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Technological advances in femtosecond laser sources call for the development of increasingly refined charac-
terization tools implying to enrich the existing panel of operable nonlinear interactions. Toward that end, we have
recently proposed a variant of SPIDER (spectral phase interferometry for direct electric field reconstruction)
based on a nonstandard effect for producing the frequency shear, the so-called rotational Doppler effect. The
method called DEER-SPIDER, for Doppler effect E-field replication, has the advantage of producing a spectral
shearing at/near the fundamental wavelength, thus allowing operation in the ultraviolet spectral range. The
present paper provides a deeper study of this approach. The method is tested under two different challenging
conditions, and a thorough theoretical analysis is proposed. Possible improvements and an outlook are also
discussed.

DOI: 10.1103/PhysRevA.104.013514

I. INTRODUCTION

The Doppler effect [1] is mostly known in its linear form,
also called the “translational Doppler effect,” by which the rel-
ative velocity between a wave source and an observer causes
a frequency shift readily understood from the conservation
of linear momentum and energy during the light-matter in-
teraction. The translational Doppler effect is widely used for
various applications, such as laser remote sensing, laser ve-
locimetry, health care, satellite communication, and robotics
[2–5]. In astronomy, the discovery of exoplanets by Doppler
spectroscopy was awarded by the Nobel Prize in physics in
2019 [6]. Another lesser known manifestation of the Doppler
effect is the “rotational Doppler effect,” which has been the
subject of a growing interest during the past decade. The
frequency shift arises in this case from the emission or ab-
sorption of a circularly polarized light by a rotating body and
is explained from the conservation of angular momentum and
energy. The rotational Doppler effect manifests itself through
various physical processes such as rotational scattering [7].
It has also been used in photoelectron spectroscopy for prob-
ing molecular orbitals anisotropy [8], in satellite-based GPS
navigation systems [9], or to measure the angular speed of
coherently spinning molecules [10–13]. We have recently
reported [14] its relevance in a radically different field of
applications, namely the ultrashort pulse characterization, by
proposing a variant of the spectral phase interferometry for
direct electric field reconstruction (SPIDER). The method
is called Doppler effect E-field replication-SPIDER (DEER-
SPIDER). The SPIDER represents one of the most widespread
self-referenced complete characterization methods with the
frequency-resolved optical gating (FROG) [15,16] and to a
lesser extent the d-scan [17] or the self-referenced spectral
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interferometry (SRSI) [18]. The SPIDER consists of measur-
ing the spectral interferometry between a pair of identical but
frequency-sheared replicas of the input pulse. In the origi-
nal version of the SPIDER, the input pulse is split into two
parts, one being used to produce a highly chirped pulse and
the other one to generate a sequence of two time-delayed
pulses. The two replica are then sum frequency mixed in
a doubling crystal with the chirped pulse. Since each pulse
overlaps with a different quasimonochromatic slice of the
chirped pulse, the generated pulse has a slightly different cen-
tral frequency (near twice the fundamental carrier frequency).
The frequency shear � can be adjusted through the chirp and
the delay between the two pulses. Most variants of SPIDER
devices [16,19] rely on a sum frequency generation process
in a nonlinear crystal, which constitutes a limiting factor for
applications in the ultraviolet spectral range (UV). Indeed, it is
challenging to find transparent crystals with the suitable phase
matching conditions at wavelengths shorter than 400 nm in
a second-order nonlinear optical process. Furthermore, if the
wavelength of the pulse to be measured is below 380 nm, the
second-harmonic radiation would lie in the vacuum UV being
absorbed by the oxygen of air. In spite of some d-scan [20] or
FROG [21–23] variants for the characterization of UV pulses,
the need of self-referenced and single-shot methods enabling
measurement of weak pulses remains. To characterize UV
pulses, some techniques adopt a frequency down-conversion
process. The DC-SPIDER [24,25] relies, for instance, on the
difference frequency generation (DFG) between the pulse to
be characterized and a chirped pulse of smaller frequency.
Nevertheless, this approach, as with other methods based on
DFG such as DFG XFROG [22], requires two input beams at
different frequencies, limiting its use to custom developments.
Another solution is to exploit alternative nonlinear processes
with higher orders of nonlinearity, as, for instance, degen-
erate four-wave mixing processes. Polarization gating (PG),
self-diffraction (SD), or transient grating (TG) have thus been
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exploited in FROG variants [15]. Nevertheless, single-shot ar-
rangements based on these processes suffer from geometrical
smearing [26] because the signal does not propagate along the
bisector of the beams. Furthermore, single-shot measurements
of UV pulses by PG [23,27] or TG [21] FROG need an input
energy of a few tens or hundreds of μJ. A variant of SPIDER,
the SD-SPIDER [28], operating at the fundamental frequency
has also been reported, but the SD process is not phase-
matched and the device measures the phase of the second
harmonic (and not the one of the pulse), implying an elaborate
retrieval procedure. The use of a third-order nonlinear effect
through spectral interferometry is nevertheless very attractive
for a self-referenced and single-shot measurement of weak
UV pulses. We have shown in this issue [14] the relevance
of the rotational Doppler frequency shift [7,10,11] enabling
the production of two sheared replica of an unknown pulse
at/near the original wavelength. The rotational Doppler shift
(RDS) has been reported with waveplates in mechanical rota-
tion [29] or with rotating molecules [10,11], but our approach
relies on a third-order instantaneous electronic Kerr effect
produced by pulses of twisted linear polarization (TLP). As
shown in our previous work [14], the overall mechanism is
perfectly phase-matched and provides a direct phase retrieval.
It lifts, therefore, the inherent flaws of the SD phenomenon.
The central purpose of the present paper is twofold. First, we
provide a comprehensive analysis of the underlying effect.
The origin of the Doppler shift and of the energy conserva-
tion is clarified from the third-order nonlinear polarization at
play in our process. Second, the DEER-SPIDER method is
evaluated under two different and rather challenging condi-
tions: the characterization of short UV pulses (40 fs duration,
λ = 350 nm) and the characterization of longer IR pulses
(λ = 800 nm) tailored by a pulse shaper device. The produc-
tion and characterization of the TLP pulse are described in
detail.

