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Although many materials are used under extreme conditions, the effects of stress and strain
are often neglected in material studies, especially when studying the solubility or calculating the
diffusivity of substitutional or interstitial species. In this work, a general method based on first-
principles calculations and elasticity theory in fcc systems is presented to fill this gap. The case of
hydrogen in aluminum is investigated in detail as an application sample by comparing results from
the density functional theory (DFT) and the elasticity theory. Additional systems, Ni, Cu and Pd,
are also examined for hydrogen but in the framework of the elasticity theory only. Different types
of stresses, i.e. hydrostatic, multi-axial and shear stress, are investigated for comparison purposes.
The symmetry break induced by the loading is analyzed at the atomic scale by calculating the jump
rates, at macroscopic scale from computed diffusion coefficients. Equations of diffusion are developed
for each loading. Results show that the effect of loading on atomic parameters –insertion energies,
energy barriers, etc.– can be accurately captured by the elasticity theory in terms of elementary
parameters calculated using the DFT. Results show that the effect of stress is weak in the case of
hydrogen.

I. INTRODUCTION

Understanding the thermodynamic and kinetic pro-
cesses associated with the different species in a solid
solution is at the heart of many material science prob-
lems, as they address issues related to the prediction
of time evolution and ageing of structural materials. In
this work, hydrogen embrittlement (HE) is at the heart
of the question. Metals suffer from the deleterious ef-
fects of hydrogen, this limits their uses in many poten-
tial applications. There are plenty examples associated
with the HE in literature [1, 2]. Hydrogen embrittle-
ment of metallic systems is a rich and complex field of
research. Many mechanisms have been proposed to ex-
plain HE: models such as hydrogen-enhanced localized-
plasticity (HELP) [3–5], decohesion (HEDE) [6, 7] or the
adsorption-induced dislocation emission (AIDE) [8]. In
these models, the main factors responsible for the intra-
granular embrittlement of metallic systems are vacancies
[9, 10], dislocations [11], and structural defects [12]. Var-
ious theoretical works carried out in recent years on the
interaction of hydrogen with vacancies confirmed these
hypotheses and showed, for example, that depending on
experimental conditions, hydrogen-vacancy clusters can
form in large quantities, thus weakening the metal. For
instance, in the case of face-centered cubic metal systems
(i.e. Al, Ni, Pd), two behaviors were observed: either i)
these vacancy-hydrogen clusters have a low impact on
HE, as in nickel, (this would require very high hydrogen
concentrations at intermediate temperatures, i.e. 300-
600K, for the effect to be observable) [13–16], or ii) these
clusters have a high impact, as in the Al system (a very
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large amount of clusters even at low H concentrations)
[13, 17]. In the case of grain boundaries [14, 18, 19] or
dislocations [20] equivalent works were also carried out
to understand and investigate the interactions between
hydrogen and extended defects.

In these studies however, DFT calculations were al-
most always performed at zero pressure (stress-free), with
the aim of predicting hydrogen solubility and diffusivity
under normal pressure conditions. In the specific case
of fcc systems, i.e. copper [13, 21], palladium [13, 22],
aluminum [17, 23] and nickel [16], numerous studies were
carried out to evaluate the solubility as well as the dif-
fusivity of interstitials and particularly hydrogen. In
these studies, insertion sites as well as diffusion mech-
anisms were studied. There are even more sophisticated
studies where tunneling effects at low temperatures were
taken into account [24, 25]. However, real metal systems
are subject to external and internal mechanical stresses
(due to temperature, precipitates, grain boundaries, etc.)
which can be significant during fabrication steps and/or
service life.

The objective of this paper is twofold: on the one hand
to propose a simple way to evaluate the effect of stresses
on the solubility of H, and on the other hand to easily
calculate the effect of stresses on the diffusion coefficient.
This study is intended to be generalizable and directly
transposed to other interstitial species (carbon, oxygen
or nitrogen, for example) insofar as the processes at the
atomic scale are identical to those presented here, oth-
erwise adjustments will have to be made in particular
to calculate the diffusion coefficient. Recently, several
studies have been carried out to investigate the effect of
stresses [26]. However, these studies focused on either in-
vestigating deformations by means of DFT calculations
without correlating these results to the theory of elastic-
ity [27, 28], or conversely [29], or using this latter theory
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to study the solubility and diffusivity of insertion ele-
ments [17, 30]. Regarding bcc systems, Maugis [31–34]
published many studies using this coupling to investigate
the effect of stresses on phase transitions. Moreover, the
benefits of using the theory of elasticity to study defects,
or interstitials in the presence of extended defects, are
already documented in the literature [26, 35–38]. In the
case of fcc systems, there is no study using such an ap-
proach except a recent work on vacancies [39].

In this work, the DFT approach, which implies precise
but heavy numerical calculations, will be compared to
the theory of elasticity in continuous media. This latter
approach has the advantage of being able to characterize
the effect of a stress on the concentration and diffusion
coefficient of H in metals while requiring few quantities
calculated using DFT simulations. The theoretical case
of Al will help highlight the strength of this simplifica-
tion. Different types of loadings were studied: along one,
two or three main directions, hydrostatic stress, shear
stress and along the [111] direction. Diffusion equations
are given for all these cases. The case of the H diffusivity
was considered, taking into account only direct jumps
between octahedral sites and first neighboring tetrahe-
dral sites. Indeed, in previous studies [16], it was clearly
shown that direct jumps between two octahedral sites or
between two tetrahedral sites lead to a single transition
state, which is then a so-called second-order transition
state which only has a weak impact on the diffusion co-
efficient, even at high temperatures.

In order to do this, the article is organized as follows.
Section II is dedicated to the method. More particularly,
to how an applied stress leads to a lifting of degener-
acy on the diffusion coefficients. The elasticity approach
is then described in Section III. The DFT procedure is
presented in Section IV. Section V gathers parameters
used in the elasticity theory and ground-state properties
of fcc systems. Lastly, the effects of stress on solubility
and diffusivity in fcc metals are discussed in Section VI.

II. METHODOLOGY

This section summarizes the procedure for taking ac-
count of the effect of symmetry break, due to loading in
fcc systems, on the solubility and diffusivity of an inter-
stitial atom. The following results can be applied to any
interstitial species (i.e. H, C, N and O) that is stable in
octahedral and tetrahedral sites. The macroscopic diffu-
sion equations, as well as the atomistic mechanisms, are
therefore presented in different cases. From these results,
new interstitial diffusion equations in fcc distorted struc-
tures with symmetry break are discussed. Five loading
scenarios were considered: hydrostatic loading, uni-axial
loadings –in the [001] crystallographic direction and in
the [111] direction–, bi-axial and tri-axial loadings, and
shear loading in plane (001).

A. Hydrostatic loading

Under hydrostatic loading, the symmetry of the X-fcc
system is preserved, i.e. the structure still belongs to
space group 225, Fm3̄m, where X metal atoms occupy 4a
positions. Studies [13, 16, 23] show that, in fcc systems,
H atoms preferably occupy either octahedral (labeled o)
or tetrahedral (labeled t) sites. For each X atom, there
is one o site, located in a 4b sites, and two t sites in
8c. Atomic positions and the geometry of the system are
summarized in Table I.

To calculate the concentration of hydrogen in the
solid solution, CH(p, T ), Sieverts’ law [41] can be used.
CH(p, T ) depends on the external loading, here the pres-
sure p, and the temperature, T . It is also a function of
the insertion energies into the two sites, t and o. It is
therefore given by:

CH(p, T ) =

√
pH2

po

[
2 exp

[
−G

t
ins(p, T )

kBT

]
+ exp

[
−G

o
ins(p, T )

kBT

]] (1)

where Gsins(p, T ) is the Gibbs energy of hydrogen inser-
tion in the s site, i.e. in the t and o sites (see below).
The aim of this work is to rationalize each contribution
in order to calculate Gsins(p, T ) (see Sections III and IV).
Hydrogen atoms are here assumed to be dissolved in the
metal, in infinite limit dilution, in the insertion sites (t
and o) only. Clustering or segregation at dislocations
and grains boundaries were thus neglected. The expres-
sion also depends on the external pressure of the gas, pH2

(po is the pressure reference state equal to 1 atm). pH2

can be different from the stress p induced by the loading.
As found and described in earlier works [16, 17, 42], the

diffusion coefficient, D(p, T ), of the interstitial species in
fcc structures, valid when o and t sites are both stable,
is given by:

D(p, T ) =
a2(p, T )

2

Γot(p, T )Γto(p, T )

Γto(p, T ) + 2 Γot(p, T )
(2)

