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Abstract 

Ultra-High Molecular Weight semi-crystalline polymers, such as Ultra-High Molecular Weight 

PolyEthylene (UHMWPE) exhibit strong wear and impact resistance, making them good candidates for 

structural applications in many industrial fields. At high strain rate and large strain, mechanisms of 

deformation are quite different from those involved in classical semi-crystalline polymers, mainly 

because chain disentanglements are almost impossible for very long macromolecules even at 

temperature far above the melting point. Thus, there is a need to develop specific models for these 

materials and, from the works of Deplancke and her co-workers (Deplancke et al., 2019; Deplancke et 

al., 2015) who developed a scalar description based on polymer physics, three-dimensional 

constitutive equations are developed in this work. The developed model proposes an innovative way 

to take into account the repartition of strain for a semi-crystalline polymer and more generally for a 

two-phase material. Moreover, by modelling the evolution of microstructure during the plastic 

deformation of the material, the model is able to reproduce quite fairly the mechanical behavior of 

UHMWPE for both loading and unloading. 
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1. Introduction 

Polymers are world-widely used materials which exhibit interesting properties but complex 

deformation mechanisms. Even though, during the last decades, the knowledge on the deformation 

mechanisms has been strongly improved, the transcription of these mechanisms into three-

dimensional mechanical models still remains a challenge especially for high molecular weight semi-

crystalline polymers. There is thus a need for more precise 3D constitutive equations, as input of Finite 

Element calculations, for the optimization of structure design. In addition, this is the only way to 
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optimize the safety coefficients used to avoid breakage of structures in use: they should account for 

the risks induced by processing defects, and not for the lack of knowledge of the material itself. 

As semi-crystalline polymers are the result of the partial crystallization of amorphous macromolecular 

arrangements formed during cooling from the liquid state, for high enough molecular weight, a given 

macromolecule belong to both ordered domains (crystals) and amorphous phase [1]. Segments of 

chain at the interface between crystal and amorphous domains are so called tie molecules or 

amorphous confined phase: they insure the local stress transfer from one phase to the other one 

during macroscopic loading (it is noteworthy that, below melting temperature, crystals play the role 

of crosslinking nodes of the amorphous chains) [2,3]. Though the typical crystal shape and size of a 

semi-crystalline polymers depend a lot of its thermal history (cooling rate, heat treatments, etc.), for 

classical linear polyethylene (high density polyethylene, HDPE), as well as for Ultra-High Molecular 

Weight Polyethylene (UHMWPE), it consists in lamellae with a thickness of about 10 nm and lateral 

size up to one micron. At the scale of few tens of nm, crystals and amorphous domains appear as 

regular stacking of both crystals and amorphous layers having a thickness mainly driven by the 

crystallinity ratio. At larger scale, as the crystallization starts from nuclei, lamellae are often arranged 

in more or less spherical spherulites, with radius around 1 to 100 m. Roughly speaking, a crystallinity 

ratio of 50% leads to same thickness for both crystalline and amorphous lamellae. Thus, at a larger 

deformation, crystals appear to play the role of crosslinking nodes, most of the macromolecules being 

caught by the crystals in a more or less regular 3D arrangement. Because of their very high molecular 

weight, the macromolecules present curvilinear length in the order of 100 microns for molecular 

weight of 107 g.mol-1, with a gyration radius of about 100 nm. Thus, each macromolecule might link a 

lot of crystals, but are also entangled many times. As discussed elsewhere [4], the time for 

disentanglement is so long at temperature below the degradation temperature, that even well above 

the melting point, such a polymer remains in its rubbery state. Therefore, even if some 

macromolecules can escape from the crystal during deformation, they form a macromolecular 

network having the properties of a very soft rubber which properties can be modeled by the rubber 

elasticity theories.  

From a mechanical point of view, the deformation behavior of UHMWPE can schematically be divided 

into different steps as represented in Figure 1 [3–7]. At small deformation, corresponding to stage I in 

Figure 1, linear mechanical behavior is observed. It corresponds to the elongation of the confined 

amorphous phase, partially in parallel with the crystalline phase as discussed below. The second stage 

(stage II in Figure 1) corresponds to the fragmentation of the crystalline lamellae at the spherulite 

poles [4,8] leading to a non-linear behavior of the material. In this stage, the yield point appears when 

the fragmentation of the crystalline lamellae reaches the equatorial regions of the spherulites leading 

to largely spread crystalline block structures linked together by the confined amorphous phase. At the 
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beginning of this stage, the stress contribution related to the crystalline lamellae is no more effective; 

however, the crystal network stress continues to increase thanks to the contribution of the amorphous 

confined phase [9]. During the third stage (stage III in Figure 1), the crystalline lamellae blocks rotate 

to align in the stretching direction [8]. Starting from the pole and propagating to the equatorial regions, 

crystalline blocks undergo fibrillation process which consists in pulling out chains from the crystalline 

lamellae [4]. Therefore, the folded chains, previously part of the crystalline lamellae, become 

amorphous increasing the length of the confined amorphous phase. Because of the fibrillation process, 

the crystalline ratio should decrease. However, induced by the strong orientation of the chains within 

the fibrils in the loading direction, the formation of new crystalline domains occurs within the fibrils. 

Because of the successive fibrillation-recrystallization steps, the chain disentanglement is delayed. 

Finally, when fibrils reach their maximum elongation which corresponds to the last stage (stage IV in 

Figure 1), locking phenomena occurs and greatly increase stress [8]. Because of the combination of 

the fibrillation process (during stage III) and the recrystallization process (during stages III and IV), the 

crystalline ratio appears to keep about constant during all the deformation [10]. However, even 

though the crystalline ratio does not significantly evolve, the role and size of crystalline domains 

change drastically during the whole deformation process. This phenomenon needs to be considered 

in the modeling of the mechanical behavior of such polymers. 

 

Figure 1: Schematic representation of the evolution of UHMWPE microstructure in function of its mechanical behavior. 

With the aim of understanding the deformation mechanisms of polymers (amorphous and semi-

crystalline polymers), numerous theoretical and numerical models have been developed over the past 

decades, in addition to the experimental investigations. Numerical models can be divided into two 

categories: phenomenological models and physical-chemical based models. These latter take into 

account the molecular relaxations and activated processes at the origin of the deformation 

mechanisms of the polymer. For this purpose, different theories have been developed to represent 
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experimental observations. Based on polymer physics, these theories allow modelling the strain rate 

and temperature sensitivities of the elastic modulus [11–13], the yield stress [14–19] and the 

orientational hardening [20–24] as well as other phenomena such as cavitation [25,26] and 

recrystallization [27,28]. 

