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Abstract 

The applicability of the Lambert-W function-based parameter extraction methodology is 

demonstrated for 28nm FDSOI MOSFETs down to deep cryogenic temperatures (4.2K). The 

Lambert-W function enables to accurately model the inversion charge and drain current MOSFET 

characteristics from weak to strong inversion, while using the classical mobility law down to liquid 

helium temperature.  The main MOSFET parameters were extracted versus temperature and gate 

length, showing the temperature independence of short channel effects and the strong mobility 

degradation at short channel length due to increased neutral defect scattering.  
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1. Introduction 

The MOSFET electrical parameters extraction is a key topic for CMOS technology 

characterization and optimization. With the advent of quantum computing, requiring CMOS readout 

electronics at cryogenic temperatures, there is a strong need for updating MOSFET parameter 

extraction methodologies in advanced technologies down to very low temperatures, 4.2K and below 

[1-5]. In the past years, such methodologies were developed in strong inversion region using 

conventional threshold voltage and mobility extraction procedures [6,7] or specific Y-function based 

extraction techniques [8,9]. In recent years, MOSFET parameters were also extracted at cryogenic 

temperatures using compact models like, e.g., EKV in FDSOI MOS devices [10] or BSIM in bulk 

MOS transistors [11]. In addition, a full gate voltage range Lambert-W function-based methodology 

was recently developed allowing electrical parameters extraction in FDSOI MOSFETs at room 

temperature [12]. It should also be mentioned that the Lambert-W function has been used for the 

MOSFET modelling as it is the rigorous solution of undoped body MOS transistors [13] and an 

approximate solution for a doped MOS device [14].  

In this paper, we propose, for the first time, to apply the Lambert-W (LW) function for the 

inversion charge and drain current modelling as a function of gate voltage and, by turn, for MOSFET 

parameter extraction down to deep cryogenic temperatures. To this end, we first show the validity of 

the Lambert-W function for the description of the gate-to-channel capacitance and inversion charge 

with gate voltage from weak to strong inversion in large area 28nm FDSOI MOSFETs down to liquid 

helium temperatures. Then, we demonstrate the applicability of the Lambert-W function-based 

method to fit the drain current down to very low temperatures using a classical mobility law, 

providing the dependence of subthreshold slope ideality factor, threshold voltage and mobility 

parameters with gate length and temperature.  

 

2. Experiments and methods 

The measurements were performed on 28nm FDSOI MOSFETs with silicon film thickness tsi=7nm 

and buried oxide (BOX) thickness tbox=25nm from STMicroelectronics. NMOS transistors were 

processed from (100) handle substrate, with <100>-oriented channel, and a high-k/metal gate Gate-

First architecture [15]. Low-Vth transistors were available with un-doped channel through a doped 

back plane (NWELL doping NA=10
18

cm
-3

) below the BOX. Thin gate oxide (with equivalent oxide 

thickness EOT=1.1nm) devices with mask gate length L varying from 30nm up to 10µm and with gate 

width W=1µm or 10µm were tested using a cryogenic probe station down to 4.2K. Note that the 

effective gate length has been checked by split CV technique and found close to the mask length. 
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The gate-to-channel capacitance Cgc(Vg) was measured with an HP 4284 LCR meter at 1MHz 

frequency and 10mV AC level using the standard split C-V technique. The drain current Id(Vg) 

MOSFET transfer characteristics were recorded in linear region (Vd=30-50mV) with an HP4156 

parameter analyser. All the measurements were made at zero back bias. Influence of body bias can be 

found elswhere [16]. 

The MOSFET parameter extraction was performed on the Cgc(Vg) and Id(Vg) characteristics using 

the same Lambert-W function based procedure as in [12] for room temperature. The equations and 

parameters used for the curve modelling are recalled below.  

The Cgc(Vg) and Qi(Vg) curves were fitted with Eqs. (1) and (2) with Cox and b as fitting parameters 

[12]:  

C���V�, T� = 
���
�,�����
����
���
�,��                          (1) 

Q�(V�, T) = C���kT/qLW(e
 �! "
�#$/% )                 (2) 

��
��&

= '

 + ��

���
                                  (3) 

where kT/q is the thermal voltage, Cox is the gate oxide capacitance, � is the subthreshold slope 

ideality factor, Vt is the threshold voltage and with    b = q (�kT)⁄ . 

