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ABSTRACT 
 

We compare the quasiparticle lifetime behavior in the unitary limit of two unconventional supercon-

ductors dressed by non-magnetic impurity scattering to differentiate an anomalous functional be-

havior in its shape when the disorder concentration is changed in a triplet paired model with respect 

to the well behave singlet model.  For singlet paired superconductors, the functional shape of the 

lifetime due to elastic scattering around the nodal regions does not change with the change of the 

disorder concentration, but for a triplet model with a tiny gap, an anomalous drop in shape is ob-

served only when small values of disordering are added. We use a 2D tight-binding parametrization 

to study the reduced phase space of the first Brillouin zone, where the low energy scattering is re-

stricted to the nodal/quasinodal regions for two irreducible representations of the crystal lattice. 

Keywords: unitary limit, singlet superconductor, triplet superconductor, non-magnetic disorder, 
scattering lifetime, reduced phase scattering space, elastic scattering cross-section. 
 

  

 

 

1. Introduction

 
The unitary regime in metallic alloys (in their normal and superconducting states) is defined as the 

limit where the elastic scattering of fermionic quasiparticles (normal, nodal/cuasinodal excitations) 

due to a non-magnetic disorder potential - U0 is so strong that the fermionic mean-free path  “l” 

becomes comparable to the inverse Fermi momentum “kF
-1”, or to the lattice parameter “a”, (that is 

l kF  ~ l a-1
  ~ 1),  contrasting with  the Born limit where the mean free path is much larger than “kF

-1”  

and “a” (that is l kF  ~ l a-1
  >> 1) [1,2,3]. This physically means that the quasiparticles [4] (i. e. electrons 

and holes) in the unitary region have an ill-defined momentum 𝒑 = ℏ𝒌 between elastic collisions.  

In the mathematical formalism, another signature of the unitary state in unconventional supercon-

ductors at very low temperatures, is the large resonance at zero frequency in the imaginary part 

“ [𝜔̃( + 𝑖 0+)]” of the dressed scattering energy “𝜔̃( + 𝑖 0+)” (elastic escattering cross-sec-

tion) [1,5]. On the other hand, in the normal state, the unitary limit gives a constant 

 [𝜔̃( + 𝑖 0+)] that corresponds to a constant lifetime ( [1]. In the Born and intermedia limits 

the resonance is shifted to higher frequencies.  
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It is important to mention that the experimental approach to differentiate among the unitary, and 

the Born limits in unconventional superconductors, is to plot the ratio of the reduced temperature 
𝑇𝑐

𝑇𝐶0
⁄  as a function of  the measured residual density of the states RDOS  𝑁(0)

𝑁𝐹
⁄ . This is made with 

the aid of the critical temperature TC reduction equation due to non-magnetic impurity scattering 

in unconventional superconductors [6]. Particularly, it has been shown that the unconventional 

superconductors La2-xSrxCuO4 (a high Tc superconductor doped with strontium) [7,8,9,10], and 

Sr2RuO4 [11,12,13,14] (a triplet unconventional superconductor) are both in the unitary limit. 

Therefore, unconventional superconductors can be defined as those with nodes/quasinodal regions 

around the Fermi surface, and with anisotropic order parameters (OP) with a spin paired dependence 

(singlet or triplet). The role of the non-magnetic elastic scattering mechanism is to break the super-

conducting state around those nodal/quasinodal regions creating a reduced fermion phase scatter-

ing space below Tc. For Sr2RuO4, this pair breaking mechanism is very sensible [15] because it contains 

Sr atoms in its unit cell, meanwhile, in La2-xSrxCuO4, the pair breaking mechanism is weaker since Sr 

is an external impurity added to the crystal lattice [9].  

Following our previous works [16, 17], we use tight-binding OPs to model the 2D shape behavior 

of the superconducting unitary lifetime in two phenomenological models, for a Cuprate doped with 

Strontium and for Strontium Ruthenate. The energy (frequency) dependence of the superconduct-

ing lifetime comes in this case from the reduced phase space of scattering states and is due to the 

presence of the superconducting (SC) gap. 