To obtain this expression, the Landman’s approach [43]
was used to obtain the diffusion coefficients. All details
are given in the work of David et al. [17]. a is the lattice
parameter of the cubic cell, which depends on p and T .
Γot (resp. Γto) corresponds to the jump rate of an H
atom leaving the o site and jumping directly into the
first-nearest t site (resp. from t to o), as displayed in Fig.
1. The jump rates, Γxy, are also a function of pressure
and temperature. Their expressions are [44]:

Γxy(p, T ) =
kBT

h

Zts(p, T )

Zx(p, T )
exp

[
−H

xy
m (p, T )

kBT

]
(3)

where Hxy
m is the migration enthalpy from x to y posi-

tions, Zts the (vibration) partition function for the tran-
sition state and Zx the partition function for the initial
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Table I. Wyckoff positions after loading [40]. a, b and c are the lengths of the primitive unit-cells. For convenience purposes,
the super-cells used for DFT simulations are based on the tetragonal representation of the cell, see Fig. 1.

sg 225 139 166-h 69 15

loading hydrostatic uni-axial [001]/ uni-axial along [111] orthorhombic shear

bi-axial [100]+[010] tri-axial

unit-cell

a 0 0

0 a 0

0 0 a


−a

√
2

2
a
√
2

2
c/2

a
√
2

2
−a
√
2

2
c/2

a
√
2

2
a
√
2

2
−c/2


 a

√
2

2
0 0

−a
√
2

4
a
√
6

4
0

0 0 c


a 0 0

0 b 0

0 0 c


 a 0 0

a cos(γ) a sin(γ) 0

0 0 c


Al 4a (0, 0, 0), 2a (0,0,0), 3a (0, 0, 0), 4a (0,0,0), 4d (1/4, 1/4, 1/2),

(1/2, 1/2, 0), (1/2, 1/2, 1/2) (2/3, 1/3, 1/3), (1/2, 1/2, 0), (3/4, 1/4, 0),

(1/2, 0, 1/2), (1/3, 2/3, 2/3) (1/2, 0, 1/2), (3/4, 3/4, 1/2),

(0, 1/2, 1/2) (0, 1/2, 1/2) (1/4, 3/4, 0)

o sites 4b (1/2, 1/2, 1/2), 2b (0, 0, 1/2), 3b (0, 0, 1/2), 4b (1/2, 1/2, 1/2), 4c (1/4, 1/4, 0),

(0, 1/2, 0), (1/2, 1/2, 0) (2/3, 1/3, 5/6), (0, 1/2, 0), (3/4, 1/4, 1/2),

(1/2, 0, 0), (1/3, 2/3, 1/6) (1/2, 0, 0), (3/4, 3/4, 0),

(0, 0, 1/2) (0, 0, 1/2) (1/4, 3/4, 1/2)

t sites 8c (1/4, 1/4, 1/4), 4d (0, 1/2, 1/4), 6c (0, 0, zc), 8f (1/4, 1/4, 1/4), 4e (0, ye, 3/4),

(3/4, 3/4, 3/4), (1/2, 0, 1/4), (0, 0, -zh), (3/4, 3/4, 3/4), (0, -ye, 3/4),

(3/4, 1/4, 1/4), (1/2, 0, 3/4), (2/3, 1/3, 1/3+zh), (3/4, 1/4, 1/4), (1/2, ye+1/2, 3/4),

(1/4, 3/4, 1/4), (0, 1/2, 3/4) (2/3, 1/3, 1/3-zh), (1/4, 3/4, 1/4), (1/2, 1/2-ye, 3/4)

(1/4, 1/4, 3/4), (1/3, 2/3, 2/3+zh), (1/4, 1/4, 3/4),

(3/4, 3/4, 1/4), (1/3, 2/3, 2/3-zh) (3/4, 3/4, 1/4),

(3/4, 1/4, 3/4), (3/4, 1/4, 3/4),

(1/4, 3/4, 3/4) (1/4, 3/4, 3/4)

Figure 1. Detail of atomistic jumps for each loading. From left to right: hydrostatic, uni-axial [001], uni-axial [111] and shear
(001) loading. Yellow spheres represent atoms of the fcc network, blue and red/pink spheres are the octahedral and tetrahedral
hydrogen sites, respectively.

position, i.e. x (either the o or t site). Z is linked to the
vibrational Gibbs energy (labeled v) through:

Gxv = −kBT lnZx (4)

given by

Gxv = kBT

∫ 3N∑
ν=1

∑
q∈BZ

δ(ω−ωxν (q)) ln

[
2 sinh

(
~ω

2kBT

)]
dω,

(5)

where ωxν (q) are the (real) frequencies in the wave vector
q and the mode ν, ∆Gxyv , the Gibbs energy difference
between the transition state, ts, and the initial state, x,
is defined by:

∆Gxyv = Gtsv −Gxv . (6)

In what follows, the effect of loading on ∆Gxyv was studied
in the hydrostatic case only.

The direct jumps between two first-nearest neighboring
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octahedral sites (1NN-o) and between two first-nearest
neighboring tetrahedral (1NN-t) sites were omitted for
all loadings considered here. The two transition states
are actually located in the same place. It is therefore
a second-order transition state, and an analysis of its
inter-atomic force constants (IFCs) shows two imaginary
frequencies. These jumps can then be neglected even at
high temperatures, see discussion in Ref. [16]. In the
present work, quantum tunnel effects [24, 25] were also
neglected for simplification purposes, but could be added.
As a first-order approximation, the thermal expansion
and anharmonicity were also neglected in this work.

B. Tri-axial loading

The next case covers a loading in three directions with
different amplitudes, {σii}i=x,y,z. The system belongs
to the orthorhombic space group No69, Fmmm. As in
the previous case, the primitive cell still contains one o
site (4b) and one t site (8f ), see Table I. The symmetry
break in the diffusion coefficient is due to the split in lat-
tice parameters, since the only jump considered between
first-nearest neighboring o-t sites is along the diagonal of
the orthorhombic lattice. The diffusion coefficients still
depend on Γto and Γot (which depend on {σii}) and ex-
press as follows:

Di =
a2
i

2

Γot Γto
Γto + 2 Γot

(7)

The anisotropy associated with the diffusivity (Ax−y =
Dy/Dx, for example) is thus a function of σii through
its dependence on lattice parameters {a, b, c}. Ai can be
approximated in terms of the shear modulus, C′ and σii:

Ax−y =
[
b
a

]2 ' 1 +
σyy−σxx

C′

Ay−z =
[
c
b

]2 ' 1 +
σzz−σyy

C′

Az−x =
[
a
c

]2 ' 1 + σxx−σzz

C′

(8)

The effect on the symmetry break is therefore solely geo-
metrical, the Ai do not depend on the interstitial species
in a first-order approximation (in the o and t sites, the
deformation induced by hydrogen is isotropic), but de-
pends on the stiffness of the metal only.

From these general equations, relations in the case uni-
axial (along the z direction, for instance) or bi-axial load-
ings (along x and y simultaneously, with the same mag-
nitude, i.e. [100]+[010]) can be deduced. In these cases,
the fcc system evolves into a tetragonal structure. The
system thus belongs to space group 139, I4/mmm (tI2
prototype).

In the case of a uni-axial [001] loading, σzz, according
to the x, y and z directions, the corresponding diffusion
coefficients are: Dx,y(σzz) = a2

2
ΓotΓto

Γto+2 Γot

Dz(σzz) = c2

2
ΓotΓto

Γto+2Γot

(9)

a and c are lattice parameters in the x (or y) and z direc-
tions, respectively. All quantities depend on the applied
stress σzz. The anisotropy can therefore be expressed as
a function of the shear modulus, C′, and σzz:

A001 ' 1 +
σzz
C′

(10)

Equations in the case of a bi-axial stress can be easily
deduced from these equations by replacing the loading
along [001] with a loading along [100]+[010] directions.

C. Uni-axial [111] loading

The following case concerns a uni-axial loading along
the [111] direction, i.e. perpendicular to the dense planes.
The fcc structure can then be viewed as a structure be-
longing to space group No166, R3̄m. Two representa-
tions [40] are possible: either with hexagonal symmetry
or with rhombohedral symmetry. For simplification pur-
poses, the first representation was chosen.

The lattice characterized by its two parameters ah and
ch, will be stressed along the ch axis, as shown in Fig. 1.
In this new space group, the number of equivalent t and
o sites per X atom is still two and one, respectively, see
Table I. The octahedral sites are symmetrically located in
the 3b position, while there is now one degree of freedom
for the tetrahedral sites, zh, located in the 6c Wyckoff
positions. In the present case, zh was set to 0.5. Tests
(displacements and phonon) were performed to confirm
this value.