II. PRINCIPLE

A. Rotational Doppler effect

The rotational Doppler effect can be seen as a variant of the
well-known translational Doppler effect, which appears, for
instance, when a wave is reflected on a moving object. The
reflected (or counterpropagating) wave is frequency-shifted
by �ω = −2�k · �v, with �k the wave vector of the incident
field and �v the velocity of the object. The rotational Doppler
effect for its part takes place, for instance, when a circularly
polarized (CP) light interacts with an anisotropic object in
rotation. It gives rise to a counter-rotating wave shifted by
�ω = ±2 �rot, �rot being the angular frequency of the object.
The sign of the shift depends on the helicity of the CP wave
with respect to the sense of rotation of the object. This effect
can be readily understood by considering the example of the
half-wave plate [29]. A half-wave plate rotates the polariza-
tion direction of a linearly polarized light by twice the angle
between the incident polarization direction and the fast axis of
the half-wave plate, namely from θin to θout = 2θpl − θin, with
θpl the angle of the fast axis. The half-wave plate flips, there-
fore, the helicity of a CP wave since at any time it produces
the symmetrical of the electric field with respect to its fast

axis (θin = −ωt becomes θout = 2θpl + ωt). A rotation of the
fast axis of the wave plate by θpl = �rott induces, therefore, a
variation of the resulting field vector angular speed, namely
of the angular frequency by 2�rot. It can be shown that a
wave plate, other than a half-wave plate, produces a spec-
trally shifted counter-rotating wave together with an unshifted
corotating wave. In a similar way, the translational Doppler
effect with semitransparent objects gives rise to an unshifted
transmitted wave in addition to the spectrally shifted reflected
wave. The rotational Doppler shift (RDS) has been observed
with anisotropic optical elements in mechanical rotation [29]
or with rotating molecules [10,11].

B. Application to spectral shearing interferometry

In SPIDER, two pulses delayed by τ and spectrally shifted
by � interfere in a spectrometer. Letting the complex field
of the pulse be |E (ω)|eiϕ(ω) and the frequency-shifted pulse
be |E (ω + �)|eiϕ(ω+�), the measured interferogram will be
written as [30]

S(ω) = |E (ω)|2 + |E (ω + �)|2
+ 2|E (ω)||E (ω + �)|cos(ωτ + 	(ω)), (1)

where the spectral fringe pattern depends on 	(ω) = ϕ(ω +
�) − ϕ(ω), the spectral phase difference between the two
pulses. The cosine argument can be extracted through Fourier
filtering, and after subtracting the term ωτ , 	(ω), which con-
tains the phase ϕ(ω) to be recovered, can be isolated. The
integration of 	(ω) [16] provides (up to a constant) the spec-
tral phase ϕ(ω) of the pulse

ϕ(ω) ≈ 1

�

∫ ω

0
	(ω′)dω′. (2)

In standard SPIDER, the spectral shear is produced by non-
linear mixing of two time-delayed replicas of the pulse with
a chirped pulse in a nonlinear crystal. The sheared pulses are
centered near twice the carrier frequency of the pulse to be
characterized, which limits the functionality for the character-
ization of UV laser pulses. To prevent this flaw, we exploit the
rotational Doppler effect so as to produce two sheared replica
at/near the original wavelength. For a suitable characteriza-
tion by spectral-shearing interferometry, the frequency shear
should be about a tenth of the spectral bandwidth, which cor-
responds typically to an angular speed of the anisotropy �rot

in the range of a few rad/ps. Such a rotating anisotropy being
unreachable by a mechanical rotation, a different strategy
must be adopted. Our approach takes advantage of a nonlinear
interaction and more precisely on the third-order instanta-
neous electronic Kerr effect. This last manifests itself by the
occurrence of a birefringence when a linearly polarized field
interacts with a medium exhibiting a significant third-order
susceptibility. When produced by a TLP pulse, the optical
Kerr effect gives rise to a rotating anisotropy enabling the pro-
duction of rotational Doppler shift. TLP pulses have already
been exploited to induce unidirectional rotational motion of
linear molecules [11] measured by the rotational Doppler
effect. In the present case, the frequency shear � produced
by the optical Kerr effect with TLP pulses can be retrieved
by calculating the nonlinear polarization (see Appendix A)
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FIG. 1. Schematic representation of the DEER-SPIDER setup.
BK, Berek compensator; FSP, fused silica plate; MOWP, multiple
order wave plate; LCP (RCP), left (right) circular polarization; P,
polarizer; Sp, spectrometer.

revealing a counter-rotating CP field that reads

E (t ) ∝ χ (3)|εTLP(t )|2ε(t )ei(ω0±2�rot )t , (3)

with χ (3) the third-order susceptibility, ω0 the central angular
frequency, �rot the angular frequency of the twisted polar-
ization of the TLP pulse, and εTLP(t ) and ε(t ) the complex
field envelope of the TLP and the input pulse, respectively. As
discussed in Appendix A 4, the frequency shift is concomitant
to energy transfer from the characterized pulse to the TLP (or
the reverse), ensuring the energy conservation.

