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Insertion and diffusion of N and C in 𝛾-TiAl: Theoretical study and comparison with O

Nitrogen and carbon play an important role in the oxidation of Ti-Al intermetallic alloys in air. The insertion and diffusion of these elements in the γ-TiAl phase are investigated by first-principle computations. The accommodation of C and N atoms in several likely interstitial positions has been evaluated using density functional theory (DFT) calculations. The results show that both carbon and nitrogen prefer Ti-rich environments. Then, considering the possible jumps among the stable and metastable interstitial sites, the diffusion coefficients have also been obtained from ab initio calculations. According to the Transitional State Theory, in order to compute atomic jump rates, diffusion energy barriers and vibrational modes need to be known. Herein, barrier energies are obtained using the Climbing Image Nudged Elastic Band method. Vibrational properties are computed using the finite displacement method. Finally, diffusion coefficients are obtained solving the transport equation in the infinite time limit, using an analytical approach. The obtained results are compared to the diffusion of oxygen in γ-TiAl, investigated in previous studies. An anisotropic diffusion is obtained for all the interstitial species.

Introduction

Titanium-aluminum intermetallic alloys combine low densities with good mechanical properties at high temperatures [START_REF] Froes | Synthesis, properties and applications of titanium aluminides[END_REF][START_REF] Appel | Microstructure and deformation of two-phase gamma-titanium aluminides[END_REF] and they are hence suitable for many applications in auto-mobile, marine and aerospatial industries. For instance, TiAl alloys are currently used for turbomachines in airplanes [START_REF] Perrut | High temperature materials for aerospace applications: Ni-based superalloys and gamma-TiAl alloys[END_REF]. These alloys present generally two main intermetallic phases: α 2 -Ti 3 Al and γ-TiAl, with the latter being the most abundant one. However, the low oxidation resistance at high temperature is a limiting factor for the use of these materials. Indeed, even in the Al-richer γ-TiAl phase, the oxidation proceeds through a competitive formation of the passivating, desirable Al 2 O 3 scale and the porous, deleterious TiO 2 rutile [START_REF] Lang | TEM investigations of the early stages of TiAl oxidation[END_REF][START_REF] Becker | Mechanism of isothermal oxidation of the intermetallic TiAl and of TiAl alloys[END_REF][START_REF] Becker | Cyclic-oxidation behavior of TiAl and of TiAl alloys[END_REF][START_REF] Schmitz-Niederau | The Oxidation Behavior of Several Ti-Al Alloys at 900 C in Air[END_REF].

