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Large deviations for Markov processes with stochastic resetting :
analysis via the empirical density and flows or via excursions between resets

Cécile Monthus
Institut de Physique Théorique, Université Paris Saclay, CNRS, CEA, 91191 Gif-sur-Yvette, France

Markov processes with stochastic resetting towards the origin generically converge towards non-
equilibrium steady-states. Long dynamical trajectories can be thus analyzed via the large deviations
at Level 2.5 for the joint probability of the empirical density and the empirical flows, or via the
large deviations of semi-Markov processes for the empirical density of excursions between consecutive
resets. The large deviations properties of general time-additive observables involving the position
and the increments of the dynamical trajectory are then analyzed in terms of the appropriate Markov
tilted processes and of the corresponding conditioned processes obtained via the generalization of
Doob’s h-transform. This general formalism is described in detail for the three possible frameworks,
namely discrete-time/discrete-space Markov chains, continuous-time/discrete-space Markov jump
processes and continuous-time/continuous-space diffusion processes, and is illustrated with explicit
results for the Sisyphus Random Walk and its variants, when the reset probabilities or reset rates
are space-dependent.

I. INTRODUCTION

The recent interest into stochastic resetting (see the review [1] and references therein) can be explained via its many
applications : within the field of intermittent search strategies (see the review [2] and references therein), the resetting
procedure is clearly the simplest one; jump-diffusions processes have been also much studied in mathematical finance
[3, 4]), in biology for integrate-and-fire neuronal models [5, 6] and in ecology to describe fires [7] or soil moisture [8, 9];
finally, for open quantum systems, the unravelling of the Lindblad dynamics in terms of quantum trajectories involve
quantum jumps that are analogous to resetting procedures [10], and it is thus interesting to better understand the
similarities and differences with resetting in classical stochastic models [10–12].

Besides all the possible applications, another motivation to study stochastic resetting is that the resetting procedure
towards the origin will generically produce a non-equilibrium steady state localized around the origin, even if the
process without resetting does not converge towards a stationary state [1, 13]. In the present paper, our goal will
be thus to characterize Markov processes with stochastic resetting via the recent progresses made in the field of
large deviations for non-equilibrium steady-states (see the reviews with different scopes [14–22], the PhD Theses
[23–26] and the HDR Thesis [27]). The large deviations at Level 2.5 has emerged in order to characterize the non-
equilibrium steady-states via the joint distribution of the empirical measure and of the empirical flows. While the
theory of large deviations has a long history (see the reviews [28–30] and references therein), the explicit forms of rate
functions at Level 2.5 have been obtained more recently for discrete-time/discrete-space Markov chains [23, 30–32],
for continuous-time/discrete-space Markov jump processes [23, 26, 27, 33–43] and for continuous-time/continuous-
space diffusion processes [26, 27, 36, 44–46], while the generalization to the Lindblad dynamics [10, 11] offers new
possibilities to analyze open quantum systems. This Level 2.5 formulation plays an essential role, because any time-
additive observable of the dynamical trajectory can be reconstructed via its decomposition in terms of the empirical
density and of the empirical flows. It is thus closely related to the studies focusing on the generating functions
of time-additive observables via deformed Markov operators, that have attracted a lot of interest in various models
[10, 11, 14, 19–22, 24, 27, 46–71], with the formulation of the corresponding ’conditioned’ process via the generalization
of Doob’s h-transform.

In the field of stochastic resetting, large deviations have been already considered for time-additive observables of
various processes [1, 72–76]. In particular, for the special case of time-additive observables involving only the position
in one-dimensional diffusion models with a uniform resetting rate, the studies [72, 75] have used the decomposition of
the dynamical trajectory into excursions between resets in order to relate the generating functions with and without
resetting. As a consequence, besides the analysis of large deviations at Level 2.5 for the empirical density and of the
empirical flows mentioned above, we will also consider the large deviations for the empirical excursions between two
consecutive resets. These two points of view will be then used to analyze the large deviations of the most general
time-additive observables involving both the position and the increments of the dynamical trajectory, when the reset
probabilities or reset rates are not uniform anymore but space-dependent, since this is relevant in many applications
[6, 7, 9, 77–80].

Let us now describe in more detail the organization of the paper and mention the equations numbers where the
main results can be found.
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A. Discrete-time/discrete-space Markov chains in sections II and III and in Appendix A

In section II, Markov Chains in discrete time and discrete space with space-dependent resetting probabilities (Eq.
2) are analyzed via the large deviation at Level 2.5 for the empirical density and flows (Eq. 8) and via the large
deviations for the empirical excursions between two consecutive resets (Eq. 18). The generating function of general
time-additive observables (Eq. 27) is analyzed via the tilted dynamics (Eq. 30), via the generator of the conditioned
process obtained as the generalization of Doob’s h-transform (Eq. 51) and via the probability of excursions between
resets of this conditioned process (Eq. 62).

In section III, this general formalism is applied to the example of the Sisyphus Random Walk [77] on the semi-infinite
lattice x = 0, 1, 2, .., where Sisyphus at position x at time t (Eq 65) can either return to the origin with probability
Rx or move forward to the next position (x+ 1) with the complementary probability (1− Rx). Explicit expressions
are given for the existence of a non-equilibrium steady-state (Eq. 71), for the large deviations at Level 2.5 (Eq. 78)
and at Level 2 for the empirical density alone (Eq. 82), as well as for the large deviations of excursions (Eq. 86).
The generating function of general time-additive observables (Eq. 89) is analyzed via the tilted dynamics and via the
tilted excursions to obtain the same explicit result for the scaled cumulant generating function (Eqs 95 and 105).

Appendix A contains another application of the general formalism of section II to the Sisyphus Random Walk on
the Cayley Tree of branching ratio b, that generalizes the results of the one-dimensional case b = 1 described in section
III.

B. Continuous-time/discrete-space Markov jump processes in sections IV and V

In section IV, Markov Jump processes in continuous time and discrete space with space-dependent resetting rates
(Eq. 113) are analyzed via the large deviation at Level 2.5 for the empirical density and flows (Eq. 120) and via the
large deviations of empirical excursions between two consecutive resets (Eq. 127). The generating function of general
time-additive observables (Eq. 133) is analyzed via the tilted dynamics (Eqs 136 and 137), via the generator of the
conditioned process obtained as the generalization of Doob’s h-transform (Eq. 142) and via the tilted excursions (Eq.
146) with the corresponding conditioned excursion probabilities (Eq 149).

In section V, this general formalism is applied to the example of the Sisyphus Jump process on the semi-infinite
lattice x = 0, 1, 2, .., where Sisyphus at position x at time t (Eq 153) can return to the origin with rate rx, move
forward to the next position (x+ 1) with rate w or remain at x. Explicit expressions are given for the existence of a
non-equilibrium steady-state (Eq. 157), for the large deviations at Level 2.5 (Eq. 162) and for the large deviations
of excursions (Eq. 172). The generating function of general time-additive observables (Eq. 173) is analyzed via the
tilted dynamics and via the tilted excursions to obtain the same explicit result for the scaled cumulant generating
function (Eqs 180 and 192).

C. Continuous-time/continuous-space diffusion processes in sections VI and VII

In section VI, diffusion processes in a force field in dimension d with space-dependent resetting rates (Eq. 193)
are analyzed via the large deviation at Level 2.5 for the empirical density and currents (Eq. 200) and via the large
deviations of empirical excursions between two consecutive resets (Eq. 209). The generating function of general
time-additive observables (Eq. 215) is analyzed via the tilted dynamics (Eq 218), via the generator of the conditioned
process obtained as the generalization of Doob’s h-transform (Eqs 221 and 225) and via the tilted excursions (Eq.
233) with the corresponding conditioned excursion probabilities (Eq 235).

In section VII, this general formalism is applied to the example of the continuous-time Sisyphus process (Eq 238)
on the semi-infinite line x ∈ [0,+∞[. Explicit expressions are given for the existence of a non-equilibrium steady-state
(Eq. 242), for the large deviations at Level 2.5 (Eq. 244) and at Level 2 for the empirical density alone (Eq. 246), as
well as for the large deviations of excursions (Eq. 251). The generating function of general time-additive observables
(Eq. 254) is analyzed via the tilted dynamics and via the tilted excursions to obtain the same explicit result for the
scaled cumulant generating function (Eqs 259 and 269).
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II. MARKOV CHAIN IN DISCRETE TIME AND DISCRETE SPACE WITH RESETTING

A. Models and notations

In this section, we focus on the Markov Chain dynamics for the probability Py(t) to be at position y at time t

Px(t+ 1) =
∑
y

W reset
x,y Py(t) (1)

where the matrix

W reset
x,y ≡Wx,y(1−Ry) + δx,0Ry (2)

has the following physical meaning. When the particle is at position y at time t, two types of moves are possible to
obtain the new position x at time t+ 1 :

(i) with probability Ry ∈ [0, 1], there is a reset to the origin x = 0, i.e. the particle makes a non-local spatial move
from y to 0.

(ii) with the complementary probability (1 − Ry), the particle follows the spatially-local Markov Chain described
by the matrix Wx,y, i.e. it jumps towards the some neighboring position x of y with probability Wx,y, with the
normalization ∑

x

Wx,y = 1 (3)

Although the case of uniform resetting probabilities Ry = R is the most studied in the literature [1], it is also
interesting to consider the case of space-dependent resetting probabilities, where Ry depends on the position y either
deterministically or randomly [6, 7, 9, 77–80] since this is very relevant in many applications [6]. In the whole paper,
we will thus consider that the resetting probability is space-dependent.

As stressed in the Introduction, the stochastic resetting towards the origin will generically produce a non-equilibrium
steady state localized around the origin even if the process without resetting does not converge towards a stationary
state [1, 13]. In this section, we will thus assume that the steady-state solution P ∗x of Eq. 1

P ∗x =
∑
y

W reset
x,y P ∗y (4)

exists in order to apply the large deviations at Level 2.5 for non-equilibrium steady-states.

B. Large deviations at level 2.5 for the empirical density and the empirical flows

The empirical 2-point density characterizes the flows between two consecutive positions in a very long trajectory
x(0 ≤ t ≤ T )

ρ(2)
x,y ≡ 1

T

T∑
t=1

δx(t),xδx(t−1),y (5)

It contains the information on the empirical 1-point density that can be obtained via the sum over the first or the
second position (up to a boundary term of order 1/T that is negligible for large duration T → +∞)

ρx ≡ 1

T

T∑
t=1

δx(t),x =
∑
y

ρ(2)
x,y =

∑
y

ρ(2)
y,x (6)

with the normalization ∑
x

ρx = 1 (7)

For this discrete-time/discrete-space Markov chain framework, the joint probability to see the empirical 2-point
and 1-point densities follows the large deviation form at Level 2.5 [23, 30–32]

PT (ρ(2)
.,. ; ρ.) '

T→+∞
C(ρ(2)

.,. ; ρ.)e
−TI(ρ(2).,. ;ρ.) (8)
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with the constraints discussed in Eqs 6 and 7

C(ρ(2)
.,. ; ρ.) = δ

(∑
x

ρx − 1

)∏
x

[
δ

(∑
y

ρ(2)
x,y − ρx

)
δ

(∑
y

ρ(2)
y,x − ρx

)]
(9)

while the rate function involves the kernel W reset
x,y of Eq. 2

I(ρ(2)
.,. ; ρ.) =

∑
x

∑
y

ρ(2)
x,y ln

(
ρ

(2)
x,y

W reset
x,y ρy

)
=
∑
x

∑
y

ρ(2)
x,y ln

(
ρ

(2)
x,y

[Wx,y(1−Ry) + δx,0Ry] ρy

)
(10)

Then one needs to discuss the possible empirical flows ρ
(2)
x,y due to the Markov chain Wx,y and to the resetting procedure

in order to obtain more explicit expressions, as explained on the specific examples of section III and Appendix A.

C. Large deviations for the empirical excursions between two consecutive resets

1. Empirical density of excursions between two consecutive resets

A very long dynamical trajectory x(0 ≤ t ≤ T ) starting at x0 = 0 can also be analyzed via its decomposition into
excursions between resets. Let us note tl with l = 0, 1, .., N − 1 the times where a reset towards the origin occurs
x(tl) = 0, with t0 = 0. It is convenient to introduce the durations of these excursions

τl ≡ tl+1 − tl (11)

and the corresponding internal trajectory for s = 1, .., τl − 1

y(l)(s) ≡ x(tl + s) (12)

between y(l)(s = 0) = x(tl) = 0 and y(l)(τl) = x(tl + τl) = x(tl+1) = 0.
For large time T , we assume that the density n = N

T of resets will be finite, so the total number N = nT of
excursions will be large, and we may neglect the fact that the last excursion does not finish exactly at time T , in
order to analyze the empirical density of excursions of duration τ and internal trajectory y(1 ≤ s ≤ τ − 1)

n[τ ; y(.)] ≡ n[τ ; y(1 ≤ s ≤ τ − 1)] ≡ 1

T

N−1∑
l=0

δτl,τ

(
τ−1∏
s=1

δy(l)(s),y(s)

)
(13)

The total density of excursions is then

n ≡ N

T
=

+∞∑
τ=1

∑
y(.)

n[τ ; y(.)] (14)

while the normalization is given by the total duration of the excursions

+∞∑
τ=1

τ
∑
y(.)

n[τ ; y(.)] =
1

T

N−1∑
l=0

τl = 1 (15)

Note that if we had not neglected the fact that the last excursion does not finish exactly at time T , there would be a
correction of order 1/T in Eq. 15 that would be the analog of the boundary correction of order 1/T that one neglects
in Eq. 6.

2. Large deviations for the empirical density of excursions between two consecutive resets

For the dynamics of Eq. 2, the probability to have an excursion of duration τ and of internal trajectory y(1 ≤ s ≤
τ − 1) reads

P exc[τ ; y(.)] ≡ P exc[τ ; y(1 ≤ s ≤ τ − 1)] = Ry(τ−1)Wy(τ−1),y(τ−2)(1−Ry(τ−2))...Wy(1),0(1−R0)

= Ry(τ−1)

[
τ−1∏
s=1

Wy(s),y(s−1)(1−Ry(s−1))

]
(16)
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For τ = 1 corresponding to a consecutive reset towards the origin, there is no-internal trajectory y(1 ≤ s ≤ τ − 1)
and the probability reduces to

P exc[τ = 1] = R0 (17)

The framework of semi-Markov processes [23, 32, 81–84] allows to write the large deviations properties of empirical
intervals as follows. The probability to see the empirical density n[τ ; y(1 ≤ s ≤ τ − 1)] of excursions between resets
and the total density n follows the large deviation form

PT (n[.; ..], n) '
T→+∞

C(n[.; ..], n)e−TI(n[.;..],n) (18)

with the constraints of Eqs 13 and 15

C(n[.; ..], n) = δ

+∞∑
τ=1

∑
y(.)

n[τ ; y(.)]− n

 δ
+∞∑
τ=1

τ
∑
y(.)

n[τ ; y(.)]− 1

 (19)

and the rate function that involves the probability of excursions (Eq. 16)

I(n[.; ..], n) =

+∞∑
τ=1

∑
y(.)

n[τ ; y(.)] ln

(
n[τ ; y(.)]

P exc[τ ; y(.)]n

)
(20)

3. Simplifications for uniform reset probability Ry = R

When the reset probability is uniform Ry = R, the probability of excursions of Eq. 16 becomes factorized

P excuniform[τ ; y(.)] = pgeo(τ)pconfigτ [y(.)] (21)

into the geometric distribution that describes the probability of the duration τ = 1, 2, .. of the excursion independently
of the internal trajectory y(1 ≤ s ≤ τ − 1)

pgeo(τ) = R(1−R)τ−1 (22)

while

pconfigτ [y(.)] =

τ−1∏
s=1

Wy(s),y(s−1) (23)

represents the probability of the internal trajectory y(1 ≤ s ≤ τ − 1) once the duration τ is fixed, and coincides with
the probability of the unperturbed Markov Chain of kernel Wx,y starting at y(0) = 0. This decoupling is at the origin
of most results obtained for the case of uniform resetting. In particular, the statistical properties of the durations of
the intervals between resets is completely independent from the configurational part. For instance, the probability of
the total density n = N

T of excursions simply follows the binomial distribution with its corresponding large deviation
form

PBinomialT (n) =
T !

