medium description is to
avoid the mesh dependency developed when the material softens at high tem-
peratures. Therefore, a preliminary verification was performed in order to be
sure that the Cosserat medium description would be able to produce mesh-
insensitive results. Simulations of the Hat-Shaped specimen under compression
were carried out using the Classical CM and the Cosserat descriptions both
fetched with a plastic behavior that reproduces pure softening. For these simu-
lations, the mechanical and thermal properties reported in Table 1 were used.
In addition to the ones indicated in the table, the couple stress moduli β and
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Fig. 1: Hat-Shaped Specimen [41], geometry (a) and mesh with boundary
conditions (b). Units in millimeters. In (b) the cross section along the shear
band is indicated with red nodes.
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Fig. 2: Cumulative plastic distribution for different mesh sizes using Classical
CM (a) and Cosserat medium (b).

γ were both equal to 0.114 MPa·mm2. Although this model might not be de-
scriptive of the behavior of any material, this numerical exercise allow us to
verify the mesh independence in the most sever condition of pure softening.
The flow stress adopted for this exercise reads:

R(p) = R0 +H p; (55)
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where H is the softening modulus, which was set equal to - 30 MPa. As it
can be seen from Eq. (55), the equivalent cumulated plastic strain in this case
is causing the same effect that is usually induced by the temperature on the
flow stress. According to Eq. (55), the material softening is induced whenever
plastic strain cumulates, while normally the softening is a thermally-activated
phenomena. The same simulation was performed for two different mesh size,
a finer mesh of 20 µm x 15 µm and a coarser mesh of double the size for
both the Classical CM and the Cosserat medium, and the plastic distributions
across the ASB were compared. In Figure 2 the comparison is appreciable.
The equivalent plastic strain distribution has been plotted across the ASB.
While the Classical CM description exhibits a strong mesh-dependency, the
Cosserat medium does not show such dependency. More discussion related to
the differences in cumulative plastic distribution between Classical CM and
Cosserat medium will be provided in the Section 3.3, but this results clearly
shows that the Cosserat medium can retain mesh independence results under
conditions for which the Classical CM cannot.

Mesh Size

In order to ensure the mesh size to be smaller than the elastic characteristic
length of the model, a preliminary investigation was made to find the char-
acteristic length for which the simulations would converge. In this analysis,
the assumptions that both ai and bi are equal to 0 in Eq. (46) were made.
Consequently, both the deformation and the wryness are fully elastic. Under
this assumptions, the Hat-Specimen under compression was simulated using
an initial mesh size of 20 µm x 15 µm, and using the material properties as
Table 1. The results in terms of load-displacement of the Hat-Shaped Speci-
men are reported in Figure 3. The values of the elastic characteristic length
range from 101 mm to 10−4 mm. The curves achieve convergence already for
values of the elastic characteristic length of 10−2 mm, therefore suggesting the
adoption of a mesh size, along the direction orthogonal to the ASB, smaller
than 100 µm. Subsequently, using a mesh size of 40 µm x 30 µm can be con-
sidered a safe choice. Furthermore, for all the simulations, quadratic elements
are used, so that the distance between the nodes spanning the element edges
is ulteriorly halved.

3.2 Specifications of the Plastic Model

Although the model previously described defines the plastic behavior of the
medium by providing the explicit function of the plastic potential Ω, most
of the models used in literature are simply provided through their flow stress
definition.

The flow stress used in this manuscript derives from the one developed
by Calamaz et al. [9], but the dependence of the flow stress on the rate of
the equivalent plastic strain has been omitted in order to simplify the model
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Fig. 3: Convergence analysis of the elastic characteristic length performed on
the load-displacement graph of the Hat-Shaped Specimen using bi = ai = 0
as assumption in Eq. (46). Values of the characteristic lengths are given in
millimeters.

and focus only on strain hardening and thermal softening behaviors. This flow
stress model has been used several times in literature [25,24], but it has never
been coupled with the Cosserat medium description. The radius of the yield
surface is defined as:

R =

[
A+

Bpn

exp (pa)

] [
1−

(
T − T0

Tm − T0

)m] [
D + (1−D) tanh

(
1

(p+ S)
c

)]
;

