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Abstract

In this paper, a class of statistics based on high frequency observations of oscillating
and skew Brownian motion is considered. Their convergence rate towards the local time
of the underlying process is obtained in form of a functional limit theorem. Oscillating
and skew Brownian motion are solutions to stochastic differential equations with singular
coefficients: piecewise constant diffusion coeflicient or additive local time finite variation
term. The result is applied to provide estimators of the skewness parameter and study
their asymptotic behavior, and diffusion coefficient estimation is discussed as well. More-
over, in the case of the classical statistics given by the normalized number of crossings,
the result is proved to hold for a larger class of 1t6 processes with singular coefficients.
Up to our knowledge, this is the first result proving the convergence rates for estimators
of the skewness parameter of skew Brownian motion.

Keywords: Skew Brownian motion, Oscillating Brownian motion, Threshold diffusions, Local
time, Functional limit theorems, Central Limit Theorem, Parameter estimation.
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1 Introduction

It is well known that the normalized number of crossings of the level r € R of the time
discretization (high frequency) of a Brownian motion (BM) provides an estimator for its local
time at r. Roughly speaking the local time at the point r measures the time the process
spends around r (see for a precise definition), so a rescaled number of crossings for high
frequency data is a natural approximation of the local time also for more general processes.
The normalized number of crossings has been extensively studied as an approximation of the
local time of Brownian diffusions solutions of stochastic differential equations (SDEs) whose
drift coefficient and diffusion coefficient o are sufficiently regular (in particular ¢ is continuous).
The convergence was proven, for instance, in [5 [6].

In this document we allow the presence of some singularities. We focus on one-dimensional
[t6 processes solutions of stochastic differential equations (SDEs) with singular coefficients:
discontinuous coefficients or drift in form of a weighted local time of the process at a given level.
Solutions to such SDEs are often called threshold or skew diffusions. Two key cases belonging
to this class of processes are oscillating Brownian motion (OBM) and skew Brownian motion
(SBM). They are generalizations of BM and of reflected BM as well, with distributions which
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are possibly singular with respect to BM. They change behavior when they reach a point, called
barrier or threshold, which then becomes a discontinuity point for the local time x — L7 (X)
(see (1.3))). More precisely, OBM behaves like a BM with a different volatility above and below
the threshold (causing a regime-switch) while SBM behaves like a BM everywhere except when
it reaches the threshold, which plays the role of semi-permeable and semi-reflecting barrier.
Note that OBM and SBM are null-recurrent processes, and so is the diffusion presenting both
behaviors that we call oscillating-skew BM (OSBM).

More general functionals of discrete observations, which include the normalized number of
crossings of a given level, are considered in this document. Given a stochastic process (X¢):c[0,00),
let us consider the following statistics for high frequency observations:

[nt]

ey = Zf — 1), V(Xim — 7)) (1.1)

where f: R? — R is a measurable function satisfying suitable integrability conditions. The
normalized number of crossings of the level r corresponds to considering the function f(x,y) :=
1(_s0,0)(zy) (the statistic is explicitly provided in (3.1])).

In the case X is a BM, for the kind of estimators in , convergence towards the local
time and Central Limit Theorem (CLT) were obtained in [12] [13]. In the context of Brownian
diffusions with regular coefficients mentioned above, convergence results are proven for specific
functions f in [I8] and for more general statistics of multivariate diffusions in [26]. In the latter
article the assoc1ated CLT is proved. It is shown via semigroup estimates and martingale hmlt
theorems, that 5(7" %) behaves asymptotically (in n) as a mixed Gaussian distribution (see (|1
below). The technlques developed so far can be adapted to study more general processes, for
instance fractional BM in [43] and [3 Corollary 14]. In this document we adapt them to study
another class of processes.

Let us have a look at the following simplified statement of our key result, that is Theorem
in Section[2.3} let X be an OSBM and r be the threshold, let (L] (X))o be its symmetric local
time at the threshold. Then for appropriate constants ¢, K € R it holds for all ¢ € [0, 00) that

(T7f7X)_ LT‘X
/4 Ent cLi(X) n—300 (0,1). (1.2)
K2\/Li(X)

Although, at the threshold r, OSBM (as OBM and SBM) behave differently with respect to
BM and in particular the local time x — L7(X) is discontinuous at r, the speed of convergence
is the same as for BM: n'/4.

Remark 1 (Heuristics on the rate). The convergence is different from what one might expect
(i.e. n'/?), because the local time at 7, and so its estimators, depends on the behavior of the
process around r. Indeed, as n — 0o, among n observations of the process on a fixed interval,
the number of those which are sufficiently close to r to matter is of order n'/2. Think of the
random walk approximation of BM.

The result in Theorem [T]is actually more general. First, it is a functional limit theorem: the
processes are seen as random variables with values in the Skorokhod space of cadlag functions.
Second, it holds also for processes combining pure skew and oscillating behavior and their drifted
version, under some suitable assumptions on the drift. Therefore, this result extends the existing
results on BM to solutions to SDEs with singular coefficients such as OBM, SBM, OSBM, and
reflected BM (with suitable drift, by Girsanov’s result). Extensions to more general statistics
of more general singular diffusions is object of further research. Nevertheless, in Theorem [2]
we prove the analogous of Theorem [l for the well known estimator of the normalized number
of crossings when the process is a more general threshold diffusion.
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Let us illustrate, in the next section, few applications of Theorem [1{ on skewness parameter
estimation for SBM. Note that, some among them are contributions of this document. In
addition to those applications, in Section [3, we discuss diffusion coefficients estimation for
OSBM and propose, in Proposition [3] estimators for the diffusions coefficients.

1.1 Motivation and applications

Since the seventies OBM and SBM together with their local time have been studied in the
context of threshold diffusions. In probability and stochastic analysis [8, BT, [45] 22, 19, 50, . . .,
recently in SPDEs [14] 4], in simulation [I7, 48], ..., and we refer the reader to the introduction
of [35] for some more applications of threshold diffusions in astrophysics, brain imaging, ecology,
geophysics, fluid/gas dynamics, meteorology, molecular dynamics, oceanography.

Some models in financial mathematics and econometrics are threshold diffusions, for instance
continuous-time versions of SETAR (self-exciting threshold auto-regressive) models, see e.g. [15],
41]. SBM and OBM and their local time have been recently investigated in the context of option
pricing, as for instance in [20] and [16]. In [37] it is shown that a time series of threshold diffusion
type captures leverage and mean-reverting effects. We refer to the introduction of the latter
article for further references.

Statistical studies for threshold diffusions are partially motivated by calibration of such
econometric models (see e.g. [49, 30]). Indeed, study of (quasi) maximum likelihood estimators
(MLE) of drift coefficients from high frequency observations depends on the approximations
of occupation times and local times of the process. This is quite naturally explained by the
fact that the behavior of the process changes at the threshold. Less heuristically, and more
quantitatively, since a threshold diffusion behaves differently on two semi-axes, say (—oo,0)
and (0,400), it is natural to look at the dynamics of the process in these semi-axes and this
means considering max{X;,0} and min{X;,0}. And if X, satisfies a SDE then by It6-Tanaka
formula max{X;,0} and min{X,, 0} satisfy a SDE involving the local time of the process X;.
(See e.g. for Ito-Tanaka formula.) Theorem [I| has been applied, in [42], to exhibit the
asymptotic behavior in high frequency of (quasi) MLE of the drift parameters of a threshold
diffusion which is a continuous-time SETAR model: a threshold Ornstein-Uhlenbeck process
which follows two different Ornstein-Uhlenbeck dynamics above and below a fixed threshold.
Similar applications are possible for other econometric models.

The latter application was the original motivation of this document. Nevertheless, Theo-
rem |1| contributes on one side to parameter estimation of SBM answering to a conjecture in [40]
and on another side to estimation of the volatility jump of some levy-processes (see [47], where
a special case of Theorem [I]is applied. Let us be more precise.

Statistical analysis for SBM and OBM is quite recent: parameters estimation for skew re-
flected BM from continuous time observations was provided in [7] and convergence properties
(in long time) were studied by exploiting ergodic properties which SBM and OBM do not
satisfy. Estimators based on high frequency observations of the skewness parameter of SBM
are provided in [39, [40] and of the diffusion coefficients of OBM in [36]. The estimators pro-
posed are based on approximations of the local time and occupation times from high frequency
observations of the process itself.

Theorem [1| allows to establish the speed of convergence and limit distribution of several
estimators of the skewness parameter from high frequency observation of OSBM. In Theorem
we focus on SBM and introduce new estimators of the skewness parameter of SBM for which
we show an asymptotic mixed normality property. This is the first result in the literature to
prove the convergence speed for estimators of the skewness parameter of SBM. The speed of
convergence and the limit distribution for the MLE was conjectured in [40], based on the results
for BM and illustrated using skew random walk in [33]. In [34], Theorem [l|is applied to refine



and prove the conjectured result.

In Section 3.1}, we apply Theorem I} to two classical approximations of the local time of BM
such as the normalized number of crossings. Since standard BM (and reflected BM as well) is
a special case of OSBM, as a by-product, we recover the classical results on the convergence
(rates) for BM (see [13] 26]). In the case of the number of crossings, we can consider threshold
diffusions involving the local time and whose diffusion coefficient is piecewise differentiable and
admits a finite jump (see Theorem . In a series of works Gikhman, Portenko, and Goshko
study the convergence in law (without rate) towards the local time of the normalized number of
crossings in a setting allowing for singularities (see [44] and references therein) which seems to
include OBM, SBM, and also sticky BM. Theorem [2/implies a stronger convergence (which was
first proven in [40] for SBM) and exhibits also the rate of convergence. Up to our knowledge,
Theorem [2| is the first result of its kind for such general one-dimensional threshold diffusions.

1.2 Outline of the paper

The paper is organized as follows. First we introduce the processes OSBM as unique strong
solutions to some SDE in Section 2.1} then we state the main result: Theorem [I] in Section [2.3]
Section [3| is devoted to applications: study of the number of crossings for a more general class
of processes in Theorem [2] estimation of the skewness parameter of SBM in Theorem [3 and
estimation of the parameters of OSBM in Proposition [3]

Proofs are provided in Section [d] There it is shown that the proof of Theorem [I] is based
on an auxiliary proposition (Proposition , whose proof is so technical that it is provided in
Appendix [C] Appendix [A] deals with useful properties of OBM relevant in this article and in
Appendix [C] Appendix[B]is an introduction to Appendix [C} some of the main ideas are already
given in this section through a proof of the convergence (without rates) towards the local time
of the statistics.

1.3 Notation and notions of convergence

1.3.1 Notation

Throughout this document for every measurable functions g: R — R and measure x4 on the
Borel space (R, B(R)) we denote by (u, g) the integral of g with respect to the measure p:

)= [ " glo)u(da).

—00

For every 7 € [0, 00) let AV be the measure on (R, B(R)) absolutely continuous with respect
to the Lebesgue measure satisfying A (dz) = |2|” dz and let

(LAY T

be the set of Borel measurable A(M-integrable functions and its norm. If v = 0, we simply
denote by (L1, ]| - [l1) := (L*(AD), || - |l1.0) the normed space of Lebesgue integrable functions.

Definition 1. Let v € [0,00). We denote by £} (A?) the following subspace of L!:
LIAY) = {f: R = R, measurable and bounded s.t. f € £'(A")}.

We denote by Z, the following space of bi-variate measurable functions

T, ={h:R* > R,Ih c L;(\Y),3a € [0,00) s.t. Yo,y € R : |h(x,y)| < h(z)e—*I}.



Remark 2. If 0 < v < 43 < 400, then £} (A02) C £(A)) and Z,, C Z,,.

Remark 3. Let v € [0,00) and let a function v := v 1)) + V-1(—0) > 0. Then for every
functions f: R — R and g: R? — R it holds

o f e Li(ADY)if and only if f, € L:(AD)), where f,(z) == f(v(z)x),
e h €T, if and only if h, € Z,, where h,(z,y) := h(v(z)z,v(y)y).

Proof of Remark|3. It suffices to prove one implication. Let us prove sufficiency for both state-
ments.

Since f and v are measurable, then f, is measurable. Boundedness for f, follows from
boundedness of f. A change of variable shows that there exists a constant C' € (0, c0) depending
on v_, v, such that (A |f,|) < C(AD) | f]) which is finite by assumption. Thus f, € £ (A")).

Since h and v are measurable, then h, is measurable. Let us recall that there exist a non-
negative function h € £(A\)) and a constant a € [0, +-00) such that |h(z,y)| < h(x)e®* for
all z,y € R. Hence, for all 7,y € R it holds that |h,(x,y)| < h,(z)e”@*=v®¥l and it can be
shown that |h,(z,y)| < h,(z)er™@v-v+}2=vl Since h € L} (A1), we have proven above that
h, € L:(AM), and amax{v_,v,} € [0,00). Thus h, € Z,. O

1.3.2 The symmetric local time

Let us give a more rigorous definition of the local time process. Let t € [0, 00) and let (X;)scp0,00)
be a one-dimensional semi-martingale. The symmetric local time at the point r accumulated
on the time interval [0,¢] by the semi-martingale X satisfies a.s.

