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Abstract: This work is motivated by the study of local protein struc-
ture, which is defined by two variable dihedral angles that take values from
probability distributions on the flat torus. Our goal is to provide the space
P(R?/Z?) with a metric that quantifies local structural modifications due
to changes in the protein sequence, and to define associated two-sample
goodness-of-fit testing approaches. Due to its adaptability to the space ge-
ometry, we focus on the Wasserstein distance as a metric between distribu-
tions.

We extend existing results of the theory of Optimal Transport to the d-
dimensional flat torus T¢ = R%/Z?, in particular a Central Limit Theorem.
Moreover, we propose different approaches for two-sample goodness-of-fit
testing for the one and two-dimensional case, based on the Wasserstein
distance. We prove their validity and consistency. We provide an imple-
mentation of these tests in R. Their performance is assessed by numerical
experiments on synthetic data and illustrated by an application to protein
structure data.

Keywords and phrases: Optimal Transport, Flat Torus, Wasserstein
distance, Central Limit Theorem, Goodness-of-fit test, Structural biology,
Intrinsically disordered proteins.
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1. Introduction

When it comes to measure the distance between two probability distributions,
the well known Wasserstein distance, derived from the theory of Optimal Trans-
port (OT), provides both strong theoretical guarantees —it metrizes weak conver-
gence [60]- and attractive empirical performance [45]. Most of the applications
of such theory are related to the very active field of machine learning, notably in
the framework of generative networks [2], robustness [54] or fairness [19], among
others.

From a statistical point of view, one of the main caveats of the theory of
OT comes from the curse of dimensionality: the rate of convergence of the em-
pirical Wasserstein distance decreases as n~'/¢ with the dimension [24]. An-
other important issue is the asymptotic behavior of the fluctuations of the
empirical optimal transport cost. For probabilities supported in R?, it has
been proved, using Efron-Stein’s inequality that, for the cost L2, the differ-
ence /n(W3(P,, Q) — EW3(P,,Q)) is asymptotically Gaussian [20]. Recently,
the proofs have been extended to some general costs in R?, including the cost
L?, for p > 1 [17]. Concerning statistical goodness-of-fit tests based on Wasser-
stein distance, the one sample case has already been addressed in [28] and, when
the probabilities are defined over R, two-sample tests can be derived from [15].

In this paper, we focus on the d-dimensional flat torus T¢ := R%/Z9 where,
even from the purely theoretical point of view, OT has not been completely
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addressed, besides the work in [12], [38] or, more recently, in [36]. However, this
space appears naturally when the probability measures are periodic (e.g. for
distributions of angles). The main objective of this work is (1) to extend recent
existing OT results to the space of probability measures on the flat torus P(T%),
especially a Central Limit Theorem (CLT), and (2) to address in particular the
two-dimensional case, by constructing two-sample goodness-of-fit tests based on
the Wasserstein distance.

Our motivation for extending the theory of OT to T? comes from the inves-
tigation of proteins. Understanding the relationships between protein sequence,
structure and function is the main goal of Structural Biology. In addition to
its scientific importance, a better understanding of these relationships is essen-
tial for applications in diverse areas, such as biomedicine and biotechnology.
The conformational state of a protein can be defined by a vector of angles,
corresponding to rotations around the chemical bonds between the atoms that
constitute its “backbone”. This vector contains two values per amino-acid, ¢ and
1, which follow a certain distribution, and which are usually represented using
the so-called Ramachandran plots [48] (see also Figure 3). The analysis of these
distributions has several important applications, such as the validation or re-
finement of protein structures determined from biophysical techniques [42, 35],
the prediction of some biophysical measurements to complement experiments
[55], and the development of potential energy models or scoring methods for
protein structure modeling, prediction and design [4, 50, 57].

In this context, the definition of a suitable distance between distributions on
T2 is essential. This would allow to quantify the expected magnitude of struc-
tural effects associated with local changes in the sequence, and therefore to
develop improved versions of the aforementioned modeling and prediction tech-
niques. Nevertheless, this has not been done satisfactorily in previous works.
For example, significant differences between two laws are stated after visual
comparison of two empirical distributions in [50] and [55] , and the Hellinger
distance is used to compare distributions on a non-periodic [—m, 7| X [—7, 7] in
[67]. Powerful statistical tests remain to be defined and implemented in order
to state such differences, being based on a metric that takes geometry into con-
sideration. As many other commonly-used metrics, Hellinger distance ignores
the underlying geometry of the space. Here, we propose to use the Wasserstein
distance, whose advantageous geometrical and mathematical properties are de-
scribed in [45], [59] and [60], to define goodness-of-fit testing techniques for two
measures on T2, allowing a more accurate study of the distribution of protein
local conformations.

The paper is organized as follows:

e Section 2 starts by introducing the general framework of measures on the
flat torus in general dimension, followed by the precise formulation of the
optimal transport problem. Section 2.1 is devoted to the study of the shape
of the solutions, recalling that they are the gradient of a periodic convex
functions and showing the uniqueness of the potential in Corollary 2.2.
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Section 2.2 proves through Theorem 2.4 that the optimal transport po-
tentials converge, up to an additive constant, when the measures converge
weakly. This result implies that the method of [20] based on Efron—Stein’s
inequality can be applied to derive a Central Limit Theorem, see Theo-
rem 2.5 in Subsection 2.3. Finally, we show how the previously defined
CLT does not allow the definition of an asymptotic test.

e Section 3 shows how Wasserstein distance can be used to define two-sample
goodness-of-fit tests in the two dimensional flat torus. We propose two
testing approaches. The first one, introduced in Subsection 3.1, consists
in testing the equality of two measures projected into a finite number
of closed geodesics on T?. The second, presented in Subsection 3.2, is a
conservative procedure based on upper-bounding the exact p-values. This
is possible thanks to a concentration inequality given in Theorem 3.6,
together with faster convergence rates for the expectation.

e Section 4 reports numerical experiments illustrating the relevance of these
theoretical results, first with synthetic data and then with real data from
protein structures, showing that our methods behave well in both cases.

To facilitate reading, the proofs are relegated to the Appendix, but in some
cases the intuitions of the proofs are provided in the main text for clarity.

2. Optimal transport in R¢/Z4

Let T¢ := R%/Z% be defined as the quotient space derived from the equivalence
relation xRy if x —y € Z%. For each x € R? we denote as X € T its equivalence
class and reserve the notation 7 for the canonical projection map x — 7(x) = X.
The topology of the quotient space is defined as the finest one that makes 7
continuous. With this topology, the space T¢ is a Polish space with the distance
derived from the Euclidean norm || - ||,

d(x,y) = inf |x-y+pl.
pEzZ4

Note that the last claim is true since the projection map 7 is in fact a metric
identification, (R%, || - ||) is a Banach space and Z? is a closed subset, then it is
complete, metrizable through d and separable.

Set p > 1. For two probability measures P, Q € P(T?), a probability measure
7 € P(T4 x T4) is said to be an optimal transport plan for the cost dP between
P and Q@ if it solves

T(P,Q) := inf / P (X,¥)dV(,¥), 2.1
»(P, Q) - (%, ¥)dv(%,y) (2.1)

where TI(P, Q) is the set of probability measures v € P(T? x T¢) such that
v(A x R?) = P(A) and v(T¢ x B) = Q(B) for all A, B measurable subsets of
Te.
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The Kantorovich problem (2.1) can be formulated in a dual form, as follows
TPQ = sw [ ae [ o@dQe).  @2)
(f,9)€®,(P,Q) /T4 Td

where

©,(P,Q) ={(f,9) € Li(P) x Li(Q) : f(X) +9(y) < d(x.¥) Vx,yeT}.

The element ¢ € Li(P) is said to be an optimal transport potential from P
to Q for the cost dP if there exists ¢ € L1(Q) such that the pair (¢, ¢) solves
(2.2). Recall from [60] that the solutions of (2.2) are pairs (f, g) of dP-conjugate
dP-concave functions. This means that

f(x) = inf {d(%,5)" —g(y)} and g(y) = /' (y) = inf {d(x,5)" — f(X)}.
yEeTe %x€Td
(2.3)
Furthermore, since T? is a Polish space, then Theorem 4.1 in [60] implies that
there exists a solution 7* of (2.1). Additionally, Theorem 5.10 in [60] establishes
that supp(7*) is dP-cyclically monotone. This means that for any finite sequence

{(xk, ¥k)}7_, C supp(7*) and any bijection o : {1,...,n} — {1,...,n}, the fol-
lowing inequality holds:

Z dp(ikvyk) < de(xk7YJ(k))'

k=1 k=1
With the same obvious notation we can define a || - [|P-cyclically monotone set.
Note that for p = 2, || - ||?>-cyclical monotonicity is equivalent to the concept

of cyclical monotonicity in convex analysis, described in [51]. Recall that a set
A C R¥xR? is cyclically monotone if for every finite sequence {(xx,yx)}7., C A
and every bijection o : {1,...,n} — {1,...,n} it holds that

n n
Z(Xk,}%) > Z<Xl€7yU(k¢)>'
k=1 k=1
Consequently, the concept of dP (resp. ||-||?) -cyclical monotonicity is the natural

generalization, to other spaces and costs, of cyclical monotonicity.

