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Large deviations of the Lyapunov exponent in 2D matrix Langevin dynamics
with applications to one-dimensional Anderson Localization models

Cécile Monthus
Institut de Physique Théorique, Université Paris Saclay, CNRS, CEA, 91191 Gif-sur-Ywvette, France

For the 2D matrix Langevin dynamics that corresponds to the continuous-time limit of the product
of some 2 x 2 random matrices, the finite-time Lyapunov exponent can be written as an additive
functional of the associated Riccati process submitted to some Langevin dynamics on the infinite
periodic ring. Its large deviations properties can be thus analyzed from two points of view that
are equivalent in the end by consistency but give different perspectives. In the first approach, one
starts from the large deviations at level 2.5 for the joint probability of the empirical density and
of the empirical current of the Riccati process and one performs the appropriate Euler-Lagrange
optimization in order to compute the cumulant generating function of the Lyapunov exponent. In
the second approach, this cumulant generating function is obtained from the spectral analysis of
the appropriate tilted Fokker-Planck operator. The associated conditioned process obtained via
the generalization of Doob’s h-transform allows to clarify the equivalence with the first approach.
Finally, applications to one-dimensional Anderson Localization models are described in order to
obtain explicitly the first cumulants of the finite-size Lyapunov exponent.

I. INTRODUCTION

Products of random matrices and their continuous counterparts play a major role in Probability Theory and
in Statistical Physics, with important applications in the field of random dynamical systems and in the field of
disordered systems, either classical or quantum (see [1-10] and references therein). The Lyapunov exponent that
measures their exponential growth is an essential observable. Since its typical value appears with probability one in
the thermodynamical limit, the main goal has been usually to compute this typical value in various models via the
Dyson-Schmidt invariant measure method. However, more recent works have analyzed in great detail the finite-size
fluctuations of the Lyapunov exponent via its first cumulants or via its full large deviations properties, either for
dynamical models with noise [11-13], for Anderson Localization models [14-16], and for products of random matrices
[17], in particular for random matrices of the group SL(2, R) [18-20] that are related to various Localization models.

In the present paper, we consider the 2D matrix Langevin dynamics that corresponds to the continuous-time limit
of the product of some 2 x 2 random matrices. Since the Lyapunov exponent can be rewritten as an additive functional
of the associated Riccati process, it is interesting to revisit the problem of its large deviations in relation with the
recent progresses made in the field of large deviations for non-equilibrium stochastic processes (see the reviews with
different scopes [21-29], the PhD Theses [30-33] and the HDR Thesis [34]). The theory of large deviations (see the
reviews [35-37] and references therein) is usually based on the classification into three levels, namely Level 1 for
empirical observables, Level 2 for the empirical measure, and Level 3 for the empirical process. More recently for
non-equilibrium Markovian processes, the intermediate 'Level 2.5’ concerning the joint distribution of the empirical
measure and of the empirical flows has emerged as the simplest level where one can write explicit expressions for the
large deviations. This large deviation analysis at Level 2.5 has been applied to various settings, in particular Markov
Chains (discrete-space and discrete-time) [10, 30, 37-39], Markov Jump processes (discrete-space and continuous-
time) [30, 33, 34, 39-50] and Diffusion processes (continuous-space and continuous-time) [33, 34, 39, 43, 51, 52],
while the recent generalization to the Lindblad dynamics [53, 54] offers new possibilities for open quantum systems.
Since any time-additive observable of the dynamical trajectory can be reconstructed via its decomposition in terms
of the empirical density and of the empirical flows, its large deviation properties can be obtained via the appropriate
contraction of the large deviations at level 2.5 for the empirical density and flows. Another standard method to
analyze time-additive observables of stochastic processes goes back to the famous Feynman-Kac formula [55-58] and
consists in studying the appropriate ’tilted’ dynamical process. This approach has been used extensively in the field
of non-equilibrium processes recently [21, 26-29, 31, 34, 53, 54, 59-83], with the formulation of the corresponding
‘conditioned’ process via the generalization of Doob’s h-transform. Even if these two approaches to analyze additive
functionals have to be equivalent in the end by consistency, they provide different perspectives, and it will be thus
interesting to consider both methods to characterize the large deviations properties of the finite-time Lyapunov
exponent in 2D matrix Langevin dynamics.

The paper is organized as follows. In section II, we introduce the 2D matrix Langevin dynamics and its finite-time
Lyapunov exponent that can be rewritten as an additive functional of the Riccati process. In section III, we describe
the steady state of the Riccati process that allows to compute the typical Lyapunov exponent. We then turn to the
study of large deviations properties. In section IV, we describe the analysis by contraction from the large deviations



at level 2.5 of the Riccati process. In section V, the link with the alternative analysis in terms of the tilted dynamics
and of the conditioned dynamics is discussed in detail in order to obtain another interesting perspective. Finally, we
apply this large deviation analysis to the Lyapunov exponent in one-dimensional Anderson localization models with
random scalar potential (section VI) and with random supersymmetric potential (section VII). Our conclusions are
summarized in section VIII. In the appendices, the Euler-Lagrange optimization procedure described in section IV is
solved perturbatively to obtain explicitly the first cumulants, both when the Riccati steady state is a non-equilibrium
state with current (Appendix A) and when the steady state is an equilibrium state without current (Appendix B).

II. LYAPUNOV EXPONENT FOR TWO-DIMENSIONAL MATRIX LANGEVIN DYNAMICS

In this section, we introduce the notions and the notations that will be useful in the whole paper. The two-
dimensional matrix Langevin dynamics is defined in cartesian coordinates in subsection II A, translated into polar
coordinates in subsection II B, while the Riccati variable is introduced in subsection II C. Then we discuss the finite-
time Lyapunov exponent Ar in subsection IID, the other Lyapunov exponent in subsection II E, and the density of
zeroes of the first cartesian component in subsection IIF. Finally, the notations for the large deviation analysis of
the finite-time Lyapunov exponent Ar are introduced in subsection II G, with the rate function I(\) and the scaled
cumulant generating function p(k), while their possible Gallavotti-Cohen symmetry is discussed in subsection ITH.

A. Cartesian coordinates (yi1(t),y2(t))

We consider the following Langevin dynamics for the two-dimensional vector of real components y; (t) and yo(t)

4 (yl(&) = (M +n(t)W) (yl(w) _ (Mn +n(t)Wir M +77<l‘)W12) <y1<”> (1)

dt \y2(t) y2(t) Moy +n(t)War Mag + n(t)Waz ) \y2(t)
where M and W are two given 2 x 2 real matrices, while 7(¢) is a Gaussian white noise
<n(t)> =0
<n(n(') > =o(t—t) (2)

Since the noise n(t) is multiplicative in the stochastic differential Eq. 1, we need to specify that we will use the
Stratonovich interpretation.

Eq. 1 is interesting on its own as a first-order linear dynamical system perturbed by noise. It can also appear
as a reformulation of second-order differential equations in one dimension (see sections VI and VII on Anderson
localization models). Finally, Eq. 1 corresponds to the continuous-time limit of the product of some 2 x 2 random

matrices Qp_1.9. n
(tnlrad)) =2 (1ain 2 HA0) = utticr-mtn (20)) o

B. Polar coordinates (e!®,0(t))

Via the change of variables towards polar coordinates with modulus e¢®) = \/y?(t) + y3(t) and angle 6(t)
() +iya(t) = eSOFTOO = o8O (cosO(t) + isin(t))
Gi(t) +iga(t) = [£(t) +i6(t)] SO0 (4)
one obtains that the polar angle 8(t) evolves according to the following Langevin equation independent of £(t)
o) = [Myy cos® 0(t) — Mygsin® 0(t) + (Maa — Mi1) cos 0(t) sin 0(t)]
+n(t) [Wai cos® 0(t) — Wiasin® 0(t) + (Waa — Wi1) cos 0(t) sin6(t)] (5)
while the Langevin equation for £(¢) involves only the angle 0(¢) and the noise 7(t) on the right hand-side
£(t) = [My1cos? 0(t) + Moy sin? 0(t) + (Mo + May) cos 0(t) sin 6(t)]
+n(t) (Wi cos® 0(t) + Waa sin® 0(t) + (Wiz + Way) cos 0(t) sin 6(t)] (6)

The two right-hand sides of Eqs 5 and 6 can be written in terms of the double angle (26(¢)) only, and it is thus
convenient to use instead the Riccati variable as we now recall.



C. Langevin dynamics for the Riccati variable R(t) = tan6(¢t) =

Although the angle 6(t) has the advantage to be periodic on the finite ring [~ 7, 7] without singularities, one usually
prefers to work instead with the Riccati variable

ya(t)
R(t) =tand(t) = 7
(1) = tan(t) = 20 (7
that has the disadvantages to live on the periodic infinite ring | — 0o, +00[ and to become infinite R = oo when the

first coordinate vanishes y; (t) = 0, because its Langevin dynamics
R(t) = a[R()] + n(t)b[R(1)] (8)
involves two functions that are simply polynomials of degree 2 in R

G[R] = M21 + <M22 - Ml])R — M12R2
b[R] =Ws + (WQQ - Wu)R - W12R2 (9)

It is thus technically simpler to work with the Riccati variable R, but one should always keep in mind that the real
axis R €] — 0o, +00[ is a periodic ring where the two infinities R = +00 are glued together. In addition, many integrals
over R that will appear in the analysis will only be convergent in the Cauchy principal value sense. Whenever one is
confused about the singularities or the physical meaning in the asymptotic regimes R — £00, one can always return
to the angle interpretation to clarify the problems.

D. Finite-time Lyapunov exponent Ar as an additive functional of the Riccati process R(0 <t <T)

The finite-time Lyapunov exponent Ar characterizes the exponential growth of the initial 2D process (y1(t), y2(¢))
of Eq. 1 during the time-window 0 < ¢ < T. One can thus consider different definitions based either on the growth
of the modulus /y?(t) + y3(t) = ™), or on the growth of the absolute value of the first component |y, (¢)| or on the
growth of the absolute value of the second component |y2(¢)|

(modulus)  _ l n y%(T) +y%(T) _ §(T) _6(0) _ l T :
& =7 ( y%<o>+y§<o>>‘ =g ) @
Wy _ 1 yl(T)‘_l ()
S R AT ‘T/o @)
W) _ 1o (5T ‘1 T ()
A =gl =1, (10

Since these three definitions will become equivalent for large T', one can choose the definition that is the most relevant
for the physical application under study, or the definition that is technically simpler. In the applications to Anderson
Localization models that we will consider in sections VI and VII, it is standard to consider /\55“), so in the following
we will choose this definition

Lo (| 1 [T ()
A=A = =— [ dt (11)
T O] TSy ()
but if one prefers another definition in Eq 10 for other applications, it is straightforward to adapt the computations.

Eq. 1 yields that the logarithmic growth of the first component y; (¢) reads in terms of the Riccati variable R(t) = zfgg

Nall
=
—~
~
~—

= [Myy + My R(8)] + n(t) Wi + Wi R(1)] (12)

1 (t)

It is convenient to eliminate the noise 7(t) via the Langevin Eq 8 for the Riccati variable in order to rewrite Eq. 12 as

)_ [Mi1 + Mi2R(1)] + ( ) (Wi + Wiz R(t)] = a[R(1)] + R(1)B[R(1)] (13)



where we have introduced the two functions
a[R]
B[R]
(M1 Way — Moy Why) + R(M1yWag — Moo Wiy + MioWay — Moy Wia) + R?(MyoWay — Moy Wig)
Way + (Wao — Wi1)R — Wip R?
_ Wi+ WiaR . Wi+ WiaR
b[R] N Wa1 + (WQQ — Wh1)R — Wi R?

a[R] = [Mll + MlZR} [Wn + leR}

BIR] (14)

Plugging Eq. 13 into Eq. 11 yields that the finite-time Lyapunov exponent Ay can be rewritten as the additive
functional of the Riccati process R(t) over the time-window 0 <t < T

e :
v = [t [alR() + B[R] (15)
0
E. The other finite-time Lyapunov exponent A"

The finite-time Lyapunov exponent Ar discussed in the previous subsection is actually the maximum Lyapunov
exponent

A = A (16)

that governs the growth of any solution of Eq. 1 considered independently. However if one considers two solutions
(+) of Eq. 1

d(yEm yE)
i (yl*a))‘(MM(”W) (y}@) an)

the determinant of these two solutions

Alt) =

O O] ]
PR R OO0 18)

allows to analyze the dynamics of the phase space volume : the exponential growth of A(t) over the time-window
0 <t < T involves the sum of the two Lyapunov exponents

max min — 1 A(T) _ 1 r A(t)
A gm :Tln‘A(O)‘—T/O NG (19)

Since the maximum Lyapunov exponent A7** = Ar has already been defined in Eq. 11, Eq. 19 defines the minimum
Lyapunov exponent M7*". The dynamics of the determinant of Eq. 18 is governed by the trace of the total matrix
(M + n(t)W) involved in Eq. 1

A(t)

m = Trace (M + n(t)W) = (M1 + Maz) + n(t)(Wi1 + Waa) (20)
So Eq. 19 only involves the traces of the two matrices M and W and the integral of the white noise 7)(t) over the
time-window 0 < ¢t < T

NPT+ NPT = (Mg + Mag) + (Wi + Was)

= / dtn<t>] (21)

In many interesting applications, in particular in the Anderson Localization models considered in sections VI and
VII, the traces of the matrices M and W vanish

My + My = 0= Wiy + Waa (22)

so the phase space volume is conserved A(t) = 0, and the second Lyapunov exponent A" is simply the opposite of
AR = Ap

AP = = AP = =g (23)



For later purposes, it is useful to rewrite the two functions of Eq. 14 for the special case of vanishing traces (Eq. 22)
where we can eliminate Mas = —M7; and Wyy = —Why
(M3 Way — Moy Wiy) + R(M1oWo1 — Moy Wio) 4+ R* (M1 Wis — MioWhy)

Way — 2Wi1 R — Wia R?

aCO'r’LSET'U [R] —

Wi+ Wi R

= 24

/BCOTLSCT"U I:R]

F. Example of another interesting additive functional of the Riccati process R(0 <t <T)

Another example of interesting observable is the density of zeros of the first component y;(¢) = ef®) cos 0(t) during
the time-window 0 <t < T

1 7 1 /T

Nt = — dt ot —ty) = = dt o(t—t 25

L 3 D SIEOET Y AIND DR (25)
tr:y1 (tr)=0 ty:icos O(tr)=0

Using the identities for the delta function

Seosor) = 3 By 0l

ty:cos 6(t)=0 |9(tk) Slne(tk” ty:cos 0(t)=0 |9(tk)|

Gea) =, % -

R2(ty)

. 1 —
tk'R(tk)io

Eq. 25 can be rewritten as the following functionals of the angle 6(¢) or of the Riccati variable R(t)

Nr = % / dt [0(t)] 6(cos0(t)) = % / a lzf%' ’ (RL)) (27)

where the presence of the absolute values |(t)| and |R(t)| make them different from the additive functionals of the
form of Eq. 15. Writing the Langevin Eq. 5 for 6(t) at times ¢, where cos(tx) = 0 (and thus sin”® §(t3) = 1)

H(tk) = —M12 — ’l’](t)ng (28)

or equivalently the Langevin Eq. 8 for R(t) at times t; where % =0

R(ty)
R2(ty)

= —Mlg — U(t)W12 (29)
one sees that the vanishing of the matrix element Wis = 0 leads to the following simplifications in Eq. 27

|MT12|/OTdt 5(R1t)> (30)

that is of the form of Eq. 15 even if it is for the singular function a[R] = § (). It turns out that the Anderson
Localization applications considered in section VI and VII will both correspond to this special case Wi, = 0.