Various works focused on understanding and improving the oxidation resistance of γ-TiAl based alloys [START_REF] Shemet | Formation of protective alumina-based scales during hightemperature air oxidation of γ-TiAl alloys[END_REF][START_REF] Shemet | Mechanisms of scale formation on new alumina forming γ-TiAl alloys studied by MCs+-SIMS[END_REF][START_REF] Teng | Oxidation Behavior of TiAl-8Nb Turbine Blade Alloy[END_REF][START_REF] Kawaura | New surface treatment using shot blast for improving oxidation resistance of TiAl-base alloys[END_REF][START_REF] Jiang | Effect of Nb on the high temperature oxidation of Ti-(0-50 at.%)Al[END_REF][START_REF] Varma | Static and Cyclic Oxidation of Ti-44Al and Ti-44Al-xNb Alloys[END_REF][START_REF] Schütze | Improvement of the oxidation resistance of TiAl alloys by using the chlorine effect[END_REF][START_REF] Zheng | The significance of sub-surface depletion layer composition for the oxidation behaviour of γ-titanium aluminides[END_REF][START_REF] Niewolak | Oxidation behaviour of Ag-containing TiAl-based intermetallics[END_REF][START_REF] Garip | Investigation of isothermal oxidation performance of TiAl alloys sintered by different processing methods[END_REF]18,[START_REF] Pan | Effect of sn addition on the high-temperature oxidation behavior of high nb-containing TiAl alloys[END_REF][START_REF] Panov | Oxidation resistance and thermal stability of a -solidified -TiAl based alloy after nitrogen ion implantation[END_REF]. Both internal and external oxidation generally occur [START_REF] Becker | Mechanism of isothermal oxidation of the intermetallic TiAl and of TiAl alloys[END_REF][START_REF] Małecka | Transformation and precipitation processes in a metal substrate of oxidized TiAl-based alloys[END_REF] in these materials. External oxidation results from the outward diffusion of Ti and Al species, while the internal one is due to the inward diffusion of oxygen. Therefore, in order to predict the evolution of oxidation reactions in these materials, one needs to know the diffusion coefficients of all the involved species, i.e. the metallic species of the alloy and the light atoms coming from the atmosphere. Measurements of the Al and Ti self-diffusion coefficients in γ-TiAl are available in the literature [START_REF] Herzig | Self-diffusion in gamma-TiAl: an experimental study and atomistic calculations[END_REF][START_REF] Herzig | Tracer diffusion behavior of ga as an al-substituting element in ti3al and TiAl intermetallic compounds[END_REF][START_REF] Mishin | Diffusion in the ti-al system[END_REF], but no experimental data exist for the diffusion of light interstitial atomssuch as oxygen, carbon and nitrogen-in γ-TiAl. Nevertheless, for oxygen, some data have been recently provided using ab initio calculations [START_REF] Kulkova | First-Principles Calculations of Oxygen Diffusion in Ti-Al Alloys[END_REF][START_REF] Epifano | First-principle study of the solubility and diffusion of oxygen and boron in the g-TiAl[END_REF][START_REF] Connétable | Theoretical study of oxygen insertion and diffusivity in the g-TiAl l10 system[END_REF] and the proposed values agree quite well one with the other. In particular, all the three works reported an anisotropic diffusion of oxygen in γ-TiAl: the diffusion coefficients are equal in the x and y directions, while lower values are found along the z direction. The diffusion coefficients of C and N atoms are also necessary to fully understand oxidation in these materials. Indeed, various studies have highlighted that the oxidation of TiAl-based alloys is different in air and pure oxygen [START_REF] Becker | Mechanism of isothermal oxidation of the intermetallic TiAl and of TiAl alloys[END_REF]. This indicates that N and C play an important role. In particular, the precipitation of nitrides (mostly TiN and Ti 2 AlN) has been reported several times for oxidation in air [START_REF] Becker | Mechanism of isothermal oxidation of the intermetallic TiAl and of TiAl alloys[END_REF][START_REF] Becker | Cyclic-oxidation behavior of TiAl and of TiAl alloys[END_REF][START_REF] Lang | TEM investigations of the early stages of TiAl oxidation[END_REF][START_REF] Schmitz-Niederau | The Oxidation Behavior of Several Ti-Al Alloys at 900 C in Air[END_REF][START_REF] Shemet | Formation of protective alumina-based scales during hightemperature air oxidation of γ-TiAl alloys[END_REF]. In order to fill the gap existing in the literature, diffusion coefficients for nitrogen and carbon in stoichiometric γ-TiAl are herein obtain from first-principle calculations. On the atomic scale, the fundamental quantities to be determined in order to obtain the diffusion coefficients are the atomic jumping rates of the diffusing species. In this work, the possible interstitial sites in which N and C can be accommodated are determined by Density Functional Theory (DFT). Then, the barrier energies to overcome to jump from one site to another are obtained from Climbing Image Nudge Elastic Band (CI-NEB) calculations. Combining these results with phonon calculations, the jumping rates are computed, according to the transitional state theory [START_REF] Eyring | The activated complex in chemical reactions[END_REF]. Finally, the diffusion coefficients are determined using an analytical Multi-State Diffusion method [START_REF] Landman | Stochastic theory of multistate diffusion in perfect and defective systems. I. mathematical formalism[END_REF][START_REF] Landman | Stochastic theory of multistate diffusion in perfect and defective systems. II. case studies[END_REF]. This theoretical approach has already been applied to obtain diffusion coefficients of various light, interstitial atoms in monoatomic metals, such as aluminium [START_REF] Connetable | Diffusion of interstitial species (h and o atoms) in fcc systems (al, cu, co, ni and pd): Contribution of first and second order transition states[END_REF], titanium [START_REF] Wu | Direct diffusion through interpenetrating networks: Oxygen in titanium[END_REF][START_REF] Connétable | First-principles study of diffusion and interactions of vacancies and hydrogen in hcp-titanium[END_REF][START_REF] Scotti | Interstitial diffusion of o, n, and c in alpha-ti from first-principles: Analytical model and kinetic monte carlo simulations[END_REF] and nickel [START_REF] Wimmer | Temperature-dependent diffusion coefficients from ab initio computations: Hydrogen, deuterium, and tritium in nickel[END_REF][START_REF] Connetable | Diffusion of interstitial species (h and o atoms) in fcc systems (al, cu, co, ni and pd): Contribution of first and second order transition states[END_REF], and for the diffusion of hydrogen [START_REF] Connetable | Theoretical study on hydrogen solubility and diffusivity in the gamma-TiAl l10 structure[END_REF], boron [START_REF] Epifano | First-principle study of the solubility and diffusion of oxygen and boron in the g-TiAl[END_REF] and oxygen [START_REF] Epifano | First-principle study of the solubility and diffusion of oxygen and boron in the g-TiAl[END_REF][START_REF] Connétable | Theoretical study of oxygen insertion and diffusivity in the g-TiAl l10 system[END_REF] in γ-TiAl. The comparison with the experimental data, when available, has generally given a fair agreement, validating the computational approach.

The rest of this work is divided as following. In section 2, methods and calculation details are explained. In particular, in section 2.3, the crystallographic structure of γ-TiAl is shown and the choice of the tested interstitial positions is explained. In section 3, the calculation results are shown: first, the determination of the stable interstitial positions for C and N; second, the energy paths obtained from NEB; finally, the diffusion coefficients. In conclusion, the results obtained for C and N are discussed and compared to those previously reported for oxygen.

Methods

Theory

According to the Transitional State Theory of Eyring [START_REF] Eyring | The activated complex in chemical reactions[END_REF], the atomic jumping rate ν between two sites in a crystal is expressed by an Arrhenius equation:

ν = ν * e -∆E/kbT (1) 
where k B is the Boltzmann constant, T is the temperature, ν * is a pre-factor generally called attempt frequency and ∆E is an activation energy barrier. As all thermally activated processes, diffusion in crystals occurs following the Minimum Energy Path (MEP). In this study, the Climbing Image Nudged Elastic Band (CI-NEB), available within the VASP code [START_REF] Kresse | Ab initio molecular dynamics for liquid metals[END_REF][START_REF] Kresse | Efficient iterative schemes for ab initio total-energy calculations using a plane-wave basis set[END_REF], has been used to find the MEP, the relative transitional state and hence the energy barrier ∆E. The prefactor ν * is expressed as [START_REF] Eyring | The activated complex in chemical reactions[END_REF]:

ν * = k B T h Z ts Z ie ( 2 
)
where h is the Planck constant, Z ie and Z ts are the vibrational partition functions of the initial equilibrium state and the transition state, respectively. The Z function is correlated to the Helmholtz free energy F [START_REF] Connétable | Diffusion of interstitial species (h and o atoms) in fcc systems (al, cu, co, ni and pd): Contribution of first and second order transition states[END_REF]:

F = -k B T lnZ = k B T N q i ln 2sinh - hw q i 2k B T (3) 
where w q i is the i mode frequency in the q point and the sum is over all the modes. In order to obtain the diffusion coefficient of a species in a crystal lattice, all the possible jumping paths need to be identified and their relative jumping rates need to be found through Eq. 1-2-3 .