III. EXPERIMENTAL SETUP

A. DEER-SPIDER design

The experimental setup for spectral shearing interferome-
try by the Doppler effect is depicted in Fig. 1.

The input beam is split into two arms using a reflection on
a fused silica (FS) plate. The transmitted pulse is shaped in
polarization in order to produce the TLP pulse as described in
the next part. The other arm that contains the “reference” pulse
(namely the field to be characterized) is circularly polarized
using a MgF2 Berek compensator BK 1 used as a quarter
wave plate. Compared to zero-order quartz wave plates, the
Berek compensators induces less dispersion (about 120 fs2 at
350 nm) and offers more flexibility since the dephasing can be
adjusted as a function of the wavelength. Reference and TLP
pulses, temporally synchronized, are focused by the same lens
(focal length f = 15 cm) into a 1 mm FS plate with a small
angle. The TLP pulse induces a rotating birefringence in the
plate so that after it, a spectrally shifted CP field of opposite
handedness E (ω + �) [or E (ω − �)] is produced together
with a copropagating and stronger unshifted CP field of same
helicity E (ω). The TLP pulse is blocked while the reference
beam passes through a Berek compensator (BK 2) also used
as a quarter wave plate, which transforms the two opposite CP
fields into two crossed linear polarizations. The two sheared
pulses are further time-delayed by a delay τ via a multiple
order wave plate (MOWP), and their amplitudes are balanced
by tuning the orientation of the polarizer (P). Finally, the beam
is sent into a spectrometer to measure the interferogram. The
delay τ is produced by a 1.65-mm-thick Calcite plate for the
characterization of short UV pulses (τ = 1.45 ps) and by a
5-mm-thick Calcite plate for the characterization of long and
shaped IR pulses (τ = 3 ps).

FIG. 2. TLP pulse generation: MOWP, multiple order wave
plate; BK, Berek compensator; TLP, pulse of twisted linear
polarization.

B. Pulse of twisted linear polarization: Production and
characterization

Pulses of twisted linear polarization can be produced in
different ways [31]. The method selected here relies on
the production of two counter-rotating CP and time-delayed
chirped pulses. A TLP pulse can be seen as the superposition
of two counter-rotating CP fields with slightly different fre-
quencies. This point is readily understood by writing the TLP
pulse with two in-phase components along x and y exhibiting
a continuous variation of their relative amplitudes through a
sinusoidal temporal dependence:

�E = ε(t )eiω0t

(
sin(�rott )
cos(�rott )

)
. (4)

The field vector of such a TLP pulse rotates with a period
Trot = 2π/�rot, and the previous equation can then be modi-
fied as follows:

�E = ε(t )eiω0t

2

(−iei�rott + ie−i�rott

ei�rott + e−i�rott

)

= ε(t )ei(ω0t+�rott )

2

(−i
1

)
+ ε(t )ei(ω0t−�rott )

2

(
i
1

)
(5)

corresponding to two CP fields of opposite handedness and
frequency-shifted by δω = 2�rot = 4π/Trot. Our polarization
shaping, depicted in Fig. 2, is based on this principle. It uses
a sequence of two chirped pulses temporally delayed by T ,
T being smaller than the pulse duration so as to ensure an
overlap between the two pulses. In this purpose, the pulse is
first chirped using a dispersive medium for the UV configu-
ration or a dual-pass 4 f -line stretcher for the long pulse IR
configuration. The chirped pulse is then transformed in two
time-delayed perpendicularly polarized components using a
MOWP, and the two components are circularly polarized with
opposite handedness by means of a Berek compensator acting
as a quarter wave plate. Both pulses present an instantaneous
frequency that varies linearly with the time: ω(t ) = ω0 + 2at ,
where the expression of a for a Gaussian pulse is

a = �′′( �t2
FTL

2
√

2ln2

)2 + 2�′′2
, (6)

with �tFTL the full width at half-maximum duration of the
Fourier transform limited (FTL) pulse, and �′′ is the quadratic
spectral phase introduced with the chirp. The two pulses,
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FIG. 3. Representation of the TLP electric field profile for λ =
350 nm. The parameters used for the calculation are the experimental
parameters for the case 1 (see text), except for the central frequency
that is fixed to ω0/20 for a better visualization.

delayed by T , presents therefore a frequency shift versus time
δω(t ) = ω(t + T ) − ω(t ) = 2aT , which is constant. Since
the two pulses are circularly polarized with opposite hand-
edness, the resulting field is linearly polarized with a rotating
polarization of period Trot = 4π/δω = 2π/aT . The expected
Doppler shift with such a TLP pulse is � = 2�rot = 4π/Trot.