(nT )!((1− n)T )!
RnT (1−R)(1−n)T ∝

T→+∞
e
−T

[
n ln

( n
R

)
+ (1− n) ln

(
1− n
1−R

)]
(24)

On the contrary, whenever the reset probability Ry depends on the position y, the duration τ and the internal
trajectory y(1 ≤ s ≤ τ − 1) are coupled via Eq. 16.

D. Large deviations for time-additive observables via three points of view

In this section, we focus on time-additive observables of the trajectory x(0 ≤ t ≤ T ) that involves some function αx

AT ≡ 1

T

T∑
t=1

αx(t) (25)
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or that involves some function βx,y

BT ≡ 1

T

T∑
t=1

βx(t),x(t−1) (26)

In the following, we consider the observable (AT + BT ) and analyze its large deviations properties via the scaled
cumulant generating function µ(k) appearing in the asymptotic behavior

ZT (k) ≡< eTk(AT+BT ) > '
T→+∞

eTµ(k) (27)

1. Analysis via the tilted dynamics

As recalled in the Introduction, the standard method to analyze the generating function of time-additive observables
is based on the spectral analysis of deformed Markov operators [10, 11, 14, 19–22, 24, 27, 46–71]. Let us recall how this
method works within the present Markov Chain framework. The probabilities of the whole trajectories x(0 ≤ t ≤ T )

P[x(T ), x(T − 1), ..., x(1), x(0) = 0] = δx(0),0

T∏
t=1

W reset
x(t),x(t−1) (28)

allow to compute the generating function of Eq. 27

ZT (k) =< e

k

T∑
t=1

(
αx(t) + βx(t),x(t−1)

)
> = δx(0),0

∑
x(1≤t≤T )

T∏
t=1

[
W reset
x(t),x(t−1)e

k(αx(t)+βx(t),x(t−1))
]

≡ δx(0),0

∑
x(1≤t≤T )

T∏
t=1

[
W̃

[k]
x(t),x(t−1)

]
(29)

via the tilted matrix

W̃ [k]
x,y ≡W reset

x,y ek(αx+βx,y) = [Wx,y(1−Ry) + δx,0Ry] ek(αx+βx,y) (30)

The scaled cumulant generating function µ(k) of Eq. 27 will then correspond to the logarithm of the highest eigenvalue
eµ(k) of the tilted matrix of Eq. 30 that will dominate the propagator

< x|
(
W [k]

)T
|y > '

T→+∞
eTµ(k)r̃[k]

x l̃[k]
y (31)

where r̃
[k]
x is the corresponding positive right eigenvector

eµ(k)r̃[k]
x =

∑
y

W̃ [k]
x,y r̃

[k]
y =

∑
y

Wx,y(1−Ry)ek(αx+βx,y)r̃[k]
y + δx,0

∑
y

Rye
k(α0+β0,y)r̃[k]

y (32)

and where l̃
[k]
y is the corresponding positive left eigenvector

eµ(k) l̃[k]
y =

∑
x

l̃[k]
x W̃ [k]

x,y =
∑
x

l̃[k]
x Wx,y(1−Ry)ek(αx+βx,y) + l̃

[k]
0 Rye

k(α0+β0,y) (33)

with the normalization ∑
x

l̃[k]
x r̃[k]

x = 1 (34)
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2. Analysis via the empirical density and empirical flows

The empirical 1-point density ρx of Eq. 6 allows to reconstruct any time-additive observable AT of the position
(Eq. 25)

AT =
∑
x

αxρx (35)

while the empirical 2-point density ρ
(2)
x,y of Eq. 5 allows to reconstruct any time-additive observable BT of the

increments (Eq. 26)

BT =
∑
x

∑
y

βx,yρ
(2)
x,y (36)

As a consequence, the generating function of Eq. 27 can be evaluated from the joint probability of Eqs 8 9 10

ZT (k) =

∫
Dρ(2)

.,.

∫
Dρ.PT (ρ(2)

.,. ; ρ.)e

Tk

(∑
x

αxρx +
∑
x

∑
y

βx,yρ
(2)
x,y

)

'
T→+∞

∫
Dρ(2)

.,.

∫
Dρ.δ

(∑
x

ρx − 1

)∏
x

[
δ

(∑
y

ρ(2)
x,y − ρx

)
δ

(∑
x

ρ(2)
x,y − ρy

)]

e

T

[
−
∑
x

∑
y

ρ(2)
x,y ln

(
ρ

(2)
x,y

W reset
x,y ρy

)
+ k

∑
x

αxρx + k
∑
x

∑
y

βx,yρ
(2)
x,y

]
(37)

Using the constraints, one can rewrite the functional in the exponential in a more compact form involving the tilted
generator of Eq. 30

ZT (k) '
T→+∞

∫
Dρ(2)

.,.

∫
Dρ.δ

(∑
x

ρx − 1

)∏
x

[
δ

(∑
y

ρ(2)
x,y − ρx

)
δ

(∑
x

ρ(2)
x,y − ρy

)]
e

−T
∑
x

∑
y

ρ(2)
x,y ln

(
ρ

(2)
x,y

W̃
[k]
x,yρy

)
(38)

It is convenient to make the change of variables from the 2-point density ρ
(2)
x,y to the effective Markov-Chain kernel

that would make ρ(2)
.,. and ρ. typical

˜̃W x,y ≡
ρ

(2)
x,y

ρy
(39)

to obtain

ZT (k) '
T→+∞

∫
D ˜̃W .,.

∫
Dρ.δ

(∑
x

ρx − 1

)∏
x

[
δ

(∑
y

˜̃W x,yρy − ρx

)
δ

(∑
x

˜̃W x,y − 1

)]

e

−T
∑
y

ρy
∑
x

˜̃W x,y ln

(
˜̃W x,y

W̃
[k]
x,y

)
(40)

The two last constraints mean that ˜̃rx = ρx and
˜̃
lx = 1 are the right and the left eigenvectors of the matrix ˜̃W

associated to the eigenvalue unity. In order to optimize the functional in the exponential in the presence of the

constraints, it is convenient to introduce the following Lagrangian with the Lagrange multipliers (ω[k], ν
[k]
x , λ

[k]
y )

L( ˜̃W .,.; ρ.) =−
∑
y

ρy
∑
x

˜̃W x,y ln

(
˜̃W x,y

W̃
[k]
x,y

)
− ω[k]

(∑
x

ρx − 1

)
+
∑
x

ν[k]
x

(∑
y

˜̃W x,yρy − ρx

)
+
∑
y

λ[k]
y

(∑
x

˜̃W x,y − 1

)

= ω[k] +
∑
y

ρy

[
−
∑
x

˜̃W x,y ln

(
˜̃W x,y

W̃
[k]
x,y

)
− ω[k] +

∑
x

ν[k]
x

˜̃W x,y − ν[k]
y

]
+
∑
y

λ[k]
y

(∑
x

˜̃W x,y − 1

)
(41)
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Again it is useful to use the constraints to obtain the more compact form

L( ˜̃W .,.; ρ.)= ω[k] +
∑
y

ρy

[
−
∑
x

˜̃W x,y ln

(
˜̃W x,y

W̃
[k]
x,ye−ω

[k]+ν
[k]
x −ν[k]

y

)]
+
∑
y

λ[k]
y

(∑
x

˜̃W x,y − 1

)
(42)

The optimization with respect to the density ρy

0 =
∂L( ˜̃W .,.; ρ.)

∂ρy
= −

∑
x

˜̃W x,y ln

(
˜̃W x,y

W̃
[k]
x,ye−ω

[k]+ν
[k]
x −ν[k]

y

)
(43)

yields directly that the optimal value of the Lagrangian will simply be given by the Lagrange multiplier ω[k] that
should thus coincide with the scaled cumulant generating function µ(k) of Eq. 27

Lopt = ω[k] = µ(k) (44)

In addition, the solution of Eq. 43 reads using Eq. 44

˜̃W x,y = W̃ [k]
x,ye

−µ(k)+ν[k]
x −ν

[k]
y (45)

The two last constraints of Eq. 38

ρx =
∑
y

˜̃W x,yρy = e−µ(k)+ν[k]
x

∑
y

W̃ [k]
x,ye

−ν[k]
y ρy

1 =
∑
x

˜̃W x,y = e−µ(k)−ν[k]
y

∑
x

eν
[k]
x W̃ [k]

x,y (46)

can be rewritten as eigenvalues equations for the tilted operator W̃
[k]
x,y

eµ(k)
(
e−ν

[k]
x ρx

)
=
∑
y

W̃ [k]
x,y

(
e−ν

[k]
y ρy

)
eµ(k)eν

[k]
y =

∑
x

eν
[k]
x W̃ [k]

x,y (47)

where eµ(k) is the eigenvalue associated to the left eigenvector

l̃[k]
y = eν

[k]
y (48)

and to the right eigenvector

r̃[k]
x = e−ν

[k]
x ρx =

ρx

l̃
[k]
x

(49)

while the remaining constraint of Eq 38 concerning the normalization of the density ρx reads

1 =
∑
x

ρx =
∑
x

l̃[k]
x r̃[k]

x (50)

So the equivalence with Eqs 32 33 34 is complete, and the matrix of Eq. 45

˜̃W x,y = e−µ(k) l̃[k]
x W̃ [k]

x,y

1

l̃
[k]
y

(51)

corresponds to the generator of the conditioned process obtained via the generalization of Doob’s h-transform.
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3. Analysis via the empirical density of excursions between two consecutive resets

Any time-additive observable of the position (Eq. 25) can be rewritten in terms of the empirical density of excursions
of Eq. 13 as

AT =
1

T

N−1∑
l=0

t=tl+1∑
t=tl+1

αx(t) =
1

T

N−1∑
l=0

τl∑
s=1

αy(l)(s) =

+∞∑
τ=1

∑
y(.)

n[τ ; y(.)]

[
τ−1∑
s=1

αy(s) + α0

]
(52)

Similarly, any time-additive observable of the increments (Eq. 26) can be rewritten as

BT =
1

T

N−1∑
l=0

(
t=tl+1−1∑
t=tl+1

βx(t),x(t−1) + βx(tl+1),x(tl+1−1)

)
=

1

T

N−1∑
l=0

(
τl−1∑
s=1

βy(l)(s),y(l)(s−1) + β0,y(l)(τl−1)

)

=

+∞∑
τ=1

∑
y(.)

n[τ ; y(.)]

[
τ−1∑
s=1

βy(s),y(s−1) + β0,y(τ−1)

]
(53)

So the generating function of Eq. 27 can be evaluated from the joint probability of Eqs 18 19 20 as

ZT (k) =

∫
dn

∫
Dn[.; ..]PT (n[.; ..], n)e

Tk

+∞∑
τ=1

∑
y(.)

n[τ ; y(.)]

[
τ−1∑
s=1

(αy(s) + βy(s),y(s−1)) + α0 + β0,y(τ−1)

]
(54)

'
T→+∞

∫
dn

∫
Dn[.; ..]δ

+∞∑
τ=1

∑
y(.)

n[τ ; y(.)]− n

 δ
+∞∑
τ=1

τ
∑
y(.)

n[τ ; y(.)]− 1



e

T

− +∞∑
τ=1

∑
y(.)

n[τ ; y(.)] ln

(
n[τ ; y(.)]

P exc[τ ; y(.)]n

)
+ k

+∞∑
τ=1

∑
y(.)

n[τ ; y(.)]

(
τ−1∑
s=1

(αy(s) + βy(s),y(s−1)) + α0 + β0,y(τ−1)

)
One can now proceed exactly as in the previous subsection. In terms of the tilted non-conserved quantity

P̃ exck [τ ; y(.)] ≡ P exc[τ ; y(.)]e

k

[
τ−1∑
s=1

(αy(s) + βy(s),y(s−1)) + α0 + β0,y(τ−1)

]
(55)

the functional in the exponential of Eq. 54 can be written in the more compact form

ZT (k) '
T→+∞

∫
dn

∫
Dn[.; ..]δ

+∞∑
τ=1

∑
y(.)

n[τ ; y(.)]− n

 δ
+∞∑
τ=1

τ
∑
y(.)

n[τ ; y(.)]− 1



e

−T
+∞∑
τ=1

∑
y(.)

n[τ ; y(.)] ln

(
n[τ ; y(.)]

P̃ exck [τ ; y(.)]n

)
(56)

One can then make the change of variables from the excursion density n[τ ; y(.)] to the excursion probability that
would make n[τ ; y(.)] and n typical

˜̃P
exc

[τ ; y(.)] ≡ n[τ ; y(.)]

n
(57)

to obtain the new expression

ZT (k) '
T→+∞

∫
dn

∫
D ˜̃P

exc

[.; ..]δ

+∞∑
τ=1

∑
y(.)

˜̃P
exc

[τ ; y(.)]− 1

 δ
n +∞∑

τ=1

τ
∑
y(.)

˜̃P
exc

[τ ; y(.)]− 1



e

−Tn
+∞∑
τ=1

∑
y(.)

˜̃P
exc

[τ ; y(.)] ln

(
˜̃P
exc

[τ ; y(.)]

P̃ exc[τ ; y(.)]

)
(58)
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The physical meaning of the two constraints is that ˜̃P
exc

[τ ; y(.)] should be normalized, while n should correspond to
the inverse of the first moment of the duration τ of excursions.

In order to optimize the functional in the exponential in the presence of the constraints, it is convenient to introduce
the following Lagrangian with the Lagrange multipliers (θ[k], ζ [k])

L( ˜̃P
exc

[.; ..], n) = −n
+∞∑
τ=1

∑
y(.)

˜̃P
exc

[τ ; y(.)] ln

(
˜̃P
exc

[τ ; y(.)]

P̃ exc[τ ; y(.)]

)

−θ[k]

+∞∑
τ=1

∑
y(.)

˜̃P
exc

[τ ; y(.)]− 1

− ζ [k]

n +∞∑
τ=1

τ
∑
y(.)

˜̃P
exc

[τ ; y(.)]− 1


= ζ [k] − n

+∞∑
τ=1

∑
y(.)

˜̃P
exc

[τ ; y(.)] ln

(
˜̃P
exc

[τ ; y(.)]

P̃ exc[τ ; y(.)]e−τζ[k]

)− θ[k]

+∞∑
τ=1

∑
y(.)

˜̃P
exc

[τ ; y(.)]− 1

(59)

The optimization with respect to the total density n of excursions

0 = −∂L( ˜̃P
exc

[.; ..], n)

∂n
=

+∞∑
τ=1

∑
y(.)

˜̃P
exc

[τ ; y(.)] ln

(
˜̃P
exc

[τ ; y(.)]

P̃ exc[τ ; y(.)]e−τζ[k]

)
(60)

yields directly that the optimal value of the Lagrangian will simply be given by the Lagrange multiplier ζ [k] that
should thus coincide with the scaled cumulant generating function µ(k) of Eq. 27

Lopt = ζ [k] = µ(k) (61)

In addition, the solution of Eq. 60 reads using Eq. 61

˜̃P
exc

[τ ; y(.)] = P̃ exc[τ ; y(.)]e−τµ(k) (62)

The two constraints of Eq. 58 read in terms of the tilted non-conserved quantity of Eq. 55

1 =

+∞∑
τ=1

∑
y(.)

˜̃P
exc

[τ ; y(.)] =

+∞∑
τ=1

e−τµ(k)

∑
y(.)

P̃ exc[τ ; y(.)]


1

n
=

+∞∑
τ=1

∑
y(.)

τ ˜̃P
exc

[τ ; y(.)] =

+∞∑
τ=1

τe−τµ(k)

∑
y(.)

P̃ exc[τ ; y(.)]

 (63)

So the first condition determines the scaled cumulant generation function µ(k), while the second condition determines
the optimal density n of excursions.

By consistency with the previous subsection, ˜̃P
exc

[τ ; y(.)] represents the probability of excursions in the conditioned

process generated by the matrix ˜̃W of Eq. 51. It is now interesting to analyze a specific example in the next section.