In some cases, that we will study later on, there exists some measurable map
T such that the optimal transport plan 7 satisfies 7 = (I x T') #P, where [
denotes the identity map. Therefore, the problem becomes equivalent to the
following Monge formulation:

T(PQ) = inf | (e T()aP(), (2.4)
where the symbol T#P denotes the push forward measure of P through T,
which is defined by T# P(A) := P(T~'(A)), for all measurable A C T¢. If Q is a
probability measure in T, its support is defined as the closed set supp(Q) C T¢
composed by x € T? such that for any neighborhood Uy of % it holds that
Q(Uxz) > 0. The interior of the support is denoted by X.
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2.1. Existence of || - ||P-cyclically monotone mappings.

A cyclically monotone map is the natural generalization of a non decreasing func-
tion in the real line (as being the gradient of a convex function, see [51]). Cycli-
cal monotonicity provides a powerful tool for statistical studies, see [28, 16, 11]
among others. The existence of cyclically monotone maps between probability
measures in R? has been investigated, in parallel, by [13] and [10], with the
restrictive assumption of finite second order moment, relaxed in [39]. For peri-
odic measures, the celebrated result of [12] showed the existence. The concept of
cyclically monotone map also appears naturally when solving an optimal trans-
port problem with quadratic cost in R%. Therefore, for any potential cost || - [|?,
the natural generalization is the one of || - ||[P-cyclically monotone. In fact, [26]
proved the existence of a || - ||P-cyclically monotone mapping between probability
measures with finite moment of order p > 1. To the authors’ knowledge, no pre-
vious work has dealt with the existence of || - ||P-cyclically monotone mappings
between periodic probability measures. Consequently, the main result of this
section is Theorem 2.1, which shows the existence and uniqueness of a || - ||P-
cyclically monotone preserving map S, between periodic measures, for p > 1,
and relates it with the solution of (2.4). Then, Theorem 2.2 guarantees, under
certain assumptions of regularity on the support of P, that the solution of (2.2)
is unique up to an additive constant.

Note that, in practice, a probability P € P(T9) defines a periodic measure
pp € M(RY) wr.t. any p € Z%. In other words, Tp#up = up, for all p € Z4,
where T, : R? — R9 is the shift operator x — x+p. A measure up is periodic if it
is the natural extension of some probability measure P € P(T?). As anticipated,
the goal of this section is to show the existence of ||-||P-cyclically monotone map-
pings between two periodic probability measures pp, g € M(R?) absolutely
continuous w.r.t. the Lebesgue measure on R?, denoted as pwp, g <K lq. As
commented before, [12] established the existence of a || - ||?-cyclically monotone
map (which a.s. is the gradient of a convex function ¢) such that Vo#up = pg.
Theorem 1.25 in [52] entails that there is a unique solution of the Monge prob-
lem in the torus, described by the relation T'= x — V f, where the sum is to be
intended modulo Z% and f is an optimal transport potential for the quadratic
cost. Note that this is a quite similar relation (between potentials and transport)
to the one in the quadratic transport problem in R%.

The proof of Theorem 2.1 starts by realizing that since T? is a Polish space,
then Theorem 4.1 in [60] implies that there exists a solution 7* of (2.1). Further-
more, Theorem 5.10 in [60] establishes that supp(7*) is dP-cyclically monotone,
which implies that the set

I = {(x+p,y+p) : (X,¥) € supp(r*), x € [0,1)%, d(x,¥) =[x~y and p € Z%}

(2.5)
is eyclically monotone. Corollary 3.5 in [26] implies that this cyclically monotone
set is contained in the graph of a || - ||P-differential

O 0p(x) = {7 9p(2) < (%) + x = 2ll” = x = ¥, for all 7 € R}
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of a || - |[P-concave function ¢, (defined as in (2.3) but replacing d? with || - ||?).
In conclusion, the a.s. uniqueness of this || - ||[P-differential ends the proof.

Theorem 2.1. Let P,QQ € P(Td) be probability measures whose associated pe-
riodic measures satisfy pp, g < £q. Then, there exists a unique solution T, of
(2.4). Moreover, there exists a pp-a.e. defined || - ||P-cyclically monotone map
S, such that

o the relation T, o1 =70 (S,) holds pp-almost surely,
o and Sp#Hup = pg-

The following result gives the uniqueness, up to additive constants, of the
optimal transport potential, where the assumptions are given with respect to its
associated periodic measures. In particular, we need to have negligible boundary
of pp which means that the boundary of its support has Lebesgue measure 0,
L4(0supp(pp)) = 0. The proof investigates the intrinsic relation between the
optimal transport potentials and the previously described T, which allows the
use of general results for the uniqueness of || - ||P-concave functions (see [17])
which have the same gradient a.s. in a connected domain of R?.

Theorem 2.2. Let P,Q € P(T?) be probability measures with connected support
such that their associated periodic measures satisfy pp, pg < g with negligible
boundary. Then, there exists a unique, up to an additive constant, dP-concave
function f, solution of (2.2).

The importance of Theorem 2.2 mainly lies in that it enables the study of
the asymptotic behavior of the potential, allowing us to apply Arzela-Ascoli like
reasoning, as explained in the following section.

2.2. Asymptotic behaviour

This section deals with the asymptotic properties of the transport map and po-
tentials. We consider two sequences of probabilities {a, }nen, {Bn Jnen C P(T4)
converging weakly to P and () respectively,

an, — P and B, = Q.

Since T¢ is compact, here the weak convergence is in the sense that for every con-
tinuous function h € C(TY), [ h(X)da,(X) — [ h(X)dP(X). Once again, thanks
to that compactness the existence of moments of any order is always fulfilled
for P € P(T?). As a consequence, Theorem 7.12 in [59] implies that a,, — P if

and only if the p- Wasserstein distance W,(ow, P) := (Tp(cwn, P))% tends to 0.
An analogous reasoning implies the convergence 7, (s, 5n) = Tp(P, Q) for the
two-sample case.

The idea of this section is to take advantage that any dP-concave function f
is continuous whereby it is finite. Moreover, it has bounded continuity modulus,
so we can apply Arzela-Ascoli’s Theorem by fixing the constants.
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Lemma 2.3. Every dP-concave function f is Lipschitz (in its definition domain
dom(f)), with constant 2p respect to the metric d.

The proof of the next Theorem first proceeds by choosing the sequence
{an}nen to guarantee the uniform boundedness of the sequence {(fy, gn) }nen of
solutions of (2.2). This, together with Lemma 2.3 and Arzela-Ascoli’s Theorem,
implies that {(f,, gn) }nen is relatively compact. The uniqueness of solutions of
(2.2), described in Theorem 2.2, allows us to conclude.

Theorem 2.4. Let P,Q € P(T?) be probabilities with connected supports whose
associated periodic measures satisfy pp, g <K £q with negligible boundary. Let
{an}nen and {Bn}nen C P(T?) be two sequences of probabilities converging
weakly to P and @Q respectively. Denote by (fn,gn) (resp. (f,g)) the solution
of the dual problem between «,, and B, (resp. P and Q). Then there exists a
sequence of real numbers {an}nen such that fn + a, — [ uniformly on the
compact sets of Xp.

2.3. Asymptotic normality

This section is devoted to prove a Central Limit Theorem (CLT) for the fluctu-
ations of the empirical optimal transport cost. Recall that the previous section
proves that, under certain regularity assumptions, there exists a unique opti-
mal transport potential from P to @. Let f, be such a potential. We will use
Efron-Stein’s inequality to derive that

\/5(7;9(]3%’@) - E’E?(PnaQ)) l) N(0702(P7 Q))v

with
o5(P, Q) = Var(fy(X)). (2.6)

Then, we will see that the same holds in the two sample case. The idea is not
new: it has already been used with the same goal in [20] for the quadratic cost in
R?, and in its extension to general costs in [17]. Moreover, when using regularized
optimal transport, [41] showed that the same technique can be applied. A similar
result, but using the idea in [18] of derivating the supremum in the functional
sense by applying the general result of [14], yields also a CLT on the torus for
p > 2, see [31].

Theorem 2.5. Let P,Q € P(Td) be probabilities with connected supports such
that their associated periodic measures satisfy jip, pg << £q with negligible bound-
ary. Then, for any p > 1, we have

Vi (Tp(Pr, Q) = ETy(Pa, Q) — N(0,0,(P,Q)),

and, if m = m(n) satisfies that m — 400 and —— — A € (0,1) as n — oo,

n+m

= (7;7(PruQm) - E7;—D(Pn7Qm)) & N (07 (1 - )‘)0127(]37 Q) + )‘0;2)(Q7P)) ;

n+m
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where ag(P, Q) and O’%(Q,P) are defined in (2.6) and satisfy

2t (Ty (P Q) — (1= No2(P.Q) + Ao2(Q.P).  (2.7)

It is clear that the limit of Theorem 2.5 degenerates to 0 when P = Q.
Suppose now that P # @ are satisfying the assumption of Theorem 2.5. The
limit, in the one sample case, is degenerate if and only if Var(f,(X)) = 0.
Since the optimal transport potentials are unique up to additive constants, see
Theorem 2.2, we can suppose that E(f,(X)) = 0. Thus, the degencracy is
equivalent to F(f,(X)?) = 0, hence f, = 0 P-a.s. and the same holds for f;lp.
This implies, in particular, that W, (P, Q) = 0 which occurs only if P = Q.