—o M| [T
N0l _ |T12|/0 dt 0(cosf(t)) =

=

G. Large deviations properties of the Lyapunov exponent Ar

For large T, the probability Pr()) to see the finite-size Lyapunov exponent Ar = X is expected to follow the large
deviation form

Pr(\) ~ e TN (31)

T—>_+oo

where the rate function () is positive I(\) > 0 and vanishes only at its minimum corresponding to the typical value
AP that will be realized with probability one in the thermodynamic limit 7' — 400

I(\"P) = 0 = I'(\'P) (32)



All other values A # AP appear with a probability Pr(\) that is exponentially small in 7" in Eq. 31, but they are
nevertheless important to understand the finite-size fluctuations as we now recall. The generating function of Ay can
be evaluated from Eq. 31 via the Laplace saddle-point method for large T’

Zr(k) = [ d\ Pr()) TP ~ d\ eTRAINL o Tr(k) (33)
LT—+oco T— 400

where the function (k) corresponds to the Legendre transform of the rate function I(A) as a consequence of the
saddle-point evaluation of the integral in A in Eq. 33

ulk) = Ne—I(\)
0 =k—1I'(\) (34)

with the reciprocal Legendre transform

I(A) =Mk — (k)
0 =x—u(k) (35)

The function p(k) is called the scaled cumulant generating function in the field of large deviations. Its power expansion
in k around k = 0 where it vanishes pu(k = 0) = 0 as a consequence of the normalization in Eq. 33

+oo Ln
uk) =3 (0)— (36)

allows to evaluate the cumulants ¢, of the Lyapunov exponent Ar in terms of the derivative u(”)(()) of order n at
k=0

(n)
p(0)
The first cumulant corresponds to the typical value AP where the rate function vanishes (Eq. 32)
c1 = p'(0) = AP (38)
The finite-size fluctuations around this typical value can be characterized by the next cumulants for n = 2,3,4...
1" O
o M T( )
_ 10
C3 = T2
p(0)
Cq = T3 (39)

In specific models, the exact computation of the whole large deviation rate function I(\) or of its Legendre transform
u(k) is usually not possible, but many results have been obtained in the references [11-20] already mentioned in the
Introduction, with three main goals:

(1) compute explicitly the first cumulants via the perturbative analysis in k of scaled cumulant generating function
wu(k), as described in particular in Refs [11, 14, 15, 18-20].

(2) compute asymptotic forms of large deviations properties in various regions of the model parameters, as described
in particular in Refs [11-16, 18-20].

(3) compute exactly u(k) for specific integer values of k, as described in particular in Refs [11, 12, 16].

H. Gallavotti-Cohen symmetry of the rate function /()\) and the scaled cumulant generating function u(k)

It turns out that symmetry relations for the large deviation rate function I(\) of the following form involving some
constant K

I(A) =I(=A\) — K\ (40)



that corresponds to the following simple ratio for the probabilities Pr(+)) to observe the value A or its opposite (—\)
(Eq. 31)

PT()‘) ~ T
PT(,)\) T—+oo (:’K ’ (41)

or equivalently the translation of the symmetry of Eq. 40 for the Legendre transform p(k) (Egs 34 and 35) representing
the scaled cumulant generating function (Eq. 36)

(k) = p(~K — k) (42)

have appeared independently in at least three different fields :

(i) in the field of non-equilibrium dynamics, the symmetry relations of the form of Eqs 40 and 42 are famous under
the name ’Gallavotti-Cohen fluctuation relations’ (see [21-23, 32, 34, 84-92] and references therein).

(ii) in the field of multifractality of wavefunctions at Anderson transition critical points (see the reviews [93, 94] and
references therein), the symmetry of Eq. 40 is written for the singularity spectrum f(«) in dimension d as [95-101]

f@2d—a)=f(a)+d—« (43)

The relation with the field (i) has been discussed in [102].

(iii) in the field of products of random matrices, the symmetry of Eq. 42 has been found for the case of real
2 x 2 random matrices of determinant unity with the parameter K = 2 [17-19] (see [17] for the proof and for the
generalization to real 2n X 2n symplectic matrices with the parameter K = 2n, as well as other properties in the
general case). For our present continuous-time model of Eq. 1, the condition of determinant unity translates into the
vanishing trace condition already discussed around Eq. 22. As a consequence, whenever the vanishing trace condition
of Eq. 22 is satisfied, the symmetry relations of Eqs 40 and 42 are expected to hold with the value K = 2

~

—
>
I

I(=)) — 2
p(—2 —k) (44)

p(k)

III. STEADY-STATE OF THE RICCATI PROCESS R(t) AND TYPICAL LYAPUNOV EXPONENT

In this section, the Riccati process is analyzed via its Fokker-Planck generator in subsection IIT A and via the
associated quantum supersymmetric Hamiltonian in subsection IIIB. The corresponding steady-state discussed in
subsection III C is either an equilibrium steady-state without current jg; = 0 as discussed in section IIID or a non-
equilibrium steady-state with a finite stationary current jg # 0 as discussed in section IIIE, and allows to compute
the typical Lyapunov exponent as recalled in subsection IIIF.

A. Fokker-Planck operator for the Riccati process : force F(R) and diffusion coefficient D(R)

The Stratonovich interpretation of the Langevin dynamics of Eq. 8 leads to the Fokker-Planck equation for the
probability P;(R) to see the Riccati value R at time ¢

OP(R) 0
ot~ oR (F(R)Pt(R) -

OP(R)
OR

) = FPR(.) (45)
where the Fokker-Planck operator F involves the diffusion coefficient (see Eq 9)

D(R) = bzﬁj _ [Qa1 + (@22 — C;H)R _ QHRQ}Q .

F(R)

Il

=

=
|

[Q21 + (Q22 — Q11)R — Q12R?] [(Q22 — Q11) — 2Q12R]
2

= Moy + (May — Mi1)R — Mo R? —



B. Associated quantum supersymmetric Hamiltonian

It is often useful to transform the non-symmetric generator of a dynamical process into a symmetric operator via
the appropriate similarity transformation (see the textbooks [103-105]). In the present context, it is thus convenient
to introduce the effective potential

R /
F(R')
UR) =- dR’
® == [ 5,
F(R)
U(R) =-———~ 48
(B =5 (45)
and to perform the change of variables
_U®)
Pi(R)=¢" "2 4(R) (49)
The Fokker-Planck Eq 45 for P;(R) is then transformed into the euclidean Schréodinger equation for ¢ (R)
oY (R
OB _ ) (50)
where the quantum Hermitian Hamiltonian
0 0
H=—-——DR)—+ V(R 51
AED(R) =+ V(R (51)
corresponds to an effective position-dependent 'mass’ whenever the diffusion coefficient D(R) = Wl(R) depends
explicitly on the Riccati variable R. The very specific structure of the scalar potential
U'(R)]? U'(R U(R
V(R) = D(R)i[ (4 ) — D(R)ié ) — D’(R)ié )
F*(R) | F'(R)
~ 4D(R) = (52)

allows to factorize the Hamiltonian of Eq. 51 into the supersymmetric form (see the review on supersymmetric
quantum mechanics [106] and references therein)

H=QQ (53)
involving the two first-order operators
d U'(R)
=D — 4+ —
“ (&) (dR T )
d U'(R)
F=(—-——4+"—"2) /D 4
@' = (- TS ) VB (54)
For later purposes, it is interesting to introduce the supersymmetric partner of the Hamiltonian of Eqs 51 and 53
H=0QQ" = —iD(R)i +V(R) (55)
OR OR

where the partner potential reads

U"(R) | [D'(R)? _D"(R)

]
2 4D(R) 2

V(R) = D(R)% + D(R)

_F*R) F'(R)  F@R)D'(R)  [D'(R)]* D"(R)
T 4D(R) 2 + 2D(R) + AD(R) 2 (56)

In particular, the commutator between QF and @ corresponds to the difference between the two Hamiltonians, and
thus to the difference between the two potentials

Q1.Q] =Q'Q-QQ'=H-H=V(R)-V(R)
o F(R)D'(R) [D'(R)]*  D"(R)
= F(R) - 2D(R)  4D(R) T




In terms of the two functions a[R] and b[R] that appear in the Langevin Eq. 8 and that have been used to define the
diffusion coefficient (Eq. 46) and the force (Eq. 47), this commutator reduces to

@', = o] - Rt

(Mag — My1)Way — Moy (Wag — Wiq) + 2(Maog Wi — Mi1oWaq)R + [(Mag — M11)Wia — Mia(Wag — Wip)] R?
Wa1 + (Way — Wii)R — Wi R?

(58)

where we have used the explicit expressions of Eq. 9 in terms of the matrix elements of the initial model.
For the special case of vanishing traces (Eq. 22) where we can eliminate Moy = —Mj; and Wy = —Wiy, the
commutator is directly related to the function a®™*¢™[R] of Eq. 24

Of, Qpensery = 2(— My Way + Moy Why) + 2(May Wia — MiaWay )R + 2(— My Wia + Mia Wi R?
’ W1 — 2W11 R — WiaR?
— _2aCOnSCT1) [R] (59)

C. Steady-state p.:(R) of the Fokker-Planck equation

The steady-state solution ps:(R) of the Fokker-Planck dynamics Eq. 45

Ipst(R) >

(60)

0= Fpul) =~ <F<R>pst<R> - (r) 2t

corresponds to the right eigenvector r(R) of the Fokker-Planck operator F associated to the eigenvalue p = 0. The
corresponding left eigenvector {(R)

0= Fli() = (F<R>pst<R> ~ D(R) 8”;;@) 2 in) (61)

is simply the constant function
I(R) =1 (62)

as a consequence of the conservation of the total probability. Eq. 60 means that the corresponding steady-state
current jo¢(R) = F(R)pst(R) — D(R)pl(R) cannot depend on R

Jst = F(R)pst(R) — D(R)pyy(R) (63)

In terms of the effective potential U(R) of Eq. 64, this equation for the steady state reads

Pla(R) + U’ (R)put(R) = — lj(s;%) (64)

The integration constant will be determined by the requirement of periodicity on the Riccati ring where R = +o00
are glued together. Since the density has to vanish at R — +oo to be normalizable, this periodicity constraint is
somewhat tricky and it is clearer to first regularize the problem on a finite ring R € [Ryin, Rmaz]. (Note that if one
chooses to work with the angle variable 6(¢) instead of using the Riccati variable R(t) = tan(t) (Eq. 7), one needs
indeed to solve the corresponding finite ring model). The general solution of Eq. 64

o) = v |1y [ e (65)
: o DU

involves an integration constant K that should be fixed by the requirement of periodicity p(Rpmin) = p5(Romac)
leading to the equation for K

—U(Rmin) —U(Rmas) N
€ K = e mard VK — st /Rmm me ' (66)

So one needs to distinguish two very different cases as we now recall.
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D. Case of periodic potential U(R) with an equilibrium steady-state without current js; =0

When the effective potential U(R) is periodic on the Riccati ring

0 = U(Rmas) — U(Rmin) = / T AR (R) = — / e g E @ (67)
B e e Rm,in a R'min D(R)
i.e. in the limit R,,,; — +00 and R,,;, — —o0, when the condition
+oo +oo F(R)
= d / = — d -
0 [w RU'(R) [w RD(R) (68)

is satisfied, Eq. 66 yields that the steady state current vanishes js; = 0. So the steady state density reduces to the
analog of the Boltzmann distribution in the potential U(R)

pii(R) = Ke™ V() (69)
where the constant K is fixed by the normalization
+oo +oo
1= / dRp%(R) = K / dRe~ YR (70)

to be the inverse of the partition function in the potential U(R).
In the quantum mechanical language of Eq. 49, the groundstate wavefunction corresponding to p%f (R)

_UW®w)
2

Uit (R) = Ke (71)
is annihilated by the operator @ of Eq. 54
e d U'(R) _um
QUiH(R) = VDT (g + g ) e = (72)
E. Case of non-periodic potential with a non-equilibrium steady-state and a finite stationary current js # 0
When the effective potential U(R) is not periodic on the Riccati ring
R R
maw mez F(R
0 #URnar) = URni) = [ ar0R) =~ [ ar T (73)
Roin Rpin  D(R)
i.e. equivalently in the limit R,,,, — +00 and R, — —00
+o0 +o0 F(R)
0 dRU'(R) = — dR—— 74
# [ == [ R ™
Eq. 66 yields the value of the integration constant K, and the steady state density of Eq. 65 reads
. _ _ in R dR/ ’ _ e Rmaz dR/ ’
ned(R) = (—jer)e™V U [emUlmin) [0 B U 4 emUllnes) [ilmes B U] (75)
Pst - [er(R,m-n) _ er(RmaI)]
The steady-state current jg is then determined by the normalization
Rumaax
1= [ angw)
Rpin
(_ ] ) e_U(Rmin) meaz dRe_U(R) IR de eU(R/) _|_ e_U(Rmam) meaz dRe_U(R) meam dR/ eU(R/)
_ ]St Rmin thin D(R,) thin R D(R/) (76)

I:e_U(Rmin) — e_U(Rmam):I

In the limit R, — —00 and Ry,q. — +00, one then needs to take into account the behavior of the potential U(R)
for R — +o00 to obtain the appropriate solution on the infinite Riccati ring. As an example, let us describe the case
where the potential difference U(+00) — U(—00) = +oo diverges.
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1. Non-equilibrium steady state when the potential difference diverges U(400) — U(—00) = +00

If the potential difference U(+00) — U(—o0) diverges towards 400

+o0 +oo
U(+00) = U(—00) = / dRU'(R) = —/ de};((g =400 (77)

— 00 — 00

only the left terms survive in the numerator and denominator of Eq. 75 in the limit R,,;,, — —o0 and R,,q; — +00,
so the non-equilibrium solution on the infinite Riccati ring reduces to

i (R) = (e [ Ao (78)
_eo D(R!)
and its normalization determines the negative steady-state current jg < 0
1= /+OO dRpLf(R) = (—jst) /+OO are-v@ [ B v (79)
oo s R _ oo D(R)

IfU'(R) = — ggg is large for R — 400, the saddle-point evaluation of Eq 78 yields that the asymptotic behaviors of

the density at R — £oo

o Jst N Jst
pse(BR) = D(R)U'(R) ~ F(R) v

only involves the steady state current js; and the force F'(R), i.e. the diffusion contribution becomes negligible in the
differential Eq. 63 for R — +o0.