III. APPLICATION TO THE SISYPHUS RANDOM WALK ON THE HALF LINE

The Sisyphus Random Walk [77] on the semi-infinite lattice x = 0, 1, 2, .. corresponds to the matrices (Eq. 2)

Wx,y = δx,y+1

W reset
x,y = Wx,y(1−Ry) + δx,0Ry (64)

so the dynamics of Eq. 1 reads

Px(t+ 1) = (1−Rx−1)Px−1(t) + δx,0

(
+∞∑
y=0

RyPy(t)

)
(65)

In order to apply the general formalism described in the previous section, one should first check that the hypothesis
concerning the existence of a steady-state (Eq. 4) is satisfied.
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A. Condition on the reset probabilities R. for the existence of a non-equilibrium steady-state

The stationary state P ∗x of the dynamics of Eq. 65

P ∗x = (1−Rx−1)P ∗x−1 + δx,0

+∞∑
y=0

RyP
∗
y (66)

follows the simple recurrence for x ≥ 1

P ∗x = (1−Rx−1)P ∗x−1 = (1−Rx−1)(1−Rx−2)P ∗x−2 = ... =

[
x−1∏
y=0

(1−Ry)

]
P ∗0 (67)

while for x = 0 Eq. 2 becomes

P ∗0 =

+∞∑
x=0

RxP
∗
x = R0P

∗
0 +

+∞∑
x=1

Rx

[
x−1∏
y=0

(1−Ry)

]
P ∗0 (68)

so P ∗0 disappears if it is not vanishing, and the remaining equation is just the normalization concerning the probability
of the first reset

1 = R0 +

+∞∑
x=1

Rx

[
x−1∏
y=0

(1−Ry)

]
= R0 +R1(1−R0) +R2(1−R1)(1−R0) + ... (69)

The steady-state P ∗0 at the origin x = 0 is thus determined by the normalization

1 =

+∞∑
x=0

P ∗x = P ∗0

(
1 +

+∞∑
x=1

[
x−1∏
y=0

(1−Ry)

])
(70)

The condition P ∗0 > 0 to produce a non-equilibrium steady-state localized around the origin corresponds to the
requirement of convergence for the series involving the reset probabilities Ry

+∞∑
x=1

[
x−1∏
y=0

(1−Ry)

]
< +∞ (71)

In the uniform case Ry = R, this series converges for any value 0 < R ≤ 1, i.e. the only case of divergence corresponds
to R = 0, where the model without any reset is of course transient (Eq. 64). In many applications, Ry depends on
the position y either deterministically or randomly [6, 7, 9, 77–80] and it is thus interesting to discuss the criterion of
Eq. 71 for these cases :

(i) Random cases : if the reset probabilities Ry ∈ [0, 1] are independent random variables, the specific structure
of Eq. 71 corresponds to the well-known class of Kesten random variables that appear in many disordered systems
[85–93]. The condition of convergence for Eq. 71 is ln(1−Ry) < 0 and will be thus satisfied, since the random
variable Ry represents a positive reset probability 0 ≤ Ry ≤ 1.

(ii) Deterministic cases : the series of Eq. 71 will generically converge, except when Ry decays towards zero too
rapidly for y → +∞, for instance for the choice Ry = 1

y+1 that leads to the logarithmic divergence of Eq. 71.

In the following, we assume the convergence of Eq. 71 in order to have a non-equilibrium steady-state that can be
analyzed via the large deviations at Level 2.5.

B. Large deviations at level 2.5 for the joint probability of the empirical density and the empirical currents

The empirical 2-point density of Eq. 5 contains two types of contributions, namely the non-local reset currents
from any point x ≥ 0 towards the origin

Jx ≡ ρ(2)
0,x (72)
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and the local currents arriving at any point x ≥ 1 from its left neighbor (x− 1)

jx ≡ ρ(2)
x,x−1 (73)

As a consequence, the consistency constraints of Eq. 6 involving the 1-point density become for the origin

ρ0 = J0 +

+∞∑
x=1

Jx = J0 + j1 (74)

and for the other points x ≥ 1

ρx = jx = Jx + jx+1 (75)

The large deviations at level 2.5 of Eqs 8 9 10 yield that the joint probability to see the empirical density ρ. and
the empirical currents j. and J. read

PT (ρ., j., J.) '
T→+∞

δ

(
+∞∑
x=0

ρx − 1

)
δ

(
+∞∑
x=0

Jx − ρ0

)
δ (J0 + j1 − ρ0)

+∞∏
x=1

[δ (jx − ρx) δ (Jx + jx+1 − ρx)]

e

−T

[
+∞∑
x=1

jx ln

(
jx

(1−Rx−1)ρx−1

)
+

+∞∑
x=0

Jx ln

(
Jx
Rxρx

)]
(76)

The fourth constraint on the first line shows that all the local currents jx for x ≥ 1 can be eliminated in terms of the
density

jx = ρx (77)

so that Eq. 76 becomes for the joint distribution of the density ρ. and the non-local reset currents J.

PT (ρ., J.) '
T→+∞

δ

(
+∞∑
x=0

ρx − 1

)
δ

(
+∞∑
x=0

Jx − ρ0

)
+∞∏
x=0

δ (Jx + ρx+1 − ρx)

e

−T

[
+∞∑
x=1

ρx ln

(
ρx

(1−Rx−1)ρx−1

)
+

+∞∑
x=0

Jx ln

(
Jx
Rxρx

)]
(78)

One can now further use the constraints to obtain the large deviations for the empirical density alone or for the
non-local reset currents alone, as described in the following two subsections.

C. Large deviations at Level 2 for the empirical density ρ. alone

The last constraint on the first line of Eq. 78 can be used to eliminate the non-local reset currents Jx in terms of
the empirical density

Jx = ρx − ρx+1 (79)

Then the second constraint on the first line of Eq. 78 is automatically satisfied

+∞∑
x=0

Jx =

+∞∑
x=0

(ρx − ρx+1) = ρ0 (80)

so that Eq. 78 yields for the large deviations for the empirical density ρ. alone

PT (ρ.) '
T→+∞

δ

(
+∞∑
x=0

ρx − 1

)
e

−T

[
+∞∑
x=1

ρx ln

(
ρx

(1−Rx−1)ρx−1

)
+

+∞∑
x=0

(ρx − ρx+1) ln

(
(ρx − ρx+1)

Rxρx

)]
(81)
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One may further simplify the rate function in the exponential to obtain

PT (ρ.) '
T→+∞

δ

(
+∞∑
x=0

ρx − 1

)
e

−T

[
−ρ0 ln(ρ0)−

+∞∑
x=1

ρx ln (1−Rx−1) +

+∞∑
x=0

(ρx − ρx+1) ln

(
ρx − ρx+1

Rx

)]
(82)

The fact that the Large deviations at Level 2 for the empirical density ρ. alone can be written in closed form in the
present model is not generic : indeed in most non-equilibrium models, it is not possible to use the constraints of the
large deviations at Level 2.5 to eliminate completely the flows in terms of the density alone.

D. Large deviations for the empirical reset currents J. alone

If one wishes instead to eliminate the empirical density in terms of the empirical reset currents J. via

ρx =

+∞∑
y=x

Jy (83)

Eq. 82 yields for the large deviations for the empirical reset currents J. alone

PT (J.) '
T→+∞

δ

(
+∞∑
x=0

+∞∑
y=x

Jy − 1

)
δ

(
+∞∑
x=0

Jx − ρ0

)
e

−T

[
−ρ0 ln(ρ0)−

+∞∑
x=1

(
+∞∑
y=x

Jy

)
ln (1−Rx−1) +

+∞∑
x=0

Jx ln

(
Jx
Rx

)]

'
T→+∞

δ

(
+∞∑
y=0

(y + 1)Jy − 1

)
δ

(
+∞∑
x=0

Jx − ρ0

)
e

−T

J0 ln

(
J0
R0ρ0

)
+

+∞∑
x=1

Jx ln

 Jx

Rx
(∏x−1

y=0(1−Ry)
)
ρ0


(84)

This expression allows to make the link with the large deviations for excursions between two consecutive resets as
explained in next subsection.

E. Large deviations for the empirical density of excursions between two consecutive resets

Since the internal trajectory y(s) = s of an excursion is deterministic, the probability of excursion of Eq. 16 only
involves its duration τ

P exc[τ ] = Rτ−1(1−Rτ−2)...(1−R1)(1−R0) = Rτ−1

[
τ−2∏
s=0

(1−Rs)

]
(85)

As a consequence, the probability to see the empirical density n[τ ] of excursions between resets and the total density
n follows the large deviation form of Eqs 18 20 19

PT (n[.], n) '
T→+∞

δ

[
+∞∑
τ=1

τn[τ ]− 1

]
δ

[
+∞∑
τ=1

n[τ ]− n

]
e

−T

+∞∑
τ=1

n[τ ] ln

(
n[τ ]

P exc[τ ]n

)
(86)

and coincides with Eq 84 with the dictionary

ρ0 = n

Jx = n[τ = x+ 1] (87)
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F. Large deviations of general time-additive observables

In this section, we analyze the large deviations of time-additive observables of the form (AT + BT ) (Eqs 25 26 35
36) via their generating function (Eq 27)

ZT (k) ≡< eTk (AT +BT ) > =< e

k

T∑
t=1

[
αx(t) + βx(t),x(t−1)

]
>=< e

Tk

(∑
x

αxρx +
∑
x

∑
y

βx,yρ
(2)
x,y

)
> (88)

In the present model where the empirical 2-point density ρ
(2)
x,y involves the two contributions of Eqs 72 and 73, the

generating function of Eq. 88 reads more explicitly in terms of the local currents jx = ρ
(2)
x,x−1 and of the non-local

reset currents Jx = ρ
(2)
0,x

ZT (k) =< e

Tk

(
+∞∑
x=0

αxρx +

+∞∑
x=1

βx,x−1jx +

+∞∑
x=0

β0,xJx

)
> (89)

As explained in detail above, the constraints existing in the present model between the density ρx, the local currents
jx and the non-local reset currents Jx could be used to eliminate some variables in terms of others via various choices.
This means that there will be some redundancy between the three functions (αx, βx,x−1, β0,x). However, in order to
understand more clearly how the general formalism of the previous section works, it is more pedagogical to keep these
redundant notations and to see what combinations of the three functions (αx, βx,x−1, β0,x) naturally emerge in the
solutions.

1. Analysis via the tilted matrix

As explained in detail in section II D, the two first points of views both lead to the analysis of the tilted matrix of
Eq. 30 for the model of Eq. 64

W̃ [k]
x,y = [δx,y+1(1−Ry) + δx,0Ry] ek(αx+βx,y) = δx,y+1(1−Ry)ek(αx+βx,y) + δx,0Rye

k(α0+β0,y) (90)

The eigenvalues Eqs 32 and 33 for the right eigenvector r̃
[k]
x and the left eigenvector l̃

[k]
y read

eµ(k)r̃[k]
x =

∑
y

W̃ [k]
x,y r̃

[k]
y = (1−Rx−1)ek(αx+βx,x−1)r̃

[k]
x−1 + δx,0

∑
y

Rye
k(α0+β0,y)r̃[k]

y (91)

and

eµ(k) l̃[k]
y =

∑
x

l̃[k]
x W̃ [k]

x,y = l̃
[k]
y+1(1−Ry)ek(αy+1+βy+1,y) + l̃

[k]
0 Rye

k(α0+β0,y) (92)

For x > 0, Eq. 91 is a simple recurrence with the solution

r̃[k]
x = (1−Rx−1)e−µ(k)+k(αx+βx,x−1)r̃

[k]
x−1 =

[
x−1∏
z=0

(1−Rz)e−µ(k)+k(αz+1+βz+1,z)

]
r̃

[k]
0

= e

−xµ(k) + k

x∑
z=1

(αz + βz,z−1) [x−1∏
z=0

(1−Rz)

]
r̃

[k]
0 (93)

while Eq. 32 for the origin yields

eµ(k)r̃
[k]
0 =

+∞∑
x=0

Rxe
k(α0+β0,x)r̃[k]

x

= R0e
k(α0+β0,0)r̃

[k]
0 +

+∞∑
x=1

e

−xµ(k) + k (α0 + β0,x) + k

x∑
z=1

(αz + βz,z−1) [
Rx

x−1∏
z=0

(1−Rz)

]
r̃

[k]
0 (94)



15

So the amplitude r̃
[k]
0 of the right eigenvector at the origin disappears and the remaining equation determines the

eigenvalue eµ(k) in terms of the resetting probabilities Ry and in terms of the functions α. and β.,. that parametrize
the time-additive observable under study

1 = R0e
−µ(k)+k(α0+β0,0) +

+∞∑
x=1

e

−(x+ 1)µ(k) + k (α0 + β0,x) + k

x∑
z=1

(αz + βz,z−1)

Rx

x−1∏
z=0

(1−Rz) (95)

The solution of Eq. 92 for the left eigenvector reads

l̃[k]
y = l̃

[k]
0

Rye−µ(k)+k(α0+β0,y) +

+∞∑
x=y+1

e

−(x+ 1− y)µ(k) + k (α0 + β0,x) + k

x∑
z=y+1

(αz + βz,z−1)

Rx

x−1∏
z=y

(1−Rz)

(96)

where the consistency for y = 0 reproduces the equation 95 for the eigenvalue µ(k). The matrix generating the
conditioned process obtained via the generalization of Doob’s h-transform (Eq. 51) involves the same non-vanishing
matrix elements as the initial matrix W reset

x,y of Eq. 64

˜̃W x,y = e−µ(k) l̃[k]
x W̃ [k]

x,y

1

l̃
[k]
y

= δx,y+1
˜̃W x,x−1 + δx,0

˜̃W 0,y (97)

where the probability to jump from (x− 1) to x has changed from its initial value (1−Ry) of Eq. 64 to its new value

˜̃W x,x−1 = (1−Rx−1)e−µ(k)+k(αx+βx,x−1) l̃
[k]
x

l̃
[k]
x−1

(98)

while the probability to have a reset from y to the origin has changed from its initial value Ry of Eq. 64 to its new
value

˜̃W 0,y = Rye
−µ(k)+k(α0+β0,y) l̃

[k]
0

l̃
[k]
y

(99)

Both involve explicitly the eigenvalue eµ(k) and the left eigenvector l̃[k]
. .

The stationary density (Eq. 49) of this conditioned process reads

˜̃ρx = l̃[k]
x r̃[k]

x = l̃
[k]
0 r̃

[k]
0


+∞∑
y=x

e

−(y + 1)µ(k) + k (α0 + β0,y) + k

y∑
z=1

(αz + βz,z−1)

Ry

y−1∏
z=0

(1−Rz)

 (100)

where the normalization determines the value of the density at the origin ˜̃ρ0 = l̃
[k]
0 r̃

[k]
0

1 =

+∞∑
x=0

˜̃ρx = l̃
[k]
0 r̃

[k]
0


+∞∑
x=0

+∞∑
y=x

e

−(y + 1)µ(k) + k (α0 + β0,y) + k

y∑
z=1

(αz + βz,z−1)

Ry

y−1∏
z=0

(1−Rz)



= l̃
[k]
0 r̃

[k]
0


+∞∑
y=0

(y + 1)e

−(y + 1)µ(k) + k (α0 + β0,y) + k

y∑
z=1

(αz + βz,z−1)

Ry

y−1∏
z=0

(1−Rz)

 (101)

The stationary local currents and reset currents of this conditioned process are then given by

˜̃jx = ˜̃W x,x−1
˜̃ρx−1 = (1−Rx−1)e−µ(k)+k(αx+βx,x−1) l̃[k]

x r̃
[k]
x−1

˜̃Jy = ˜̃W 0,y
˜̃ρy = Rye

−µ(k)+k(α0+β0,y) l̃
[k]
0 r̃[k]

y (102)
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2. Analysis via the tilted excursions

Here one needs to consider the tilted quantity of Eq. 55 for the present model where the internal trajectory y(s) = s
of an excursion is deterministic (Eq. 85)

P̃ exck [τ ] = P exc[τ ]e

k

[
τ−1∑
s=1

(αs + βs,s−1) + α0 + β0,τ−1

]
=

[
Rτ−1

τ−2∏
s=0

(1−Rs)

]
e

k

[
τ−1∑
s=1

(αs + βs,s−1) + α0 + β0,τ−1

]
(103)

The conditioned excursion probability of Eq. 62 reads

˜̃P
exc

[τ ] = P̃ exc[τ ]e−τµ(k) = P exc[τ ]e

−τµ(k) + k

[
τ−1∑
s=1

(αs + βs,s−1) + α0 + β0,τ−1

]

=

[
Rτ−1

τ−2∏
s=0

(1−Rs)

]
e

−τµ(k) + k

[
τ−1∑
s=1

(αs + βs,s−1) + α0 + β0,τ−1

]
(104)

Its normalization (Eq. 63) determines the scaled cumulant generating function µ(k)

1 =

+∞∑
τ=1

˜̃P
exc

[τ ]

= R0e
−µ(k)k[α0+β0,τ−1] +

+∞∑
τ=2

e

−τµ(k) + k

[
τ−1∑
s=1

(αs + βs,s−1) + α0 + β0,τ−1

] [
Rτ−1

τ−2∏
s=0

(1−Rs)

]
(105)

which is equivalent to Eq. 95 via the correspondence x = τ −1, while its first moment (Eq. 63) determines the inverse
of the density n of excursions of the conditioned process

1

n
=

+∞∑
τ=1

τ ˜̃P
exc

[τ ]

= R0e
−µ(k)k[α0+β0,τ−1] +

+∞∑
τ=2

τe

−τµ(k) + k

[
τ−1∑
s=1

(αs + βs,s−1) + α0 + β0,τ−1

] [
Rτ−1

τ−2∏
s=0

(1−Rs)

]
(106)

This equation is equivalent to Eq. 101 for the density at the origin ˜̃ρ0 = l̃
[k]
0 r̃

[k]
0 in agreement with the dictionary

˜̃ρ0 = n and τ = y + 1 of Eq. 87.