Although larger number of theories and numerical models focused on the simulation of amorphous 

polymers[29–35], several numerical models aim to simulate semi-crystalline polymer behavior. Most 

of the theories considered the presence of N crystalline inclusions in an amorphous matrix, like Mori-

Tanaka model [36,37], self-consistent model [38], three-phase model which considers interface 

regions between the amorphous matrix and the crystalline inclusions [39,40]. Based on these theories, 

three-dimensional constitutive models have been developed for semi-crystalline polymers [41–49].  

These models usually include generally two branches, composed with a combination of spring and 

dashpot, acting in parallel as illustrated by Figure 2 [50,51]. The first one, called intermolecular 

resistance, represents the intermolecular interactions within the crystalline structure (between 

crystalline lamellae and confined amorphous phase) at the origin of the material’s initial stiffness. It 

usually exists three ways to describe the interactions between crystalline lamellae and confined 

amorphous phase. Thus it is classical to consider (i) lower bound model (crystalline lamellae and 

amorphous phase act in series), (ii) upper bound model (crystalline lamellae and amorphous phase 

act in parallel) [28] and (iii) composite models which consist in an aggregate of layered of two or three-

phase composite inclusions [40,52]. In this latter case, these phases are, namely, crystalline lamellae, 

tie molecules and interphase. The second branch represents the resistance of the macromolecular 

network to stretching and orientation of the amorphous polymer chain segments. To describe the 

mechanical behavior of semi-crystalline polymer, simultaneous actions of these branches are 

necessary. However, while the important stiffness of the first branch comes from the crystalline 

lamellae and is much more effective at small deformation, the stiffening induced by the second branch 

comes from the highly reticulated macromolecular network and become predominant at large 

deformation [48].  
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Figure 2: Schematically representation of the rheological model commonly used for the modelling of semi-crystalline polymers. 

Several researches were focused to model the intermolecular resistance within the crystalline 

structure (crystalline lamellae and confined amorphous phase). As the deformation of the amorphous 

confined phase directly influence the deformation of the crystalline phase, it is primordial to that the 

numerical models takes into account the influence of one phase on the other [8,9,25,46]. An 

interesting work on the modelling of Ultra High Molecular Weight PolyEthylene was performed by 

Bergström and Bischoff [53]. The developed Three Network Model, considering three networks acting 

in parallel, is able to predict the polymer behavior at large strain while taking into account for an 

evolution of the shear modulus of amorphous phase with respect of the plastic deformation of the 

crystalline phase. However, it does not consider any microstructural change in the polymer structure 

(evolution of the crystalline lamellae and confined amorphous phase into fibrils). Thus, to be able to 

represent the coupling between the crystalline lamellae and confined amorphous phase, combination 

of parallel and series models was developed. In the idea to improve the current model with the 

introduction of a physical meaning into the constitutive equations, a recent work of Humbert et al. 

[54] proposes a model able to capture the coupling between crystalline lamellae and confined 

amorphous phase. It assumes that crystalline lamellae and confined amorphous phase do not have 

neither the same kinetics of deformation, nor the same behavior. Thus, from the beginning of the 

deformation process these two phases are neither in parallel nor in series. At small strain, it is assumed 

that the stress in the crystalline lamellae is more important than in the confined amorphous phase, 

whereas, the confined amorphous phase reaches a higher deformation than the crystalline lamellae. 

During the plastic deformation of the polymer, the ratio of stresses between the confined amorphous 

phase and the crystalline lamellae evolves due to the fragmentation of the crystalline lamellae as well 

as the fibrillation and recrystallization processes. Thus, the coupling slowly tends towards a series 

model. From these considerations, Deplancke et al. [55] recently developed a scalar rheological model 

(corresponding to a pure elongation one-dimensional model) based on the formulation proposed by 

Humbert et al. [54] for the intermolecular chain forces within the crystalline structure. Evolving 
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mechanical coupling between crystalline lamellae and confined amorphous phase occurring during 

the plastic deformation of the crystalline structure was introduced. Thus, their model is able to fairly 

describe the deformation mechanisms of semi-crystalline polymers with high molecular weight. 

To use this model at a larger scale, such as polymer-process modelling and simulations, a three-

dimensional formulation is needed. Thus, the aim of this paper is to propose, from this scalar model, 

physical, mechanical and implementable three-dimensional constitutive equations for Ultra High 

Molecular Weight PolyEthylene (UHMWPE) behavior. Thus, the model has to account for the evolution 

of the mechanical coupling between crystalline lamellae and confined amorphous phase, i.e. 

fibrillation process occurring during the deformation process of the material. In section 2, the analog 

form of the scalar model basis is recalled and its transformation into a three-dimensional model is 

explained. In section 3, a three-dimensional formulation is proposed according to the philosophy of 

the scalar model. The main challenge remains the 3D modelling of the intermolecular resistance within 

the crystalline structure. Section 4 is dedicated to the model validation from experimental quasi-static 

tests and dynamic loading tests. 

2. Scalar constitutive model 

To simulate the true stress-true strain behavior of UHMWPE over a wide range of strain rates and 

temperatures, Deplancke et al. [55] have developed a scalar rheological model based on an evolving 

mechanical coupling between the confined amorphous phase and the crystalline lamellae. Analog 

representation of their model is presented in Figure 3. The model consists in two networks, 

"intermolecular resistance network" and "molecular network resistance", acting in parallel as shown 

in Figure 3. The “intermolecular resistance”, corresponding to the upper branch, comes from the 

connections (density of physical nodes) between crystalline lamellae and confined amorphous phase 

within the structure. In the latter, this network will be called “crystal network” and will be denoted 

‘CN’. It characterizes the deformation of crystalline lamellae and the confined amorphous phase. 