In the mathematical formalism - for unconventional superconductors, the imaginary part  of the elas-

tic scattering matrix 𝜔̃( + 𝑖 0+), dressed by the nonmagnetic impurity potential U0 defines the in-

verse of the dressed quasiparticles (electrons and holes) lifetime 𝜏−1() [3], for quasiparticles (elec-

trons and holes), which are closed in the nodal regions by means of eq. 

(2𝜏)−1() =   [𝜔̃( + 𝑖 0+)]  [1] 

The purpose of this work is to visualize the shape of the unitary quasiparticles lifetime 𝜏−1() evolv-

ing as a function of doping Γ+, in the phase space where the low energy scattering is restricted to 

the nodal/quasinodal regions.  

In order to calculate the shape of the function 𝜏−1(), that differentiates singlet from triplet OPs, 

we present 2 tables in which we briefly describe the physical properties and input parameters of 

both models. Finally, we use a first neighbor tight-binding approximation (TB), which helps to visual-

ize how atoms and impurities interact, since TB goes beyond the free energy quasiparticles model 

[4] and it is very suitable for 2D simulations with phenomenological parameters in terms of energy 

(in meV units). We also briefly compare our work with the shape of the lifetime in the case of 3D TB. 

We point out that at very low temperature the kinetic coefficients such as the electronic thermal 
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conductivity and the ultrasound attenuation (under doping by non-magnetic impurities) can show 

the universal behavior in the unitary limit of the electronic thermal conductivity [4, 5, 14]. 

 

 

2. Models and method to visualize the shape of the dressed lifetime  (𝟐𝝉)−𝟏(): 
 

In Table 1, we summarize the models and approximations used in this work. The simulation is per-

formed within the first Brillouin zone using a first neighbor TB approximation in both equations, the 

normal state energy and gap spectra with the respectively Fermi averages and the correspondent 

point symmetric lattice groups. 

Table 1: Summary of the TB models and the group theoretical classification of the OPs used in this work. 

 

In this work we remark that the function ̃( + 𝑖 0+) resembles an imaginary number with a self-

consistent function as a coefficient accompanying the complex i, that is, ̃( + 𝑖 0+) =  +

𝑖 (2𝜏)−1(̃).  The quasiparticle lifetime for a single sheet on the Fermi Surface - 𝜏−1() is defined 

self-consistently. Following a realistic  parametrization of ̃( + 𝑖 0+) in terms of two parameters, 

c and + introduced in [18],  we use for the scattering lifetime the equation 

(2𝜏)−1(̃(), 𝑐, Γ+) =  𝜋 Γ+ 𝑔(𝜔̃)

𝑐2+𝑔2(𝜔̃)
,  [2] 

Reduced phase 

space of scatter-

ing states 

Order parameter 

model 

Electrons approx-

imation 

Metallic sheet 

of the Fermi 

surface 

Order parameter 

(OP) symmetry 

Compounds 

 and crystals 

Line nodes in-

tersecting the 

Fermi surface. 

Scalapino first 

neighbor line 

nodes model [7] 

first neighbors 

hoping with a 

symmetric tight 

binding elec-

tron-hole dis-

persion law 

Located at 

the four cor-

ners of the 

1st Brillouin 

zone 

Scalar states k 

with even function 

of k and even par-

ity l ∈ B1g of the 

D4h point group. 

Cuprate su-

perconduc-

tors such as 

LSCO [8]:   

La2-xSrxCuO4 

Quasinodal (9 

points), it does 

not intercept 

the  sheet of 

the Fermi sur-

face. 

Miyake & 

Narikiyo first 

neighbors tiny 

gap model for 

the FS sheet   

[14] 

idem Located at 

the center of 

the 1st Bril-

louin zone 

Vector states d(k) 

with odd function 

of k and odd parity 

l ∈  E2u of the D4h 

point group with 

time reversal 

sym. broken. 