IV. MARKOV JUMP PROCESS IN CONTINUOUS TIME AND DISCRETE SPACE WITH RESETS

A. Models and notations

In this section, we consider the continuous-time dynamics in discrete space defined by the Master Equation

∂Px(t)

∂t
=
∑
y

wresetx,y Py(t) (107)

where the off-diagonal matrix elements x 6= y represent the transitions rates from y to x

wresetx,y = wx,y + δx,0ry for x 6= y (108)

The physical meaning is that the resetting procedure takes place with the resetting rate ry from y towards the origin
0, while the Markov Jump Process that would exist without resetting is described by the off-diagonal matrix elements
wx,y and by the corresponding diagonal elements that are fixed by the conservation of probability to be

wy,y = −
∑
x 6=y

wx,y ≡ −wouty (109)
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where the notation wouty represents the total escape rate out of the position y. The diagonal matrix elements of the

matrix wreset of Eq. 108 are also fixed by the conservation of probability in terms of the off-diagonal elements

wresety,y = −
∑
x 6=y

wresetx,y = −
∑
x6=y

wx,y − ry + r0δy,0 = −(wouty + ry) + r0δy,0 (110)

Note that the reset rate r0 from the origin to itself disappears from the diagonal matrix element

wreset0,0 = −(wout0 + r0) + r0 = −wout0 (111)

since it does not produce a change of position. However the rate r0 is important for the book-keeping of the number
of resets. For instance, if one chooses r0 = 0 in order to suppress the possibility of resets from the origin to itself, the
whole statistics of resets will be coupled to the time spent at the origin. As a consequence, it is useful to keep the
possibility of r0 > 0 to remain more general, as we have also considered the possibility of positive reset probability
R0 > 0 from the origin to itself in the Markov Chain framework described in the previous sections. As a consequence,
we will consider that the diagonal term of Eq. 111 contains the two contributions ’out’ and ’in’

wreset0,0 = −wreset(out)0 + w
reset(in)
0,0

w
reset(out)
0 ≡ wout0 + r0

w
reset(in)
0,0 ≡ r0 (112)

In summary, the Master Equation 107 can be rewritten more explicitly as

∂Px(t)

∂t
= −

[
woutx + rx

]
Px(t) +

∑
y 6=x

[wx,y + δx,0ry]Py(t) + δx,0r0P0(t) (113)

Again as in Eq. 4, we will assume that the steady-state solution P ∗x of Eq. 107

0 =
∑
y

wresetx,y P ∗y (114)

exists in order to apply the large deviations at Level 2.5 for non-equilibrium steady-states.

B. Large deviations at level 2.5 for the empirical density and the empirical flows

For this continuous-time jump process, the empirical density reads

ρx ≡ 1

T

∫ T

0

dt δx(t),x (115)

and satisfies the normalization ∑
x

ρx = 1 (116)

while the jump density from y to x 6= y

qx,y ≡
1

T

∑
t:x(t−)6=x(t+)

δx(t+),xδx(t−),y (117)

satisfies the following stationarity constraint (for any x, the total incoming flow should be equal to the total outgoing
flow) ∑

y 6=x

qx,y =
∑
y 6=x

qy,x (118)

As explained around Eq. 111, we will also need to introduce the density of resets from the origin to itself

q0,0 =
Number of resets from 0 to 0 during [0, T ]

T
(119)
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that will also lead to Eq 118 for x = 0 since q0,0 will appear on both sides and thus disappear.
The joint probability distribution of the empirical density ρ. and flows q.,. satisfy the following large deviation form

at level 2.5 [23, 26, 27, 33–43]

PT [ρ.; q.,.] ∝
T→+∞

C[ρ.; q.,.]e
−TI[ρ.;q.,.] (120)

with the constraints discussed in Eqs 116 and 118

C[ρ.; q.,.] = δ

(∑
x

ρx − 1

)∏
x

∑
y 6=x

qx,y −
∑
y 6=x

qy,x

 (121)

while the rate function involves the off-diagonal rates wresetx,y = wx,y + δx,0ry of Eq. 108 as well as the special
contribution from the resets from the origin to itself with the rate r0 (Eq 119)

I[ρ.; q.,.] =
∑
y

∑
x 6=y

[
qx,y ln

(
qx,y

wresetx,y ρy

)
− qx,y + wresetx,y ρy

]
+

[
q0,0 ln

(
q0,0

r0ρ0

)
− q0,0 + r0ρ0

]
(122)

Again one needs to discuss the possible empirical flows qx,y due to the local rates wx,y and to the resetting procedure
in order to obtain more explicit expressions, as explained on the specific example of section V.

C. Large deviations for the empirical density of excursions between two consecutive resets

1. Probabilities of excursions between two consecutive resets

For the dynamics of Eq. 107, the probability to have an excursion of duration τ and of internal trajectory y(0 ≤
s ≤ τ) with the initial position y(0+) = 0 fixed by the reset and the final position y(τ) being the last position before
the reset jump to the origin y(τ+) = 0 reads

P exc[τ ; y(.)] = ry(τ)e
−
∫ τ
0
ds[wouty(s)+ry(s)]

∏
s:y(s−)6=y(s+)

wy(s+),y(s−) (123)

To be more precise, the internal trajectory y(0 ≤ s ≤ τ) will contain a certain number M of jumps m = 1, ..,M
occurring at times s0 = 0 < s1 < ... < sM < τ = sM+1 between the successive positions (y(0 ≤ s < s1) = 0; y(s1 ≤
s < s2) = z1; ...y(sM ≤ s < τ) = zM ) with zm+1 6= zm that are visited between these jumps. The probability of this
trajectory reads

P exc[τ ; 0; s1; z1, s2; ...zM−1; sM ; zM )] = rzM e

−

M∑
m=0

(sm+1 − sm)
[
woutzm + rzm

]
M∏
m=1

wzm,zm−1
(124)

while the special case M = 0 where the reset occurs while the particle is still at the origin reads (see the discussion
around Eq. 111)

P exc[τ ; 0] = r0e
−τ[wout0 +r0] (125)

The normalization over all possible excursions reads, first in compact form and then in more explicit form

1 =

∫ +∞

0

dτ
∑
y(.)

P exc[τ ; y(.)] (126)

=

∫ +∞

0

dτ

P exc[τ ; 0] +

+∞∑
M=1

∫ τ

0

dsM

∫ sM

0

dsM−1...

∫ s2

0

ds1

∑
zM 6=zM−1

...
∑
z2 6=z1

∑
z1 6=0

P exc[τ ; 0; s1; z1; ...; sM ; zM )]
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2. Large deviations for the excursions density

The probability to see the empirical density n[τ ; y(0 ≤ s ≤ τ)] of excursions between resets and the total density n
follows the large deviation form analog to Eq. 18

PT (n[.; ..], n) '
T→+∞

δ

∫ +∞

0

dτ
∑
y(.)

n[τ ; y(.)]− n

 δ
∫ +∞

0

dτ
∑
y(.)

τn[τ ; y(.)]− 1



e

−T

∫ +∞

0

dτ
∑
y(.)

n[τ ; y(.)] ln

(
n[τ ; y(.)]

P exc[τ ; y(.)]n

)
(127)

where the sums over trajectories can be written in more explicit form as in Eq. 126.

3. Simplifications for uniform resetting rate ry = r

When the resetting rate ry = r does not depend on the position y, one obtains the factorization analogous to Eq.
21

P excuniform[τ ; (y(.)] = pexp(τ)pconfigτ [(y(.)] (128)

The exponential distribution

pexp(τ) = re−rτ (129)

describes the probability of the duration τ of the excursion independently of the internal trajectory (and replaces the
geometric distribution of Eq. 22 of the discrete-time framework), while the probability pconfigτ [y(.)] of the internal
trajectory once its duration τ is given characterizes the process without resetting. In particular, the probability of
the total density n of excursions simply follows the Poisson distribution with its corresponding large deviation form

PPoissonT (n) =
(rT )nT

(nT )!
e−rT ∝

T→+∞
e
−T
[
n ln

(n
r

)
− n+ r

]
(130)

On the contrary, whenever the reset rates ry depends on the position y, the duration τ and the internal trajectory
y(.) are coupled via Eq. 123.

D. Large deviations for general time-additive observables

The empirical density of Eq. 115 allows to reconstruct any time-additive observable that involves some function αx
of the position x(t)

AT ≡ 1

T

∫ T

0

dt αx(t) =
∑
x

αxρx (131)

while the jump density of Eq. 117 allows to reconstruct any time-additive observable that involves some function βx,y
of the jumps (x(t+) 6= x(t−)) and of the resets from the origin to itself

BT ≡ 1

T

∑
t:x(t−) 6=x(t+)

βx(t+),x(t−) + β0,0

(
Number of resets from 0 to 0 during [0, T ]

T

)
=
∑
y

∑
x 6=y

βx,yqx,y + β0,0q0,0 (132)

The large deviations of the sum (AT + BT ) can be analyzed via the scaled cumulant generating function µ(k)
appearing in the asymptotic behavior

ZT (k) ≡< eTk(AT+BT ) >=< e

Tk

∑
x

ρxαx +
∑
y

∑
x 6=y

qx,yβx,y + q0,0β0,0


> '
T→+∞

eTµ(k) (133)
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1. Analysis via the tilted dynamics

The probability of a trajectory for the process of Eq. 113 can be written only in terms of its empirical observables

PTrajT '
T→+∞

e

T

−∑
x

ρx
[
woutx + rx

]
+
∑
y

∑
x 6=y

qx,y ln [wx,y + δx,0ry] + q0,0 ln(r0)


(134)

As a consequence, the generating function of Eq. 133 can be analyzed by tilting each term of the initial Master Eq.
113 to produce the non-conserved dynamics

∂P̃x(t)

∂t
= −

[
woutx + rx − kαx

]
P̃x(t) +

∑
y 6=x

[wx,y + δx,0ry] ekβx,y P̃y(t) + δx,0r0e
kβ0,0 P̃0(t)

≡
∑
y

w̃[k]
x,yP̃y(t) (135)

where the tilted matrix involves the off-diagonal elements x 6= y

w̃[k]
x,y ≡ [wx,y + δx,0ry] ekβx,y for x 6= y (136)

and the diagonal elements

w̃[k]
x,x ≡ −woutx − rx + kαx + δx,0r0e

kβ0,0 (137)

The scaled cumulant generating function µ(k) of Eq. 27 will then correspond to the highest eigenvalue µ(k) of the
tilted matrix w̃.,. that will dominate the propagator

P̃x,y(T ) '
T→+∞

eTµ(k)r̃[k]
x l̃[k]

y (138)

where r̃
[k]
x is the corresponding positive right eigenvector

µ(k)r̃[k]
x =

∑
y

w̃[k]
x,y r̃

[k]
y =

[
−woutx − rx + kαx

]
r̃[k]
x +

∑
y 6=x

wx,ye
kβx,y r̃[k]

y + δx,0
∑
y

rye
kβ0,y r̃[k]

y (139)

and where l̃
[k]
y is the corresponding positive left eigenvector

µ(k)l̃[k]
y =

∑
x

l̃[k]
x w̃[k]

x,y = l̃[k]
y

[
−wouty − ry + kαy

]
+
∑
x 6=y

l̃[k]
x wx,ye

kβx,y + l̃
[k]
0 rye

kβ0,y (140)

with the normalization ∑
x

l̃[k]
x r̃[k]

x = 1 (141)

The generator of the conditioned process obtained via the generalization of Doob’s h-transform reads

˜̃wx,y = l̃[k]
x w̃[k]

x,y

1

l̃
[k]
y

− µ(k)δx,y (142)

2. Analysis via the tilted excursions

As in the discrete time context (Eq. 52), one can use the empirical density of excursions to write any time-additive
observable of the position (Eq. 131)

AT =

∫ +∞

0

dτ
∑
y(.)

n[τ ; y(.)]

[∫ τ

0

dsαy(s)

]
(143)
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and any time-additive observable of the jumps (Eq. 132)

BT =

∫ +∞

0

dτ
∑
y(.)

n[τ ; y(.)]

 ∑
0<s<τ :y(s−) 6=y(s+)

βy(s+),y(s−) + β0,y(τ−)

 (144)

where the last term contains the contribution of β0,0 when the excursion has never left the origin y(τ−) = 0.
So the generating function of Eq. 27 can be evaluated from the joint probability of Eq. 127 as

ZT (k) =

∫
dn

∫
Dn[.; ..]PT (n[.; ..], n)e

Tk

∫ +∞

0

dτ
∑
y(.)

n[τ ; y(.)]

∫ τ

0

dsαy(s) +
∑

0<s<τ :y(s−)6=y(s+)

βy(s+),y(s−) + β0,y(τ−)



'
T→+∞

∫
dn

∫
Dn[.; ..]δ

∫ +∞

0

dτ
∑
y(.)

n[τ ; y(.)]− n

 δ
∫ +∞

0

dτ
∑
y(.)

τn[τ ; y(.)]− 1



e

T

∫ +∞

0

dτ
∑
y(.)

n[τ ; y(.)]

− ln

(
n[τ ; y(.)]

P exc[τ ; y(.)]n

)
+ k

∫ τ

0

dsαy(s) + k
∑

0<s<τ :y(s−)6=y(s+)

βy(s+),y(s−) + kβ0,y(τ−)


(145)

It is thus convenient to introduce tilted non-conserved quantity

P̃ exck [τ ; y(.)] ≡ P exc[τ ; y(.)]e

k

∫ τ

0

dsαy(s) +
∑

0<s<τ :y(s−)6=y(s+)

βy(s+),y(s−) + β0,y(τ−)


(146)

and to make the change of variable from n[τ ; y(.)] to the probability distribution that would make n[τ ; y(.)] and n
typical

˜̃P
exc

[τ ; y(.)] ≡ n[τ ; y(.)]

n
(147)

to rewrite Eq. 145 as

ZT (k) '
T→+∞

∫
D ˜̃P

exc

[.; ...]

∫
dnδ

∫ +∞

0

dτ
∑
y(.)

˜̃P
exc

[τ ; y(.)]− 1

 δ
n∫ +∞

0

dττ
∑
y(.)

˜̃P
exc

[τ ; y(.)]− 1



e

−Tn

∫ +∞

0

dτ
∑
y(.)

˜̃P
exc

[τ ; y(.)] ln

(
˜̃P
exc

[τ ; y(.)]

P̃ exc[τ ; y(.)]

)
(148)

Then the analysis is exactly as for 58 with the same output : the conditioned distribution of excursions is given by
(Eq 62)

˜̃P
exc

[τ ; y(.)] = P̃ exc[τ ; y(.)]e−τµ(k) (149)

where µ(k) is fixed by its normalization (Eq 63)

1 =

∫ +∞

0

dτ
∑
y(.)

˜̃P
exc

[τ ; y(.)] =

∫ +∞

0

dτe−τµ(k)

∑
y(.)

P̃ exc[τ ; y(.)]

 (150)

while the density n of the conditioned process is fixed by the first moment of the duration τ (Eq 63)

1

n
=

∫ +∞

0

dτ
∑
y(.)

τ ˜̃P
exc

[τ ; y(.)] =

∫ +∞

0

dττe−τµ(k)

∑
y(.)

P̃ exc[τ ; y(.)]