2. Meaning of the non-equilibrium solution in the quantum mechanical language

In the quantum mechanical language of Eq. 49, the right wavefunction corresponding to the non-equilibrium
solution piyY(R) of Eq. 75

T U(R) ne
YE(R) = e 7 plfI(R) (81)

is not annihilated by the operator @ of Eq. 54 (in contrast to Eq. 72 concerning the equilibrium case)

QUiR) = VD) (5 + g ) whim = LIt (52)

but this state is annihilated by the operator Qt of Eq. 54

@' (@um) = (15 + 5 ) VD) (Ht)e”> =0 ()

D(R)

as it should to produce the ground-state of energy zero of the Hamiltonian of Eq. 53. Using the trivial left eigenvector
I(R) =1 of Eq. 62, the change of variable conjugated to Eq. 81 yields that the corresponding left wavefunction still
corresponds to the equilibrium wavefunction (Eq. 71)

_UR) U(R)
2

YRy =e I(R)=e¢" 2

So even if the quantum Hamiltonian is Hermitian, the periodicity constraint on the Fokker-Planck right and left
eigenvectors can induce a difference between the associated left and right eigenwavefunctions.

(84)
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F. Typical Lyapunov exponent in terms of the steady-state

In the thermodynamics limit 7' — 400, the finite-time Lyapunov exponent A will converge towards its typical value
(Eq. 32), where the additive functional of the Riccati process R(t) of Eq. 15 can be evaluated from the steady-state
pst(R) of the Riccati variable and the steady current jgs; discussed above

+oo
NP = A sy = / dRpyt(R)a(R) + juu " (85)
with the notation
“+o0
prot = / dRB(R) (6)

Now that we have recalled how the typical value A\*? can be computed in terms of the steady state of the Riccati
variable, we will focus on its large deviations properties in the next sections.

IV. ANALYSIS VIA THE LARGE DEVIATIONS AT LEVEL 2.5 OF THE RICCATI PROCESS

As recalled in the Introduction, the formulation of the Large Deviations at Level 2.5 has been a major achievement
for various Markovian dynamics, including Markov Chains (discrete-space and discrete-time) [10, 30, 37-39], Markov
Jump processes (discrete-space and continuous-time) [30, 33, 34, 39-50] and Diffusion processes (continuous-space
and continuous-time) [33, 34, 39, 43, 51, 52].

In this section, the goal is to apply this Large Deviation analysis at Level 2.5 to the Riccati process over the large
time window 0 < ¢t < T'. The empirical density and the empirical current are introduced in subsection IV A and allow
to reconstruct the finite-size exponent Ap. As a consequence, the corresponding explicit rate function at level 2.5
recalled in subsection IV B can be used to analyze the generating function of the Lyapunov exponent as explained in
subsection IV C. The corresponding optimization problem leads to Euler-Lagrange equations in subsection IV D and to
the scaled cumulant generating function u(k) in subsection IV E. Finally, we describe how the optimization procedure
can be decomposed in two steps in section IV F, while the special case of an equilibrium steady-state requires some
changes as discussed in subsection IV G.

A. Empirical density pr(R) and empirical current jr(R) of the Riccati process during 0 <¢<T

The empirical density pr(R) represents the histogram of the Riccati variable R(t) seen during the time window
0<t<T

1 /7
pr(m) = 1 [t s(ro) - B (87)
0
with the normalization
+oo
/ dRpr(R) =1 (88)

The empirical current j(R) measures the average of R(t) seen on the interval [0, 7] when the Riccati variable R(t)
at the same time ¢ takes the value R

jr(R) = 7 / dt R(H)S(R(1) — R) (89)

The empirical density pr(R) and the empirical current jr(R) allow to reconstruct the finite-size Lyapunov exponent
of Eq. 15

T +oo Foo
wo = [ at[alro) + RwpIRO) = [ ara(Rpr(r)+ [ dRA(R)H(R) (90)

— 00 — 00

or any other additive functional of this form involving other functions (a(R), 3(R)).
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B. Large deviations at level 2.5 for the empirical density pr(R) and the empirical current jr

The derivative of the empirical current of Eq. 89 with respect to R vanishes as 1/T for large T' and contains only
boundary terms corresponding to the beginning ¢ = 0 and to the end ¢ = T of the time-window [0, T

. T T _ _ _
djzl(f) = 7% /O dt R(t)8' (R(t) — R) = f% /0 dt%é(R(t) _p) = JEO) = R) T‘S(R(T) R) (91)

As a consequence, the empirical current jr(R) is independent of R for large T
jr(R) ~ jr (92)

and the large deviations at level 2.5 are formulated as follows [33, 34, 39, 43, 51, 52]. For large T, the joint probability
Pr[p(.), 7] to see the empirical density pr(R) = p(R) and the empirical current jr = j satisfy the large deviation form

Prip(.),j] =~ & (/M dRp(R) — 1> —TI25(p(.), J] (93)

T—)_Jroo o

where the delta function imposes the normalization constraint of Eq. 88, while the explicit rate function for the
Fokker-Planck dynamics of Eq. 45

+oo
Lslp(). ] = + / AR J(RYF(R) + D(R) (R)] (94)

vanishes only for the steady-state solution of Eq. 63.

C. Generating function Zr(k) of the finite-size Lyapunov exponent Ar

The finite-size Lyapunov exponent A7 can be rewritten in terms of the empirical density pr(R) and the empirical
current jr as (Egs 90 and 92)

+oo
v = [ dRa(Rypr(R) + " (95)

with the notation %! introduced in Eq. 86. So its generating function (Eq 33) can be obtained from the joint
probability of Eq. 93

+oo

zett) = [ 4 [ DoPrp e Uoo atR) 2 ”W}

~ /dj/Dp(.)(S </+oo Ro(E) - 1) e—T [12.5[p(.)7ﬂ - k/_j dR o(R) p(R) — kjB'" o

T~>_+oo

— 00

For large T, the evaluation via the saddle-point method means that one needs to optimize the functional in the
exponential over the normalized density p(R) and over the current j.

D. Optimization of the appropriate lagrangian function Lx[p(.),p'(.), 5]

In order to solve the optimization problem of Eq. 96, let us introduce the following Lagrangian function with the
Lagrange multiplier w(k) associated to the normalization constraint of the density

1 oo

+oo
£l #03) =7 [ e U= PP+ DI~ [ dRa(R)p(R) ki

(k) < / T aRp(R) - 1) (97)

— 00
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The optimization with respect to the current j yields

a‘c [p(-),p/(-),j] oo dR .7 +D(R)p/(R) tot
0=="5; :/;)mxm{ o(R) ‘Fmﬂ‘kﬂ (%8)

Using the functional derivatives with respect to the density p(R) and with respect to its derivative p'(R)

L0 #0) 1 [pae  (IEDRSRNT Lo
op(R) = om |0 ( () ) ka(R) + w(k)
OLilp(),0()] _ 1[j+DRPER)
op'(R) ‘2{ o(R) ”m} (99)

one obtains that the Euler-Lagrange equation for the optimization with respect to the density p(R) reads

- g g
_ 4D1(R) F2(R) - (ﬁ Dp ((};))”/(R))z ~ ko(R) +w(k) — ;< {” Dp ((’;))p'(R) — (R (100)
The physical interpretation is that
o(r) = 1T DUEA(E) (101)

p(R)

represents the effective force that would be needed to make the density p(R) and the current j typical (Eq 63). The
Euler-Lagrange Eq 100 corresponds to the following Riccati differential equation for G(R)

G'(R) . f;g)) _F 'éR) + f;((];)) ~ ka(R) + w(k) (102)

while the optimization of Eq 98 over the current j corresponds to the condition

o= 1 [ SR om) - F(R) - k5 (103)
2 ) D(R)
E. Scaled cumulant generating function u(k) from the optimal value of the Lagrangian

With the optimal solutions for the effective force G(R), for the density p(R) and for the current j, one then needs
to evaluate the corresponding optimal value of the Lagrangian of Eq. 97

ﬁzpt = ‘Ck[p() = popt(-),Pl(-) = p/opt(')7j = jopt}

_ /M ap-L1) {”D(R)pl(R) - F(R)r _ k/Jm dRa(R)p(R) — kjp'!

oo AD(R) p(R) —o0
+o0 _ 2
= /_ dRp(R) (W - ka(R)) — kjptot (104)

The Euler-Lagrange Eq. 102 can be used to replace (—ka(R)) in order to obtain

szt — /_—::o dRp(R) (GQ(R);DC(;];];>F(R) + G/(R) ; F/(R) —w(k)) _ kjﬁtOt

- /+Oc dRp(R) (GQ(R) Q_D((;;?)F(R)) + /+OO dRp(R) (G/(R) ; F/(R)> —w(k) — kjBs™" (105)

— 00 — 00
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The integration by parts of the second contribution can be simplified via the use of Eq 101 to replace p'(R)

+oo +oo
5 [ ArARG R - PR =~ [ R (R)(G(R) - F(R)
+o0 _
:7% [ R [’)(R)g((g)) J } (G(R) — F(R))
+o0 2 _ +oo
—— [ arpim [G <R>2ng;>F<R>] i [ i G - F) (106)

Plugging this result into Eq. 105 and using Eq. 103, leads to the simplifications

4R
9D(R)

L = —w(k) + j { / (G(R) — F(R)) - kﬁ] = —w(k) (107)

— 00

The final result is thus that the generating function of Eq. 96 displays the asymptotic behavior

opt
Zp(k) Tiooe_mp = T (108)

The identification with Eq. 33 yields that the scaled cumulant generating function p(k) simply corresponds to the
Lagrange multiplier w(k) in the optimization problem of Eq. 97

p(k) = w(k) (109)

F. Summary of the optimization procedure in two steps

Let us now summarize how the optimization problem should be solved in two steps.

1. First step concerning the effective force G(R) and the scaled cumulant generating function p(k) = w(k)

One should first compute together the effective force G(R) and the scaled cumulant generating function pu(k) = w(k),
by solving the first-order differential Eq. 102 for G(R)

G'(R) | GX(R) _ F'(R) | F*(R)

D= 3 b e sk (110)

The condition of periodicity of G(R) on the Riccati ring will select the appropriate solution, while the condition of
Eq. 103 will determine the value of the scaled cumulant generating function u(k).

It is now interesting to discuss in more details the physical meaning of Eq. 110. On the right handside of Eq. 110,
one recognizes the supersymmetric potential of Eq. 52 associated to the force F/(R)

F'(R)  F*(R)
> TID(R

VIFONR) = (111)

~—

while the left handside of Eq. 110 represents the supersymmetric potential that would be associated to the effective
force G(R)

VIGOI(R) (112)

so that Eq. 110 can be rewritten as
VIEONR) = VIFONR) — ka(R) + pu(k) (113)

The physical meaning is that the modified potential (VIFOI(R) —ka(R)) should be rewritten as a new supersymmetric
potential corresponding to some effective force G up to the constant (k). If one adds the kinetic term to obtain the full
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quantum supersymmetric Hamiltonian associated to G, Eq. 113 yields in terms of the supersymmetric Hamiltonian
H of Eqs 51 52

9] 9] 0 0
GO = - 2 il ([G(O)] - il (F()] _
HISO = - D(R) = + VISUI(R) S=D(R) 5= + VIFUIR) — ka(R) + (k)
=H — ka(R) + p(k) (114)

Since the supersymmetric potential HIG()! has by construction a vanishing ground-state energy, Eq. 114 means that
(—u(k)) is ground-state energy of the Hamiltonian

— ka(R) (115)

For the special case of vanishing traces (Eq. 22) where the function a“°™*¢"*[R] is directly related to the commutator
of Eq. 59

Q'Q-QQ" _ H-H

conserv R —

(116)
or equivalently to the difference between the supersymmetric Hamiltonian H = QTQ of Eq. 53 and its supersymmetric

partner H = QQT,uone obtains that the Hamiltonian of Eq. 115 can be rewritten as the following linear combination
of H=Q'Q and H = QQ' of Eq. 55

H](;onserv - H — kaconserv(R) _ (1 + I;) H — gﬁ — (1 + ];) QTQ _ SQQT (117)

So the Gallavotti-Cohen symmetry of Eq. 44 for the ground-state energy p(k) = pu(—2 — k) corresponds at the level
of the Hamiltonians

k k

.k k
HEGS =~ H + (1 + 2) H=-5Q'Q+ <1 + 2) QQ! (118)

to an exchange of coefficients between the two Hamiltonians H = QQ and H= QQt.

2. Second step concerning the density p(R) and the current j

Once the effective force G(R) has been found in the first step described above, one should then compute together
the density p(R) and the current j by solving the first-order differential Eq. 101 for p(R)
R — R —__J 119
7 (R) = BB =~ 5 (19)

This equation corresponds to the steady state Eq 63 where the force F(R) has been replaced by the effective force

G(R). The condition of periodicity for p(R) on the Riccati ring will determine the appropriate solution, while the
current j will be fixed by the normalization of the density p(R).

8. Perturbative solution in the parameter k of the optimization procedure

In order to see more explicitly how the optimization procedure described above works, its implementation at the
level of the perturbation theory in the parameter k is described in Appendix A.

G. Large deviations for a periodic potential U(R) with an equilibrium steady-state

Up to now in this section, we have considered the case of a non-periodic potential U(R) with a non-equilibrium
steady-state py; ? and a finite stationary current js; # 0 (see subsection IITE). In the present subsection, we focus on
the case where the potential U(R) is periodic on the Riccati ring and where the steady state ps; is thus an equilibrium
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steady state pf without current jg; = 0 (subsection IIID). We need to reconsider the whole optimization procedure
in order to mention the differences :
(1) The large deviations of Eqs 93 and 94 is now for the density p(.) alone

Prip()l, = 9 </+OO dRp(R) — 1) ;Z/:m ng((}% [D(R)pl(R) —F(R)r

T~>7+oo oo

(120)

(2) The Lagrangian of Eq. 97 only contains the density p(.) and its derivative p’(.)

+o0 / 2 +o0 +o0
o0l = [ anpd D s~ rw| <k [ aratwpm o) ([ anot -1) a2

So the Euler-Lagrange Equation for the optimization over the density is still given by Eq. 102

G'(R) + fD((Z)) = F/éR) + fD((lj‘?) — ka(R) + w(k) (122)

for the effective force (Eq. 101) that does not contain the current j anymore

(123)

However the condition of Eq. 103 that had been produced by the optimization over the current is not present anymore.

(3) So here, with respect to the two steps defined above in subsection IV F, one condition is missing in the first
step for G(R) described in subsection IV F 1, while one variable (namely the current j) is missing in the second step
described in subsection IV F 2. This means that one should consider the two steps in the opposite order. One should
first solve Eq. 123 to obtain the density p(R) in terms of the effective force G(R). It is convenient to introduce the
potential associated to G(R) as in Eq. 48

G(R)
D(R)

Ua(R) = /0 taw (124)

to write the solution of Eq. 123 for the normalized density as the equilibrium solution in the effective potential Ug
(Egs 69 70)
e—Uc(R)

[ dReUe)

p(R) = (125)

The periodicity requirement for p(R) on the Riccati ring yields that the potential Ug(R) should be periodic on the
Riccati ring in the sense of Eq. 68

+oo +o0o
0= / dRUL(R) = — /_ ) ngEg (126)

— 00
This is the additional constraint on G(R) that one should take into account to solve the Euler-Lagrange Eq. 122
for G(R) with the periodicity constraint on G(R) in order to be able to determine the scaled cumulant generating
function u(k).
In order to see more explicitly how this optimization procedure works, its implementation at the level of the
perturbation theory in the parameter k is described in Appendix B.

