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KINK NETWORKS FOR SCALAR FIELDS IN DIMENSION 1+1

GONG CHEN AND JACEK JENDREJ

ABSTRACT. We consider a scalar field equation in dimension 1+ 1 with a positive external potential
having non-degenerate isolated zeros. We construct weakly interacting pure multi-solitons, that is
solutions converging exponentially in time to a superposition of Lorentz-transformed kinks, in the
case of distinct velocities. We find that these solutions form a 2K-dimensional smooth manifold in
the space of solutions, where K is the number of the kinks. We prove that this manifold is invariant
under the transformations corresponding to the invariances of the equation, that is space-time
translations and Lorentz boosts.

1. INTRODUCTION

1.1. Setting of the problem. We study scalar fields in dimension 1 + 1. Let W : R — [0, +00)
be a function of class C°*° and consider the Lagrangian action

0= [[ (3002 - 5@ - W()) doat,

for real-valued functions ¢ = ¢(¢,x). The Euler-Lagrange equation associated with .# is the non-
linear wave equation

(1.1) FFo(t,x) — ot z) + W (g(t,x)) =0,  (t,z) ER xR, ¢(t,z) €R,
We study (1.1) for potentials W satisfying the following conditions:

(A1) W(¢) >0 for all ¢ € R,
(A2) Q:=W~1(0) C R has no accumulation points,
(A3) W (w) > 0 for all w € Q.

(A4) [ /W () do = [° /W ()do = oo

Any w € Q is called a vacuum. We sort them in the increasing order, so that Q = {wy, }ner, I C Z,
Wy < wpy for all n,n + 1 € I. Typical examples include the ¢* model W(¢) = (1 — ¢?)?, the ¢°
model W(¢) = ¢2(1 — ¢?)?, and the sine-Gordon model W (¢) = 1 — cos(¢).

We denote (¢o, ¢o) a generic element of the phase space. The potential energy E,, the kinetic
energy Fj and the total energy F are given by

1
E,(00) = [ (5000 + W(n)) do.
R
: 1 .
Bu(én) = [ 560 da.
R
: 1., 1 )
B(0,90) = | (5(60)% + 5(0:60)* + W(0) ) da
R
The set of finite energy states (oo, q'ﬁo) is a union of |I|? affine spaces, called sectors,
(1.2) Emn = {(¢0,60) : E(¢o,d0) < 0o and _lim _¢p(x) = wi, lim ¢o(x) = wn},
each of which is parallel to the linear space £ := H'(R) x L?(R) which we call the energy space, see

Section 2.1.
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Equation (1.1) admits static solutions. They are the critical points of the potential energy. The
trivial ones are the vacuum fields ¢(t,z) = w,, for some n € I. The solution ¢(¢,x) = w,, has zero
energy and is the ground state in &, .

There are also non-constant static solutions ¢(t,z) connecting two consecutive vacua, that is

(1.3) lim ¢(t,z) = wyp, lim ¢(t,x) =w,, forsomen,n’ €l and|n—n'|=1.
T——00 T—00
One can discribe all these solutions. For all n,n’ € I with |n — n/| = 1 there exists a function

H,, /() such that all the static solutions satisfying (1.3) are ¢(t,z) = H,, (2 — a) for some a € R.
These solutions are the ground states in &, ,:
(1.4) inf  E(o, ¢0) = Ep(Hppr).
(#0:¢0)EE,,
If n” = n+ 1, we call these static solutions the kinks. If n’ = n — 1, we call them antikinks. The

functions H,, , are studied in detail in Section 2.2.
It is not difficult to see that for n' — n > 2 we have

n'—1
inf  E(¢o,¢0) =  inf  E(¢o, ¢0) = Z Ey(Hii41),
(¢07¢0)65n,n’ (¢07¢0)68n/,n l=n

but the infimum is not attained, and there is no ground state in &, , or &, ,. Constant solutions,
kinks and antikinks are all the stationary states of (1.1), see Section 2.2.

Remark 1.1. There is in general no “canonical” choice of H,, ,» among the family of its space
translates. For every pair n,n’ € I such that |n —n’| = 1, we make an arbitrary choice.