1 t
L5(X) = lim — / 1 eox,aeqd(X), (1.3)
0
and if z = 0 we denote LY(X) by L;(X).

1.3.3 Notions of convergence

As already mentioned, the main aim of this article is studying, as n — oo, the convergence
towards the local time together with its rate of the statistics gnf’.f 7X), with X being an OSBM
(see Section and f suitable function. Let us recall the notions of convergence used for
the results of this paper. The statement of the CLT involves the notion of stable convergence
which was introduced and studied first in [46] and [2]. We now specify it in the case used in
this document.

Definition 2. Let (D, d) be a metric space, (€', F',[P') be an extension of the probability space
(Q, F,P), let X,,: Q@ — D, n € N, be a sequence of random variables, and let X: Q" — D be
a random variable. Then we say that X, converges stably in law to X if for all f: D — R
continuous and bounded and all bounded random variable Y: {2 — R it holds that

lim E[f(X,)Y] = Ef(X)Y].
n—oo
Let t € [0, 00), let Dy, resp. Dy, be the Skorokhod space of cadlag functions from [0, ¢], resp.

[0,00), to R endowed with the Skorokhod topology. When D = Dy, t € [0, 00| the functional
stable convergence in law is usually denoted by

L‘/,
= X

n—o0

X



Finally we recall the notion used in the convergence results, i.e. the convergence in probability
locally uniformly in time or convergence uniform on compacts in probability (u.c.p.): let X, X,
n € N, be random variables with values in D, then

Xn u.c.p. X,

if for all € [0, 00) it holds that supycp [ Xn(s) — X (s)] 0.

n—oo

2 Rates of convergence to the local time

In the entire document let (€2, F, (Ft)icp,),P) be a stochastic basis (for convenience, one
may assume the usual conditions: completeness and right-continuity) and W be an (F;)icqo,00)-
adapted standard BM.

In this section, we first introduce SBM as solution to the SDE involving the local time
of the process Then, OBM is specified as solution to the SDE with discontinuous diffusion
coefficient which is a special case of a wider class of processes extending both OBM and SBM,
introduced in Section 2.1.2] Finally we provide what can be considered the main result of this
article, Theorem

2.1 The framework

2.1.1 Skew Brownian motion

Roughly speaking a SBM can be described trajectorially as a standard BM transformed by
flipping its excursions from the origin with a certain probability. In this document we refer to
the characterization as unique strong solution to a SDE involving the local time, which was
first considered by [23]. We refer the reader to a somehow recent survey paper on SBM [32],
where for instance, recalling Portenko’s approach, it can be seen that the local time formally
arises from a distributional drift: the Dirac ¢ at the threshold.

The SBM with skewness parameter 5 € [—1,1] at the threshold r € R is the diffusion which
is strong solution to the following SDE

X, = Xo+ W, + BLI(X) (2.1)

where L](X) is the symmetric local time of the process at r, Xy € R, and fX, > 0 if |5] = 1.
Some properties of the local time of SBM are object of the recent paper [I1].
We call standard SBM a SBM with threshold r = 0 starting at Xy = 0. In this paper a SBM
with skewness parameter § € (—1,1) is also denoted by S-SBM. Note that a 0-SBM is a BM.
Moreover the £1-SBM is a positively /negatively reflected BM.

The following quantities are important for the next sections. Let us denote by g the speed
measure associated to the S-SBM with threshold r = 0, that is

ps(da) = ((1+ B) L0 (@) + (1 = B)l(-c0)(7)) dz = (1 +sgn()B) da,

and ps(t, z,y) denotes its transition density (first computed in [51]):

exp (—M) + Bsgn(y) exp (—M) (2.2)

1 1
t? x’ =
P v) V27t 2t V27t 2t



2.1.2 Oscillating-skew Brownian motion

We now consider a generalisation of SBM, the oscillating-skew BM (OSBM) with threshold
r € R which is solution to

t
X, = Xo+ / (X)) dW, + BLI(X) t>0 P-as. (2.3)
0

with 8 € [—1, 1], the deterministic initial condition Xo8 > 0 if |f| = 1 and X € R otherwise,
and o is the positive two-valued function discontinuous at the threshold

o= 0_1(7007,«) + O—+1[T7+Oo) (2.4)

with o_, 0, € (0,400). We refer to [30] or [9] for strong existence and pathwise uniqueness of
solutions to (2.3)). In this document we also denote this process by (3, 0+)-OSBM. The speed
measure of the OSBM with threshold = 0 (standard OSBM) is

_ ltsen(@)pB o (1-8 LB N
RGO ( 7 Li—o00) (#) + — 5 L) ))d (2.5)

o o
and (by Ito-Tanaka formula in Lemma , the transition density function satisfies

i vy _ (140 —(1=Bo,
px(ty) = 205 Do ¢ o(z)’ m) it = B (1= Ao

px (dx)

(2.6)

where pg, is the density of the SBM recalled in (2.2)).
Let us specify the case of OBM which will be useful in the paper, although we could define
it as a (0,04)-OSBM.

Remark 4. When B(o_—o,) = 0 the (8, 0+)-OSBM is either a SBM or an OBM. More precisely,
a (3,1)-OSBM is a 8-SBM and a (0, 04)-OSBM is a 0.-OBM.

2.1.3 Oscillating Brownian motion

The OBM with threshold r € R solves the following special case of ([2.3):
t
X, = Xo+ / (X)) dIW,, >0, (2.7)
0

where Xy € R and the diffusion coefficient ¢ is the function given in (2.4). This process has
been first defined and studied in [29].

In this document, we also denote this process by 0.-OBM and we call standard OBM an
OBM Y with threshold r = 0 and starting point Y, = 0. As for SBM and OSBM we can allow
reflection. This would correspond to allow either o_ or o, to be infinity: If 0, =1, 0_ = +00,
Yo > 7 (resp. 0 =1, 04 = 400, Yy < r) then if » = 0 it is a positively (resp. negatively)
reflected BM.

We specify also the notation for and for standard OBM (which corresponds to
take 5 = 0). The speed measure and the transition density (first given in [29]) are here denoted
by

1 1 x

— T an x =7 — =
Ao (dz) := d d ¢ (t,z,y) o(v) D, (t, o(z)’ a(y)>

with 3, ;= Z=—2+

o_+o4 "



2.2 Convergence towards the local time

Let X be the OSBM solution to (2.3)), let ux denote the speed measure ([2.5)), and let px denote
the transition density (2.6)). Note that X is a one dimensional null-recurrent diffusion, therefore
the speed measure px is a stationary measure. In particular one can take X to be the 0.-OBM

solution to ([2.7)) or the 8-SBM solution to (2.1)).
Given two measurable functions f: R? -+ R and ¢g: R — R, let

Efg / flz,9)9(y)px(1,z,y)dy and E;( = Efl (ile. g=1). (2.8)

We do not provide general assumptions for which the latter integrals are well defined. Assume
for the moment that f and g are positives. Note that, if X denotes the solution with r = 0,
then

Eﬂ( ) = E[f(z, X1)9(X1)| X0 = 2]

and note that Ef (z) is the transition semigroup (in usual notations, Pg(x)).

Hypothesis 1. The measurable bi-variate function f: R* — R satisfies that EY, Ejfg € L1 (A@)
where £}(A®) is given in Definition [I] in Section [L.3]
Remark 5. With abuse of notation, if f: R — R, we allow the slight abuse of notation f € 7.

Eff g and Ejf as above: one should interpret that f coincides with the function ((z,y) — f(x)).
Observe that, in this case, EX = f.

Proposition 1 (Convergence towards the local time). Let f: R? — R be a function satisfying
Hypothesis |1 and let X be the OSBM solution to (2.3). Then

e hX) M BRI (X)),

n—o0

Note that the constant (ux, EY) can be rewritten as

(1x, Eff) = E[f(Xo, X1)| X0 ~ px].

Actually, the convergence in Proposition I is uniform in the parameters 6§ := (5,0_,0,) €
[—1,1] x (0,00) x (0,00) := ©. More precisely, let X® denote the solution associated to the
parameter 6 € ©, then for all ¢ € (0, 00) it holds for all € € (0, 00) that

lim supP ( sup

=0 9co  \ se[0,f]

eI X ) — {, BLLXD)| 2 ) = 0.

In the case of SBM (with 6 := f) the latter equation and Proposition [1] follow from [40),
Proposition 2] (with T'= 1) and the scaling property (A.1)) in Appendix

2.3 Rate of convergence to the local time

We refine the above convergence showing that the speed of convergence is of order 1/4.

Theorem 1. Let f € Z,, v > 3, let X be the (5,0+)-OSBM solution to (2.3). Then there
exists (possibly on an extension of the probability space) a BM B independent of X such that

nt (e ) — (ux  EX)L(X)) —> \/K¥Brr(x (2.9)
’ n%oo



where K Jf( 1s the non-negative finite constant given by

20_04 8

(1+B)o_ + (1 —B)os 3v2r
2 20 0, X
a 2\/;(1 +B)o- + (1 - B)oy e B
o0 _$ _ M ’y‘
./Oo (e ) \/%U(y)cb( U(y)»Pf( Jpx (dy) (2.10)

~ 2nx. ) ((1 n 6)020;0:1 - 5)‘”)2

/ / / - ((2);0 — F Lf (2t yv/T = O)px (dy) dtpx (dz),

® is the cumulative distribution function of a standard Gaussian random variable,

({ux, EF))?

=2 /_oo px(ey) (B (9) = (o BB (1) dy, (2.11)

and 95(2.) = s (0] — T o).

Remark 6 (Reﬂected BM). The assumptions of Proposition (1| and Theorem (1| include reflected
BM, i.e. |5] = 1.

Remark 7 (About results for drifted OSBM). Let us consider a drifted OBM solution of an
SDE with drift coefficient given, for instance, by a bounded function b of the process itself.
Then, Proposition (1| and Theorem (1] hold - with the same quantities and constants - for the
drifted OBM. This follows by the same arguments in [26, Section 2.4]; to summarize, it suffices
to prove the result on bounded time intervals [0, t] (see the beginning of the proof if Theorem |1
and apply Girsanov’s transform to pass from the driftless case to the drifted one. Since the drift
is bounded, the Radon-Nikodym derivative is integrable. Then, by a dominated convergence
argument, stable convergence holds for the drifted process. The result for drifted OBM implies
the one for drifted OSBM by a simple space transform as a consequence of Section [4.1]

Remark 8. If =0 and 0 = 1 we recover the known result for BM: e.g. [12] 13] and a special
case of the already cited [26], Theorem 1.2]. The expression for the constant K J)f we propose is
slightly more explicit.

Remark 9. Theorem [I] implies a weaker version of Proposition [T} Proposition [I] requires Hy-
pothesis [1] which is satisfied if for instance f € Z, (see Lemma[2). Theorem [I] instead assumes
f €1, v> 3, which is a stronger condition.

Let us comment briefly on how to derive the u.c.p. convergence from Theorem (1, although
in Appendix |B| we provide a direct proof of the weaker version of Proposition |1} The notions
of convergence in law/stably in law/in probability coincide when the limit is constant and so

s&f,’.f’x) — (ux, E?}LT(X) —% 5 0 in the Skorokhod topology. Since L"(X) is (a.s.) continuous
n—oo
and increasing it can be proven (splitting into positive and negative part of f, and so of E;( )
that e 2P (i EX)LT(X) (see e.g. (2.2.16) in [27]).
n—00

3 Applications

As mentioned in the introduction, several applications of Theorem (1| and of the results of this
section can be found in the literature (see for instance [40, 39, 34 [47]). In this section, we
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first consider some classical estimators of the local time of BM and show that they are still
estimators, up to a multiplicative constant, of the local time L%.(X) of OSBM and a more
general class of processes. Next, we provide estimators of the skewness parameter of SBM
and analyze their asymptotic behavior. This is the first time the convergence rate and an
asymptotic mixed normality property for a skewness parameter of SBM is established and that
joint estimation of OSBM is explored.

Let r € R be a fixed threshold, and let X be a stochastic process. Let T' € (0,00), N € N,
we observe the process on the discrete time grid z% We denote by X; = X, T.

3.1 Estimating the local time via the number of crossings of the
threshold

Let o € [0, 00) and note that the function h, given by ho(x,y) = |y|*1(—0o0)(2y) is in Z, for all
v € [0,00). In fact hy(z,y) < coe®lelv=2! for some constant ¢, depending on . We consider
two estimators obtained considering the functions proportional to hy and h;:

N-1
/T
r r,ho,X
T’N(X) - 5(¥,79 '= N Z L{(xi—r)(Xi41-r)<0} and (3.1)
1=0
N-1
r r,2h1,X
LX) = el =23 Lotnotinn <oy Xiv 71 (32)
1=0

The first is concerned with the number of crossings of the threshold and the second takes into
account the distance from it. Moreover note that L7 y requires only the knowledge of the N +1
observations X;, 7 =0,..., N, and not of T/N, nor of T.