To move an atom from an o site to the nearest neigh-
boring t site, there are now two distinctive atomic jumps,
as illustrated in Fig. 1: along the o1 − t1 direction, asso-
ciated with frequencies Γo1t1 and Γt1o1 , and along o1−t4,
with Γo1t4 and Γt4o1 . When the ratio ch/ah is equal to√

6, fcc symmetry is restored, so the two jumps become
equivalent. Their new expressions are (here X, Y and Z
refer to the axis of the new representation, X and Y in
the basal plane and Z along the ch direction):

DX,Y =
2a2h
3

Γo1t4Γt1o1+Γo1t1Γt4o1+6Γo1t4Γt4o1

2Γo1t1
+6Γo1t4

+Γt1o1
+3Γt4o1

DZ =
c2h
3

Γo1t4Γt1o1+Γo1t1Γt4o1

2Γo1t1
+6Γo1t4

+Γt1o1
+3Γt4o1

(11)

The anisotropy of diffusion, A111[σ] = DZ

DX,Y
, is thus

expressed as:

A111 =
1

2

[
ch
ah

]2
Γo1t4Γt1o1 + Γo1t1Γt4o1

Γo1t4Γt1o1 + Γo1t1Γt4o1 + 6Γo1t4Γt4o1
(12)

Here, the anisotropy depends not only on lattice param-
eters but also on jump rates. As a first-order approxi-
mation, the effect of geometric effect can be expressed as
(cf. Eq. 23 below):[

ch
ah

]2

' 6

(
1 +

σ111

C44

)
. (13)
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D. Shear loading

Under shear loading, the cubic symmetry evolves into a
monoclinic space group 15 (C2/c). We considered a pure
shear loading in the xy plane, resulting in a change in
the angle γ between axes x and y. Unit-cell parameters
and Wyckoff positions are summarized in Table I. There
is still one octahedral site (in the Wyckoff position 4c)
but there are now two non-equivalent tetrahedral sites,
both in the 4e Wyckoff position, labeled 4e1 and 4e2.
Four jumps are therefore necessary to describe atomic
jumps. For example, between sites 4c and 4e1 (resp. 4e2)
there are two distinct jumps, a short one (S ) and a long
one (L), written ΓS and ΓL, respectively. The general
equations, that include all degrees of freedom of the two
t sites, are complex (a total of 8 jump rates). When
considering the special case ye1 = 0.5 and ye2 = 0.0,
which corresponds to H atoms occupying t sites in the
middle of the “tetrahedral volumes” diffusion coefficients
can be simplified as follows:

Dx,y =
a2

4

(
ΓLot + ΓSot

)(
ΓLto + ΓSto

)
2 ΓLot + 2 ΓSot + ΓLto + ΓSto

(14)

Dz =
c2

2

ΓSotΓ
L
to + ΓLotΓ

S
to

2 ΓLot + 2 ΓSot + ΓLto + ΓSto
(15)

Here, the reasonable hypothesis is that e1 and e2 sites
give the same jump rates, i.e. ΓLot1 = ΓLot2 .

The anisotropy coefficient, As = Dz/Dx,y, can be thus
determined (as a function of the γ angle):

As[γ] = 2
[ c
a

]2 ΓSotΓ
L
to + ΓLotΓ

S
to

(ΓLot + ΓSot)(Γ
L
to + ΓSto)

(16)

In the absence of shear stress, i.e. when γ = π/2, ΓLto =
ΓSto and ΓLot = ΓSot, As is thus equal to one.

III. ELASTICITY THEORY

The elasticity theory succeeds in describing how ap-
plied stresses affect the enthalpies involved in the solu-
bility and diffusivity of point defects in a crystal [45–47].
Several works already use this approach to study the dif-
fusion, the solubility of point defects or their interactions
with extended defects. [38, 48–51]. This requires only a
limited number of parameters, which can be obtained be-
forehand through DFT calculations. The validity of this
elastic theory approach is limited to the domain where
the relationship between stress and strain is linear (i.e.
low magnitude stresses). However, the validity remains
excellent for large stress magnitudes as seen below.

When theoretically studying the effect of a mechanical
loading, one can either set the strain tensor to a fixed
value (strain control) or, alternatively, set the stress ten-
sor (stress control). The latter option best describes real
mechanical tests applied to a single crystal, and has been

chosen here. In this case, the stress dependency of the en-
thalpy functions that describe diffusion thermodynamics
can be calculated [32, 39].

A. Solubility

To study the effect of a stress tensor σ applied to
a crystal on the insertion enthalpy of hydrogen, the
hydrogen-stress interaction energy was taken into ac-
count via (in Einstein’s notation):

Hs
ins(σ) = Usins(0)− Vsijσij . (17)

Usins(0) is the insertion energy of hydrogen in site s (t or
o) in the absence of stress. Vs is the relaxation volume
tensor of hydrogen in site s. It is related to the elastic
dipole tensor Ps through:

Vsij = SijklPskl (18)

where S is the elastic compliance tensor of the crystal,
inverse of the stiffness tensor C. Components of Ps and
C were computed using DFT calculations, see Tables II
and III.

B. Diffusivity

To take into account the applied stress in the migra-
tion mechanism, the migration enthalpy from o to t was
written:

Ho-t
m (σ) = Uo-tm (0)− (Vtsij − Voij)σij . (19)

The difference ∆Vo = Vts − Vo between the transition
state ts and the initial position o is the migration vol-
ume tensor. It is related to the migration dipole tensor
through ∆Voij = Sijkl∆Pokl. Uo-tm (0) is the zero-stress case
migration energy, it is equal to

Uo-tm (0) = U tsins(0)− Uoins(0). (20)

For the migration enthalpy from t to o, Ht-o
m (σ), corre-

sponding equations can be obtained similarly.

C. Effect on lattice parameters

As shown above, the symmetry break of the hydro-
gen diffusion coefficient is partly due to the symmetry
break in the lattice parameters. Elasticity can capture
this evolution with the strain–stress relationship

εij = Sijkl(σkl + Pkl/V ). (21)

In this equation, the first term is the strain response to
the applied stress tensor, while the second term is the
homogeneous strain induced by the interstitial H atom
present in the DFT super-cell of volume V . From Eq.
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21, the lattice parameters of the conventional cell can be
extracted via ai = a0(1 + εii), where a0 is the lattice
parameter of the stress-free hydrogen-free crystal.

In the case of uni-, di- and tri-axial loadings, lattice
parameters are written as a function of the normal stress
components σii:

a = a0

(
1 + (C11+C12)σ11−C12(σ22+σ33)

6BC′ + P11

3BV

)
b = a0

(
1 + (C11+C12)σ22−C12(σ11+σ33)

6BC′ + P11

3BV

)
c = a0

(
1 + (C11+C12)σ33−C12(σ11+σ22)

6BC′ + P11

3BV

) (22)

Cij are the stiffness constants of the crystal, B = (C11 +
2C12)/3 is the bulk modulus and C′ = (C11−C12)/2 is the
shear modulus.

Similarly, the lattice parameters of the hexagonal cell
are given as a function of the stress σ111 applied along di-
rection [111] of the conventional cell (i.e. direction [0001]
of the hexagonal cell): ah[σ111] =

√
2

2 a0

(
1 + 1

3

(
1

3B −
1

2C44

)
σ111 + P11

3BV

)
ch[σ111] =

√
3a0

(
1 + 1

3

(
1

3B + 1
C44

)
σ111 + P11

3BV

)
(23)

In the case of a pure in-plane shear stress in plane
(001), the lattice parameters are uniformly modified by
the H insertion, but remain insensitive to the applied
shear stress:

a = b = c = a0

(
1 +

P11

3BV

)
. (24)

IV. DFT APPROACH

First-principles calculations were carried out, to be
confronted with the elasticity theory, to identify limi-
tations, and compute elementary parameters presented
above. Insertion and migration energies were com-
puted using the Vienna ab initio simulation package
(VASP) [52]. The self-consistent Kohn-Sham equa-
tions were solved using the projector augmented wave
(PAW) pseudo-potentials [53, 54], and the Perdew-
Burke-Ernzerhof (PBE [55]) exchange and correlation
functional. The plane-wave energy cut-off was set to 600
eV. Calculations were conducted on 2×2×2 super-cells,
i.e. 32 atoms, except those for the uni-axial [111] loading
(hexagonal 3×3×2 super-cells, i.e. 54 atoms) and those
executed to obtain the data listed in Table III. In the first
super-cell, the Brillouin zone was sampled by Γ-centered
12×12×12 Monkhorst-Pack meshes [56]. Tests were car-
ried out with finer grids 24×24×24. Compared results
show that the difference is small, under 1%. Some tests
were also performed to evaluate the effect of the size of
the supercells used: thus some calculations were made
on larger supercells (3x3x3, i.e. 108 atoms per unit cell)
in the case of hydrostatic deformation where the effects
are the most pronounced (see below). The results show

a weak dependence of the effect of the cell used. The
lattice and ion relaxations were carried out by using a
conjugate-gradient algorithm.