Our initial motivation to prove Theorem 2.5 was to find an asymptotic dis-
tribution of T,(P,, @) allowing the definition of a two-sample goodness-of-fit
test. Even for measures supported on the real line, the only asymptotic results
account for the case P # @, providing the asymptotic behaviour of the Wasser-
stein statistic under the alternative hypothesis. The idea of switching Hy and
H, and testing for similarities has been studied in several previous works, all
considering measures supported on R. Gaussian deviations from the true dis-
tance T2(P, @) are proved in [19], which allows testing of T2(P, Q) > Ay, for
a given threshold Ag. In the same way, the earlier work [25] introduced such
an asymptotic test for assessing similarities based on the trimmed Wasserstein
distance, allowing sample dependency.

Unfortunately, the same strategy can not be applied in our case, as the de-
rived CLT for measures supported on T? (Theorem 2.5) only states Gaussian
deviations from the mean. Indeed, if we use (2.7), we could consider the statistic

Tp(Pn; Qm) = ETy(Pn; Qm) 5 N(0,1) (2.8)

V/Var(T, (P, Qm)) P#£Q

where, in practice, the variance and expectation could be estimated by boot-
strapping the given samples (as long as bootstrap consistency is ensured). When
P # @, the statistic in (2.8) converges in law to a standard Gaussian distribu-
tion. This is illustrated in Figure 8. However, one would expect the statistic
to be stochastically larger under P # @ than under P = @, allowing the dis-
tinction of the null and the alternative hypotheses. Nevertheless, due to the
aforementioned degeneracy of Theorem 2.5 when P = @, this condition fails to
be satisfied and no asymptotic test can be implemented from this result. Fur-
ther discussion about this issue can be found in Section 5. Therefore, the rest
of this paper is devoted to alternative approaches to define suitable two-sample
goodness-of-fit tests for measures supported on T2.

3. Two-sample goodness-of-fit tests

Let us first formulate the problem. Denote by (X7, ..., X,,) and (Y3,...,Y},) two
independently and identically distributed random samples of laws P, Q € P(T?)
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respectively, and by P,,, Q,, their corresponding empirical probability measures.
We aim to test
Hy: P=Q against Hi:P#Q

via the the definition of a statistic Ty, = T(Pp, Qm), representing an estimate
of discrepancy between P, and @Q,,, together with the critical region

R={(z1, - 2niy1,- - Ym) : Tam 2 cam(a)}, (3.1)
where z; (resp. y;) denotes a realization of X; (resp. Y;) for i =1,...,n (resp.
j=1,...,m). The critical value ¢, () in (3.1) is given for a fixed significance
level a by

Cnm(@) =inf{t >0 : F,(t) >1—a}, (3.2)

where F,,,, is the distribution function of the statistic T,,,, under Hy. We are
therefore considering the test

! if Tom = Cnm (@)
Tonm = { 0 otherwise (3-3)

Equivalently, a p-value for this test is ppm = 1—Fpm (Tnm). Ideally, we would like
Tum to be Tp(Pr, @m). However, knowing the distribution of the latter statistic
under Hy remains an open problem. The one-sample case in R? has recently been
addressed in [28], but approaches for two-sample testing in arbitrary dimension,
and for measures on more general spaces, have not already been proposed to the
best of our knowledge. The lack of solutions may be explained by the intrinsic
difficulty of characterizing the distribution of 7,(P,, Q) when P = @ especially
when the dimension is larger than one. In the next subsections, we propose two
alternative approaches to define (3.3), both based on the 2-Wasserstein distance,
that allow two-sample goodness-of-fit testing for measures on T?2.

3.1. Geodesic projections into R/Z

Our first approach for testing the equality of two measures P, Q on R?/Z? is
to test the equality of their geodesic projections. This bypasses the dimension
problem and allows the implementation of testing techniques based on Wasser-
stein distance for one-dimensional spaces. Geodesics on T? are the images by
the canonical projection 7 of straight lines on R? |7]. Lines with irrational slope
map to geodesics which are dense on T?, and only lines with rational slope map
to closed geodesics on the torus, which are closed spirals isomorphic to R/Z (see
[7, Figure VIIL.10] for an illustration).

The strategy is to project P, and @, into IV, closed geodesics, and to test
the equality of each pair of projected measures, which will be supported on R/Z.
These geodesics can be chosen a priori by the practitioner, or sampled from the
set of all closed geodesics on T2. We propose a sampling method in Section A.1.
This method prioritizes simpler geodesics (that is, with a smaller number of
revolutions over the torus) in order to ease computational implementation. The
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algorithm we used to project samples on T? to a given geodesic is described in
Section A.2. To avoid repetition of the same test, and to ensure independence
between the computed p-values, we require all the N, geodesics to be different.
In this section, we propose a two-sample Wasserstein test to assess the equal-
ity of two measures supported on the circle, and state how to combine the re-
sulting Ng-tuple of p-values into a global p-value for the bi-dimensional problem.
From now on, to simplify notation, we will denote by 72 any squared Wasserstein
distance, the ground space being inferred from the corresponding measures.

3.1.1. Two-sample goodness-of-fit test on R/Z

Optimal Transport on the circle has been recently studied in detail in [30],
where the limit laws of the one and two-sample empirical Wasserstein distance
for measures on R/Z are derived. However, the considered statistics are not
distribution-free, so that only one-sample goodness-of-fit tests can be derived
from these results. Still, the authors of [30] also propose a b-out-of-n bootstrap
approach, for b = o(n), to define a two-sample goodness-of-fit test. Unfortu-
nately, type I error fails to be controlled since the bootstrapped p-value under
the null hypothesis is (substantially) stochastically smaller than a uniform ran-
dom variable. This can be observed by simple numerical experiments based on
the implementation proposed by [30], for example by comparing two equally-
sized samples from a Uniform distribution. We believe that this is due to a lack
of consistency of the two-sample bootstrap for the proposed statistic. In order
to bypass this issue, we now propose a convenient alternative approach based
on a distribution-free two-sample statistic.

Let P¢,Q° € P(R/Z) and P¢S, Q¢, be their corresponding empirical probabil-
ity measures. We aim to test

Hy: P¢=Q° against Hy: P #£Q°.

If we denote by F, G the cumulative distribution functions of P¢, Q¢ respectively,
defined as in [30], we can write

1
T3(P°,Q°) = inf / (F1(t) — (G — )"\ (1)* dt, (3.4)
a€ER Jq

where the pseudo-inverse is defined as H~1(s) = inf{t : H(t) > s}, for any dis-
tribution function H. The formulation (3.4) was first proved in [47] for discrete
measures, and extended to arbitrary measures in [21]. It shows how the Optimal
Transport problem on the circle reduces to the same problem on [0,1) C R if
both measures are relocated on the real line choosing as origin the minimizing
element a. This is well illustrated in [30]. We first remark that if one of the
two measures is the uniform law on R/Z, the infimum on (3.4) has an explicit
formulation.
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Lemma 3.1. Let P° € P(R/Z), and F be its cumulative distribution function.
Let U be the uniform distribution on R/Z. Then,

7'2(PC,U):/0 (F~Y(t) — t — ap(F))? dt,

where the optimal origin is given by

ao(F) = /0 (F'(t) — 1) dt.

If we replace P¢ and F' by their empirical counterparts, PS5 and F,,, Lemma
3.1 allows the definition of the statistic T2(PS,U), which is distribution-free
when P¢=U.

Lemma 3.2. Let P¢ € P(R/Z), P¢ be its empirical probability measure, and U
be the uniform distribution on R/Z. Then, if P¢ = U,

2

nﬁ(Pg,U)%/OIB(t)Z‘dt— (/OIB(t)dt> ,

where B is a standard Brownian bridge, and the weak convergence is understood
as convergence of probability measures on the space of right-continuous functions
with left limits.

Lemma 3.2 can be used to define of a one-sample goodness-of-fit uniformity
test, based on the squared Wasserstein distance on the circle. This would com-
plement the work in [30], where such a test was introduced for the 1-Wasserstein
distance. As our aim here is to define a two-sample test, we adapt the idea of [49]
to compare two measures on the circle, by considering the 2-Wasserstein dis-
tance between G,,,!(F,,) and the uniform distribution. We can therefore consider
the statistic

c nm c o

1
nm 1 o _1 2
nrm o (Gm(F (1) —t — ag(F, 1 (Gm)))~ dt,

which is also distribution-free when P°¢ = @Q¢. The following result is the coun-
terpart of Lemma 3.2.