Triplet super-

conductors 

such as 

Strontium 

ruthenate: 

Sr2RuO4 [11] 
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where ̃  and  are continuum variables in meV units, while c (dimensionless) and Γ+ (meV)  are 

the two phenomenological parameters, and the function 𝑔(𝜔̃) =  〈
̃

√̃2−|𝜟|2(𝑘𝑥,𝑘𝑦) 

〉  𝐹𝑆 depends on 

the superconducting OP, averaged over the two TB Fermi sheets <…>FS using a method suitable to 

fit experimental low temperature data [19,20]

̃( + 𝑖 0+) is a self-consistent nonlinear complex equation which only can be solved numerically, 

c and Γ+, are the phenomenological  parameters that describe the breaking of the superconducting 

pairs, driving the existence of normal state quasiparticles inside the superconductor with a finite 

lifetime strongly depending on the non-magnetic disorder. The parameter 𝑐 =  1
(𝜋 𝑁𝐹 𝑈0)⁄   is the 

inverse of the impurities potential U0 and NF is the Fermi level DOS. The parameter Γ+ =

 
𝑛𝑖𝑚𝑝

(𝜋2 𝑁𝐹)⁄  is proportional to the impurity concentration nimp. Non-magnetic disorder in metals 

assumes N equal scatters randomly distributed, but independent each other, it also assumes that on 

a macroscopic scale, the crystal is homogeneous [21].  

The unitary limit corresponds to values 𝑈𝑜  ≫ 1 𝑜𝑟 𝑐 =  0 in eq. 2 

(2𝜏𝑈)−1(̃(), 𝑐 = 0, Γ+) =  𝜋 Γ+ 1

𝑔(𝜔̃)
.  [3] 

We use the TB equations and parameters according to table 2. In addition, we use for both the singlet 

and triplet  gaps, the Fermi averages given by 𝑔(𝜔̃) ~ 〈𝜔̃〉𝐹𝑆 ≠ 0, ,  𝑔1(𝜔̃) ~ 〈Δ(𝑘𝑥, 𝑘𝑦)〉𝐹𝑆= 0, and 

𝑔3(𝜔̃) ~ 〈ξ(𝑘𝑥, 𝑘𝑦)〉𝐹𝑆= 0 [22]. 

Table 2: Summary of the equations of the energy dispersion and the OPs used in this work. 

Nodal behavior equations (𝑡, 𝜖𝐹, ) values 

First neighbors line 

nodes singlet OP 
Δ(𝑘𝑥, 𝑘𝑦) = Δ0 𝜙(𝑘𝑥, 𝑘𝑦)

= Δ0 [cos(𝑘𝑥 𝑎) − cos( 𝑘𝑦 𝑎)] 

 (0, 0, 33.9 ) meV [23] 

Fist neighbors quasi-

nodal triplet OP  

𝜟(𝑘𝑥, 𝑘𝑦) = Δ0 𝒅𝛾(𝑘𝑥, 𝑘𝑦)

= Δ0 [(sin(𝑘𝑥𝑎) +  𝑖 sin(𝑘𝑦𝑎)]𝒛̂ 

 (0, 0, 1.0 ) meV [17] 

First neighbors aniso-

tropic tight binding dis-

persion law 

𝜉(𝑘𝑥, 𝑘𝑦) = 𝜖𝐹 + 2 𝑡 [cos(𝑘𝑥 𝑎) + cos ( 𝑘𝑦 𝑎)] 

𝑡~ 𝜖𝐹/2 

(0.2, 0.4, 0) meV, cen-

tered at the points 

(±πa, ±πa). 
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First neighbors aniso-

tropic tight binding dis-

persion law 

𝜉(𝑘𝑥, 𝑘𝑦) = 𝜖𝐹 + 2 𝑡 [cos(𝑘𝑥 𝑎) + cos ( 𝑘𝑦 𝑎)] 

 𝑡 ~ − 𝜖𝐹  

(0.4, - 0.4, 0) meV, 

centered at point (0, 

0). 

 

3. Singlet case: 

In the case of the singlet model, figure 1 visualizes the evolution of (𝟐𝝉𝑼)−𝟏 at c = 0 for the five 

values of in meV following eq. 3. We observe the smooth peak centered at zero residual fre-

quencies 𝜸 = ̃(𝟎) with a much smaller value of    for very dilute values of disorder concentration 

. We see a monotonically flattening of the function for higher energies indicating a constant life-

time value in the unitary limit for the normal state for all values of . We also observe that the value 

of (𝟐𝝉𝑼)−𝟏 in the normal state (above 33.9 meV) depends on the disorder concentration, given for 

an optimally doped disorder a value of (𝟐𝝉𝑼)−𝟏 = 0.40 meV, meanwhile the very dilute disorder 
case gives (𝟐𝝉𝑼)−𝟏 = 0.02 meV. 

