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Resolving power of MUSIC-like algorithms for
circular or rectilinear correlated sources in CES

data models

Habti Abeida and Jean-Pierre Delmas

Abstract

The concept of threshold array signal-to-noise ratio (ASNR) which is defined as the minimal SNR at which
specific high-resolution algorithms are able to resolve two closely spaced far-field sources, allows to quantify
and to compare sensors array performance in localizing remote targets. This paper generalizes and extends the
expressions of the threshold ASNR given in the literature for the conventional and non-circular (NC) MUSIC
direction-of-arrival (DOA) estimation algorithms in the context of uncorrelated stochastic circular or rectilinear
Gaussian sources and circular complex Gaussian (C-CG) noise, in a more general stochastic framework. We
assume that the sources are correlated with an arbitrary distribution, which is inherent in a context of multipath
or smart jammers, and that the noise is circular complex elliptically symmetric (C-CES) distributed, which
can model impulsive noise with heavy-tailed distributions. The C-CES and NC-CES distributed observations
are also considered to quantify the gain in resolution provided when the sample covariance matrix (SCM) of
the observations is replaced by M -estimates of this matrix. Asymptotic approaches and perturbation analysis
have been performed to derive closed-form expressions of the mean null spectra of the two considered MUSIC
algorithms for both observation models, which allow us to derive, for the first time, general unified explicit
analytical expressions of the threshold ASNR along the Cox and the Sharman and Durrani criteria. These
expressions allow us to quantify the impact of the non-Gaussianity of noise and observations, as well as of
the phase and magnitude of the correlation on the resolution threshold, and to quantify the benefit provided
when the SCM is replaced by M-estimates of this covariance matrix for CES observations. Finally, numerical

illustrations are included to support our theoretical analysis.
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I. INTRODUCTION

The ability to resolve two closely-spaced narrowband far-field sources is an important performance measure
of sensor arrays in localizing remote targets with wide-ranging application in, among others, astronomy, radar
and wireless communications [1]. This very old problem has been extensively studied in the literature and is still
the object of active research in many applications (see e.g., [2], [3]). There are usually four different approaches
in the literature to determine the resolution limit of two closely spaced signals. The first one rests on the analysis
of the mean null spectrum concerning specific high-resolution algorithms. More precisely, two main criteria
based on the mean null spectrum have been introduced by Cox [4] and Sharman and Durrani [5]. The first
criterion states that two sources are resolved if the midpoint mean null spectrum is greater than the mean null
spectrum in the two true source DOAs. While for the second criterion, two sources are resolved if the second
derivative of the mean spectrum at the midpoint is negative. The two criteria were applied to derive the threshold
ASNR for specific high-resolution algorithms, including conventional MUSIC and Min-Norm (the first one in
[6]-[10] and the second one in [11], [12]). Then, they have been used to compare the threshold ASNR for the
conventional MUSIC and NC MUSIC algorithms [13] in the context of uncorrelated circular and rectilinear
sources, respectively. The second approach is based on a hypothesis test using the generalized likelihood ratio
test [14], [15] or the Bayesian approach [16]. The third approach relies on the estimation accuracy, capitalizing
on the Cramér-Rao bound (CRB). It compares the DOA separation of two sources to the square-root of the
CRB of the DOA [17] or to the CRB of the difference between the two DOA’s introduced in [18] and then
used in numerous papers (see e.g., [19]-[22]). The last approach is based on the information theory and more
specifically on the Stein’s lemma which links the false alarm probability resulted from the Neyman-Pearson
decision criterion to the relative entropy between two hypothesis [23], or on the mutual information between
DOA, scattering properties and the received signal [2]. In all these works, however, the sources embedded in
a spatially uncorrelated C-CG distributed noise are considered either deterministic or uncorrelated stochastic
Gaussian distributed, except in [9] which presents some simulation results using the null spectrum with correlated
and coherent C-CG distributed sources, and in [22] which uses the Smith’s criterion [18] in the MIMO radar
context under K -distributed clutter.

This paper is dedicated to the threshold ASNRs derivation based on the first approach and its aim is twofold.

First, it gives theoretical approximate interpretable closed-form expressions of the threshold ASNR for which
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MUSIC-like algorithms are able to resolve two closely spaced sources in a much more general statistical
framework than in the previous works. More precisely, we assume here that the directional sources are circular
or rectilinear correlated with arbitrary distributions, which is inherent in a context of multipath or smart jammers.
We also consider that the noise is spatially uncorrelated and C-CES distributed, which can model impulsive
noise with heavy-tailed distributions. This kind of noise can be encountered in radar clutter [24] [25], made-
man noise and interference in indoor and outdoor mobile communications channels [26] [27]. In these adverse
conditions, this allows us, in particular, to quantify the increase of threshold ASNR required to resolve two
closely-spaced equipowered sources with the conventional MUSIC and NC MUSIC algorithms based on the
SCM of the observations, with respect to the standard conditions of uncorrelated sources embedded in C-CG
distributed noise. Second, it aims is to quantify the gain in resolution brought when this SCM is replaced by an
M -estimate of the covariance matrix of the observations. For this purpose, interpretable closed-form expressions
of the threshold ASNR are also derived for C-CES and NC-CES distributed observations.

The paper is organized as follows. Section II gives a brief reminder on CES distribution and specifies the
data models and the involved MUSIC-based DOA estimation algorithms. It first describes a standard array data
model with two equal-power arbitrary distributed correlated sources, which are either circular or rectilinear, and
a spatially white C-CES distributed noise. Then, a robust distribution model, where the observations are either
C-CES or NC-CES distributed, is introduced. This section ends with a brief review of the conventional and NC
MUSIC algorithms and the statistical distributions of the SCM and M -estimators of covariance matrices. Section
IIT presents the resolving power of MUSIC-like algorithms. After a brief review of the Cox, and of Sharman
and Durrani criteria on which resolving power is based, two preliminary lemmas based on perturbations of
noise projectors are given. They allow us to give closed-form expressions of the mean-null spectrum associated
with the conventional and NC MUSIC algorithms for the two models introduced in Section II. Two general
closed-form expressions of the threshold ASNR applicable to the two models and criteria for each conventional
MUSIC and NC MUSIC algorithms are deduced. Then, comments to explain how the non-Gaussianity of the
noise and observations, and the phase and magnitude of the correlation of the sources impact the threshold
ASNR are discussed. Numerical illustrations of the threshold ASNR are given in Section IV, with particular
attention paid to the phase and magnitude of the correlation of the sources and to the robustness of M -estimates
of covariance matrices of the observations. Finally, the paper is concluded in Section V.

The notations used throughout this paper are the following. The abbreviation [resp. ] stands for respectively.
Vectors and matrices are denoted by bold-faced lowercase and uppercase letters, respectively. *, 7, and
respectively represent the conjugate, the transpose and the conjugate transpose operators. E(.), Re(.), |.| and

# are the expectation, real part operator, determinant and Moore-Penrose inverse, respectively. =, stands for
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’shares the same distribution as”. vec(-) is the vectorization operator that turns a matrix into a vector by stacking
the columns of the matrix one below another which is used in conjunction with the Kronecker product A ® B as

the block matrix whose (4, j) block element is a; ;B and with the vec-permutation matrix K which transforms

0
vec(C) to vec(CT) for any matrix C. The matrix J is the exchange matrix and ey, denotes the k-unit

10
vector.

II. DATA MODEL AND MUSIC-LIKE ALGORITHMS

In this section, we specify two data array models with two equal-power arbitrary distributed correlated sources
impinging on an arbitrary array of N sensors with spatially white noise. In the first model, the sources are
either arbitrary or rectilinear with a C-CES distributed noise and in the second one, the observation is either
C-CES or NC-CES distributed. For the ease of the readers, we begin by giving a brief reminder on C-CES and
NC-CES distributions.