Proposition 3.3. Let P¢,Q° € P(R/Z), P5,Q¢, be their corresponding empir-
ical probability measures, and Fy,, G, be their empirical cumulative distribution
functions. If It — X when n,m — oo for some X € [0,00) then, under P¢ = Q°,
it holds that

1 1 2
nm . w >
TG #PU) 2 [ B (/0 ]B%(t)dt)

n,m

C —
Tnm -
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Consequently, with the notation of the beginning of Section 3, we propose

the test
c { 1 if Ty 2 chm(@)

Tnm = 0 otherwise (3.6)

nm
where the critical value c¢,,(«) is given by

crml@)=inf{t>0: F (t)>1—a},

nm

with F;5,, denoting the distribution function of TS, under Hy. Equivalently, a p-
value for this test is p¢,,, = 1—Ff¢,,(T5,,). Following Proposition 3.3, the critical
value or, equivalently, the p-value for a given sample, can be approximated
with arbitrary precision using a Monte Carlo algorithm. The following result

guarantees the consistency of (3.6).
Proposition 3.4 (Consistency). Let P¢,Q° € P(R/Z). If P¢ # Q°, it holds

lim P(n;,=1)=1 foranya >0.

n,m—oco

3.1.2. Combining a Ny-tuple of tests on R/Z

Consider the problem of testing the equality of IV, pairs of projections of P, and
Qm into N, different closed geodesics. Instead of a single statistic, we now have
a sample (Tp,. 4,...,T5,, Ng) of statistics which, under the null hypothesis, are
identically distributed as T'¢,, (by Proposition 3.3). Equivalently, one can think
of a sample of p-values (p1,...,pn,) which, following (3.6), are given by

nm,i

) i=1,...,Ng. (3.7)
Then, under Hy and assuming that the p-values are independent, the statistic

N,

gy, = Minp; (3.8)
i=1

nm,Ng,

follows a beta distribution of parameters (1, N,). Consequently, the random

variable
F(1,n,) (Tﬁm,Ng) : (3.9)

where Fj n,) denotes the B(1,N,) distribution function, follows a uniform
distribution on [0, 1] and thus it can be used as a p-value for the bi-dimensional
test, that we can rewrite as

. g <
SR if Faa1,n,) (Tnm,Ng) <a (N,-geod)
e 0 otherwise

Regarding consistency under fixed alternatives, by construction, (N,-geod) will
fail to detect differences between two measures on T? whose projected distribu-
tions are identical for all the N, geodesics considered. Therefore, ng, N, will
not be consistent under such alternatives, which, are arguably very unlikely in
practice if Ny is large enough. Otherwise, consistency is guaranteed.
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Proposition 3.5 (Consistency). Let P,Q € P(T?) and Pf (resp. QS), i =
1,...,Ng, be the circular projected distributions of P (resp. Q) to N, closed
geodesics of T2. If P¢ # Q¢ for at least one i € {1,..., Ny}, it holds

lim P (ﬂ'imqu = 1) for any a > 0.

n,m—00

3.2. p-value upper bounding

If we set To(Pn, Qm) as the statistic Ty, for the test (3.3), the p-value for a
given sample would be given by

Pr, (To(Prs Qm) > tam), (3.10)

where t,,,,, denotes the statistic realization. The goal of this section is to find an
upper bound for (3.10), which will itself be a valid p-value for (3.3) if it controls
type I error (that is, if it remains with probability 1 — « over a fixed significance
level o under Hy). We will also require the power of the corresponding test to
tend to 1 under fixed alternatives. We start by upper bounding the deviations
of the statistic from the mean. Using McDiarmid’s inequality [40], we obtain
the following result, which extends to the two-sample case the inequality in [61,
Proposition 20], for the quadratic cost.

Theorem 3.6. Let P,Q € P(T?) and P, Q,, be two empirical probability mea-
sures of laws P, Q respectively. Then, for all t € R, we have

P (T3(Pp, Q) — ET2(Pn, Qu) > t) < exp <_nT:—mm8t2) . (3.11)

After that, we study the convergence speed of the expectation under the null
hypothesis. Using directly the results exposed in [24], only bounds of order

ET3(Pa, Q) = O (n—% +m—%) (3.12)

can be expected. However, the recent work in [1] shows that the convergence of
the mean (3.12) becomes faster under some regularity assumptions. On the one
hand, we require the density of the induced periodic measure pup to be Holder
continuous' and absolutely continuous w.r.t. the Lebesgue measure ¢5 in R2.
On the other hand, we require the set supp(P) to be connected and to have C*
boundary, in the sense that it can be locally parameterized by a C! curve.

Assumption 1. (1) P € P(T?) is supported in a bounded, connected set with
Ct boundary, with up < ly. (2) Its probability density p is Hélder continuous
and bounded from above in its support (p(x) > X > 0 for all x € supp(up)).

LA function f : R® — R is said to be locally Holder continuous in a compact set X for
some a > 0 if, for every x € X, there exists some € > 0 such that |f(z) — f(y)| < C|lz — y||*
ifye X and |y —z|| <e.
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If Assumption 1 is satisfied, then from Lemma B.1 and Theorem 6.3. in [1] we
can derive the following asymptotic bound for the two-sample null expectation.

Lemma 3.7. Let P = Q € P(T?) satisfying Assumption 1 and m = m(n) be a
sequence such that m —— oo and = — X € (0,1). Then, we have
n—oo

. n 1 1
hvl}l»Solip m ET3(Pp, Qm) < = (1 + /\) ) (3.13)

Note that Assumption 1 is not especially restrictive. It is satisfied by any con-
tinuously differentiable density, whose connected support can be locally given by
the graph of a continuously differentiable function. Examples include bivariate
von Mises distributions or uniform distributions in connected smooth sets.

The idea to define the test is to combine Theorem 3.6 with Lemma 3.7 and
upper bound (3.10) for sufficiently large sample sizes. If we take the limit for
the expectation in (3.11) under the null, we have the following result.

Proposition 3.8. Let P,Q € P(T?) and P,,Q,, be two empirical probability
measures of laws P, Q) respectively. For all € > 0, there exists N. € N such that
for allm,m > N., we have

nm
Py (T(Par Q) > 8) S 0xp (~ 780~ ) = unt) V20
(3.14)
For a fixed € > 0, the bound (3.14) can be used to define a test (3.3) for any

« > 0 as follows:

nm.e 7 ) () otherwise

By Proposition 3.8, the test (UB) will control type I error for all n,m > N..
In practice, the threshold N, depends on the unspecified constant hidden in
(3.13), which is dragged from the results in [1]. The following result shows that,
nevertheless, asymptotic consistency at level « of (UB) is guaranteed.

Proposition 3.9 (Asymptotic consistency at level o). Let P,Q € P(R/Z). The
test (UB) is asymptotically of level . If P = @Q, we have, for any e > 0,

. EIEOO]P’ (WmeE =1)<a foranya>0. (3.15)
Under fized alternatives, the test is consistent when ¢ — 0. If P # Q,
mnllignoo P(rib, . =1)=1 foranya>0. (3.16)
e—0

The last result ensures asymptotic consistency at level « if we choose the
sharpest bound (3.14). In practice, we will set € to the machine precision &, =
2.2-10716 (for a standard double-precision floating-point format). The relevance
of Lemma 3.7 appears in terms of power. Due to the improved convergence speed
of the expectation, we will have sharp bounds (3.14) for reasonable sample sizes,
allowing the detection of differences for our practical purposes. This is illustrated
in Section 4.2.
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4. Numerical experiments

This section is devoted to assess the performance of the two-sample goodness-
of-fit tests (N,-geod) and (UB), and to show how they can be implemented to
evaluate differences on protein structure data. In Section 4.1 and 4.2, we evaluate
the relative efficiency of both tests, comparing their performance with other
methods not based on Optimal Transport. Section 4.3 illustrates one possible
application to protein structure investigations, by stating statistical evidence of
nearest neighbors effects on local protein conformations.

4.1. Small-sample performance

To make an informative analysis of the performance of tests (Ny-geod) and
(UB), we studied how their power function behaves for alternatives converging
to the null hypothesis. We also assessed whether the proposed approach to define
a Wasserstein test on the circle contributes to a better power. In particular, we
compared the power function of (N,-geod) with variations of the same test. On
the one hand, to evaluate whether the choice of an optimal origin to relocate the
measures on [0,1) is advantageous, we considered the same statistic (3.5) but
with o being random and uniformly chosen in [0, 1]. It is easy to check that the
modified statistic is distribution-free under the null, by proceeding analogously
to Proposition 3.3. On the other hand, to study whether the use of Wasserstein
distance for the one-dimensional statistic contributes to a better power, we re-
located the measures in [0,1) (again after choosing a random origin on R/Z)
and compared them with the well-known Anderson-Darling two-sample statis-
tic. To study the effect of the number N, of geodesics, we performed the test
(Ng-geod) for N, € {2,3,4,5}. We also compared all the previous approaches
with the two-dimensional extension of the Kolmogorov-Smirnov two-sample test
proposed by Fasano and Franceschini [22|, defined for measures supported on
R2. This allows the assessment of whether taking into account the geometry of
the underlying space contributes to a better performance.