As mentioned in the introduction, in the case of BM, and more general Brownian diffusions,
these are consistent estimators of the local time up to a constant. We now show the consequence
of Theorem [1] for these estimators and, in the case of the statistic (3.1]), we extend the result
to skew diffusions with more general drift and diffusion coefficient.

3.1.1 Estimator counting the number of crossings of the threshold

In this section, we consider the semi-martingale satisfying
t t
X = Xo —1—/ bs ds —1—/ o(Xs)dWs + BLj(X) t>0 P-as. (3.3)
0 0

where L}(X) is the symmetric local time of the process at the fixed level r € R, Xy € R, and
B, b, and o satisfy Hypothesis 2]

Hypothesis 2. Let 5 € [—1,1], Xo8 > 0 if |8] = 1, and the diffusion coefficient and drift
coefficient satisfy: b, = b(X,), with b bounded measurable function, o € C(R \ {r}) admits
a finite jump at a fixed threshold r € R, its derivative admits a finite jump at r as well, o
is bounded from below by a strictly positive constant and there exists a strictly increasing
function 3 such that (o(z) — o(y))? < |X(z) — Z(y)|.

Remark 10. Hypothesis [2] is stronger than necessary. For instance, there is no need of a time-
homogeneous drift, and the boundedness assumption can be relaxed as well.

Under the above assumptions there exists a unique strong solution to the SDE ({3.3) (see
e.g. [9)).

10



Theorem 2. Let X be solution to (3.3) and let oy := lim,_,,.+ o(z). Let

2(1 — %) 2

e T A Bo- + (1 Boy V m

and K, 5 = K,}L/O is the non-negative finite constant given by (2.10) with Y (5,0+)-OSBM.
Then, Lo n(X) in (3.1)), counting the number of times the process X crosses its threshold r,
satisfies

I ]P T
‘CT,N<X) m Coy s Ly (X)

and, as N goes to infinity,

(N/T)Y4 (L N (X) = op gL (X))  converges stably in law to /Ko, g1/ LH(X)G
where G ~ N (0, 1) is independent from Li.(X) (more generally from F3 : the natural filtration,).

Remark 11. If we would not have assumed to have observations until the fixed time horizon T,
the result could be provided as a functional limit theorem as Theorem [T}

8(T7h07X) u.c.p.) CO’i ,IBLT (X)
n—oo

and then there exists (possibly on an extension of the probability space) a BM B independent
of X such that

T r L—s
! (et = cou g LT(X)) = /Koy 5 Brrcx).
Remark 12. We provide Theorem [2| for a more general class than OSBM, but an extension
of the more general result is object of further research. This is related to the fact that the
statistics of Theorem [2| basically depends only on the sign of the process.

3.1.2 Another estimator

Let us consider the estimator L7 in (3.2). We specify its asymptotic behavior for OSBM.
For an OBM solution to (2.7), say Y, a proof that L}, y(Y) NL> L%(Y) can be found in [38]
’ —00

Lemma 1]. Applying Proposition [I| to €2":Y) (recall that 3 = 0) we obtain a more general
result. And applying Theorem [I] we obtain the convergence rate. We specify the asymptotic
properties of L7, x(Y') in Proposition 2| below.

The following proposition specifies, if the process is an OSBM, the constants in Proposition|T]
and Theorem [1|in case of the estimator and shows its asymptotic properties.

Proposition 2. Let X be let X be the (f,0+)-OSBM solution to and let Lip x(X) be
the estimator of the local time LI (X) in . Then there exists (possibly on an extension of
the probability space) a Gaussian random variable G ~ N(0,1) independent of X (independent
from F3¥) such that, as N tends to infinity,

1/4  rr (1-=5%)(0-+ay) r

converges stably in law to \/Kp o, \/Lp(X)G where Kg o, = K3, in ([2.10).
Moreover if B =0 (X is an OBM) then (l(ig)ﬁ;zf&tg;Jr =1 and Ko,, = %% And

. . -2 O_—+10.
ifo_ =0, =1 (X is a SBM) then (fiﬁ)ﬁaj(mjﬂm =1-p32
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3.2 Estimating the parameters of skew and oscillating Brownian
motion

3.2.1 Estimating the skewness parameter for SBM

Theorem [I| provides several estimations of the skewness parameter of SBM. They are also
estimators for drifted SBM (see Remark [7). We consider here two new estimators and show
an asymptotic mixed normality property as a straightforward application of the main result
of this paper. We choose two examples, one that involves statistics which check if there is a
sign change between two consecutive time observations and one that does not. In both cases
the computation of the constants involved in the CLT is not trivial at all, so we leave them
implicit. Comparing estimators goes beyond the purpose of this document. And the study
of the asymptotic behavior of the MLE estimator has been considered in [34] (after being
conjectured in [40]), where a fine study of the constant involved in the CLT is provided as well.
Let us mention that the latter results exploit our Theorem 1}

Let X be a 3-SBM with threshold , solution to (2.1)). Recall that L7, y is given in (3.2)) and
its asymptotic properties are provided in Propositlon l Let us introduce the following function
fi(z,y) == 1p1)(z). Then both Ejfl in and f7 coincide with f; and satisfy Hypothesis .
The same holds for the function |fi|(z) := fi(|z|).

We consider the following estimators for the parameter 5:

. ]kv_ol sgn(Xy — 7)1 1) (VN/T(X) — 1))

= k=0 2o : 3.4
’ k=0 1(—171)(\/ N/T(Xy —1)) (34)
> TN<X>

(3.5)
[ S Lo (VNT(X, — 7))

Note that both estimators above require the knowledge of the discretization step T'/N.

The following result is a direct application of Theorem (1| and of the fact that joint stable
convergence for two sequences holds if one of the sequence converges stably and the other
converges in probability.

Theorem 3. Let X be the B-SBM solution to (2.1)) starting at Xo = r. Then By in (13.4)
(resp. (3.D)) is a consistent estimator of B and as N — oo

NV (BN - 5) converges stably in law to K TY* ———
Ly (X)

with G ~ N(0,1) is a standard Gaussian random variable independent of X (of FiX) and K =

VEa-ps- th/ 1+ ) where Ki_gys —on, is provided by (12.10) - (resp. K = \/ (sen()—B)|f1])-

The above result tells that BN is a consistent estimator of the skewness parameter (3, and
N1/4(BN — B) for N large behaves like a mixed Gaussian law. Let us observe one again that, in
the same way, we can provide other estimators satisfying Theorem (3| (with a suitable constant
K), as the MLE studied in [39, 34] respectively for § = 0 and 5 € (—1,1). Moreover, as
in [39], this paves the way to hypothesis testing to check whether some observations come from
(drifted) BM or (drifted) SBM.

Remark 13. The assumption that the 5-SBM starts from r is to ensure on one side that the
estimator (3.4]) (resp. (3.5))) is well defined and on the other side that the local time of the

process at r does not vanish at time 7.
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Remark 14 (Diffusion parameter estimation). Similarly, we could provide an estimator for the
parameters of OBM. Let Y be the solution to (2.7) starting at Xo =7, f1: 2 = 1j1)(z) and
forx = 1 q1g(x), and let + € {—,+}. Then

L;Nm
B R (NIT (X - )

is a consistent estimator of 02 and (N/T)Y* (62 — 0%) converges stably in law to a (mixed)
normal law. Since the estimator proposed relies mostly on the behavior of the process around
the threshold, it is slower than the ones based on quadratic variations and occupation times of
the positive and negative part of the process proposed in [36] for OBM which exploit the entire
trajectory. Therefore, we propose in Proposition (3| in the next section, an estimator based on
quadratic variation for the diffusion coefficient of OSBM.

3.2.2 Joint parameter estimation for oscillating-skew Brownian motion

In this section, for simplicity, let the threshold r = 0. The estimators proposed in [36] work
also for estimating the diffusion coefficient of OSBM.
Proposition 3. Let X be the standard (3,0 ) OSBM solution to (2.3)), and for any process Z
observed at times jT/N let [Z, X]n denote }_; Y (Zjs1— Z) (X1 — X;). Then, the estimator
((GY)2 (3Y)?) of (o2, o2) given by
[max{0, X} XInv - max{0, - X}, X]|n
GV = vy =
¥ it Lixzo) ¥ 2t Lix,20)

satisfies the following convergence property: v/ N ((GK)Q —o2, (@Y)*- az) converges in law
2

ol fo 1{Xs>0} dBs; o2 fOT 1ix,<0}dBs . . -
to V2T ((1+6 Mk aods’ TPF [Tiix.copds where B is a BM independent of X (possi

bly, on an extension of the filtered probability space).

When T' = 1 and the process is OBM, Proposition (3] is [36, Theorem 3.5]. By the scaling
property one can take T' # 1, and the result for OSBM follows by a spatial transformation
given in the proofs section, more precisely Section |4.1}

Combining the main result of this article and Proposition [3] allows to estimate jointly 5, o_
and o, for an OSBM. An example is the estimator

= (B,(6Y)%,(GY)?) of 0:=(B,0%,02)

~

where (0,£1,X) (0,f-1,X)
R (AK))SN;’ (5V)€NT_1’

fi=— =
@)y ™ + @y

and fi = 1) and f_; = 1(_10). Then N1/4(9N — ) converges in law to the law of a vector
(Z,0,0) with Z following a mixed Gaussian law. Considering the convergence rate for . and
further studying the joint behavior goes beyond the aims of this article.

4 Proofs of the main results

In this section we comment the results and their proofs. We first deal with the convergence
in probability to the local time in Proposition [I} which was already known for SBM. Another
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proof of Proposition [I] is also given in Appendix B Then we deal with the rate of (stable)
convergence in the case of OSBM in Theorem (1| whose proof is provided in Section relying
on a well known CLT. Finally we prove Theorem [2]

The fact that, via a spatial transformation, it is possible to change a skewed behavior into
an oscillating behavior (i.e. discontinuous diffusion coefficient) and viceversa is crucial in the
proofs of the above results. In particular, we prove in Section the relationship between
OSBM (in particular SBM) and OBM.

From now on, we take r = 0 for simplicity. Indeed if X is a (3, 0+)-OSBM with threshold
r =0 then X —ris a (8,04)-OSBM with threshold r. The same holds for solutions to (i3.3))
(after translation of the coefficients).

4.1 Ito-Tanaka formula and interplay between SBM and OBM

SBM and OBM are strongly related in the following sense: Let o be the function in (2.4)), let Y
the solution to (2.7) and X be a SBM solution to (2.1) with skewness parameter 3, := Z=—>%

o_—+o
and suitable initial condition: Solution to the SDE !
X; = L 4.1
t = (Yo ) + Wi+ B, Li(X). (4.1)
It holds that X; = ) and the local times satisfy
L(x) = 2 iy, (4.2)

20,0

Furthermore, since X; = % and ¢ is positive, then Y; X; > 0. And, since ¢ depends only on

the sign of its argument, then o(Y;) = 0(X;) and so it holds also Y; = o(X;) X;.

These equalities can be proven via the symmetric (i.e. we consider the symmetric local time)
[to-Tanaka formula, which we specify in Lemma [I| for the reader’s convenience. In the following
result f’(y+) stands for right derivative of the function f at y € R and f’(y—) for left derivative
and f/(y) = L),

Lemma 1. Let f be the difference of two convex functions such that f € C*(R\ {0}) and
f(0) =0, and let X be a continuous semi-martingale satisfying (3.3)) (with drift b., diffusion

coefficient o, skewness parameter [3).
Then Y, := f(X,) satisfies:

Ve g0 = )+ [ LEILE, gy [ P s a,

+%/0 F1(X+) _;_ f//(XS_>U(XS)2 ds + F(0+)(1+p) ; J(0—=)(1 — B)Lt(X)

If in addition f is invertible and f'(0+)(1+ 8) + f'(0—)(1 — ) # 0 then

vi=vi+ [ (f’(fl(Ys))bs n 1f”<f1<m>>a<f1<n>>2> s

f'(0+)(A +5) — f/(0-)(1 - 5)
fO0H) A+ 5) + f(0=)(1 = B)

/ PO Y))o(f (V) dW, +

and Ly(Y) = f1OH)A+8)+ t fo-)a- ﬁ)Lt(X)

14



Proof. We first recall the well known symmetric [to-Tanaka formula. Let Z be a continuous
semi-martingale and let h be the difference of two convex functions. Then, for any ¢t > 0,

CR(Zg) + W (Z,—) 1

W(Z)) = h(Zo) + / ! Az + / LY(Z)M"(dy) (4.3)

where h”(dy) is a measure satisfying

/R g(y)h" (dy) = — /R g’(y)h/(“);h/(y—) dy

for all ¢ € C'(R) with compact support. The occupation time formula helps dealing with
the integral of the part of h”(dy) which is absolutely continuous with respect to the Lebesgue
measure. Note that f”(dy) = f"(y)dy + W%(dy). Hence, applied to f yields
the first equation in the statement. On one hand, this and applied to |f]| yield

f'(0+)(A +5) + f(0-)(1 - B)

. Li(X).