 (151)
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V. SISYPHUS MARKOV JUMP PROCESS IN CONTINUOUS TIME ON THE HALF LINE

The Sisyphus Markov Jump process defined on the half-line x = 0, 1, 2, .. corresponds to the off-diagonal matrix
elements x 6= y (Eq. 108)

wx,y = wδx,y+1

wresetx,y = wδx,y+1 + δx,0ry (152)

so the dynamics of Eq. 113 reads

∂Px(t)

∂t
= − [w + rx]Px(t) + wPx−1(t) for x ≥ 1

∂P0(t)

∂t
= − [w + r0]P0(t) +

+∞∑
x=0

rxPx(t) = −wP0(t) +

+∞∑
x=1

rxPx(t) (153)

In order to apply the general formalism described in the previous section, one should first check that the hypothesis
concerning the existence of a steady-state (Eq. 114) is satisfied.

A. Condition on the reset rates r. for the existence of a non-equilibrium steady-state

The stationary solution P ∗x of Eq. 153 satisfies a simple recurrence for x > 0

P ∗x =
w

w + rx
P ∗x−1 = ... =

[
x∏
y=1

w

w + ry

]
P ∗0 (154)

while Eq. 153 reads for x = 0

wP ∗0 =

+∞∑
x=1

rxP
∗
x =

+∞∑
x=1

rx

[
x∏
y=1

w

w + ry

]
P ∗0 (155)

so P ∗0 disappears if it is not vanishing, and the remaining equation is just an identity. So P ∗0 is determined by the
normalization

1 =

+∞∑
x=0

P ∗x = P ∗0

(
1 +

+∞∑
x=1

[
x∏
y=1

w

w + ry

])
(156)

The condition P ∗0 > 0 to produce a non-equilibrium steady-state localized around the origin corresponds to the
requirement of convergence for the series involving the reset rates ry

+∞∑
x=1

[
x∏
y=1

w

w + ry

]
< +∞ (157)

This criterion has the same form as Eq. 71 if one introduces the notation R̂y ≡ ry
w+ry

so that the discussion following

Eq. 71 concerning the uniform case ry = r, the random cases or the deterministic cases can be directly translated
and will not be repeated here.

In the following, we assume the convergence of Eq. 157 in order to have a non-equilibrium steady-state that can
be analyzed via the large deviations at Level 2.5.

B. Large deviations at level 2.5 for the empirical density and the empirical currents

The empirical jump density of Eq. 117 contains two types of contributions, namely the non-local reset currents
from any point x towards the origin (even x = 0 as discussed around Eq. 119)

Jx ≡ q0,x (158)
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and the local currents arriving at any point x ≥ 1 from its left neighbor (x− 1)

jx ≡ qx,x−1 (159)

For any position x ≥ 1 the constraint of Eq. 118 reads

jx = Jx + jx+1 (160)

For the origin x = 0, the constraint of Eq. 118

+∞∑
x=1

Jx = j1 (161)

can be recovered by summing Eq. 160 over x = 1, 2, .. so that it is sufficient to impose Eq. 160. As a consequence,
the large deviation at level 2.5 for the empirical density and the empirical currents of Eqs 120 122 121 become

PT [ρ., j., J.] ∝
T→+∞

δ

(
+∞∑
x=0

ρx − 1

)
+∞∏
x=1

δ (Jx + jx+1 − jx)

e

−T

(
+∞∑
x=1

[
jx ln

(
jx

wρx−1

)
− jx + wρx−1

]
+

+∞∑
x=0

[
Jx ln

(
Jx
rxρx

)
− Jx + rxρx

])
(162)

One can use the constraints to eliminate either the non-local reset currents J. or the local currents j. as described in
the following two subsections, but it is not possible to obtain in closed form the Large deviations at Level 2 for the
density ρ. alone, in contrast to the case of the Sisyphus Random Walk (Eq 82).

C. Large deviations for the empirical density ρ. and the local currents j.

The last constraints on the first line of Eq. 162 can be used to eliminate the non-local reset currents Jx for x ≥ 1
in terms of the local currents

Jx = jx − jx+1 (163)

while the reset current J0 from the origin to itself remains. So Eq. 162 yields the following large deviations for the
empirical density ρ. and the local currents j.

PT [ρ., j., J0] ∝
T→+∞

δ

(
+∞∑
x=0

ρx − 1

)
e
−T

[
J0 ln

(
J0

r0ρ0

)
− J0 + r0ρ0

]
(164)

e

−T

(
+∞∑
x=1

[
jx ln

(
jx

wρx−1

)
− jx + wρx−1

]
+

+∞∑
x=1

[
(jx − jx+1) ln

(
(jx − jx+1)

rxρx

)
− (jx − jx+1) + rxρx

])

D. Large deviations for the empirical density ρ. and the non-local reset currents J.

If one wishes instead to eliminate the local currents in terms of the reset currents J. via

jx =

+∞∑
y=x

Jy (165)

one obtains the following large deviations for the empirical density ρ. and the reset currents J.

PT [ρ., J.] ∝
T→+∞

δ

(
+∞∑
x=0

ρx − 1

)

e

−T

+∞∑
x=1

(+∞∑
y=x

Jy

)
ln


(∑+∞

y=x Jy

)
wρx−1

−(+∞∑
y=x

Jy

)
+ wρx−1

+

+∞∑
x=0

[
Jx ln

(
Jx
rxρx

)
− Jx + rxρx

]
(166)
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E. Large deviations for excursions between two consecutive resets

For the dynamics of Eq. 107, the simplifications in Eq. 124 are that the rate w is uniform and the internal trajectory
y(0 ≤ s ≤ τ) can only involve the positions zm = m. As a consequence, it will be clearer to denote the trajectory by
the times 0 ≤ s1 ≤ s2... ≤ sY ≤ Y , where sy denotes the time where the particle jumps from (y − 1) to y, while Y
represents the last position before the reset towards y = 0 at time τ . So the probability of Eq. 124 reads (with s0 = 0
and sY+1 = τ)

P exc[τ ; 0; sy=1,..,Y ] = rY w
Y e

−
Y∑
y=0

(sy+1 − sy)(w + ry)

= wY e−wτ rY e
−s1r0−(s2−s1)r1−...(sY −sY−1)rY−1−(τ−sY )rY (167)

while the special case Y = 0 where the reset occurs while the particle is still at the origin reads

P exc[τ ; 0] = r0e
−τ(w+r0) (168)

The normalization over all possible excursions of Eq. 126 becomes

1 =

∫ +∞

0

dτ

[
P exc[τ ; 0] +

+∞∑
Y=1

∫
0≤s1...≤sY ≤τ
ds1...dsY P

exc[τ ; 0; sy=1,..,Y )]

]
(169)

In order to make the link with the steady-state P ∗(x) of Eq. 154, it is useful to introduce to introduce the probability
P excend(Y ) of the end-position Y of an excursion after integration over the duration τ

P excend(Y ) ≡
∫ +∞

0

dτP exc[τ ; 0; sy=1,..,Y ] =
rY

w + r0

Y∏
y=1

w

w + ry
=

rY
w + r0

(
P ∗(Y )

P ∗(0)

)
(170)

where the normalization is satisfied using Eq. 155

+∞∑
Y=0

P excend(Y ) =
r0

w + r0
+

1

(w + r0)P ∗(0)

+∞∑
Y=1

rY P
∗(Y ) =

r0

w + r0
+

w

w + r0
= 1 (171)

The empirical density n[τ ; 0; sy=1,..,Y ] of excursions between resets and the total density n follows the large deviations
of Eq. 127 in the more explicit form

PT (n[.; ..], n) '
T→+∞

δ

[∫ +∞

0

dτ

[
n[τ ; 0] +

+∞∑
Y=1

∫
0≤s1...≤sY ≤τ
ds1...dsY n[τ ; 0; sy=1,..,Y )]

]
− n

]

δ

[∫ +∞

0

dττ

[
n[τ ; 0] +

+∞∑
Y=1

∫
0≤s1...≤sY ≤τ
ds1...dsY n[τ ; 0; sy=1,..,Y )]

]
− 1

]

e

−T

∫ +∞

0

dτ

[
n[τ ; 0] ln

(
n[τ ; 0]

P exc[τ ; 0]n

)
+

+∞∑
Y=1

∫
0≤s1...≤sY ≤τ
ds1...dsY n[τ ; 0; sy=1,..,Y )] ln

(
n[τ ; 0; sy=1,..,Y )]

P exc[τ ; 0; sy=1,..,Y )]n

)]
(172)

F. Large deviations of general time-additive observables

In this section, we consider time-additive observables of the form (AT + BT ) (Eqs 131 132). Using Eqs 158 and
159, their generating function of Eq. 133 reads more explicitly in terms of the density ρx, the local current jx and
the non-local reset currents Jx

ZT (k) ≡< eTk(AT+BT ) >=< e

Tk

(
+∞∑
x=0

αxρx +

+∞∑
x=1

βx,x−1jx +

+∞∑
x=0

β0,xJx

)
> (173)
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1. Analysis via the tilted matrix

For the present model (Eq. 152), the tilted matrix involves the off-diagonal elements x 6= y (Eq. 136)

w̃[k]
x,y ≡ [wδx,y+1 + δx,0ry] ekβx,y for x 6= y (174)

and the diagonal elements (Eq. 137)

w̃[k]
x,x ≡ −w − rx + kαx + δx,0r0e

kβ0,0 (175)

So the eigenvalue Eqs 139 and 140 read

[w + rx − kαx + µ(k)] r̃[k]
x = wekβx,x−1 r̃

[k]
x−1 + δx,0

[
+∞∑
y=0

rye
kβ0,y r̃[k]

y

]
(176)

and

[w + ry − kαy + µ(k)] l̃[k]
y = l̃

[k]
y+1we

kβy+1,y + l̃
[k]
0 rye

kβ0,y (177)

For x ≥ 1, Eq. 176 corresponds to the simple recurrence

r̃[k]
x =

[
wekβx,x−1

w + rx − kαx + µ(k)

]
r̃

[k]
x−1 =

[
x∏
z=1

wekβz,z−1

w + rz − kαz + µ(k)

]
r̃

[k]
0 (178)

while Eq. 176 for x = 0 yields

[w + r0 − kα0 + µ(k)] r̃
[k]
0 =

+∞∑
x=0

rxe
kβ0,x r̃[k]

x = r0e
kβ0,0 r̃

[k]
0 +

+∞∑
x=1

rxe
kβ0,x

[
x∏
z=1

wekβz,z−1

w + rz − kαz + µ(k)

]
r̃

[k]
0 (179)

So r̃
[k]
0 disappears and the remaining equation determines the scaled cumulant generating function µ(k)

1 =
r0e

kβ0,0

w + r0 − kα0 + µ(k)
+

+∞∑
x=1

rxe
kβ0,x

w + r0 − kα0 + µ(k)

[
x∏
z=1

wekβz,z−1

w + rz − kαz + µ(k)

]
(180)

The solution of Eq. 177 for the left eigenvector reads

l̃[k]
y = l̃

[k]
0

[
rye

kβ0,y

w + ry − kαy + µ(k)
+

+∞∑
x=y+1

rxe
kβ0,x

w + rx − kαx + µ(k)

x−1∏
z=y

wekβz+1,z

w + rz − kαz + µ(k)

]
(181)

where the consistency for y = 0 reproduces the equation 180 for the eigenvalue µ(k) after some minimal rewriting.
The matrix generating the conditioned process obtained via the generalization of Doob’s h-transform (Eq. 142)

involves the same non-vanishing matrix elements as the initial matrix wresetx,y of Eq. 152 : the off-diagonal elements
x 6= y read (Eq. 174)

˜̃wx,y = l̃[k]
x w̃[k]

x,y

1

l̃
[k]
y

= δx,y+1
˜̃wx,x−1 + δx,0 ˜̃w0,y (182)

where the rate to jump from (x− 1) to x has changed from its initial value w of Eq. 152 to its new value

˜̃wx,x−1 = wekβx,x−1
l̃
[k]
x

l̃
[k]
x−1

(183)

while the rate for a reset from y to the origin has changed from its initial value ry of Eq. 64 to its new value

˜̃w0,y = rye
kβ0,y

l̃
[k]
0

l̃
[k]
y

(184)
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Both involve explicitly the left eigenvector l̃[k]
. . The diagonal elements (Eq. 175)

˜̃wx,x = −w − rx + kαx + δx,0r0e
kβ0,0 − µ(k) (185)

involve the eigenvalue µ(k). The stationary density of this conditioned process reads

˜̃ρx = l̃[k]
x r̃[k]

x = l̃
[k]
0 r̃

[k]
0

[
+∞∑
y=x

rye
kβ0,y

w + rx − kαx + µ(k)

y∏
z=1

wekβz,z−1

w + rz − kαz + µ(k)

]
(186)

where the normalization determines the value of the density at the origin ˜̃ρ0 = l̃
[k]
0 r̃

[k]
0

1 =

+∞∑
x=0

˜̃ρx = l̃
[k]
0 r̃

[k]
0

[
+∞∑
x=0

+∞∑
y=x

rye
kβ0,y

w + rx − kαx + µ(k)

y∏
z=1

wekβz,z−1

w + rz − kαz + µ(k)

]
(187)

Finally, the stationary local currents and reset currents of this conditioned process are given by

˜̃jx = ˜̃wx,x−1
˜̃ρx−1 = wekβx,x−1 l̃[k]

x r̃
[k]
x−1

˜̃Jy = ˜̃w0,y
˜̃ρy = rye

kβ0,y l̃
[k]
0 r̃[k]

y (188)

2. Analysis via the tilted excursions

For the present model where the probabilities of excursions are given by Eqs 167 and 168 the non-conserved tilted
quantities of Eq. 146 read for Y ≥ 1

P̃ exck [τ ; 0; sy=1,..,Y ] ≡ P exc[τ ; 0; sy=1,..,Y ]e

k

[
Y∑
y=0

(sy+1 − sy)αy +

Y∑
y=1

βy,y−1 + β0,Y

]

=
(
rY e

kβ0,Y
) [ Y∏

y=1

(
wekβy,y−1

)] [ Y∏
y=0

e−(sy+1−sy)(w+ry−kαy)

]
(189)

and for Y = 0

P̃ exck [τ ; 0] ≡ P exc[τ ; 0]ekτα0+kβ0,0 =
(
r0e

kβ0,0
)
e−τ(w+r0−kα0) (190)

The conditioned excursion probability of Eq. 149 reads

˜̃P
exc

[τ ; 0; sy=1,..,Y ] = P̃ exc[τ ; 0; sy=1,..,Y ]e−τµ(k) (191)

where the scaled cumulant generating function µ(k) is fixed by its normalization (Eq. 150)

1 =

∫ +∞

0

dτe−τµ(k)

[
P̃ exc[τ ; 0] +

+∞∑
Y=1

∫
0≤s1...≤sY ≤τ
ds1...dsY P̃

exc[τ ; 0; sy=1,..,Y )]

]

=
r0e

kβ0,0

w + r0 − kα0 + µ(k)
+

+∞∑
Y=1

rY e
kβ0,Y

w + r0 − kα0 + µ(k)

Y∏
y=1

wekβy,y−1

w + ry − kαy + µ(k)
(192)

that coincides with Eq. 180 as it should for consistency between the two approaches.

VI. DIFFUSION PROCESSES IN A FORCE FIELD IN DIMENSION d WITH RESETS

A. Models and notations

In this section, we turn to the continuous time/continuous space framework. We focus on the dynamics described

by the Fokker-Planck equation in the force field ~F (~x) in dimension d, with space-independent diffusion coefficient D

and where the reset from ~y towards the origin ~0 is governed by the rate r(~y)

∂Pt(~x)

∂t
= −~∇.

[
Pt(~x)~F (~x)−D~∇Pt(~x)

]
− r(~x)Pt(~x) + δ(d)(~x)

∫
dd~y r(~y)Pt(~y) (193)
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Again as in Eqs 4 and 114, we will assume that the steady-state solution P ∗(~x) of Eq. 193

0 = −~∇.
[
P ∗(~x)~F (~x)−D~∇P ∗(~x)

]
− r(~x)P ∗(~x) + δ(d)(~x)

∫
dd~y r(~y)P ∗(~y) (194)

exists in order to apply the large deviations at Level 2.5 for non-equilibrium steady-states.