For the small-sample case, we compared samples of size n = m = 50 drawn
from a bivariate von Mises distribution of means p = v = 0.5, and concentration
parameters K1, Ko, k3 with equally-sized samples drawn from a uniform distri-
bution on T?. The null hypothesis corresponds to the case k1 = ko = K3 = 0.
For the converging alternatives, we distinguished two scenarios:

(a) No dependence structure: k3 = 0 and k1 = k2 € [0, 3] as varying parame-
ter.

(b) Only dependence structure: k1 = k2 = 0 and k3 € [0, 3] as varying param-
eter. Here, the marginal laws are uniform distributions on [0, 1] [37].

The rejection probability was estimated as the proportion of rejections at level
a = 0.05 among 5000 repetitions of each test for a fixed value of the correspond-
ing varying parameter. Results for both scenarios are shown in Figure 1, where
‘W-geodesic’ stands for the test (Ng-geod), ‘Naive W-geodesic’ for its random
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origin variation, ‘AD-geodesic’ for the comparison with the Anderson-Darling
two-sample statistic, and ‘Upper bound’ for the test (UB).

@ Small sample power comparison ®
No dependence structure (BvM k3 = 0) Only dependence structure (BvM k; =K, =0)
1.00 4
0.6
0.754
. _ 0.44
: :
3 0.50 1 3
a o
0.24
0.251
4
0.00 4 0.0
0 1 2 3 0 1 2 3
K1 =Kz K3
: - W-geodesic (Ng = 2) — W-geodesic (Ng = 4 Naive W-geodesic (Ng = 4) — Fasano-Franceschini
Sample size (n - m) W-geodesic ENg = 3; — W-geodesic ENg = 5; — AD-geodesic (Ng = 4) Upper bound

Figure 1. Empirical power of two-sample goodness-of-fit tests for measures supported on
T2, under bivariate von Mises (BuM) alternatives with no dependence structure and different
marginal laws (a) and with equal marginal laws and dependence structure (b). The simulated
samples had sizes n = m = 50. The empirical power corresponds to the proportion of rejec-
tions at level o = 0.05 (dashed line) among 5000 repetitions of the test for fized concentration
parameters.

The first conclusion that we can state after Figure 1 is that the test (UB) is
not powerful for small sample sizes. This was already expected following Propo-
sition 3.8, as large values of n, m are needed to ensure sharp bounds. However,
some interesting conclusions can be extracted regarding the other tests. Note
first that the test (N,-geod) has power o under Hy. Indeed, further simulations
confirmed that the approach described in Section 3.1.2 ensures the uniformity
of the combined p-value’s null distribution. Together with the illustrated con-
sistency of test (Ny-geod), we can observe the considerable gain in power when
comparing measures with the Wasserstein statistic (3.5) by choosing an optimal
origin on the circle. The choice of a random origin (‘Naive W-geodesic’ curve) or
the use of techniques that do not rely on Optimal Transport (‘AD-geodesic’ or
Fasano-Franceschini curve) notably reduce the test power, specially when differ-
ences are presented on the dependence structure (Figure 1b). Finally, the choice
of the number N, of geodesics seems to have an effect on power. As one could
have expected, increasing the number of geodesic projections improves the test’s
ability to detect slighter differences. Consequently, the practitioner is entitled to
indefinitely increase N, paying back on computation time (or implementation
complexity, if geodesics are randomly chosen, see Section A.1).
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@ Asymptotic power comparison ®

No dependence structure (BvM k3 = 0) Only dependence structure (BvM k; =K, =0)
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Test method — W-geodesic (Ng = 4) -- Upper bound Sample size (n = m) 1000 — 1500 2000

Ficure 2. Empirical power of two-sample goodness-of-fit tests for measures supported on
T2, under bivariate von Mises (BuM) alternatives with no dependence structure and different
marginal laws (a) and with equal marginal laws and dependence structure (b). The empirical
power corresponds to the proportion of rejections at level o = 0.05 (dashed line) among 1000
repetitions of each test for fixed concentration parameters.

4.2. Asymptotic performance

This section is devoted to assess the suitability of the upper bound testing tech-
nique (UB) when large sample sizes are available. Here, we studied the relative
efficiency of tests (UB) and (N,-geod) for the same converging alternatives as
in Section 4.1, with n = m € {1000, 1500, 2000}. Results are shown in Figure 2,
where the parameter of interest (k1 = ko or k3) took values in {0.1,0.2,...,4},
and the empirical power was estimated as the proportion of rejections at level
a = 0.05 among 1000 repetitions of each test.

Figure 2 shows that the test (UB) is powerful when sample sizes are large
enough. As its corresponding p-value has been defined as an upper bound of the
actual p-value (3.10), it will be quite a conservative test and, therefore, relatively
less efficient than (Ng-geod). This is illustrated in both panels. In any case, the
test (UB) can be useful in practice. Besides the detection of big differences,
the practitioner may be interested in the acceptance of small and controlled
discrepancies between samples, which may be due, for instance, to experimental
inaccuracies. In scenarios where a less conservative method as (Ny-geod) may
detect such differences, one might prefer to rely on a test method that allows
slight dissimilarities and stands out only the more relevant ones. Consequently,
even if the test (UB) is clearly less efficient than our first candidate (Ng4-geod),
we believe it can be of interest in some practical scenarios, such as several
situations appearing in Structural Biology problems. This is further discussed
in Section 5.
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4.3. Application to protein structure analysis

A method to accurately compare local structural preferences in conformational
ensemble models of proteins is useful to investigate sequence-structure-function
relationships, allowing for instance to understand the effect of mutations. The
local structure of a protein is determined by two dihedral angles usually denoted
by ¢ and 1, which describe the conformational state of each amino acid residue
along the sequence [9, 34|. For most amino acid types (for all excepting pro-
line and glycine), the distribution of ¢ and 1 angles is supported on the same
subset of T2, which, even if there exist some physically forbidden regions, is
connected and has a smooth boundary. We can also assume that density is con-
tinuously differentiable and strictly positive in its support, so that Assumption
1 is satisfied.

The aim of this section is to make use of the tests (Ng-geod) and (UB) to show
that the distribution of (¢, ) does not depend only on the amino acid type,
but also on the sequence context, and particularly on the closest neighbors.
This corresponds to rejecting Flory’s isolated-pair hypothesis [23]. Even if the
importance of the closest neighbors effect is widely accepted in the Structural
Biology community [32, 27, 4, 50, 57|, only purely descriptive methods have
been employed to state so, and no goodness-of-fit techniques have been used
to the best of our knowledge. For a given amino acid C, we denote by Pc the
distribution of (¢,%) supported on TZ2. If we take into account the identities
L, R of C’s left and right neighbors, the distribution of (¢,) is now given by
Prcr. The objective is to test

HO : Pc = PLCR against H1 : PC 7é PLCR (41)

to assess whether nearest neighbors significantly affect dihedral angles distri-
butions. An example of two samples drawn from Po and Ppog is depicted in
Figure 3. For the analysis presented here, we used a structural database of
three-residue fragments (also called tripeptides) extracted from experimentally-
determined high-resolution protein structures [43]. The large available sample
sizes allow us to illustrate the asymptotic behaviour of (UB). We selected the
71 tripeptides L-C-R for which the database contained more than 3000 points.
For each one, we compared the corresponding sample of (¢, 1) values with an
equally-sized sample drawn from Pg (sampled from the sub-database containing
(¢,) values from tripeptides having C as central amino-acid). The data were
rescaled to [0,1] x [0,1] before applying the tests. As the p-values for the test
(Ng-geod) are computed by Monte Carlo simulation, they are lower-bounded
by 1/Nure, where Ny is the number of Monte Carlo replicas [46]. This point
is important here, as due to the large number of performed tests, we had to
correct p-values for multiplicity [29]. The results are depicted in Figure 4, where
we show the empirical cumulative distribution function of both tests’ corrected
p-values, for three increasing ranges of sample sizes.

From Figure 4, we can state that the geodesic projection test (Ng4-geod)
strongly rejects the null hypothesis at level a = 0.05 for the three considered
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Ficure 3. (a) Sample and kernel density estimate of alanine (¢,v) distribution when the
identity of its left and right neighbor is not taken into account. (b) Sample and kernel density
estimate of (¢, 1) distribution corresponding to tripeptide Ser-Ala-Ser (a fragment of the three
consecutive amino-acids serine, alanine, serine).

sample size ranges, being all p-values truncated to the Monte Carlo precision.
A clear asymptotic behaviour is observed for the upper bound technique (UB),
as power at level a tends to one when sample sizes increase. Note that, for the
largest range of sample sizes, (UB) is relatively more efficient than (N,-geod),
due to the Monte Carlo truncation. Both procedures lead to rejection of the
null hypothesis, and therefore to the statement that nearest neighbors effect
on (¢,v) distributions is statistically significant. This analysis suggests that
both (N,-geod) and (UB) are suitable for assessing differences on local protein
structures, as the available sample sizes (which may be up to ~ 10° in some
practical scenarios) are large enough to state significant conclusions.