The effective mobility µeff and Id(Vg) curves were modelled using Eqs. (4) and (5) with fitting 

parameters �, Vt, µ0, 1 and 2 [12]: 

µ,--(Q�) = µ.
'�/(�� ���⁄ )�0(�� ���⁄ )0                     (4)  

I2�V�, T� = 3
4  µ,--�Q�(V�, T)� Q��V�, T�V2            (5) 

 

where µ0 is the low field mobility, ' = '6+R82� and 2 are the first order and second order mobility 

attenuation coefficients, 10 being the intrinsic first order mobility attenuation factor, Rsd source/drain 

access series resistance and �=W.Cox.µ0/L gain factor.   

A conventional Levenberg-Marquardt algorithm was used for the curve fitting optimization. 

 

3. Results and discussion 

3.1. Capacitance and inversion charge characteristics 

Cgc(Vg) characteristics were measured on large area MOSFETs with W=L=10µm for better 

accuracy. The inversion charge was obtained after integration of the Ccg(Vg) curves starting from 

Vg=0V as is usual in split C-V technique. Typical Cgc(Vg) and associated Qi(Vg) characteristics are 

shown in Fig.1 (a)-(b)-(c) for various temperatures from 300K down to 4.2K. Note the steeper onset 

of the inversion charge with the temperature lowering. As proposed in [17,18], the plot Qi/Cgc vs Qi 
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(Fig. 1(d)) can be used, according to Eq. (3), to extract the gate oxide capacitance from the slope, 

giving here Cox2µF/cm
2
, independently of temperature. Indeed, the nice superposition of the 

Qi/Cgc(Qi) curves for all the temperatures is revealing the rather temperature independence of the slope 

and so of Cox. 

 

Fig. 1. Cgc(Vg) (a), Qi(Vg) (b) and (c), and Qi/Cgc(Qi) (d) characteristics for various temperatures 

T(K)=4.2, 10, 20, 50, 100, 150, 200, 250 and 300 (W=L=10µm).  

 

Figures 2 (a)-(b)-(c) show the best fits of the Qi(Vg)  and Cgc(Vg) characteristics, which can be 

obtained with the Lambert-W function model of Eqs. (1) and (2) for temperatures varying from 300K 

down to 4.2K. The extracted fitting parameters for Vt and � are plotted in Fig. 2 (d), indicating a 

quasi-linear increase of Vt with temperature decrease and a 1/T dependence of � (see below). The 

excellent agreement achieved between model and experiment emphasizes the validity of the Lambert-

W function to adequately describe the capacitance and inversion charge MOSFET characteristics vs 

gate voltage down to deep cryogenic temperatures. The latter feature fully justifies that the Lambert-

W Qi(Vg) model can further be used for the drain current transfer characteristics modelling and, by 

turn, MOSFET parameter extraction. 
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Fig. 2. Experimental (red solid lines) and Lambert-W model fitted (blue dashed lines) Qi(Vg) (a) and 

(b), Cgc(Vg) (c) characteristics for various temperatures T(K)=4.2, 20, 50, 77, 100, 200 and 300 

(W=L=10µm). (d) Vt and � parameter variations with temperature T.  

 

3.2. Drain current transfer characteristics of long channel devices 

Drain current Id(Vg) transfer characteristics were first measured in linear region (Vd=50mV) on 

long channel FDSOI MOSFETs with W=L=10µm to obtain the intrinsic parameters free from 

source/drain access resistance effect. Typical drain current Id(Vg), transconductance gm(Vg) and Y-

function Y�V�� = I2 :g<⁄  characteristics are shown in Fig. 3 (red solid lines) for various 

temperatures from 300K down to 4.2K. It should be said that the Y-function Y�V�� is used to 

eliminate the source-drain series resistance impact [19, 20]. Similarly, one can notice again the strong 

increase of the subthreshold slope with the temperature decrease, as well as the significant increase of 

drain current at high gate voltage, maximum transconductance and average Y-function slope with 

temperature lowering. The three latter features are related to the improvement of the carrier mobility 

as the temperature is reduced, as will be shown below. Moreover, a zero temperature coefficient 