(56)
where:

D = 1−
(
T

Tm

)d
; (57)

S =

(
T

Tm

)b
; (58)

and the flow rule of the viscoplastic multiplier p follows:

ṗ = exp

(
〈f〉
RC

)
− 1 = exp

[
1

C

(σeq
R
− 1
)]
− 1; (59)

It must be remembered that since we are using a single viscoplastic mul-
tiplier, ṗ depends on both plastic strain and wryness contributions. The ma-
terial properties are listed in Table 1, and they belong to the Titanium alloy
Ti6Al4V, and the TANH flow stress model parameters have been summarized
in Table 2.
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E [MPa] ν Gc [MPa] ρ [kg/m3] Cε [J/kg·K] T0 [K] Tm [K] Γ [1/K] Γk [1/K·mm]

114000.0 0.3 114000.0 4428.0 580.0 293.0 1926.0 8.5e-6 0.0

Table 1: Elastic and thermal material properties corresponding to the Tita-
nium allot Ti6Al4V [41].

A [MPa] B [MPa] C m n a b c d

1120.0 667.0 0.0270 1.33 0.47 1. 1. 1. 1.

Table 2: Visco-plastic coefficients used in the TANH model [41].

3.3 Elastic characteristic length calibration

In our case, since we are modeling in 2D, there is no torsional component in
the wryness (keii = 0, ii = 1, 2, 3), therefore the parameter α does not have any
influence and it must not be calibrated. Throughout the calibration process
the value of Gc was set constant and imposed to be higher than the second
Lame parameter (shear modulus), such that the Cosserat model would assume
similar nature of a strain gradient theory. The value of Gc was set to be equal
to 114000.0 MPa. The calibration of the elastic characteristic length can be
performed by simply varying the coefficient β in Eq. (37). The Classical CM
framework can be retrieved by imposing the elastic characteristic length to
vanish, and in this case the deformation localizes as if it was unaffected by the
”diffusing” effect induced by not-vanishing k

:

. The calibration procedure shall
start from large values of β and then its values should progressively reduce.
Differently from the analysis done in the previous section, for the current
calibration procedure only the condition b1 = b2 = 0 was used in Eq. (46),
that is, the plastic characteristic length was set equal to infinity. Consequently,
the developed curvature is fully elastic, but the strain is also plastic, and ṗ
depends on the stress only in Eq. (46).

The calibration procedure could be performed by comparing data of dif-
ferent nature between experiments and simulations. Following the complete
thermodynamic description outlined in Section 2 we could compare the tem-
perature distribution in the ASB, especially because this can be easily mea-
sured through thermal camera or, in case the plastic deformation localizes
inside the specimen, by positioning thermocouples at the location where the
ASB is expected to develop. Since the magnitude of the characteristic length
influences the area over which the developed deformation spreads (thickness
of ASB), many thermocouples might be necessary to capture both the thermal
distribution and its peak value. To be noted here that in adiabatic conditions
the thermal variation is only driven by local development of plastic deforma-
tion, since there is no time for the temperature to diffuse, thus the measured
temperature is a direct indication of the developed plastic deformation. Six val-
ues of the elastic characteristic length were used, from 101 mm to 10−4 mm.
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The effects of the elastic characteristic length have been investigated by look-
ing both at the load-displacement curve and at the temperature distribution
at the ASB.

As already observed in case of a hyper-elastic material model, the adoption
of an elastic characteristic length, whose order of magnitude is comparable
with the geometry size, extends the stiffening effect to a macroscopic level,
inducing the whole system to behave stiffer. In case a plastic component is
introduced in the Cosserat strain, the same behavior is observed, as inferred
by Figure 4a. It can be observed from this Figure that the over-prediction of
the initial elastic stiffness is negligible for values of the characteristic length
smaller or equal than ≈ 10−1 mm. Furthermore, it can be appreciated from
the same Figure the trend of the load-displ curve of converging toward the
results produced for a Classical CM simulation for values of the characteristic
length that approach zero. The curve, however, should not overlap with the one
obtained from the adoption of the TANH model in a Classical CM framework
because, although the curvature is providing a null energetic contribution, the
part of the Cosserat strain accounting for the mismatch between macro and
micro rotation is still playing a role.