Compared to other methods [11], the TLP pulse produced in
this way can be longer with possibly many turns of the electric
field (see, for instance, Fig. 3). Long TLP pulses feature the
advantage of being less sensitive to the input chirp enabling
the characterization of larger spectral phases. The temporal
synchronization between the TLP pulse and the reference
pulse is also less critical.

The first configuration (called hereafter case 1) is the
one implemented for characterizing short UV pulses (λ =
350 nm). The main parameters of the TLP pulse production
are �tFTL = 40 fs, �′′ ≈ 24 000 fs2, and T = 190 fs. From
the above discussion, the rotational period of spinning polar-
ization is expected to be equal to Trot = 1.6 ps and the shear
to � = 7.9 rad/ps. A representation of the TLP electric field
profile is depicted in Fig. 3.

To characterize the TLP pulse, one can exploit the elec-
tronic Kerr effect (or polarization gating) with the same
experimental scheme as in Fig. 1 but using a linearly polar-
ized reference beam and a linear analyzer (by tuning BK1
and BK2). By varying the delay between the reference and
TLP pulses, the measured Kerr signal, corresponding to the
depolarization experienced by the reference pulse, is maxi-
mum when the polarization of the pump and the reference
form an angle of 45◦. A modulation with a periodicity of
Trot/4 is therefore expected. A typical measurement of the
Kerr signal is depicted in Fig. 4. A modulation of period
�tmod ≈ 0.4 ps is observed indicating a TLP rotational period
Trot ≈ 1.6 ps in good agreement with the parameters used for
the polarization shaping. The shear has also been evaluated
by measuring the spectrum of the field when produced with
TLP pulses of opposite rotating polarization so as to shift
the observed signal from � to −� (which is a bit more
accurate than the difference between shifted and unshifted
pulse). The polarizer in Fig. 1 is set horizontally to measure
only the component shifted by the Doppler effect. Two spectra
have then been measured by rotating by 90◦ the BK in Fig. 2
in order to reverse the twisting polarization of the TLP pulse.
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FIG. 4. Characterization of the TLP pulse by Kerr gating for the
UV configuration (case 1; see the text). The calculation is performed
with a TLP pulse of rotational period Trot = 1.6 ps.

The two spectra shown in Fig. 5 are found to be shifted by
2� = 16 rad/ps close to the value expected from the angular
speed of the TLP pulse. We point out that the spectra perfectly
overlap with each other when shifted by 2�, meaning that
the shear is obtained without any noticeable distortions of the
spectrum.

The second configuration investigated in the present work
is dedicated to the characterization of long IR and shaped
pulses (�tFTL = 100 fs and λ = 800 nm). In this case (called
case 2), the small spectral bandwidth and the wavelength of
the pulse prevent the use of a dispersive medium to induce a
sufficient chirp of the TLP pulse. Instead, the pulse is stretched
using a double-pass 4 f -line reflected pulse stretcher inducing
a quadratic spectral phase �′′ = 160 000 fs2. The duration
of each chirped pulse is �tch = 4.4 ps and the delay is T =
500 fs so that the rotational period of the spinning polarization
is Trot = 4 ps providing a shear � = 3.14 rad/ps.

IV. EXPERIMENTAL RESULT

A. Characterization of UV pulses

The UV pulse (�tFTL = 40 fs, λ = 350 nm) is delivered
by a Ti:sapphire laser equipped with a NOPA (noncollinear
optical parametric amplifier). The input pulse of typical en-
ergy 2 μJ is characterized by our DEER-SPIDER setup.
The interferogram, obtained by tuning the orientation of the
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FIG. 5. (a) Spectrum of the UV pulse for opposite twisting po-
larization of the TLP pulse; (b) same as (a) by shifting the blue curve
by 2�.
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FIG. 6. (a) Interferogram. (b) Spectral phases of a UV pulse
retrieved from the DEER-SPIDER (black line) with the laser spec-
trum (gray line). (c) Spectral phase induced by different fused silica
(FS) plates: the red (lower), blue (middle), and green (upper) line
denote 6, 12, and 18 mm thicknesses. Measurements in solid lines
are compared to the FS second-order dispersion in dashed lines.

polarizer (P) in Fig. 1 so as to maximize the contrast of the
spectral fringes, is depicted in Fig. 6(a). The spectral phase is
encoded into the fringes pattern and can be retrieved using the
inversion procedure given in Eq. (2) but with a minor modi-
fication for a better accuracy (see Appendix B 1). Figure 6(b)
depicts the DEER-SPIDER characterization of the pulse de-
livered by the laser system. A small resulting cubic phase
can be clearly distinguished. The latter can be imputed to an
effect of dispersion mismatch undergone by the two sheared
pulses. Standard SPIDER designs are known to suffer from
a dispersion mismatch introduced by the beamsplitter used
to produce the pair of pulses. In the present DEER-SPIDER,
the phase mismatch originates from the differential dispersion
induced by the MOWP in Fig. 1 since the pulse separation
is performed after the interaction. The differential quadratic
phase induced in this way (about 280 fs2) manifests as an
additional cubic contribution in the retrieved phase after the
inversion procedure. This contribution, depicted in Fig. 6(b)
as a dashed line, reveals that the initial phase can be entirely
attributed to this artifact. While it can be accurately assessed
and subtracted, we point out that this effect could also be
significantly reduced by the use of MgF2 MOWP, which in-
duces a differential dispersion 3.6 times weaker than calcite
for a given delay τ . Furthermore, as discussed in the Con-
clusion, the implementation of a homodyne detection would
overcome this problem. The reliability of our method has been
further checked by inducing known chirps by means of fused
silica (FS) plates of different thicknesses. After subtracting
the initial phase, the phases attributed to the FS plates can be
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FIG. 7. Characterization of various spectral phases ϕ(ω) applied
with the pulse shaper: (a) unshaped (with the laser spectrum shown
by a gray line), (b) triangular phase function of ±300 fs slope, (c-
d) ϕ(ω) = ±φ (2)/2(ω − ω0)2 with φ (2) = 5 × 103 fs2, (e-f) ϕ(ω) =
±φ (3)/6(ω − ω0)3 with φ (3) = 5 × 105 fs3, (g) ϕ(ω) = π/3 sin(ωτ )
with τ = 300 fs, (h) π/3 phase jump. The red dashed lines depict the
phase encoded with the pulse shaper, and the blue lines depict the
phase retrieved by our device.