During the polymer deformation, chains which are pulled out from the crystalline lamellae and the 

confined amorphous phase tends towards a fibrillar structure. Thus, as discussed above, we need to 

implement a strain-dependent evolving mechanical coupling between crystalline lamellae and 

confined amorphous phase into the crystal network. This is schematically displayed in Figure 3, by a 

diagonal line meaning that, initially the two branches are neither in parallel nor in series but in an 

intermediate state. During the plastic deformation, fibrillation process occurs leading to a 

fundamental change of the polymer microstructure. During that phase the mechanical coupling evolve 

from neither parallel nor series configuration towards a series configuration. On the other hand, the 

lower branch depicts the molecular arrangement of the macromolecular network (MN). Each 

structure (crystalline lamellae, confined amorphous phase and macromolecules) has its own 

mechanical behavior. Thus, crystalline lamellae exhibit elastic-viscoplastic behavior. Confined 
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amorphous phase behave as hyperelastic-viscoplastic material. As for the macromolecular network, 

its behavior is hyperelastic with an important viscous component due to the reptation of the polymer 

chains.  

 

Figure 3: Mechanical analog representation of the proposed three-dimensional constitutive model adapted from Deplancke 

et al. [55] for predicting the thermomechanical behavior of UHMWPE. (CN: intra-chain cohesive forces in the crystal network, 

MN: macromolecular network). 

According to the scalar model developed by Deplancke et al. [55] and the formalism described by the 

analog representation (see Figure 3), the main scalar relationships describing the UHMWPE 

mechanical behavior are summarized in eq. (1) for strain 𝜀 and eq. (2) for stress 𝜎: 

𝜀𝑡𝑜𝑡𝑎𝑙 = 𝜀𝐶𝑁 = 𝜀𝑀𝑁  

with 𝜀𝐶𝑁 = (1 − 𝜑)(𝜀𝑓𝑒 + 𝜀𝑓𝑝) + 𝜑(𝜀𝑐𝑒 + 𝜀𝑐𝑝) 

(1) 

𝜎𝑡𝑜𝑡𝑎𝑙 = 𝜎𝐶𝑁 + 𝜎𝑀𝑁 

with {
𝜎𝐶𝑁 = (1 − 𝜑)𝜎𝑓 + 𝜑𝜎𝑐
𝜎𝑐 = 𝑘𝜎𝑓                      

 

(2) 

where 𝜑 is the crystal ratio and 𝑘 is the coupling parameter describing the crystal transformation into 

fibrils occurring during the deformation of the crystalline structure. The expression (1) can also be 

found in the work of Bartsczak [9] where it represent the evolution of the residual true stress during 

the material deformation of semi-crystalline polymers. The subscripts ‘CN’ and ‘MN’ refer to the ‘intra 
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chain cohesive forces in the crystal network’ and ‘macromolecular network’ branches, respectively. 

Subscripts ‘c’ and ‘f’ are related to crystalline lamellae and confined amorphous phase/fibrils 

respectively whereas ‘e’ and ‘p’ define the elastic and the plastic deformations, respectively.  

As shown by eq. (2), the mechanical coupling is expressed as a proportional relationship between 

crystal 𝜎𝑐 and fibril 𝜎𝑓 stresses through parameter 𝑘. Its evolution, defined by a phenomenological 

relationship by Deplancke et al. [55], is a function of the plastic deformation of the crystalline lamellae 

𝜀𝑝𝑙: 

𝑘 = (𝑘𝑖𝑛𝑖𝑡)
1−

𝜀𝑝𝑙
𝜀𝑛𝑎𝑡   (3) 

where 𝑘𝑖𝑛𝑖𝑡 is the initial value for the mechanical coupling fitted on the elastic modulus for a large 

range of polyethylene and 𝜀𝑛𝑎𝑡 corresponds to the deformation for which the fibrillar state is reached. 

When there is no plastic deformation, 𝑘 is equal to 𝑘𝑖𝑛𝑖𝑡. It corresponds to the initial microstructural 

state of the material. In the contrary, when 𝜀𝑝𝑙 = 𝜀𝑛𝑎𝑡, 𝑘 = 1 which corresponds to the fibrillar state 

of the material. This arbitrary decreasing function maps the evolution of microstructure from crystal 

network to a fibrillar state. More details about this function can be found in [55]. The existence of a 

stress relationship to describe the mechanical behavior leads to the implicit existence of a strain 

relationship for the evolving mechanical coupling. 

Thus, as shown by Figure 3, eqs. (1) and (2), the complexity of the model mainly comes from the strain 

dependent mechanical coupling between crystalline lamellae and confined amorphous phase of the 

CN branch. Moreover, for the CN branch and from a numerical point of view, the strain relationship 

(eq. (1)) is described by series configuration while the stress relationship (eq. (2)) is described by 

parallel configuration. The difference between these two configurations should be considered while 

developing three-dimensional constitutive equations according to the deformation mechanisms 

introduced by Deplancke et al. [55]. 

3. Three-dimensional constitutive model 

The three-dimensional constitutive model is developed in agreement with the formalism established 

by the analog representation (Figure 3) and the scalar model developed by Deplancke et al. [55]. 

According to this, the total stress tensor 𝕋 is given by the sum of the crystal network stress tensor 𝕋𝐶𝑁 

(combination of Cauchy stress tensor and hyperelastic stress tensor) and the macromolecular stress 

tensor 𝕋𝑀𝑁 (hyperelastic and viscous contributions): 

𝕋 = 𝕋𝐶𝑁 + 𝕋𝑀𝑁. (4) 
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Moreover, these two networks acting in parallel imply that their deformation gradients, denoted 𝔽𝐶𝑁 

for the crystal network and 𝔽𝑀𝑁 for the macromolecular network, are equals to the total deformation 

gradient tensor 𝔽 such as: 

𝔽 = 𝔽𝐶𝑁 = 𝔽𝑀𝑁. (5) 

The finite deformation kinetics presented in Figure 4 makes reference to the various configurations 

(initial, intermediate and current or final). The significance of the different deformation gradient will 

be explained in the following. 

In the present work, we propose to extend the scalar physical model developed by Deplancke et al. 

[55] into a three-dimensional thermomechanical physical and implementable model. The main 

challenge is to propose a 3D description able to represent the phenomena involve in the crystal 

deformation and the mechanical coupling evolving from crystalline structure (crystalline lamellae and 

confined amorphous phase) towards fibrillar structure [56].  