The components of the stress tensor were chosen and
fixed depending on the loading considered. Atomic forces
were minimized to a value below 0.005 eV/Å. For exam-
ple, in the case of a uni-axial loading in direction [001],
different values of stress σzz were imposed, and the other
components of the stress tensor were set to zero. At the
end of the simulations, a set of DFT energies and lattice
parameters were obtained and fit according to σzz.

The insertion enthalpy in a s site, Gsins, thus writes:

Gsins(σ, T ) = Usins(σ, T ) +Gsins,v(σ, T )− V σijεrel
ij (25)

where Usins is the internal energy, Gsins,v the vibrational
Gibbs energy of insertion, V the volume of the super-cell
and εrel

ij the uniform strain resulting from relaxation. All
quantities were computed for the same loading. Usins can
then be expressed in terms of DFT energies, E0, with
and without hydrogen in s and hydrogen energy of the
H2 molecule, E0[H2], as:

Usins(σ, T ) = Ebulk+H
0 (σ, T )− Ebulk

0 (σ, T )

−1

2
E0[H2]

(26)

Gsins,v is given by:

Gsins,v(σ, T ) = Gbulk+H
v (σ, T )−Gbulk

v (σ, T )

−1

2
µ[H2](T )

(27)

with Gv, the Gibbs energy of the bulk with and without
hydrogen, and µ[H2](T ) the chemical potential of H2 in
the equilibrated gas. The chemical potential writes as:

µ[H2](T ) =
1

2
~ω[H2]− kBT

[
3

2
ln

(
T

At

)
+ ln

(
kBT

po

)
− ln

(
1− e−Θvib/T

)
+ ln

(
T

σΘrot

)
+ ln(qe) + 1

]
(28)

where At = h2/2πmkB , Θvib = hν/kB , Θrot =
~2/2IrkB , m = 2M (M atomic mass) and Ir =
Md(H2)2/2 the moment of inertia of H2. The first term
corresponds to the zero-point energy, the second to the
translational components of the partition function of the
(H2) molecule, ln

(
1− e−Θv/T

)
to the vibrational compo-

nent, ln (T/σΘr) to the rotational one and qe to the elec-
tronic component. The parameters used in the present
work are: ω[H2] = 540 meV, At = 151 10−20 K·m2,
Θv = 6266 K (6331 K [57]), Θr = 85.5 K (87.6 K
[57]), Ir = 0.047 10−46 kg·m2, d(H2) = 0.75 Å, σ = 2
and qe = 1. The regular formula [57] contains a term
that depends explicitly on partial pressure H2, pH2

, i.e.
+kBT ln(pH2

). Here, it was already included in the pref-
actor of the concentration formula, Eq. 1 hence the term√
pH2

/po.
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To study migration processes, CLIMB-NEB simula-
tions [58] were conducted on 2×2×2 super-cells with the
same stress. The energy of the transition state was then
computed with a 600 eV energy cut-off and 12×12×12 k-
meshes to sample the first-Brillouin zone. The phonopy
package [59] was then used to compute the inter-atomic
force constants (IFCs) of stable and transition states.
Gibbs energies, given in Eq. 5, were then computed using
20×20×20 q-meshes.

V. PRELIMINARY RESULTS

To use the theory of elasticity, different parameters
calculated at zero pressure are required: the insertion
energy, Eins, the migration energies, Em, the attempt
frequencies, Γot and Γto, the lattice parameter, a0, the
elastic constants, C, and the elastic dipoles, P for each
site, i.e. o and t sites, and when the H atom is in the tran-
sition state. In this section, these various parameters are
presented and discussed.

A. Ground-state parameters of phases

Data on the four fcc systems (Al, Ni, Cu and Pd)
are gathered in Table II, i.e. lattice parameters, a0, and
elastic constants (calculated using DFT on the primitive
cell), Cij .

Table II. Lattice parameters, a0 in Å, and elastic constants,
Cij in GPa, of Al, Ni, Cu and Pd systems. The first num-
ber is the value calculated in this work, the second num-
ber corresponds to experimental values. From these data
the bulk modulus, B = (C11 + 2C12)/3, and shear modulus,
C′ = (C11 − C12)/2, were also computed.

Al [60] Ni [60, 61] Cu [60, 62, 63] Pd [60, 64]

a0 4.04/4.05 3.52/3.52 3.62/3.61 3.94/3.87

C11 105/116 272/253 193/168-173 202/234

C44 33/31 125/122 85/61-76 60/71

C12 65/65 158/158 134/118-129 153/176

C′ 20/25 57/47 29/24 25/29

B 78/82 196/189 154/138 169/181

DFT results are found in excellent agreement with ex-
perimental and theoretical values [60–64]. These DFT
values will be used in the remainder of this work, to cal-
culate the compliance tensor, S.

B. Stress-free DFT parameters

Results on hydrogen insertion and migration will now
be discussed. Parameters for H atoms were obtained on
large super-cells (up to 6×6×6 primitive cells, i.e. 216

atoms, for Al, and 3×3×3 cubic cells for the other sys-
tems), they are summarized in Table III. To quantify the
effect of the size of the super-cell used, values correspond-
ing to intermediate-size super-cells are also reported.

At zero-pressure, results show that in the Al system,
H atoms occupy preferentially t sites in agreement with
literature findings [13, 23], whereas in Ni [13, 16, 23], Cu
[13, 16, 23] and Pd [13, 16, 22] systems, H atoms prefer o
sites. In the case of Al and Pd, the difference between o
and t sites is low, less than 150 meV. In all configurations,
zero-point energies (ZPEs) were evaluated from the IFCs,
values are given in Table III. These results also confirm
that both sites are stable for all systems. On the other
hand, ZPE values are low and do not change the relative
stability of t and o sites. In the case of Al, the ZPE
decreases the energy difference between the o and t sites,
without modifying their relative stability.

Concerning the migration process, as explained in Sec-
tion II, at ambient pressure, the main atomic jump is be-
tween first-nearest neighboring o and t sites. Indeed, for
the two other jumps, i.e. between 1NN-o and 1NN-t, the
transition states are located in the same position, which
is therefore a second-order transition state [16]. The en-
ergy barriers between o-t sites, Um, listed in Table III
are equivalent to those found in the theoretical literature
[16, 23, 42] but also in excellent agreement with experi-
mental data: 0.435 eV in Cu [21], 0.410 eV in Ni [65] and
0.226 eV in Pd [66].

From data given in Table III, the values calculated at
constant pressure (zero) and at constant volume can also
be compared. The results show that, on large super-
cells, unrelaxed calculations (constant volume calcula-
tions) provide accurate results. But the difference be-
tween the two approaches is always small whichever the
super-cell used. This is specific to hydrogen. It comes
from the fact that inserted hydrogen atoms generate
small local distortions. Indeed, the values of the compo-
nents of the elastic tensors are low. For other interstitial
species (C, N or O), this effect should be stronger.

In the rest of the study, these insertion and migration
energy values will be considered as the stress-free refer-
ence parameters.