measured, and the result shown in Fig. 6(c) reveals a quadratic
spectral phase of increasing amplitude. Those phases have
then been compared with the prediction from second-order
dispersion and were found in very good agreement within
an RMS error field ε � 0.1. These observations highlight the
ability of our method to provide a reliable characterization of
ultrafast UV laser sources on a single-shot basis.

B. Characterization of IR pulses

As an additional test of our method, the ability to retrieve
different types of spectral phases is investigated. A laser pulse
delivered by a Ti:sapphire laser (�tFTL = 100 fs and λ =
800 nm) is spectrally phase-shaped via a standard pulse shaper
device using a programmable 1D dual mask LC-SLM array
(SLM-320d from Jenoptik), and the applied spectral phases
are compared to the measured ones. A description of the pulse
shaper arrangement can be found in Ref. [32]. Various phase
modulations have been applied with the pulse shaper. The
main results, summarized in Fig. 7, demonstrate the ability
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of our device to retrieve different spectral phases with a great
fidelity. As shown, standard cubic or quadratic spectral phases
have been characterized (with their signs) together with more
exotic modulations such as triangular or sinusoidal phase
functions. The result depicted in Fig. 7 corresponds to the
direct retrieved phases without any correction from the phase
mismatch that is negligible in the present case. We emphasize
that the chirp to be characterized should remain small enough
to keep the main features of the TLP pulse unchanged in
order to preserve the Doppler shift. This condition is fulfilled
for all phases except maybe for the phase step [Fig. 7(h)].
As discussed in Appendix B 2, both the spectral phase and
the amplitude of the field produced by the Doppler effect
are altered with this shaping. Nevertheless, the deterioration
of the transcribed phase remains moderate so that the phase
retrieval remains satisfactory considering that the phase step
is notoriously difficult to characterize. While this limitation is
inherent to any SPIDER design and to most self-referenced
characterization methods, the ability of the present device
to characterize such a set of significantly different phases
confirms the relevance of our DEER method. Furthermore,
the use of alternative strategies for producing the TLP pulse
could provide a Doppler effect even more immune with re-
spect to the input phase. The TLP pulse could, for instance,
be produced by adding two counter-rotating CP fields with
slightly different frequencies through the selection of two nar-
row sidebands within the spectrum. This could enable a better
characterization of phases with abrupt variations or jumps but
at the expense of the energy consumed in the shaping process.

V. CONCLUSION AND DISCUSSION

This paper provides an extended discussion and substantia-
tion of the recently reported DEER-SPIDER method [14]. The
major innovation relies on the use of the rotational Doppler
effect enabling the production of a frequency shear in the
absence of frequency up-conversion. This nonconventional
approach provides an extended functionality toward the UV
spectral domain. The method has been evaluated with two
different and rather challenging conditions: characterization
of IR shaped pulses and of UV pulses. In both cases, the
performance of the setup, in terms of phase reconstruction,
turns out to be of high quality and confirms the relevance of
the method. In particular, the DEER-SPIDER method proves
to be well suited for the single-shot characterization of UV
ultrafast laser sources, which is of great interest for several
applications, as, for instance, in the context of XFEL seed-
ing. The rotational Doppler effect as implemented here could
also be exploited for other applications, as, for instance, to
control the wavelengths of THz fields not otherwise easily
accessible. Several improvements could be made to the de-
vice. For instance, instead of using a BK compensator to
circularly polarize the reference pulse, one could exploit the
depolarization induced by metallic reflection so as to limit
the dispersion or enable operation in the deep UV. Standard
SPIDER designs are also affected by the dispersion mismatch
introduced by the beamsplitter used to produce the pair of
pulses. This effect, limited in the DEER-SPIDER since the
pulse separation is performed after the interaction, could be
significantly reduced by using a MgF2 MOWP for which the

dispersion mismatch would be of 50 fs2 and 5 fs2 at 350 nm for
a delay τ = 1 ps and 100 fs, respectively. Finally, the present
device can readily give access to a homodyne detection [33]
so as to overcome the calibration issue of the delay τ in
Eq. (1). Any miscalibration of this delay will indeed result
in a systematic quadratic error in the retrieved spectral phase.
To get rid of it, two measurements with opposite rotating
polarizations of the TLP pulse could be conducted, providing
a spectral phase difference equal to ωτ + ϕ(ω + �) − ϕ(ω)
or ωτ + ϕ(ω − �) − ϕ(ω). By subtracting the two quantities,
one would enable a phase retrieval without any precalibration
of the delay τ and insensitive to the dispersion mismatch
introduced by the MOWP.
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APPENDIX A: THEORETICAL ANALYSIS OF THE
PRODUCED SHEAR

The objective of this Appendix is to clarify the origin of
the sheared pulse from the third-order nonlinear polarization
�P(t ) at play in the DEER process.