B. Large deviations at level 2.5 for the empirical density and the empirical currents

1. Empirical density and the empirical currents with their constraints

The empirical density

ρ(~x) ≡ 1

T

∫ T

0

dt δ(d)(~x(t)− ~x) (195)

satisfies the normalization ∫
dd~x ρ(~x) = 1 (196)

The non-local reset currents J(~x) ≥ 0 measure the non-local jumps from ~x 6= ~0 towards the origin ~0

J(~x) ≡ 1

T

∑
t:~x(t+)=~06=~x(t−)

δ~x(t−),~x (197)

while the local current field ~j(~x) characterizes the diffusion process in the force field

~j(~x) ≡ 1

T

∫ T

0

dt
d~x(t)

dt
δ(d)(~x(t)− ~x) (198)

Here the stationarity constraint for all positions ~x 6= ~0 yields that the non-local reset currents J(~x) are related to the

divergence of the local current field ~j(~x)

J(~x) = −~∇.~j(~x) (199)

that replaces the standard divergence-free condition for diffusion processes without resetting.

2. Large deviations at level 2.5 for the density, the local currents and the non-local reset currents

The joint distribution of the empirical density ρ(.), the empirical local currents ~j(~x) and the empirical non-local
reset currents J(~x) satisfy the large deviation form

PT [ρ(.),~j(.), J(.)] '
T→+∞

δ

(∫
dd~xρ(~x)− 1

)∏
~x6=~0

δ
(
J(~x) + ~∇.~j(~x)

)

e
−T

(
1

4D

∫
dd~x

ρ(~x)

[
~j(~x)− ρ(~x)~F (~x) +D~∇ρ(~x)

]2
+

∫
dd~x

[
J(~x) ln

(
J(~x)

r(~x)ρ(~x)

)
− J(~x) + r(~x)ρ(~x)

])
(200)

with the constraints discussed in Eqs 196 and 199, while the rate function contains two contributions : the first con-
tribution involving the local current field ~j(~x) corresponds to the usual rate function for continuous-time/continuous-
space diffusion processes [26, 27, 36, 44–46], while the second contribution involving the non-local reset current J(~x)

from ~x to the origin ~0 corresponds to the usual rate function for jump processes, that we have already seen in Eq.
122.
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3. Large deviations for the empirical density ρ(.) and the empirical local currents ~j(.)

The constraints of Eq. 199 can be used to eliminate all the non-local reset currents to obtain the large deviations
for the empirical density ρ(.) and the empirical local currents ~j(.)

PT [ρ(.),~j(.)] '
T→+∞

δ

(∫
dd~xρ(~x)− 1

)
(201)

e

−T

 1

4D

∫
dd~x

ρ(~x)

(
~j(~x)− ρ(~x)~F (~x) +D~∇ρ(~x)

)2

+

∫
dd~x

(−~∇.~j(~x)
)

ln


(
−~∇.~j(~x)

)
r(~x)ρ(~x)

+ ~∇.~j(~x) + r(~x)ρ(~x)



4. Large deviations for the empirical density ρ(.) and the empirical reset currents J(.) in dimension d = 1

In arbitrary dimension d > 1, the constraints of Eq. 199 cannot be explicitly inverted to obtain the local current
field in terms of the non-local reset currents. However in dimension d = 1, the constraints of Eq. 199 become for all
x 6= 0

J(x) = −dj(x)

dx
(202)

i.e. the positive non-local reset current J(x) ≥ 0 determines the gradient of the local current j(x), that can be thus
reconstructed as follows. In the region x > 0, the local current is positive j(x) > 0 and given by

j(x) =

∫ +∞

x

dyJ(y) (203)

while in the region x < 0, the local current is negative j(x) < 0 and given by

j(x) = −
∫ x

−∞
dyJ(y) (204)

In particular, the discontinuity of the local current at the origin will correspond to the integral of all the reset currents
that are re-injected at the origin

j(0+)− j(0−) =

∫ +∞

0+

dyJ(y) +

∫ 0−

−∞
dyJ(y) =

∫ +∞

−∞
dyJ(y) > 0 (205)

Using Eqs 203 and 204, the local currents can be eliminated from Eq. 200 to obtain the following large deviations
for the empirical density ρ(.) and the empirical reset currents J(.)

P
(d=1)
T [ρ., , J.] '

T→+∞
δ

(∫ +∞

−∞
dxρ(x)− 1

)
e
−T

∫ +∞

−∞
dx

[
J(x) ln

(
J(x)

r(x)ρ(x)

)
− J(x) + r(x)ρ(x)

]
(206)

e

−
T

4D

[∫ 0

−∞

dx

ρ(x)

(
−
∫ x

−∞
dyJ(y)− ρ(x)F (x) +Dρ′(x)

)2

+

∫ +∞

0

dx

ρ(x)

(∫ +∞

x

dyJ(y)− ρ(x)F (x) +Dρ′(x)

)2
]

C. Large deviations for excursions between two consecutive resets

1. Probabilities of excursions between two consecutive resets

The probability to have an excursion of duration τ and of internal trajectory ~y(0 ≤ s ≤ τ) with the initial condition

~y(s = 0) = ~0 fixed by the reset and the end-position ~y(s = τ) being the last position before the next reset leading to

~y(τ+) = ~0 reads

P exc[τ ; ~y(.)] = r(~y(τ)) e
−

∫ τ

0

dsr(~y(s))− 1

4D

∫ τ

0

ds

(
d~y(s)

ds
− ~F (~y(s))

)2

− 1

2

∫ τ

0

ds ~∇. ~F (~y(s))
(207)
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The normalization over all possible excursions involves the integration over the duration τ and the path-integral over
the internal trajectory y(0 ≤ s ≤ τ)

1 =

∫ +∞

0

dτ

∫
y(0)=0

Dy(.) P exc[τ ; y(.)] (208)

2. Large deviations for the excursions density

The probability to see the empirical density n[τ ; y(.)] of excursions between resets and the total density n follows
the large deviation form analogous to Eq. 127

PT (n[.; ..], n) '
T→+∞

δ

[∫ +∞

0

dτ

∫
y(0)=0

Dy(.) n[τ ; y(.)]− n

]
δ

[∫ +∞

0

dτ

∫
y(0)=0

Dy(.) τ n[τ ; y(.)]− 1

]

e
−T

∫ +∞

0

dτ

∫
y(0)=0

Dy(.) n[τ ; y(.)] ln

(
n[τ ; y(.)]

P exc[τ ; y(.)]n

)
(209)

3. Simplifications for uniform resetting rate ry = r

When the resetting rate ry = r does not depend on the position y, the excursion probability of Eq. 207 becomes
factorized as in Eq. 128

P excuniform[τ ; (y(.)] = pexp(τ)pconfigτ [(y(.)] (210)

into the exponential distribution of Eq. 129 that describes the probability of the duration τ of the excursion inde-
pendently of the internal trajectory and the probability pconfigτ [y(.)] of the internal trajectory once its duration τ is
given that characterizes the process without resetting

pconfigτ [(y(.)] = e
− 1

4D

∫ τ

0

ds

(
d~y(s)

ds
− ~F (~y(s))

)2

− 1

2

∫ τ

0

ds ~∇. ~F (~y(s))
(211)

In particular, the probability of the total density n of excursions simply follows the Poisson distribution given in
Eq. 130 with its corresponding large deviation form. On the contrary, whenever the reset rates r(~y) depends on the
position ~y, the duration τ and the internal trajectory ~y(.) are coupled via Eq. 207.

D. Large deviations for general time-additive observables

The empirical density of Eq. 195 allows to reconstruct any time-additive observable that involves some function
α(~x) of the position ~x(t)

AT ≡ 1

T

∫ T

0

dt α(~x(t)) =

∫
dd~x α(~x)ρ(~x) (212)

The non-local reset currents J(~x) of Eq. 197 allows to reconstruct any time-additive observable that involves some

function β(~x) of the reset jumps from ~x towards the origin ~0

BT ≡ 1

T

∑
t:~x(t+)=~0 6=~x(t−)

β(~x(t−)) =

∫
dd~x β(~x)J(~x) (213)

Finally the local current field ~j(~x) of Eq. 198 allows to reconstruct any time-additive observable involving the

increments d~x(t)
dt of the diffusion process parametrized by some vector field ~γ(~x)

ΓT ≡ 1

T

∫ T

0

dt
d~x(t)

dt
.~γ(~x(t)) =

∫
dd~x ~j(~x).~γ(~x) (214)

The large deviations of the sum (AT +BT + ΓT ) can be analyzed via the generating function

ZT (k) ≡< eTk(AT+BT+ΓT ) >=< e
Tk

∫
dd~x

[
α(~x)ρ(~x) + β(~x)J(~x) + ~γ(~x).~j(~x)

]
> (215)
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1. Analysis via the tilted dynamics

The probability of a trajectory for the process of Eq. 193 can be written in terms of its empirical observables apart
from the Wiener measure on the first line

PTrajT '
T→+∞

e
− 1

4D

∫ T

0

ds

(
d~y(s)

ds

)2

e

T

∫
dd~x

−ρ(~x)

r(~x) +

(
~F (~x)

)2

4D
+
~∇. ~F (~x)

2

+ J(~x) ln(r(~x)) +~j(~x).
~F (~x)

2D


(216)

As a consequence, the generating function of Eq. 215 reads

ZT (k) = e
− 1

4D

∫ T

0

ds

(
d~y(s)

ds

)2

e

T

∫
dd~x

−ρ(~x)

r(~x) +

(
~F (~x)

)2

4D
+
~∇. ~F (~x)

2
− kα(~x)

+ J(~x) ln(r(~x)ekβ(~x)) +~j(~x).
~F (~x) + 2D~γ(~x)

2D


(217)

and can be analyzed by tilting each term of the Fokker-Planck Eq. 193 with resets to produce the non-conserved
dynamics

∂P̃t(~x)

∂t
= F̃kP̃t(.) (218)

= −
(
~∇− k~γ(~x)

)
.
[
~F (~x)Pt(~x)−D

(
~∇− k~γ(~x)

)
Pt(~x)

]
− [r(~x)− kα(~x)]Pt(~x) + δ(d)(~x)

∫
dd~y r(~y)ekβ(~y)Pt(~y)

The scaled cumulant generating function µ(k) corresponds to the highest eigenvalue of the tilted operator F̃k, with
its right eigenvector r̃[k](~x)

µ(k)r̃[k](~x) = F̃kr̃[k](.)

= −
(
~∇− k~γ(~x)

)
.
[
~F (~x)−D

(
~∇− k~γ(~x)

)]
r̃[k](~x)− [r(~x)− kα(~x)] r̃[k](~x) + δ(d)(~x)

∫
dd~y r(~y)ekβ(~y)r̃[k](~y)

= D∆r̃[k](~x)−
(
~F (~x) + 2Dk~γ(~x)

)
.~∇r̃[k](~x) (219)

+
[
−~∇. ~F (~x)−Dk~∇.~γ(~x) + k ~F (~x).~γ(~x) +Dk2~γ2(~x)− r(~x) + kα(~x)

]
r̃[k](~x) + δ(d)(~x)

∫
dd~y r(~y)ekβ(~y)r̃[k](~y)

and its left eigenvector l̃[k](~y)

µ(k)l̃[k](~y) = F̃†k l̃
[k](.)

=
[
~F (~y) +D

(
~∇+ k~γ(~y)

)](
~∇+ k~γ(~y)

)
l̃[k](~y)− [r(~y)− kα(~y)] l̃[k](~y) + r(~y)ekβ(~y) l̃[k](~0)

= D∆l̃[k](~y) +
(
~F (~y) + 2Dk~γ(~y)

)
.~∇l̃[k](~y)

+
[
Dk~∇.~γ(~y) + k ~F (~y).~γ(~y) +Dk2~γ2(~y)− r(~y) + kα(~y)

]
l̃[k](~y) + l̃[k](~0) r(~y)ekβ(~y) (220)

In order to compute explicitly the generator of the conditioned process obtained via the generalization of Doob’s
h-transform

˜̃Fk ≡ l̃[k](.)F̃k
1

l̃[k](.)
− µ(k) (221)
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it is technically simpler to compute the action of its adjoint operator ˜̃F
†
k on some test function φ(.)

˜̃F
†
kφ(.) =

1

l̃[k](.)
F̃†
[
l̃[k](.)φ(.)

]
− µ(k)φ(.)

=
1

l̃[k](y)
D∆

[
l̃[k](~y)φ(~y)

]
+

1

l̃[k](y)

(
~F (~y) + 2Dk~γ(~y)

)
.~∇
[
l̃[k](~y)φ(~y)

]
+
r(~y)ekβ(~y)

l̃[k](y)
l̃[k](~0)φ(~0)

+
[
Dk~∇.~γ(~y) + k ~F (~y).~γ(~y) +Dk2~γ2(~y)− r(~y) + kα(~y)− µ(k)

]
φ(~y) (222)

One can then use the eigenvalue Eq. 220 for the left eigenvector l̃[k](.) to rewrite the coefficient of φ(~y) in the last
line of Eq. 222 as [

Dk~∇.~γ(~y) + k ~F (~y).~γ(~y) +Dk2~γ2(~y)− r(~y) + kα(~y)− µ(k)
]

= − 1

l̃[k](y)
D∆l̃[k](~y)− 1

l̃[k](y)

(
~F (~y) + 2Dk~γ(~y)

)
.~∇l̃[k](~y)− l̃[k](~0) r(~y)ekβ(~y)

l̃[k](y)
(223)

so that Eq. 222 reduces to the form

˜̃F
†
kφ(.) = D∆φ(~y) +

[
~F (~y) + 2Dk~γ(~y) + 2D

(~∇l̃[k](~y))

l̃[k](y)

]
.~∇φ(~y) +

l̃[k](~0) r(~y)ekβ(~y)

l̃[k](y)

[
φ(~y)− φ(~0)

]
(224)

where it is explicit that the constant
˜̃
l
[k]

(~y) = 1 is eigenvector of ˜̃F
†
k associated to the eigenvalue zero.

So the operator ˜̃Fk = ( ˜̃F
†
k)† generates the following conservative dynamics analogous to the initial dynamics of Eq.

193

∂ ˜̃P t(~x)

∂t
= ˜̃Fk ˜̃P t(.) = −~∇.

(
~F eff (~x) ˜̃P t(~x)−D~∇ ˜̃P t(~x)

)
− reff (~x) ˜̃P t(~x) + δ(d)(~x)

∫
dd~yreff (~y) ˜̃P t(~y) (225)

where the effective force that replaces the initial value ~F (~x) of Eq. 193

~F eff (~x) ≡ ~F (~x) + 2Dk~γ(~x) + 2D
(~∇l̃[k](~x))

l̃[k](x)
(226)

and where the effective resetting rate from ~x to the origin ~0 that replaces the initial value r(~x) of Eq. 193

reff (~x) ≡ r(~x)ekβ(~x) l̃
[k](~0)

l̃[k](x)
(227)

involve both explicitly the left eigenvector l̃[k](.). The right eigenvector r̃[k](.) will appear in the corresponding
stationary density

˜̃ρ(~x) = l̃[k](~x)r̃[k](~x) (228)

in the corresponding local currents

˜̃
~j(~x) = ~F eff (~x)˜̃ρ(x)−D~∇ ˜̃ρ(x) =

[
~F (~x) + 2Dk~γ(~x) + 2D

(~∇l̃[k](~x))

l̃[k](x)

]
l̃[k](~x)r̃[k](~x)−D~∇(l̃[k](~x)r̃[k](~x))

=
[
~F (~x) + 2Dk~γ(~x)

]
l̃[k](~x)r̃[k](~x) +D

[
(~∇l̃[k](~x))r̃[k](~x)− l̃[k](~x)~∇(r̃[k](~x))

]
(229)

and in the corresponding non-local reset currents

˜̃J(~x) = reff (~x)˜̃ρ(~x) = r(~x)ekβ(~x) l̃[k](~0)r̃[k](x) (230)
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2. Analysis via the tilted excursions

The empirical density n[τ ; y(.)] of excursions can be used to write any time-additive observable of the forms of Eqs
212 213 and 214

AT =

∫ +∞

0

dτ

∫
Dy(.)n[τ ; y(.)]

[∫ τ

0

dsα(y(s))

]
BT =

∫ +∞

0

dτ

∫
Dy(.)n[τ ; y(.)]β(y(τ−))

ΓT =

∫ +∞

0

dτ

∫
Dy(.)n[τ ; y(.)]