Vil = [F(X)] = 17X + / sen(f(X,))dY, +

On the other hand, Tanaka formula for continuous semi-martingales states
t
il = Yol + [ sen(¥)av, + Lv).
0

Hence the conclusion on the local times. The fact that f is invertible is then used to complete
the proof. n

Ezxample 1 (SBM associated to OSBM/o.-OBM). Let Y a (5,04+)-OSBM, in particular it
satisfies (2.3). Let f(x) = ﬁ Note that f is continuous and for all x # 0 we have

f(z) = ﬁ and f”(x) = 0. Since o(z) depends only on the sign of z, then f' o f~! co-

incides with f’. By Lemma X; = f(Y;) satisfies (4.1) with 8, = Elw)f’*_(l—ﬁ)ﬂ and

1+B)o—+(1-B)o+
L.(X) = 32-20=os 1 (y) holds as well. We call X, the 8,-SBM associated to the (8, 04)-

20_04

OSBM Y. If Y is a 04.-OBM, we recognize 3, = ﬁ and (4.2)).

Example 2 (OBM associated to a OSBM/3-SBM). Let X be the solution to (3.3). Take
B _(8)

a(f) = ﬁ, o= ﬁ € (0,00], then 5 = ﬁ and construct the diffusion coefficient

op 1= a(_’B)l(,oo,O) + 0518)1[07%0) in (2.4). By Lemma n, = o (X,) X, is solution to the SDE

nt:aW)(Xo)(XO)Jr/O a(ﬁ)(ns)a(ns/a(ﬁ)(ns))dWs+/0 o (ne)b(ns/a) (n,)) ds.

and Ly(n) = Ly(X). In particular, if X is the (8, 04 )-OSBM solution to (2.3), then Y; := 5, =
c®(X,)X, is a Uf)ai—OBM with initial condition Yy = 05(Xy)X, and we refer to it as the
OBM associated to the (8,0+)-OSBM X. And if X is the 3-SBM solution to (2.1]), then Y; is
the O'(f)-OBM associated to the 5-SBM X.

4.2 Proof of Proposition

As already mentioned, in the case of SBM, Proposition |1| follows from [40, Proposition 2] (with
T = 1) and the scaling property in Appendix . By the transformation provided in
Section , we are ready to prove Proposition (1| for the OSBM Y solution to , and in
particular for OBM solution to .
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However, in Appendix [B], we provide a proof of Proposition [I] directly for a standard OBM,
with the purpose of illustrating the main ideas of the proof of Theorem [I}

Let us recall, given a measurable function f: R*> — R and an OSBM Y (with r = 0), we
denote by py its transition density and the function E}/ in (2.8) is computed using it.
Moreover py denotes its speed measure .

Proof of Proposition[1] for OSBM. Let X be the (,-SBM associated to the (8,04)-OSBM Y
(see Example [1]in Section and let f, be the function satisfying f,(x,y) := f(o(x)z,o(y)y).
For y = 1,2 it holds that E}, (o(z)z) = E} ), (x). Hence, Remark |3 ensures that a function f
satisfies Hypothesis [1| for Y (that is E}/, E}/Q € £} (A@)) if and only if f, satisfies Hypothesis
for X (that is Ef, Ef, € Li(A2))). Moreover ﬁﬂﬂa (dz) = (1+5)3ijr(2116)0+ py (dz).  So,

(g, B ) L.(X) = (uy, E}, ) L.(Y). Applying Proposition (1| for the SBM X and the function

f = f, and taking into account the latter equalities complete the proof. n

We conclude the section with the lemma proving that the assumptions of Theorem [1| are
stronger than the ones of Proposition [I} as stated in Remark [9]

Lemma 2. Let v € [0,00) and f € T,. Then EY € Li(A") and B}, € Li(A"). Let g
be a measurable function such that x — |g(z)|/(1 + |z|) is bounded, then the function x —
EY (x)/(1+ |z]) belongs to LH(AD).

Proof. We reduce to prove the statement for SBM. Let X denote the standard SBM associated
to Y in Example . Since f € Z,, Remark [3| ensures that f, € Z,. Moreover E}/(as) =
E{ (x/o(x)). If the first statement holds for the SBM X, then E¥ € £3(A") and Remark
ensures that E}/ € L£:(A\")). We can conclude similarly for the second part of the statement,
just notice that E} (z) = E¥ (z/0o(x)) and |gs(2)|/(1 + |z|) is bounded as well.

The SBM case: Y is a Standard SBM. Let f € Z,. Let us recall that there exist a non-
negative function f € £;(A\")) and constant a € [0, 00) such that |f(z,y)| < f(z)ed¥=*|. Since
there exists a constant C' € (0, c0) such that for all z,y € R: pg(1,z,y) < C\/%?e_%(y_x)2, then
forall z e R

+o0 1

EY (2)] < CF(x) / olv=s!

oo 2

e 22 gy < 2e"°2C f(x).

Thus EY € £;(A\"). And E}, € £j(A\") is proven in the same way, since f is bounded.
Similarly for the second part of the statement, there exists a constant Cy € (0,00) such that
for all z € R

_ +o00 1 1 )
Y, (2)] < Cof (@) / @+ e bty

—00

o0 2
< 2620, () + 220y f(z) || < 2V 20, f(2)(1 + |2))

_ +o00 1
S CQf(CC)/ (ely—$| + |x|)ea|y—z\ 6_%@_:5)2 dy

where we recall that f € £}(A")). The proof is thus completed. ]

4.3 Proof of the Central Limit Theorem: Theorem [1

Let us focus on proving Theorem (1| for OBM. At the end of this section we prove Theorem
for OSBM via its associated OBM from Section 4.1} say Y.
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The idea of the proof is decomposing the left hand side of ([2.9)), namely

(00 = (0, BN L(Y))

n,

into a discrete martingale and a vanishing term, see (4.4). The decomposition is introduced
in Proposition [ where it is stated that the discrete martingale satisfies the assumptions of
Proposition 5| (a reformulation of a special case of Theorem 3.2 in [25]) which entails the limits
in Theorem [I} Proposition [f] is stated just after Proposition [4] and the comments to its proof.

Proposition 4. Let (Y})cj0,1) be the OBM with threshold r = 0 strong solution to on a
stochastic basis (Q, F, (Ft)icp1), P) (where the filtration is the natural one associated to'Y), let
v >3, and let h € Z,.

Then constant K} given by (with f = h, X =Y, ux = Ay, B = 0) is a non-negative
finite constant, and there exist a sequence of stochastic processes (V}')icpa, n € N, and a
sequence (M7 )icpa], 1 € N, of (Flnij/n)ieo)-martingales such that for all t € [0,1], n € N

n (00— g BN LAY ) = My 00y (4.4)

SUDse(o,1] mi/4|ym| —2 50, and for all t € [0,1], n € N it holds that M} = Z,En:t{ X7 where
’ m—00

(X)ke(t,...[nt]}> 7 € N, are random variables satisfying:

i) forallk € {1,...,nt]} X} is square integrable Fi-measurable and E[x}|F—1)/m] =0,

ii) for all t € [0,1] it holds that S k" E[(1)?| Foo1ym] —— KY Li(Y),
n—o0

iii) for all t € [0,1] it holds that S-F™ BIx2(Yism — Y1) /n)|Fik-1)jn] —— 0,
n—oo

) for all e € (0,00) it holds that >~} _, E[|XZ|21{\XZ\ZE}|]:(k’—1)/n} L 0.
n—oo

The proof of this result is quite technical, therefore it is provided in Appendix [C] Basically, it
consists in generalizing to the case of OBM the fundamental procedure used in [26] for BM which
exploits properties of the transition semigroup. To provide the ideas and step of the proof, and
for the reader convenience, a proof of Proposition [I] for OBM is provided in Appendix [B] as an
introduction to the proof of Proposition [4 Moreover, a proof of the finiteness of the constant
K} of Theorem [1]is provided in Lemma , so that the reader does not have to go through the
whole proof of Proposition {4| to check the finiteness.

Let us now assume that Proposition 4| holds and let us prove Theorem [1] first for OBM
and then for OSBM. To do so, we need to state Proposition [5| which provides the asymptotic
behavior of the discrete martingale of Proposition [4]

Proposition 5 (cf. Theorem 3.2 in [25]). Let (Y2):c0,1) be an (Fi)icjoq-local martingale on the
stochastic basis (0, F, (Fi)icpoa), P). Forn € Nand k = 1,...,n, let x} be square integrable
Fr-measurable random variables, and assume that there are E and F' continuous processes on
(d, F, (Ft)ep,, P) such that E has bounded variation and

P
— 0,

n—o0

i) SUDsefo 1] ’Zkff E [X{|Fle-1y/n) — B

ii) for allt € [0,1] it holds that zgﬂ E [(XZ _ ]E[XZ"F(k—l)/n} )2 |]__(k_1)/n] n_ﬁjoo k

iii) for allt € [0,1] it holds that Z,En:t{ E[XZ(Yk/n — Y(k_l)/n)|]:(k_1)/n} LN 0,

n—oo

17



i) for all e € (0,00) it holds that Y, E[|X}*L1{pn e} [ Fik-1)/n) 250, and
- n—o0

v) for allt € [0,1] and every M bounded (Fs)scjo-martingale such that for all s € [0,1] the
cross variation (M,Y), is P-a.s. equal to 0, it holds that

[nt]
n P
Y E[G (Mg — Mgty | F-1y/m] —— 0.

n—00
k=1

Then there exists a BM B, possibly on an extension of the probability space (2, F, (Ft)icp]: P),
such that B and'Y are independent and

[
S xi = E.+ Bp.

n—00
k=1

Proof of Theorem[1] for OBM. Let Y be the OBM strong solution to (2.7). Let us first assume
that the filtration is the natural one associated to Y. Observe that

i (M) — (A, EV)L.(Y)) == \/KY By (v

n—oo

in D, if and only if, for all ¢ € [0,00), n3 (=5 — (A, EY)L.(Y)) |0 ni;og \/ K¥ Br.ov)liog
in D, (indeed since By (yy has (a.s.) continuous trajectories this follows, e.g. combining [10,
Theorem 16.2] and [27], Proposition 2.2.4]). Moreover, without loss of generality we can reduce
ourselves to prove Theorem [I| on the interval [0,1] (on the Skorokhod space Dy ;) for n € N
tending to infinity. Indeed the scaling property for the OBM and its local time (see (A.1))) yields
the result for all non-negative times (on the Skorokhod space Dy ). (The scaling property also
ensures that in Theorem [1| n is not necessarily a natural number, but it can stay for a positive
real number tending to infinity.)

Proposition [4| implies that there exists a decomposition as in and its desired stable
limit as n € N goes to infinity coincides with the stable limit of the sequence M™ of cadlag

(Flnsl )sefo,-martingales, n € N. Indeed the fact that sup,cp nt/4|yr| £, 0, implies that
n ’ n—00

for every h: D; — R continuous and bounded it holds that |[h(M™ + niV™) — h(M™)] %) 0

and so for every bounded continuous function h: ID; — R and bounded measurable random
variable Y: €2 — R it holds that

JLrgOE“h(M" +niyn) — h(M">y|Y|] ~0.

Proposition [4] also ensures that M™, n € N, satisfies all assumptions, except Item [v], of
Proposition (with £ = 0 and F = K} L(Y)) where K7} is the constant in equation (2.10)
with X =Y, =0 and ux = A,). Item |[v| of Proposition [5| is trivial because such bounded
martingale M, measurable with respect to the natural filtration of the OBM and orthogonal
to OBM, is nothing but a constant (follows from a martingale representation theorem, see
Lemma 7| in Appendix . Therefore, applying Proposition |5 as described above, completes
the proof of Theorem (1| under the assumption that the filtration is the one associated to Y. It
remains to relax this assumption on the filtration, by the same argument in [26], Section 2.2].
The proof of Theorem [1|is thus completed. O

Since Theorem (1| for OBM holds, we now prove it for OSBM and, in particular, for SBM.
The proof is based on the interplay between the processes in Section 4.1
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Proof of Theorem[]] for OSBM. Let v > 3, X the (3, 0.)-OSBM solution to (2.3, and f € Z,.
Let Y be the OBM associated to X (in the notation of Example [2| in Section and let
h: R? — R be the function satisfying h(z,y) := f(z/c®(x),y/c® (y)). Remark ensures that
f €1, if and only if h € Z,. Theorem [1| applied to the OBM Y and the function h yields

/A4 (57(32}1,1’) — (Ao@q, E} )L.(Y)) % \/ KgBL,(y)

with K given by ([2.10) (taking f = h, X =Y, 0o = 0V0u, =0, pix = Ayw,). As in
the proof of Proposition |1 the fact that Y = ¢ (X)X, L(X) = L.(Y), and the transition
densities (2.6), implies that for v = 1,2 it holds (A, E).) = (ux, EF,) and so

!/t (0% — (e, B LX) =5 \/ K}/ Brx).

The same arguments are used to rewrite the constant K 5 obtaining K J)f : more precisely note
that E} (z0(z)) = Ef (z), E} (20 (z)) = Ej (), and P (z0D(x)) = P (x). O

4.4 Proof of Theorem 2

The proof relies on It6-Tanaka formula and Girsanov’s transform and reduces to prove the result
for OBM, i.e. applying Proposition [I| and Theorem (1| for f(z,y) = ho(z,y) = 1(—x,0)(xy). The
fact that we can extend so easily the result for more general diffusions solutions to (3.3)) is due
to the special structure of the estimator which counts the number of crossings of the threshold
level. Extensions of Theorem [1| to more general diffusions is object of further research.