(ZTC) bias point [21] is also noticeable on all characteristics above threshold, around Vg=0.6V. 
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Fig. 3. Experimental (red solid lines) and Lambert-W model fit (blue dashed lines) IdVg) (a) and (b), 

gm(Vg) (c) and Y(Vg) (d) characteristics for various temperatures T(K)=4.2, 10, 20, 50, 100, 150, 200, 

250 and 300 (Vd=50mV, W=L=10µm).  

 

Figure 3 also displays the best fits of the Id(Vg),  gm(Vg) and  Y(Vg) characteristics (blue dashed 

lines), which can be reached with the Lambert-W function model of Eqs. (2), (4) and (5) for 

temperatures ranging from 300K down to 4.2K. The very good agreement between model and 

experiment underlines the usefulness of the Lambert-W function to effectively describe the drain 

current, the transconductance and the Y-function as a function of gate voltage from weak to strong 

inversion, using a classical mobility law given by Eq. (4) down to very low temperatures.  

The extracted fitting parameters Vt, η, µ0, 1 and 2 obtained from Fig. 3 are plotted in Fig. 4 as a 

function of temperature. As in the C-V extraction, the threshold voltage Vt is increasing quasi linearly 

with the temperature reduction before saturating, whereas the ideality factor � nearly varies as 1/T. 

The low field mobility µ0 increases with temperature lowering, as is usual, due to phonon scattering 

reduction [7, chap. 1], before saturating. Both Vt and µ0 flattening at very low temperature likely 

stems from inversion layer degeneracy [7, chap. 1&2]. The first-order mobility attenuation coefficient 

1 lies around -1V
-1

 (15%) over the temperature range, while the second-order attenuation 

coefficient 2 increases from 0.8V
-2

 to 1.6V
-2

 as the temperature is reduced.  The latter 2 feature is 

related to the higher influence of surface roughness scattering at lower temperatures as the carriers get 

closer to the oxide/channel interface [7, chap. 1&2].  
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It is also worth noticing in Fig. 4 that the Lambert-W function extracted parameters Vt, � and µ0 

are close to those obtained by the Y-function method [19, 20], emphasizing once more the consistency 

of the Lambert-W function methodology. 

 

Fig. 4. Vt (a), η (b), µ0 (c) parameter variations as extracted from Lambert-W function fits (red dotted 

lines) and from Y-function method (blue dashed lines), and 1 with 2 (d) versus temperature 

(Vd=50mV, W=L=10µm). 

 

The effective mobility µeff obtained from the Lambert-W function fits and defined in Eq. (4) has 

been plotted in Fig. 5 (a) (red solid lines) and compared to the effective mobility determined by 

standard split C-V method based on Qi(Vg) data of Fig. 1 and drain current curves of Fig. 3 (blue 

dashed lines). As can be seen, both µeff values merge well at moderate and strong inversion, while 

strongly differing just above and below threshold. The latter point can be explained, on one hand, by 

the finite µeff value (=µ0) inherent to the classical mobility law used in Eq. (4) reached below 

threshold, and, on the other hand, by the erroneous µeff zero value returned by the split C-V method 

close to and below threshold [22,23]. Nevertheless, it should be noted that the maximum µeff values, 

µmax, obtained by both methods and plotted in Fig. 5 (b) are very close to each other, which proves 

again the physical consistency of the mobility extracted by the Lambert-W function fits. It is worth 

noting that the negative values for 1 obtained by the Lambert-W extraction allow modelling the 

increase of µeff above threshold. This is necessary for mimicking the low temperature mobility law 

where Coulomb scattering induces such a mobility increase at very low temperatures [9,24].   
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Fig. 5. (a) µeff variations with Vg and (b)  maximum µeff  variations with temperature as obtained from 

Lambert-W function fits (red lines) and split C-V technique (blue dashed lines). (Vd=50mV, 

W=L=10µm). 