[∫ τ

0

ds
d~y(s)

ds
.~γ(~y(s))

]
(231)

So the generating function of Eq. 215 can be evaluated from the joint probability of Eq. 209 as

ZT (k) =

∫
dn

∫
Dn[.; ..]PT (n[.; ..], n)e

Tk

∫ +∞

0

dτ

∫
Dy(.)n[τ ; y(.)]

[∫ τ

0

ds

(
α(y(s)) +

d~y(s)

ds
.~γ(~y(s))

)
+ β(y(τ−))

]

'
T→+∞

∫
dn

∫
Dn[.; ..]δ

[∫ +∞

0

dτ

∫
Dy(.) n[τ ; y(.)]− n

]
δ

[∫ +∞

0

dτ

∫
Dy(.) τ n[τ ; y(.)]− 1

]

e
−T

∫ +∞

0

dτ

∫
Dy(.) n[τ ; y(.)] ln

(
n[τ ; y(.)]

P̃ exc[τ ; y(.)]n

)
(232)

in terms of the tilted non-conserved quantity

P̃ exck [τ ; y(.)] ≡ P exc[τ ; y(.)] e
k

∫ τ

0

ds

(
α(y(s)) +

d~y(s)

ds
.~γ(~y(s))

)
+ kβ(y(τ−))

(233)

Again the change of variable from n[τ ; y(.)] to the probability of excursions that will make n[τ ; y(.)] and n typical

˜̃P
exc

[τ ; y(.)] ≡ n[τ ; y(.)]

n
(234)

allows to analyze Eq. 233 exactly as Eq. 148 with the same output : the conditioned distribution of excursions is
given by (Eq 149)

˜̃P
exc

[τ ; y(.)] = P̃ exc[τ ; y(.)]e−τµ(k) (235)

where the scaled cumulant generating function µ(k) is fixed by its normalization (Eq 150)

1 =

∫ +∞

0

dτ

∫
Dy(.) ˜̃P

exc

[τ ; y(.)] =

∫ +∞

0

dτe−τµ(k)

(∫
Dy(.)P̃ exc[τ ; y(.)]

)
(236)

while the inverse of the density n of the conditioned process is given by the first moment of the duration τ (Eq 151)

1

n
=

∫ +∞

0

dτ

∫
Dy(.)τ ˜̃P

exc

[τ ; y(.)] =

∫ +∞

0

dττe−τµ(k)

(∫
Dy(.)P̃ exc[τ ; y(.)]

)
(237)

VII. SISYPHUS PROCESS IN CONTINUOUS TIME AND CONTINUOUS SPACE

In this section, we consider the dynamics of Eq. 193 in dimension d = 1, in the absence of diffusion D = 0 and in
the constant force field of value unity F (x) = 1 : this Sisyphus process taking place on the half-line x ∈ [0,+∞[

∂Pt(x)

∂t
= −∂Pt(x)

∂x
− r(x)Pt(x) + δ(x)

∫ +∞

0

dyr(y)Pt(y) (238)

is the continuous time/continuous space analog of the one-dimension Sisyphus Random Walk [77] discussed in section
III. It also corresponds to the diffusionless version of the neuronal integrate-and-fire model studied in Ref [6].

In order to apply the general formalism described in the previous section, one should first check that the hypothesis
concerning the existence of a steady-state (Eq. 194) is satisfied.
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A. Condition on the reset rates r(.) for the existence of a non-equilibrium steady-state

The stationary solution P ∗(x) of Eq. 238

0 = −dP
∗(x)

dx
− r(x)P ∗(x) + δ(x)

∫ +∞

0

dyr(y)P ∗(y) (239)

reads in terms of the heaviside step function θ(x)

P ∗(x) = θ(x)P ∗(0)e−
∫ x
0
dyr(y) (240)

where the steady-state P ∗(0) at the origin is fixed by the normalization

1 =

∫ +∞

0

dxP ∗(x) = P ∗(0)

∫ +∞

0

dxe−
∫ x
0
dyr(y) (241)

The condition on the reset rates r(.) to have a non-equilibrium steady-state localized around the origin P ∗(0) > 0 is
thus given by the convergence of the integral∫ +∞

0

dxe−
∫ x
0
dyr(y) < +∞ (242)

that represents the continuous analog of Eq. 71. In the uniform case r(y) = r, this integral converges for any value
r > 0, i.e. the only case of divergence corresponds to r = 0, where the model without any reset is of course transient
(Eq. 238). In the random case, the specific structure of Eq. 242 corresponds to the continuous version of Kesten
random variables [85–93] so that the condition of convergence ry > 0 will be satisfied since the random variable ry
represents a positive reset rate ry ≥ 0.

Finally for the case where the reset rate r(y) is a deterministic positive function of the position y, the integral of
Eq. 242 will generically converge, except when r(y) decays towards zero too rapidly for y → +∞, for instance for the
choice r(y → +∞) ' 1/y that leads to the logarithmic divergence of Eq. 242.

In the following, we assume the convergence of Eq. 242 in order to have a non-equilibrium steady-state that can
be analyzed via the large deviations at Level 2.5.

B. Large deviations at Level 2.5 for the density ρ(.) and the non-local reset currents J(.)

In the limit of vanishing diffusion D → 0, the first contribution of the rate function of Eq. 200 becomes the
constraint

j(x) = ρ(x) (243)

between the local current j(x) and the density ρ(x), as it should since the motion is deterministic and ballistic between
resets (Eq. 243 is the analog of Eq. 77). As a consequence, the large deviations at Level 2.5 for the joint distribution
of the density ρ(.) and the non-local reset currents J(.) read (Eq. 200)

PT [ρ(.), J(.)] '
T→+∞

δ

(∫ +∞

0

dxρ(x)− 1

)∏
x>0

δ (J(x) + ρ′(x))

e
−T

∫ +∞

0

dx

[
J(x) ln

(
J(x)

r(x)ρ(x)

)
− J(x) + r(x)ρ(x)

]
(244)

C. Large deviations at Level 2 for the density ρ(.) alone

One may use the last constraints of the first line of Eq. 244 to eliminate all the non-local reset currents

J(x) = −ρ′(x) (245)
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and one obtains the large deviations at Level 2 for the density ρ(.) alone

PT [ρ(.)] '
T→+∞

δ

(∫ +∞

0

dxρ(x)− 1

)
e
−T

∫ +∞

0

dx

[
−ρ′(x) ln

(
(−ρ′(x))

r(x)ρ(x)

)
+ ρ′(x) + r(x)ρ(x)

]

'
T→+∞

δ

(∫ +∞

0

dxρ(x)− 1

)
e
−T

[∫ +∞

0

dx (−ρ′(x)) ln

(
(−ρ′(x))

r(x)

)
+

∫ +∞

0

dx
d

dx
[ρ(x) ln(ρ(x))] +

∫ +∞

0

dxr(x)ρ(x)

]

'
T→+∞

δ

(∫ +∞

0

dxρ(x)− 1

)
e
−T

[∫ +∞

0

dx (−ρ′(x)) ln

(
(−ρ′(x))

r(x)

)
− ρ(0) ln(ρ(0)) +

∫ +∞

0

dxr(x)ρ(x)

]
(246)

D. Large deviations for the non-local reset currents J(.) alone

One may instead eliminate the empirical density

ρ(x) =

∫ +∞

x

dyJ(y) (247)

to translate Eq. 246 into the large deviations for the non-local reset currents J(.) alone

PT [ρ(.)] '
T→+∞

δ

(∫ +∞

0

dxxJ(x)− 1

)
δ

(∫ +∞

0

dxJ(x)− ρ(0)

)

e
−T

[∫ +∞

0

dxJ(x) ln

(
J(x)

r(x)

)
− ρ(0) ln(ρ(0)) +

∫ +∞

0

dxJ(x)

∫ x

0

dyr(y)

]

'
T→+∞

δ

(∫ +∞

0

dxxJ(x)− 1

)
δ

(∫ +∞

0

dxJ(x)− ρ(0)

)
e
−T

∫ +∞

0

dxJ(x) ln

(
J(x)

r(x)e−
∫ x
0
dyr(y)ρ(0)

)
(248)

The compact form of the last line allows to make the link with the large deviations for the excursions between two
consecutive resets as explained below.

E. Large deviations for the excursions between two consecutive resets

Here the internal trajectory of an excursion between to resets is deterministic and ballistic

y(0 ≤ s ≤ τ) = s (249)

so that the probability for an excursion of Eq. 207 can be labelled by its duration τ only and reduces to

P exc(τ) = P exc[τ ; y(0 ≤ s ≤ τ) = s] = r(τ)e
−

∫ τ

0

dsr(s)
= − d

dτ
e
−

∫ τ

0

dsr(s)
(250)

The large deviation form for the empirical density n(τ) of excursions of duration τ and the total density n of
excursions

PT (n(.), n) '
T→+∞

δ

[∫ +∞

0

dτn(τ)− n
]
δ

[∫ +∞

0

dττn(τ)− 1

]
e
−T

∫ +∞

0

dτn(τ) ln

(
n(τ)

P exc(τ)n

)

'
T→+∞

δ

[∫ +∞

0

dτn(τ)− n
]
δ

[∫ +∞

0

dττn(τ)− 1

]
e
−T

∫ +∞

0

dτn(τ) ln

(
n(τ)

r(τ)e−
∫ τ
0
dsr(s)n

)
(251)

thus coincides with Eq. 248 with the following dictionary analogous to Eqs A24 and A25 : the empirical density at
the origin ρ(0) corresponds to the empirical density n of excursions

ρ(0) = n (252)
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while the non-local reset current J(x) corresponds to the empirical density of excursions of duration τ = x

J(x) = n(τ = x) (253)

F. Large deviations for general time-additive observables

In this section, we focus on the generating function of time-additive observables of the form (AT +BT + ΓT ) (Eqs
212 213 214) involving a priori three function α(x), β(x), γ(x)

ZT (k) ≡< eTk(AT+ΓT+BT ) > =< e

k

∫ T

0

dt [α(x(t)) + ẋ(t)γ(x(t))] +
∑

t:x(t+)=06=x(t−)

β(x(t−))


>

=< e
Tk

∫ +∞

0

dx [α(x)ρ(x) + j(x)γ(x) + J(x)β(x)]
> (254)

In the present model, the local current j(x) coincides with the density ρ(x) (Eq. 243), so the function γ(x) is redundant
with respect to α(x), but as in the previous applications, it is more pedagogical to keep them both to see more clearly
how the general formalism of the previous section works.

1. Analysis via the tilted dynamics

In the present one-dimensional model (Eq. 238) where the diffusion coefficient vanishes D = 0 and where the force
is constant of value unity F (x) = 1, the eigenvalue equations for the right eigenvector r̃[k](x) (Eq. 219) and for the

left eigenvector l̃[k](x) (Eq. 220) become

µ(k)r̃[k](x) = −dr̃
[k](x)

dx
+ [kα(x) + kγ(x)− r(x)] r̃[k](x) + δ(x)

∫ +∞

0

dy r(y)ekβ(y)r̃[k](y) (255)

and

µ(k)l̃[k](y) =
dl̃[k](y)

dy
+ [kα(y) + kγ(y)− r(y)] l̃[k](y) + r(y)ekβ(y) l̃[k](0) (256)

The solution of Eq. 255 for the right eigenvector reads

r̃[k](x) = θ(x)r̃[k](0)e
−xµ(k) +

∫ x

0

dx′ [kα(x′) + kγ(x′)− r(x′)]
(257)

with the condition at the origin

r̃[k](0) =

∫ +∞

0

dx r(x)ekβ(x)r̃[k](x) =

∫ +∞

0

dx r(x)ekβ(x)r̃[k](0)e
−xµ(k) +

∫ x

0

dx′ [kα(x′) + kγ(x′)− r(x′)]
(258)

so r̃[k](0) disappears and the remaining equation determines the scaled cumulant generating function µ(k)

1 =

∫ +∞

0

dx r(x)e
−xµ(k) + kβ(x) +

∫ x

0

dx′ [kα(x′) + kγ(x′)− r(x′)]
(259)

The solution of Eq. 256 for the left eigenvector reads

l̃[k](y) = l̃[k](0)

∫ +∞

y

dx r(x)e
+kβ(x) +

∫ x

y

dx′ [−µ(k) + kα(x′) + kγ(x′)− r(x′)]
(260)

where the consistency at y = 0 reproduces Eq. 259 for the eigenvalue µ(k).
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The operator ˜̃Fk that generates the conditioned process (Eq. 225) has the same form as the initial dynamics with
a constant force F (x) = 1 and no diffusion D = 0

∂ ˜̃P t(x)

∂t
= ˜̃Fk ˜̃P t(.) = −∂

˜̃P t(x)

∂x
− reff (x) ˜̃P t(x) + δ(x)

∫ +∞

0

dyreff (y) ˜̃P t(y) (261)

where the effective resetting rate from x to the origin 0 has changed from its initial value r(x) of Eq. 238 to its new

value of Eq. 227 that involves the left eigenvector l̃[k](.)

reff (x) ≡ r(x)ekβ(x) l̃
[k](0)

l̃[k](x)
(262)

The corresponding stationary density reads

˜̃ρ(x) = l̃[k](x)r̃[k](x) = l̃[k](0)r̃[k](0)

∫ +∞

x

dz r(z)e
−zµ(k) + kβ(z) +

∫ z

0

dx′ [kα(x′) + kγ(x′)− r(x′)]
(263)

where the normalization determines the value of the density at the origin ˜̃ρ(0) = l̃
[k]
0 r̃

[k]
0

1 =

∫ +∞

0

dx ˜̃ρ(x) = l̃[k](0)r̃[k](0)

∫ +∞

0

dx

∫ +∞

x

dz r(z)e
−zµ(k) + kβ(z) +

∫ z

0

dx′ [kα(x′) + kγ(x′)− r(x′)]

= l̃[k](0)r̃[k](0)

∫ +∞

0

dz z r(z)e
−zµ(k) + kβ(z) +

∫ z

0

dx′ [kα(x′) + kγ(x′)− r(x′)]
(264)

The corresponding local currents coincide with the density (Eq. 229)

˜̃j(x) = ˜̃ρ(x) (265)

while the corresponding non-local reset currents read (Eq. 230)

˜̃J(x) = r(x)ekβ(x) l̃[k](0)r̃[k](x) (266)

2. Analysis via the tilted excursions

In the present model where the probability of excursions is given by Eq. 250, the tilted non-conserved quantity of
Eq. 233 reads

P̃ exck [τ ] = P exc[τ ] e
+kβ(τ) + k

∫ τ

0

ds [α(s) + γ(s)]
= r(τ)e

kβ(τ) +

∫ τ

0

ds [−r(s) + kα(s) + kγ(s)]
(267)

The conditioned distribution of excursions is given by (Eq 235)

˜̃P
exc

[τ ] = P̃ exc[τ ]e−τµ(k) = r(τ)e
−τµ(k) + kβ(τ) +

∫ τ

0

ds [−r(s) + kα(s) + kγ(s)]
(268)

where µ(k) is fixed by its normalization (Eq 236)

1 =

∫ +∞

0

dτ ˜̃P
exc

[τ ] =

∫ +∞

0

dτr(τ)e
−τµ(k) + kβ(τ) +

∫ τ

0

ds [−r(s) + kα(s) + kγ(s)]
(269)

that coincides with Eq. 259 as it should by consistency between the two points of view. Finally the inverse of the
density n of the conditioned process is fixed by the first moment of the duration τ (Eq 237)

1

n
=

∫ +∞

0

dτ τ ˜̃P
exc

[τ ] =

∫ +∞

0

dτ τ r(τ)e
−τµ(k) + kβ(τ) +

∫ τ

0

ds [−r(s) + kα(s) + kγ(s)]
(270)

This equation is equivalent to Eq. 264 for the density at the origin ˜̃ρ0 = l̃
[k]
0 r̃

[k]
0 in agreement with the dictionary Eqs

252 and 253.
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VIII. CONCLUSIONS

In order to characterize the non-equilibrium steady-states of Markov processes with stochastic resetting towards
the origin, we have described the large deviations at level 2.5 for the joint probability of the empirical density and the
empirical flows, the large deviations for the empirical excursions between consecutive resets, and the large deviations of
general time-additive observables within the three possible frameworks : discrete-time/discrete-space Markov chains,
continuous-time/discrete-space Markov jump processes, and continuous-time/continuous-space diffusion processes. In
each case, we have illustrated the general formalism via simple examples based on the Sisyphus Random Walk and its
variants. Since the equations containing the main results have already been pointed out in the subsections I-A,I-B,I-C
of the Introduction, we shall not repeat them here. We hope that these explicit formula will be useful to analyze the
various applications mentioned in the Introduction, where the resetting probabilities or the resetting rates depend on
the position either deterministically or randomly.