A. Brief review of C-CES and NC-CES distributions

In this paper, we use IN-dimensional zero-mean C-CES [resp., NC-CES] distributed random variables (r.v.)

y: possessing probability density functions (p.d.f.) given by

_ _ _ 1 g1~
p(y) = Ry g(v{ Ry '), [resp.. Ry~ 2953 Ry '51)], (1)
~ def 7 T def Ry Cy . e " .
where y; = [y; ,y;|' and Ry = with R, and C, are N x N Hermitian positive definite
C: R;
y Ny

and complex symmetric matrices, respectively called scatter and pseudo-scatter matrices. The function! g(.):
Rt — R* satisfies dy, def fooo tN=lg(t)dt < oco. The r.v. y; admit the following stochastic representation:
Yi =a V QtRé/ Qut [28] [resp., ¥¢ =a V/ QtR;j/ Qﬁt [29] with def [u]’, u/’]T], where the non-negative real

r.v. Q; and the complex r.v. u; are independent and u; is uniformly distributed on the unit complex NN-sphere.

B. Standard data model

Consider two equal-power narrowband uncorrelated or correlated (but non-coherent) signals impinging on

an arbitrary array of N sensors. The signal received in baseband at the time instant ¢ is modeled as
Yt :AXt+nt7 1= 17"'>Ta (2)

'To remove the so-called scale ambiguity, the density generator g is here constrained such that dx41,/0n,g = N, [28] to ensure that
the scatter R, and extended scatter R matrices are equal to the covariance E(yty,fH ) and extended covariance E(yty{’ ), respectively.
The expressions of these p.d.f. are consistent with the ones given in [28] and [30], respectively, because the normalizing constant is
here included in the function g.
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where {y1,...,yt,...,yr} are independent and identically distributed. A = [a;, ag] is the steering matrix where

each vector a; = a(fy) is parameterized by the real scalar parameter ), according to the parametrization

introduced in [10] where |lag||? = N. x; = [, xt,g]T and n; model signals transmitted by sources and additive

measurement noise, respectively. x; and n; are zero-mean with finite fourth-order moments and not correlated
H

with each other. n; is assumed to be C-CES distributed and spatially uncorrelated with E(n;n{’) = o21. The

fourth-order moments of n; are proved to be characterized by a single parameter 5. This parameter is defined

def E(9QF)
by 1 = N(Ni1)

from the stochastic representation n; =4 0,1/Q;uy. This parameter satisfies the conditions
n > N/(N +1) [31], n = 1 for C-CG distributions and can take very large values for very impulsive noise,
such that for the circular complex Student ¢-distributions with heavier tails than the C-CG distribution as shown
in Section IV-A. The signal sources x; are arbitrary distributed (circular or non-circular to the second-order),
with covariance R, = E(x;x7) and complementary covariance C, = E(x;x} ). Consequently, this leads to

the following covariance and complementary covariance of y;

R, = AR, A + 219 S+ 62T and C, = AC,A”, 3)
where
2 1 . def *
R, =02 with p = E(z¢1255) € C and |p] < 1. 4)
pt 1

We will also consider the specific case where x; 1 and x; o are rectilinear (also called strictly second-order

non-circular), i.e., described by
Tt = stvke’d”“ where s, are real-valued with A¢ def b1 — 2 € [0, +7]. &)

The phases ¢ associated with different propagation delays are assumed fixed, but unknown during the array
observation. To derive MUSIC-like algorithms exploiting the prior knowledge of rectilinear sources, the model

(2) can be rewritten according to the following equivalent extended model:
Yt = ! :;&St+ﬁt, t:].,...,T, (6)

~odef = o~ g .o o~ def ; i def ~  def
where A = [a;,aq] with a;, = [al e alle™ T, 5, = [s11,8:0]7 and 0y = (nf,nf)T. Consequently

the covariance Ry aof E(y:y!) and complementary covariance C; aof E(y:y]) of the extended signal y; are

given by

R; = ARAT + 021 S 4 021 and C; = RyJ = JR, 7

July 26, 2021 DRAFT



where if
def I
R, = E(s;s]) = o2 with p' € (—1,+1), ®)
!
R, in (3) is written in the following form:
1 /eiA(j)
R, = o2 P . ©)
ple—iA¢ 1

Consequently, in the specific case of rectilinear sources, the phase separation A¢ associated with the sign of
p' corresponds to the phase /p of the correlation of the sources.
Assuming that A and A are full column rank, whose column spaces characterize the DOA (61, 65), the con-

ventional and NC MUSIC algorithms are usually based on the SCM and extended SCM R, 1 = % Zle vyl

and Ry = % Zthl y:y 1, respectively.

C. Robust distribution model

Many papers in the literature (see e.g., [28], [32]) have shown by numerical simulations that the MUSIC
sample null spectrum presented a loss of resolution for heavy-tailed distributed noise. To mitigate this loss
in resolution performance of MUSIC-like algorithms for heavy-tailed C-CES distributed noise, the SCM and
extended SCM can be replaced by the ML estimate of R, and Ry, respectively. However, these ML estimates
cannot be obtained for arbitrary distributed x; and arbitrary C-CES distributed n; in (2). To overcome this
difficulty, we consider here an alternative model used in [31], [29] and [33], where the observations y; in (2)
are CES distributed. In this case the distributions of x; and n; are not specified, but only their second-order
statistics are imposed. More specifically, in the cases where the signals x; are circular to the second-order [resp.,
rectilinear], where {y1, ..., ¥¢,...,yr} are assumed independent zero-mean C-CES [resp., NC-CES] identically
distributed whose p.d.f. are given by (1).

The ML estimate of R, [resp., Rj] in this model is solution of the implicit equation:

1
Zl/f UT, ry)yeyi', |resp., T Zlb( v T, T}’t> yiyi ] ; (10)

where ¥(t) = def —ﬁdg—() Existence, uniqueness of the solution of (10) and convergence in probability of the
sequence I'y 7 to R, have been proved in [28]. These properties have been extended in [29] to the sequence
I'j 7 which converges in probability to Rj.

These estimates belong to the class of M -estimators of scatter matrices introduced by Maronna [34], where
¥(.) does not need to be related to the density generator of any particular C-CES/NC-CES distribution. Existence

and uniqueness of the solution of (10) where 1 (.) is replaced by a function u(.) have been proved in the real
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case, provided u(.) satisfies a set of general conditions (called Maronna conditions) stated in [34].

T T
1
yT—fZ v{'T, ry)yet, resp,FyT—fZ (yt FyTyt>ytyt], (11)

These conditions have been extended to the complex case in [35] and [28]. These sequences denoted by T’

and I'; - to specify their dependence in u(.) converge in probability to o, R, and o,Rj, respectively where
o, given by [28, (46)] depends on u(.) and the C-CES [resp., NC-CES] distribution of y; [resp., y;]. Note that
Tyler’s M -estimator [36] is also solution of (11) with the specific weight u(t) = % does not satisfy Maronna
conditions. It is a distribution-free estimator within the family of C-CES/NC-CES distributions. However, it
has been proved for real elliptically symmetric (RES) distributions in [36] and for C-CES distributions in [37],
then extended to NC-CES distributions in [29], that after normalizing, the solutions I‘"T and I'Y 5. of (10) also

converges in probability to o, R, and o, Ry, respectively with o, = 1.