An important property of the equation (1.1) is the invariance by space-time translations and

Lorentz transformations
(t,z) = (to +y(t' + va’),zo + (2’ +0t')) &

s (ta') = (v(t —to — vz — 20)),v(z — 0 — v(t — 1)),
where (tg,zg) € R?, =1 < v < 1 and v := (1 — v?)~/2, that is, if ¢(#,2’) is a solution of (1.1) in
some region of the (¢, z)-space-time, then ¢(t,z) := (', 2’) is a solution of (1.1) as well, in the
corresponding region of the (¢, x)-space-times. Applying this transformation to the static solutions
found above, we obtain the moving kinks and antikinks

o(t,x) = Hp p (v(x — vt — a)), In —n'| <1.

One can easily check that these are all the travelling waves, that is all the finite-energy solutions of
(1.1) such that ¢(t,z) = ¥(x — vt) for some function ¢ : R — R and some v € R.

(1.5)

Definition 1.2. Let K € {0,1,2,...}. If n = (ng,n1,...,nx) € I"*! is a sequence such that
|ng—1 —ng| =1forall k € {1,..., K}, we say that n is a chain of vacua. We say that

SE) = fv = (v1,...,vg) eRE - —1<v; <... <wg <1}
is the set of admissible velocities.

Fix K € {0,1,2,...} and a chain of vacua n. Given v = (vy,...,vx) € S and a =
(ai,...,ar) € RE, we set

K
H(”» a;t, JU) = W + Z (anflvnk (’Yk:(x — gt — ak)) - w”k—l)’
k=1

where v = (1 — vz)_% is the Lorentz factor. Thus, for ¢ large, H(v,a) is a superposition of

translated and Lorentz-transformed kinks, separated by large distances.
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1.2. Statement of the results and comments. Our first goal is to construct smooth multi-
soliton solutions, that is solutions converging to H (v, a;t, x) in the energy space. The function space
relevant for us is the space of functions defined for large times whose energy decays exponentially.
For T € R and 6 > 0, we set

1135 := sup 62‘”/ (10 (t, 2)* + 1020 (t, ) > + [ (t,2)[?) dz < 0.
t>T R

We can state our result on the existence and uniqueness of solutions which converge to multi-kinks
exponentially in time.

Theorem 1.3. For all K € Ny, chain of vacuan, v € S¥) and a € RE, there exist Ty € R, 5y > 0
and ¥(v,a;-,-) € Hr, 5, such that

o(t,x) := H(v,a;t,z) + ¥(v,a;t, z)

is a solution of (1.1).
IfT eR, d>0 andy € Hrs is such that ¢(t,x) = H(v,a;t,x) +¢(t,z) is a solution of (1.1),
then Y(t,z) = ¥(v,a;t,x).

Next, we consider the action of the transformations (1.5) on the set of the constructed solutions.
This is not a trivial task, since there is no absolute time, hence functions decaying exponentially in
time t could have some other behaviour with respect to another time ¢'. It is easy to check that,
under this transform, H (v, a) is mapped to H(v',a’), where
(1.6) U;' = 1J_ij7 a;- = (’Y;) j(a; + vjto — o)
/

’ 1s the well-known velocity-addition formula in Special Relativity).

(the formula for v

Theorem 1.4. The set of the solutions constructed in Theorem 1.3 is invariant under the trans-
formations (1.5): if (t,z) and (t',2") are related by (1.5), then

H(v,a;t,x) +¥(v,a;t,z) = H(v',a';t',2") + ¥(v',d;t', 1),
where v' and a’ are given by (1.6).
Finally, we address the question of smoothness of these objects.

Theorem 1.5. If K € Ny, n is a chain of vacua and A cC S5 x RE s an open set with compact
closure, then (To,00) in Theorem 1.8 can be chosen uniformly for all (v,a) € A. The function
U Ax (Tp,00) x R — R constructed in Theorem 1.3 is of class C* and all its partial derivatives
decay exponentially in t — oo.