Appendix A: Application to the Sisyphus Random Walk on the Cayley tree

In this section, we focus on the generalization of the one-dimensional Sisyphus Random Walk discussed in section
III for the geometry of the Cayley tree of branching ratio b. (The one-dimensional model of section III corresponds
to the special case b = 1 with no branching).

1. Model and notations

We consider a tree of branching parameter b, starting at the root (0), with b sites labelled by i1 = 1, 2, .., b at the
first generation g = 1, b2 sites labelled by (i1, i2) at the second generation g = 2, i.e. the bg sites of generation g will
be labelled by the g indices (i1, i2, .., ig) containing the information on the whole line of ancestors.

In the absence of resetting, a particle on site (i1, .., ig) at time t can only jump towards one of its b children, so one
can use the simplified notation for the corresponding probabilities W(i1,i2..,ig,ig+1),(i1,i2,...,ig) ≡Wi1,i2..,ig,ig+1

with the
normalization

1 =

b∑
ig+1=1

Wi1,...,ig,ig+1 (A1)

The simplest example corresponds to the uniform case, where each of the b children is chosen with equal probability
1/b at each step

Wuniform
i1,...,ig,ig+1

=
1

b
(A2)

but other choices are also interesting, so we will continue the analysis for the general case.
In the presence of resetting towards the origin, the dynamics of Eq. 2 reads for the root and for the sites of other

generations g ≥ 1 respectively

P0(t+ 1) = R0P0(t) +

+∞∑
g=1

∑
i1,..,ig

Ri1,..,igPi1,..,ig (t)

Pi1,..,ig (t+ 1) = Wi1,...,ig (1−Ri1,..,ig−1
)Pi1,..,ig−1

(t) (A3)

In order to apply the general formalism described in section II, one should first check that the hypothesis concerning
the existence of a steady-state (Eq. 4) is satisfied.

2. Condition on the reset probabilities R..... for the existence of a non-equilibrium steady-state

The equations for the stationary state P ∗. of the dynamics of Eq. A3

P ∗0 = R0P
∗
0 +

+∞∑
g=1

∑
i1,..,ig

Ri1,..,igP
∗
i1,..,ig

P ∗i1,..,ig = Wi1,...,ig (1−Ri1,..,ig−1
)P ∗i1,..,ig−1

(A4)
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can be directly solved by recurrence for all the sites of generation g ≥ 1 in terms of P ∗0

P ∗i1,..,ig = Wi1,...,ig (1−Ri1,..,ig−1)...Wi1(1−R0)P ∗0 =

 g∏
g′=1

Wi1,...,ig′ (1−Ri1,..,ig′−1
)

P ∗0 (A5)

while P ∗0 is then determined by the normalization

1 = P ∗0 +

+∞∑
g=1

∑
i1,..,ig

P ∗i1,..,ig = P ∗0

1 +

+∞∑
g=1

∑
i1,..,ig

 g∏
g′=1

W (i1, ..., ig′)(1−Ri1,..,ig′−1
)

 (A6)

The condition P ∗0 > 0 to produce a non-equilibrium steady-state localized around the origin corresponds to the
requirement of convergence for the following series

+∞∑
g=1

∑
i1,..,ig

 g∏
g′=1

W (i1, ..., ig′)(1−Ri1,..,ig′−1
)

 < +∞ (A7)

In the following, we assume the convergence of Eq. A7 in order to have a non-equilibrium steady-state that can be
analyzed via the large deviations at Level 2.5.

3. Empirical density and empirical currents with their constraints

The empirical 2-point density of Eq. 5 contains two types of contributions, namely the non-local reset currents
from any point (i1, .., ig) of any generation g ≥ 0 towards the origin

Ji1,...,ig ≡ ρ(2)
0,(i1,..,ig)

J0 ≡ ρ(2)
0,0 (A8)

and the local currents arriving at any point (i1, .., ig) of any generation g ≥ 1 from its ancestor (i1, .., ig−1)

ji1,...,ig ≡ ρ(2)
(i1,..,ig),(i1,..,ig−1)

ji1 ≡ ρ(2)
i1,0

(A9)

As a consequence, the consistency constraints of Eq. 6 involving the 1-point density become for the origin

ρ0 = J0 +

+∞∑
g=1

∑
i1,..,ig

Ji1,...,ig = J0 +
∑
i1

ji1 (A10)

and for the other points of generation g ≥ 1

ρi1,..,ig = ji1,...,ig = Ji1,..,ig +
∑
ig+1

ji1,..,ig,ig+1 (A11)
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4. Large deviations at level 2.5 for the joint probability of the empirical density and the empirical currents

The large deviations at level 2.5 of Eqs 8 9 10 yield that the joint probability to see the empirical density ρ. and
the empirical currents j. and J. read

PT (ρ., j., J.) '
T→+∞

δ

ρ0 +

+∞∑
g=1

∑
i1,..,ig

ρi1,..,ig − 1

 δ

J0 +

+∞∑
g=1

∑
i1,..,ig

Ji1,...,ig − ρ0

 δ

(
J0 +

∑
i1

ji1 − ρ0

)
+∞∏
g=1

∏
i1,..,ig

δ (ji1,...,ig − ρi1,..,ig) δ
Ji1,..,ig +

∑
ig+1

ji1,..,ig,ig+1
− ρi1,..,ig



e

−T

∑
i1

ji1 ln

(
ji1

Wi1(1−R0)ρ0

)
+

+∞∑
g=2

∑
i1,..,ig

ji1,..,ig ln

(
ji1,..,ig

Wi1,..,ig (1−Ri1,..,ig−1
)ρi1,..,ig−1

)

e

−T

J0 ln

(
J0

R0ρ0

)
+

+∞∑
g=1

∑
i1,..,ig

Ji1,..,ig ln

(
Ji1,..,ig

Ri1,..,igρi1,..,ig

)
(A12)

The first constraints on the second line shows that all the local currents j. can be eliminated in terms of the density

ji1,...,ig = ρi1,..,ig (A13)

so that Eq. A12 becomes for the joint distribution of the density ρ. and the non-local reset currents J.

PT (ρ., J.) '
T→+∞

δ

ρ0 +

+∞∑
g=1

∑
i1,..,ig

ρi1,..,ig − 1

 δ

J0 +

+∞∑
g=1

∑
i1,..,ig

Ji1,...,ig − ρ0

 δ

(
J0 +

∑
i1

ρi1 − ρ0

)
+∞∏
g=1

∏
i1,..,ig

δ

Ji1,..,ig +
∑
ig+1

ρi1,..,ig,ig+1 − ρi1,..,ig



e

−T

∑
i1

ρi1 ln

(
ρi1

Wi1(1−R0)ρ0

)
+

+∞∑
g=2

∑
i1,..,ig

ρi1,..,ig ln

(
ρi1,..,ig

Wi1,..,ig (1−Ri1,..,ig−1
)ρi1,..,ig−1

)

e

−T

J0 ln

(
J0

R0ρ0

)
+

+∞∑
g=1

∑
i1,..,ig

Ji1,..,ig ln

(
Ji1,..,ig

Ri1,..,igρi1,..,ig

)
(A14)

One can now further use the constraints to obtain the large deviations for the empirical density alone or for the
non-local reset currents alone, as described in the following two subsections.

5. Large deviations at Level 2 for the empirical density ρ. alone

The constraints on the second line of Eq. A14 can be used to eliminate the non-local reset currents associated to
generations g ≥ 1 in terms of the empirical density

Ji1,..,ig = ρi1,..,ig −
∑
ig+1

ρi1,..,ig,ig+1
(A15)

while the third constraint on the first line of Eq. A14 gives the similar equation for the origin

J0 = ρ0 −
∑
i1

ρi1 (A16)
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Then the second constraint on the first line of Eq. A14 is automatically satisfied, so that Eq. A14 yields for the large
deviations for the empirical density ρ. alone

PT (ρ.) '
T→+∞

δ

ρ0 +

+∞∑
g=1

∑
i1,..,ig

ρi1,..,ig − 1

 (A17)

e

−T

∑
i1

ρi1 ln

(
ρi1

Wi1(1−R0)ρ0

)
+

+∞∑
g=2

∑
i1,..,ig

ρi1,..,ig ln

(
ρi1,..,ig

Wi1,..,ig (1−Ri1,..,ig−1
)ρi1,..,ig−1

)

e

−T

(ρ0 −
∑
i1

ρi1

)
ln

(
ρ0 −

∑
i1
ρi1

R0ρ0

)
+

+∞∑
g=1

∑
i1,..,ig

ρi1,..,ig −∑
ig+1

ρi1,..,ig,ig+1

 ln

(
ρi1,..,ig −

∑
ig+1

ρi1,..,ig,ig+1

Ri1,..,igρi1,..,ig

)
One may further simplify the rate function of the two last lines to obtain

PT (ρ.) '
T→+∞

δ

ρ0 +

+∞∑
g=1

∑
i1,..,ig

ρi1,..,ig − 1

 (A18)

e

−T

−ρ0 ln(ρ0)−
∑
i1

ρi1 ln (Wi1(1−R0))−
+∞∑
g=2

∑
i1,..,ig

ρi1,..,ig ln
(
Wi1,..,ig (1−Ri1,..,ig−1)

)

e

−T

(ρ0 −
∑
i1

ρi1

)
ln

(
ρ0 −

∑
i1
ρi1

R0

)
+

+∞∑
g=1

∑
i1,..,ig

ρi1,..,ig −∑
ig+1

ρi1,..,ig,ig+1

 ln

(
ρi1,..,ig −

∑
ig+1

ρi1,..,ig,ig+1

Ri1,..,ig

)

6. Large deviations for the empirical reset currents J. alone

If one wishes instead to eliminate the empirical density in terms of the empirical reset currents J. via

ρi1,..,ig = Ji1,..,ig +

+∞∑
g′=g+1

∑
ig+1,...,ig′

Ji1,..,ig,ig+1,...,ig′

ρ0 = J0 +

+∞∑
g=1

∑
i1,...,ig

Ji1,..,ig (A19)

Eq. A18 yields for the large deviations for the empirical reset currents J. alone

PT (J.) '
T→+∞

δ

J0 +

+∞∑
g=1

(g + 1)
∑
i1,..,ig

Ji1,..,ig − 1

 δ

J0 +
+∞∑
g=1

∑
i1,..,ig

Ji1,..,ig − ρ0



e

−T

−ρ0 ln(ρ0)−
+∞∑
g=1

∑
i1,..,ig

Ji1,..,ig ln

 g∏
g′=1

Wi1,..,ig′ (1−Ri1,..,ig′−1
)



e

−T

J0 ln

(
J0

R0

)
+

+∞∑
g=1

∑
i1,..,ig

Ji1,..,ig ln

(
Ji1,..,ig
Ri1,..,ig

)
(A20)

One may further simplify the rate function of the two last lines to obtain the more compact form

PT (J.) '
T→+∞

δ

J0 +

+∞∑
g=1

(g + 1)
∑
i1,..,ig

Ji1,..,ig − 1

 δ

J0 +

+∞∑
g=1

∑
i1,..,ig

Ji1,..,ig − ρ0



e

−T

J0 ln

(
J0

R0ρ0

)
+

+∞∑
g=1

∑
i1,..,ig

Ji1,..,ig ln

 Ji1,..,ig

Ri1,..,ig

(∏g
g′=1Wi1,..,ig′ (1−Ri1,..,ig′−1

)
)
ρ0


(A21)
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in order to make the link with the large deviations for excursions between two consecutive resets as explained in next
subsection.

7. Large deviations for the empirical density of excursions between two consecutive resets

For the Sisyphus Random Walk on the Cayley tree, the simplification in Eq. 16 is that the internal trajectory
y(1 ≤ s ≤ τ − 1) of an excursion is ballistic along one branch of the tree, and can be thus labelled only by its
end-point y(τ − 1) = (i1, .., iτ−1), so that its probability of Eq. 16 becomes

P exc[τ ; (i1, .., iτ−1)] = Ri1,..,iτ−1
Wi1,..,iτ−1

(1−Ri1,..,iτ−2
)...Wi1,i2(1−Ri1)Wi1(1−R0)

= Ri1,..,iτ−1

 τ−1∏
g′=1

Wi1,..,ig′ (1−Ri1,..,ig′−1
)

 (A22)

As a consequence, the probability to see the empirical density n[τ ; (i1, .., iτ−1)] of excursions between resets and
the total density n follows the large deviation form of Eqs 18 20 19

PT (n[.; ..], n) '
T→+∞

δ

+∞∑
τ=1

τ
∑

i1,..,iτ−1

n[τ ; i1, .., iτ−1]− 1

 δ
+∞∑
τ=1

∑
i1,..,iτ−1

n[τ ; i1, .., iτ−1]− n



e

−T

+∞∑
τ=1

∑
i1,..,iτ−1

n[τ ; i1, .., iτ−1] ln

 n[τ ; i1, .., iτ−1]

Ri1,..,iτ−1

[∏τ−1
g′=1Wi1,..,ig′ (1−Ri1,..,ig′−1

)
]
n


(A23)

The correspondence with Eq A21 is now obvious with the following dictionary : the empirical density at the origin
ρ0 corresponds to the empirical density n of excursions

ρ0 = n (A24)

while the non-local reset current Ji1,..,ig corresponds to the empirical density of excursions of duration τ = g+ 1 with
end-point (i1, .., iτ−1) = (i1, .., ig)

Ji1,..,ig = n[g + 1; i1, .., ig] (A25)

8. Large deviations of general time-additive observables

In this section, we analyze the large deviations of time-additive observables of the form (AT + BT ) (Eqs 25 26 35
36) via their generating function (Eq 27) that reads in terms of the empirical density ρ., the empirical local currents
j. and the empirical non-local reset currents J.

ZT (k) ≡< eTk (AT +BT ) >

=< e

Tk

α0ρ0 + β0,0J0 +

+∞∑
g=1

∑
i1,..,ig

[
αi1,..,igρi1,..,ig + βi1,..,igji1,..,ig + β0;i1,..,igJi1,..,ig

]
> (A26)

The tilted dynamics of Eq. 30 reads for the model of Eq. A3 for the root and for the sites of other generations
g ≥ 1 respectively

P̃0(t+ 1) = R0e
k(α0+β0;0)P̃0(t) +

+∞∑
g=1

∑
i1,..,ig

Ri1,..,ige
k(α0+β0;i1,..,ig )P̃i1,..,ig (t)

P̃i1,..,ig (t+ 1) = Wi1,...,ig (1−Ri1,..,ig−1
)ek(αi1,..,ig+βi1,..,ig )P̃i1,..,ig−1

(t) (A27)
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The eigenvalue Eq. 32 for the right eigenvector r̃[k]
. reads

eµ(k)r̃
[k]
0 = R0e

k(α0+β0;0)r̃
[k]
0 +

+∞∑
g=1

∑
i1,..,ig

Ri1,..,ige
k(α0+β0;i1,..,ig )r̃

[k]
i1,..,ig

eµ(k)r̃
[k]
i1,..,ig

= Wi1,...,ig (1−Ri1,..,ig−1)ek(αi1,..,ig+βi1,..,ig )r̃
[k]
i1,..,ig−1

(A28)

Plugging the solution for g ≥ 1

r̃
[k]
i1,..,ig

=

 g∏
g′=1

e
−µ(k)+k

(
αi1,..,ig′

+βi1,..,ig′

)
Wi1,...,ig′ (1−Ri1,..,ig′−1

)

 r̃[k]
0 (A29)

into Eq. A28 for the root yields the equation that determines the scaled cumulant generating function µ(k)

1 = R0e
−µ(k)+k(α0+β0;0)

+

+∞∑
g=1

∑
i1,..,ig

Ri1,..,ige
−(g+1)µ(k)+k(α0+β0;i1,..,ig )

 g∏
g′=1

e
k
(
αi1,..,ig′

+βi1,..,ig′

)
Wi1,...,ig′ (1−Ri1,..,ig′−1

)

 (A30)
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