Diffusion in crystal lattices can be quite complex, since an atom can randomly jumps between several crystallographic sites. In these cases, the Monte Carlo approach can be used to find diffusion coefficients. In alternative, an analytical Multi-State Diffusion method has been proposed by Landman [START_REF] Landman | Stochastic theory of multistate diffusion in perfect and defective systems. I. mathematical formalism[END_REF][START_REF] Landman | Stochastic theory of multistate diffusion in perfect and defective systems. II. case studies[END_REF] for finding the diffusion coefficients of an atomic species in a crystal lattice [START_REF] Connetable | Diffusion of interstitial species (h and o atoms) in fcc systems (al, cu, co, ni and pd): Contribution of first and second order transition states[END_REF][START_REF] Scotti | Interstitial diffusion of o, n, and c in alpha-ti from first-principles: Analytical model and kinetic monte carlo simulations[END_REF][START_REF] Wu | Direct diffusion through interpenetrating networks: Oxygen in titanium[END_REF]. This method is detailed elsewhere [START_REF] Landman | Stochastic theory of multistate diffusion in perfect and defective systems. I. mathematical formalism[END_REF][START_REF] Landman | Stochastic theory of multistate diffusion in perfect and defective systems. II. case studies[END_REF], only the main steps are summarized herein. First, one needs to identify all the N different kinds of jumps, each of which is identified by a displacement and a waiting time distribution function. The NxN Laplace transform matrix of the waiting-time function, ψ(u), and the NxN Fourier transform matrix of the displacements, p( -→ k ), are stated. The propagator matrix

R( - → k , u) is hence calculated as following: R( - → k , u) = [I -p( - → k ) ψ(u)]. (4) 2 
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The diffusive variance σ 2 r (t) along any r direction is:

σ 2 r (t) = lim - → k →0 t 1 ∆ 0 ∂ 2 ∆ ∂k 2 r u→0 (5) 
with ∆ indicating the determinant of R and ∆ 0 is

∆ 0 = lim u→0 ∆( - → k , u) u (6) 
At last, the diffusion coefficient along r is :

D r = σ 2 r (t) 2t . (7) 

DFT Computations

Electronic structure calculations were carried out with the VASP Ab initio code [START_REF] Kresse | Ab initio molecular dynamics for liquid metals[END_REF][START_REF] Kresse | Efficient iterative schemes for ab initio total-energy calculations using a plane-wave basis set[END_REF], solving the self-consistent Kohn-Sham equations with the projector augmented wave (PAW) pseudopotentials [START_REF] Kresse | From ultrasoft pseudopotentials to the projector augmented-wave method[END_REF]. The Perdew-Burke-Ernzerhof (GGA-PBE) exchange and correlation functionals have been adopted in this study [START_REF] Perdew | Generalized Gradient Approximation Made Simple[END_REF]. Convergence tests have been performed to determine the plane-wave energy cutoff and the k-point number, in order to obtain a numerical accuracy of 10 -6 eV. The cutoff was hence set at 550 eV and the k-points number equal to 1000 for the conventional unit cell of γ-TiAl, containing 4 atoms. The density of k-points was kept approximately constant for the supercell calculations. The study of the interstitial carbon and nitrogen defects was performed on 3 x 3 x 3 super-cells, containing 109 atoms. The size was chosen after performing some convergence tests on 2 x 2 x 2, 3 x 3 x 3 and 4 x 4 x 4 super-cells in order to evaluate the finite-size effect. The energy difference between the 3x3x3 and 4 x 4 x 4 cells was inferior to 0.03 eV/atom, which is an acceptable small value. For the structural optimization, the lattice cell parameters and all the atomic positions were relaxed.

The NEB calculations were also performed on 3 x 3 x 3 super-cells, with a number of images comprised between 5 and 7, depending on the specific path. For the NEB calculations, all the atomic positions were let to vary, while the cell parameters were fixed. This choice was made because letting vary the cell parameters would lead to super-cells of different dimensions among the images of the NEB calculation and this often leads to convergence problems. As the relaxations of the various interstitial defects lead to slightly different cell parameters (difference ≤ 0.01 Å), a choice had to be made. Therefore, all the NEB calculations were performed using the cell parameters obtained for the most stable interstitial defect (the other interstitial positions used as starting/end point for the NEB were hence relaxed in this fixed cell configuration before starting the NEB). A convergence of 10 -4 eV on the image with maximum energy was systematically reached for the NEB calculations The finite displacement method (FDM), as implemented in the phonopy code [START_REF] Togo | First principles phonon calculations in materials science[END_REF], was used for the vibrational properties. These calculations were also performed on 3 x 3 x 3 super-cells, with the same numerical parameters (energy cutoff, k-points density and energy convergence criteria) used for the relaxations. In addition, a convergence criterion of 10 -7 eV/Å was also set on the forces.