D. MUSIC-like algorithms

For the standard and robust distribution models, we consider the conventional MUSIC algorithm associated
with Ry 7 and I') -, respectively. The DOAs estimated by this algorithm are given by the two smallest minima

of the following so-called sample null spectra g?lgc(ﬁ) and gAlgC( 0) [38]:
O = argming™(9) and G = argmin gy (0), k=1,2, (12)

with
Q?Igc(e) def a(0)IIra(f) and gAlgC ) o a' (0)ta(0), (13)

where II7 and IT% denote the projector matrix associated with the noise subspace of R, 7 and I‘;T, respectively.
In the specific case where x; is rectilinear, we consider for both models, the NC MUSIC algorithm devised
in [39] associated with Ry 1 and I 1, respectively. The DOAs are also estimated by the two smallest minima

of gAlgNC(G) and g gNC(G), respectively
asngNC = arg main g?lgNC(H) and GA gNC — arg mglng Algke @), k=1,2 (14)

with

g () (@ (0)IT, ra(0))” — a7 (0)IT; 7a(0)2 and gp'®c ()% (a™ (0)ITY ra(0))” ~[a” (0)IIyTa(9)|%,
(15)

where 11 7 and Il 7 [resp., IIf ;- and IL§ -] are Hermitian and complex symmetric respectively, given by the
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projector matrices II; and ﬁ% structured as

u u
and Iy, II5
* * U*x U*
IT 1 Hl,T Iy 1%

associated with the noise subspace® of Ry 1 and L5 1, respectively.

The following table summarizes the different models and algorithms that are defined in this paper:

Standard data model Robust distribution model
Circular noise: C-CG or C-CES C (or NC)-CES distributed observations y; with scatter matrix:
arbitrary sources rectilinear sources C-CES: R,=AR,A%4021 | NC-CES: RgzKngH—}—afLI
conventional MUSIC algorithm | NC MUSIC algorithm | conventional MUSIC algorithm NC MUSIC algorithm
R, — Iy Ry — Iy T I rY . — IO

Table.1. Different models and algorithms studied in this paper.

E. Statistical distributions of the SCM and M -estimators of covariance matrices

For deriving in Section III-C the resolving power of these MUSIC algorithms based on Ry, 7 and Ry 7, we
will need the covariance R,, % E[(vec(Ry 1) — vec(Ry))(vecH (R, 1) — vec(R,))] and R,, % E[(vec(Ryr) —
vec(Ry))(vecH (Rj 1) — vec(Ry))] of these SCM. They are given in [31] and [40], respectively, by

R, = ! (R} ®R,) +K(C, ®C)) + (A*®A)Q, (AT ® A”) + Q,], (16)

Y

Nl = N

[(R; @ Ry) + K(C; @ C;) + (A © A)Q,(A" © A) + Qal, (17)

Ty

where Q,, Q,, Q,, and Q;; are the quadrivariance® of x;, s;, n;, and n,, respectively. For C-CES distributed noise Q,,

and Qg are given in [31] and [29], respectively by

Q, = U;‘;(n - DI+ vec(I)vecT(I)], (18)

Qi =0ot(n—D[IART) + KT @) + vec(I)vec! (I)]. (19)

Similarly to the standard data model, we will need the covariance of I'y - and I'; 1 for deriving in Section III-C
the resolving power of the MUSIC algorithms based on these M -estimators. But only their asymptotic distributions are
available. Under these Maronna conditions, it has been proved for RES distributions [41] and for C-CES distributions
in [28], [42], then extended to NC-CES distributions in [29], that the sequences \/T(vec(l"Z’T) — vec(o,Ry)) and

\/T(vec(I‘g,T) — vec(o,Ry)) converge in distribution to the zero mean Gaussian distribution N (0,Rry, Crx) and

2Similar to the projector matrix Il associated with Ry from its EVD, the projector matrices II; and f[% are defined by the EVD
of Ry r and '} 7, respectively, by collecting the eigenvectors associated with their 2V — 2 smallest eigenvalues.

def * * ..
*For example [Qu]it2(—1)k+20-1) = Kijkt = Cum(xy j, e, e, 25 5), 4,7, k1 € {1,2}.
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N(0,Rry, Cru), respectively, where

Rr. = Ui(R;®R,)+ Yavec(R,)vec (R,), (20)

Rr: = 9i((R; @ Ry) + K(Cy @ Cj)) + davec(Ry)vec™ (Ry) @21

and with pr = szK and Cp; = RFSK, where 1) and ¥, are given by [28, (48-49)].

III. RESOLVING POWER OF MUSIC-LIKE ALGORITHMS

A. Review on the resolving power

Based upon the assumption [6] that the standard deviation Var[g:;“ilgc (0)] of the sample null spectrum associated with

the conventional MUSIC and Min-Norm algorithms for circular Gaussian signals is small compared to its mean value
E[gf}lgC (#)] in the vicinity of the true DOAs, the mean value of the sample null spectrum can be reasonably taken as
representative of the ensemble of sample null spectra. We note that this assumption has been specified in [43], for which
its validity has been proved in the conditions N > 1 and T' > N for the conventional MUSIC algorithm. We suppose it
is also valid for non-Gaussian signals and as well as for the NC MUSIC algorithm. Based on this assumption, we continue
to use the Cox [4] and the Sharman and Durrani [5] criteria which respectively state that two closely spaced equal-power

sources are resolved if the following respective conditions are satisfied:

Elgp®(61)] = Elgp%(62)] < Elgp®(0m)] (22)
(g (0)
do? |0=0,,

< 0, for O % (0, +62)/2. (23)

B. Preliminary lemmas

Approximations to the resolution threshold are deduced from equalities in (22) and (23). Consequently, the key point to
derive these resolution thresholds depends on the expectation of the random variables g?lgc (0) and g?lch (0). To obtain
these expectations, we resort to an analysis based on perturbations of the noise projector [38] instead of those of the

eigenvectors (e.g., [6], [10]). Therefore, we consider the following second-order expansion of éI1p def II; — IT (where

. . . . . def .
w.r.t. IT denotes the projector matrix associated with the noise subspace of R,) w.r.t. SR, = R, 7 — R, proved in

[38]:
6y = —(II6R, rS* + S#SR, r1I)
+ S*(OR, rII0R, 7)S* — TI(0R,, rS#*20R,, 7)II + S# (§R, 7S¥ R, 1)II
+ II(6R, rS76R, 1)S* — S#?(6R, 7 TI6R, 7)II — II(6R,, rTISR,, 7)S** + o(6R? ). (24)

This relation is also valid for the extended model (6) by replacing II, II7, 617, 6R, 7 and S, by ﬁ, ﬁT, 5f[T, oRy 1

and S, respectively. It is also valid for the robust distribution model, by replacing (6ILr,0R, r) and (5fIT, 0Ry 1), by

(0TT%, ORY def o, 0Ty 1) and (0TI, SRY def o, 'Y 1), respectively.
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10

To proceed, we need the expressions of E(6R, rB1dR, ) and E(6Rj rB2dRj ) for arbitrary N x N matrices B,
and 2N x 2N matrices Bo, which are given by the following lemma proved in Appendix A:

Lemma 1: For the standard data model, we have

1
E(R,rBidR,r) = = |T(BiR,)R, +C,BIC;+ > rijriAejef A”BiAcie] A"
i,5,k,1e{1,2}
+ on(n—1)[By+Te(B)I]), (25)
1 ~ ~ ~ ~
E((SRQ’TBQ(SR@T) = T TI‘(BQRQ)Rg + CngCE + Z liivj,mAejefAHBgAeleiTAH
i,5,k,le{1,2}
+ on(n—1)Bs+JIBJJ + Tr(By)I)), (26)
and for the robust distribution model:
\ 1
E(5RZ,TB15RZ,T) = ToZ (z?{[‘r(BlRy)Ry + ﬁzRyBlTRy) , 27
u
1
E(5R}57TB25R5,T) = To? (ﬂlTr(BgRg)Rg + ﬁlchQTCE + ﬂgRgBQRg) . (28)

Then using Lemma 1 with B; = IT, S# and S#2, then with B, = IT, S# and S#2 in the derivation of the mean of 6TI
given in (24) and the mean of STy, we get after some algebraic manipulations based on the identities R,II = o211,
IIC, =0, S#II = 0 and Rgﬁ = O'T%ﬁ, JIITJ = f[, JS#'J = S# and JS#2'J = g#z’ the following lemma:

Lemma 2: In the standard data and robust distribution models, the mean of §IIp and JII% are given respectively by

E(6TLy) ~ % (Tr(H)U — Tr(U)IT+ (n — 1) (Tr(H)U/ - Tr(U’)H)) , 29)
E(5TIL) ~ % (Tr(I1)U — Tr(U)II), (30)

with U % 62S#R,,S# and U’ %' 548#2,

For the two extended models, the mean of 51:111, 51:12_,T, 512111‘7T and 512112‘7T are given respectively by

2 / !’