3.1. Preliminary kinetics 

The kinematics of the finite strain allows describing the evolution of a solid particle from its reference 

state to its current state through various configurations. Let us denoted B a deformable body and X 

the spatial position of the solid particle A within B. The motion of B induces the displacement of the 

solid particle from X to x. The evolution of the particle position across the different configurations is 

described by the deformation gradient, such as: 

𝔽 =
∂x

∂X
. (6) 

Using the polar decomposition, the stretches and rotations contributions can be decomposed from 

the deformation gradient as follows: 

𝔽 = ℝ𝕌 = 𝕍ℝ (7) 

where ℝ  is the pure rotation tensor and 𝕌  and 𝕍  are the pure right and left stretch tensor, 

respectively. This decomposition can be performed on every deformation gradient encounter in this 

study. The velocity gradient, representing the deformation rate, is defined from the time derivative of 

𝔽 by: 

𝕃 = 𝔽̇𝔽−1. (8) 

As a standard, it exists a unique additive decomposition for the velocity gradient 𝕃 such as: 

𝕃 = 𝔻 +𝕎 (9) 
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where the symmetric tensor 𝔻 is the rate of deformation tensor and the skew-symmetric tensor 𝕎 is 

the spin tensor.  

3.2. Intra-chain cohesive forces in the crystal network 

In the analog representation (see Figure 3), the deformation balance between crystal and confined 

amorphous phase within the crystalline structure is neither described by a parallel model nor a series 

model. The coupling between these two quantities evolves during the deformation process and slowly 

converges towards a series model when 𝑘 = 1. It implies that the deformation rates of the crystalline 

lamellae and the confined amorphous phase are different but linked together.  

In order to the represent this coupling, the developed constitutive equations should consider the 

quasi-parallel to series model evolution from the deformation gradient. According to the analog 

representation (see Figure 3), the crystal network can be divided into two phases: crystalline lamellae 

and confined amorphous phase which aim to become fibrils. Moreover, each phase is represented, on 

the analog representation, by a spring in series with a viscous dashpot describing the initial stiffness 

and the viscoplastic behavior of the material respectively. Detailed representation of the crystal 

network finite deformation kinetics is represented in Figure 4. One dashpot is related to the 

fragmentation of the crystalline lamellae while the other dashpot is related to the sliding of fibrils 

against each other. 

Let 𝜑 be the crystal ratio of the polymer. Let us denote by the subscripts ‘f’ and ‘c’, the tensors related 

to the confined amorphous phase/fibrils and crystalline lamellae respectively. We propose to 

multiplicatively decompose the deformation gradient of the crystal network into confined amorphous 

phase/fibril and crystalline parts to take into account the material microstructure and its evolution 

during the deformation. Thus, to have an analog representation to the rheological model proposed by 

Deplancke et al. [55], we propose to raise 𝔽 to the power with respect to the crystal ratio: 

𝔽𝐶𝑁 = 𝔽𝑓
1−𝜑

𝔽𝑐
𝜑
  (10) 

with  

{
𝔽𝑓 = 𝔽𝑓𝑒𝔽𝑓𝑝

𝔽𝑐 = 𝔽𝑐𝑒𝔽𝑐𝑝
 (11) 

𝔽𝑐𝑝
𝜑

 refers to the crystalline lamellae viscoplastic deformation from the initial configuration Ω0 to the 

first intermediate configuration Ω𝑖𝑛𝑡1
𝑐𝑛 . 𝔽𝑐𝑒

𝜑
 refers to the elastic deformation from the first 

intermediate configuration to the second intermediate configuration Ω𝑖𝑛𝑡2
𝑐𝑛 . 𝔽𝑓𝑝

1−𝜑
 refers to the 

confined amorphous phase/fibrils viscoplastic deformation from the second intermediate 

configuration to the third intermediate configuration Ω𝑖𝑛𝑡3
𝑐𝑛 . Finally, 𝔽𝑓𝑒

1−𝜑
 refers to the confined 
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amorphous phase/fibrils viscoelastic deformation from the third intermediate configuration to the 

current configuration Ω1. 

Demonstration of the relationship (10), valid only at small strains or for small step time, is available in 

Appendix A. 

 

Figure 4: Finite deformation kinetics. The total deformation gradient 𝔽  maps the deformation between the initial 

configuration 𝛺0  and the current configuration 𝛺1  through various intermediate configurations 𝛺𝑖𝑛𝑡 . The decomposition 

procedure applied to each network is represented in accordance with the crystal ratio and the elastic/viscous-plastic 

deformation associated to each phase. Each intermediate configuration corresponds to a deformation state of the material. 

Stresses in the elastic configurations are firstly calculated following by the plastic deformation behavior. The total stress is 

calculated in the current configuration 𝛺1 by rotation of the stress tensor 𝕋𝑐. 

Unlike the scalar model (see eq. (2)), we propose to represent the mechanical coupling between 

crystalline lamellae and confined amorphous phase through a relationship linking the deformation 

gradients of the crystal and confined amorphous phase/fibrils components. This solution aims to 

reduce the computation time of the modelling. However, indirect relationship, linked to the non-

linearity of the stress tensors, exists between the two mechanical couplings (depending on stress and 

depending on strain). Thus, we assume the following relationship  

𝔽𝑐 = (𝔽𝑓)
𝜁
 (12) 

where the parameter 𝜁  represents the mechanical coupling from deformation gradient viewpoint. 

Parallel model is obtained when 𝜁𝑝𝑎𝑟𝑎𝑙𝑙𝑒𝑙 = 1 , while the series corresponds to 𝜁𝑠𝑒𝑟𝑖𝑒𝑠 =
𝐸𝑓

𝐸𝑐
𝐽𝑓
𝜁−1 

 

(where 𝐽𝑓 = det 𝔽𝑓). Demonstration of this relationship at small strains is available in Appendix B. 

3.2.1. Crystalline lamellae 
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The elastic behavior of the crystalline lamellae is described by the Cauchy stress tensor, 𝕋𝑐, which 

considers the high rigidity of the crystal network through the fourth order stiffness tensor ℂ𝑒, such as 

𝕋𝑐 =
1

𝐽𝑐𝑒
ℂ𝑐𝑒 ln 𝕍𝑐𝑒 (13) 

where 𝐽𝑐𝑒 = det 𝔽𝑐𝑒 is the volume change, ln 𝕍𝑐𝑒 is the Hencky strain measure with 𝔽𝑐𝑒 = 𝕍𝑐𝑒ℝ𝑐𝑒. 

Assuming the material is elastic linear, the stiffness tensor considers only two independent 

parameters, the elastic modulus 𝐸𝑐 and the Poisson’s ratio 𝜈𝑐of the crystalline lamellae. 