Crystal structure and interstitial sites

The L1 0 -TiAl phase crystallizes in the tetragonal P4/mmm space group (N • 123), with Al and Ti atoms in the 1a and 1d Wyckoff positions, respectively. The primitive unit cell, shown in Fig. 1-(b), contains two atoms. The computed lattice parameters, equal to a = 2.829 Å and c = 4.073 Å, are in good agreement with the experimental data (a = 2.828 Å and c = 4.075 Å [START_REF] Pearson | Handbook of Lattice Spacing and Structures of Metals and Alloys[END_REF]).

Equivalently, the L1 0 -TiAl structure is generally represented with a pseudo-cubic conventional unit cell, with a c/a ratio close to unity. In this case, the pattern consists of 3 atoms, for instance two Al atoms at (0, 0, 0) C and (1/2, 1/2, 1/2) C and one Ti at (0, 1/2, 1/2) C , as shown in Fig. 1-(a). The c indices here highlight that the coordinates are expressed in the pseudo-cubic cell. This conventional cell is rotated of 45 • around the z axis with respect to the primitive one. This description is advantageous since it reveals the underlying f cc network. Indeed, the L1 0 is an ordered structure of the f cc lattice, with a modulation of composition along the c axis.

As commonly known, the fcc lattice (similarly to the hc lattice) can be described as a regular packing of octahedra and tetrahedra. In fcc metals, the atoms are located at the vertices of the polyhedra, leaving in their centres cavities that can generally easily host interstitial atoms. In the L1 0 -TiAl structure, due to the ordering of Al and Ti, there are two regular octahedral sites, corresponding to the Wyckoff positions 1c and 1b, and one tetrahedral site, corresponding to the 4i position, see Fig. 1. The latter is the centre of a tetrahedron with, at the corners, two Al and two Ti atoms, and it will be more intuitively noted as Ti 2 Al 2 . The tetrahedral site is smaller than the octahedral ones. It has been shown that this position plays and important role in the diffusion of hydrogen in γ-TiAl [START_REF] Connetable | Theoretical study on hydrogen solubility and diffusivity in the gamma-TiAl l10 structure[END_REF], while the accommodation of larger atoms such as boron [START_REF] Epifano | First-principle study of the solubility and diffusion of oxygen and boron in the g-TiAl[END_REF] and oxygen [START_REF] Epifano | First-principle study of the solubility and diffusion of oxygen and boron in the g-TiAl[END_REF][START_REF] Connétable | Theoretical study of oxygen insertion and diffusivity in the g-TiAl l10 system[END_REF] is less favoured and hence less important for the diffusion. The 1c position coincides with the centre of an octahedron formed by four Ti and two Al atoms, and it will also be indicated as Ti 4 Al 2 . The 1b position is the center of an octahedron formed by four Al and two Ti atoms, hence named Al 4 Ti 2 . In previous studies [START_REF] Kulkova | First-Principles Calculations of Oxygen Diffusion in Ti-Al Alloys[END_REF], these two octahedra have supposed to be the most stable positions for interstitial atoms, such as B, C, N and O. However, the high symmetry of these positions can lead to false results in DFT calculations and the dynamical stability of such defects needs to be verified. For instance, Epifano and Hug [START_REF] Epifano | First-principle study of the solubility and diffusion of oxygen and boron in the g-TiAl[END_REF] have recently shown that these octahedral sites are indeed the most stable positions for boron, but not for oxygen. An oxygen atom in the Ti4Al2 site has a vibrational instability along the z direction, which makes it to shift toward the 2h Wyckoff position [START_REF] Epifano | First-principle study of the solubility and diffusion of oxygen and boron in the g-TiAl[END_REF]. This is the stable site for the oxygen species in γ-TiAl. A metastable site for oxygen, according to [START_REF] Epifano | First-principle study of the solubility and diffusion of oxygen and boron in the g-TiAl[END_REF], is the 2e Wyckoff position, which is on the edge of the Al4Ti2 octahedron, between two Al atoms. This position corresponds to the centre of a non-regular octahedron, with two equidistant Al atoms, at ∼1.80 Å, and four farther Ti atoms, at ∼2.3 Å [START_REF] Epifano | First-principle study of the solubility and diffusion of oxygen and boron in the g-TiAl[END_REF]. Connetable et al. obtained similar results [START_REF] Connétable | Theoretical study of oxygen insertion and diffusivity in the g-TiAl l10 system[END_REF], confirming that oxygen is not stable in the centre of the regular octahedra and that stable sites are 2h and 2e. These authors tested also additional interstitial sites and found other stable positions for oxygen: the Ti2Al2 (4i) site, and other similar tetrahedral positions (4k and 4m). However, these sites are characterized by quite high insertion energies and consequent low escape energy barriers: this means that the probability to reach these sites and the associated residence times are small. Indeed, Connetable et al. showed that these sites can be neglected for the diffusion coefficient calculations [START_REF] Connétable | Theoretical study of oxygen insertion and diffusivity in the g-TiAl l10 system[END_REF].