1. Nonlinear polarization

Let us first consider the very general case of two beams
crossing at a small angle in an isotropic medium consisting of
a thin piece of glass in the (x, y) plane (see Fig. 1 of the main
text). The first pulse, called hereafter the “pump pulse,” has a
complex amplitude written as

�Ep = ei(ω0t−�kp·�r)

(
εpx

(t )
εpy

(t )

)
(A1)

while the second one called “probe pulse” is of the form

�E = ei(ω0t−�k·�r)

(
εx(t )
εy(t )

)
, (A2)

where the time-dependent amplitudes along x and y of both
fields can be complex. The signal of interest is produced
by a third-order nonlinear optical process at the fundamental
angular frequency ω0 in the direction of the probe beam prop-
agation so that the conservation of the wave vector imposes
a field produced with the wave vector �k = �kp − �kp + �k (im-
plying a sequence of fields EpE∗

p E ). This effect corresponds
to the cross-coupling electronic Kerr effect with the pump
pulse inducing modifications of the optical properties of the
medium experienced by the (weaker) probe pulse. For calcu-
lating the part of the nonlinear polarization that influences the
probe pulse, we will assume that the system responds instan-
taneously to the applied field so that the nonlinear polarization
can be described in the time domain (and that Kleinman’s
symmetry is valid). We also use the properties of symmetry
of the third-order susceptibility tensor for isotropic materials
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(χ (3)
i jkl with i, j, k, l = x, y, or z) that comprises 21 nonzero

elements of which only 3 are independent. Under these con-
ditions, the nonlinear polarization envelope can be reduced to
the following expression:(

Px(t )
Py(t )

)
= ε0χ

(3)

3

(
Pxx(t ) Pxy(t )
Pyx(t ) Pyy(t )

)(
εx(t )
εy(t )

)
, (A3)

where χ (3) = χ (3)
xxxx = χ (3)

yyyy, and

Pxx = 6|εpx
(t )|2 + 2

∣∣εpy
(t )

∣∣2
,

Pyy = 6
∣∣εpy

(t )
∣∣2 + 2

∣∣εpx
(t )

∣∣2
,

Pxy = Pyx = 2
(
εpx

(t )ε∗
py

(t ) + ε∗
px

(t )εpy
(t )

)
.

(A4)

2. Circular polarizer and analyzer for the probe pulse

We consider for the probe pulse (the pulse to be char-
acterized in the DEER-SPIDER setup) a left-handed or
counterclockwise circularly polarized (CP) field written as(

εx(t )
εy(t )

)
= ε(t )

(
i
1

)
. (A5)

After the interaction, a circular analyzer is used to isolate
the component of opposite handedness so that the signal field
envelope will be given by

εsig(t ) ∝ iPy(t ) − Px(t )

∝ χ (3)ε(t )
[(∣∣εpy

(t )
∣∣2 − ∣∣εpx

(t )
∣∣2)

i − Pxy

2

]
. (A6)

3. Results for an “ideal” pulse of twisted linear polarization

To gain more insight into the produced shear, we consider
for the pump field the case of an “ideal” TLP pulse defined in
Eq. (4) of the main text. The amplitudes in Eq. (A1), therefore,
give (

εpx
(t )

εpy
(t )

)
= εp(t )

(
sin(�rott )
cos(�rott )

)
. (A7)

The two components along x and y are in phase at any time but
with a continuous variation of their relative amplitudes giving
rise to the desired field of spinning polarization (that rotates
here in the clockwise direction). The real and imaginary parts
of Eq. (A6) can be rewritten according to the expression of the
TLP pulse, giving∣∣εpy

(t )
∣∣2 − ∣∣εpx

(t )
∣∣2 = |εp(t )|2(cos2(�rott ) − sin2(�rott ))

= |εp(t )|2cos(2�rott ) (A8)

and
Pxy

2
= εpx

(t )ε∗
py

(t ) + ε∗
px

(t )εpy
(t )

= 2|εp(t )|2sin(�rott )cos(�rott )

= |εp(t )|2sin(2�rott ). (A9)

Equation (A6) is then modified as follows:

εsig(t ) ∝ iχ (3)|εp(t )|2ε(t )[cos(2�rott ) + isin(2�rott )]

∝ iχ (3)|εp(t )|2ε(t )e2i�rott , (A10)

providing a signal field equal to

Esig(t ) ∝ iχ (3)|εp(t )|2ε(t )ei(ω0+2�rot )t . (A11)

The frequency shear appears therefore explicitly from the pre-
vious equation. As expected, the pulse is spectrally shifted by
�ω = 2�rot, i.e., twice the angular frequency of the spinning
polarization. Furthermore, the shift is toward higher frequen-
cies since the probe CP field rotates in the counterclockwise
direction, i.e., in the opposite direction as compared to the
polarization of the TLP pulse (clockwise). If the direction of
rotation of the TLP pulse is reversed, �rot becomes −�rot

and the field then becomes redshifted. We emphasize that
for a continuous TLP pulse, or for a TLP pulse long enough
compared to ε(t ), the field produced in this way [Eq. (A11)] is
the exact frequency-shifted replica of the input probe pulse. It
can be recalled that in the experimental configurations of our
work, the duration of the TLP pulse is much longer than the
pulse to characterize.