The end of the elastic regime of the crystalline lamellae is defined by the yield strength corresponding 

to the dashpot element 𝛾̇𝑐𝑟𝑦𝑠𝑡𝑎𝑙 in the rheological model (see Figure 3). It is generally admitted in the 

literature [14–17,57,58] that the yield behavior is due to the influence of thermally activated 

process(es). One of the first theories developed for the prediction of the yield stress of polymers was 

proposed by Eyring [14]. This theory is based on the jump of molecules from one equilibrium position 

to another when they overcome the activation energy barrier. According to the Eyring model [14], the 

flow rule is expressed as: 

𝛾̇𝑐𝑝 =
𝑘𝐵𝑇

ℎ
𝑒−Δ𝐻𝑐 𝑘𝐵𝑇⁄ sinh (

𝑉𝑐𝜏𝑐
𝑘𝐵𝑇

) (14) 

with ‘c’ subscript referring to values associated to the crystalline lamellae and where 𝛾̇𝑐𝑝 is the shear 

plastic rate, 𝑘𝐵 is the Bolzmann constant, ℎ is the Plank constant, 𝑇 is the absolute temperature , Δ𝐻 

is the activation energy of the secondary relaxation, 𝑉 is the shear activation volume and 𝜏 is the 

effective equivalent shear stress defined by: 

𝜏𝑐 = [
1

2
𝕋𝑐
′ : 𝕋𝑐

′ ]
1 2⁄

 (15) 

with 𝕋𝑐
′  the deviatoric part of the Cauchy stress tensor developed in eq. (13). 

According to Peterlin [4], the plastic deformation of semi-crystalline polymers occurs in three stages. 

The first one concerns the plastic deformation of the spherulites. The second one is due to the micro-

necking occurring during the plastic deformation which induces an evolution of the spherulites into 

fibrils within the crystalline structure. The third stage of deformation is due to the plastic deformation 

of the fibrils. 

To characterize the second stage of plastic deformation, Deplancke et al. [55] have developed an 

evolving relationship to describe the mechanical coupling between spherulites and confined 

amorphous phase leading to fibrillar structure. Using a phenomenological relationship given by eq. (3), 

they expressed the coupling parameter as a function of the plastic deformation of the crystalline 
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lamellae. Considering the shift of the mechanical coupling from the stress towards the strain, we 

choose to slightly modify the expression given by Deplancke et al. [55]: 

 𝜁 = (𝜁𝑖𝑛𝑖𝑡 − 𝜁𝑓) exp (−
𝛾𝑐𝑝

𝛾𝑛𝑎𝑡
) + 𝜁𝑓 (16) 

where 𝛾𝑐𝑝 is the plastic shear of the crystalline lamellae deduced from eq. (14), 𝛾𝑛𝑎𝑡 designates the 

deformation for which the fibrillar state is reached, 𝜁𝑖𝑛𝑖𝑡 characterizes the initial mechanical coupling 

between the crystalline lamellae and the confined amorphous phase and 𝜁𝑓is the final value of the 

mechanical coupling equal to the ratio of elastic modulus between the confined amorphous phase 

and the crystalline lamellae. The 𝜁 parameter decreases from 1 (parallel model) to the ratio of stiffness 

𝐸𝑓 𝐸𝑐⁄  (series model). It corresponds to a reality of the deformation mechanisms (fibrillation process) 

of high-molecular weight semi-crystalline polymers and leading to an evolution of microstructure. 

The plastic deformation of the material is supposed to be an isochoric transformation. Thus, using 

eqs. (9), (13) and (15), the plastic rate of deformation tensor of the crystalline lamellae 𝔻𝑐𝑝 is defined 

by: 

𝔻𝑐𝑝 =
𝛾̇𝑐𝑝

√2𝜏𝑐
𝕋𝑐
′  (17) 

where √2𝜏𝑐is the norm of 𝕋𝑐
′  and 𝛾̇𝑐𝑝 matches with the magnitude of 𝔻𝑐

𝑝
. 

3.2.2. Confined amorphous phase 

To represent the important elongation and the locking of the confined amorphous phase within the 

crystal network, the 8-chain model developed by Arruda and Boyce [21] is used. This hyperelastic 

model is based on deformation-difference description of the strain measure and on non-linear 

elasticity (Langevin spring). Two independent parameters, the rigidity modulus of the confined 

amorphous phase 𝐸𝑓  and the number of rigid links between entanglements 𝑁𝑓 , are needed to 

describe the confined amorphous phase deformation behavior. The principal components of the 

stress tensor 𝕋𝑓 are defined by: 

𝕋𝑓𝑖 = 𝐸𝑓
√𝑁𝑓

3
ℒ−1 (

𝜆𝑐ℎ𝑎𝑖𝑛

√𝑁𝑓
)
𝜆𝑖
2 − 𝜆𝑐ℎ𝑎𝑖𝑛

2

𝜆𝑐ℎ𝑎𝑖𝑛
, 𝑖 = 1, 2, 3 (18) 

where ℒ−1  is the inverse of the Langevin function, 𝜆𝑖  are the principal component of the  elastic 

stretch tensor of the confined amorphous phase 𝕍𝑓𝑒  and 𝜆𝑐ℎ𝑎𝑖𝑛 = √(𝜆1
2 + 𝜆2

2 + 𝜆3
2) 3⁄  is the elastic 

stretch of each chain segment. 

Under the applied loading, the confined amorphous phase will reach their maximum elastic 

deformation. Thus, at large deformation, after fibrillation process, plastic deformation of the fibrils 
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will occur. In the analog representation (see Figure 3), this plasticity is illustrated by the dashpot noted 

“𝜇𝑓𝑖𝑏𝑟𝑖𝑙𝑠” in series with the non-linear Langevin spring. As previously, the Eyring model [14] is used to 

simulate the flow rule of the fibrils: 

𝛾̇𝑓𝑝 =
𝑘𝐵𝑇

ℎ
𝑒−Δ𝐻𝑓 𝑘𝐵𝑇⁄ sinh (

𝑉𝑓𝜏𝑓

𝑘𝐵𝑇
), (19) 

with ‘f’ subscript referring to fibrils and where all the parameters have the same significance as eq. (14). 

Thus, 𝛾̇𝑓𝑝 is the plastic shear rate associated to fibrils and 𝜏𝑓 is the effective equivalent stress related 

to the fibrils defined as: 

𝜏𝑓 = [
1

2
𝕋𝑓
′ : 𝕋𝑓

′ ]
1 2⁄

 (20) 

with 𝕋𝑓
′  the deviatoric part of the stress tensor constructed from the 8-chain model and developed in 

eq. (18). 