In addition to these parameters, new data are listed
in Table III: elastic dipoles, P , relaxation volume tensor,
V , interaction energies with periodic images, Ep, and vol-
umes of relaxation, Vrel. They quantify the elastic effects
of the insertion. They were calculated either within the
framework of the elasticity theory or directly from DFT
simulations. The elastic and relaxation volume tensors
were obtained using the Varvenne method [36] from the
DFT values of the residual stress for the calculations per-
formed at fixed volume (that of the perfect system) and
from the elastic constants C of the metal given in Table
II. Ep, the correction energy due to the periodic images
is as low as a few meV for the three configurations (o,
t and transition states) even for small super-cells. For
both t and o sites, P and V , are diagonal and conserve
the cubic symmetry. For the tensors of the transition
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Table III. Elastic dipole (P, in eV), relaxation volume tensor (V, in Å3), insertion energy (Uins, in meV), relaxation volume
(Vrel, in Å3), migration energy (Um, in meV), interaction energy with periodic images (Ep, in meV) and the zero-point energy
(ZPE, in meV) of the four fcc systems. The values calculated at either constant volume (labeled †) or constant pressure
(stress-free) are both summarized below.

nb atom P V Uins ZPE Ep Vrel (DFT/elas.) Um

Al o site

32

108

216

1.40 · I
1.36 · I
1.28 · I

0.95 · I
0.93 · I
0.87 · I

817†/813

827†/826

819†/800

-78†/-68

2

2

< 1

2.8/2.9

2.8/2.8

2.3/2.6

89†/82

69†/65

t site

32

108

216

2.25 · I
2.23 · I
2.15 · I

1.53 · I
1.52 · I
1.46 · I

743†/733

725†/721

697†/695

5†/13

6

6

1

4.6/4.6

4.7/4.6

4.0/4.4

164†/162

191†/170

ts 216

 2.26 −0.27 −0.27

−0.27 2.26 −0.27

−0.27 −0.27 2.26


 1.54 −0.65 −0.65

−0.65 1.54 −0.65

−0.65 −0.65 1.54

 888/865 - 1 -/4.6 -

Ni o site
32

108

2.75 · I
2.73 · I

0.75 · I
0.75 · I

68†/77

75†/77
5†/24

5

1

2.4/2.2

1.9/2.2

408†/420

406†/410

t site
32

108

4.09 · I
4.08 · I

1.11 · I
1.10 · I

329†/349

336†/341
85†/112

10

3

3.5/3.3

3.7/3.3

147†/148

145†/146

ts 108

 4.14 −1.06 −1.06

−1.06 4.14 −1.06

−1.06 −1.06 4.14


 1.13 −0.68 −0.68

−0.68 1.13 −0.68

−0.68 −0.68 1.13

 481/487 - 4 -/3.4 -

Cu o site
32

108

2.55 · I
2.56 · I

0.88 · I
0.88 · I

443†/461

421†/442
-13†/-5

6

2

3.0/2.7

3.0/2.7

287†/335

324†/351

t site
32

108

3.76 · I
3.69 · I

1.31 · I
1.28 · I

597†/651

610†/656
69†/86

13

4

3.7/3.9

4.7/3.8

134†/145

135†/137

ts 108

 3.76 −0.76 −0.76

−0.76 3.76 −0.76

−0.76 −0.76 3.76


 1.31 −0.26 −0.26

−0.26 1.31 −0.26

−0.26 −0.26 1.31

 745/793 - 5 -/3.9 -

Pd o site
32

108

2.77 · I
2.75 · I

0.87 · I
0.87 · I

−114†/− 106

−121†/− 107
-83†/-70

5

1

2.6/2.6

2.6/2.6

156†/166

162†/154

t site
32

108

4.21 · I
4.16 · I

1.33 · I
1.31 · I

−68†/− 51

−80†/− 63
38†/60

12

3

4.0/4.0

4.0/3.9

110†/111

121†/110

ts 108

 4.29 −0.73 −0.73

−0.73 4.29 −0.73

−0.73 −0.73 4.29


 1.35 −0.98 −0.98

−0.98 1.35 −0.98

−0.98 −0.98 1.35

 41/47 - 4 -/4.1 -

states, the only off-diagonal contribution is small.

The comparison between the insertion in t and o sites
shows that t sites induce the strongest elastic effects.
These results are consistent with the fact that the free
volume of each configuration is smaller in t sites than
in o sites. It should also be noted that DFT results are
remarkably reproduced by the elasticity theory.

It is interesting to discuss the effect of box size on
the results. Indeed, in the case of Al studied thoroughly
below, the DFT results obtained on 2×2×2 super-cells
are compared to elasticity theory results calculated from
DFT parameters obtained on larger super-cells, i.e. 216
atoms. The difference between the results obtained from
these two cell sizes is relatively low but exist nonetheless.
It is about 5-10% for Al, and is lower for other metals.
The analysis will therefore be performed with the Pij

values of the largest boxes.

C. Elasticity theory results

The parameters used for the elasticity theory were de-
termined from the values calculated in the framework of
the first-principles theory. The Al system was used as the
reference system. The transition state relaxation tensor
for H in Al, computed using the elasticity theory from
the DFT dipole tensor, Table III in Å3, is equal to:

Vts =

 1.54 −0.65 −0.65

−0.65 1.54 −0.65

−0.65 −0.65 1.54

 . (29)
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The components of tensor Vts computed using elastic
dipoles are close to those calculated directly from DFT
simulations, see Table III.

From these parameters, a linear correction of the stress
effect on insertion and migration enthalpies was calcu-
lated using equations summarized in Section III. Results
for the different loadings are gathered in Tables IV and
V. These results are discussed below.

VI. DISCUSSION

A. Hydrostatic loading

Among the different loadings tested, hydrostatic load-
ing produces the strongest effect. From an experimental
standpoint, the range of hydrostatic stress has no limit,
contrary to others loading. The maximal pressure is only
limited by phase transitions. In the case of Al, the in-
sertion in t and o sites and the migration enthalpies of
H between o to t sites (without the zero-point energy),
are depicted in Fig. 2 (top) as a function of pressure,
p = −σii/3.

When the system is under compression (resp. tension)
i.e. p > 0 (resp. p < 0), the enthalpy of insertion in-
creases (resp. decreases), see top plot in Fig. 2. The
available space for the H atom is directly related to the
applied stress, as illustrated by the evolution of the lat-
tice parameter shown in Fig. 2 (amod = ao(1 − p

3B )).
It is therefore more difficult to insert H into Al under
compression than under tension.

Furthermore, the relative stability of o and t sites un-
der pressure can be analyzed. In the Al system, t sites
are more stable than o sites at ambient pressure, as seen
earlier. In Fig. 2 (middle plot), the enthalpies of insertion
in t and o sites are also represented taking into account
the ZPE values given in Table III. The ZPE should show
little dependence on p, see above. The enthalpy differ-
ence between the two configurations increases as p de-
creases. At negative pressures, the stability of t sites is
then maintained: they remain more stable than octahe-
dral sites. However, when the pressure is greater than
about +1 GPa, o sites become more stable than t sites.
Anticipating the results below, this effect is specific to
the Al system, where pressure switches the relative sta-
bility of the sites. In the other fcc systems, the influence
of p is too small and the difference between o and t sites
is too high to be compensated by p.

It can also be noted that below about -5 GPa, the
octahedral sites become unstable and three imaginary
frequencies appear (not shown here), which has a direct
impact on the diffusion coefficient of hydrogen, since the
tetrahedral sites are the only stable configurations re-
maining. Therefore, octahedral sites, with their three
imaginary frequencies, are not transition states. For sim-
plification purposes, this aspect was neglected here when
discussing diffusion coefficients.

The variation in enthalpy is mainly due to the work

Figure 2. Top plot: formation and migration enthalpies in
Al as a function of hydrostatic pressure p, calculated at 0K
without the ZPE. Two results are presented for the elasticity
theory: with the elastic tensor calculated on 2×2×2 (dashed
lines) and on 3×3×3 super-cells (solid lines). Two results are
also presented for DFT results: on 2×2×2 (solid lines) and on
3×3×3 super-cells (dashed lines). Middle plot: enthalpies of
formation including the ZPE. Bottom plot: lattice parameter
evolution in the Al system as a function of p, DFT-elasticity
theory comparison, Eq. 22.

of the applied pressure (second term in the right-hand
side of Eqs. 17 and 19), because the internal energy
does not depend much on the pressure. This observa-
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tion/phenomenon was also confirmed for vacancies [39].
The change in migration enthalpy due to the applied
pressure is thus expressed as ∆Hm = p∆V where the
activation volume for migration is ∆V = tr(∆V). For
aluminum, values from Table V lead to ∆V o-t = 2.01 Å3

and ∆V t-o = 0.23 Å3. Hence, the o-t migration barrier
is much more sensitive to the applied pressure than the
t-o migration barrier, see Fig. 2 (top).

As both migration volumes are positive, the enthalpy
barriers increase with increasing pressure. It can be in-
ferred that compression slows down hydrogen diffusion
(energy barriers increase), whereas under traction, on
the contrary, down to -5 GPa, energy barriers decrease
quickly. When p < -5 GPa, the migration enthalpy, Hm

from o to t, becomes negative. This result should be
put in perspective with the fact that o sites are unsta-
ble under these pressures. For higher pressures, different
atomic jumps will have to be considered since this has
already been observed in the case of oxygen diffusion in
the Al system [17]. As explained above, DFT simula-
tions were performed on two super-cell sizes: 2×2×2 and
3×3×3. Fig. 2 gathers the results. They clearly show
that the main effect of the box size is a constant shift of
the solubility energy curves. The slopes are however simi-
lar. In the case of hydrogen, where the insertion energy is
small, the use of small super-cells is therefore sufficiently
accurate to capture the physics.