E(Mr) ~ ~ (Tr(Hl)Ul (UL + (g — 1) (Tr(l'Il)Ul - Tr(Ul)Hl)) 31)
2 !’ ’

E(ILr) ~ (Tr(Hl)UQ (UL + (7 — 1) (Tr(Hl)UQ - Tr(Ul)H2>) (32)

20
E(6IY ;) =~ TT;; (Tr(I1;)U; — Tr(Up)II), (33)
O ,) ~ ob (Te(IL)U, — Te(UpIL), (34)
’ To?

where U; and U,, Ul1 and U,Q, II; and II, are N x N sub-block matrices of the 2/NV x 2/N Hermitian positive semidefinite

def g = U, U et g~ U, U . m o

matrices U def O’?ZS#R@S# = ! ? , U def Uf;S# 2= /1 /2 and IT = ! 2 , respectively.
U; Ui U, Uy II; II;

Using (29) and (30) in (13), allows us to straightforward derive the mean null spectra associated with the conventional
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11

MUSIC algorithm based on the SCM, then on an M -estimate covariance of y;, which are given respectively by:

1

E(gp™(0)) ~ g™ (0) + 7 (V= 2)a™ (6)Ua(9) — Te(U)g"* (0)
+ (=1 (V=22 (O)U'a(l) - Tr(U)g" () (35)
By 0) = gV (0) + 75 (N — 22 (0)Ua(o) = T(U)g "5 (0)). (36)

with gAlee (9) < afl (9)a(h).
For the NC MUSIC algorithm, the derivation of the mean null spectra is more involved, but using asymptotic distribution
of ITy,r, Iy 1, 11} 1 and 115 - given in [29], the mean null spectra for this algorithm based on the SCM and then on an

M-estimate covariance of y; are proved in Appendix B and given respectively by:

E(g7®°(0)) ~ g"(9)

+ 2N - 3)l(@" (6)Ua(6))(a" (6)TT1a(6) - Rel(a” () Uza’ () (a” (6)TT3a(0))]

+ YN ) (6)Ufa(8) (o (6)TTa(8)) — Rel(a (0)Upa (6)) (o () TT3a(6))]

— 2T + (= DTH(UJgMEe () @)
E(gr ™ (6) ~ g"'=(6)

+ ;ﬁ (2N = 3)[(a (0)U1a(9)) (2" (9)I1a(0)) — Rel(a” (6)Usa" (6)) (a” (6)IT3(6))]

- ;i%Tr(Ul)gAlgNC(GL (38)

with gAlexe (9) < (a¥ (9)IL1a(0))” — |a” (0)IT3a(0) 2.

We check that (35) and (37) reduce to [13, rel. (3.6)] and [13, rel. (4.4)], respectively, for circular Gaussian noise for
which n = 1. Likewise, (36) and (38) reduce to [13, rel. (3.6)] and [13, rel. (4.4)], respectively, for Gaussian observations
associated with the SCM for which o, = 9; = 1.

Finally, note that all the results of this subsection apply to an arbitrary number K of sources necessarily equi-powered

by by replacing N — 2 by N — K in (35) (36) and 2N — 3 by 2N — K — 1 in (37) (38).

C. Derivation of the threshold ASNR

First, we note that mean null spectra associated with the standard data model (35) and (37) reduce to those of the robust
distribution model (36) and (38) if 7 = 1 and T replaced by T2 /1;. Consequently, the threshold ASNR for the robust
distribution model is directly deduced form those of the standard data model. Let us start with the derivation of the threshold
ASNR given by the Cox (22) and the Sharman and Durrani (23) criteria, applied to the conventional MUSIC algorithm
for the standard data model. To obtain these threshold ASNRs, we must get closed-form expressions of a’ (§)Ua(f),
al(9)U’a() and al (§)IIa(f) in (35). To simplify notations and to make the calculations of these expressions easier,

we derive in Appendix C, the matrices IT, U and U’ for only centrosymmetric arrays where the coordinate system has its
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origin at the centroid of the arrays*. Plugging their expressions in (35) and using symbolic calculus akin to a high level

2 Alg
language, the terms E(g?lgc (61)), E(gi‘:‘lgc (01,)) and %j(@]l g—g,, Of the Cox and the Sharman and Durrani criteria,

can be written in the following form:

1|1 1
E(gp°(61) =~ T th,l + 7"2h2’1] (39)
11
E(g?lgc (em)) ~ gAlgc (0,, ) + T L‘hl’m + 2h2,m:| 40)
w ~ d2gA1gc(9) Jrl 1 4 +i ! (41
db? 16=6,, o2 |o=e,, T |r b™ p27Em)0

where 7 %' No2 /02 and the terms Ay 1, ha.1, h.ms ha.m hi ., and hf . given in Appendix D for arbitrary centrosymmetric
arrays are functions of the real-valued geometric terms al’a,, ala,,, a;fa1 and a;;lH a;. Using expansions of these terms
with respect to 56 def 0, — 6, according to the parameterization of [10] for closely-spaced sources allow us to prove the
following result:

Result 1: The threshold ASNRs deduced from the Cox (22) and the Sharman and Durrani (23) criteria given by the
conventional MUSIC algorithm (12) for both standard data (section II-B) and robust distribution (section II-C) models

with two correlated equal-power sources and an arbitrary centrosymmetric array are given for closely-spaced sources and

a large number 7' of snapshots, by the following approximations:

2
§c—music & 0102 <1 +Re(p)> (aN4 (1 +4/1+ 5T (A9) ) ) (42)

T 1-— |p|2 AH) (51(52 BN

where A# denotes the measure’® of the angular separation between the two sources defined by [10, rel. (8)] and where

the parameters &1, 02 and &3 are defined in Table 2.

Cox criteria 0 =2
Sherman and Durrani criteria 01 =1
Standard data model (02,03) = (1,m)
Robust distribution model | (da,d3) = (¥1/02,1)

Table 2. Parameters 01, 0> and d3

In the specific case of ULA associated with the symmetric steering vectors

_j(N-Do L (N-=3)0 JIN=3)0 L (N-1)0 T
a(0) = (e z e P e’z e 2 , (43)

)y )

“We note that this structure is very used in practice because uniform linear, uniform circular and regular hexagonal shaped arrays
[44], cross-based centro-symmetric arrays, square-based centro-symmetric array are centrosymmetric.