 

Figure 1. Plot of the inverse scattering lifetime as a function of the concentration 𝜞+(𝒎𝒆𝑽) in the unitary limit for the 
singlet OP. 

We also observe from figure 1, a regular behavior of the shape of the quasiparticles lifetime func-

tion with the same shape for the five values of . From the simulation, we also observe that for 
the lifetime in the normal state (above 33.9 meV) there is an increasing dependence on the value 

of . At energies  = Δ0  = ±33.9 meV, we observe the transition from the superconducting to the 
normal state as a small abrupt change in the function´s slope. 

Finally, we notice that for a very small amount of impurity concentration (meV), the func-
tion (𝟐𝝉𝑼)−𝟏 → 𝟎, that is, there is a significantly reduced phase scattering space for dressed elec-
trons (yellow color curve) with a majority presence of supercurrent carriers. Also in figure 1, the yel-

low curve behavior can be considered almost constant for very low except around the small uni-
tary resonance interval. 
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4. Triplet case: 

In the case of the triplet model, figure 2 shows the evolution of (𝟐𝝉𝑼)−𝟏 according to eq. 3, and 

for the same values of as it was done in the singlet case we observe the smooth resonance 

centered at zero frequency for all values, with smaller values of residual zero energy   for very 

dilute values of disorder . For the triplet case, the value meV for an optimal 

(meV)  violet curve in figure 2, while for the singlet OP, we observe in figure 1 (violet curve) 

that ≈meV for meV. In addition, the orange curve corresponds to dilute levels 

of disorder with = 0.05 meV. We also see for the triplet case a monotonically flattening of the 

function (𝟐𝝉𝑼)−𝟏 for higher energies indicating a constant lifetime value in the unitary limit for the 

normal state and for all values of  with similar values as for the singlet case.  

 

 

Figure 2. Plot of the inverse scattering lifetime as a function of the concentration 𝜞+(𝒎𝒆𝑽) in the unitary limit for the 
triplet OP. 

We observe that the value of (𝟐𝛕𝐔)−𝟏, in the normal state increases with disorder concentration. At 

energies  ~ Δ0  = ±1.0 meV, in figure 2, we do not observe for the triplet case the transition from 

the superconducting to the normal state, but instead starting from meV  in the brown 

curve, a sharp minimum that evolves into a smooth minimum (displaced to higher frequencies) is 

shown in the violet and blue curves. 

An anomalous behavior with   (0.85, 1) meV, where (2𝜏𝑈)−1 = 0 found previously [17] corre-

sponds to the tiny gap effect in (2𝜏)−1() [14] and has significance for a transition to a more com-

plicated “non-homogeneous” BCS like unitary triplet state with “frozen” quasinodal fermions 

(𝑖. 𝑒. (𝜏𝑈)−1 = 0) , this phase is dominated by the supercarriers. 
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5. Scattering in reduced phase space and physical kinetics 

Since the quasiparticles move in reduced/dressed “by a non-magnetic potential” phase spaces, 

there are analogies for the unitary transport regime between the elastic scattering cross-section 

in quantum mechanics - 𝑓(𝑘)~ 𝑖 𝑘⁄ , the imaginary part of the scattering matrix - 

𝜔̃ ~ 𝑖(2𝜏𝑈)
−1

~ Γ+ 𝑖

𝑔(𝜔̃)
  , and the collision integral - w in physical kinetics, that help to under-

stand the behavior of the fermionic quasiparticles and the supercarriers below Tc [29, 34].   

We notice that the unitary supercoducting state at very low temperatures is driven mostly by the 

non-magnetic potential atomic U0, that characterizes the scattering completely as pointed out for 

the case of ultra-cold fermion and boson atomic gases in [34].  

Figure 3 shows on the left side a d wave singlet (a), and on the right a p wave triplet (b) order 

parameters plots of the quasiparticle lifetimes, scaled in meV (according to experimental TB ARPES 

data) in the two reduced in phase scattering spaces.  (a) insert shows a composed by a line nodes 

region, and (b) insert shows the composed by nine quasinodal points region, both in the first Bril-

louin zone.  