The effect of pressure on the vibrational enthalpy of
insertion and migration was then also investigated using
DFT simulations. In the case of hydrogen, the vibra-
tional contribution is indeed not negligible. From inter-
atomic forces computed at different pressures, Gsv were
computed and, results are plotted in Fig. 3. It can be
seen that, whichever the applied pressure, the vibrational
Gibbs energy of insertion varies slightly, contrary to the
vibrational Gibbs energy of migration. In the case of mi-
gration, there is a small effect, except in one case (for
the jump from o to t) where a maximum variation of
about 50 meV between 0 and 6 GPa is observed at high
temperatures. It is reasonable to assume, in first-order
approximation, that this will only have a limited effect on
the hydrogen diffusion coefficient. As a first approxima-
tion, the vibrational effects of pressure will be assumed
negligible and neglected. Stress-free vibration enthalpies
will therefore be used to compute concentration and the
diffusion coefficient.

Elasticity theory and DFT calculations can now be
compared. In Fig. 2, the elastic results based on data
pooled in Table IV and V are superimposed on the DFT
results. The elastic model accurately reproduces the ef-
fect of stress when the system is hydrostatically loaded.
By examining the results in detail, the effect of pressure
on o and t sites is in excellent agreement with the DFT
simulations, even quantitatively speaking. The main dif-
ference can be found in the slopes of the energy barriers,
where values are in lesser good agreement. It should be
noted that the values listed in Tables IV and V were ob-
tained using the elastic tensor values taken for 6×6×6

Figure 3. Vibrational formation, Go and Gt, (top) and mi-
gration, Gt-o and Go-t, (bottom) vibrational Gibbs energy as
a function of p (hydrostatic stress), calculated for 4 tempera-
tures: 0, 300, 600 and 900 K.

super-cells for Al, whereas the DFT calculations were
performed on small super-cells (2×2×2). To quantify the
effect of super-cell size, the values of the elastic tensors
corresponding to super-cells of the same size (2×2×2)
were also used in the elasticity theory. From these new
parameters excellent tuning can be obtained, as displayed
in Fig. 2 (top plot, dashed lines). This suggests that (i)
both approaches (DFT and elasticity theory) are in ex-
cellent agreement, (ii) the effect of stress can be repro-
duced on different types of super-cells, and therefore so
can reproduce the effect of concentration, (iii) parameters
obtained from large super-cells improve the accuracy of
predicted values, and (iv) the validity range of the elas-
ticity theory is obtained until ±2 GPa but can be used
on larger pressure ranges.

A general overview of other fcc systems can now be
obtained from the idea that theory of elasticity can well
replace much of the DFT simulations. Data are summa-
rized in Appendix A, Tables IV and V. Compared to Al,
it can be noted that in Ni, Cu and Pd systems, the effect
of pressure (slopes) is equivalent on hydrogen insertion
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Figure 4. CH [T, p]/CH [T, 0] as a function of temperature under different pressures in Al, Cu, Ni and Pd systems.

Figure 5. D[T, p]/D[T, 0] (log-scale) as a function of temperature under different pressures in Al, Cu, Ni and Pd systems.

energies but lower on energy barriers. However, since the dependency on p is low, one does not expect to have a
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significant effect on hydrogen concentration: an insertion
enthalpy variation of 0.1 eV requires a strong loading,
i.e. above ± 4 GPa. A qualitative comparison shows
that, contrary to what can be found in the Al system,
where the ZPE reduces the energy difference between in-
terstitial configurations thus modifying the relative site
stability with pressure, the other systems do not exhibit
this stability switch.

The evolution of hydrogen concentration and diffusiv-
ity as a function of temperature can now be analyzed. To
show the effect of pressure, the ratios CH [T, p]/CH [T, 0]
and D[T, p]/D[T, 0] were plotted in Figs. 4 and 5, for dif-
ferent values of p in the four systems, using the slopes
calculated with the elastic theory listed in Tables IV and
V, and Eq. 1 and Eq. 2: as hydrogen concentration
and diffusivity respectively. As expected, hydrogen solu-
bility and diffusivity increase (resp. decrease) when the
system is exposed to negative (resp. positive) pressures.
This is related to the fact that the activation volumes
for diffusion are both positive, ∆V o-t = 2.01 Å3 and
∆V t-o = 0.23 Å3. It can be seen that, for all fcc systems,
stress induces a similar effect on hydrogen diffusivity, ex-
cept when the Al system is under negative pressures, as
depicted in Fig. 5. The ratio D[T, p]/D[T, 0] is almost
constant. This is due to the fact that the energy barrier
to go from o to t is low and decreases rapidly to zero as
pressure rises.

It can be seen that for pressures in the range of ±
1 GPa, the effect is weak. Under traction, it can be no-
ticed that H atoms diffuse faster. For example, under
a stress of 6 GPa at room temperature, diffusion is at
least one order of magnitude higher, this acceleration is
however significantly reduced at higher temperatures. It
can therefore be deduced that if hydrostatic loading does
modify insertion energies and migration barriers, the ef-
fect occurs under high stresses only.

B. [001] and [100]+[010] loadings

The cases of [001] uni-axial and [100]+[010] bi-axial
loadings can be treated simultaneously. Results regard-
ing formation and migration enthalpies are plotted in
Figs. 6 and 7 respectively. Again data calculated using
the elasticity theory can be found in Tables IV and V
(without the ZPE).

First, it can be noted that for the two loads, the com-
plete calculation performed using DFT is in excellent
agreement with the model. The effect of σ is weak how-
ever. This is due to the low values of the P components.
Then, as expected from Eqs. 22, the lattice parameters
also evolve with loading, Fig. 6 and 7 (bottom). The
theory of elasticity thus reproduces this evolution accu-
rately. A contraction can be noted perpendicular to the
load, which will induce a symmetry break in the diffusion
coefficient of H.

The stress dependence of insertion and, to a lesser ex-
tent, of migration enthalpies is similar among all four

Figure 6. Evolution of formation and migration enthalpies
(top) and lattice parameters (bottom) as a function of stress,
σzz, in the case of uni-axial [001] stress.

metals. Concerning the symmetry break induced by
stress, it results from the symmetry breaking of lattice
parameters as explained above. For example, at 1 GPa,
the anisotropy, calculated using Eq. 10, is equal to about
3%. Anisotropy is therefore weak but present.

C. [111] loading

In this case, DFT results and the elasticity model are
again in excellent agreement. Comparison between DFT
simulations and the elasticity theory is depicted in Fig.
8. One notes that the elasticity captures the physics per-
fectly. The strain induces a small symmetry break in
the dense planes. Compared to a [001] loading, a loading
along [111] induces a smaller effect on anisotropy. This is
because for all systems investigated, the stiffness coeffi-
cient C44 used in Eq. 13 is smaller than the shear modulus
C′ used in Eq. 8, see Table II.

Energy barriers change very little, even for large values
of σ111. By taking into account the effect of the relation
given by Eq. 12 and 13, and by using the data listed in
Table V, the effect of stress on anisotropy can be quanti-
fied, see Fig. 9. At low temperature, anisotropy is equal
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Figure 7. Evolution of formation and migration enthalpies
(top) and lattice parameters (bottom) as a function of the
stress component, σxx, in the case of [100]+[010] stress.

Figure 8. Evolution of formation and migration enthalpies as
function of loading σ111.

to 2 (the most favorable case to observe anisotropy),
which means that diffusion is, at most, twice as fast in
the traction direction [111].

D. Tri-axial loading

This case was studied solely based on the elasticity the-
ory; no DFT calculations were performed. In case of a tri-
axial loading, the three diagonal components of the stress
tensor differ –σxx 6= σyy 6= σzz– and the off-diagonal com-
ponents are null. As the diagonal components differ, the
four jumps (along [111], [1̄11], [11̄1] and [111̄] directions)
should have different migration enthalpies under tri-axial
stress. Nevertheless, the corresponding migration volume
tensors all share the same diagonal component, i.e. ∆V11.
From Eq. 19, the effect of a tri-axial stress on the migra-
tion enthalpy does not depend on the type of jump. This
is true for o-t and for t-o jumps. The variation in migra-
tion enthalpy writes as:

∆Hm = −∆V11(σxx + σyy + σzz). (30)

We can see that the effect of the normal stresses is addi-
tive. It is thus a function of the hydrostatic pressure only
p = − 1

3 (σxx + σyy + σzz). Results are given in Appendix
A.