5. Discussion

The main goal of this work was to define suitable two-sample goodness-of-fit
tests for measures on T2. This naturally led us to enrich the existing theoretical
results [12, 36, 38] on Optimal Transport for periodic measures. In particular,
we studied the shape of the solutions to the Monge problem (2.4), which allowed
the extension of a Central Limit Theorem to T¢, for any p > 1. Our original in-
spiration when first investigating these theoretical results was to use the Central
Limit Theorem 2.5 to define a two-sample asymptotic test. However, the derived
limit distribution degenerates when P = @ and prevents such an application.
Nevertheless, the Wasserstein distance on T? for the quadratic cost was used to
define two efficient testing techniques, which address our initial goals.

The first approach bypasses the dimension problem by projecting the mea-
sures to closed geodesics on T? and subsequently test their equality. This re-
quired the investigation of how to project samples on closed geodesics and,
moreover, how to conveniently sample closed geodesics. The answers we propose
here, notably in Sections A.1 and A.2, together with their supplied practical im-
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Ficure 4. Empirical cumulative distribution function of p-values corresponding to test hy-
potheses (4.1) with (Ng-geod) (‘W-marginal’) and (UB) (Upper bound) testing methods, for
71 different combinations of L,C,R. To illustrate the asymptotic behaviour, p-values were
classified in three ranges of sample sizes. For each test method, p-values were corrected for
multiplicity using Holm-Bonferroni correction [29]. Marginal test p-values were computed
with a Monte Carlo simulation of Nyrc = 5000 replicas. The black dashed line indicates an
arbitrary significance level of o = 0.05.

plementations, may be of interest in further practical situations. Furthermore,
they suggest one possible extension of the Sliced Wasserstein distance [6] to the
two-dimensional flat torus. As closed geodesics on T? are isomorphic to R/Z,
the equality of the projected measures is assessed through a two-sample Wasser-
stein test on the circle which, to the best of our knowledge, is the only efficient
procedure proposed up to now.

The second proposed approach consists in upper-bounding the exact p-values
(3.10). This is possible thanks to the derived concentration inequalities (3.11)
for the two-sample empirical Wasserstein distance with the quadratic cost, and
to the improved convergence speed of its expectation, as shown in Lemma 3.7.
As with any upper-bounding technique, the corresponding test is conservative
and only efficient for large sample sizes, which reduces its range of application.
However, this test could be relevant in some practical scenarios. For example,
Molecular Dynamics simulations (which simulate the temporal evolution of the
structure of a protein using force-fields based on physical models), produce sam-
ples on T2 that may present small and meaningless differences when re-running
simulations multiple times with slightly different initial conditions. In such a
situation, we expect that the first technique (Ny-geod) will reject the equality
of their corresponding distributions, while the conservative test (UB) will accept
differences between independent replicas of the same simulation. Consequently,
(UB) will only detect more important discrepancies, which are the only ones of
interest for practical purposes.

Regarding the practical implementation of both tests, some differences ap-
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pear with respect to computing time. The main advantage of (N,-geod) is the
explicit formulation of Wasserstein distance on one-dimensional spaces, which
avoids the use of any Optimal Transport solver. However, the statistic null-
distribution must be simulated with the desired precision, which may slow down
the procedure. Note that, in any case, this distribution can be simulated once
and be tabulated for any further implementation. Time complexity of (UB) ex-
clusively lies on the Optimal Transport solver chosen to compute Wasserstein
distance. For very large sample sizes, this might lead to a substantially slower
process.

The issue of two-sample goodness-of-fit testing studied in Section 3 remains
largely open. Our contribution in this respect is to propose easily implementable
goodness-of-fit testing approaches that are built on top of state-of-the-art tools
in Optimal Transport. Finding the exact or asymptotic distribution of the
Wasserstein statistic in general dimension remains one of the main unsolved
problems of the theory of Optimal Transport, preventing the construction of
more efficient two-sample goodness-of-fit tests. An asymptotic approach for
measures supported on a finite set has been presented in [56] and, in the one-
dimensional case, [3] have obtained a CLT under the null P = @ for deviations
of W,(P,, Q) from the true distance W, (P, Q) (instead of E(W,(P,,Qx)))-
The results of [3] are already quite challenging mathematically, and extensions
to higher dimensions are clearly beyond the scope of the present work. Alto-
gether, we believe that the goodness-of-fit tests defined in this paper constitute
a relevant building block for the study of the sequence-structure-function re-
lationship in proteins, and in particular for Intrinsically Disordered Proteins
(IDPs), allowing their structural investigation with mathematical guarantees.
Furthermore, the interest of the techniques here presented may go beyond the
Structural Biology community, as they allow solving the goodness-of-fit testing
problem for two distributions lying in general periodic spaces, which appears in
various application domains.

Code availability

The R code implementing the statistical test approaches presented in this work
is available at https://github.com/gonzalez-delgado/wgof torus, together with
the algorithms introduced in Section A. Empirical Wasserstein distances were
computed using the R package transport [53].

Appendix A: Geodesics on T?: practical considerations

This Section is devoted to address some practical questions that arise when
defining the test proposed in Section 3.1. In Section A.1, we propose a sampling
method to prevent the practitioner from explicitly choosing the IV, geodesics,
letting them be chosen randomly with respect to a given distribution. In Section
A.2, we propose an algorithm to project a pair of samples on T? to a given closed
geodesic.


https://github.com/gonzalez-delgado/wgof_torus
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Rational sampling with geometric denominators
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Ficure 5. Histograms representing the distribution of the random variable Q, for different
values of the parameter p. For p = 0.1 (a), rationals with small values of A and B have more
weight and, therefore, simpler geodesics are prioritized.

A.1. Sampling closed geodesics

As the closed geodesics on T? are given by the canonical projections of straight
lines on R? with rational slope, sampling from the set of all closed geodesics
is equivalent to sampling from Q, which is a countable set. This prevents the
sampling to be uniform, in the sense that geodesics can not be equiprobable.
Indeed, if P(q) = ¢ for all g € Q, by countable additivity P(Q) = qur@ ¢, which
is zero if ¢ = 0 and oo otherwise. In consequence, as we have to assign different
weights to rational slopes, we will opt for simpler geodesics to be more probable,
in order to ease computational implementations. To achieve so, we can consider
the random variable Q = A/B, studied in detail in [44], where B follows a
geometric distribution of parameter p and, for a given denominator B = b, A
is uniform on {0,1,...,b}. Note that  maps into Q N [0,1]. As p increases, A
and B take smaller values and the corresponding geodesics revolt less over the
torus. Conversely, when p — 0, P(Q = ¢) — 0 for all ¢ € QN [0,1], and Q is
asymptotically equiprobable [44]. However, small values of p yield extremely high
values of A and B and, consequently, unmanageable geodesics with a too-big
number of revolutions. The distribution of ) for different values of the parameter
pis illustrated in Figure 5. Here, we will ask p > 0.1 for computational simplicity.

Note that rationals in Q N [0,1] yield to straight lines in R? whose director
vector (B, A) lies in the first (eq. fifth) octant. To cover all the set of closed
geodesics, we uniformly assign an octant to each realization of ) and trans-
form its coordinates appropriately. As we would like all the N, p-values to be
independent, we must only accept samples with N, different geodesics. This
may be a problem if IV, is too big, and might require decreasing the value of
p. Nevertheless, for a small number (< 30) of geodesics we can keep p ~ 0.1
and easily get samples with no repetitions. If one needs to perform the test
for large values of Ny, we recommend to explicitly choose geodesics a priori to
avoid this problem, leaving the sampling method for controlled values of Nj.
The complete sampling procedure is described in Algorithm 1, which takes Ny
and p as arguments and retrieves N, director vectors.
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Algorithm 1 Geodesics sampling
Require: Ng €N, p=0.1
Ensure: G € Mqug(Z)
G+ 0e MNQXQ(Z)
while [{i =1,...,Ny : G = Gji Vk € {1,2} forany j € {1,...,Ng}\{i} }| > 0 do
for i <— 1 to Ny do
b+ G(p)
a<+U{0,1,...,b})
u < (b,a)/ ged(b, a) > Director vector in R?.
o+ U{1,2,3,4}) > Octant of the upper semi-circle.
if o = 2 then
u <+ (a,b)
else if o = 3 then
u < (—b,a)
else if o =4 then
u < (—a,b)
end if
Gzz —Uu
end for
end while

A.2. Projection to a closed geodesic

Let a,b € Z, with b # 0, and u = (a,b) the director vector of a straight line
r0 containing the origin (0,0). Let I, be the real interval (min(a,0), max(a, 0)),
being I, analogously defined. We aim to project a pair of samples into the
geodesic given by the canonical projection of 2. To do so, we first consider the
finite set P, of the points in I, x I, where 7 cuts the lines x = z,, y = 2, for
2o €I,NZ and z, € I, N Z:

Pu={(z,2) :x€l,zeZynN{(z,y) :y €L,z € Z} Nro.

An example is presented in Figure 6a. Then, we consider the set £, of straight
lines of director vector u and containing the points of P, U{(0,1),(1,0), (0,0)}
transferred to [0, 1] x [0,1] by subtracting the integer part of its coordinates.
If we denote % the straight line containing p = (p,,p,) € R? and having v as
director vector, we can write £,, as follows

L, = {TZ 4= (pw - [pw] y Dy — [py]) ypEPLU {(07 1)’ (1,0), (0’0)}}'

This is illustrated in Figure 6b. In a first step, each point in [0, 1] x [0, 1] will be
projected to the closest straight line in £,. Then, projections (z,,y,) outside
[0,1] x [0,1] will be replaced by the elements (,,y.,) € [0,1] x [0,1] such that
(Tu, Yu)R(x,, y,), where R is the one defined in the begging of Section 2. These
two steps are depicted in Figure 7.