In summary, based on the lattice symmetry and the previous studies, the 1c, 1b, 4i, 2h, 2e Wyckoff positions were tested for carbon and nitrogen. In addition, the 2f position has also been tested: this site is specular to the 2e position, but it lies on the Ti basal plane. All the investigated sites are shown in Fig. 1.
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Relaxation of C and N interstitial atoms

Six interstitial positions have been tested for the C and N insertion in γ-TiAl, as explained in 2.3. These sites are summarized in table 1 and shown in Fig. 1. One interstitial atom has been added in a 3x3x3 cell containing 108 atoms (54 Al and 54 Ti). In order to find the minimum energy configuration, the unit cell parameters and all the atomic positions have been let to vary. The relative enthalpy of formation is calculated as:

H f = 1 N        E tot - N i µ i        (8)
where E tot is the total energy obtained by DFT for a cell of N atoms and µ i is the chemical potential of the atomic species i, in its reference state (provided in Appendix A). Herein, we used the usual approximation to substitute it with the energy calculated at 0 K for the atomic species i. The insertion energy for the interstitial atom I is expressed by:

E i = E tot [T iAl + I] -E tot [T iAl] -E re f I ( 9 
)
where E re f I is the reference state of the interstitial (graphite for carbon and The DFT calculations clearly showed that some of the investigated configurations are unstable: 4i, 2h for carbon; 4i, 2h and 2f for nitrogen. For all these sites, the energies reported in Table 1 are quite high. For these positions, the complete relaxation (cell parameters and all the atomic positions) resulted in a displacement of the C and N atoms toward other interstitial sites. For instance, the 2h Wyckoff position (1/2, 1/2, ±z) has been evaluated by applying a shift of ∆z = 0.02Å from the centre of the Ti 4 Al 2 octahedron. During the relaxation, both C and N returned to the centre, corresponding to the 1c site. Similarly, when inserted in the 4i site, N and C moved toward the 2e position. Also during the relaxation of the 2f position, N moved toward 2e, while carbon remained in that site. For these unstable sites, the energy values reported in Table 1 were obtained by fixing the atomic positions of the defect during the calculations (while the cell parameters and the other atomic positions were let to vary) Therefore, after DFT relaxation, four interstitial positions seem possible for carbon accommodation (1c, 1b, 2e and 2f ) and three for nitrogen (1c, 1b, 2e). However, the static relaxation is not sufficient to conclude on the stability of the interstitial positions. Indeed, in some of these configurations, forces can vanish for symmetry reasons only and hence their dynamical stability needs to be verified. For this reason, inter-atomic force constants have been analysed. The results are displayed, as phonon density of states, in Fig. 2 and Fig. 3, for carbon and nitrogen, respectively.

Considering the carbon insertion, the configurations with the interstitial in 1c, 1b and 2e show only positive vibrational frequencies, confirming their stability or metastability. On the contrary, when carbon is inserted in the 2f position, an imaginary frequency appears around -11 THz, indicating that this configuration is not a local minimum.

For nitrogen, all the three remaining configurations 1c, 1b and 2e show only positive frequencies, confirming that they are stable or metastable.

5

J o u r n a l P r e -p r o o f In summary, for both C and N, three possible interstitial sites have been identified: 1c, 1b and 2e. For both the elements, the most stable position is 1c (Ti 4 Al 2 ), i.e., the octahedral site richer in titanium. The associated insertion energy is negative for both C and N, indicating that the accommodation of these species is favoured. In particular, the value obtained for nitrogen is < -2 eV, indicating a high affinity for this Ti-rich site. These results are consistent with those previously obtained for other species, such as boron and oxygen [START_REF] Epifano | First-principle study of the solubility and diffusion of oxygen and boron in the g-TiAl[END_REF]. For the former, the stable position is also the 1c site. For oxygen, as already discussed in section 2.3, the centre of the Ti 4 Al 2 octahedron presents an instability along z, and the stable position is 2h, but it still coincides with the environment richer in titanium.
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Other metastable interstitial positions are present on the (001) Al basal plane, but in this case the situation is more complex and it differs from species to species. In order to visualize the differences, energy maps of this plane have been calculated for C, N and O. The color plot has been obtained as following: the interstitial atom was placed in each position of the plane, by fixing its x and y coordinate; then, DFT calculations were performed, relaxing all the other atomic coordinates, except the x, y of the interstitial atom (but including its z coordinate). The results are shown in Figure 4. As already proved, C can be accommodated in two positions of the Al basal plane: 1b and 2e, which coincide with the centre and the edge of the Al 4 Ti 2 octahedron, respectively. This is clearly shown by the map of Fig. 4-(a), where these sites correspond to the blue areas (lowest energies). For carbon, the centre of the octahedron is more stable than the 2e site. However, it must be noticed that, for both the positions, the insertion energies have positive values, contrary to that of the 1c site. Similarly to carbon, also nitrogen can be accommodated in both 1b and 2e positions. However, in this case, the two configurations have almost identical energies. Moreover, contrary to carbon, the insertion energies for these two sites have negative values. Finally, a remarkable difference is observed in the oxygen map (Fig. 4-c), where a local maximum is observed in the centre of the octahedron. Indeed, oxygen is not stable in this site and it can only be accommodated in the edges (the 2e position). In [START_REF] Epifano | First-principle study of the solubility and diffusion of oxygen and boron in the g-TiAl[END_REF], the opposite situation was reported for boron: this interstitial is accommodated in the centre of the octahedron but not in the edges. Therefore, comparing B, C, N and O, a regular evolution is observed in the Al basal plane: the stable position moves from the 1b toward the 2e site by increasing the Z number of the interstitial.
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Diffusion paths and energy barriers

In order to determine the diffusion coefficient of an interstitial atom in a crystal lattice, one needs to determine the energy barrier associated to the atomic jump between two interstitial sites. Each jump represents a single step in the diffusion process of the solute atom. As shown in 3.1, both carbon and nitrogen can be found in various interstitial sites in γ-TiAl and hence several diffusive paths are possible. For each of them, the minimum energy path and the relative energy barrier were found using the CI-NEB method.