Remark 1.6. Uniqueness of pure multi-kink solutions could also be proved, modulo minor techni-
calities, under the assumption of convergence faster than any power of ¢ (instead of the exponential
convergence). Uniqueness under no assumptions on the rate of convergence remains an interesting
open problem. Note that in the elliptic case this was achieved by del Pino, Kowalczyk and Pacard
[5], and for KdV and generalised KdV by Martel [8].

Remark 1.7. We can say that SUS) x RE is the parameter manifold of multikinks in the forward
time direction for a given chain of vacua (under the assumption of exponential in time convergence),
and ® defines the solution map. The Lorentz transforms act on this parameter manifold, and the
quotient manifold parametrises the multikink solutions, up to invariances of the equation. It has
dimension 0 for K = 1 and dimension 2K — 3 if K > 2.

Remark 1.8. In the statement of Theorem 1.4, ¥(v,a;t,z) and U(v',a’;t',2’) are, a priori, well-
defined only if both ¢ and ¢’ are large enough, but in fact, under our assumptions, the problem is
globally well-posed, so that the Lorentz transform is well-defined.

3



Remark 1.9. A well-known open problem is to describe the collisions, that is the behaviour of
a given multikink as t — —o0, see for example [6] for a mathematically non-rigorous discussion. It
is expected that, for generic W, the collisions are inelastic, meaning that for £ — —oo the solution
has a different behaviour than for ¢ — oo. In this paper, we only consider the evolution in one time
direction.

1.3. Comparison with previous works. Several multi-soliton constructions followed the paper
by Martel [8] cited above, see [2, 11], and in particular [4, 3] devoted to the Klein-Gordon equations,
very similar to (1.1). These works focused on the questions of existence, smoothness and uniqueness
of multi-solitons for given velocity and shift parameters.

Our contribution is to study the solution map, which involves the examination of smooth depen-
dence of solutions with respect to the velocities and shifts. The action of Lorentz transforms on
multi-solitons for wave equations was not clarified in the existing literature either.

All of these works followed the scheme introduced in [8] and [10], based on energy estimates, weak
compactness and weak continuity of the flow. Here, we propose an alternative approach, based on
the Contraction Principle, which we believe is a convenient way of proving smooth dependence with
respect to velocities and shifts. Most likely, the weak compactness approach of [8, 10] could also
be adopted. We point out, however, that proving smooth dependence on the parameters is a more
difficult task than proving smoothness of each multi-soliton with respect to ¢t and x. Indeed, the
latter can be easily deduced from the regularising effect of the equation. In contrast, we believe that
smoothness with respect to the velocities and shifts cannot be directly inferred from the arguments
of [4, 3].

1.4. Acknowledgements. J.Jendrej was supported by ANR-18-CE40-0028 project ESSED.

We would like to thank Michal Kowalczyk for enlightening discussions at an early stage of this
project and for his detailed explanations about the paper [5].

We also thank the referees for suggesting many improvements in the submitted version of the man-
uscript.

2. I(INKS7 MULTIKINKS AND THEIR COERCIVITY PROPERTIES

2.1. Finite energy sectors. We prove that any finite energy state lies in one of the sectors defined
by (1.2).

Proposition 2.1. If ¢9 : R — R is a measurable function which satisfies E,(¢o) < oo, then
oo € C(R) and there exist m,n € I such that lim,_, o ¢o(z) = Wy, limy_,00 do(T) = Wy

Proof. The proof is based on the so-called Bogomolny trick. Consider the auxiliary function

¢
I(g) = /0 V2 (g) dy.

Then I is a strictly increasing C' function and assumption (A4) yields limy 100 I'(¢) = £o00.
Since 0,¢0 € L?(R), it is clear that ¢g € C(R). Fix x1,22 € R, 11 < x5. We will check that

D(6o(ea)) = Dlenta) = | (3(0:007 + Won)) do = 5 [ (uon] - V2W (o)) da

T 2 T

(2.1) . '
< /I (%(%%)2 + W(%)) d.

1

By approximation, we can assume ¢g € C1([z1, 22]). The chain rule yields

0.7 (0())] = [0260(x) v/ TV (0] = 5(Bado(a))? + W (do(x)) — 5 (a0l — /2 ()",

and it suffices to integrate in .