. . def 2 L .
SThis measure is defined by (A#)> = g’;\)ﬂ gzl[rf (s1 — s2)]?, where r,, s1 and s2 denote vectors pointing from the centroid

of the array to the n-th sensor and to the two sources, and A is the wavelength.
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where the coordinate system has its origin at the centroid of the array, this measure of angular separation A# for closely-

spaced sources is given by

A0 ~ N3O cosb,,/(2v/3) where 6, %(91 +6,) (44)
and o and Sy are given by:
o 10N% cos* 6, and By — 5N2cos?6,,
NTNECD(N +2) N7 (N F2)

For the NC MUSIC algorithm, the derivation of the threshold ASNRs given by the Cox and the Sharman and Durrani
criteria follows the same steps. Closed-form expressions of the blocks ITy, IT5, Uy, Uy and U}, U} of f[, U and U’ s

respectively, are derived in Appendix D and E. Note that the expression [ageid’k , akH e~ ?¥]T of the extended steering vectors

allows for simpler calculations than for the expression [a} ,al’e=?*]T used in the literature. Using symbolic calculus,

(39), (40) and (41) can also be derived for the mean spectrum E[g?lch(Q)] where now A1 1, ha1, h1m, hom h’ll,m and

/

5.m are functions of both A and A¢. Using expansion of these spatial terms with respect to Af for closely-spaced

sources allow us to prove the following result:

Result 2: The threshold ASNRs deduced from the Cox (22) and the Sharman and Durrani (23) criteria given by the
NC MUSIC algorithm (14) for both standard data (section II-B) and robust distribution (section II-C) models with two
correlated equal-power sources and an arbitrary centrosymmetric array are respectively given for closely-spaced sources

and a large number 7" of snapshots, by the following approximations:

0102 (14 p'cos(A¢) ) YN 33T (AG)? ( p' + cos(Ag) )2
_ ~ 1 1+ — —_— , 45
Snc-music ~ ((1_ s (A ) 202 \ N TN e |\ cos(Be) )
except for ”very small” A¢ mod 7 for which:
(5152 1 aN (53T (A9)2
- ~ 1 1+— 4
ENC-MUSIC ¥ 5 <1p’> 20) < e Ay ) (46)

where 01, do and d3 are defined in Table 2.

In the specific case of ULA whose steering vector given by (43) and where A6 is defined by (44), we have

NZ2(2N — 3) cos?® O, 5N*(2N — 3) cos? 0, 5N2(2N — 3) cos? Oy,
W = 5 ;N = 5 3 and Sy = 5 .
N2 -1 (N2 —-1)(N2-4) N2 -4
We note that for Gaussian distributed noise in the standard data model for which 7 = 1 and Gaussian distributed

observations in the robust distribution model for which 91 = o, = 1, we have d, = d3 = 1 in (42), (45) and (46),
In this case, for uncorrelated sources (p = p’ = 0), the threshold ASNRs (42), (45) and (46) reduce to [13, (3.7)(3.8)],
[13, (4.5)(4.6)(4.8)] and [13, (4.5)(4.6)(4.7)], respectively.

D. General comments

This section attempts to explain the influence of the signal and noise parameters on the ASNR thresholds in Results 1

and 2.
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1) Influence of the non-Gaussianity of the noise and observations: In the standard data model for which ds = 1
and J3 = 7, the non-Gaussianity of the noise can strongly impact the threshold ASNR. This is particularly the case of the
C-CCG noise distributions [28] including the circular complex Student ¢ and generalized Gaussian distributions, for which
n > 1 where 7 is very large for heavy-tailed distributions. Thus for these distributions, the required ASNR to resolve
closely-spaced sources can be very large, as it will be illustrated in Section IV.

In the robust distribution model for which 0o = ¥/ 03 and 03 = 1, the non-Gaussianity of the observation impacts the
threshold ASNR through the equivalent number 7'/d5 = 02T'/9; of snapshots. For ML estimates of R, and Ry, 0, = 1
and ¥, is close to 1 for many heavy-tailed CES distributions. Likewise, for the Tyler’s M-estimate, ¢ = (N + 1)/N
[37]. Consequently, the threshold ASNRs (42), (45) and (46) required for heavy-tailed CES distributions are very similar
to those obtained in the case of Gaussian distributions. In contrast if the SCM have been used to estimate R, and Ry,
u(t) = 1 gives o, = 1 and ¥; = 7 and the equivalent number 7'/d; = T'/n of snapshots is dramatically reduced for
heavy-tailed distributions and thus, the required ASNR to resolve closely-spaced sources would be very large.

2) Influence of the correlation (magnitude and phase) for the conventional MUSIC algorithm: The threshold
ASNR (42) is a function of the magnitude of the correlation of sources, but also of its phase. Note that many performance
analysis of the conventional MUSIC algorithm seem to have always assumed that the correlation phase is zero or 180°
(e.g., in [45]). Whereas, it is known [46] that the correlation phase has a strong effect on the associated Cramér-Rao bound
under certain conditions (small aperture arrays, large correlation magnitude and closely-spaced sources).

As expected, the threshold ASNR generally increases strongly as the magnitude of the correlation approaches one for
which the sources are coherent. In this case, the signal subspace is one-dimensional and the conventional MUSIC algorithm

fails. More precisely, the relevant correlation term in (42) satisfies the following property:

1+Re(p)|4 P 1+ IPICOS(Zp)‘é . oo
L—|p[2 =777 L—1p]2 777 ol
1+ Re(p) 1

L = 5 1)2 47
1—|pl? |26 14 p| lpl—=+1 / “7)

In this latter case the threshold ASNR reaches half the value for uncorrelated sources. This singular case occurs when the
distance E|x; ;1 — x;2|? reaches its maximum.

However, for a fixed magnitude correlation, the phase correlation can also strongly impact the threshold ASNR. We
can clearly observe that the threshold ASNR (42) is maximal [resp., minimal] for Zp = 0 [resp., £p = 7] where the term
1?_17';55 ) of (42) takes the value flp\’
better resolved than uncorrelated sources with the conventional MUSIC algorithm.

and

1%% respectively. We can deduce that for Zp = 7, two correlated sources are
3) Influence of the correlation and phase separation of rectilinear sources for the NC MUSIC algorithm:
It can also be seen, comparing (45) to (42), that the NC MUSIC algorithm always largely outperforms the conventional
MUSIC algorithm used for rectilinear sources, due to the proportionality of éxc_music and ¢ nusic to 1/(A6)? and
1/(A0)*, respectively.
In contrast, for very weak A¢ (mod ), the behavior of the conventional and NC MUSIC algorithms are similar due

to the similarity of the dependence in (A9)4 in (42) and (46). The weak A¢ (mod 7) correspond to the worst resolution
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capability of the NC MUSIC algorithm. Consequently, the phase separation A¢ plays a crucial role from the resolution
point of view for any distribution of noise and observations.

For uncorrelated sources (p’ = 0), (45) clearly shows that the threshold ASNR deduced from the Cox and the Sharman
and Durrani criteria given by the NC MUSIC algorithm is minimum for A¢ = 7/2. Furthermore (45) shows that
énc—Music 18 a symmetric function of A¢ with respect to /2. This property is consistent with the asymptotic variance
of the NC MUSIC DOA estimation algorithm, which has been observed numerically minimal for A¢ = 7/2 [47].

For correlated sources, the role of A¢ in (45) is more complicated to analyze. However, noting that for p’ > 0,

1+p’ cos(Ag) d p’+cos(Ag)
AP sin2(ag) M 157 cos(Ag)

solution of p’+cos(Ag¢g) = 0), the threshold ASNR (45) is minimum for A¢ = A¢y > Ay > 7/2, where A¢; increases

2
) are decreasing functions of A¢ in [0, 7] and [0, A¢gg], respectively (where A¢y is

as p’ increases. With the same approach, for p’ < 0, the threshold ASNR is minimum for A¢ = A¢py < Agy < 7/2,
where A¢; decreases as p’ decreases. This dependence of {nc_music to A¢ for different values of p’ will be illustrated
in Fig.5 in Section IV. Furthermore, we note that for A¢ = 7/2, (11;/’;,)2?;(2?25;) = 1_;,2 and (ﬁ;;fiii((i%f = p'?, and
therefore the threshold ASNR does depend on the sign of p' € (—1,+1).

Note also that the threshold ASNR associated with NC MUSIC algorithm generally increases strongly as the magnitude
of the correlation approaches one because (11_'%;% — 400 for A¢ # 0 and p' — +1 in (45) and l%p, — 400

for A¢p =0 and p’ — +1 in (46). However, 1%0, — 1/2 for A¢ =0 and p’ — —1 in (46), which is consistent with the
singular case of the conventional MUSIC algorithm, whose performances are similar for A¢ = 0.