The last step is to relocate all the projections on R/Z. To do so, we put the
segments £,,U([0,1] x [0, 1]) in order, following the spiral path. This corresponds
to transfer back the points to the straight line 70 of Figure 6a. Let (v, y,) €
rP € L,. The element t,, € R/Z will be parameterized as

121 + [l (@ g

t, =
' [[ull

€1[0,1),
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Geodesic projection to (2,3)
()
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(a)3

FIGURE 6. First steps of the projection algorithm for the closed geodesic corresponding to the
straight line of director vector u = (2,3). The three points in black constitute the ensemble
Pu. In (b), points of Py are transferred to [0,1] x [0,1] by subtracting to their coordinates
their integer parts. The blue lines are the elements of L.,.
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FIGURE 7. Projection to the closed geodesic given by the director vector u = (2,3) of a pair
of samples of size n = m = 30 drawn from a uniform distribution on T2. Black lines are the
elements of L. In (a), the given samples distinguished by colors. In (b), their projections to
the closest line in L., represented by colored crosses. In (c), projections outside [0, 1] x [0, 1]
are relocated in [0,1] x [0, 1] according to the equivalence relation R.

7

18 0.0 05
X

0.00 025 0.50 0.75 1.00
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where p € P, U{(0,0)} is the one such that p, = p, — [pz] and py = Dy — [Dy]-

Appendix B: Proofs
B.1. Proofs of Section 2

Proof of Theorem 2.1. Recall that we denote the interior of the support of a
measure y (over T or R?) as X),. Since T¢ is a Polish space, Theorem 4.1 in
[60] implies that there exists a solution 7* of (2.1). Additionally, Theorem 5.10
in [60] establishes that supp(7*) is dP-cyclically monotone. More precisely, by
Theorem 5.10 in [60], this support lies on the graph of the dP-differential

IV f(x)={y: f(2) < f(X) +dP(z,y) — dP(X,¥), for all Z € T}
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of a function f solving (2.2). Its graph is denoted by 0% f = {(X,y) : ¥ €
0% f(x)}. These definitions of dP-differential and dP-concave functions apply

verbatim to || - ||P-differential and || - ||P-concave functions with the obvious no-
tation. Let T" be the set defined in (2.5), {(xx + Pk, Y% + Px)}7—; C T be a
sequence and o : {1,...,n} — {1,...,n} be a bijection. Then, the definition of

I" implies that

n n
> sk = yall? =D dP (R, i)
k=1 k=1

< Z dP(Xk; Yo(k))
k=1

< Z Xk + Pk = Yo(k) — Po) |7

k=1
which means that T is || - ||P—cyclically monotone. Therefore, I' C 9ll'l" o, for
some || - ||[P-concave function ¢,. Now, recall from Theorem 3.3 and Proposition

3.4 in [26], that
1. The set of differentiablity

dom(Ve,) = {x eR?: 9y, = {X - (;Vsop(XH) a V%(X)}}

has full Lebesgue measure in dom(p,) = {x € RY: ¢,(x) € R} D X,
2-p
2. The relation S,(x) = x — (%HVgpP(x)H) o Vi, (x) defines a Borel func-
tion in dom(Ve,), and
3. The equality {S,(x)} = {y : (x,y) € I'} holds for all x € dom(V,).

P

Since I' C 8“'”pcpp, this means that, for all x € dom(V,), there exists an
unique yx = Sp(x) such that (x,yx) € I'. We observe that, due to the fact
that up < €4, the measure v* = (Id x S,,)#pup on R? x R? is well defined, its
support is || - ||P-cyclically monotone and its first marginal is pp. We claim that
the second marginal is ug. Let (X,y) € 7* be such that x + p € dom(V,),
for all p € Z?. Then, for any representative pair, call it (x,y) € R?, there exist
p,p’ € Z4 such that (x + p,y + p’) € I'. Since

{Sp(x)+p}={y+p: (x,y) €T}
={y: (x+py) erl}
={S,(x+p)} ={y +p'},

the relation ¥ = S,(X) holds. Since x + p € dom(V,), for all p € Z4¢, which

is the intersection of sets of full pp-measure, the relation y = S,(X) happens

pp—a.e. This means that 7* = (Id x S,,(*))#P, which proves automatically the
claim. Consequently, the existence is proven.
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The uniqueness follows from the proof of Corollary 2.4. in [26]. Indeed, we
can define the set
S = U L(7*),

7* solving (2.1)

where I'(7*) is defined as in (B.1) for each 7* solving (2.1). Therefore, taking any
finite sequence {(x+Pr, Yr+Px) i, C S, there exists at most n different prob-
ability measures 7y, for k = 1,...,n, such that (x5 +pr, yr+Px) € (7). As all
of them are solutions of (2.1) we have, due to the linearity of the optimization
in (2.1) and the convexity of the set I'(P,Q), that the mean mo = 237" | m
is also a solution. Then, its support is contained in a dP-cyclically monotone
set, and T'(my) is || - ||P-cyclically monotone, since it contains the sequence
{(xk + Pk, ¥k + Pr)}7_; C S. Consequently, S is || - ||[P-cyclically monotone.

To conclude, repeating the previous arguments, there exists a || - [[P-concave
function f° such that S C 9%f5. Moreover, for any other ¢p, defined as before,
it holds that 3d<pp C 0%f9. Then, the equality

x (L1eel) Vet —x - (L1vrean) T v
(Srean) (jreren)

holds jtp-a.e. This proves the uniqueness of S, and, consequently, the one of T,
O

Proof of Theorem 2.2. We set (x,y) € I' and observe that d(X,y) = [|x — y||.
Since (X,¥) € supp(n*), Theorem 5.10 in [60] establishes that if (f,g) solves
(2.2), it holds

f(®) = inf {d(x,5)" ~ g(¥)}-
yeT

Since, for each (x,y), there exists p € Z¢ such that d(X,y) = [|x —y — p||,
we can directly replace y by y + p in the infimum without altering any of the
terms. This yields the equality

f@)=___f  {llz=y|" -9}
z,y€EERT z=%
and allows to define the following periodic | - ||%-concave function in R%:
¢p(x) = inf {[lx—yl|"—9(¥)} = (%)
yEER

We claim that V¢, = Vi, for pup-a.e., which implies the equality of both ¢,
and ¢, in each connected component of supp(up). By assumption, supp(pp) =
Upezd p+ A is a union of connected sets. By periodicity we can restrict our
study to the connected set A, where the claim yields V¢, = Vi, for {4-a.e.
We can apply Theorem 2.6 in [17] to conclude that ¢, = ¢, + C in A, thus
in supp(up). We prove now the claim. Let 7* be a measure solving (2.1), we
know (from Theorem 5.10 in [60]) that its support lies in the graph of 9% f.
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Therefore, we can define the following | - ||P-cyclically monotone set (note that
this is true by repeating the same arguments as for I'):

LO"f)={(x+py+p):
(x,5) € f, xe€ 0,14, d(x,y) = ||x —y| and p € Z¢},  (B.1)

which satisfies the relation I'(7*) € T'(d%" f), with the notation of the proof of
Theorem 2.1. Recall that the relation T'(7*) C 9ll'l"p, also holds. Moreover,
by definition we have T'(0% f) ¢ 9l'l"3,. Since pp-a.e. the sets dl'l” ¢, (x)
and BH'HPQQP(X) are singletons, and, for pp-a.e. x, there exists at least one
y € R? such that (x,y) € I'(z*), then 9l'l"¢,(x) = 9l'l"p,(x). This im-

plies that the functions S,(x) = x — (%HVapp(x)H)ﬁ Ve,(x) and S,(x) =
x — (%HV@,(X)H) ot p(x) are equal pp-a.e., which proves the claim. O
Proof of Lemma 2.3. Set x € dom(f). Then, the set

" (%) ={y: f(2) < f(%) +d"(2,) — d"(x,y), for all z € T}
is non empty. Set ¥, € 9% f(x). Then, by definition, for all z € T%

f(2) = fX) <d°(2,52) — d"(X, ¥o)-

For every z € dom(f) we can repeat the previous reasoning and obtain that

|f(z) = f(X)| < sup (|d¥(2,52) — d"(X,¥2)|, [d(2,y:) — d"(X,¥:)]) -

The mean value Theorem yields the inequality a? — b < pla — b|(aP~! + bP~1),
which holds for any a,b > 0. Then, the triangle inequality for d leads to

1f(z) — f(X)| < pd(z

,X)sup (|dPH(Z, §2) + "1 (X, ¥2)|,
A" N(z,y.) + " (%,5.)]