V. ANALYSIS VIA THE TILTED DYNAMICS OF THE RICCATI PROCESS

As recalled in the Introduction, the most standard method to analyze time-additive observables of stochastic
processes consists in studying the appropriate ’tilted’ dynamical process [21, 26-29, 31, 34, 53, 54, 59-83] and the
corresponding ’conditioned’ process defined via the generalization of Doob’s h-transform.

To the best of our knowledge, all previous studies of large deviations properties of Lyapunov exponents in various
models [11-20] are related to this tilted method despite different languages and different notations.
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In this section, the goal is thus to describe this tilted dynamics method to analyze the large deviations properties
of any additive functional of the form of Eq. 15 and to make the link with the approach of the previous section. The
tilted Fokker-Planck generator is introduced in subsection V A, while the associated conditioned process is discussed in
subsection V B. The corresponding tilted non-Hermitian quantum operator is introduced in V C. After the descriptions
of two special simpler cases in subsections VD and V E, we return to the analysis of the general case in subsection
V F and explain the correspondence with the Euler-Lagrange optimization approach in subsection V G.

A. Eigenvalue problem for the tilted Fokker-Planck operator F

Using the the path-integral representation of the Fokker-Planck propagator of Eq. 45

/T
R(T)=Rz - dt
(Ry|e™F|Ro) = / DIR()e 7"

R(0)=Rq

[R(t) - F(R®))]*  [D'(R(t)]” L DIE®) | FRD)
AD(R(1)) 16D(R(t)) 1 2

(127)

one obtains that the generating function of Eq. 33 associated to the Lyapunov exponent given by the additive
functional of Eq. 15

k /O " (a[R(t)] +R(1)8 [R(t)})

Zr(k) =<e > (128)

can be rewritten as the path-integral corresponding to the following tilted Fokker-Planck operator F

7] 0

OPR) _ 75y =- (57— 10} |FRIPR) - D) (57 = K3 P + ha(RA(R) - (120)

ot OR OR

that can be further rewritten as the continuity equation for the density Pt(R)

OP,(R)  0J(R) | -
5 =R +34(R) (130)

where the current J;(R) involves the tilted force [F(R) + 2kB(R)D(R)]

J.(B) = [F(R) + 2kB(R)D(R)] P(R) ~ D(R) 2oL (131)
while the creation term
Si(R) = [kB(R)F(R) + k*B8*(R)D(R) + kB'(R)D(R) + kB(R)D'(R) + ka(R)] P,(R) (132)

describes how the density P;(R) can be created or destroyed. The scaled cumulant generating function u(k) of Eq. 33
then corresponds to the highest eigenvalue of the tilted Fokker-Planck operator F; that will dominate the propagator
for large T

(Rrle™7*| Ry) e "R (Ry)lk(Ro) (133)

with the corresponding positive right eigenvector 7 (R)

9
OR

0

~ ko)) [P - D) (7~ 080 ) | )+ haR(R) (134)

(k)R (R) = Fii(.) = — ( oR

and the corresponding positive left eigenvector l~k(R) that is not trivial anymore (see Eq. 62)

R)i(R) = F1in) = | PR+ D) (G +05(m) )| (5 + 0000 ) ) + kalmim) (135)

with the standard normalization

/ - dRI,(R)7(R) = 1 (136)

—0o0
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= 4oo are glued together can be imposed by first
maz) as done previously (see Eq 65)

’Fk(Rmzn> = 7Zk (Rmaz>
lk(Rmin) = lk (Rmax) (137)

while the periodicity condition on the Riccati ring where
considering the regularized version on the finite ring [Rin,

B. Corresponding conditioned process constructed via the generalization of Doob’s h-transform

The probability to see the Riccati variable R at some interior time 0 < ¢t < T for the tilted dynamics reads using
the spectral asymptotic form of Eq. 133 for both time intervals [0, ¢] and [t, T

AR = (\ErleTORIRN RN Ry T Ryl (R)e O (Rl (Ro)
' [ AR/ (Ry|e(T=0F%| R (R!|etFx | Ry) 0<t<T [ dR'e(T=Ork)iy (Ry)ly (R )eth®) 7y, (R (Ro)
o (BT (R) (138)

Since it is independent of the interior time ¢ as long as 0 < t < T, it is useful to introduce the notation

pr(R) = lp(R)Fr(R) (139)
for the stationary density of the tilted dynamics in the interior time region 0 < ¢ < T, and to construct the
corresponding probability-preserving Fokker-Planck operator Fj, that has pr(R) = 7, (R) as right eigenvector for the

eigenvalue zero, while the corresponding left eigenvector Iy, (R) =1 is the trivial one (Eq 62), via the generalization of
Doob’s h-transform

OPy(R)

9 = j:kpt(-) = W(R)Frs—7— M(k)Pt(R) (140)
t k()
Using the eigenvalue Eqs 134 and 135, one can indeed check that p,(R) = I;(R)7(R) is the right eigenvector of
eigenvalue zero
= oz ~ ~ 5 . z ~ ~ -
Fuiul) = LT — w87 = () [ () - ()] =0 (141)
k(.
and that l:k(R) =1 is the left eigenvector of eigenvalue zero
=z -~
Frle() = =——Fili(.) — pu(k) =0 (142)

Ik(R)

Using the eigenvalue Eq. 135 for the left eigenvector I (R), one obtains that Eq. 140 can be rewritten more concretely

as the probability-conserving Fokker-Planck Equation

OP:(R)
OR

R e | Fups(RPA(R) - D(R)

(143)

where the effective force Fis¢(R) contains explicitly the left eigenvector Ix(R) of the tilted operator Fy, (see Eq. 135)

F.;1(R) = F(R) + 2kB(R)D(R) + 2D(R) ?}:Eg) (144)

~—

As a consequence, the stationary density p, (R) = I (R)7(R) of Eq. 139 of this process is associated to the stationary
current

Ju = Fopr(R)p(R) — D(R)j(R) (145)

The physical interpretation is that g, (R) and ;  (R) represent the density and the current conditioned to the Lyapunov
exponent value A = p/(A\) of the Legendre transform of Eq. 35.

The consistency with the section IV suggests that the density 5k(R) and the current jk should coincide with the
optimal density p(R) and the optimal current j of the Euler-Lagrange optimization, so that the effective force Fess(R)
should coincide with the force G(R) (see Eq. 101) of the section IV. We will indeed reach this conclusion at the end
of the present section after some transformations.
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C. Eigenvalue problem for the tilted non-Hermitian quantum operator Hy,

If one performs the same change of variables as in Eq. 49

~ _UMR) ~
PAR) = e Gu(R) (146)
the tilted Fokker-Planck dynamics of Eq. 129 becomes
O (R) - -
- wéi ) = Hy i (R) (147)

with the non-Hermitian Hamiltonian containing the supersymmetric potential V(R) introduced in Eq. 52

=~ (g~ 18 ) D) (= B8R + V() ~ k() (149
while its adjoint reads
1] =~ (g + 180 ) D) (7 + K5 + V() = k() (149)

In this language, the scaled cumulant generating function u(k) of Eq. 33 corresponding to the highest eigenvalue
of the tilted Fokker-Planck operator Fj, (Eq. 133) can be determined as follows : [—u(k)] represents the smallest
eigenvalue of the tilted Hamiltonian Hj that will dominate the propagator for large T

(Rele™ M Ro) | = OGN (Re) ] (Ro) (150)

with the corresponding positive right and left eigenvectors

—u(k)d (R) = Hiy (R)
—u(k)d (R) = H{G(R) (151)
The change of variables of Eq. 146 between the Fokker-Planck and the quantum eigenvectors

_UWR)

() =em = Ul(R)
W(B) =R (152)
yields that the boundary conditions of Eq. 137 become for the right and the left quantum eigenstates

U(Rmin) ~

_ r _U(Rmaz) ~[p
€ 2 7/’;& ] (Rmzn) =e€ 2 ]E; ](Rmaz)
I R = e Y (Rypas) (153)

In this quantum language, the stationary density of the conditioned process of Eq. 139 reads

pr(R) = l(R)7(R) = OI(R)GI (R) (154)

while the effective force of Eq. 145 becomes using U'(R) = —% (Eq. 48)

dInl(R)
dR

U'(R)  dln SR

Fepf(R) = F(R)+2kB(R)D(R) 4+ 2D(R) 2 dR

= F(R) + 2kB(R)D(R) + 2D(R)

ding(R)

= 2kB(R)D(R) + 2D(R)—

(155)

Before discussing the general case, it is now useful to discuss two special simpler cases.
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D. Special case f(R) =0 : Hermitian Hamiltonian with a tilted scalar potential

If B(R) =0, i.e. if the additive functional of Eq. 15 contains only the first contribution involving «(R)

- 1 7
A= _ 1 / dtalR(1) (156)
T 0
then the tilted Hamiltonian of Eq. 148
FPER=0 —iD(R)i 4+ V(R) — ka(R) = H — ka(R) = H, (157)
b OR OR

corresponds to the Hamiltonian Hy = H — ka(R) already introduced in Eq. 115, that only contains the additional
contribution (—ka(R)) for the scalar potential with respect to the initial Hamiltonian of Eq. 51. So this corresponds
to the standard Feynman-Kac formula for functionals associated to scalar potentials [55-58].

E. Special case a(R) =0 : Hermitian Hamiltonian with an electromagnetic vector potential

If «(R) =0, i.e. if the additive functional of Eq. 15 contains only the second contribution involving S(R)

T
A= = 2 [ kiR (158)

then one can consider k = iq with real ¢ in the generating function of Eq. 33 in order to generate the cumulants via
the Fourier transform

T
_ | ia [ dthosIR()

ZLR=0 g _ oy = / A\ Pr()) ¢ —< ¢ Jo > (159)

The tilted Hamiltonian of Eq. 148 is then Hermitian
ale®=0_ (50 sm)) D(R) (—il — qB(R) ) + V(R) = (ﬁ[a(R)EO]>T (160)

ke =\ T'9R 1 "or "1 ~ \Mh=ia
The tilt (—¢B(R)) with respect to the quantum canonical momentum operator p = —i% can be interpreted as the
presence of the electromagnetic potential vector

A(R) = ¢B(R) (161)

This generalization of the Feynman-Kac formula to electromagnetic potential vectors has been much used in the
context of polymer physics to take into account topological constraints [107, 108] and to analyze in detail the winding
properties of Brownian paths [57, 109-114].

Since the Riccati variable R €] — oo, +00[ lives on the periodic ring, the quantum problem corresponds to the famous
Aharonov-Bohm effect, so the important parameter is the global phase accumulated during a lap around the ring

+oo “+oo
P = [ ARA(R) = g [ ARB(R) = g (162)

where one recognizes the parameter 3! introduced in Eq. 86. At the level of the eigenvalue Eq. 151
. 7 [r rrla(R)=0] 7[r
nigyg (R) = HZ =" (R) (163)

the fact that only the Aharonov-Bohm flux of Eq. 162 matters can be seen via the gauge transformation that redefines
the phase of the wavefunction

R
7 dR'B(R'
@Wm:¢mmkq/w o (164)

q iq
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Eq. 163 yields that the eigenvalue equation for the new wavefunction qﬁw (R) involves the initial Hamiltonian H of
Eq. 51

li)ol(B) = |~k D(R) o+ V(R)| ol (B) = HOL(R) (165)

so that the parameter ¢ will only survive in the boundary condition for the new wavefunction (b%] (R) derived from
Eq. 153

U(Rumin) U(Rmaz) | . atot
Ry 2 =gl g TP
(Zslq (Rmm)e ¢1q (Rmaz)e (166)

via the Aharonov-Bohm flux ® = ¢3!t = ¢ f}};;"zz dRB(R) of Eq. 162.

F. General case with the two contributions

When the additive functional of Eq. 15 contains the two contributions in «(R) and S(R), the scalar potential V (r)
is shifted by (—k«(r)), while the kinetic part contains the imaginary vector potential of Eq. 161 when one returns to
the notation k = iq

A(R) = —ikB(R) (167)

It is still useful to perform the gauge transformations analogous to Eq. 164, even if the factors in the exponential are
not phases anymore [81]. The transformations for the right and for the left eigenvectors

R
N K / AR B(R)
SR = ¢(R)e /-

R
" oo k[ arsR)
P (R) =¢, (Re J- (168)
lead to the eigenvalue equations (Egs 151) for the new wavefunctions
—u(k)oy (R) = [H —ka(R)] 6} (R)
—u(k)oi (R) = [H ~ ka(R)] ¢} (R) (169)

that involve the Hermitian Hamiltonian H, = [H — ka(R)] of Eq. 115, while S(R) only survives via the global
parameter 5%t of Eq. 86 in the new boundary conditions derived from Eqs 153

_U(Rmin) r _U(Bmaz) . r
e 2 ¢£€](Rmm) —e o +kﬂtot¢L](Rmam)
G (Ry) = TR (R, ) (170)

In this language, the stationary density of the conditioned process of Eq. 154 reads

u(R) =0 (R)O) (R) = o) (R)6) (R) (171)
while the effective force of Eq. 155 becomes
a [
F.jf(R) =2kB(R)D(R) + 2D(R>%§(R) = 2kB(R)D(R) + 2D(R) | ~kB(R) + %E(R)
U
=2D( R)M (172)

dR
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G. Equations for the effective force F.;;(R) and correspondence with the Euler-Lagrange optimization

Via the change of variables of Eq. 172 between (b%] (R) and Fes¢(R), the eigenvalue Schrédinger Eq. 169 for ¢Ecl] (R)
0 0

~u(R)O{(R) = [H ~ ka(R)] 8] (R) = |~ = D(R) 5= + V(R) — ha(R) | o]l (R)
2 (1] 1
= R () vy ka(m) of) (R) (173)

translates into the following Riccati equation for Fr¢(R) using Eq. 52

Fiyf(B) | Fiyy(R) FHR) | F(R)

! b = V) ke +ulk) = g5+

— ka(R) + (k) (174)

that coincides with the Euler-Lagrange Eq. 110 for G(R) of the section IV.
The boundary condition of Eq. 170 for qﬁg] (R) becomes for F,¢f(R) using U'(R) = —gig) (Eq. 48)

)
R R
g [FerrB) PR

0 = / dR — kBt = / dR { IS0 — ket 175
o v [ 2D(R) T 2D(R) .

that coincides with the condition of Eq. 103 for the function G(R) of the section IV.
In summary, the effective force F.rs(R) of the conditioned process introduced in Eq. 144 satisfies the same Riccati
equation (Eq 174), should be also periodic on the Riccati ring, and should satisfy the same boundary condition (Eq.

175) as the force G(R) appearing in the Euler-Lagrange optimization of the section IV. So we can at last conclude
that the effective force Fesr(R) coincides with G(R)

gy (R) | U'(R)
dR 2

Fepp(R) = G(R) (176)

as it should by consistency between the interpretations of the two points of view. The density p,(R) (Eq. 139) and

the current j, (Eq. 145) coincide with the optimal density p(R) and the optimal current j of the Euler-Lagrange
optimization. The perturbative solutions in k for the effective force F.s;(R) = G(R), for the density p,(R) = p(R)

and the current jk = j are given in the Appendices A and B.