4) Fluctuation of the correlation phase: Finally note that the phase of the correlation p of the sources for the
conventional MUSIC algorithm (which corresponds to A¢ for rectilinear sources, see (9)) is a highly variable and
unpredictable parameter in a multipath environment for which it is very sensitive to the difference between the propagation
delays in the direct and secondary paths. Consequently, the threshold ASNRs may vary significantly from time to time

and thus the resolution performance are rather given by the mean of the threshold ASNRs with respect to the correlation

phase. For the conventional MUSIC algorithm, (42) gives:

2
E(gcwsm)zél&?( ! ) O‘N4<1+ 1+‘53T(M)>, (48)

T 1—|p*) (A0) 0102 Bn

which also clearly increases with the magnitude of the correlation. For the NC MUSIC algorithm, the expression of mean

of the threshold ASNRs (45)(46) which is not reachable will be illustrated in Section IV.

IV. ILLUSTRATIVE EXAMPLES

This section illustrates the dependence of the threshold ASNR given by Results 1 and 2 on the non-Gaussianity of the
noise and observations, and the phase and magnitude of the correlation of the complex circular and rectilinear sources by
considering two illustration parts corresponding to the standard data and robust distribution models. Let us assume that two
narrowband equal-power rectilinear correlated signal sources with power o2 impinge on a uniform linear array of N = 10
sensors separated by a half-wavelength for which the steering vectors are a(fy) is given by (43) where 0, = 7sin(wy),

k = 1,2, with wy, is the DOAs relative to the normal of array broadside. The phases ¢, k = 1,2 associated with different
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propagation delays are assumed fixed, but unknown during the array observation and the threshold ASNR depends only

on Ap % ¢, — ¢o. The SNR is defined as 10log, (02 /02) dB.

A. Standard data model

In the first experiment, the noise n; is either circular complex Student ¢-distributed with parameter v > 4 to have finite

fourth-order moment for which n = 5:421 > 1, which has heavier tails than the Gaussian, or C-CG distributed (with n = 1
obtained also for v — 0o0). We suppose the sources in model (5) consist of two multipaths issued from two independent
BPSK modulated signals e; 1 and e; o, for which we have s; 1 = e;1 and ;2 = p'e; 1+ mem with p’ € (—1,+1).
The two sources z;1 and ;o are thus equal-powered with correlation p = p’ eihd,

1) Influence of the non-Gaussianity of the noise: Figs. la and 1b exhibit the threshold ASNRs given by the Cox
criterion and the Sharman and Durrani criterion as a function of the shape parameter v for circular complex Student’s
t-distributed noise associated with the conventional MUSIC and NC MUSIC algorithms for uncorrelated sources. These
figures show that the non-Gaussianity of the noise strongly impacts the threshold ASNR for large heavy-tailed distributions,
i.e., when v approaches 4. We also note that the threshold ASNR loss is of the order of 2dB when the C-CG distributed
noise becomes circular complex Student’s ¢-distributed for v = 4.1. Furthermore, these figures confirm that the NC MUSIC

algorithm greatly outperforms the conventional MUSIC algorithm for large phase separations.

\ Cox criterion Cox criterion
P — — = Sharman and Durrani criterion — — — Sharman and Durrani criterion
UAH:O.Wrd ]
T N T/ _ ]
;3 40 g A§=0.07rd
Z g =
%) % tepy e -
é <
5% 3
= st N\ Te~—o__
g & VN T
g £
30 8
6
25 Il Il Il Il Il Il Il Il e S e
4 L L L L L L L L L -
4 41 42 43 44 45 46 47 48 49 5 4 41 42 43 44 45 46 47 48 49 5
shape parameter v shape parameter v
(a) Conventional MUSIC algorithm with p = 0 (b) NC-MUSIC algorithm with p’ = 0 and A¢ = 7/2
Fig. 1. Threshold ASNRs (42) (45) given by the Cox criterion and the Sharman and Durrani criterion as a function of the parameter

v associated with the conventional MUSIC and NC MUSIC algorithms for circular complex Student ¢-distributed noise.

2) Influence of the correlation (magnitude and phase) for the conventional MUSIC algorithm with C-CG
noise: Figs. 2a and 2b show the crucial role played by the phase of the correlation. One can see that the resolution
threshold ASNR of the conventional MUSIC algorithm is minimal [resp. maximal] for the phase of correlation Zp = 7
[resp., Zp = 0] as predicted by III-D2. Fig. 2a shows that there is a resolution gain of 3dB when the sources are practically

in phase opposition (£p ~ 7) compared to uncorrelated sources. We also naturally see a severe degradation for a large
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magnitude of the correlation (13dB for |p| = 0.95) for a zero phase with respect to uncorrelated sources. Fig. 2b shows

1
1—1pl

the threshold ASNR loss ratio 71 = {c—wmusiclp|/§c—music||pj=o Varies with respect to |p| in and for

_1
1+pl”

respectively Zp =0 and Zp = 7 as depicted by III-D2.

r, (dB)

(a) (b)

Fig. 2. Ratio 1 = &c_music||p|/§c—mMusicljpj=o given by the Cox criterion (42) for the conventional MUSIC algorithm with
A6 = 0.05rd as a function of the angle (a) and magnitude (b) of the correlation.

3) Influence of the correlation (magnitude and phase) for the NC MUSIC algorithm with C-CG noise:
Fig. 3 illustrates that the threshold ASNR given for the NC MUSIC algorithm is maximum for A¢ = Ord mod =, but
only minimum when A¢ = 7/2rd for uncorrelated sources. For correlated sources, the threshold ASNR is minimum for
A¢y > /2 for p’ > 0 and for A¢py < w/2 for p’ < 0 and this value of A¢; deviates from 7/2 when |p’| increases, as
depicted by III-D3.

Fig. 4 shows that the threshold ASNR of the NC MUSIC algorithm with the particular value A¢ = 7/2 does not
depend on the sign of p’ as depicted by III-D3 and naturally increases when Af decreases.

4) Mean of the threshold ASNRs with respect to the correlation phase: Figs. 5a and 5b represent the mean of
the threshold ASNR with respect to the correlation phase given by the Cox criterion for the conventional MUSIC and NC
MUSIC algorithms, respectively, with C-CG distributed noise, as a function of the magnitude of the correlation. This mean
is derived from (48) for the conventional MUSIC algorithm and by averaging 12000 realizations for both conventional
MUSIC and NC MUSIC algorithms. Fig. 5a shows that the approximate value of the threshold ASNR given by the
closed-form expressions (48) is very close to the mean derived from (39) and (40). We clearly see a great degradation
in resolution for correlated sources compared to uncorrelated sources (about 7dB for |p| = 0.9 for both algorithms). This
figure also shows the advantage of using the NC MUSIC algorithm rather than the conventional MUSIC algorithm for

rectilinear sources.
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Fig. 3. Threshold ASNR given by the Cox criterion (45) for the NC MUSIC algorithm with C-CG distributed noise as a function of
the noncircularity phase separation A¢ for A = 0.05rd for negative (a) and positive (b) values of p’ as shown in (8).
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Fig. 4. Threshold ASNR given by the Cox criterion (45) for the NC MUSIC algorithm with C-CG distributed noise as a function of
/
p' for A¢ = m/2.

B. Robust distribution model

In this second experiment, we assume that the observations y; follow either a circular or a NC complex Student ¢-
distribution with parameter v > 4, with associated structured covariance R, given by (3), or extended covariance Ry
given by (7), respectively. These robust distribution models can be considered as second-order approximative models of
the actual ones.