While the previous streamlined approach features the ad-
vantage to provide a simple analytic expression, a thorough
analysis reproducing more closely the experimental condi-
tions is of interest in order to assess the reliability and limits
of the method.

4. Propagation equation

Neglecting the linear dispersion terms and expressing the
fields εx,y so that |εx,y|2 correspond to the intensity for the
horizontal (vertical) polarization, one obtains the following
propagation coupled equations for the field to characterize:

∂z
εx(t )
εy(t ) = 2i

n2ω0

c

(
1 + i

∂t

ω0

)(
Pxx(t ) Pxy(t )
Pyx(t ) Pyy(t )

)
εx(t )
εy(t ), (A12)

where n2 = 4
3

χ (3)

ε0cn2
0

is the nonlinear refractive index of the
material, and

Pxx = ∣∣εpx
(t )

∣∣2 + 1
3

∣∣εpy
(t )

∣∣2
,

Pyy = ∣∣εpx
(t )

∣∣2 + 1
3

∣∣εpy
(t )

∣∣2
,

Pxy = Pyx = 1
3

(
εpx

(t )ε∗
py

(t ) + ε∗
px

(t )εpy
(t )

)
. (A13)

The same kind of coupled propagation equations drive the
propagation of the TLP pulse:

∂z
εpx

(t )
εpy

(t ) = 2i
n2ω0

c

(
1 + i

∂t

ω0

)(
Ppxx

(t ) Ppxy
(t )

Ppyx
(t ) Ppyy

(t )

)
εpx

(t )
εpy

(t ),

(A14)
with

Ppxx
= |εx(t )|2 + 1

3 |εy(t )|2,
Ppyy

= |εx(t )|2 + 1
3 |εy(t )|2,

Ppxy
= Ppyx

= 1
3 (εx(t )ε∗

y (t ) + ε∗
x (t )εy(t )). (A15)

It is interesting to compare the present physical situation to the
one taking place with the rotational Doppler effect induced by
a wave plate or a molecular wave packet in rotation. During
the latter processes, the circularly polarized electromagnetic
field applies a torque to the object. This torque then induces
a change of the energy of the rotating body and leads, by the
conservation of the angular momenta, to the frequency shift
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of the electromagnetic field. In other words, in the latter situ-
ation, the frequency shift is concomitant to an energy transfer
from the electromagnetic field to the rotating body (i.e., the
plate or the molecules). In the present case, such an argument
cannot be invoked, since the anisotropy is not produced by
a physical rotating object but through a nonlinear interaction
in which the matter acts only as an intermediary between the
TLP and the pulse to characterize. From the above propaga-
tion equations, one can calculate the energy variation of the
pulse to be characterized all along the propagation. After some
cumbersome but straightforward calculations, one obtains the
evolution of the energy E (z) = ∫ |εx|2 + |εy|2dt :

∂zE ∝ −n2

c

∫
(εxε

∗
y + ε∗

x εy)∂t
(
εpx

ε∗
py

+ ε∗
px

εpy

)
dt, (A16)

while the evolution of the TLP energy Ep(z) = ∫ |εpx
|2 +

|εpy
|2dt is given by

∂zEp ∝ −n2

c

∫ (
εpx

ε∗
py

+ ε∗
px

εpy

)
∂t (εxε

∗
y + ε∗

x εy)dt . (A17)

Integrating by parts the latter equation, one then obtains that
there is an energy transfer from the pulse to characterize to
the pump (or the reverse depending on the relative direction
of rotation of the TLP with respect to the circularity of the
pulse) without any energy transfer to the nonlinear medium:

∂zEp = −∂zE . (A18)

It is also interesting to examine the photon number conserva-
tion of the characterized pulse during the nonlinear process.
For this, it is easier to express the coupled propagation equa-
tions in the circularly polarization basis. This is done by
defining a new set of electric fields:

ε± = εx ± iεy√
2

,

εp± = εpx
± iεpy√

2
.

(A19)

In this basis, the propagation of the pulse to characterize is

∂z
ε+(t )
ε−(t ) = 4i

n2ω0

c

(
1 + i

∂t

ω0

)(
P++(t ) P+−(t )
P−+(t ) P−−(t )

)
ε+(t )
ε−(t ),

(A20)
where

P++(t ) = P−−(t ) = |εp+|2 + |εp−|2,
P+−(t ) = P∗

−+(t ) = εp+ε∗
p−

. (A21)

For a perfect TLP pulse (i.e., far longer than the pulse to
characterize), one has

P++(t ) = P−−(t ) = |εp+|2 + |εp−|2 	 Ip, (A22)

where Ip is the total intensity of the TLP that can be considered
as time-independent (at least, over the characterized pulse
duration). Moreover, one has

P+−(t ) = Ip/2e2i�rott ,

P−+(t ) = Ip/2e−2i�rott . (A23)
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FIG. 8. Simulation of Doppler shift for the different spectral
phases experimentally investigated. Left and middle panels depict
the spectral amplitude and phase of the input (red dashed line) and
sheared pulse (blue solid line). Right panels display the spectral
phase obtained from the retrieval procedure (blue solid line) com-
pared to the applied phase (red dashed line).