In Figure 5 the thermal fields across the ASB are reported. From the Figure,
it is possible to identify the effect of the characteristic length on the thermal
distribution. The elastic characteristic lengths indicate the range over which
the thermal field, in this case, is spreading: smaller elastic characteristic length
will induce the fields to spread over smaller domains. It can be noted that the
temperatures reached in the Classical CM case are lower than the ones in the
Cosserat model with a characteristic length of 10−4 mm, however, it should
be reminded that the results of this simulation strongly depend on the mesh
size.

3.4 Plastic characteristic length calibration

The calibration of the plastic characteristic length has been done under the
hypothesis that a1 = a2 and b1 = b2 in Eq. (46). The characteristic plastic
length was chosen in the range between 100 mm and 10−4 mm. From the pre-
vious calibration procedure it was evident that the elastic characteristic length
for this problem had to be smaller or equal than 10−2 mm for the deformation
to localize. However, excessively low values of β induce the development of a
relatively low values of couple stress if compared to the stress, therefore oblig-
ing the adoption of high values of the coefficient b in Eq. (46) if we wanted
the couple stresses to have an effect on σeq. Thus for the plastic characteristic
length calibration, an elastic characteristic length of 10−2 mm has been cho-
sen. Once again, we look at the effects on the global load-displacement graph
and to the temperature distribution inside the ASB, which are reported in
Figures 6a and 6b respectively.

In Figure 6a it can be observed that the load-displacement curves are
bounded between the curves obtained for lpl = 100 mm and lpl = 10−4 mm,
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Fig. 4: Effects of the characteristic elastic length on the load-displ graph (a)
and on the temperature distribution (b). Values of the characteristic lengths
are given in millimeters.

which represent the asymptotic results for larger or smaller characteristic plas-
tic lengths respectively. This behavior suggests that the plastic development
is simultaneously driven by both strain and wryness in case the characteristic
plastic length belongs to the range ≈ [10−1 mm÷10−3 mm], and that it is
purely dominated by strain or wryness only in case the characteristic plastic
length falls respectively before or after this domain.

If we look at the temperature distribution across the ASB in Figure 6b, it
shows an increasing peak of predicted temperature at the center of the shear
band, and a narrower localization of the thermal field with a decreasing plas-
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(a) lel = 100 mm (b) lel = 10−1 mm

(c) lel = 10−2 mm (d) lel = 10−3 mm

(e) lel = 10−4 mm (f) Classical CM

Fig. 5: Temperature distribution in a Hat-Shaped specimen using the Cosserat
framework with different values of β compared to the Classical CM result.
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Fig. 6: Effects of the characteristic plastic length on the load-displ graph (a)
and on the temperature distribution (b). Values of the characteristic lengths
are given in millimeters.

tic characteristic length. The maximum difference between the peaks of the
temperatures belonging to the different plastic characteristic lengths measures
65 K. This difference lies well beyond the resolution of instruments, like ther-
mocouples or thermal camera, thus the effect of different plastic characteristic
lengths could be probed. Nonetheless, 65 K of difference is still a relative low
value if compared with the total produced temperature, that is around 500 K.
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This indicates a relative weaker influence of the characteristic plastic length on
the developed thermal field if compared with the effects produced by different
values of elastic characteristic lengths on the thermal fields.

4 Conclusion

Simulations of manufacturing processes can provide valuable information that
help optimizing machined materials and machining benches. Furthermore, the
knowledge related to the deformation history of the material is a key factor
in addressing the post-processed status of the medium, for example in terms
of residual stresses. In order to achieve more reliable simulations of these pro-
cesses, we proposed the adoption of the Cosserat model as description of the
medium behavior. A thermodynamically-consistent geometrically linearized
formulation of the Cosserat theory was proposed in Section 2, where a thermo-
elasto-visco-plastic framework was provided for the material characterization
through the definition of visco-plastic potential, Helmholtz free energy and
dissipation potential.