We consider here three estimates of covariance and extended covariance based on the circular or NC complex Student

t-distribution: the complex Student’s ML, M-estimator and the complex Tyler’s M-estimator for which the associated
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Fig. 5. Mean of the threshold ASNR with respect to the correlation phase given by the Cox criterion (42),(45) for the conventional
MUSIC algorithm (a) and NC MUSIC algorithm (b) with C-CG distributed noise, as a function of the magnitude of the correlation.

weight functions () and w(t) are respectively defined in [28] by ¢ (t) = 2;\:521 and u(t) = L. The SCM estimator

corresponding to the ML in the Gaussian case is obtained with w(t) = 1. The parameters ©J; and o, of this complex

Student t¢-distribution are also given by 7 = 1\7;17{,2/;1 and o, = 1 for ML M -estimator, 9; = % and o, = 1 for

Tyler’s M-estimate and by ¢; =n = Z:i and o, = 1 for the SCM [30].

Fig. 6 exhibits the threshold ASNRs given by the Cox criterion for circular [resp., NC] complex Student ¢-distributed
observations associated with the conventional [resp., NC] MUSIC algorithms, based on ML M -estimate, Tyler’s M-
estimate and SCM of the covariance [resp., extended covariance], as a function of Af. We see that for heavy-tailed
distributions (v = 4.1), the threshold ASNRs provided by Tyler’s M-estimate reaches that of the ML M -estimate and
outperforms those of the SCM by about 10dB. Furthermore, naturally, the NC MUSIC algorithm applied to rectilinear
sources outperforms the conventional MUSIC algorithm applied to circular sources, associated with the same structured
covariance R, (3). Fig. 7 shows estimation of probability of resolution related to the Cox and to the Sharman and Durrani
criteria for NC complex Student ¢-distributed observation models (with v = 4.1) obtained by Monte Carlo simulations® for
highly correlated sources (p’ = 0.95) and Af = 0.2rd. 1000 independent Monte Carlo runs have been performed where
the number of snapshots is fixed at 7' = 500. We see that the ASNR threshold given by our non-probabilistic approach

based on the mean null spectrum g7 (6) confirms the results of Fig. 6.

%In each simulation trial, the two sources are considered resolved for the Sharman and Durrani criterion if g?lgNC (6m +0.002 AB) +
gA'ENC (B, — 0.002 AG) — 2g'ENC(6,,) < 0.
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Fig. 6. Threshold ASNRs (42),(45) given by the Cox criterion for circular [resp., NC] complex Student ¢-distributed observations with
v = 4.1 associated with the conventional [resp., NC] MUSIC algorithms, based on ML M -estimate, Tyler’s M -estimate and SCM of
the covariance [resp., extended sample covariance], as function of A, with A¢ = 7/6.
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Fig. 7. Probability of resolution as function of the ASNR for NC complex Student’ ¢-distributed observation models with v = 4.1,
p' = 0.95 and A = 0.2rd; given by the Cox and the Sharman and Durrani criteria associated with the NC MUSIC algorithm for two
values of A¢.

V. CONCLUSION

In this paper, we have derived interpretable unified closed-form expressions for the threshold ASNR along the Cox and
the Sharman and Durrani criteria associated with the conventional MUSIC and NC MUSIC algorithms in the context of
arbitrary circular or rectilinear distributed correlated sources and circular CES distributed noise, as well as of C-CES and

NC-CES distributed observations. Using these expressions, we investigated the impact of the non-Gaussianity of the noise
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and observations, as well as of the phase and magnitude of the correlation of the sources. In particular, we proved for the
first time that the phase of the correlation, which is the non-circularity phase separation for rectilinear sources, may have
a strong impact on the resolution and a zero phase may lead to overly optimistic resolution. Otherwise, we quantified the

resolution benefit provided when the SCM is replaced by M -estimates of the covariance matrix for CES observations.

APPENDIX

A. Proof of Lemma 1
We will make use of the following relations proved in [48, chp.16] which hold for any conformable matrices A, B, C,

and D and vectors a and b.

vec(ABC) = (CT ® A)vec(B), (49)
(A®B)(C®D)=AC®BD, (50)
vec(ab?) = b ® a, (51

Tr(AB) = vec” (AT )vec(B), (52)
K(A®B)=(B®A)K, (53)

vec(A ® B) = (I K @ I)[vec(A) ® vec(B)], (54)
(12K @ I)vec(K) = vec(K). (55)

Let us first consider the standard data model and start to prove (25). Using the vectorization operator, it follows form (49)

that
vec[E(0Ry,7B16R, )] = E(6R 1 ® 0R, 1)vec(B1), (56)

: def . . . .
with dR, r = R, r — R, gives after straightforward manipulations

EQRL, ® R, 1) = = (E(yiy/ ®yyi) - R ®R,)

(Elvec(y:yt)vec” (yiy{')] - R} ® Ry)

s e

= —(TR,, + vec(R,)vec” (R,) — RZ @ Ry), (57)

N

where (50) and (51) is used in the second equality and where R.,., is also the covariance of the random vector %vec(ytyf[ ).

Using its expression in (16) and(18), we get

1
E(6R] ; ® R, 1) = = (vec(R,)vec” (Ry) + K(C, ® C}) + (A* ® A)Q. (AT ® A")

+  op(n—1)I+vec(I)vec (I)]). (58)
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Plugging (58) into (56) and using (49), (52) and (53), (25) is proved. The proof of (26) follows the same steps as the
proof of (25) using (17) and (19). |

Consider now the robust distribution model and let us start to prove (27) for the conventional MUSIC algorithm. From

def _

the asymptotic distribution of R} 1 = o, 11"; . we deduce that

u u 1

E[Vec(dRy’T)vecH(dRy’T)] ~ T—U%Rpg, (59)

for large enough 7', where Rru is given by (20). By vectorization of (59) and using (51), we get

u u 1 * *
E[vec(0RY ;") @ vec(SRY ;)] ~ Tz [1vec(Ry @ Ry) + Pavec(R;) @ vec(R,)] . (60)
Using (54), we deduce that (60) is equivalent to

EQGRY ;" ® 0RY ) ~ To? [91vec(Ry)vec” (R,) + ¥2(R; @ R,)] . (61)
Plugging (61) into (56) where 0R, r is replaced by dR; ;- and using (49) and (52), (27) is proved. |

The proof of (28) for the NC MUSIC algorithm begins in the same way, where (60) yields

1
To?

E[vec(d E’TT) ® vec(ORj )] = [01{vec(R} ® Ry)+vec(K(Cy @ Cj))}+0avec(R}) @ vec(Ry)] . (62)

But now the rest of the proof is more complex because the permutation matrix K comes into (62). To exclude it, we
premultiply to the left (62) by I ® K ® I, and thanks to (54), we obtain

b

vec[B(OR 1" @ 0Ry 1)~ 7

[01{vec(R}) ® vec(Ry)+(I® K @ I)vec(K(Cy @ Cj))}+Uavec(R; @ Ry)|. (63)
We then prove after some algebraic manipulations, using (49) and (55), that (I® K@ I)vec(K(Cy ® C})) = vec(K(C; ®
C3)). It follows from (51) that vec(Rj) ® vec(Ry) = vec[vec(Rg)vecT(Rg)], and hence (63) is equivalent to

1
To?

E(GRY ;" @ 6RY ) ~ [01{vec(Ry)vec" (R]) + K(C; ® C})} + 02 (R; ® Ry)] - (64)
Plugging (64) into (56) and using (49), (52) and (53), (28) is proved. [ ]

B. Proof of relations (37) and (38)

To simplify the derivation of E(g?lgNC (9)), let us introduce M def a(f)a’(9) and N def a(f)al () for which we have:
9755 (0) = Tr(TTy M) Tr(ITy 7 M) — Tr(IT5 7 N) Tr(T, 7N7),
. . . def def
which gives with (5]:[17'1" = HLT — H1 and 5]:[2”]‘ = H27T — Hg

B(gp'c(0)) = g=e()
+  2Tr[E(6TI; 7)M]Tr(IT; M) — 2Re (Tr[E(6T, ) N*| Tr(TI5N))