Specifically, for N and C, three stable interstitial sites have been identified in γ-TiAl: 1c, 1b and 2e. Combining these, six jumps toward first neighbour sites are possible in total, which are shown in Fig. 5 and summarized in table 2. On the γ-TiAl(001) plane constituted of Al atoms, the 1b and 2e sites are present. Three jumps are possible among them on this plane: 1b 1b, 2e 2e and 1b 2e. Of these three, only the latter corresponds to a single step process: for both C and N, all the NEB calculations between two equal sites lead to a path crossing the other position. Therefore, only the 2e 1b path is retained for the diffusion. In addition, when the diffusing atom is in 2e or 1b, it can also jump toward the 1c site, with a displacement also along the z direction. The NEB computations showed that both the 1b 1c and 2e 1c paths are possible for N. On the contrary, for C, the NEB calculations showed that the 1c 2e path is not energetically favoured: the interstitial atom is driven toward the 1b site. Finally, the last possible path is between two neighbouring 1c sites, which are on the γ-TiAl(001) plane constituted of Ti atoms.

In summary, after the NEB computations, three single-step paths are obtained for carbon and four for nitrogen. For each of this and for each direction, the obtained energy barriers are reported in Table 2.

The diffusion energy barriers of carbon and nitrogen present several similarities. For both the species, the highest barrier values are associated to the jumps from the 1c (Ti 4 Al 2 ) position. In particular, the highest energy barrier is associated to the 1c 1c path, with values above 3 eV (3.342 eV and 3.539 eV, for N and C, respectively). The energy barrier associated to the 1c → 1b jump is lower, but still quite high, with values equal to 2.163 and 2.542 eV, for N and C, respectively. For nitrogen, the additional possible path from 1c toward 2e has a energy barrier similar to the previous one (2.206 eV), as expected since the configurations with N in the 1b and 2e sites have very close energy.

The high energy barriers obtained for the 1c site confirm that the centre of the Ti-rich octahedron is a very stable position for both C and N, hence it acts as a trap for their diffusion. The diffusion along the z direction is expected to be low, since this occurs necessarily through jumps crossing alternatively the Ti and Al basal plane. On the contrary, the diffusion in the xy direction can proceeds faster in the Al basal planes, through jumps among the 1b and 2e positions, whose energy barriers are lower than 1 eV, for both C and N. Therefore, the diffusion of C an N in γ-TiAl is expected to be anisotropic.

According to transitional state theory of Eyring, previously presented in section 2, the pre-factor of the jumping rate associated to each diffusion path can be obtained from the phonon modes of the starting and transitional states. For 9 J o u r n a l P r e -p r o f this reason, phonon calculations were performed for the maximum energy configurations obtained from the previous NEB computations. The results are presented, as phonon density of states, in Fig. 6 and Fig. 7, for N and C, respectively.

For nitrogen diffusion, one single imaginary vibrational mode is observed for the transitional states of the 1c 1b and 1b 2e paths. These configurations correspond hence to saddle points. On the contrary, in each of the other two paths, two imaginary vibrational modes are observed, indicating that these configurations correspond to transitional states of second order. Considering the 1c 1c jump, the transitional state as well as all the images of the previous NEB optimization lie on the (001) plane formed by Ti. The NEB computations for this path were repeated by imposing to the middle image an initial displacement of ∆z = 0.01Å from the (001) plane. The new optimized path obtained in this way lies between the Ti and Al basal planes and it passes through the 1b site. This indicates that, in the previous calculation, the forces along z were cancelled by symmetry. It can be concluded that the lowest energy path for nitrogen escaping from the 1c site coincides to the 1c → 1b. The other two jumps are not favoureble, since second order transition states are associated to these paths. Indeed, as Connetable et al. showed for the diffusion of H and O in various fcc metals [START_REF] Connétable | Diffusion of interstitial species (h and o atoms) in fcc systems (al, cu, co, ni and pd): Contribution of first and second order transition states[END_REF], these states provide a minor contribution to the diffusion.

For carbon, one single imaginary mode was found for the maxima-energy points of the three considered paths (1b-2e,1c-1c, 1c-1b), which can hence be identified as saddle points.

Diffusion coefficients

The temperature-dependent jumping rates of nitrogen and carbon in γ-TiAl were obtained using Eq. 1-3. The diffusion coefficients along the xy and z crystallographic directions were then obtained using the Multi-State Diffusion method explained in section 2.1. Details on the matrix expressions for each case are provided in Appendix B. For nitrogen, only the first-order transition states identified in the previous section, corresponding to the 1c 1b and 1b 2e diffusion paths, were considered. The inclusion of the second order transition states lead to a negligible difference, as it is shown in the Appendix C.

The computed diffusion coefficients of C and N are compared to the oxygen case [START_REF] Epifano | First-principle study of the solubility and diffusion of oxygen and boron in the g-TiAl[END_REF] in Fig. 8, for 1050 T 1550 K. In this temperature range, the highest values are exhibited by oxygen, even if the diffusion coefficients of carbon intersect and exceed those of oxygen for T > 1400 K. Nitrogen presents the lowest diffusion coefficients.

One can also remark that oxygen and nitrogen exhibit a marked anisotropic diffusion, with D xy > D z . On the contrary, the anisotropy is much less important for carbon. A low anisotropy was also previously reported for boron diffusion in γ-TiAl [START_REF] Epifano | First-principle study of the solubility and diffusion of oxygen and boron in the g-TiAl[END_REF]. As discussed in section 3.1, a regular relative decrease in the insertion energy is observed between the 1c and 2e sites of the the Al basal plane, from boron to oxygen. The 1c has a lowest energy configuration for boron and carbon, while 2e is preferable for nitrogen and oxygen. This difference is likely the origin of the higher anisotropy obtained for the N and O diffusion coefficients: the 2e sites enhance the diffusion in the xy directions.