Using a purely-softening plastic behavior, the Cosserat medium was first
proven to provide mesh-independent results, then the TANH flow-stress model
was implemented, and it was used to describe an example of the calibration
procedure of the elastic and plastic characteristic lengths using a hat-shaped
specimen. The calibration of the elastic characteristic length was done by com-
paring the global load-displacement graph, and, for the specific plastic model
used here, its values was found to be in the range of microns, that is com-
parable to grain size of the Titanium alloy used for the simulation [16]. By
fixing the value of the elastic characteristic length to be equal to 10−2 mm,
the calibration of the plastic characteristic length was performed once again
by comparing the load-displacement graphs. The analysis suggested the exis-
tence of a range for the plastic characteristic length in which the contribution
of plastic strain and plastic wryness were playing a comparable role. Outside
these limits the plastic developments were fully dominated by the plastic com-
ponents of one of the two deformation measures. However, finally the elastic
characteristic length was found to have greater effects than the plastic ones.

Nonetheless, since the effects of the plastic characteristic length are high-
lighted at large plastic deformation, it is advisable to use a large deformation
theory for the Cosserat medium. This remains the topic for the future research.
For future research it is also foreseen the adoption of a physically-based ma-
terial plastic law, ideally dislocation-based, and the validation of the Cosserat
model for more complex manufacturing operations, such as machining or or-
thogonal cutting.
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A Derivation of Ṫ

The derivation of the temperature rate can be derived starting from the definition of the
entropy from Eq. (27) and assuming the Helmholtz free energy function as in Eq. (21):
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then, by then taking the time variation of the entropy:
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and by plugging them it into the heat Equation Eq. (33), we obtain:
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from which the temperature rate can be evaluated as:
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:

e +
∂η

∂k
:

e : k̇
:

e
+
∂η

∂α
α̇

)

T
∂η

∂T

; (67)

The one reported in Eq. (67) is an expression of the temperature rate which contains
many terms whose magnitude is well below the magnitude of the larger terms as σ

:

: e
:

p for

example, therefore assumptions were made on some of the quantities populating Eq. (67) in
order to make it usable, and here follows the list of hypotheses:
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Parameter Order of Magnitude

σ
:

: ė
:

p 1011 [J / m3·s]

µ
:

: k̇
:

p
1010 [J / m3·s]

ρCε 1010 [J / m3·K]

∂ψα

∂α
1010 [J / m3]

P
:

: ė
:

e 106 [J / m3·s·K]

σ
:

: Γ
:

106 [J / m3·K]

∂2ψα

∂T 2
10−1 [J / m3·K2]

∂2ψα

∂T∂p
10−1 [J / m3·K]

Table 3: Order of magnitudes of the terms in Eq. (67).

– q = r = 0;

–

∂Λ
:
:

∂T
=

∂C
:
:

∂T
= 0;

–
∂Cε

∂T
= 0;

– ψα = ψα(α, T ) =⇒
ψα

e
:

e
=
ψα

k
:

e
= 0;

– T = 500K;

– Γ
:

= ΓI
:

= 10−5K−1; Γ
:

k = 0
:

K−1m−1;

–
∂Γ

∂T
=
∂Γk

∂T
= 0;

– |e
:

e| = 10−3;

– |ė
:

e| = 10−1s−1;

– |ė
:

p| = 103s−1;

– |k
:

e| = 10−2 m−1;

– |k̇
:

e| = 10−4 m−1s−1;

– |k̇
:

p| = 102 m−1s−1;

– |σ
:

| = 108Pa;
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– |µ
:

| = 108 Pa m;

Furthermore, by assuming the material elastic and plastic models to be the ones described
in Tables 1 and 2, the terms in Eq. (67) have the orders of magnitudes listed in Table 3.

From the comparison of the order of magnitudes of the terms in Eq. (67) that are
presented in Table 3, the temperature flow rule can assume the following form:

Ṫ =
σ
:

: ė
:

p + µ
:

: k̇
:

p −
∂ψα

∂α
α̇+ T

∂2ψα

∂T∂α
α̇

ρT

[
Cε

T0
+
∂Cε

∂T

(T − T0)

T0

]
−
∂2ψα

∂T 2
T

; (68)
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