VI. APPLICATION TO ANDERSON LOCALIZATION IN A RANDOM SCALAR POTENTIAL

The phenomenon of Anderson Localization [115] has attracted a continuous interest since its introduction (see the
books [1-4] and the reviews [93, 94, 116, 117]). Among the exactly soluble one-dimensional models for the typical
Lyapunov exponent (see the recent overviews [5-8] and references therein), the Halperin model [118] is based on the
one-dimensional Schrodinger equation at energy FE for the wave function t(x)

E(x) = —"(x) + v(z)y(2) (177)
when the scalar potential v(x) is a gaussian white noise of strength o (Eq. 2)
v(z) = on(z) (178)

For the large deviations properties of the Lyapunov exponent, the Halperin model is also one of the most studied
model [11, 12, 15, 16, 18, 19] with detailed results concerning the first cumulants [11, 15, 18, 19], asymptotic forms of
large deviations in various regions of the model parameters [12, 16, 18, 19], as well as exact results for u(k) for even
integer values of k [11, 12, 16].

In this section, it is thus interesting to revisit the Halperin model in order to apply the general formalism described
in the previous sections. In subsection VI A, we recall how the second-order Schrédinger Eq. 177 can be recast into a
two-dimensional matrix Langevin dynamics, while the corresponding dynamics for the Riccati variable is described in
subsection VIB with its corresponding Halperin steady state [118]. We then describe how the Riccati process allows
to obtain the finite-size Lyapunov exponent Ay, in subsection VI C and the finite-size density of states Ny, in subsection
VID. Finally, the large deviations properties of the finite-size Lyapunov exponent Ay, are discussed in subsection VIE,
while the iterative procedure to compute the first cumulants is given in subsection VIF.
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A. Corresponding two-dimensional matrix Langevin dynamics
Using the notations
yi(z) =v(x)
ya(z) =9 (2) (179)

Eq 177 can be recast into the matrix form

d (y(z)) _ (¢(2)) _ 0 1\ (v(z)) _ 0 1\ (y1(z) (180)
dzr \y2(x) " (x) v(i)—FE 0) \¢/'(z) on(z) — E 0) \ya2(x)
One recognizes the form of Eq. 1 if the spatial coordinate = of the Anderson Localization model is identified with the
time t of the dynamical model of Eq. 1. The two matrices M and W have only a few non-vanishing matrix elements

M= (_OE (1)> W= (2 8) (181)

In particular, the two traces vanish (Eq. 22). The conserved determinant of Eq. 18 corresponds to the wronskian of
two independent solutions 14 (z) of the Schrédinger Eq. 177

Vi) Y- (2)
(]

Ax) = " (2)

=i ()Pl (z) — P (2)¢- (@) (182)

+
y%r 1
Y5 () s (@)
and the two Lyapunov exponents are opposite (Eq. 23).

Finally, the vanishing trace condition of Eq. 22 yields that the symmetry relations of Eq 44 are expected to hold
for the Halperin model.

¥ (x)

B. Dynamics for the Riccati variable R(z) =

¥(@)
The Riccati variable of Eq. 7
ya(z) _ ¢ (x)

R(x) = = 183

D= 0@ v 1
follows the Langevin dynamics of Eqs 8 and 9
dR

d(;) = —F — R*(x) + on(x) (184)

So the corresponding Fokker-Planck Eq. 45 involves the constant diffusion coefficient (see Eq 46)

o
D=5 (185)

and the quadratic force (see Eq 47)
F(R) = —E — R? (186)

The supersymmetric Hamiltonian introduced in Eqs 51 52 53 reads

? | (E+R?)?

H==Dim+—1p

~R=Q'Q (187)

with the operators of Eq. 54

dR 2D

B d E+R?
Q' ﬂﬁ@m*zp) (188)

0 _\/B<d+E+R2>
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The corresponding cubic potential of Eq. 48

R / 3
F(R) E R
UR)=— dRr’ =—R+ — 189
(7)== [ ar = = SR+ o (19)
displays the asymptotic behaviors
UR) =~ +oo
R—4o0
UR) =~ - (190)
R——o0

So the Halperin steady state [118] of the Fokker-Planck dynamics (Eq. 64) corresponds to the non-equilibrium case
of Eq. 78

R / R ’ ,
PR) = (e VO [ (e Bt [ SLeBre s (191)

— 00
with the asymptotic behaviors of Eq. 80

Jst Jst Jst (192)

neq _ _

Pt (R) Roteo D(RU'R)  F(R) E+R?

while the finite stationary current jg; is fixed by the normalization

+oo +oo 3 R dR/ L (RY3
1= / dRp%(R) = (—jst) / dRe” 511D / ——eBRH5D (193)
—o0 —o0 —o0 D
C. Finite-size Lyapunov exponent A\ as an additive functional of the Riccati process R(0 <z < L)

The exponential growth of the absolute value of the wavefunction () = y1(z) on the interval 0 <z < L

1 «/»(L)’ 1 /L Y'() 1 /L
AL=—-—In|—=|=— dx = — dx R(x 194
vl =1 e 1) e 1oy
corresponds to the additive functional of the form of Eq. 15 with the simple functions
alR] =R
BlR] =0 (195)

and can be thus obtained from the empirical density pr(R) of the Riccati variable (Eq. 87) via Eq. 90

AL = /+OO dRRpL(R) (196)

In particular, its typical value (Eq. 85) can be obtained from the steady-state of Eq. 191

“+oco R

dR' & ()3
765R/+ 3D

+oo B R3
ww— [ AR R) = (<) | dmre B (197)

— 00 —0o0 — 00

D. Finite-size density of states Np

In Anderson Localization models, another interesting observable is the finite-size density of states of energy smaller
than E that can be obtained from the density of zeros of the solution ¥ (z) of Eq. 177 at energy FE

L
Ny = %/0 dx Z §(x — xy) (198)

9 (1)=0
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Since Wiy = 0 and My2 =1 (Eq. 181), Eq. 30 yields that

Ny — i/ode () =2(c=0 (199)

corresponds to the empirical density pr,(¢) at the origin ¢ = 0 of the variable ¢ = % on the interval 0 <z < L. Via
the change of variables p1,(¢)d¢ = pr(R)dR, Eq. 199 yields that the finite-size density of state Nz, can be obtained
from the asymptotic behavior for R — +oo of the empirical density py,(R) of the Riccati variable R as

_ 1 2
Ni= lm [Rpr(R)] (200)
In particular, its typical value from the asymptotic behavior (Eq. 80) of the steady-state of Eq. 191
NP = lim [R2pG(R)] = —ju (201)

corresponds to the steady-state current (—jg¢).

E. Large deviations for the finite-size Lyapunov exponent \p

The scaled cumulant generating function u(k) of the finite-size Lyapunov exponent Ay (Eq. 33) can be analyzed
via the optimization procedure summarized in subsection IV F. Let us write the corresponding explicit equations for
the present Halperin model.

The Euler-Lagrange Eq. 110 for the effective force G(R) reads for the present model (see Eqs 185 186 195)

G'(R) n G*(R) (E+ R?)?

5 = — (L RR+a(k) (202)

while the condition of Eq. 103 becomes

0= / - dR [G(R) + (E + R?)] (203)

— 00
Since the present model corresponds to the case of vanishing traces (Eq. 22) the quantum Hamiltonian of Eqs 115

82 (E+ R2)2

H,=H - =-D —(1 204
& ka(R) EYE R 1+ k)R (204)
can be rewritten in terms of the operators Q and Q' of Eqs 188
kN k
o= (1+5)Q0-2QQ (205)

as a linear combination of the initial supersymmetric Hamiltonian H = QfQ and of its partner H = QQ'. So the
Gallavotti-Cohen symmetry of Eq. 44 for the ground-state energy (k) = pu(—2 — k) corresponds at the level of the
Hamiltonians to the exchange of coefficients as discussed in Eq. 118.

F. First cumulants of the finite-size Lyapunov exponent )\,

Since the present model corresponds to the case where the potential difference diverges U(+00)—U(—00) = 400, the
perturbative solution described in the Appendix subsection A 3 yields that the coefficients p,, of the series expansion
of u(k) (Eq. Al) are given by Eq. A17 in terms of the non-equilibrium steady state pl; ?(R) of Eq. 191

+oo
o= / dRRpl"(R) = AW

.,
o = [ ar| S0 gy
+o0 r
o = [ an | SEEE
+o0 r 2
o = [ an [GGR) _ ) (206)
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where the functions G,,(R) are given by Eq. A16 in terms of the potential U(R) of Eq. 189

—+oo
Gi(R) = —eU® / dR' [2p1; — 2R'| V)
R
+o0 M GQ(R/) ,
— _UR) "9, — 21 —U(R")
G2(R) e /R dR _ e 5D }e
+o0 r G (R/)G (R/) ,
= VR ! o TR 2Rt | o U(R)
G3(R) e /R dR _2;13 D }e
+o0 M G (R/)G (R/) GZ(R/) ,
_ _JUR) / 1 3 _ T2 —U(R')
G4(R) (& /R dR _2,LL4 D °D :|€ (207)

The iterative procedure goes as follows : one plugs 1 = A% into 207 to compute G1(R) that can be then plugged
into Eq 206 to compute ps, that can be then plugged into Eq 207 to compute G2(R), and so on.

VII. ANDERSON LOCALIZATION IN A RANDOM SUPERSYMMETRIC POTENTIAL

In the field of exactly soluble one-dimensional Anderson Localization models for the typical Lyapunov exponent,
another much studied model (besides the case of the random scalar potential considered in the previous section)
involves a random supersymmetric potential [119-123]: one considers the Schrodinger equation at energy E for the
supersymmetric Hamiltonian

Bbla) = ~0(0) + [02) + 0/ @] 0(0) = 15+ w@)) (~ - + o)) vlo) (20
where w(x) involves the white noise n(z) of strength ¢
w(z) = vg® + gn(x) (209)

while the parameter v > 0 parametrizes the averaged value < w(z) >= vg* and replaces the standard notation y of
the literature on the Anderson Localization model of Eq 208 because the notation u(k) is already used in the present
article for the scaled cumulant generating function of Eq. 33.

For the large deviations properties of the Lyapunov exponent, many results have been obtained [15, 18] in particular
for the first cumulants and for asymptotic forms of large deviations in various regions of the model parameters.

In this section, we thus revisit this supersymmetric Anderson Localization model in order to apply the general
formalism described in the previous sections. We mention the reformulation as a two-dimensional matrix Langevin
dynamics in subsection VII A, and the corresponding Riccati dynamics in subsection VII B. We then describe how the
Riccati process allows to obtain the finite-size density of states Ny, in subsection VIIC and the finite-size Lyapunov
exponent Ay, in subsection VIID. The steady state of the Riccati process is given in subsection VII E for the region of
negative energy and in subsection VIIF for the region of positive energy. Finally, we describe how the large deviations
properties of the finite-size Lyapunov exponent A\ can be analyzed in subsection VII G, while the iterative procedure
to compute the first cumulants is given in subsection VII H for the region of positive energy and in subsection VIII
for the region of negative energy.

A. Corresponding two-dimensional matrix Langevin dynamics

Using the notations

- @g;) - (<w2<x> Ve w(xw'(x)) - (ui(? —w1<x>> (5%%) - (Vg2 Y 1977(17)) (‘ZED
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One recognizes the form of Eq. 1 where the two matrices M and W read

M= (”9; Vlgg> W = (g _Og) (211)

Again, the two traces vanish (Eq. 22), the conserved determinant of Eq. 18 corresponds to the wronskian of two
independent solutions 4 (x) of the Schrédinger Eq. 208

Yy (z) Y- (z
Py (@) —w(@)py(z) ¢ (x) —w(z)y(x)

and the two Lyapunov exponents are opposite (Eq. 23).
Finally, the vanishing trace condition of Eq. 22 yields that the symmetry relations of Eq 44 are also expected to
hold for the present model.

~

_ i @) vi(@) = 1 (@ (@) — ¥, @)
A = [ e = @Y @) = @Y-@) (212)

¥’ (z)

B.  Dynamics for the Riccati variable R(z) = ;5 — w(x)
The Riccati variable of Eq. 7
ya(z) _ ¢'(x)
R(x) = = —w(z 213
D=y e 212
satisfies the Langevin dynamics (see Eqs 8 and 9)

dR 2 2 2

pi —E — R*(z) — 2R(z)w(x) = —E — 2vg~R(z) — R*(z) — 29R(z)n(z) (214)

So the corresponding Fokker-Planck Eq. 45 involves the quadratic diffusion coefficient (see Eq 46)
D(R) = 2¢g*R? (215)
and the quadratic force (see Eq 47)
F(R)=—-FE—-2¢°(v +1)R— R? (216)
The supersymmetric Hamiltonian of Eq 51 52 reads

g2 [E +2¢°(v + 1)R + R?]?

0
H=Q\Q=--—- " SR - ¢*(v+1)—R (217)

OR

Since the derivative U'(R) of Eq. 48

F(R) E_ (+v) 1 (218)

! = — =
U(R) = D(R) 2¢°R? R 2g°

is singular at the origin R — 0, one needs to change the arbitrary constant in the definition of the potential U(R) of
Eq. 48. So we will choose

E R
U(R)= —5 5 + (14 0) R+ 5 (219)

Since the signs of the leading singularities for R — 0% depend on the sign of the energy E, the global structure of
the potential U(R) will be completely different for positive energies E > 0 and for negative energies E < 0. This
complete change in behavior is of course natural for the density of states as we now recall.
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C. Finite-size density of states g,

Since one has again Wys = 0 and M75 = 1, the analysis of the finite-size density of states N, is the same as in the
previous section (Egs 198 199) with the same final result (Eq. 200)

Np = lim [R*pL(R)] (220)

Here from the factorized structure of the supersymmetric Hamiltonian of Eq. 208, one knows that the density of
states vanishes in the whole region of negative energies, while it will be finite for positive energy E > 0

N£E<O] -0
NEZT S (221)

D. Finite-size Lyapunov exponent A\r,

Let us first recall that at zero energy E = 0, the ground-state solution of Eq. 208

PlE=0] (z) = oo dyw(y) _ grg*a+g [§ dyn(y) (222)

involves the finite-size Lyapunov exponent

¢E‘ =0] L
/\E:E 0 — 71 E=0)) 0) / dyw(y) = vg®> + = / dyn(y (223)

Since it depends only on the integral of the noise 7(y) over the region 0 <y < L, )\[LE:O]

its typical value (vg?).
Let us now turn to the other cases with non-zero energy E # 0. The exponential growth of the absolute value of
the wavefunction ¥ (z) = y1(z) on the interval 0 < z < L is measured by the finite-size Lyapunov exponent

is simply Gaussian around

S 110 )1 I N T CO N Y _ 1t R*(z) + E + R'(x)
AL :Zln w(O)‘_L/o dx o) _Z/o da:[R(x)—i—w(:c)]—Z/O d:r{R(x)— R(2)
L T (¢ L
-1 /0 di {R; ) _ 2RE(x) - fR((xﬂ = /O dz [a[R(x)] + R/ (2)8[R(2)] (224)

that corresponds to the general form of Eq. 15 with the two functions

R E
1
_ 1 22
- (225)
The important parameter 3t of Eq. 86
+oo
ot — / dRB(R] (226)

thus requires to use the Cauchy principal value definition of the integral both for R — 0% and for R — +oco. With a
small cut-off € and a large cut-off R, one obtains