 

3.3. Drain current transfer characteristics of short channel devices 

Drain current Id(Vg) transfer characteristics were then measured in linear region (Vd=30mV) on 

short channel FDSOI MOSFETs with gate length varying from 30nm up to 1µm and gate width 

W=1µm. Typical drain current Id(Vg), transconductance gm(Vg) and Y-function Y�V�� characteristics 

are presented in Figs 6 and 7 (red solid lines) for these various gate lengths and for T=300K and 

T=25K, respectively. Note the excellent vertical scaling of the characteristics with the gate length 

reduction for both temperatures. 
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Fig. 6. Experimental (red solid lines) and Lambert-W model fit (blue dashed lines) IdVg) (a) and (b), 

gm(Vg) (c) and Y(Vg) (d) characteristics for various gate lengths L(nm)=30, 60, 90, 120, 300 and 1000 

measured at T=300K (Vd=30mV, W=1µm).  

 

Fig. 7. Experimental (red solid lines) and Lambert-W model fit (blue dashed lines) IdVg) (a) and (b), 

gm(Vg) (c) and Y(Vg) (d) characteristics for various gate lengths L(nm)=30, 60, 90, 120, 300 and 1000 

measured at T=25K (Vd=30mV, W=1µm).  

 

Figures 6 and 7 also illustrate the best fits of the Id(Vg),  gm(Vg) and Y(Vg) characteristics (blue 

dashed lines), which can be obtained with the Lambert-W function model of Eqs. (2), (4) and (5) for 

the corresponding experimental data. The overall good agreement between model and experiment 

infers again the effectiveness of the Lambert-W function to properly describe the transfer 

characteristics, even in short channel MOS devices, as a function of gate voltage from weak to strong 

inversion using a classical mobility law down to very low temperatures.   

The extracted fitting parameters Vt, µ0, 1 and 2 obtained from Figs 6 and 7 are plotted in Fig. 8 

versus gate length and for various temperatures from 25K to 300K. As can be seen, the threshold 

voltage Vt is exhibiting a small roll-off vs gate length due to short channel effects (SCE), whose trend 

are nearly independent of temperature, as expected, since SCE are mainly controlled by the device 

electrostatic properties [7, chap. 1]. The low field mobility µ0 displays a degradation as the gate length 

is reduced, more significant for lower temperatures. This mobility collapse has been previously 

attributed to enhanced defective scattering at small channel length, likely due to neutral point defects 
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located near source and drain regions [23,25]. The first order mobility attenuation coefficient 1 

strongly increases, almost independently of temperature, as the channel length is reduced, due to the 

larger impact of access resistance Rsd in 1 expression (see Eq. (4), [12]). Instead, the second order 

attenuation coefficient 2 weakly decreases with the gate length reduction, likely due to the decreased 

influence of vertical field in short devices. 

 

 

Fig. 8. Vt, µ0, 1 and 2 parameter variations with gate length as extracted from Lambert-W function 

fits for various temperatures T(K)= 25, 77, 100, 150, 200, 250 and 300 (W=1µm). 

 

The extracted fitting parameters Vt, µ0, 1 and 2 have also been plotted in Fig. 9 versus 

temperature for various gate lengths in order to better analyse the temperature influence. As can be 

seen, the threshold voltage Vt varies similarly vs temperature for long and short channel devices, as 

being governed by the same carrier statistics. In contrast, the low field mobility µ0 variations with 

temperature clearly reveal a strong change in scattering mechanism signature, evolving from phonon 

controlled one in long devices ( T
-1

) to neutral defect one ( T
0
) in short channels, as already 

reported for advanced CMOS technologies [23,25]. The first order mobility attenuation coefficient 1 

is nearly constant with temperature, whereas the second order attenuation coefficient 2 increases with 

temperature lowering, similarly for all gate lengths, likely due to the higher influence of surface 

roughness scattering at lower temperatures. 
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Fig. 9. Vt, µ0, 1 and 2 parameter variations with temperatures as extracted from Lambert-W function 

fits for various gate lengths L(nm)=30, 60, 90, 120, 300 and 1000  (W=1µm). 