It follows from (a) that a regular shape behavior distinguishes only one region (1) with fermion 

quasiparticles and supercurrent carriers (no changing shape with disorder concentration +, see 

also figure 1) with a maximum at zero residual frequency and the change in slope at the value of 

the transition, that is ≈ = 33.9 meV. 

Figure 3 also shows on the right side (b) and upper left insert in (a), for a p wave triplet order 

parameter two well-distinguished regions (2) and (3) in the quasinodal case for two values of the 

non-magnetic disorder concentration +. A regular shape behavior (2) for +≥ 0.10 meV that dis-

tinguishes a first “homogenous and composed by both, the dressed fermions and supercarriers” 

region with a maximum at zero residual frequency  and a smooth transition to the normal state 

that smears at ≈ meV.  

There is also an irregular shape behavior (the Miyake Narikiyo tiny gap) region 3(b) for +≤ 0.05 

meV, that is, an interval with a maximum zero residual frequency meV, and totally frozen 

nodal fermion quasiparticles, i. e., (2𝜏𝑈)−1 = 0, close to frequencies  ≈  = 1 meV. We call this 

phase “an non-homogeneous unitary state – (c)” since there aren’t dressed fermion transport car-

riers in it, only pairs/supercarriers of bosonic type.  
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Figure 3. Proper TB scaled homogenous unitary phases 1 and 2 (violet and yellow curves), and an inhomogeneous unitary 
phase 3 (orange curve), in the reduced scattering space of the 2 OPs, notice that the reduced phase space in the case of 

the triplet OP (b) is smaller for any value of +. 

This difference between singlet and triplet OPs, induce us to think of an inhomogeneous reduced 

scattering phase - 3 shown in (b) of figure 2 due to a weak disorder +  in p- paired triplet super-

conductors such as strontium ruthenate, where one of the two compelling quasiparticles (the qua-

sinodal fermions) disappear (orange curve insert (b) in figure 3), and only the coupled pairs con-

densate (supercarriers) remain in the unitary state where inhomogeneity play a crucial role since 

for transport carriers it follows that l kF  ~ l a-1
  ~ 1.  

Experiments concerning the scattering contribution for the different compelling quasiparticles in 

unconventional superconductors have been performed and analyzed for the case of the high Tc 

compound Bi2Sr2CaCu2O8+δ [24]. Moreover, the key role of disorder in Sr2RuO4 as a triplet paired 

state also is being intensively studied at this moment [25]. 

Additionally, we point out that in the works [26, 27, 28], it was found that La2-xSrxCuO4 has some 

peculiarities at very low concentrations of Sr (x = 0.001). The concentration of charge carriers did 

not correspond to the Neel temperature for this strontium concentration. These authors were able 

to show that, near this concentration, the distribution of strontium impurities over the sample is 

extremely inhomogeneous, and the sample tends to form metallic superconducting inclusions. 

Moreover, in a recent work [30] it has been observed that the charged carriers (electrons) disap-

pear for a certain level of doping in the low temperature behavior of the compounds Tl2Ba2CuO6+d 
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and Bi2Sr2CuO6+d, we point out that this could be due to the tiny MN gap [14, 17] gap observed in 

figures 2 and 3.  

To finalize, we add a few words about the dimensionality of the scattering space(2D/3D) and the 

shape of 𝜏−1() following figure 2 in [32]. For 3 D models that take into account the kz component, 

we know that the geometrical behavior of  𝜏−1() will be more complicated (self-consistency is not 

taken into account in a 3D analysis). In general, we can show that in that case, the energy depend-

ence of the superconducting lifetime comes from the reduced phase volume of scattering states be-

cause of the presence of SC gap, and the frequency dependence of 𝜏−1() is explained by the total 

3D energy spectrum  𝜖(𝑘) =  √𝜉𝑘
2 + Δ𝑘

2 . In 3D, isolated zeros of 𝜖(𝑘) at given k with a linear energy-

momentum relation in the vicinity of the zeros gives rise to the linear low energy behavior, saddle 

points in 𝜖(𝑘) give rise to logarithmic Van Hove singularities, and local maxima at certain k  give rise 

to a step like feature.  