~“dR RdR
9Bt~ fim / 7+/ Y (|- —In|-R[+m[R[—In|—e)=0  (227)
e—0t R R € R e—0t
R—+oco R—+oc0

So B! actually vanishes, and one needs to consider only the contribution in a[R] in Eq. 95

A= / " dRalRIpL(R) (228)

— 00
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E. Steady state and typical Lyapunov exponent in the region of negative energies E <0

In the region of negative energies E = —|FE| < 0, the asymptotic behaviors for R — 400 and for R — 0% of the
potential of Eq. 219

U(R) P +o0

VR 5

U®) 3, -

UR) = o (229)

yields that the Fokker-Planck dynamics will converge towards equilibrium in the region of positive Riccati variable
R €]0, +00[ (see Eq. 69)

U®)  p1ve ez (RER)
pCI(R) = < —= c z for 0<R< oo (230)

with the corresponding partition function

oo T dR L (1mL v VIE
Z :/ dRe~ V() :/ r ez (TR - 2|E[72 K, ( | |> (231)
0 0

R1+v 92

in terms of the Bessel function K, (z). If the initial condition happens to be on the negative side R < 0, the particle
will flow towards U = —oo and will be reinjected at U = +o0o on the positive side R > 0 where it will be trapped
forever with the equilibrium distribution of Eq. 230.
Accordingly, the density of states vanishes in the whole region of negative energies £ < 0
NWP = i 2pl(R)] = 232
Gl [REpG(R)] =0 (232)

as already discussed around Eq. 221.
The typical value of the Lyapunov exponent of Eq. 228

400
ww— [ dralR)pii(R) (233)
0
involves the function of Eq. 225 that reads in the region of negative energy £ = —|F| < 0
R E _1/|E

% ( % + R) that appear in the exponential part of the integral defining the partition
function of Eq. 231. As a consequence, the derivative of the partition function Z with respect to the variable (g%)
corresponds to the integral

02 TR 1 (|E] g (Ber) _ [T AR o (BR) e
_— = — [ — 292 = 242 = Z €q
ey /0 Tt ( - +R> e /0 S alRle /0 dRa[R]%(R)

= Z\WP (235)

One recognizes the combination

So the typical Lyapunov exponent reads using the Bessel function K, (z) of Eq. 231

VIETK, (47

and one recovers the typical value of Eq. 223 for E — 0.
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F. Steady state and typical Lyapunov exponent in the region of positive energies £ > 0

In the region of positive energies E > 0, the asymptotic behaviors for R — 400 and for R — 0% of the potential of
Eq. 219

U(R) s +o00
— 100
U(R ~ —
( ) R—0t
U5
U(R) R_}:_OO —00 (237)

will produce a non-equilibrium steady state where the particle follows the descent of the potential from U(R = +o0) =
+o00 towards U(R = 07) = —oo0, it is then reinjected at U(R = 07) = +o00 and follows the descent of the potential
towards U(R = —o0) = —oo where it is reinjected at U(R = +00) = +00 to begin another cycle. As for Eq. 75, one
can regularize the problem on [Ryin, —€] U [+€, Rmnas] to write the appropriate periodic steady state solution on this
Ring where (Rpin, , Rmaz) are glued together as in Eq. 75, and where (—e¢, +¢) are glued together. Then one takes
the limit R, — —00, Rimaer — +00 and € — 0 and one obtain the steady state defined by the two expressions for
negative R < 0 and for positive R > 0 respectively

R / - R
Loy dR / (=Jst) ~ 21 (R-E) L1 (R-E)
neq _(_ U(R) U(R") _ 5 Rl v—1,3, 7
P S0 = (e DR T oagmpwe T ARIRTT et

R / . R
o dR / (=Jst) ~ 1 (R-E) 1 s (R-E)
neq U(R) U(R") 9 : /(pN\v—1,3, 7
Pt (R>0) =(—jst)e ; 7D(R’)e = 72921%1_'_”6 297 B /0 dR' (R "e2s? R (238)

while the steady state current jg; is determined by the normalization condition
+o00 0 R dR’ , +oo R dR' ,
1:/ dRp I (R) = (—Js / dRe_U(R)/ 7eU<R>+/ dRe_U(R)/ —— VR 239
B T . D() : o D) (29

This solution is thus very similar to Eq. 191, except that there are now two regions R < 0 and R > 0 that are glued
together with the following properties at the two junctions on the ring :

(i) For R — —oo and for R — +o00, the saddle-point evaluation of the two integrals of Eq. 238 as in Eq. 80 and
192 leads to the asymptotic behavior

Zeq(R) ~ (*jst) o jst o (7jst) (240)

R-too D(R)U'(R)  F(R) R2+2¢2(v+1)R+FE
so that the steady state current (—js;) directly corresponds to the typical density of states (Eq. 80) as in Eq. 201

NP = lim [R*p(R)] = —ji (241)

(ii) For R — 0~ and for R — 0%, the saddle-point evaluation of the two integrals of Eq. 238 leads to the asymptotic
behavior

neq ~ jst _ (_jst)
Pst (R) R:Oi - F(O) - E (242)

The typical value of the Lyapunov exponent can be obtained from the non-equilibrium steady state pl; ?(R) of Eq.
238

+oo 0 . R
R E (*]t) -1 (R—E 1 L (R-E
t ne S 7] v—1 p) 7
AP = / dl{a“ﬂpst q(lz) - / dR <2 — 2> W E‘lye 29 ( R) / dR/|R/| €29 ( R )

+oe R FE ) (—jst) —5(r-2) [ (R E)
+ dR| 5 — 55 ) s50pe 2V ®) | dR/(R)"lex\" "W/ (243
/0 (2 2R ) 2g?R1tv 0 () (243)

— 00
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G. Large deviations for the finite-size Lyapunov exponent A,

The scaled cumulant generating function p(k) of the finite-size Lyapunov exponent A;, (Eq. 33) is determined by
the Euler-Lagrange Eq. 110 for the effective force G(R) that reads for the present model (see Eqs 215 216 225)

2
G'(R) . G*(R) _[E+2¢*(v+1)R+ R?| ) R E
> T hgr 8¢2R2 o) = R-k(5 = gp ) k) (244)
while the condition of Eq. 103 becomes
+oo dR ) )
0= » ﬁ[G(R)+E+2g (v+1)R+ R?| (245)

Since the present model corresponds to the case of vanishing traces (Eq. 22) the quantum Hamiltonian of Eqs 115
can be rewritten in terms of the operators Q and Q' of Eqs 188

2
0 5.0 0 [E+2¢*(v+1)R+ R? ) R E
Hi =R Fgp + SR gl R=k(5 " 3g
k k
~(1+3)@'e-jo@ (246)

as a linear combination of the initial supersymmetric Hamiltonian H = QfQ and of its partner H = QQ'. So the
Gallavotti-Cohen symmetry of Eq. 44 for the ground-state energy (k) = pu(—2 — k) corresponds at the level of the
Hamiltonians to the exchange of coefficients as discussed in Eq. 118.

H. Explicit first cumulants of the finite-size Lyapunov exponent in the region of positive energies £ > 0

In the region of positive energy E > 0, the steady-state is a non-equilibrium steady state pi;? with a steady

current jg (see Eq. 238), so one can apply the perturbative procedure in two steps described in the Appendix A.
To take into account the singularities of the potential U(R) both at R — 0% and at R — 400 (see Eq. 237), one
can first regularize the periodic Riccati ring by considering [Rin, —€] U [+€, Rymaz] to write the appropriate periodic
solutions where (Ruin, , Rmaz) are glued together and where (—e, +¢€) are glued together. Then one takes the limit
Ryin — —00, Ryazr — 400 and € — 0 to obtain the final solution as for Eq. 238.

1. Perturbative solution in k for the effective force G(R) and the scaled cumulant generating function u(k)

One obtains that the coefficients p., of the expansion of Eq. Al for the scaled cumulant generating function u(k)
are given by

+oo
o= [ dRa(®)p(R) = o7

_,
e = [ ar| G0 ey
B3 = /+oo dR G1(R2)52(R)} pe(R)
+o0 r 2
o = [ GG GU] (247)
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while the functions G,,(R) that appear in the perturbative expansion of the effective force G(R) (Eq. Al) read for
the scaled cumulant generating function (k)

BY(R)

Gi(R) = —eV® / dR' [2p1; — 2a[R']] e V()
R
BT (R) r 2( DI ,
Go(R) — 76U<R>/ iR |20, — Gl(R)] o~ U(R)
R | 2D
BT (R) r / / ,
G3(R) = —eV(®) / dR' |2p3 — GLR)G(R) ] e V)
R i D
BT (R) r / / 2( P! ,
G4(R) — _eU(R) / dR' 2U4 _ Gl(R )G3(R) _ G2(R) e—U(R) (248)
R i D 2D
where we have introduced the following notation for the upper boundary of the integral
BTY(R) =0 for —oc0o<R<O0
BT(R) =400 for 0<R<+00 (249)

in order to avoid the writing of two separate definitions for the two regions R < 0 and R > 0 as in Eq. 238.

2. Perturbative solution in k for the optimal density p(R) and the optimal current j

Here the normalized auxiliary function (Eq. A12) involves the same upper boundary of Eq. 249 for the integral
UR)  pBY(R) U
I(R) =(—Js)—=——= dR'e” 250
B =g [ ‘ (250)

while the p,,(R) that appear in the perturbative expansion of the density (Eq. AS8)

R r ne .
- y [GiR)pei ' (R') —
R —e U(R)/ dR/eU(R) 1 st
pR) B-(R) i D(R)
R r 7\ Neq (! / / .
- n [ G2(R)pg "(R) + Gi(R)p1(R') — j2
R —e U(R)/ dR/eU(R) 2 st
pa(R) B~ (R) I D(R)
i) =V [ B ) [Ca(RPER) + Ga(R)pr(R) + G (R )pa(R) 5]
B~ (R) D(R)
R r ne .
pi(R) = e~V / dR U ) [ Gl () + Gs(R’)m(R’)l;r(%(R’)pa(R’) + G1(R)ps(R) — 14}(251)
B—(R)

involve the same lower boundary for the integrals as for the non-equilibrium steady state p4; ¢ of Eq. 238

B7(R) =- for —o00<R<O0
B~ (R) =0 for 0<R<+o0 (252)

Finally, the coefficients j,, that appear in the perturbative expansion of the current (Eq. A8) are given by

+oo
io= / AR [G1(R)p"s(R)] TI(R)

—00

+oo
= / dR (Go(R)p""(R) + Gy (R)py (R)] TI(R)

— 00

+oo
js = / AR [Ga(R)pSI(R) + Go(R)pi(R) + G1 (R)ps(R)~] TI(R)

— 00

+oo
ji = / dR[G4(R)pl ! (R) + G5(R)p1(R) + G2(R)p2(R) + G1(R)p3(R)] TI(R) (253)

— 00
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I. Explicit first cumulants of the finite-size Lyapunov exponent in the region of negative energies £ <0

In the region of negative energies E < 0 where the steady state is an equilibrium steady state p5f (R) on 0 < R < +00
(see Eq. 230), one cannot apply the procedure described in the subsection IV G and in the Appendix B that were
meant for an equilibrium on the periodic Riccati ring. Here the equilibrium concerns an interval 0 < R < +o0o with
two boundaries at R = 0 and R = 4+00. As a consequence, one needs to reconsider the perturbative procedure and
one obtains that it can be decomposed in two steps as follows.

1. Perturbative solution in k for the effective force G(R) and the scaled cumulant generating function u(k)

The general solutions of Eq. A2 for the functions G,,(R) that appear in the series expansion of Eq. Al for G(R)
involves some integration constant K,

R
Gm(R) = "W | K, + / dR'Qp (R )e V) (254)
0

In order to avoid the strong divergence as eV (%) for R — 0, one needs to select the value

K,=0 (255)
Then in order to avoid the strong divergence as eV ®) for R — 400, one needs to impose the vanishing of the integral
+oo
0= / dR'Q (R VHE) (256)
0
So the solution of Eq. 254 becomes
R ’ +OO !
Gm(R) = V@ / AR, (Re VE) = _ U0 / dR'Q, (R)e”VE) (257)
0 R

i.e. more explicitly for m = 1,2, 3,4 with the explicit expressions of Eq. A2 for Q,,(R)

R
Gi(R) = el / AR e~V (21 — 20 (R')]
0

Go(R) =V /0 " dR'e” V1) :2u2 - fg((];))]
Gs(R) = V™) /OR AR e~ U®) :2% B G1(fg()g/2(R')}
The condition of Eq. 256 can be rewritten in terms of pi(R) Eq. 230
0= [ aron ey (250)

With the explicit expressions of Eq. A2 for Q,,(R), one obtains that the coefficients p,, of the perturbative expansion
of Eq. Al for the scaled cumulant generating function (k) are given by

+oo
- / dRa(R)pI(R)
0

T GUR) .,
MQ—A AR P4 R)

“+oo
o= mﬁﬁﬁy%mm

too . 2
Ha :/o dR {G1(2];)g§)(R) _ fgi-?) p%4(R) (260)
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2. Perturbative solution in k for the optimal density p(R)

Even if the perturbative solution for the scaled cumulant generating function p(k) has already been obtained in Eq.
260, it is nevertheless interesting to derive the corresponding perturbative solution in k for the optimal density p(R).

The general solution of Eq. A9 for the functions p,,(R) that appear in the series expansion of Eq. A8 for p(R)
involves some integration constant C,,

pm(R) = e VR

R

Crm + / dR’Tm(R’)eU(R')] (261)
1

The normalization condition for the density p(R) yields the following condition for any order m > 1

+oo
0= /O dRpm(R) (262)

This condition determines the constant C,,, and the solution of Eq. 261 can be then rewritten with the notation Z
de Eq. 231

er(R) 400

R
pm(R) = — dR"e"V(R") / dR'eVFOY, (R (263)
O 1’

i.e. more explicitly for m = 1,2, 3,4 with the explicit expressions of Eq. A9 for 1, (R)

p2(R) = e_gR) Om dR"eU(E") / R AR eV (R) iG2(R/)p§g(Rg(‘;§1(R')pl(R’)]
() = /O e v / R AR V(R :GS(R’)piﬁ(R’) +G2(§8§1)(R/) - Gl(R’)pg(R’)}
palR) = eff) /;OO dR"e” V" / R dR'V(R) :G4(R')P§3(R’) +GB(R’)pl(R;))(;I?Q(R’mm') +G1(R’)P3(R’)]

VIII. CONCLUSION

In this paper, we have revisited the large deviations properties of the finite-time Lyapunov exponent for the 2D ma-
trix Langevin dynamics in relation with the recent progresses made in the field of large deviations for non-equilibrium
stochastic processes, where additive functionals can be analyzed from two points of view. In the first approach, one
starts from the large deviations at level 2.5 for the joint probability of the empirical density and of the empirical current
of the Riccati process in order to compute the cumulant generating function of the Lyapunov exponent via some Euler-
Lagrange optimization. We have described in detail how this optimization procedure can be solved perturbatively
in order to obtain explicitly the first cumulants, both when the Riccati steady state is a non-equilibrium state with
current or an equilibrium state without current. We have then discussed the second approach, where the cumulant
generating function is obtained via the spectral analysis of the appropriate tilted Fokker-Planck operator. We have
explained how the associated conditioned process constructed via the generalization of Doob’s h-transform is useful
to clarify the equivalence with the first approach. Finally, we have applied this general framework to one-dimensional
Anderson Localization models with random scalar potential and with random supersymmetric potential.
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Appendix A: Explicit first cumulants for the case of a Riccati non-equilibrium steady-state

In this Appendix, we consider the case where the potential U(R) introduced in Eq. 48 is non-periodic on the Riccati
ring (see Eq. 73) and where the steady state ps; is a non-equilibrium steady state pl; ¢ with a steady current jg; (see
subsection III E). We describe how the optimization procedure in two steps of subsection IV F can be implemented at
the level of the perturbation theory in the parameter k.