 

It is also worth mentioning that, following the mobility scattering analysis of Refs [23,25], the low 

field mobility µ0 variations with channel length and temperature have been well modeled by Eq. (6), 

in which the Matthiessen rule is used to combine phonon and neutral scattering mechanisms as,  

µ6,=>? = @ '
µAB

. D
E66 + '

µF
. G1 + IJ

I KL
M'

    (6) 

where µph is the phonon-limited mobility at room temperature, µN is the temperature independent 

neutral defect-limited mobility for long channel, Lc being a critical channel length. As a matter of fact, 

Fig. 10 (a) and (b) shows the best fits which can be achieved with Eq. (6) on the low field mobility 

data of Fig. 4(c) and Fig. 9(b) with only 3 parameters (µph, µN and Lc). In Fig. 10 (c) and (d) are also 

displayed the variations of the neutral defect scattering rate percentage, % neutral, versus gate length 

and temperature, clearly revealing its increase with gate length reduction and/or temperature lowering. 

Therefore, these results confirm once more that the mobility degradation observed at short gate length 

in this 28nm FDSOI technology can be well interpreted by the enhanced presence of neutral defects as 

the channel is reduced, as was previously observed in other CMOS technologies [23,25]. Moreover, it 

should also be mentioned that these low field mobility variations with channel and temperature are in 

full agreement with those obtained from Y-function extraction on the same technology [26], which 

emphasizes again the relevance of the Lambert-W function-based parameter extraction methodology 

for FDSOI MOSFETs. 
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Fig. 10. Experimental (red dotted lines) and modelled (blue dashed lines) variations of low field 

mobility µ0 with channel length (a) and temperature (b) as obtained from Eq. (6) with parameters 

µph=480cm
2
/Vs, µN=1000cm

2
/Vs and Lc=80nm (Exp. data from Figs 4c and 9b). Variations of the 

neutral defect scattering rate percentage % neutral versus gate length (c) and temperature (d) as 

obtained from mobility modelling with Eq. (6). 

 

Finally, Fig. 11 (a) shows that the increase of the ideality factor � with the temperature reduction is 

similar for all gate lengths, with larger values for shorter devices due to short channel effect. Actually, 

this increase of � at lower temperature can be explained by the saturation of the subthreshold swing 

(SW) for temperatures below 30-40K, since we have �=SW/(kT/q) [27,28].  Fig. 11 (b) displays the 

variations of the first order mobility attenuation coefficient 1 with the gain factor parameter �(L), 

parametrized by the channel lengths for various temperatures. As can be seen, 1 varies linearly with � 

as expected due to the increased influence of Rsd as the gate length is reduced. As is usual [12,19], the 

access resistance is extracted from the slope 1(�), giving typical values of Rsd varying from 230 to 

260 .µm for temperatures increasing from 25K to 300K (Eq. 4). 
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Fig. 11. (a) n parameter variations with temperature for various gate lengths L(nm)=30, 60, 90, 120, 

300 and 1000.  (b) 1 parameter variations with �=W.Cox.µ0/L gain factor for various temperatures 

T(K)= 25, 77, 100, 150, 200, 250 and 300 (W=1µm). 

 

3. Summary and Conclusion 

The applicability of the Lambert-W function-based MOSFET parameter extraction methodology 

on 28nm FDSOI MOSFETs has been demonstrated down to deep cryogenic temperatures, from long 

to short channel lengths. Thanks to the accurate Lambert-W function modelling of the inversion 

charge and drain current MOSFET characteristics from weak to strong inversion, the main parameters 

were extracted versus temperature and gate length, showing the temperature independence of short 

channel effects and the strong mobility degradation at short channel lengths due to increased defective 

scattering. It should also be mentioned that this Lambert-W function modelling of the drain current 

could easily be extended to nonlinear operation region as in [29], and, therefore, could next constitute 

a suitable MOSFET compact model to be used in circuit simulation at deep cryogenic conditions. 
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