The plastic transformation related to fibrils is also assumed to be isochoric. Thus, the rate of 

deformation tensor related to fibrils 𝔻𝑓𝑝  is expressed as: 

𝔻𝑓𝑝 =
𝛾̇𝑓𝑝

√2𝜏𝑓
𝕋𝑓
′  (21) 

where √2𝜏𝑓is the norm of 𝕋𝑓
′  and 𝛾̇𝑓𝑝  matches with the magnitude of 𝔻𝑓𝑝 . 

3.2.3. Crystalline network 

The stress tensor in the crystalline network is obtained from the summation of the stress contributions 

of the crystalline lamellae and the confined amorphous phase/fibrils (eqs. (13) and (18)). By 

introducing 𝕋𝑐 in the same configuration than 𝕋𝑓, the stress tensor in the crystalline network 𝕋𝐶𝑁 is 

given by: 

𝕋𝐶𝑁 = (1 − 𝜑)𝕋𝑓 + 𝜑ℝ𝑓
1−𝜑

𝕋𝑐ℝ𝑓
(1−𝜑)𝑇

 (22) 

where ℝ𝑓 is the pure rotation tensor of the confined amorphous phase, deduced from eq. (7). 

3.3. Macromolecular network 

The macromolecular network describes the molecular resistance of the material to the orientation of 

the polymer chain segments [41]. The plastic deformation of the material allows more flexibility of the 

polymer chain segments highlighted by relaxation mechanisms and molecular reorganization of the 

material. The polymer chain segments tend to align in the loading direction leading to important stress 

increase. These behaviors are characterized in the Figure 4 by a non-linear spring acting in series with 
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a viscous dashpot. The non-linear spring corresponds to the stretching of the network in respect of 

the temperature of the material. The dashpot illustrates the molecular relaxation of the polymer chain 

segments through their reptation mechanisms. 

Thus, the deformation gradient 𝔽𝑀𝑁  can be decomposed into a hardening component 𝔽𝑚𝑛ℎ , 

describing the stretching of the material, and a viscous component 𝔽𝑚𝑛𝑣  describing its molecular 

relaxation, such as: 

𝔽𝑀𝑁 = 𝔽𝑚𝑛ℎ𝔽𝑚𝑛𝑣 (23) 

where 𝔽𝑚𝑛𝑣  is defined from the initial configuration Ω0  to the intermediate configuration Ω𝑖𝑛𝑡
𝑚𝑛 

associated to the macromolecular network and 𝔽𝑚𝑛ℎ is defined from the intermediate configuration 

Ω𝑖𝑛𝑡
𝑚𝑛 to the current configuration Ω1. 

The stretching of the macromolecular network leads to a strong molecular chain orientation and 

locking phenomenon of the macromolecular chains. Among the hyperelastic models available in the 

literature, only few of them [21–23,59,24] are able to reproduce such a phenomenon. One of them is 

the 8-chain model [21] developed by Arruda and Boyce and already introduced previously: 

𝕋𝑚𝑛𝑖 = 𝐶𝑚
√𝑁𝑚
3𝜆𝑐ℎ𝑎𝑖𝑛

ℒ−1 (
𝜆𝑐ℎ𝑎𝑖𝑛

√𝑁𝑚
) (𝜆𝑖

2 − 𝜆𝑐ℎ𝑎𝑖𝑛
2 ), 𝑖 = 1, 2, 3 (24) 

where ℒ−1  is the inverse of the Langevin function, 𝜆𝑖  are the principal component of the 

macromolecular hardening stretch tensor 𝕍𝑚𝑛𝑣. 𝐶𝑚 is the hardening modulus of the 8-chain model, 

𝑁𝑚 is the number of rigid links between entanglements. 

To define the probability of the chain disentanglement during the deformation process, a viscous 

dashpot was added in series to the non-linear spring. It described the possible reptation of the polymer 

chain which occurs at large deformation. According to the works of de Gennes [60], Doi and Edwards 

[61], the dynamic viscosity 𝜂𝑟𝑒𝑝 can be expressed as: 

𝜂𝑟𝑒𝑝 = 𝐺𝑟𝑒𝑝𝑀
3 (25) 

where 𝐺𝑟𝑒𝑝 is a parameter describing the proportionality between the viscosity and the molecular 

mass 𝑀. Thus, the rate of plastic deformation induced by the reptation of the macromolecular chain 

𝔻𝑟𝑒𝑝 is expressed by: 

𝔻𝑟𝑒𝑝 =
𝕋𝑚𝑛
′

𝜂𝑟𝑒𝑝
. (26) 

4. Model validation 

This model has been specially developed to predict the mechanical behavior of Ultra High Molecular 

Weight Semi-crystalline polymers. The validation of the model focuses on the UHMWPE at 
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10.5 Mg.mol-1 investigated by Deplancke et al. [55]. The parameters used for the model validation are 

detailed in Table 1. The same set of parameters is used for all the simulations. 

Table 1: Material properties and model parameters used for the numerical predictions of the mechanical behavior of 
UHMWPE with a molecular weight of 10.5 Mg.mol-1. 

Intermolecular resistance within the crystalline structure 

Crystalline Lamellae 

• Elastic modulus 𝑬𝒄 (GPa) 27 

• Poisson’s ratio 𝝂𝒄  0.3 

• Activation volume 𝑽𝒄 (m
3) 2.15x10-27 

• Activation energy 𝚫𝑯𝒄 (J) 1.98x10-19 

Confined amorphous phase 

• Elastic modulus 𝑬𝒇 (MPa) 2.6 

• Number of rigid links between entanglement 𝑵𝒇  1.02 

• Activation volume 𝑽𝒇 (m3) 4.05x10-27 

• Activation energy 𝚫𝑯𝒇 (J) 1.98x10-19 

Mechanical coupling 

• Initial mechanical coupling between crystalline 
lamellae and confined amorphous state 

𝜻𝒊𝒏𝒊𝒕  0.05 

• Deformation for which the fibrillar state is 
reached 

𝜸𝒏𝒂𝒕  0.8 

 

Macromolecular network 

• Rubber modulus 𝑪𝒎 (MPa) 2.1 

• Number of rigid links between entanglement 𝑵𝒎  1.05 

• Activation volume 𝑽𝒎 (m3) 1.029x10-25 

• Activation energy 𝚫𝑯𝒎 (J) 9.29x10-20 

• Proportional parameter between the viscosity 
and molecular weight 

𝑮𝒓𝒆𝒑 (MPa mol3 kg-3 s-1) 1.05 

Compressive tests performed at room temperature and at different strain rates were used to validate 

the model. A good agreement is observed in Figure 5 between experimental results (dot) and 

numerical predictions (solid line) over 6 decades of strain rates for both the loading and unloading 

parts. At 20% strain and 10 s-1, the mechanical behavior of UHMWPE is slightly overestimated due to 

the presence of non-negligible self-heating, not yet considered at this stage. 
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Figure 5: Comparison between experimental results (dot) from Deplancke et al. [55] and numerical predictions (solid line) in 
the case of compressive loading performed at different strain rates. 