Proof of Theorem[9. Let us recall that Hypothesis [2| holds. In particular it holds that o €
CH(R\ {0}) is strictly positive, admits a finite jump at the threshold 0, o1 := lim,_,o+ o(x) €
(0,00), and its derivative admits a finite jump at 0 as well.

We first prove the statement for B = 0 in several steps.

First step. Note that if X is a driftless 0.-OBM, then the statement follows from Proposi-
tion (Il and Theorem [I| taking f = hg. The result holds with constants ¢,, o and K, o.

Second step. Assume o and its derivative are bounded (the derivative is defined on R \ {0},
one may take ¢’(0) = (¢/(0") +0'(07)). Let us consider the process Z satisfying that P-a.s. for
all t € [0, 00)

t 1 t
Zy = Zy+ / o(Zs)dWs + 5/ o(Zs)o'(Zs) ds.
0 0

Let

v 01
S(z) = a+/0 mdy 1[07+Oo)(:17)—0_/m mdy 1(—o0,0)().

Note that S is difference of two convex functions, S € C*(R) N C?(R\ {0}), S(0) =0, and S is
strictly increasing. By Lemmall] Y; := S(Z;) is an OBM starting at S(Zp). Since S~!(z) >0
for all z € R, then for all ¢ it holds that Z; and S™!(Z;) = Y; have the same sign and, since
L%y depends only on the observations through their sign, £9 y(Y) = L}, y(Z). Therefore we
proved that Theorem [2| holds for the process Z with the same constants c,, o and K, o.
Third step. Assume o and o’ are bounded, as in the previous step. Combining stable
converge and Girsanov’s transform (see Remark [7) ensures that the same result holds for X
solution to it 3 = 0 with the same constants ¢,, o and K, . Let us be more precise. Let
Z as in the previous step and let X solve with 8 = 0. The Doléans-Dade exponential,

expressing the Radon-Nikodym derivative between the law of X and the one of Z, is £(§)
t b(Zs)—30(Zs)o’

with & = [, 7 (Z:) dW;. It is an exponential martingale (see e.g. Novikov’s condition
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in |28, Corollary 3.5.14]) because b, ¢’ are bounded and o is bounded from below by a strictly-
positive constant. By a localization argument, the boundedness conditions for o and ¢’ can be
removed.

Now let us consider  # 0.

Consider the process 7, := 0¥ (X,) X, of Example [2 in Section . Note that L v (1) =
E% ~(X) because the statistics depends only on the sign of the observations of n and X and
this sign is preserved by the transformation we apply. We have proved above that the process
n satisfies Theorem |2l with constants Caf)ai,o and Kgf)gb0 hence X satisfies the theorem with

the same constants that we just rename in order to explicit the dependence from ¢ as a
dependence from (5. The proof is thus completed. O

A Properties of OBM

We recall known properties of the law of OBM and its local time. And we establish bounds for
the transition semigroup which are useful in the proof of the key Proposition [4] in Appendix [C|
Note that, by the interplay between OSBM and OBM (see Section , one can derive results
for OSBM analogous to the ones obtained in this section.

Unless explicitly stated, in this section we consider Y to be a driftless OBM with threshold
r=0.

A.1 Scaling property

Assume Y starts from a deterministic point Yy, let ¢ € (0,00), and let Z denote the OBM
with threshold r = 0 starting from /cYy. Let us mention the following well known diffusive

scaling properties for OBM: (\/%th> faw (Y;)tzo (i.e. “the rescaled OBM is still a OBM with
>0

rescaled starting point”) and

1 1 law
(a2 Jale®) = 06 L0)y (A1)

Remark 15. The transition density satisfies for every ¢ > 0 that ¢, (¢, x,y) = v/cqo(ct, \/cx, \/cy).
This and the Markov property imply that for all £k = 0,1, ...

1 1
%E}ig(\/ﬁyk/n) = %E[f(\/ﬁyk/m VY1) ) 9(VY ey ) | Yin) -

And pf(y,{), the joint density of a standard OBM and its local time introduced in the next
section, satisfies for every ¢ > 0: pf(y,€) = cp%(\/cy, /cl).

A.2 The joint density of a standard OBM and its local time
The joint density of a standard OBM (i.e. Yy = 0) and its local time at time ¢, p7 (y, ¢) coincides

with
o _ 1 y o-+oy
i, 6) = <a<y>>2’”(a<y>’ 200, €> (4.2)

for y # 0, where p is the joint density of the BM and its local time at time ¢:

_ Al (- +0)?
273 2t

09, ) ) ) (A.3)

In particular pf(y, ¢)dy dé = p, (L 7104 €> Ao (dy) de.

o)’ 200
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A.3 Bounds for the semigroup

Let 8, := 7=+ and recall that, for every function f: R — R, f,(2) := f(o(x)z). For a
measurable, bounded function f: R — R set

Q7 (x) = /_°° Gty f(y)dy and PP f(z) = /_Oopﬁ(,(t,x,y)ﬂy)dy (A4)

forall ¢ € [0, 00). They are respectively the semigroup of the standard OBM and of the standard
B,-SBM and they satisfy Q¢ f(z) = P f,(x/o(x)). Note that P, := P? = Q! is the semigroup
of the BM and

Q7 f(x) = Pifo(x/o(x)) + Po Pi(folip.00))(—|2|/0(2)) = Bo Pu(fol(-o00))(|2|/0(x)).  (A.5)

From this relationship between the semigroups of OBM and BM we derive the following prop-
erties.

Lemma 3. Let f € L}(A?), and let us denote by p(t,-) is the density of a Gaussian random
variable with variance t. Then there ezists a positive constant K € (0,00) such that for all
r,y € R, 0< s <t it holds that

) 107 (@) < sy (14 125520) AL,

i) Q71 () = 252 O, p(t /o)) < 25 (1o + 1),

iii) for all ¢ > 0 there exists a positive constant K. such that
- 20 0 K¢ [I£11, Ifll1.14¢
‘Qt f@) = =550 Np(t,xfo(x)| < 5 (1+(|w\/(otxl)\/f))€“ + 1+(\x|/02—x))4) ;

t

i) 1QF f(2) = Q7 F()| < iy (1+125520) K| ), and

0) 1Q7F(2) = QUF ()| < sty (14 2520) K211
Proof. Ttem [iis a straightforward consequence of (2.6 (with = 0) and of the fact that

pant,.9) < (L+ Bplt o — ) < 270,

To prove the other items we also use the fact for all @ > 0 || f(0(-))|1.a < % and

1f 10,000 |10 + [1f 1 ooO ||1a = [|fll1.a- Item [ii] follows from (A.5]) and [40, Lemma 1] for SBM.
Item fii . follows from and the analogous result for BM: equation (3.2) in |26, Lemma 3.1].
Item [iv] and Item [v] follow from (A.5) and equations (3.4)-(3.5) in [26, Lemma 3.1]. O

We now consider the aggregated action of the semigroup which is useful in the convergence
results provided in Section [B.3} Let f: R — R and

1

[nt]—
Ft(”v f7}/0> = Z QZf(\/EYO)
k=1

Note that if Y is an OBM, then I'i(n, f,x) = LmJ "E[f(vnY:)|Yo = /nz]. And by the
scaling property - ) it holds that I'y(n, f,z) = ,EmJ 'E[f [ (Yin)|Yo = :U} .
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Lemma 4. Let f: R — R and T'y(n, f,Yy) as above. There exists a positive constant K
(depending on o) such that |Ty(n, f,Yy)| < K||fl1v/nt and if (Ay, f) = O then it holds that
ICe(n, £, Y0)| < K ([fll2 + [1fll11Yolv/n) and [Te(n, fYo)| < K| f||11(1 + log(nt)).

Proof. This proof is analogous to the one of [26, Lemma 3.3]. Item [if in Lemma 3] and the
fact that Z,E”j{*l \/LE < 2+v/nt prove the first result. The second part of the statement, under
the assumption that (\,, f) = 0, follows from Items in Lemma 3| and the facts that
Y orey \/% < oo and Z,E":tf_l £ < (1 + max{0,log(nt)}). O

A.4 Local time: on time continuity and moments

In this section we explore some properties of the local time of OBM and its moments.
The following statement is well known for the local time of BM. The proof is standard
(based on Ito-Tanaka formula and Burkholder-Davis-Gundy inequality).

Lemma 5. For all ¢ € (2,00), a € (0, %) it holds that (the pathwise continuous version

of) the local time L.(Y) is locally a-Holder continuous. In particular for all § € (—o0,3),
T € ]0,00) it holds that
sup 1 (LH;(Y) - Lt(Y)> LN

te[0,7] n—o0

Proof. In this proof let T' € [0,00) and s,t € [0,T] with s < ¢ be fixed. Let us first note that
[to-Tanaka formula implies that

t
Li— L, = |Vi| — |Vi| —/ san(Y,)o (Y,) dIW,.

The fact that for all a,b € R, p € [1,00) it holds that (a + b)? < 2P7!(Ja[’ + |b|?) and that
lla| — |b]| < |a —b|, and Burkholder-Davis-Gundy inequality ensure that for all ¢ € [2, 00) there
exists a constant K, > 0 (dependent on ¢,0_ and o) such that

/S (Y, du

Finally Kolmogorov continuity theorem ensures that there exists a continuous version of the
local time (that we took already) and it is locally Hélder continuous as required. O]

[ SIS

E[|L; — L, < K,E < max {o_, 0, }IK,(t — 5)¥%

Let us recall that Y is an OBM with threshold » = 0. For every p € [0,00), € R, assume
that Yy = x and for every function f: R — R either non-negative or such that (L, (Y))” f(Y1) €
L1(P), let

LP(f,x) = E[(L(Y))" (Y1) [Yo = a]. (A.6)
In this document we only consider functions f: R — R satisfying that there exist K, «a € [0, 00)

such that | f(y)| < Ke® for all y € R, so LO(f, ) is well defined. The scaling property (A.1))
in Appendix implies that

LO(f VY un) = nfE[(Ly (V) = Lea (V) (VY|P |. (AT)

3=

In particular note that L& (1,-) = EY (-) with g(z,y) = |y| — |=].
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Lemma 6. Let x € R, let W be a standard BM and 'Y be a standard OBM defined on the same
probability space, let f: R — R be a function satisfying that there exist K, a € [0,00) such that
If(y)| < Ke*™ for all y € R. Then for all p € N it hold that

Wi = [ L “ﬂ‘_ﬂ?"’ e T [(L (V) f(YvVI=D) dt

(200 NPV 2| fa-nE e b L
(gm) (@) / Tt E[LN)Y (W) W)W VT = D] d,

a0, and LO(1,0) = (252 )" BIL WP (0(1) (o)W1

o_+o4

L Njw

(If o+ = oo then replace f in the right hand side of last two equalities with flg. .)

Proof. We reduce to consider the case z # 0 because if x = 0 then the statement follows from
simple computations using the joint density of the OBM Y and its local time .

Let B, = g:;gi and let X be the $,-SBM starting from z/o(x). Let Z; := Y/o(Y) a
standard 3,-SBM and let B be a BM starting at z/c(x) independent of Y. For a process ¢ let
us denote by Tp(€) := inf({oo} U {t > 0: & = 0}) the first time it hits 0.

One well known property of SBM is that the process behaves as a BM until it reaches the

law

barrier, which is 0. This means that T5(X) = To(B). Moreover, by the Markov property, it
holds that X., 7 (x) conditioned on Tj (X) is distributed as Z..
This and the relationship between the local times of OBM and SBM (4.2) show that

L(f,2) = (252 ) E[Limeo<n BIL(X)) F(o(X0) X0) | To(X )]

o_+o4
— (2o )" g[1 L 2N f(o(Z Z
~— \o_For [ {To(B)Sl}( 1—T0(B)( )) f(U( 1—TO(B)) 1—T0(B))}-

Let us recall the well known fact that the random variable T(B) has density w.r.t. the Lebesgue

lz] 1

measure given by (0,00) 3 t — 3 ¢ 3% . Then the relationship between the local

o) \/omt3
times of OBM and associated SBM (4.2)), the scaling property (A.1l)) and simple changes of
variables imply that

]L(p)(f’x):/o %(\1/2__7:);

The relationship between the joint density of the standard OBM and its local time (A.2)) and
the one for BM and its local time ({A.3)) yield the conclusion. O

r
2

e‘ﬁf»%E[(Ll(Y))P FViVT—1)] at.

A.5 Orthogonal martingales

In this section let Y be a OBM and (F;)icp,1 its natural filtration. In this section we show
another fact that OBM has in common with the one-dimensional BM: the only orthogonal
square-integrable (JF});cjo,1-martingales are the constants.

Lemma 7. Let (M;)icp) be a square-integrable (Fy)icjo1)-martingale such that for all t € [0, 1]
the cross variation satisfies P((My,Y:)s = 0) = 1. Then M is constant.