1. Perturbative solution in k for the effective force G(R) and the scaled cumulant generating function p(k)

Plugging the perturbative expansions for the effective force G(R) and for the scaled cumulant generating function
(k)
G(R) = F(R)+kGi(R)+ k*Ga(R) + k*G3(R) + k*G4(R) + O(k°)
w(k) = kp + K po + kPps + ks + O(k) (A1)

into the Euler-Lagrange FEq. 102 yields the following differential equations order by order in terms of the notation
U'(R) = — 1o of Eq 48

Gi(R) - U'(R)G1(R) = 2m — 2a(R) = % (R)

GY(R) ~ U (RGaR) =20~ 00 = ()
Gy(R) ~ U (RIGa(R) =2~ MR = ()
GL(R) - U (RGu(R) =2~ LU TR — ) (A2)
while the condition of Eq. 103 gives
= [
0 = / :O deg((g)) for m > 2 (A3)

For any m > 1, the solution G,,(R) for the effective force at order k™ should be periodic on the infinite Riccati
ring. Since we wish to write the generic solution for any case, let us first regularize the problem on a finite ring
R € [Rimin, Rmaz] as in Eq. 75 to write the solution for G,,(R) as a function of the inhomogeneous term ,,(R) of
Eq. A2 as

eU(R |: Rm“l)f . dR/ R/) —U(R) +€ Rmal)f maw dR/Q (R/)e—U(RI):|

Gm(R) = [eU(RnLin) — CU(Rmam)} (A4)

The conditions of Eq. A3 then involve integrals of the form

max (R) R R o - )
/Rmaﬂv ap&mB) _ fR"“" >D(R) {BU(RW") Jr dR/Q (R)em V) 4 eV (Rimes) [iEmaz AR/ (R e~V (R )}
Ronin 2D(R) [0 Foin) — U (B

Rmaa Qm(R) e~ UR) | U(Rpnin Romaax U(R> man) B UR)
S AR S U [(URnin) [lner qReE 4 U me) 2 aRe o]

min D(R)
[eU(leﬂ) — eU(Rmam)]

Rmae Qm(R) —U R —U(Rmax mazx eU(R) —U Rpin eV (R
Jaer dR S fflem V0 [omUEee) [l ARGy 4 eV ee) [ dR Gy |

[ —U(Rmaz) — eU(RmM)}

) /R dR/QméR’) (,o:;q(R)) )

an'in jSt
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where we have recognized the steady state solution pL; ?(R) of Eq. 75 and the corresponding steady state current jg.
So the coeflicients pu,, of the expansion of Eq. Al for the scaled cumulant generating function p(k) that appear in
the inhomogeneous terms 2, (R) of Eq. A2 are determined order by order by Eq. A3 using Eq A5

R R ne R ne
mezG1(R) mer O (R) ( q(R)> e Pyt (R)
fot = dR = / dR = / dR [ — a(R)] | B2 A6
o = o R = [, AR el (46)
Riaz Riasx neq Riax B 2 neq
Ronin 2D (R) Romin 2 L 4D (R) Jst
Rnax max ne‘] Riax B neq
thin 2D(R) Rmin 2 Rnun L 2D(R) ]St
Rax maz neq  maz r 2 neq
o = [ G _ [ gl ( ) - GG _ GV (p31')
Rumin 2D(R) Rumin 2 Rumin i 2D(R) 4D(R) Jst
The normalization of the steady state solution pi;?(R) on [Rpmin, Rmaz] allows to rewrite these equations as
R'"l(lm
= / dRa(R)p " (R) + B jse = NP
Rmin
R ai
[ G
= dR | 2 (R
:u2 /Rmin _4:D(R) p‘t ( )
Ruma: -
max G R G R ne
M3 :/ dR 1(21))(;)( ):| pstq(R)
R r 2
mas Gl (R)G?)(R) G2 (R) neq
— — A

The first equation corresponds to the typical value AP of Eq. 85 as it should (Eq 38). The other equations allow to
compute fiy,—2 34 in terms of the solutions Gy, (R) given in Eq A4.

In the limit R, — —o0 and Ry,q: — +00, one then needs to take into account the behavior of the potential
U(R) for R — +o0o to obtain the appropriate solution on the infinite Riccati ring. One example is described below in
subsection A 3.

2. Perturbative solution in k for the optimal density p(R) and the optimal current j

Even if the perturbative solution for the scaled cumulant generating function p(k) has already been obtained in
Eq. A7, it is nevertheless interesting to derive the corresponding perturbative solutions in k for the optimal density
p(R) and the optimal current j

p(R) = pl%(R) + kpi(R) + k?p2(R) + k> p3(R) + k*pa(R) + O(K°)
J = st + kj1 + k%G + k33 + kYjy + O(K®) (A8)

Plugging these perturbative expansions and the perturbative expansion for the optimal force G(R) (Eq. Al) into Eq.
101 with the notation U’'(R) = —ELR) of Eq 48 leads to the following differential equations order by order

" D(R)
)+ U (R () = DI
R+ U Ry = CEEUI LRI Z
R+ U (Rpar) SN GBI LRI~ o, gy
) U () < CHRER) + Ga(R)ps(R) + GaRm(R) + Gr(Rm(®) —ds _y a0

D(R)
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For any m > 1, the solution p,,(R) for the density at order k™ should be periodic on the Riccati ring, so one can
write the solution in terms of the inhomogeneous terms Y,,(R) of Eq. A9 in the form analogous to Eq. 75

eV [emUlRmin) [ AR (R)eV () 4 = Ullnas) [0 R, (R)eV ()]

min

(R = o) — g0 (A10)
The normalization condition for the density p(R) yields the following condition for any order m > 1
Ruas [ dRe=U ) [e*Ummm) [a AR (R)eVE) 4 emUmas) [lEnes qRIT, (R )eU (R
0 = /R T dRp() = Ry T
S AR T (R)eV D) [e=Ulttnin) fines Re=UR) 4 ¢=U(Fnae) [ qRe- U]
- [e=Umin) — ¢=U(Rmas)]
Rumas U(Rmaa) [Bmac ~U(R U(Rumin) [T ~U(R
_ /R AR (R S dimejm; j:U;Rm)) I AR (A11)

These equations determine order by order the current coefficients j,, that appear in the inhomogeneous terms Y, (R)
of Eq. A9. It is thus convenient to introduce the probability distribution

U(R/) 6 maL) meaJ. dRe +€ ( mi") fR/ dReiU(R)
/ = (—1q € Ronin
that is normalized as a consequence of Eq. 76 defining the stationary current jg
s Rumaz) [Fmas /e”“‘" ) (Bmax U(R) 1 oU(Rmin) [Bmaz jprel @) Re-U(R)
/R ARTIR) = (i) eV oo dR S [ dRe V() 4 e Jaoes dR' S mem
Rovin ° eU(Rmaz) — eU(Rmin)

Ronax maz R eU(R") in maz _U(R maz eU(R')

= (—Jst) < )f dfie " fR AR Gy +e o )mem dRe 1l )f AR Gy
st U (Rimaz) — U(Rmin)

(=) { ~U(Rmin) [fnes jRe-UR) [ AR QU(R) 4 o=U(Rmar) [Imes qRe=U(R) [ fimes dIL_(U(R') L s
o [e U(Rmzn) — e_U(Rm,am)jI - )

The solutions of Eqs Al1 for the current coefficients j,, can be then rewritten as

Roax
i = / AR [G1(R)p* (R)| TI(R)

e
b = / 0R [Go(R)p"(R) + G (R)pr ()| TI(R)
Rpin

Rmax
js = / dR'[G3(R)pg;*(R) + Ga(R)p1(R) + G1(R)p2(R) -] TI(R)

min

R'ma:n

ino= [ ARG R ) + Ga(R)p (R) + Ga(R)pa(R) + G (R (R TIR) (A14)

In the limit Ry, — —00 and Ry,q. — +00, one then needs to take into account the behavior of the potential U(R)
for R — 400 to obtain the appropriate solution on the infinite Riccati ring. Let us now describe one example.

3.  Perturbative solution when the potential difference diverges U(+o00) — U(—0) = +0o0

When the potential difference diverges U(+o00) — U(—00) = 400, we have described the non-equilibrium steady
state in the subsection IITE 1, and it is thus interesting to write the corresponding perturbative solution in k.
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In the solution of Eq. A4, only the right terms survive in the numerator and denominator in the limit R,,;, — —o0
and R,,qz — +00

+oo
Gon(R) = —eV(P) / AR (R )e V) (A15)
R

i.e. more explicitly for m =1,2,3,4

+oo
Gi(R) = —eV® / dR' [2p1; — 2R/| e V)
R
+o0 r GQ(R/) ,
— _Um 1oy, - GIU) | —ur)
G2(R) e /R dR _ o 5D }e
+o00o r
Gs(R) :_eU(R)/ AR |25 — G1(R')Ga(R) o UR)
R i D
+o0 M G (R/)G (R/) Gz(R/) ,
_ _UR) ’ V1 3 2 —U(R")
G4(R) e /R dR _2u4 D 5D }e (A16)

while Eq A7 read

+oo
o= / dRRpg"(R) = AP

— 00

+o0 ro2
o = [ an| G0 ey
M3 = /+oo dR Gl(R;g&(R)} pe(R)

+o0 r 2
wo= [ an |GG Gig%)} e (A17)

So the iterative procedure goes as follows : one plugs p; = AP into A4 to compute G1(R) that can be then plugged
into Eq A17 to compute 9, that can be then plugged into Eq A4 to compute G2(R), and so on.

In the solution of Eq. A10, only the left terms survive in the numerator and denominator in the limit R,,;, — —o0
and R,,qz — +00

R
pon(R) = e~V () / AR'T, (R)eV (7 (A18)

i.e. more explicitly for m =1,2,3,4

() = e U /_’; iR :G1<R>p;‘:;<R>—j1} )

o(R) = U /_i iR :G2<R>piQ<R> +DG1<R)p1<R>—jz]6U<R/>

pa(R) = U /_i IR :G3<R>p?:q<R)+G2<R)g<R>+Gl<R>p2<R>—js}eU(R/)

() = e U /_i iR -G4<R>pg;Q(R)+G3(R)p1(R)+DG2<R>p2<R)+G1<R>p3(3>_ﬂ S (A19)

In terms of the function of Eq. A12

(R =(—j &R/) de —U(R) A20
( ) _( .]St)D(R/) € ( )

/
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the current coefficients read

+oo
io= / dR (G (R)pl (R) T1(R)

— 0o

+oo
J2 :/ dR [G2(R)p*(R) + G1(R)p1(R)]IL(R)

—00

gy = / o dR' [G3(R)p"Y(R) + G2(R)p1(R) + G1(R)p2(R)—] II(R)

— 00

+oo
Ja =/ AR [Ga(R)ps " (R) + G3(R)p1(R) + Ga(R)pa(R) + G1(R)ps(R)] TI(R) (A21)

— 00

So here the iterative procedure goes as follows : one first compute j; to plug it into into Eq. A19 to obtain p;(R)
that can be then plugged into Eq. A21 to compute ja, that can be then plugged into Eq A19 to compute ps(R), and
SO on.

Appendix B: Explicit first cumulants for the case of a Riccati equilibrium steady-state

In this Appendix, we focus on the case where the potential U(R) introduced in Eq. 48 is periodic on the Riccati
ring (see Eq. 67) and where the steady state pg is thus an equilibrium steady state p§f without current js = 0 (see
subsection IIID). We describe the perturbative solution in k of the optimization procedure of subsection IV G.

The general solutions of Eq. A2 for the functions G,,(R) that appear in the series expansion of Eq. Al for G(R)
involves some integration constant K,

Gm(R) = eV

R
Km+/ dR’Qm(R’)e‘U(R/)] (B1)
wa'n,

The requirement of periodicity on the Riccati ring G, (Rimin) = Gm(Rmaz) leads to the equation

eU(RnLin) Km — eU(RnLaw)
Rpin

anam ’
Ko + / dR'Q, (R)e VR >] (B2)

i.e. when one takes into account the periodicity of the potential U(Rin) = U(Rmaz), One obtains that K, disappears
and one is left with the conditions that involve only the inhomogeneous terms §2,,,(R) of Eqs A2

Roax
0= /R dR'Qy (R)e V) (B3)

In terms of the equilibrium steady state of Eq. 69, Eq. 66 can be rewritten in the limit R,,;, — —oc and Rypae — +00
as

0= [ ara,mpzn) (B4)

More explicitly for m = 1,2,3,4 when one takes into account the explicit expressions of the Q,,(R) of Eqs A2 and
the normalization of p§j(R), one obtains that the coefficients p,, of the perturbative expansion of Eq. Al for u(k)
are given by

—+00
p = [ dra(mpsi(r) = N

e am
+oo
m = [ arS SRR )

+oo 2
i = [ ar| LD - S ) (B5)

— 00
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In order to determine the integration constants K, for the G,,(R) of Eq. Bl, one needs to consider the constraints
of Eq. 126 in their regularized form involving R,,;, and R4z

Rimax Riaz U(R)
0 :/ grC&m () :/ dRS —

R
Km+/ dR/Qm(Rl)e—U(R/)

anin D(R) Rmin D(R) anin
Rimaz  ,U(R) Rmax  JU(R) (R / R
=K, dR—— —|—/ dRi/ dR' Q) (R )e™ B6
/Rmm D(R) Rpin D(R) Rpin ( ) ( )

Plugging this value of K, into Eq. 65, one obtains the final result for the regularized solution G,,(R)

Jres gl eV [ AR Qy (R e~V

Grn(R) = V) i -
maz _dR' "
Jrr el )
More explicitly for m = 1,2, 3,4 when one takes into account the explicit expressions of the €,,(R) of Eqs A2
Rinaz /7 " R B ,
Gi(R) = V() fmin Dd(lfz//)eU(R ) [ dR' 2011 — 20(R')] eV (ED
' - Romax dR’! "
mein D(R”)EU(R )
Rmaz dR"” U(R") R s [ B @} U
G2(R) ='W JRorn. DT Jr dR 212 — 3pemn | ©
N Rmae _dR" "
mein D(R”)eU(R )
s 4R R ar | GLRNG(R)] —U(R
Ga(R) =V S i eV [, dR! |2 — CURERUI | e-u )
’ - Rmaz _dR'" "
mem D(R”)eU(R )
Rmaz dR” _U(R" R [ G1(R)G3(R') GQ(R/) (R
U(R) Jare pegmye’ T [pu dR 200 — ZHGES — 2D2(R/)} e V()
G4(R) —° R -‘ dR'" " (B8)
max eU(R )

Rpin D(RN)

So here the iterative procedure goes as follows : one plugs 1 = A%¥? into into Eq. B8 to obtain G1(R) that can be
then plugged into Eq. B5 to compute ps, that can be then plugged into Eq B8 to compute G2(R), and so on.