From the computed diffusion coefficients, we obtained the Arrhenius equations: Oxygen exhibits the lowest activation energies for diffusion, followed by nitrogen and carbon. This is also shown by the different slopes in Fig. 8. Higher activation energies imply that higher temperatures are necessary to activate diffusion. As discussed in section 1, N diffusion in γ-TiAl is of particular interest because nitrides (TiN and Ti 2 AlN) are formed (in addition to Al 2 O 3 and TiO 2 ) during the oxidation of titanium aluminides under air [START_REF] Becker | Mechanism of isothermal oxidation of the intermetallic TiAl and of TiAl alloys[END_REF][START_REF] Lang | TEM investigations of the early stages of TiAl oxidation[END_REF][START_REF] Schmitz-Niederau | The Oxidation Behavior of Several Ti-Al Alloys at 900 C in Air[END_REF][START_REF] Shemet | Formation of protective alumina-based scales during hightemperature air oxidation of γ-TiAl alloys[END_REF]. Becker et al. investigated the oxidation in air of Ti-Al alloys, for temperatures ranging from 973 K to 1273 K [START_REF] Becker | Mechanism of isothermal oxidation of the intermetallic TiAl and of TiAl alloys[END_REF]. This work showed that the formation of nitrides is temperature dependent: TiN and Ti 2 AlN started to be observed for T > 1073 K, with content increasing with temperature. The relatively high activation energy for nitrogen diffusion in γ-TiAl could be one of the reason why the nitrides are not observed for low temperature oxidations.

D(T ) = D 0 • e -∆E/kbT (10 
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Conclusions

The insertion and diffusion of C and N in γ-TiAl have been investigated using a DFT-based method. Several interstitial positions (1c, 1b, 4i, 2h, 2e, 2f ) of the L1 0 -TiAl structure were evaluated, combining DFT structural relaxation and phonon calculations. For both C and N, the most stable interstitial position is found to be the 1c site, which corresponds to a regular octahedron formed by 4 Ti and 2 Al atoms. In addition, two metastable sites have been identified on the (001) plane formed of Al atoms, namely 1b and 2e. The first corresponds to a regular octahedron formed of 4 Al and 2 Ti atoms; the latter is a distorted octahedron, formed of 2 close Al atoms and 4 farther Ti atoms. Carbon exhibits a lowest insertion energy for the 1b site rather than the 2e, while the two positions are almost identical for nitrogen. Comparing these results with those previously reported for boron and oxygen [START_REF] Epifano | First-principle study of the solubility and diffusion of oxygen and boron in the g-TiAl[END_REF], a regular variation can be observed: on the Al-(001) plane, by increasing the Z number of the interstitial atom, the favourable configuration moves from the 1b site (the only possible for B) to the 2e site (the only possible for O).

The possible jump paths of C and N among the 1c, 1b and 2e were then investigated by NEB. From these, the diffusion coefficients of C and N along the different crystallographic directions were obtained and compared to those previously reported for oxygen [START_REF] Epifano | First-principle study of the solubility and diffusion of oxygen and boron in the g-TiAl[END_REF]. For all the species, the computations indicated an anisotropic diffusion behaviour. This is particularly true for oxygen and nitrogen, which exhibits a diffusion coefficient along the xy directions much higher than the z direction, while the anisotropy is very limited for carbon. This difference is likely due to an enhanced diffusion in the Al-(001) plane through the 2e sites, in which N and O are more easily inserted.

Comparing the diffusion coefficients of C, N and O in the 1050-1550 K temperature range, oxygen exhibits the highest values, followed by carbon and nitrogen. The diffusion activation energies of nitrogen (1.91 eV for xy , 2.15 eV for z) and carbon (2.53 eV for xy , 2.52 eV for z) are higher than those of oxygen (1.18 eV for xy , 1.21 eV for z ), which implies that the C and N diffusion coefficients increase more rapidly with temperature than those of oxygen. For instance, at T 1050 K, the O diffusion coefficients are 10 2 -10 3 times higher than those of C and N, while at T 1500 K they are comparable with those of carbon and only 1-2 orders of magnitude higher than those of nitrogen. The diffusion coefficients data here obtained represent fundamental quantities to understand and predict diffusioncontrolled reactions, as for instance oxidation of Ti-Al alloys. Indeed, these data can be used as input for kinetic databases which allow predicting the evolution of materials during oxidation. 

3 JFigure 1 :

 31 Figure 1: Two equivalent representations of the γ-TiAl crystal structure: (a) distorted face-centred and (b) body-centred tetragonal. The various interstitial positions tested are also shown.

Figure 2 : 6 J

 26 Figure 2: Projected density-of-states (pDOS) of C in 1c, 1b and 2e sites (from top to the bottom). The amplitudes of the pDOS onto Ti and Al were divided by 10.

Figure 3 : 7 J

 37 Figure 3: Projected density-of-states (pDOS) of N in 1c, 1b and 2e sites (from top to the bottom). The amplitudes of the pDOS onto Ti and Al were divided by 10.

Figure 4 :

 4 Figure 4: Energy chart of the (001) plane constituted of Al atoms with C, N and O interstitial atoms. Each point on the charge represents the resulting energy when the interstitial atom is placed in that position.