As mentioned in the section 3, to describe the mechanical behavior of Ultra High Molecular Weight 

semi-crystalline polymers, three contributions are needed: crystalline lamellae, confined amorphous 

phase and macromolecular network. Figure 6 presents the mechanical behavior associated to each of 

these contributions. Thus, at small strain, the mechanical behavior of the polymer is mainly due to the 

crystalline lamellae. During this stage, dislocation of the crystalline lamellae is observed, leading to 

the fibrillation process. Thus, when the yield point is reached, the mechanical behavior of the polymer 

is mainly due to the stretching of the confined amorphous phase in the loading direction. From a 

morphological point of view, the different crystal sizes spread in the polymer will act as entanglement 

nodes of the amorphous chains. Thus, when the smallest chains are fully stretched between the 

entanglement nodes, a third mechanism is highlighted. It consists in the reptation of the chains and 

the stretching of the longest amorphous chains until locking of the polymer chains. When we unload 

the material, the first contribution to appear is the one due to the crystalline lamellae branch which 

describe the elastic linear recovery of the material. From a physical point of view, this recovery comes 

from the instant release of the stored elastic energy of the crystalline blocks (reticulation nodes) and 

the stretched confined amorphous phase. When the crystalline lamellae branch finish unloading, the 

unloading of the confined amorphous phase branch is more visible and contribute to the short-term 

viscoelastic recovery of the polymer. 
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Figure 6: Contribution of the macromolecular network, crystalline lamellae and confined amorphous phase in the deformation 
mechanisms of Ultra High Molecular Weight semi-crystalline polymers. Investigation on compression loading performed at 
room temperature and 0.1 s-1 (Experimental results from Deplancke et al. [55]). 

We also investigate the large strain behavior of UHMWPE submitted to compressive loading at room 

temperature and several strain rates. Numerical predictions are presented in Figure 7. We can observe, 

at large strain, an important contribution of the macromolecular network leading to the locking of the 

polymer chains. 

 

Figure 7: Numerical predictions of the large strain behavior of UHMWPE submitted to compressive loading at room 
temperature for different strain rates. 

Cycling behavior of UHMWPE at 298 K and 0.001 s-1 is investigated and numerical predictions are 

presented on Figure 8. For several cycles, the energy dissipation seems quite identical. Thus, 

submitted to cycling loading, UHMWPE keeps almost all its good mechanical properties. 
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Figure 8: Investigation of the mechanical behavior of UHMWPE during compressive cycling loading. Numerical predictions 
obtained for a test performed at 298 K and 0.001 s-1. (Experimental results from Deplancke et al. [55]) 

5. Conclusion 

Ultra-High Molecular Weight PolyEthylene exhibits deformation mechanisms quite different from 

usual semi-crystalline polymers one because of their very long macromolecular chains, which prevent 

chain disentanglement even at temperature well above the melting point. Deplancke et al. [55] 

developed a scalar numerical model based on the evolution of the mechanical coupling between 

crystalline lamellae and confined amorphous phase during the deformation: it is taken into account 

through a stress relationship. In the present paper, we propose a route to implement such a 

rheological model in a three-dimensional mechanical modelling. 

Indeed, we have developed a three-dimensional model to predict the mechanical behavior of 

UHMWPE while taking into account the evolution of microstructure, between crystalline lamellae and 

confined amorphous phase, during the deformation process. Unlike the scalar model, the mechanical 

coupling of the three-dimensional model has been introduced as a relationship on the deformation 

gradient. Even though the scalar and the three-dimensional model show non-negligible differences, 

both share the same philosophy regarding the deformation mechanisms of UHMWPE. Three main 

relationships govern the deformation behavior of the material: (i) a multiplicative decomposition of 

the deformation gradient with respect of the crystal ratio, (ii) a relationship which describe the 

repartition of deformation between crystalline lamellae and confined amorphous phase and (iii) an 

evolution of the repartition of deformation between crystalline lamellae and confined amorphous 

phase during the plastic deformation of the crystalline deformation. 

The results of this study focus on the strain rate dependence of UHMWPE submitted to compressive 

loadings. The numerical predictions show a fairly good agreement with the experimental results for 

both loading and unloading behavior. At large deformation, the numerical prediction clearly exhibits 

three distinct behaviors. At small strain, the deformation is mainly due to the crystalline lamellae. 
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When the yield point is reached, fragmentation of the crystalline lamellae and stretching of the 

confined amorphous phase leads to the fibrillation of the crystal network. Thus, for intermediate 

strains, ranged from the yield point to the orientational hardening, the polymer behavior is governed 

by the behavior of the fibrils. Then, at large deformation, when the fibrils reached their maximum 

stretching between reticulation nodes (assumed to be small crystals), disentanglement of the 

amorphous chains will take place leading to the orientational hardening of the material. Based on 

well-known deformation mechanisms involved in semi-crystalline polymers, this model remains 

realistic and reliable even beyond the range of experimental data on which the model parameters 

have been adjusted. 

Only the strain rate dependence of the material is investigated in this work. As polymers are also 

strongly sensitive to the temperature, it is necessary to identify properly the model parameters not 

only in function of the strain rate, but also in function of the temperature. In addition, it will be 

interesting to investigate different configurations such as tensile and shear loadings while accounting 

for the true kinematics of the deformable solid [62]. 

However, because the three-dimensional model shows good agreement with the experimental results, 

it could be interesting to implement it in a finite element software to simulate various applications 

such as polymer coating by cold-spray [63] or hydrodynamic cavitation erosion [64] which correspond 

to the initial applications motivating the development of the rheological model. 