Proof. Without loss of generality we can assume My = 0, otherwise consider M; — My. There
exists an (F)iejo,1)-progressively measurable process v such that M; = f(f v, dY; for all t € [0, 1].
The orthogonality of M to Y rewrites as follows for all ¢ € [0,1] it holds P( ) v,o?(Y,)ds =
0) = 1. By continuity, we deduce that P-a.s. for all ¢ € [0,1] it holds that f(f v,o?(Y,)ds = 0.

Thus P-a.s. fol 14,20y ds = 0. Hence for all ¢ € [0, 1] it holds P-a.s. that M, = f(f vedY; = 0.
Theorem 4.15 in [28] ensures the a.s. uniqueness of the paths of the process v in L*([0, 1];R)
and so M; = 0. ]
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B Towards proving Proposition 4 Sketch of a proof of
Proposition

In this section we prove Proposition [1| for OBM with threshold » = 0. More precisely we focus
on proving that

sup [0 — (A, BNV Ly(Y)| — 0 (B.1)
s€[0,t] n—00

under Hypothesis (ie. EY ,E}, € L} (A@)). Since the proof of Proposition is quite technical,
we exploit the proof of the latter convergence to provide a clearer picture to the reader and, at
the same time, to introduce some results which are useful in the proof of Proposition

First, we provide the following decomposition

eV — O ENVL(Y) = MP + V! (B.2)

n,t

where M™ is a (Fnt) /n)i=0-martingale. The decomposition in Proposition 4{is such that n'/ 4/(/1\?
has a non-trivial limit involving the local time. In this section we are not interested on the
limit, therefore the decomposition we take here, is slightly different that the one we consider in
Section [C.1] Indeed here both terms of the decomposition should vanish as n grows. How to
find M7} and V;'? A first step is to look for an approximation of the local time.

B.1 A statistics approximating the local time

The following lemma is crucial in because it identifies a statistics which provide an approxima-
tion of the local time.

Lemma 8. Let g: R? — R be the real function satisfying g(z,y) = |y| — |z|. Then for all
t € [0,00) it holds that (\,,E}) =1,

[nt]—1 [nt]—1

(0,EY.)Y)
Ent = \/— Z E) (VnYim) = Z E[Lis1)/n(Y) = Liesn(Y )| Fresn]
=0

Y
and Sup,e(o 5,(108E‘ ) — Ly(Y) Lo
’ n—00

Proof. Some computations show that (\,, E}) = 1. In fact it holds that

yl -
(A, EY) = // |U|(I)|2| 4 (1,2, y) dy dz

1— o i) 1 o 1= _ 2
8 / / “W D) 2 gy gy 4 L (=) ayde
o_o? V2 oo,
_l<L_L>2 _;(L_i_ y ) )
2\oy oy + 0’6 2\ oy dxd
/ / a+\/27r < 2 Y
— — _lfz y 2 1z ¥y 2
+/ / —) <e 2(07 "f) — Bge 2("*+”f) ) dx dy.
—o0 J —c0 0—?1 27
The first two terms of the right-hand-side cancel because i‘fg = %, so simple change of
“oZ z

variables show that

[ (y—x) [ - )’ k| (amw? _taty?
onE = [ [ F B 4 ) deay
o Jo V2w
oo 00 . o—y)? © 1 )2
0 0 0

24




The scaling property (A.1]), the Markov property, and It6-Tanaka formula (see Lemma [L))
show —EY(\/_Yk/n) = E[L(k+1)/n(Y) — Lk/n(Y)]]-"k/n}. Indeed, let us observe that a simple
Change of variable (corresponding to the scaling property (A.1] m and the Markov property yield

TEEN VY = = [ (Il = VAl anl0. v Ve o) dy

— [ (W= Y1) 003, Y 0) dy = B[ Viesn | — Y2 IV]] = E[¥isa| - Y217 .

Lemma 2.14 in [24] and Lemma [5| ensure the desired convergence in probability. O
Observe that EY (z) is the difference between the expected value of |Y/,| and |Yp| = |z]

Y
and efgéEg ) is a sort of average of all absolute value increments between two consecutive

observations.

B.2 Identifying the martingale term
Lemma [§ suggests that the decomposition (B.2)) could be

OEY

01— D B L(Y) = 20 = 00 BN 4 0, B (5105 - Lu(y)).

Let us look more closely to the first two terms of the right-hand-side. It would be convenient

to add and remove a term involving the function EY. The idea behind that is to prove, by
(0 hY) 5(0 EY y)

) “n,t

deahng with martingales or functions of one variable, that the statistics ¢,
f ZWJ ! EY(\/_Yk/n) and (A, E} )e,, (© E ") have the same limit (i.e. (N, EY)Lt(Y) by Lemma.
A candidate for ./\/l{‘ is
[nt]

Y
e — et = IZ Vi(¥enyjn = 1) VY = 1) = By (VY (onym))

which can be easily seen to be a (F|n/n)e>0-martingale: /\/l” = f > i Lt 1 € with

EZ = h(\/ﬁ(yv(kfl)/n - T), \/E(Yk/n - ’I")) - E[h(\/ﬁyv(kfl)/na \/ﬁyk/n”\/ﬁ}/(kfl)/n} .

Hence, V}' is given by

OEY

[nt|—1
Vr=(\,,EY) ( O Lt(Y)) + % > Gu(vVnYim)

where

G, = B - (\.E])E) (8.3

with g(z,y) = [y — |z[. _

By Lemma |8, to prove , it remains to study the convergence of both M} and G} :=
fztnt G (v1nYim): supse[ovt](|./\//\lg‘| + |G ﬁ 0. In Section [B.3} we provide some
auxiliary convergence results which are useful to deal with these two terms. In particular,
Proposition [7] (see Remark is suitable for dealing with both convergences. We provide the
details in Section [B.4l

To conclude we give some rough ideas of what it means that G;' vanishes and why it is so.
Note that the function Gy, is such that (\,, G;) = 0 which suggests that “averaging” over E}
is not as different from “averaging” over couples consecutive increments crossing the threshold
and then consider the average (integral) of the function E) with respect to the stationary
measure of the process.
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B.3 Auxiliary convergence results

We now provide several convergence results towards 0 or towards the local time of statistics of
the form \/iﬁ Z,EZJ)_I gn(\/ﬁY% ) under different assumptions on the sequence (g,),. Note that

./(/l\? and G;' are of the latter form.
The first auxiliary result is the generalization to the case of OBM of [26, Lemma 4.2].

Lemma 9. Let (g,)nen be a sequence of real functions satisfying that (s, gn) = 0 and for all
relR

n 2 2 " » l " . 1
i VL Tgalualonryllos) | lolaloailost) )

2
Then lim,,_, E [(\/Lﬁ ]E’:(J]_l gn(\/ﬁYﬁ)> } =0 for all t € [0,1].

Proof. The proof is analogous to the one of Lemma 4.2 in [26]. It consists in bounding from
2
above E{( ,Ei%_l gn(\/ﬁYﬁ)> } by
g*(VnY) +Tu(n, g*, Yo) + 2(|g(v/nYo)| + Tu(n. |g], Y0)) Sup IDs(n, g, )]
z€R,s€(0,t
and then using the different bounds of Lemma 4] to conclude. O
The following propositions correspond to Theorem 4.1 a) and b) in [26].

Proposition 6. Let g,: R — R, n € N, be a sequence of functions satisfying lim, . ||gnl1 = 0
and for all x € R it holds that lim,, \/Lﬁgn(\/ﬁx) = 0. Then for all t € (0,1] it holds

|ns]—1

lim E[ sup }n_l/z Z gn(\/ﬁYg)‘] =0.

n—oo Lsefoy =0

Proof. Notice that the integrand is bounded by n=2|g,|(v/nYy) +n~Y2Ty(n, gn, Y). The con-
clusion follows from the first statement in Lemma [4] O]

Proposition 7. Let g,: R — R, n € N, be a sequence of functions satisfying (B.4) and there
exists A € R such that lim,, oo (\s, gn) = A. Then for all t € [0,1] it holds that

1 [nt]—1

7 > (Vi) —— AL(Y).

If in addition sup,,cy ||gn|l1 < 0o then

[ns]—1

sup ‘n_l/Q Z gn(v/nYe) — AL,(Y)
} n

s€[0,1 =0

LO.

n—oQ

Proof. Let us set the sequence f, = g, — (A, gn)Ey with g(z,y) := |y| — |z|. Note that
Lemma (8 ensures that (A,,E)y) = 1 and that \/iﬁz,g;%_lE;/(\/ﬁYg) L L,(Y). Hence
n n—oo

(Ao, fz) = 0 and one can easily show that f, satisfies (B.4). Lemma [J] yields the result.
The additional statement is the same as [26, Theorem 4.1]. It consists in observing that, up to
taking a subsequence (\,, |g,|) converges and then applying the first statement to the sequences

g5 (z) = max{=4g,(r),0}. The fact that \/Lﬁ Z,ngl gE(y/nYx) are increasing and converge to a
continuous (in time) limit implies the convergence in probability locally uniformly in time. [

26



Remark 16 (Proposition |§| and [7| for a constant sequence of functions). Let f € £ such that

for all € R it holds that lim, . f(%x) =0 (e.g. f € L(A)). Then Proposition @ states

that if || f||1 = O then for all ¢ € (0,1] :

[ns]—1

hmE[sup |n=1/2 Z f\/_Yk |}: :

n—00 s€[0,t]

And Proposition [7| states that if f2 € £ and f € L1(AWY) (e.g. f € LE(AD)) then

[ns]—1
sup ‘n 1/2 Z FV/AYs) = O ) L(Y)| = 0.
n—oo

s€[0,1]

B.4 Proof of the consistency (B.1))

We wish to show supse[ovt](|./(/l\g| + 1G7)) ﬁ 0, where M\Q and G" have been introduced
in Section |[B.2l The next result, Lemma [10, ensures that G, satisfies the assumptions in
Remark , thus sup,epo 4 197 | ﬁ 0. For ﬂ,”, the proof is more elaborate. It is sketched
after Lemma [10]

Lemma 10. Let v € [0,00), h: R? — R be a measurable function such that EY is well deﬁned

and EY € LI(AY)) (e.g. h € I, by Lemma @ and let Gy, be the function deﬁned in
Then ()\U, Gp) =0 and G, € ,Cl()\('y ).

Proof. Throughout this proof let K, = ——— 299+ ¢ (0, 00). First note that the fact that

min{c? 0%} o_+oy

_@w? . .
(1, z,y) < K,—= oris e implies that we reduce to the case of Brownian motion and so, some
computations show:

EY (« >|<K¢_/ ly] — Jalle " dy € LLA@)

for all a > 0. Moreover EY € £}(A"), hence in particular it holds (\,,E}) < |E}|l; < co.
Therefore |G| < |E}| + [|EY [L|EY] € £,(A?) and so G, € Li(AD).
It remains to prove that (\,,Gj) = 0. This follows from the fact that (\,, Gj) =
Ao, EY)(1 = (A, EY)) and (A, EY) =1 by Lemma [§] O
To conclude, we provide the arguments to deal with /\/l” = f ZWJ By [21, Lemma 9],
to prove that M\? converges to 0 in probability, it suffices to show that

| o) 2 )
" ZE[(EZ) |*F(k71)/n] — 0.

(Proposition [5 provides the asymptotic behavior as well so it requires more restrictive assump-
tions.) Since

E[(60)*|Fu—1)/n] < E[R(VNY(gm1)/ms VIYin) 2 V1Y =1y /0] = Epe (VY (1)),
it suffices to prove that

1 1 [nt]

] —— Z Ehyz(\/ﬁ}/(k_l)/n> L) 0.
\/ﬁ \/ﬁ P n—00

And this follows by applying the results of the following section in particular by applying
Proposition (see Remark [16)) to EY, € L£1(AW). The proof of ( is thus completed.
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Decomposition (4.4)) into martingale vanishing term

Lemma Lemma Bl
Lemma [1] Lemma

"

Lemma emma [4]
Lemma Proposition [7] roposition [0]
Lemma
‘/A/L emima Lemma
Lemma
Ttem [ Ttem [ Ttem [l Item v

Figure 1: Map of the proof of Proposition .
In the appendix we introduce many auxiliary results. This map show how they intervene in
the proof of Proposition [4 and of other results of the appendix.

C Proof of the key Proposition

In this section we prove Proposition [ which was stated in Section [£.3] The section is organized
as follows: We split the proof of Proposition [ into three parts. The first part, in Section [C.1],
consists in finding the decomposition into a sum of martingale and a vanishing term. We
deal with the vanishing term in Section [C.3] Finally, in Section [C.4] we demonstrate that the
martingale part satisfies Items of Proposition[d In Section we prove that the constant
K} defined by is finite. Figure|l{show how the results of the paper intervene in the proof
of Proposition [

In this section, (Y;):ejo,1) is a standard OBM.

Let us recall that by assumption v > 3 and h € Z,. By Lemma , E} and E}, are well
defined and belong to £}(A?)). For most of the following definitions and proof steps v > 0
suffices. For the sake of precision, we specify when it does not.