+ E [TI‘((SHLTM)T‘I‘((SHLTM)] —-E [T‘I‘((SH;TN)TI'((SHZTN*)} . (65)
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The first-order terms of (65) are deduced from (31) and (32), which gives from Tr[II) = 2Tr[II;) = 2N — 2 where

a® a(0) (for sake of brevity)

Tr[E(6IL, 7)M] =~ (2N —2)(a”Uja) — 2Tr(U; ) (2”11, a)
~1)[2N - 2)(af'U}a) — zTr(U;)(aHnla)}) ,

Tr[E(6T, 7)N*] =~ (2N —2)(a”"Usa*) — 2Tr(U; )a" Iha*

4
N~ S NHli-

_|_

n—1)[2N — 2)(af Uja*) — 2Tr(U;)(aHH2a*)]) .
Introducing these expressions into (65), the first-order terms are given by

2Tr[E(STI; 7)M]Tr(T1; M) (2N —2)(a”Uya)(a” 1L a) — 2Tr (U, ) (a1 )

Q

Nl

+ (- D[N - 2)(a”U}a)(af’IL,a) — 2Tr(U’1)(aHH1a)2]) C(66)

Q

% (2N — 2)Re (2 Usa®) (a7 Tha)) — 2Tr(U, )|l Ta'|?)

+(n_1)[<2N_z)Re((aHU;a*)(aTH;a»—2Tr(U;>|aHn2a*|2]). 67)

2Re (Tr[E(6T,, 7 )N*| Tr(IT1;N)

The second-order terms of (65) are given by

E [Tr(6TL, 7 M) Tr(6TI; 7 M)] = vec” (M”)E (vec(6TL; 7 )vec” (611 7)) vec(M)

~ %vecT(MT)CHlvec(M)7 (68)
E [Tr(6TL; pN)Tr(6y, rN*)| = vec” (N)E (vec(SII5 p)vec” (6TLz 7)) vec(N*)

~ %vecT(N)Cl’fbvec(N*), (69)

where Cp, and Cpy, denote the covariance matrices of the asymptotic distribution of IT; 7 and Il 7, respectively, deduced

from the covariance matrices Cg of the asymptotic distribution of I, given from [47] by:
Cqi = I+K@I @) (T2 V) + (U o) + (- ) A+ KI 2J) ("2 T)+ (U 1),
that implies:

Cn, = (IMjeU)+(Ujel)+ K[ ®U;) + (U @ I13)]
+ (-1 (Mo U) + (U] o) + K (e Uy) + (Uy @ T13) | ),
Cn, = (I+K)(IL®Uy)+(U; @I

+ (-1 (I+K)IL 2 U) + (U, @ 1))
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Introducing these expressions into (68) and (69) gives after straightforward algebra manipulations

2
E [Tr(6IL; 7 M)Tr(6IL; 7M)] = T ((a”"U;a)(a I a) + Re[(a” Usa*) (a’ IT;a)]
+ (- 1[(a"Uja)(@ " Ma) + Re[(a" Uja") (2" Wa)]] ), (70)
E [Tr(5TE; - N) Tr(6TL, 7N*)] =~ % ((aHUla)(aHﬂla) +(n— 1)(aHU;a)(aHH1a)) . 1)
Incorporating expressions (66), (67), (70) and (71) into (65) proves (37). Then (38) follows with the same lines. |

C. Expressions of II, U and U’

The expression of IT, U and U’ are derived from the two non-zero eigenvalues and the associated eigenvectors of the

all + pal!
rank two matrix S = o2(aj, ag) . . The non-zero eigenvalues of S are the roots of the quadratic polynomial:
p*af’ +afl
all + pall
A2—Tr(S)A+det |2 [ paz (a1, as)| which are Ay = |jag[|202(ax+\/a2 — ), k = 1,2, with a % 1+ BRe(p)
prai’ + aff

and v = ef (1 —|pl?)(1 — %) where 3 def allay /N? € [-1,+1] and the associated eigenvectors vi = [No2(1 + p*f3) —
Me]ar — |lagl|?o2(p* + ﬁ)ag Plugging these eigenvalues and eigenvectors in U = (i—i + f\—%) vivis | (Az + i—z) vavy
1 1 2

Tvl? H E

4
and U’ = ‘j\ 2 \‘II\IIIIH"‘ + A2 H‘ZIZ\TZ and using IT =T — A(A# A)~'A* these three matrices are deduced after cumbersome

but straightforward algebraic manipulations. |

D. Expressions of hi1, ha1, him, hom hll,m and h/27m for ULA
Substitution the general expressions of IT, U and U’ given in Appendix C into (35) yields, after some tedious algebraic

manipulation and with the aid of symbolic algebra and calculus tools, that the terms involved in (39), (40) and (41) are
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given for arbitrary centrosymmetric arrays by,

N -2
h1,1 = 1—7|p|2’
hay = MV =2)(1+ |pl +28Re(p))
’ NI =B o)
booo_o 2 ((N=2)pduRe(p) 1) g1+ BRe(p))
AR (1+5)? N -1)
P 21 (N = 2)p? (1 (1 + B) — 2Re(p)* 5 + (5 — 1)(2Re(p) — 1))
w1 )(pP - 1)? N(B+1)?
L 9mllpP(1= B%) + 1+ 2Re(p)* + 5° + 45Re<p>>>
N2(32 - 1) ’
yo AW =2) (pmprn(Re(p) = 1) it (Re(p) + 1) 21+ BRe(p))hin
P P -1 (B+1)2 (8 —1)2 N(B2 = 1)(lpl? = 1)’
. 4N —2) PP (1p*(8 = 1) = 2Re(p)* — (5 + 1)(2Re(p) + 1))
B N2 - 1)(lpP - 1) (5 —1)?
~ pnpim(IpP(L+ B) — 2Re(p)*5 + (8 — 1)(2Re(p) — 1))
(B+1)2

2 (1p(1 = ) + 1+ 5 + 25°Re(p)’ + 4Re(p)p)
N2 = 12(oP ~ 1) |

2 ”

with g, < gE (0,) = N (1 -2 ) and hy, w\e:e =N (pm - pl,mpl,m) and where § = 2122

1+58 07 B-1 ES) =2,
’ "
a{{a'm / i H

— _a, a _a, a
P1m = s P1om = "]LV and pl,m - mN . u

E. Expressions of I1;, IIy, U, Us, U] and Uj

The expression of IL, U and U’ are also derived from the two non-zero eigenvalues and the associated eigenvectors of the

~H 1= H
~ . [ar tpay . 5 . .
rank two matrix S = o 2(ap,az) 1~ | - The non-zero eigenvalues of S are derived from the roots of the quadratic
pall +af
af’ +p'afl\ _

polynomial: A2 — Tr(S)A + det | o2 (a;,az) |, which give the eigenvalues A\; = 2No?(1— 3)(1 — p) and
r=H | =H
pay +ay
Ay = 2No?(1+B)(1+p), and its associated eigenvectors are v; = a; —ap and vy = 51 +52 This allows us to deduce the
2 oi v1v 2 ofL Vvl . 04 v1v
expressions of U= ()\1 + ) Hvlug + ()\2 + )\—3) W and U’ = )\2 T ”2 + )\2 Hv H2 Then the blocks Uy, U,y, Uj
N . ajel? — ajel®? , . . ,
and U}, follow from the block decompositions of v; v = ” . (alle=i?1 —alle=i%2 al'cidr —alei?2)
aje "1 —alfe "2

o alewl + 326i¢2 ) ) ) ) L.
and vovil = _ _ (alle=1 palle=i?2 aTeid1 al'ci¥2). Similarly the bocks IT; and I follow from
aje 01 4 ajeTi®2
~ ~ e~ ~ ~ a el age’??

II=1- A(AHA)_lAH with A = , 4 . [ ]
are~ i1 51’2‘6_“752
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