E. Shear loading

Lastly, the effect of pure shear loading is discussed
based solely on the elasticity theory. Data are summa-
rized in Tables IV and V. Shear loading does not induce
any change in the insertion enthalpy, ∆Hins = 0, because
the strain of H insertion is purely due to dilatation. The
slope of the migration enthalpy however shows an op-
posite change depending on the direction of the jump.
In the [111] and [111̄] directions migration enthalpy in-
creases with stress magnitude, whereas it decreases in the
[1̄11] and [11̄1] directions.

From the diffusion equation for small distortion, the
effect of a distortion on diffusion is here again, relatively
weak.

VII. CONCLUSION

This manuscript presents a comprehensive study of the
solubility and diffusivity of hydrogen in fcc systems us-
ing the theory of point defect elasticity. First-principles
calculations were used to test the validity of the the-
ory of elasticity for which only a few parameters are
required. DFT simulations were also used to provide
accurate data used in the elasticity theory calculations.
Different types of stresses were considered in this study:
hydrostatic loading, uni-axial loading ([001] and [111]),
bia-xial and tri-axial loadings, and shear stress. In each
case, the exact interstitial diffusion equations were pro-
posed and diffusion anisotropy was investigated. Results
showed that, in many cases, diffusion anisotropy is only
controlled by the symmetry break in lattice parameters.
This is specific to fcc systems.
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Figure 9. Evolution of anisotropy of hydrogen diffusivity as a function of loading σ111.

In the different cases studied, there is an excellent
agreement between DFT simulations and the elasticity
theory, and the validity range covers a wide range of
stress amplitudes, until ± 2 GPa. In the case of higher
stresses, however, the elasticity theory can still be used
with confidence. Results also show that the effect of
stress on vibrational properties is low and can be ne-
glected to simplify. The confrontation between the two
approaches shows that, for hydrogen, the elasticity the-
ory can be used as an excellent first-order approximation
theory. More specifically, quantitatively, the effect of a
mechanical stress on the solubility as well as on the diffu-
sivity of hydrogen is relatively weak, whichever the sys-
tem studied. This result is directly correlated to the low
values of the components of the elastic hydrogen tensor
in the different metal systems studied here. Moreover,
in the case of fcc, the symmetry break in the diffusion
coefficient is generally due to the breaking of the lattice
parameters during deformation, which is explained by
the symmetry of the elastic tensor, contrary to what can

be found in bcc systems [33, 35].

The study proposed here is intended to be used and di-
rectly transposed to other interstitials (C, O and N, for
instance) provided the atomic scale processes are identi-
cal to those presented here; otherwise adjustments will
have to be made, especially to calculate diffusion coeffi-
cients.
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Appendix A: Data

In this Appendix, data obtained from the elasticity
theory are gathered in Table IV and V.
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Table V. Octahedral to tetrahedral atom jumps. Migration dipole tensor (∆P, in eV) and migration volume tensor (∆V, in
Å3) for a jump in direction [111]. Changes in migration enthalpy (∆Hm, in eV) due to stress (p or σ, in GPa) for various jump
directions. From DFT calculations with 3×3×3 super-cell size and elasticity theory of point defects.

Jump from o to t sites

stress state Al Ni Cu Pd

∆P

 0.98 −0.27 −0.27

−0.27 0.98 −0.27

−0.27 −0.27 0.98


 1.41 −1.06 −1.06

−1.06 1.41 −1.06

−1.06 −1.06 1.41


 1.20 −0.76 −0.76

−0.76 1.20 −0.76

−0.76 −0.76 1.20


 1.54 −0.73 −0.73

−0.73 1.54 −0.73

−0.73 −0.73 1.54


∆V

 0.67 −0.66 −0.66

−0.66 0.67 −0.66

−0.66 −0.66 0.67


 0.38 −0.68 −0.68

−0.68 0.38 −0.68

−0.68 −0.68 0.38


 0.42 −0.72 −0.72

−0.72 0.42 −0.72

−0.72 −0.72 0.42


 0.49 −0.97 −0.97

−0.97 0.49 −0.97

−0.97 −0.97 0.49


hydrostatic ∆Hm +0.0125p +0.0072p +0.0078p +0.0091p

uni-axial [001] ∆Hm −0.0042σzz −0.0024σzz −0.0026σzz −0.0030σzz

bi-axial ∆Hm −0.0083σxx −0.0048σxx −0.0052σxx −0.0061σxx

uni-axial [111] ∆Hm [111] +0.0040σ111 +0.0061σ111 +0.0063σ111 +0.0091σ111

∆Hm [1̄11][11̄1][111̄] −0.0069σ111 −0.0052σ111 −0.0056σ111 −0.0071σ111

tri-axial ∆Hm −0.0042
∑
σii −0.0024

∑
σii −0.0026

∑
σii −0.0030

∑
σii

shear (001) ∆Hm [111][111̄] +0.0082σxy +0.0085σxy +0.0089σxy +0.0122σxy

∆Hm [1̄11][11̄1] −0.0082σxy −0.0085σxy −0.0089σxy −0.0122σxy

Jump from t to o sites

stress state Al Ni Cu Pd

∆P

 0.11 −0.27 −0.27

−0.27 0.11 −0.27

−0.27 −0.27 0.11


 0.06 −1.06 −1.06

−1.06 0.06 −1.06

−1.06 −1.06 0.06


 0.07 −0.76 −0.76

−0.76 0.07 −0.76

−0.76 −0.76 0.07


 0.08 −0.73 −0.73

−0.73 0.08 −0.73

−0.73 −0.73 0.08


∆V

0.075 −0.66 −0.66

−0.66 0.075 −0.66

−0.66 −0.66 0.075


 0.02 −0.68 −0.68

−0.68 0.02 −0.68

−0.68 −0.68 0.02


 0.02 −0.72 −0.72

−0.72 0.02 −0.72

−0.72 −0.72 0.02


 0.03 −0.97 −0.97

−0.97 0.03 −0.97

−0.97 −0.97 0.03
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hydrostatic ∆Hm +0.0014p +0.0003p +0.0005p +0.0005p

uni-axial [001] ∆Hm −0.0005σzz −0.0001σzz −0.0002σzz −0.0002σzz

bi-axial ∆Hm −0.0009σxx −0.0002σxx −0.0003σxx −0.0003σxx

uni-axial [111] ∆Hm [111] +0.0077σ111 +0.0084σ111 +0.0088σ111 +0.0120σ111

∆Hm [1̄11][11̄1][111̄] −0.0032σ111 −0.0029σ111 −0.0031σ111 −0.0042σ111

tri-axial ∆Hm −0.0005
∑
σii −0.0001

∑
σii −0.0002

∑
σii −0.0002

∑
σii

shear (001) ∆Hm [111][111̄] +0.0082σxy +0.0085σxy +0.0089σxy +0.0122σxy

∆Hm [1̄11][11̄1] −0.0082σxy −0.0085σxy −0.0089σxy −0.0122σxy
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[54] P. E. Blöchl, Projector augmented-wave method, Phys.
Rev. B 50 (1994) 17953–17979. doi:10.1103/PhysRevB.
50.17953.
URL https://link.aps.org/doi/10.1103/PhysRevB.

50.17953

[55] J. P. Perdew, K. Burke, M. Ernzerhof, Generalized gra-
dient approximation made simple, Phys. Rev. Lett. 77
(1996) 3865–3868. doi:10.1103/PhysRevLett.77.3865.
URL https://link.aps.org/doi/10.1103/

PhysRevLett.77.3865

[56] H. J. Monkhorst, J. D. Pack, Special points for brillouin-
zone integrations, Phys. Rev. B 13 (1976) 5188–5192.
doi:10.1103/PhysRevB.13.5188.

URL https://link.aps.org/doi/10.1103/PhysRevB.

13.5188

[57] C. Helrich, Modern Thermodynamics with Statistical
Mechanics, Springer Berlin Heidelberg, 2008.

[58] G. Henkelman, B. P. Uberuaga, H. Jónsson, A climb-
ing image nudged elastic band method for finding saddle
points and minimum energy paths, The Journal of Chem-
ical Physics 113 (22) (2000) 9901–9904. arXiv:https://
doi.org/10.1063/1.1329672, doi:10.1063/1.1329672.
URL ttps://doi.org/10.1063/1.1329672

[59] A. Togo, F. Oba, I. Tanaka, First-principles calcula-
tions of the ferroelastic transition between rutile-type
and cacl2-type sio2 at high pressures, Phys. Rev. B 78
(2008) 134106. doi:10.1103/PhysRevB.78.134106.
URL https://link.aps.org/doi/10.1103/PhysRevB.