s
<2pd(z,x) sup (&’ '(z,%)) <2p,
z,x€Td

X)
)

which concludes the proof. O

Proof of Theorem 2.4. Set p € Xp and assume that f,(p) = 0. Set €, — 0 and
consider the sequence of balls B, (p) C supp(P), centered at p with radius €.
Since the ball is a continuity set of P, after Portmanteau’s Theorem, P, — P
implies that for each m there exists a n,, such that P, gives mass to B, (p) for
all n > m,,. Then, we can extract a sequence p,, — p such that p, € Xp, . As a
consequence, we have that f,,(p,) € R, and we can set a, = — f,, () and define
hyn, = fn + an. Recall from Lemma 2.3 that all such functions are 2-Lipschitz
in their respective domains. Kirszbraun’s Theorem (Theorem B in [33]) implies
that, without loss of generality, we can consider that h,, (resp. f;,) are 2-Lipschitz
functions defined in the whole T¢. The previous reasoning implies that {h, }nen
is pointwise bounded for the compact sequence {p,, }nen. Since all such functions
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are 2-Lipschitz, then Arzel4a-Ascoli’s Theorem concludes that every subsequence
{hn, }ren admits a convergent subsequence {hnkj }jen. The uniqueness described

in Theorem 2.2 and the fact that p,, — p and h,,(p,) = f»(P) = 0 conclude that
fp is the unique possible limit of such subsequences in dom(f). O

Proof of Theorem 2.5. Note that as Theorem 2.4 holds, since probabilities are
supported in a compact set, the torus, then the reasoning of [20] can be imitated.
Here the main steps of the proof for the one sample case are given. For further
details about the proof we refer to the original text.

Efron-Stein inequality, see Chapter 3.1 in [8], states that if (X7,...,X]) is
an independent copy of (Xi,...,X,), then we have the bound

Var(f(Xi,..., Xn) < S E(f(Xy, ..., Xn)

— (Xt X, X X1, X))
Moreover, if X1,...,X,, are i.i.d, such inequality can be written as
Var(f(X1,..., Xp)) <nE(f(X1,. ., Xn) = f(X],. ., Xn))3

Set the empirical measures P, = L 370" | dx, and P, = L(6x; + > 1_,0x,),
and the values R,, = T,(P,,Q) — [ fpdP, and R), = T,(P.,Q) — [ f,dP}. Let
fn and f], be solutions of the dual problem (2.2) of 7,(P,, Q) and T,(P,,Q)
respectively. Then from (2.2) we derive that

1

(B = Bp)+ < 1fa(X0) = fp(X0) = fulX3) + fp(X7)]

+ [ (X1) = fp(X1) = fr(XD) + fp(X7)],

which together with Theorem 2.4 yields
n(R, — R,): % 0.

Since the probabilities are supported in the torus, which is compact, then
n?E(R, — R},)2 — 0. Finally, we conclude by the so called Efron-Stein’s in-
equality.

O

B.2. Proofs of Section 3

Proof of Lemma 3.1. If G is the distribution function of the uniform distribution
on R/Z, we have that

(G—a)'(t)=inf{s : s >t+a}=t+oa. (B.2)
Plugging (B.2) in (3.4), we have

To(P°,U) = inf /1 (F'(t) —t—a)” dt, (B.3)
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where the optimal value for o can be found by analytically minimizing the
function

H(e) —/01 (F'(t) =t — )’ dt—/ol (F~1(t) —t)° dit+
o —Qa/o (F~H(t) —t) dt,

which satisfies H'(a) =0 < a = fol (F71(t) —t) dt. O

Proof of Lemma 3.2. Let D([0,1]) denote the Banach space of right-continuous
functions on [0, 1] with left limits. Donsker’s Theorem [5, Theorem 14.3], states
the weak convergence in D([0, 1]) of the empirical process v/n(F,,—F) for n — oo
to the standard Brownian bridge B(F(t)). As the operator h : D([0,1]) — R
defined as

- [ 1 (r0- [ ) ds)2 a- [ fydn - (/ () ds)2 (B.4)

is continuous, the continuous mapping Theorem [58, Theorem 1.3.6] yields that
2

1 1
nTo(PC, U) s / B(t)2 dt — (/ B(t) dt) , (B.5)

m Jo 0
when P¢ = U, which concludes the proof. O

Proof of Proposition 3.3. Keeping the notation of the proof of Lemma 3.2, after
Theorem 1 in [49] we have that, when P¢ = Q°,

nm

(G (F) 1) 22 BO), (B.6)

in D([0,1]), where I denotes the identity function. Finally, using the same argu-
ments as in the proof of Lemma 3.2, the result is proved. O

Proof of Proposition 3.4. Note that
n—+m

Pt = 1) = P (L5 > chnl) = P (TGut P 0) 2 "2 (@)

On one hand, we have that
com(@)=inf{t >0: F;, (t) >1—a}=inf{t > 0: Py, (T;,, >t) <a}=
P nf{t > 01 Ppy (To(Gm#iPo, U) > t) < al.

n+m

Under the null hypothesis, G,,#P, % U. Thus, T2(Gm#P,,U) — 0 in proba-
bility (recall Section 2.2). In consequence, for every £ > 0 and every o > 0, we

have
n—+m

(@) <€ (B.7)

for sufficiently large n, m. On the other hand, when P¢ # Q°, To(Gn#P,,U) —
T2(G#P,U) > 0 in probability which, together with (B.7), proves the result. O
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Proof of Proposition 5.5. Suppose that Pf # Qf w.lo.g. for a j € {1,..., N,y}.
After (Ng4-geod), we have

N!/
P(W'Zm,Ng =1)=P (FB(LNg) (Tgm,Ng> < 0‘) =P (Iin:i{lpt < F,B(i N, )( )>
ZP(PJ SF(iN)( ))

Then, as the right side of the previous inequality tends to 1 after Proposition
3.4, so does the left side, which ends the proof. O

Proof of Theorem 3.6. Note that T2(Pp, Qm) = T(X1,...,Xpn,Y1,...,Y,) is a
function of Xi,...,X, and Y3,...,Y,,. For each x1,...,%Xn,V1,...,Ym € T¢
and x’ € T let m and 7’ be both joint measures such that

T = Zd —y) i =T (X1, oy Xy Y1y e Ym)

1
Zﬂ'i’j:77 ]:].,...,m,
i "
1
Zﬂ—i’jza’ ’L:].,...,TL,
and
/ :Zd(x’l— )2+ Zd =T(X}, X0, Y1y Ym)
J
1
ng,j:—, 7=1,...,m,
,J
DT
,J

Then we have that

T < Zd( —y;)im i + Zd V27 g
j

which implies

T <Y (dxi—y;)? —d(xi —y;)%)
J
1 1
S Z §7r1,j = %7
J

where the second inequality comes from the fact that d?(x,y) < 1/2 in T?. By
symmetry we also obtain the reverse inequality. Doing the same with y} and y;
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we obtain the bound ﬁ By using McDiarmid’s inequality, see [40], we derive
that

P (T3(Po, Qm) — ET3(Pay Q) > £) < exp (—nzmmsﬁ) .

O

Proof of Proposition 3.8. Let P = Q. After Lemma 3.7, for every € > 0 these
exists N. € N such that for all n,m > N, ETo(P,, Q) < €. Using explicitly
the convergence speed, we can find the relationship between € and N.:

logN. ¢

oo (B.8)

where C' > 0 is an unspecified constant. Then, directly from Theorem 3.6, we
can bound (3.10) as

Py (T2(Pr, Qm) > t) < exp (—%8@ — ET3(P,, Qm))2) <

nm
- 8(t—¢)?
eXP< o (t—e) >
for all n,m > N,. O

Proof of Proposition 3.9. Let us first prove that (UB) is asymptotically of level
a. Let € > 0 and N, € N such that for all n,m > N, the test (UB) controls
type I error. As N¢ is unknown, for any n, m € N we can rewrite the type I error
as

PHO (ﬂ-zl;n,a = 1) = PHO(T‘-Z?IL,E =1 | n,m > NE)PHO(TL,T)’L > Na)"’
P (Tyim,e = 1 n,m < Ne) Prgy (n,m < Ne) <
aPpy,(n,m > N;) —l—PHO(W}jZm =1|n,m < N.)Pg,(n,m < N.).

Taking the limit n,m — oo on both sides, we have the result as Py, (n,m <
N.) — 0 and Py, (n,m > N.) — 1. To conclude, we prove the consistency under
fixed alternatives. If P # (), we have that

“ n—+m
P(Trn?n,s = 1) =P (E(Pna Qm) >e+4/— Sy log Oé) .
The right side of the inequality tends to 0 when n,m tends to infinity and e
tends to 0. For the left side, recalling Section 2.2, we have that T2(Py, Qm) —
T2(P,Q) > 0 if P # Q. Hence, the consistency is proved. O
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Supplementary Material
Supplementary figures

Asymptotic behaviour of Wasserstein distance

04 as
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Ficure 8. Normalized asymptotic deviations from the mean of squared Wasserstein distance
between two bivariate von Mises distributions of same means (u,v) = (0,0) and different
concentration parameters (K1, k2, k3) = (0,0,0) and (k1,kK2,k3) = (2,2,0). The figures show

the corresponding histograms and the associated kernel density estimates, for different sample
sizes.
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