[1] P. Bougerol, J. Lacroix, Springer, Birkhauser Boston (1985) “Products of Random Matrices with Applications to
Schrédinger Operators”
[2] I.M. Lifshitz, S.A. Gredeskul and L.A. Pastur, John Wiley and Sons (1987), “Introduction to the theory of disordered
systems”.
[3] J.M. Luck, Aléa Saclay (1992) ”Systémes désordonnés unidimensionnels”.
[4] A. Crisanti, G. Paladin, A. Vulpiani, “Products of random matrices in statistical physics”, Springer Verlag (1993).
[5] A. Comtet, C. Texier, Y. Tourigny, J. Stat. Phys. 140(3), 427 (2010)
[6] A. Comtet, C. Texier, Y. Tourigny, J. Phys. A: Math. Theor. 46, 254003 (2013) review for a special issue on “Lyapunov
analysis: from dynamical systems theory to applications”.
[7] A. Comtet, J. M. Luck, C. Texier, Y. Tourigny, J. Stat. Phys. 150, 13 (2013).
[8] A. Comtet and Y. Tourigny, arxiv: 1601.01822
[9] F. Comets, G. Giacomin, R. L. Greenblatt, Commun. Math. Phys. 369, 171 (2019)
[10] C. Monthus, Eur. Phys. J. B 92, 149 (2019) in the topical issue ” Recent Advances in the Theory of Disordered Systems”
edited by F. Igloi and H. Rieger.
[11] H. Schomerus, M. Titov, Phys. Rev. E 66, 066207 (2002).
[12] R. Zillmer and A. Pikovsky, Phys. Rev. E 67, 061117 (2003).
[13] G. Huber, M. Pradas, A. Pumir, M. Wilkinson, Physica A 492, 517 (2018).
[14] M. Titov, H. Schomerus, Phys. Rev. Lett. 91, 176601 (2003).
[15] K. Ramola and C. Texier, J. Stat. Phys. 157(3), 497 (2014).
[16] Y.V. Fyodorov, P. Le Doussal, A. Rosso, C. Texier, Annals of Physics 397, 1 (2018).
[17] J. Vanneste, Phys. Rev. E 81, 036701 (2010).
[18] C. Texier, J. Stat. Phys. 181, 990 (2020).
[19] C. Texier, Europhys. Lett. 131, 17002 (2020).
[20] A. Comtet, C. Texier, Y. Tourigny, arXiv:1911.00117



42

[21] B. Derrida, J. Stat. Mech. P07023 (2007).

[22] R J Harris and G M Schiitz, J. Stat. Mech. P07020 (2007).

[23] E.M. Sevick, R. Prabhakar, S. R. Williams, D. J. Searles, Ann. Rev. of Phys. Chem. Vol 59, 603 (2008).

[24] H. Touchette and R.J. Harris, chapter ” Large deviation approach to nonequilibrium systems” of the book ”Nonequilibrium
Statistical Physics of Small Systems: Fluctuation Relations and Beyond”, Wiley 2013.

[25] L. Bertini, A. De Sole, D. Gabrielli, G. Jona-Lasinio, and C. Landim Rev. Mod. Phys. 87, 593 (2015).

[26] R. L. Jack, P. Sollich, The European Physical Journal Special Topics 224, 2351 (2015).

[27] A. Lazarescu, J. Phys. A: Math. Theor. 48 503001 (2015).

[28] A. Lazarescu, J. Phys. A: Math. Theor. 50 254004 (2017).

[29] R. L. Jack, Eur. Phy. J. B 93, 74 (2020)

[30] A. de La Fortelle, PhD (2000) ” Contributions to the theory of large deviations and applications” INRIA Rocquencourt.
[31] V. Lecomte, PhD Thesis (2007) ” Thermodynamique des histoires et fluctuations hors d’équilibre” Université Paris 7.
[32] R. Chétrite, PhD Thesis 2008 ”Grandes déviations et relations de fluctuation dans certains modeéles de systémes hors

d’équilibre” ENS Lyon

[33] B. Wynants, arXiv:1011.4210, PhD Thesis (2010), ”Structures of Nonequilibrium Fluctuations”, Catholic University of
Leuven.

[34] R. Chétrite, HDR Thesis (2018) ”Pérégrinations sur les phénomenes aléatoires dans la nature”, Laboratoire J.A.
Dieudonné, Université de Nice.

[35] Y. Oono, Progress of Theoretical Physics Supplement 99, 165 (1989).

36] R.S. Ellis, Physica D 133, 106 (1999).

[37] H. Touchette, Phys. Rep. 478, 1 (2009);
H. Touchette, Modern Computational Science 11: Lecture Notes from the 3rd International Oldenburg Summer School,
BIS-Verlag der Carl von Ossietzky Universitat Oldenburg, 2011.

. Fayolle and A. de La Fortelle, Problems of Information Transmission 38, 354 (2002).

. Monthus, arXiv:2009.12287

. de La Fortelle, Problems of Information Transmission 37 , 120 (2001).

. Maes and K. Netocny, Europhys. Lett. 82, 30003 (2008)

Maes, K. Netocny and B. Wynants, Markov Proc. Rel. Fields. 14, 445 (2008).

C. Barato and R. Chétrite, J. Stat. Phys. 160, 1154 (2015).

Bertini, A. Faggionato and D. Gabrielli, Ann. Inst. Henri Poincare Prob. and Stat. 51, 867 (2015).

Bertini, A. Faggionato and D. Gabrielli, Stoch. Process. Appli. 125, 2786 (2015).

Monthus, J. Stat. Mech. (2019) 023206

Monthus, J. Phys. A: Math. Theor. 52, 135003 (2019)

Monthus, J. Phys. A: Math. Theor. 52, 025001 (2019)

. C. Barato, R. Chétrite, J. Stat. Mech. (2018) 053207

Chabane, R. Chétrite, G. Verley, J. Stat. Mech. (2020) 033208.

Maes, K. Netocny and B. Wynants Physica A 387, 2675 (2008).

. Hoppenau, D. Nickelsen and A. Engel, New J. Phys. 18 083010 (2016).

. Carollo, J. P. Garrahan, I. Lesanovsky, C. Perez-Espigares, Phys. Rev. A 98, 010103 (2018).

. Carollo, R. L. Jack, J. P. Garrahan, Phys. Rev. Lett. 122, 130605 (2019).

. P. Feynman, A. R. Hibbs “Quantum Mechanics and Path Integrals” McGraw-Hill, New-York (1965).

. Kac, Trans. Amer. Math. Soc. 65, 1 (1949).

Monthus, “Etude de quelques fonctionnelles du mouvement Brownien et de certaines propriétés de la diffusion unidi-

ensionnelle en milieu aléatoire” PhD Thesis , Université Paris 6 (1995).

. N. Majumdar, Current Science, vol-89, 2076 (2005).

. Lecomte, C. Appert-Rolland and F. van Wijland, Phys. Rev. Lett. 95 010601 (2005).

. Lecomte, C. Appert-Rolland and F. van Wijland, J. Stat. Phys. 127 51-106 (2007).

. Lecomte, C. Appert-Rolland and F. van Wijland, Comptes Rendus Physique 8, 609 (2007).

.P. Garrahan, R.L. Jack, V. Lecomte, E. Pitard, K. van Duijvendijk, F. van Wijland, Phys. Rev. Lett. 98, 195702 (2007).

.P. Garrahan, R.L. Jack, V. Lecomte, E. Pitard, K. van Duijvendijk and F. van Wijland, J. Phys. A 42, 075007 (2009).

van Duijvendijk, R.L. Jack and F. van Wijland, Phys. Rev. E 81, 011110 (2010).

L. Jack, P. Sollich, Prog. Theor. Phys. Supp. 184, 304 (2010)

Simon, J. Stat. Mech. (2009) P07017

Popkov, G. M. Schuetz, D. Simon, J. Stat. Mech. P10007 (2010).

Simon, J. Stat. Phys. 142, 931 (2011)

Popkov, G. M. Schuetz, J. Stat. Phys 142, 627 (2011)

. Belitsky, G. M. Schuetz, J. Stat. Phys. 152, 93 (2013)

Hirschberg, D. Mukamel, G. M. Schuetz, J. Stat. Mech. P11023 (2015).

M. Schuetz, From Particle Systems to Partial Differential Equations II, Springer Proceedings in Mathematics and

tatistics Volume 129, pp 371-393, P. Gongalves and A.J. Soares (Eds.), (Springer, Cham, 2015).

. Chétrite and H. Touchette, Phys. Rev. Lett. 111, 120601 (2013).

. Chétrite and H. Touchette Ann. Henri Poincare 16, 2005 (2015).

. Chétrite, H. Touchette, J. Stat. Mech. P12001 (2015).

. T. Nyawo, H. Touchette, Phys. Rev. E 94, 032101 (2016)

Bozwwwuob>ooobb>oo>oo

NN o000 oo oot
DN H OO 00O WN = O O 0
POLLpLEERE s

n

TIIT



43

[77] H. Touchette, Physica A 504, 5 (2018).
[78] F. Angeletti, H. Touchette, Journal of Mathematical Physics 57, 023303 (2016).
[79] P. T. Nyawo, H. Touchette, Europhys. Lett. 116, 50009 (2016);
P. T. Nyawo, H. Touchette, Phys. Rev. E 98, 052103 (2018).

[80] B. Derrida and T. Sadhu, Journal of Statistical Physics 176, 773 (2019);
B. Derrida and T. Sadhu, Journal of Statistical Physics 177, 151 (2019).
K. Proesmans, B. Derrida, J. Stat. Mech. (2019) 023201.
N. Tizon-Escamilla, V. Lecomte and E. Bertin, J. Stat. Mech. (2019) 013201.

. du Buisson, H. Touchette Phys. Rev. E 102, 012148 (2020)

. G. D. Cohen and G. Gallavotti, Journal of Statistical Physics, 96, 1343 (1999)
. Kurchan, J. Phys. A: Math. Gen. 31 3719 (1998).
.L. Lebowitz and H. Spohn, J. Stat. Phys. 95, 333 (1999).

. Maes, J. Stat. Phys. 95, 367 (1999).

Jepps D. J. Evans, D. J. Searles, Physica D, 187, 326 (2004).

. Kurchan J. Stat. Mech. (2007) P07005.

K P Zia and B Schmittmann J. Stat. Mech. P07012 (2007).
C. Maes, K. Netocny, and B. Shergelashvili, A selection of nonequilibrium issues, In Methods of Contemporary Mathe-
matical Statistical Physics, R. Kotecky ed. Lecture notes in Mathematics, Vol. 1970 (2009) 247.
2] C. Maes, J. Phys. A 50, 381001 (2017)
3] M. Janssen, Phys. Rep. 295, 1 (1998).
4] F. Evers and A.D. Mirlin, Rev. Mod. Phys. 80, 1355 (2008).
5] A
6] F
7]

S "0 "0 00 00 '%0 00 00 00 00 00
2S00 NS OV W =
WEOQE =

. D. Mirlin, Y.V. Fyodorov, A. Mildenberger and F. Evers, Phys. Rev. Lett 97, 046803 (2006).
. Wegner, Nucl. Phys. B 280, 210 (1987).

A. D. Mirlin and Y. V. Fyodorov, Phys. Rev. Lett. 72, 526 (1994); A. D. Mirlin and Y. V. Fyodorov, J. Phys. I (France)

4, 655 (1994) ; Y. V. Fyodorov and D. V. Savin, JETP Lett. 80, 725 (2004); D. V. Savin, Y. V. Fyodorov, and H.-J.

Sommers, JETP Lett. 82, 544 (2005); Y. V. Fyodorov, D. V. Savin, and H.-J. Sommers, J. Phys. A 38, 10 731 (2005).

[98] A. Mildenberger and F. Evers, Phys. Rev. B 75, 041303(R) (2007).
[99] F. Evers, A. Mildenberger, A. D. Mirlin, Physica Status Solidi B 245, 284 (2008); F. Evers, A. Mildenberger, and A. D.
Mirlin, Phys. Rev. Lett. 101, 116803 (2008).

[100] L.J. Vasquez, A. Rodriguez and R.A. Romer, Phys. Rev. B 78, 195106 (2008); A. Rodriguez, L.J. Vasquez and R.A.
Romer, Phys. Rev. B 78, 195107 (2008); A. Rodriguez, L.J. Vasquez and R.A. Romer, Phys. Rev. Lett. 102, 106406
(2009).

[101] C. Monthus and T. Garel, J. Stat. Mech. P09015 (2010).

[102] C. Monthus, B. Berche and C. Chatelain, J. Stat. Mech. P12002 (2009).

[103] C. W. Gardiner, “Handbook of Stochastic Methods: for Physics, Chemistry and the Natural Sciences” (Springer Series
in Synergetics), Berlin (1985).

104] N.G. Van Kampen, “Stochastic processes in physics and chemistry”, Elsevier Amsterdam (1992).

‘oo v oo

[104]

[105] H. Risken, “The Fokker-Planck equation : methods of solutions and applications”, Springer Verlag Berlin (1989).

[106] F. Cooper, A. Khare, U. Sukhatme, Phys. Rep. 251, 267 (1995).

[107] S. F. Edwards, Proc. Phys. Soc. 91, 513 (1967).

[108] F. W. Wiegel, “Introduction to Path-Integral Methods in Physics and Polymer Science”, World Scientific, Singapore
(1986

[109] A. Comtet J. Desbois, S. Ouvry, J. Phys. A : Math. Gen. 23, 3563 (1990).

[110] M. Antoine, A. Comtet, J. Desbois, S. Ouvry, J. Phys. A : Math. Gen. 24, 2581 (1991).

[111] J. Desbois, C Furtlehner, S. Ouvry Nuclear Physics B 453, 759 (1995)

[112] J. Desbois, C. Furtlehner, S. Ouvry Journal de Physique I 6 , 641-648 (1996).

[113] A. Comtet J. Desbois, C. Monthus, J. Stat. Phys. 73, 433 (1993)

[114] A. Comtet, J. Desbois, C. Monthus, J. Phys. A 26, 5637 (1993).

[115] P. W. Anderson, Phys. Rev. 109, 1492 (1958).

[116] “50 years of Anderson Localization”, E. Abrahams Ed, World Scientific (2010).

[117] A.D. Mirlin, Phys. Rep. 326, 259 (2000)

[118] B.I. Halperm Physical Review 139, 104 (1965)

[119] A. Ovchinnikov, N. Erikmann, Zh. Eksp Teor. Fiz. 73, 650 (1977)

(120]

J.P. Bouchaud, A. Georges, Phys. Rep. 195, 267 (1990)

[121] A. Comtet, J. Desbois, C. Monthus, Ann. Phys. (N.Y.) 239, 312 (1995)

[122] C. Monthus, G. Oshanin, A. Comtet, S. Burlatsky, Phys. Rev. E 54, 231 (1996).

[123] A. Comtet, C. Texier, contribution to the proceedings of the workshop ”Supersymmetry and Integrable Models”, in
”Supersymmetry and Integrable Models”, Aratyn et al. (eds), Springer, (1998), p. 313

[124] C. Texier, private communication.