Appendix A: Demonstration of eq. (9) regarding the multiplicative decomposition of the 

deformation gradient 

In this paper, we introduced a new formulation for the multiplicative decomposition of the 

deformation gradient for semi-crystalline polymers with respect to the crystalline ratio: 

𝔽 = 𝔽𝑓
1−𝜑

𝔽𝑐
𝜑

 (A.1) 

By assuming that the deformation gradient increment is small (Δ𝔽 ≪ 𝕀), we can perform a first order 

development of the deformation gradients such as: 

{
𝔽𝑓
1−𝜑

≅ 𝕀 + (1 − 𝜑)Δ𝔽𝑓

𝔽𝑐
𝜑
≅ 𝕀 + 𝜑Δ𝔽𝑐        

. (A.2) 

Thus, in the case of infinitesimal strain, the total deformation tensor 𝜀 is written: 

𝜀 = 𝔽𝔽𝑇 − 𝕀 ≅ [(𝕀 + (1 − 𝜑)Δ𝔽𝑓). (𝕀 + 𝜑Δ𝔽𝑐  )]. [(𝕀 + 𝜑Δ𝔽𝑐
𝑇 ). (𝕀 + (1 − 𝜑)Δ𝔽𝑓

𝑇)] − 𝕀. (A.3) 

By developing eq. (A.3) and keeping only the first order, we obtain: 

𝜀 = Δ𝔽𝑓 + Δ𝔽f
T + 𝜑(Δ𝔽𝑐 + Δ𝔽𝑐

T + Δ𝔽𝑓 + Δ𝔽f
T) + 𝑂(Δ𝔽𝑖Δ𝔽𝑗). (A.4) 

where 𝑂(Δ𝔽𝑖Δ𝔽𝑗) corresponds to the residual of the development of order 2 and above.  
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In analogy with the rheological model, law of mixture can be used as a first approximation. Thus, the 

total deformation tensor can also be view as the summation of the deformation tensor of each branch 

as a first approximation. Thus, the square of the total deformation tensor can be expressed as: 

𝜀 = (1 − 𝜑)𝕍𝑓
2 +𝜑𝕍𝑐

2 (A.5) 

At small strain or small deformation increment, we can assume that the increment of the deformation 

tensor is negligible. Thus, the deformation tensor of each branch is assumed to be equal to the 

deformation gradient given at the first order by: 

{
𝔽𝑓 ≅ 𝕀 + Δ𝔽𝑓
𝔽𝑐 ≅ 𝕀 + Δ𝔽c

 (A.6) 

Knowing that 𝕍𝑖
2 = 𝔽𝑖𝔽𝑖

𝑇 with 𝑖 = 𝑐, 𝑓, and introducing eq. (A.6) into (A.5), at the first order, we have 

left: 

𝜀 = Δ𝔽𝑓 + Δ𝔽f
T +𝜑(Δ𝔽𝑐 + Δ𝔽𝑐

T + Δ𝔽𝑓 + Δ𝔽f
T) + 𝑂(Δ𝔽𝑖Δ𝔽𝑗). (A.7) 

At small strain (or small increment of deformation), eqs. (A.4) and (A.7) are equals which let us assume 

the validity of our formulation (eq. (A.1)) to describe the repartition of strain for a semi-crystalline 

polymer and more generally for a two-phase material. 

Appendix B: Demonstration of eq. (12) regarding the introduction of the fibrillation process 

In this paper, we introduced the fibrillation process through a relationship between deformation 

gradients of the confined amorphous phase and crystalline lamellae, respectively 𝔽𝑓  and 𝔽𝑐 . The 

particularity of this model is its capacity to transfer from semi-parallel model to series model using 

only one equation: 

 

𝔽𝑐 = (𝔽𝑓)
𝜁

 (B.1) 

where 𝜁 describes the fibrillation process.  

Under the assumption of small deformations, we can assume that the behavior of the confined 

amorphous phase and crystalline lamellae is linear elastic (to simplify the demonstration) and the pure 

rotation tensor is equal to identity tensor. It leads to the deformation gradient equals to the pure 

deformation tensor (𝔽 = 𝕍). Thus, at small deformation, we can assume that both behaviors can be 

modelled by the Cauchy stress tensors with the appropriate mechanical properties. Thus, we have: 
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{
 
 

 
 𝕋𝑐 =

1

𝐽𝑐
ℂ𝑐 ln𝕍𝑐

𝕋𝑓 =
1

𝐽𝑓
ℂ𝑓 ln𝕍𝑓

. (B.2) 

In the case of the series model, the stress tensors are equals. Thus, 𝕋𝑐 = 𝕋𝑓. According to eq. (B.1), 

and in the case of isotropic materials (ℂ𝑖 ≡ 𝐸𝑖 , 𝑖 = 𝑐, 𝑓), this equality becomes: 

𝜁𝑠𝑒𝑟𝑖𝑒𝑠 =
𝐸𝑓

𝐸𝑐
𝐽𝑓
𝜁−1 

 (B.3) 

where 𝐽𝑓  tends towards 1 as volume change remain weak. Thus, 𝜁𝑠𝑒𝑟𝑖𝑒𝑠  tends towards the ratio 

between the two rigidities.  

In the case of parallel model, the deformation tensors are equals. It results that 𝔽𝑐 = 𝔽𝑓. It leads to: 

𝜁𝑝𝑎𝑟𝑎𝑙𝑙𝑒𝑙 = 1. (B.4) 

By combining eq. (B.4) into eqs. (10) and (12) (or (B.1)), we obtain the relationship 𝔽 =  𝔽𝑓 = 𝔽𝑐 , 

which corresponds to the definition of a parallel model.  

Thus, the proposed formulation for the repartition of strain allows to represent both parallel and 

series model. Moreover, by taking an initial value of 𝜁, such as 𝜁𝑠𝑒𝑟𝑖𝑒𝑠 < 𝜁 < 𝜁𝑝𝑎𝑟𝑎𝑙𝑙𝑒𝑙, we are able to 

define a model which is neither parallel nor series and which corresponds to the initial microstructure 

of semi-crystalline polymers. Thereafter, using eq. (16) with the constitutive equations allows to 

describe an evolution of the microstructure from crystalline network (crystalline lamellae and 

confined amorphous phase) towards a fibrillar microstructure. Thus, the rheological model evolves 

from intermediate state (neither parallel nor series model) towards a series model. 
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