78.134106

[60] C. Kittel, Introduction to Solid State Physics, Wiley,
New York, 1996.

[61] J. R. Neighbours, F. W. Bratten, C. S. Smith,
The elastic constants of nickel, Journal of Ap-
plied Physics 23 (4) (1952) 389–393. doi:http:

//dx.doi.org/10.1063/1.1702218.
URL http://scitation.aip.org/content/aip/

journal/jap/23/4/10.1063/1.1702218

[62] H. Ledbetter, E. Naimon, Elastic properties of metals
and alloys. ii, copper, J. Phys.Chem. Ref. Data 3 (1974)
897.

[63] J. Neighbours, C. S. Smith, The elastic constants of cop-
per alloys, Acta Metallurgica 2 (4) (1954) 591 – 596. doi:
http://dx.doi.org/10.1016/0001-6160(54)90193-5.
URL http://www.sciencedirect.com/science/

article/pii/0001616054901935

[64] J. A. Rayne, Elastic constants of palladium
from 4.2-300k, Phys. Rev. 118 (1960) 1545–1549.
doi:10.1103/PhysRev.118.1545.
URL http://link.aps.org/doi/10.1103/PhysRev.

118.1545

[65] L. Katz, M. Guinan, R. J. Borg, Diffusion of h2, d2, and
t2 in single-crystal ni and cu, Phys. Rev. B 4 (1971) 330–
341. doi:10.1103/PhysRevB.4.330.
URL https://link.aps.org/doi/10.1103/PhysRevB.

4.330

[66] H. Katsuta, R. Farraro, R. McLellan, The dif-
fusivity of hydrogen in palladium, Acta Metal-
lurgica 27 (7) (1979) 1111 – 1114. doi:https:

//doi.org/10.1016/0001-6160(79)90128-7.
URL http://www.sciencedirect.com/science/

article/pii/0001616079901287

http://www.sciencedirect.com/science/article/pii/0079642580900079
http://www.sciencedirect.com/science/article/pii/0079642580900079
https://doi.org/10.1016/0079-6425(80)90007-9
http://www.sciencedirect.com/science/article/pii/0079642580900079
http://www.sciencedirect.com/science/article/pii/0079642580900079
https://doi.org/10.1088/0965-0393/22/6/065003
https://link.aps.org/doi/10.1103/PhysRevB.94.054106
https://link.aps.org/doi/10.1103/PhysRevB.94.054106
https://link.aps.org/doi/10.1103/PhysRevB.94.054106
https://doi.org/10.1103/PhysRevB.94.054106
https://doi.org/10.1103/PhysRevB.94.054106
https://link.aps.org/doi/10.1103/PhysRevB.94.054106
https://link.aps.org/doi/10.1103/PhysRevB.94.054106
https://www.sciencedirect.com/science/article/pii/S0927025618300673
https://www.sciencedirect.com/science/article/pii/S0927025618300673
https://doi.org/https://doi.org/10.1016/j.commatsci.2018.01.053
https://doi.org/https://doi.org/10.1016/j.commatsci.2018.01.053
https://www.sciencedirect.com/science/article/pii/S0927025618300673
https://www.sciencedirect.com/science/article/pii/S0927025618300673
https://link.aps.org/doi/10.1103/PhysRevB.47.558
https://link.aps.org/doi/10.1103/PhysRevB.47.558
https://doi.org/10.1103/PhysRevB.47.558
https://doi.org/10.1103/PhysRevB.47.558
https://link.aps.org/doi/10.1103/PhysRevB.47.558
https://link.aps.org/doi/10.1103/PhysRevB.47.558
https://link.aps.org/doi/10.1103/PhysRevB.59.1758
https://link.aps.org/doi/10.1103/PhysRevB.59.1758
https://doi.org/10.1103/PhysRevB.59.1758
https://link.aps.org/doi/10.1103/PhysRevB.59.1758
https://link.aps.org/doi/10.1103/PhysRevB.59.1758
https://link.aps.org/doi/10.1103/PhysRevB.50.17953
https://doi.org/10.1103/PhysRevB.50.17953
https://doi.org/10.1103/PhysRevB.50.17953
https://link.aps.org/doi/10.1103/PhysRevB.50.17953
https://link.aps.org/doi/10.1103/PhysRevB.50.17953
https://link.aps.org/doi/10.1103/PhysRevLett.77.3865
https://link.aps.org/doi/10.1103/PhysRevLett.77.3865
https://doi.org/10.1103/PhysRevLett.77.3865
https://link.aps.org/doi/10.1103/PhysRevLett.77.3865
https://link.aps.org/doi/10.1103/PhysRevLett.77.3865
https://link.aps.org/doi/10.1103/PhysRevB.13.5188
https://link.aps.org/doi/10.1103/PhysRevB.13.5188
https://doi.org/10.1103/PhysRevB.13.5188
https://link.aps.org/doi/10.1103/PhysRevB.13.5188
https://link.aps.org/doi/10.1103/PhysRevB.13.5188
ttps://doi.org/10.1063/1.1329672
ttps://doi.org/10.1063/1.1329672
ttps://doi.org/10.1063/1.1329672
http://arxiv.org/abs/https://doi.org/10.1063/1.1329672
http://arxiv.org/abs/https://doi.org/10.1063/1.1329672
https://doi.org/10.1063/1.1329672
ttps://doi.org/10.1063/1.1329672
https://link.aps.org/doi/10.1103/PhysRevB.78.134106
https://link.aps.org/doi/10.1103/PhysRevB.78.134106
https://link.aps.org/doi/10.1103/PhysRevB.78.134106
https://doi.org/10.1103/PhysRevB.78.134106
https://link.aps.org/doi/10.1103/PhysRevB.78.134106
https://link.aps.org/doi/10.1103/PhysRevB.78.134106
http://scitation.aip.org/content/aip/journal/jap/23/4/10.1063/1.1702218
https://doi.org/http://dx.doi.org/10.1063/1.1702218
https://doi.org/http://dx.doi.org/10.1063/1.1702218
http://scitation.aip.org/content/aip/journal/jap/23/4/10.1063/1.1702218
http://scitation.aip.org/content/aip/journal/jap/23/4/10.1063/1.1702218
http://www.sciencedirect.com/science/article/pii/0001616054901935
http://www.sciencedirect.com/science/article/pii/0001616054901935
https://doi.org/http://dx.doi.org/10.1016/0001-6160(54)90193-5
https://doi.org/http://dx.doi.org/10.1016/0001-6160(54)90193-5
http://www.sciencedirect.com/science/article/pii/0001616054901935
http://www.sciencedirect.com/science/article/pii/0001616054901935
http://link.aps.org/doi/10.1103/PhysRev.118.1545
http://link.aps.org/doi/10.1103/PhysRev.118.1545
https://doi.org/10.1103/PhysRev.118.1545
http://link.aps.org/doi/10.1103/PhysRev.118.1545
http://link.aps.org/doi/10.1103/PhysRev.118.1545
https://link.aps.org/doi/10.1103/PhysRevB.4.330
https://link.aps.org/doi/10.1103/PhysRevB.4.330
https://doi.org/10.1103/PhysRevB.4.330
https://link.aps.org/doi/10.1103/PhysRevB.4.330
https://link.aps.org/doi/10.1103/PhysRevB.4.330
http://www.sciencedirect.com/science/article/pii/0001616079901287
http://www.sciencedirect.com/science/article/pii/0001616079901287
https://doi.org/https://doi.org/10.1016/0001-6160(79)90128-7
https://doi.org/https://doi.org/10.1016/0001-6160(79)90128-7
http://www.sciencedirect.com/science/article/pii/0001616079901287
http://www.sciencedirect.com/science/article/pii/0001616079901287

	Hydrogen diffusivity and solubility in stressed fcc crystals.
	Abstract
	I Introduction
	II Methodology 
	A Hydrostatic loading
	B Tri-axial loading
	C Uni-axial [111] loading
	D Shear loading

	III Elasticity theory 
	A Solubility
	B Diffusivity
	C Effect on lattice parameters

	IV DFT approach
	V Preliminary results
	A Ground-state parameters of phases
	B Stress-free DFT parameters
	C Elasticity theory results

	VI Discussion
	A Hydrostatic loading
	B [001] and [100]+[010] loadings
	C [111] loading
	D Tri-axial loading
	E Shear loading

	VII Conclusion
	 Acknowledgments
	A Data 
	 References