Figure 5 :

 5 Figure 5: Interstitial sites where N and C can be accommodated in γ-TiAl and paths for diffusion.

) 10 JFigure 6 :

 106 Figure 6: PDOS of N in the maximum energy point associated to the different diffusion path:(a) 1c 1c, (b) 1c 1b, (c) 1c 2e, (d) 1b 2e.

Figure 7 :

 7 Figure 7: PDOS of C in the maximum energy point associated to the different diffusion path:(a) 1c 1c, (b) 1c 1b, (c) 1b 2e.
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Figure C. 9 :

 9 Figure C.9: Comparison of nitrogen diffusion coefficients in γ-TiAl computed including only the first order transition states (red and blue) and both the first and second order transition states (orange and green).

Table 1 :

 1 1 2 N 2 molecule for nitrogen). The results for C and N insertion in the various interstitial positions are summarized in Table 1. 1c (Ti 4 Al 2 ) 1b (Al 4 Ti 2 ) 4i (Ti 2 Al 2 ) Insertion energies E

	2h	2e	2f

i (eV), enthalpy of formation H f (eV/atom) of carbon and nitrogen in various positions of γ-TiAl. ∆H i represents the difference in energy (eV/atom) between the most stable site, which is 1c for both the C and N, and the other positions.

Table 2 :

 2 Migration energies for N and C in γ-TiAl.

		Path		Energy barrier (eV)
	Start End Distance (Å)	N	C
	1c	1c	2.8	3.342	3.539
	1b	1b	2.8	=1b→2e→1b
	2e	2e	2.0	=2e→1b→2e
	1c 1b	1b 1c	2.8 2.8	2.163 0.758	2.542 1.031
	1c 2e	2e 1c	2.5 2.5	2.211 =1c→1b→2e 0.980 =2e→1b→1c
	2e 1b	1b 2e	1.4 1.4	0.475 0.633	0.379 0.989

  D O and ∆ E values reported in Table3.

	Journal Pre-proof
	6,5 Figure 8: Computed diffusion coefficients of carbon and nitrogen (this work), compared to those of oxygen [26] in γ-TiAl. 7,0 7,5 8,0 8,5 9,0 9,5 1E-16 1E-15 1E-14 1E-13 1E-12 1E-11 1E-10 1E-9 Diffusion Coefficients (m 2 s -1 ) 10 4 /T (K -1 ) Carbon Dx Carbon Dz Oxygen Dx Oxygen Dz Nitrogen Dx Nitrogen Dz 1500 1400 1300 1200 1100 Temperature (K) 1E-16 1E-15 1E-14 1E-13 1E-12 1E-11 1E-10 1E-9 J o u r n a l P r e -p r o o Species D 0 (xy) (m 2 s -1 ) ∆E(xy) (eV) D 0 (z) (m 2 s -1 ) ∆E(z) (eV) C 6.05 •10 -3 2.53 1.22 •10 -2 2.52 N 1.20 •10 -5 1.91 1.22 •10 -5 2.15 O [26] 3.5 •10 -6 1.18 3.4 •10 -7 1.21
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with

Table 3 :

 3 Computed activation energies and pre-factors for the diffusion coefficients of carbon, nitrogen and oxygen[START_REF] Epifano | First-principle study of the solubility and diffusion of oxygen and boron in the g-TiAl[END_REF].

Table A .

 A 4: Reference total energies (E tot ) of the elements.

	"		
				)*4567897
				)*:56789
				)*:
				)*4
	.		
	"		
	-		
	) * ) + , (	(eV.atom -1 ) Element structure E tot
		Ti Al C N 2	#	hc f cc graphite 0 molecule -8.309 -7.890 -3.747 -9.216 ! / ) ! & 12)+ !!!!13.
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Appendix B. Multi-state diffusion model

The diffusion coefficients were computed using the the analytical, multi-state diffusion method proposed by Landaman [START_REF] Landman | Stochastic theory of multistate diffusion in perfect and defective systems. I. mathematical formalism[END_REF][START_REF] Landman | Stochastic theory of multistate diffusion in perfect and defective systems. II. case studies[END_REF]. Herein, we report the Laplace transform of the waiting time density matrix, ψ(u), and the Fourier transform of the displacement matrix, p( -→ k ), for the diffusion of C and N in γ-TiAl.

First, we need to define a unit cell and identify the number of interstitial sites present in it. We selected as unit cell the one shown in Fig. 5, where Al and Ti atoms are represented in blue and red, respectively, and the interstitial sites are in yellow (1c), green (2e) and orange (1b). In this conventional cell, there are two 1c two 1b sites and four 2e. In the most general case encountered in this work, four single-step paths are possible: 1b 1c, 1b 2e, 1c 1c, 1c 2e. On the contrary, direct jumps between two 1b and two 2e sites are not possible. The Laplace transform of the waiting time density matrix ψ(u) is given by:

where ν jk is the jumping rate from site j to site k and
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The vector

is the displacement of an atom jumping from the site j to the site k. The

where the sum is over all the considered paths from a site j to a site k and

where m k can be equal to 0 or ±1. It is equal to 0, if the site k is in the same cell, or to ±1, if the k site is in another cell and the sign indicates the direction in which the cell is repeated.

The Fourier transform matrix of the displacement is then:

where 

(B.17)
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(B.20)

The propagator matrix R( -→ k , u) is then find using Eq. 4 and the diffusion coefficients are obtained by Eq. 5-7.

Appendix C. Diffusion coefficients of N: contribution of 2nd order transition states
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