C.1 The decomposition into a sum of martingale and vanishing
terms

In this section we determine the terms of the decomposition in equation (4.4)) into a sum of a
vanishing term n'/4)" and a martingale M". Note that for all n € N, ¢ € [0,1] :

et = Qo B L(Y) = M 4 G+ (Ao, BY ) (Linayjm(Y) = Le(Y)

n,t
where M™! and G" are the processes satisfying for all ¢t € [0, 1] that

(0,EY)Y) (0O,EY.)Y)

Mf’l = 5(07h’y) — & + <)\07 E}:) <€n,t - LM(Y))

n,t n,t

and G' = \/iﬁ Z,ﬁ%_l Gh(\/ﬁY%) (Gy, is defined in (B.3) and g(z,y) := |y| — |z|). We used here
(O.8,.Y) and 5532E§ ") as in Appendix .

the abuse of notation ¢, ;
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This decomposition is not the same as the one proposed in Section [B.2] Indeed, Lemma
suggests that LLnt 1m(Y) = Ly(Y') will contribute to V", so we split into two terms the quantity
(Ao, EY) ( (0.85.Y) —Lt(Y)). Moreover, it has been shown in Section [B.4ithat sup,¢(y 4 |GY| SN

? n—00
0, but the convergence speed have not been studied. In Section [C.1] we decompose G;* into two

terms, one contributing to M and the other to V;*. More precisely, G" = (G" — M™?) + M™?
where

NE
[

[nt)

[n

E[Gh (VY (k) ym) | Fisn] — B[Gh(VRYiwy )| Finym]) . (C1)

%\

k=1 jIO

And so it holds for all n € N, t € [0, 1] that

eOM O ENVL(Y) = MP 4+ M2 4 G — M+ (0, EY) (L (Y) = Li(Y)) .

n,t

We first show, in Lemma , that M," ! is a good candidate for contributing to the martingale
part of the decomposition.

Lemma 11. M™! is a martingale with respect to the filtration (Fni|/m)ico,1]-
Proof. Throughout this proof let A™ and B™ be the processes given by

[nt|—1
1
=— ) Ey (vnYx) - L (V) and By = MM — (A, EY VA

So B = IZW/J ! <h(\/ﬁYE,\/ﬁY@) — EZ(ﬁYQ) . It suffices to show the martingale

property for A" and B". Let t € [0, 1] be fixed. The martingale property for A" is an immediate
consequence of Lemma[§ Let us explicit the case of the process B". Forall j € {0,..., [nt]—1}
it can be easily shown that

[nt]—1
E[n%Bmf%} =Y E[h(\/ﬁYg,\/ﬁY%) - EZ(\/ﬁygﬂf%} + B’} = B7.

k=j

because for all k € {j,...,|nt| — 1} it holds that
E|h(v/nYs, VilVist) = B (VAY2) s | = E|E|h(vaYe, viYie) — BY (VaYe) | Fe | 17,
—E| [ MY V1 Y - B VYL | <[] <o

n

The proof is thus completed. [
Definition (C.2)) implies that M™? is a martingale as well.
Lemma 12. M™? is a martingale with respect to the filtration (]:Wj/n)te[oﬂ.

Proof. Using (C.4) we rewrite M™? in (C.5) as

[nt] [nt]

My \/— Z Z Gh (VnY(j4n) /n)‘«/t‘k/n} [Gh(\/ﬁ}/ij+k)/n)yf(k_1)/n}) (C.2)

k=1 5=0

which shows that M™? is a martingale with respect to the filtration (Fnt|/n)tefo.1]- H
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Lemma (11) and Lemma (12| identify the (F|n¢)/n)i>0-martingale M™ and also the candidate
to be the vanishing term with rate of order at least 1/4 (denoted by V"):

MP = pl/t (]\4?1 + Mt”2) and

C.3
V= G = MP 4 O B (L (V) — L(Y)) )

To prove Propositiond} it remains to show that sup,cp 1 nt/4Vr| — "+ 0 and that M" satisfies
’ n—00
Items [Hivl This is done in Section and Section [C.4]

C.2 Finiteness of the variance

In this section we provide the proof of the finiteness of the constant K} defined by . The
proof is actually contained in Section [C.4] but we choose to show it separately. Instead, we do
not prove separately non-negativity of the constant.

The expression of K} depends on a function, P} which is here expressed with the use of
some auxiliary functions. We first introduce and prove some properties of these functions that
are also used to provide an alternative expression for M™?2. For all 4,5 € {0,1}, n € [0, 00) let

w4 1
Qth and Qn,i,j = Qifz),g (04)
k=i

L
(n ._
Qn7i7j T

where Q7 is the semigroup of the OBM given in . These quantities may be seen as the
aggregated action of the semigroup on the function Gy, up to different times of order n”7. We
reduce to consider only some precise values of 7, in particular n = 1/4 and n = 3/4. (The
results in the next sections would restrict the parameter choices, and these precise choices
would respect the restrictions.)

Note that the process M™? satisfy for all ¢ € [0, 1] that

[nt]

n2 L
M," = % ; (Qn,o,o(\/ﬁyg) - Qn,l,l(\/ﬁy%)> ) (C.5)

The following lemma relates the sequence (Qy,.0.0)men with P) in (2.11)) (with 8 = 0 because
Y is an OBM).

Lemma 13. Pointwise lim,, oo Qmoo = Py . Moreover, z + P} (x)/(1 + |z|) is bounded.

Proof. Let x € R. Note that P} in (2.11)) for OBM rewrites as
PY@ =Y [ pxlhn)Galy)dy = 3 Q7G(a),
k=0~ k=0

Hence there exists a positive constant K € (0, 00) such that

[Quoo(@) =P ()| < D QG| <K(L+[zl) > kP
k=|mt/4|+1 k=|mt/4]+1

where the last inequality follows from Item [ii] in Lemma [3] and Lemma [10} Indeed, Lemma
establishes that G, € L}(A) for all v > 0 (in particular for v = 1 and v = 2). The
fact that 3 77 14 k=3/2 converges to 0 as m — oo proves the first statement. Similarly,
Item [iil in Lemma |3 proves that there exist constants K, K’ € (0,+00) such that [P} (z)| <
|G(2)] + K(1+|z]) 02, k32 < K'(1 + |z]). The proof is thus completed. O
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We are now ready to prove the finiteness of K} .
Lemma 14. The quantity K defined by ([2.10)) is a finite constant.

Proof. Let us recall that

20_04 8
o— +o04 3V2m

—2\/202:7::; <NY7EZ>/j:O <e W’ \ax ‘EA) ( %))Pf(y)uy(dy)

2
2 0 |zle 2(0(1:))2 7@ 1
— 2y, EY) (U" +";) / / / 1) (e VT Dy (dy) diay (d2),
+

where @ is the cumulative distribution function oh a standard Gaussian random variable, and
PY has been studied in Lemma Note that A-integrability is equivalent to py-integrability.
Therefore if f € L£}(A®) then f is M-integrable and (uy, f) is finite. Since v > 1, Lemma
ensures that f = E},EY, € £}(A) which is contained in £}(A?) by Remark . And
also, in Lemma (13 it has been shown that |P} (y)] < K(1 + |y|) for some constant K €

(0,00), so Lemma [2| ensures that = E{Py( z)/(1 + |2|) belongs to L}(AD). Since v >

1, we deduce that EYPY is A-integrable. Let us now consider the second last integral ap-

({uy E))?

Kh - </J'Y Eh2 +2Eh 7>Y> +

pearing in the expression of K, . Since 1 — 27— |y| CID( %lyl)) e?(a(y)) € [0,1] for all y €

R, we reduce to check that e v/ QPY( (y)y) is )\—mtegrable. And this is the case because
eV PPY (o(y)y) < K(1+ |y])e /2. For the last integral we use that » € Z, and exploit
the inequality h(z,y) < h(z)e?¥= < Ke=2l for some constant a, K € (0,00). Then we
deal with fo \i- lealViz—VI=tyl 4y < ealel+alyl fo \/1—1dt = eleltellz. By observing that
22
xl |aj|e 2(‘7(1))2

ﬁa(m)

z — el and y — e®Vld <—U|(Ly‘)> are A-integrable, we complete the proof. O

To conclude the section we study some properties of the sequences Q,,; ; which intervene in
the next sections. The following facts are consequences of Lemma , Lemma (which requires
v > 2), and the fact that > ;_, + < 2log(n) for n > 2. For every ¢ € [0, — 1] and every
n € (0,1), the fact that (A\,, G,) = 0 and Item fiii|in Lemma imply that for all z € R it holds
that

Q711 Ga(7)] < (1 + (LU JZ:l) Ken™ <1+\xn*7l1/2/a(z)|C + 1+(\x|}a(:p))€> (C.6)
and
Q 27%0( )+ |Qn1 ()] < 2K log(n) <1Hm—n1/2/a(x)|c + 1+|x/lg(g;)|c> (C.7)

for some K, € (0,00) depending also on 7. Hence (C.7) with ¢ = 0 and Item [iil in Lemma
imply that for all z € R it holds that

19 o(x)| + QY 1 (2)] < 2K min {log(n), (1 + |z[)}, (C.8)

for some constant K € (0, 00) depending on 7 € (0,1). This and the fact that Gy, is bounded

ensures that for some positive constant K € (0,00) it holds that |Q£:f())70(x)| + |Q£Z7())1(x)| <

2|Gp ()] + [Q) o(2)] + QU1 1 ()] < 2K (log(n) + 1) and

1QW) o(@)] + Q1 ()] + Q% o ()] + |QY) 1 (2)] < 2K (log(n) + 1). (C.9)

31



C.3 Dealing with the vanishing term

We now prove that V" defined in (C.3), satisfies that sup,cqy nt/4Vr| " 4 0. Thisis a
’ n—00

consequence of Lemma [b| and Lemma [15]

Lemma 15. Let h € Iy. Then sup,c n/*|Gr — M!?| 0.
’ n—+00

Proof. Using (C.4) we rewrite M™? in as ((C.5) and also as

nt|—

1
M2 = G = = (Quoo(VY) = uool V) - Z oty G (VYm).
7=0

Let

1 [nt]—1

mp 1= 67— = (QUNVAYS) — @AY y) — = Z Q7 4, CalVAYin).

By analogy, mj has an expression as and so it is clear that m™ is a martingale with
respect to the filtration (F|nij/n)icio,1- Therefore 711/4(1\/[[“2 —mj}) as well. Let us denote by
DI = p'/4(Gr — M"®) and d? = n'*(GF — mP). Then D"* — d" = n*/*(m" — M™?) is a
martingale with respect to the filtration (F|u /n)te[o,l]- In this notation, the goal is to prove

SUPeqo,1) | D5 | —> 0.

—00

First step: For every t € [0,1], let us show that lim,, ., E[(D? — d7")?] = 0 by demonstrating
the stronger fact that lim,, ., E[(D?)? + (d}')?] = 0.
Let t € [0,1] and n € {3, 2} be fixed. Inequality (C.9) implies for all w € Q that

sup =4 (QU) o (VITYo(w)) = Qo (VY s (@) ) —— 0, (C.10)

s€[0,1] n—00

2
hence it holds also that lim,_,., E {nl/ 2 <Q£Z())70(\/5Y0) — Qﬁg&o(\/ﬁ}qm /n)> } = 0. Next ob-

serve that, since A\, is a stationary measure, the sequences of functions g(") =nl/ 4QLn” I+1 Gy,

n € {1,2} satisfy that Aoy g7Y = nl/4(,, Gy) which is equal to 0 by Lemma m This and
inequality (C.6]) (with ¢ = 2 since h € Z;41) ensure that (B.4) holds. (A sufficient condition is

n=1/4.)
Hence, LemmaHshows that lim,, ., E [ —1/2 (ZW e 141 Gr(V/nY) )) } —0.

Second step: It holds that supgeqy [ Dy — df| Lo

n—oo
This follows from [T, Proposition 1.2] as a consequence of the previous step and the martingale

property of D" — d".
Third step: It holds that sup¢(o 1 [} | L 0. This follows from and from applying

Proposition [6| to the sequence g, = n1/4Q‘L’ 3 1Gh. (Here taking n'/ 4Q
+

1/2 would be sufficient.) The assumptions are indeed satisfied: lim, o [|gn]li = 0 by Item [i

in Lemma [3[ and in the first step we have proven that g, satisfies (B.4) and in particular

lim,, o, 2002 — (.

Combining the two last steps yields the conclusion. O

o +1Gh with n >
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C.4 Dealing with the martingale term

In this section we complete the proof of Proposition [l The arguments are sometimes sketched
because analogous to the ones in [26], Section 6.

Let v > 3 and h € Z, be fixed. By Definition |l of Z, there exist a non-negative function
h € £;(A\") and a constant a € [0, 00) such that |h(z,y)| < h(z)e?¥=2|. In this section h and
a are fixed.
Let us also recall some notation: let EY the functional in (2.8), Q7 the semigroup in (A.4), G,
in - Q in and its limit Ph in - see Lemm , and L in (A.6)).