In 2D, we, however, do not observe 3D minimax geometrical effects in reduced scattering space, but 

with the aim of the self-consistency, the following effects can be appreciate:  1.  The sudden drop of 

the inverse lifetime value to zero, which is due to the appearance of the tiny gap in the spectrum for 

a triplet OP in the unitary limit. 2. An almost constant scattering lifetime for small + in a singlet OP 

for the unitary limit.  

 

6. Conclusion 
 
This work was aimed at comparing the behavior of the inverse of superconducting lifetime 
(2𝜏)−1() shape in the unitary limit, when the quasiparticles are dressed by a non-magnetic im-
purity potential, for the case of two nodal/quasinodal OPs, -the line (Scalapino [7]) and the tiny gap 
(Miyake and Narikiyo [14]) models, using a 2D anisotropic TB parametrization. Despite, we focused 
our study on the unitary state, we took into account non-magnetic disorder phenomena in a self-
consistent way, which is a subject of interest for both theorists and experimentalists at this mo-
ment, following our approach in agreement with [35] 
  
In sections 2, 3, 4, and 5, the behavior of the dressed function (2𝜏𝑈)−1(̃(), Γ+) in the unitary limit 
was numerically computed self-consistently for five values non-magnetic disorder potential 𝑈0 ≫

1, starting with very diluted to optimal + disorder values (+ = 0.01, 0.05, 0.10, 0.15, 0.20) [meV]. 
   
The results were visualized in figures 1, 2, and 3, noticing the following remarks: 
 

 There is a unique signature among the two types, the zero frecuency maximum of the func-

tion (2𝜏𝑈)−1(̃(), Γ+) for all values of the concentration parameter + in the unitary limit. 

  For the lines nodes model, the shape of (2𝜏𝑈)−1(̃(), Γ+) does not change for the five values 

of +. The lifetime is well-behaving, in the sense that there won´t be any changes in the 
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shape of the function for very small or, instead, reasonable amounts of non-magnetic dis-
order. Both kinds of quasiparticles are present in the nodal scattering phase space regions, 
supercarriers (bosons) and the low energy nodal excitations (fermionic), however at very 

low +
, mostly supercarriers will be present since (2𝜏𝑈)−1(̃(), Γ+) → 0. 

 For the triplet tiny gap (quasinodes) model, the shape of (2𝜏𝑈)−1(̃(), Γ+) changes among the 

five values of + used. The lifetime is well-behaving, for relatively high values of + (=0.10, 
0.15, 0.20) meV with both fermionic quasinodal and supercarriers in the reduced phase 

space, but if only a very small amount + = 0.05 meV of non-magnetic dirt is added, the 
function (2𝜏𝑈)−1(̃(), Γ+) becomes identical to zero for a tiny interval of energy as shown 
graphically from the simulation in figures 2 and 3. Therefore, there is a tiny gap in the energy 

interval  [0.7, 1.0] meV where only supercarriers (bosons) are present. 

 This can be thought of as anomalous behavior in the triplet model, which is no observed in 
the singlet model, and it could be interpreted phenomenological as an inhomogeneity effect 

when only a small amount of Sr atoms become a non-magnetic dirt (+ = 0.05 meV) and the 

superconductor is in the unitary limit (c=0 and l kF  ~  l a-1
  ~ 1 ). Higher values of dirt (+ ≥ 

0.10 meV) will smear out the effect observed in figures 2 and 3, mixing fermionic quasinodal 
particles and supercarriers. 

 Finally, a hypothesis proposed in [31] that the scattering lifetime in unconventional super-
conductors is almost constant has been shown valid in our numerical calculation for the 

yellow curve in figures 1, 2 and 3 at very low except around the small zero resonance 
interval. 

 
We, therefore, conclude that the 2D TB parametrization allowed us to formally study and com-
pare self-consistently (in the first B. z.) for the unitary limit in the reduced scattering space 
where the low energy scattering of classical quasiparticles [4, 33] is restricted to the nodal/qua-
sinodal regions of these two OP symmetries. In the unitary regime the mean free path and the 
lattice parameter are comparable, that is, l a-1

  ~ 1, and inhomogeneity and non-magnetic dis-

order studies are relevant. 
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