After some calculations, one then obtains the evolution of the
spectral intensity of I+(ω) = |̃ε+|2(ω) and I−(ω) = |̃ε−|2:

∂zI+(ω) = (ω0 + ω)
n2Ip

c
Im(̃ε∗

−(ω + 2�rot )̃ε+(ω)),

∂zI−(ω) = −(ω0 + ω)
n2Ip

c
Im(̃ε∗

−(ω )̃ε+(ω − 2�rot )).

(A24)

The evolution of the total number of photons is then

∂z

∫
I+(ω) + I−(ω)

ω0 + w
dw = 0. (A25)

Accordingly, the total number of photons of the pulse is con-
served. Coupled to the fact that there is an energy transfer
from the TLP to the characterized pulse (or the opposite),
the photon number conservation then implies that the field to
characterize is frequency-shifted.

APPENDIX B: THEORETICAL RETRIEVAL

1. Phase retrieval

As already mentioned, the SPIDER consists of measuring
the interferogram associated with a sequence of two pulses
delayed by τ and spectrally shifted by � through an interfer-
ogram given in Eq. (1). The relevant information is encoded
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in the shape of fringes where the presence of chirp manifests
itself as a deviation from equally spaced fringes. The cosine
argument can be extracted through a spectral filtering, and
the knowledge of τ allows the evaluation of 	(ω) that is
roughly proportional to the spectral phase derivative. In a first
approximation, let us develop 	(ω) as

	(ω) = ϕ(ω + �) − ϕ(ω)

= [
ϕ(ω) + ∂ωϕ(ω)� + 1

2∂2
ωϕ(ω)�2 + · · · ] − ϕ(ω)

= ∂ωϕ(ω)� + 1
2∂2

ωϕ(ω)�2 + o(�2). (B1)

Integrating 	 over ω, one then obtains

1

�

∫ ω

−∞
	(ω′)dω′ = ϕ(ω) + 1

2
∂ωϕ(ω)� + o(�). (B2)

Accordingly, the difference between the pulse phase and the
reconstructed phase is proportional to the shear �. Moreover,
the spectral shape of the systematic error follows the prime
derivative of the pulse phase. In fact, the systematic error
made during the reconstruction algorithm can be significantly
decreased by writing 	(ω) as

	(ω) = ϕ(ω + �) − ϕ(ω)

=
∑

k=0,...,N

1

k!
∂ (k)
ω ϕ

(
ω + �

2

)
�k

2k

−
∑

k=0,...,N

(−1)k

k!
∂ (k)
ω ϕ

(
ω + �

2

)
�k

2k

= ∂ωϕ

(
ω + �

2

)
� + 1

24
∂3
ωϕ

(
ω + �

2

)
�3 + o(�3).

(B3)

Integrating 	(ω) over ω, one then obtains

1

�

∫ ω

−∞
	(ω′)dω′ = ϕ

(
ω + �

2

)

+ 1

24
∂2
ωϕ

(
ω + �

2

)
�2 + o(�2). (B4)

As a result, considering that the reconstructed phase at a
given ω corresponds to the pulse phase evaluated at ω + �

2 , it
turns out to be more accurate. Indeed, the error in this case is
of second order with respect to the shear frequency � with a
frequency shape corresponding to the second-order derivative
of the pulse phase. The only additional step for retrieving the
correct phase is to shift by �

2 the reconstructed phase.

2. Simulation of phase retrieval

The above discussion (Appendix A 3) has allowed us to
discuss the basic underlying physical processes at play for
generating a frequency-shifted replica of the pulse to char-
acterize. Nevertheless, this discussion has been made under
the “perfect TLP pulse” assumption, i.e., using a pump pulse
whose linear polarization indefinitely rotates at the same an-
gular velocity. However, in practical applications, the TLP
pulse is generated from the pulse to characterize. Accordingly,
one can legitimately wonder if the above discussion is still
valid in the case where the pulse to characterize exhibits a
strong, potentially discontinuous, phase modulation. Simula-
tions using propagation equation (Appendix A 4) can provide
an answer to this question. The amplitude and phase of the
field produced by the Doppler effect for the different shaping
explored in this work have been calculated.

Results shown in Fig. 8 reveal that for the quadratic and
cubic phases investigated here, the TLP pulses is unaltered
so that the Doppler effect provides an exact sheared replica
of the input spectrum. For the sinusoidal and triangular phase
functions, the alteration of the TLP pulse induces distortions
of the spectral amplitude of the sheared pulse while its spectral
phase is still well transferred. Since the relevant information
is encoded along the fringes spacing and not along the am-
plitude, the phase retrieval matches the one applied as shown
in Figs. 7(b) and 7(g). Finally, simulations for the phase step
predict that both the spectral phase and the amplitude of the
field produced by the Doppler effect are altered. Nevertheless,
the deterioration of the transcribed phase remains moderate,
so that the phase retrieval remains satisfactory, as shown in
Fig. 7(h).
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