For all n € N the (Fnt)/n)telo,1-martingale M™ in rewrltes as M} = Z,Entl X% where

=175 (MY (k1) /ms VIYisn) = s BY) Vi Lin(V) = Loty a(Y)))
+nE (Qn.00(vVnYisn) = Quot (VnY1y/m))-

Now it remains to prove Items in Proposition [

(C.11)

C.4.1 Proof of Item [i| in Proposition

It follows from scaling property (A.I) and Lemma [§f For alln € N, k € {1,...,[n]}, the
scaling property (A.1)), Lemma (8| and (C.4)) ensure that

E [ X3 | Fk=1)/n]
- i(Gh(\/_Y(k i) / Qn0.0(¥)ee (1, VY (k1) ms ¥) dY = Qo1 (V0 l/n))
n (Ql n00(VY(k-1)/n) = Qn,l,l(\/ﬁy(k_n/n)) =0.

C.4.2 Proof of Item [ii in Proposition
Let t € [0, 1] be fixed.
First step: It can be easily shown that
VIE[(xX3)?| Fie-1)/n]
= fo(VnYi-ny/m) + (o, BD)PLO (L VY1 m) = 200, By D (VY (1)

where fnand hy, are given by f,(z) := E}, (2)+2E) o (2)+gn(x) and hy,(z) := LY (h(z,-), z)+

D (Quo0, 7). with ga(w) := Q7 ((Qno0)?) (z) - <Qn,o,1< 7))’
In fact first note that, by (A.7), for all k = 1,...,nt] it holds that

(VY izt ) = VAE[(h(VYizt, VAY2) + Quoo(w/Ye)) (L (V) = Lics (V) Fica

Let us now consider f,. Clearly f, have to be the sum of all remaining terms and it has
to have the desired form. This follows from the fact that the scaling property (A.1l)) and

equation ((C.4) ensure that ]E[(Qmo,o(\/ﬁYk/n))Q|f(k_1)/n] = Q7((Qn0,0(v/nYs/n))?). but also
IE[Qmo,o(\/ﬁYk/n)\f(;ﬂ_l)/n} = Qu11(v/nY(_1y/) which, together with the definition of Gy, in
" " and the fact that Qn,l,l(\/ﬁ}/(k;—l)/n) = Qn,(],l(\/ﬁ}/(k—l)/n) — Gh(\/ﬁ}/(k—l)/n> show

that Q,0,1(v/nY(k—1)/n) can be rewritten as

:\?&*

Quor(ViYics) = E[h(ViYics, VYs) + Quon(ViYs) = (g, BYWA(Le (Y) = Lics (V)| Fics

n

Sl=

The proof of the first step is thus completed.
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Second step: Tt follows from applying Proposition [7] to the constant sequence of functions

n P g_0.
L®)(1,-) that \%ZL Hpe (1, VY -1y /m) — 3 o 3rLt(Y). The fact that the assump-

tions of the proposition (i.e. L) (1,-) € L£}(A?)) are satisfied and (\,,L?)(1,-)) = 3i::;i 3\5%
follows from the fact that E[(Ll(W))Q] =1 and Lemma@

In the two final steps, we vvant to apply Proposition [7| to the sequences f,, and h,,.

Third step: We show that \f > i Lnt] 1 (WY sty ) — — ()\U,E —I—QEh 7)Y>Lt(Y). applying
Proposmon To do so we check that the sequence f,, satlsﬁes 4)) and that hranooO\g, fn) =
Ao Ejo + 2E; 5 ).

The fact that lim,, 00 (Ao, gn)=0 follows from the fact that A, is a stationary measure,
inequality (C.6) with ¢ = y—1 > 2, and inequality (C.7)). Note that E} 5 oo =ElLc, TEl g,
Lemma (1n particular the fact that Gh is bounded) ensures that there exists a constant
K € (0,00) such that [E} ¢ ()| < Kh(z). By (C.8) there exists constants K1, K5 € (0,00) (all
depending on o4 and K, dependmg also on the constant a € [0, 00)) such that

|EZ’Q%170(I>’ S Klﬁ(x> (/ (1 + |$‘1[—a),93] (y) + ‘y|1R\[—x,a¢] (y))ealyiw‘QU<17xa y) dy>

o0

< Kph(z)(1 + |z).

The fact that h € I, C I, ensures that h € L£;(A") (by Lemma [2) and so E} o oo € LN

Hence, dominated convergence and Lemma [13[{show that lim,, .. (\s, fn) = (Ao, E +2E
Let us now show that f, satisfies equation (B.4)). By Lemma , E}, € LI A@).

Let us explore the contribution to (B.4)) of the other parts of f,,. Let us first consider E};QW Y, =

E) g, + El o, ., Above we saw that [E} o | < Kh with K non negative constant. Cauchy-
Schwarz inequality implies that

(E) o, (@) < / W,y (1,2, y) dy / " (Quio())ar (1,2, y) dy.

—00 —0o0

ney )

o0

It can be easily shown that the first factor is uniformly bounded by a finite constant. And by
(C.7) (taking ¢ =~ — 1 > 2) there exist constants K, Ky € (0,00) such that

@1 ((Quio®) = | T (Quro)Pan (1,2, ) dy

< K1/ (logn) 1qa(l,x,y) dy < KQ(llog(n))
—oo (L+[yn7s /o (y)~1)? 1+ |zn~s /o (z)[26-D
The last inequality are consequences of the upper bound for the transition density of OBM

QO'(17 €, y) < %6_5({9)_”(@

(C.12)

* and of [26, Lemma 3.2] (or some computations). There-

fore E{Qn,o,o (x) < K <h(x) + 1+|xn10§;2)(x)|7_1). Finally we consider the auxiliary function g,:

note that |g./(z) < Q7(2(Qno0)” +2(Ga)*)(@) + 2(Qna(2))* + 2(Ga(2))*. Inequality (C.7)
and inequality (C.12)) imply that Q7 ((@n.00)?) (%) + (Qn11(2))?* < K(log(n)) for some

e {/o(@0-
non negative constant K. Lemma [I0] the fact that v > 2 and Item [iif] of Lemma [3] yields

(Gp)? < KGy, and Q ((G)?) (z) < K(e™**/? + W) for some non—negatlve constant
K. Combining all terms yields that f, satisfies . (Here we used the fact that v > 3 and

n=1/4 < 1/3 in the definition of Q.)
Fourth step: We show that ZWJ hy(y/nY )L L(Y) lying P ition |7
f (k-1)/n) —— eala(Y) applying Proposition |7}

where 2(\,, E} )¢y, := — K}, + ()\O,E + 2E) 77Y) + 30;21 3m(<AU,EY)) . To do so we check

that the sequence h,, satisfies and that hmn_m(/\o, hn) = cp.
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Inequality (C.§)), the fact that G, is bounded (see Lemma [10]), the fact that
E[Li(W)(1 + [Wi] + e ™ML 1) ery)] < 00

(see the joint density of BM and its local time (A.3])), boundedness of h, and the change of
variable s = ﬁ%% show that there exists K € (0, 00) such that

m2
ILD (h(z,-), )| + LY (Qno0, 2)| < 2K]|z|e” @2 e L1,

Hence dominated convergence, and Lemma (13| demonstrates that lim,, . (Ag, LY (Q,00,°)) =
(A, LA (PY .)). Moreover the latter inequalities ensure also that h,, satisfy (B.4)).
Lemmah@ allows us to rewrite cj, := (Ay, LM (R(-,), ")) + (Ag, LO(PY 1)) as

Ch:\/>a +0’+ / l__ / / pl y, L E’Ph y\/l— )dédydt
T 20_04
o0 2<a(ac))2
/ / / / |x|€2m \/% — 197 (y, O)h(zV't, yv/T — t) A dy dtA,(dx)

where p7 is the joint density of a standard OBM and its local time at time 1 (given in (A.2))).
This expression can be easily checked to be the desired expression for c¢y,.
C.4.3 Proof of Item [iii in Proposition

Let t € [0, 1] be fixed.
First step: Let us show that

E[XFE(Yesn = Yoo 1)/n) [ Fik—1)/n)

= % <n_%f1(\/ﬁyr(kfl)/n) + g (VY -1y m) + (Ao E{)n‘ifg(\/ﬁif(kfl)/n))

where f1, fo, g, are given by
A= [ () + Gu) @~ DanL. ) dy. fole) = 2LO(1,2), and
T) =01 /_ Qn10W)(y — 2)g,(1,7,y) dy.

Throughout the proof of this step let I: x — = denote the identity function. It follows from
(C.11)), the fact that Y is a martingale, ({A.7]), and the scaling property (A.1l)) that

ni E[XZ(Yk/n — Y(k—l)/ﬂ)"r(k‘—l)/”}
= VY1) + Qoo ED (VY 11m) = LO W VA1) + 0 gV i),

The proof of this step is completed if LM (I, -) = 0. This equality follows from the fact that for
a standard BM, say W, it holds that E[L;(W)W;] = 0 and from Lemma 6]

In the next steps we want to check that Proposition [6] can be applied to the sequences
n- 4f17 n 4f2 and g,,.

Second step: We show that f; is bounded and integrable: f; € £3(A\(©).

The proof follows from Lemma and Item [iif] in Lemma [3] In this proof the fact that
~v > 3 is strongly used.
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The fact that h € Z, C Z3 and Lemma ensure that A and G, are in E;(/\@)). This,
Cauchy-Schwarz, the fact that (foo —2)%q,(1,2,y) dy) < 0214y er} + 071, cr}, and the
fact that that [~ (Gn(y))?¢(1,2,y) dy = QG (z) yield

o0

aly—x o 1/2
ey — 2lgo(1,2,y) dy + \/ail{a,em + 0214y, ey (JQIGE(2)])*.

£(2)| < (o) /
By Lemma [10] Gy, is bounded, i.e. there exists K € (0,00) such that sup,cp |Gp(z)| < K and
(Aos Gp) = 0, and so |(\,, G2>| < K|(As, Gp)| = 0. And so Item fiii in Lemma [3] implies, up to
increase the constant K € [1,00), that
1 1 =2 1

QIGi(z)| < K + K——e @? < 2K? FETew
L L+ |z/o(z)= Ve 1+ |z/o(z)| =)

Since 7 > 3 it holds that (|Q7G2(z)|)?F € £2(A) and so |f1] € £E(A©).

Third step: The fact that fy is bounded and mtegrable follows from Lemma [6]

This and the change of variable s +— r = W show that there exists a positive constant
K such that

@) = ( 20_0+> zla| { (W)] VIS i,

o_+o4 (W) 2mws?2

- <:U+a;+>2 a:\:c| { 1%))}/ \/—\/———6_2—d7~ o
)]

o
< < 20 0, > |x|E[L1(

© 1
_E—d ) . <K 4<c(z>>2 c L£1\O
o_+0y) min{o_, 0.} ¢ " Ho@ery < e y(A™).

Vor T

In the last inequality we used that E[L;(W)] € [0, 00). This step is thus completed.
Fourth step: We prove that [*_|g,(z)| dz and \/iﬁgn(\/ﬁx) converge to 0.
Cauchy-Schwarz inequality ensures

@ <07 ([~ (@uuntPasteay) ([~ oPa e ).

[e.9]

U( ))2

Note that (ffooo(y —2)2q,(1,2,y) dy) < 021{,_ery+07 15, ery and inequality (C.12)) yield that

_1
there exists a constant K € (0, 00) depending on v and o such that |g,(z)| < . T “1(2/10?()7) -.
+|zn” 8 Jo(x)|"—
In the last steps we proved that Proposition [6] can be applied and this completes the proof.

C.4.4 Proof of Item [iv] in Proposition
Let € € (0,00) be fixed. For every k, Holder’s inequality and Markov’s inequality show

E[IXE*Ligizey Fis-1n] < B[N [ Fs-1yn] 75
The fact that h € Z, C IO ensures that h is bounded and integrable. This combined with
Jensen’s inequality and ensures that sup,.g h(z) + [(A\, EY )| is bounded by a constant
K € (0,00) and for all n € N \ {0,1,2,3} it holds that
B[} 1P| Fe1y/n] < 44n—%K5<E[ SavlYem=Yo-v/ml| £y, /n]
-+ E[(\/ﬁujk/n(Y) — L(k,l)/n(Y)D ‘./T"(kfl)/n:| + (log n)5>
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The fact that density of the OBM has a Gaussian behavior together with the scaling prop-
erty (A.1)) ensure that E[emﬁ‘yk/"_y(k’”/"'|~7:(k71)/n] = [T ebelv=rlg, (1,2, y) dy is bounded.

By (A.6) and Lemma @ we can show, similarly to the third step of the proof of Item , that
there exist constants Ky, Ky € (0,00) such that

E [(\/ﬁlLk/n(Y) - L(kfl)/n(Y)DE) |~F(k71)/n] = LO(1,v/nYg-1y/n)

1 n(Y(h—1)/n)>
< Kl/ (1—t) \/_|Y(k 1/n| Wmdt < K.
a o V2rts oYy /n) a

We conclude that there exists a constant K € (0, 00) such that

- n _5 _
ZE“Xk|21{|XZ|Z€}|F(’C—1)/N} <nKn 1log(n)e® — 0.

n—00
k=1
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