1
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Since E,(¢o) < 0o, we deduce that lim, oo I'(¢o(x)) exists and is finite. This implies, in turn,
that lim,_,o ¢o(x) exists and is finite. It is immediate from the definition of E, that Ej,(¢¢) < oo
implies lim,_,o0 ¢o(z) € . The situation is analogous for z — —oo. O

We skip the discussion of the Cauchy theory for (1.1). By well-established methods, one can obtain
that (1.1) is locally well-posed in each sector &, , and the energy is conserved. The computation
above shows, using again the assumption (A4), that a solution of finite energy is bounded, which
implies the absence of blow-up, hence global well-posedness in each sector. We thus have the
following result, which we state without proof.

Proposition 2.2. For all m,n € I, ((j)o,(i)o) € Emn and ty € R there exists a unique solution
(¢,019) € C(R,Empn) of (1.1) such that (¢(to), dd(to)) = (o, o)
2.2. Stationary solutions. For n,n +1 € I, we define the kink H,, ,4+1 by the formula

P
(2.2) Hy i1 (z) = Gyl (@), with G, (¢) := Y for all ¢ € (wp,wn+1),

n
¢'n,n+1 V 2W(y)
where ¢ n11 € (wWp,wny1) is chosen arbitrarily. Since, by assumption, w, and wy41 are non-
degenerate zeros of W, we see that limy,_,., G (¢) = —oo and limy_,,, ., Gn () = oo, thus H,, 11 is
a well-defined smooth increasing function, limy—, oo Hy py1(2) = wy, and limg o0 Hy py1(2) = wpt1-
It satisfies the differential equation

(2.3) Oy Hypps1 (z) = \/QW(HmLH(x)).
We also define the antikink

Hn—o—l,n(x) = Hn,n—i—l(_x)a
which satisfies the differential equation
OuHp i1 0(z) = —/2W (Hyg1.n(2)).

We denote m,, := /W"”(wy,) > 0 the mass corresponding to the vacuum w,. The exponential
decay of H,, ,(x) and its derivatives for || large will be essential for our analysis.

Proposition 2.3. Let n,n’ € I with |n —n/| = 1. The function H, , is of class C*°. For any
k € {0} UN there exists C = C(n,n', k) > 0 such that

(2.4) ‘8§Hn,n/ (x) — 60’kwn’ < Ce™mt, forall z <0,
‘BI;H,LJL/ () — o pwn | < Ce™ ™0™, for all x > 0.
where dpp =1 and 6o =0 for k> 0.

Proof. We consider the case n’ = n+1 and z < 0; the remaining cases are reduced to this one using
the symmetries of the problem.

Since 2W (y) = m2(y — wn)?(1 + O(y — wy)) as y > wy, and y — w,, we have (2W(y))~1/2 =
(mp(y —wy))~t +0(1), and (2.2) yields

1
Gn(@b) = mi IOg(y - wn) + O(D» Y > Wn, Y — Wnp.
Thus,
1
— log(Hppt1(z) —wp) =2+ O(1), T — —00,

mnp

which implies (2.4) for k£ = 0.



The bound for 0, Hy, 5,41(z) follows from (2.3) and the fact that /2 (¢) is a locally Lipschitz
function. For k > 2, (2.4) is proved by induction, differentiating k — 2 times W'(H,, p41(x)) using
the chain and Leibniz rules. O

Proposition 2.4. All the finite-energy stationary solutions of (1.1) are

o the vacua ¢(t,x) = wy for somen € 1,
o the kinks ¢(t,x) = Hppi1(x —a) for somen,n+1¢€ I and a € R,
o the antikinks ¢(t,x) = Hpt1n(x —a) for somen,n+1¢€ I and a € R.

Proof. A stationary field ¢(t,z) = ¢(z) is a solution of (1.1) if and only if

(2.5) O2p(x) = W' ((x)), for all z € R.

We seek solutions of (2.5) such that E,(¢) < oo, in particular ¢ € C(R), so (2.5) and W € C*>(R)
yield ¢ € C*°(R). Multiplying (2.5) by 0,9 we get

00 (50:0)” ~ W) = (020 — W' () =0,

s0 +(0,(x))? — W(4(z)) = k is a constant. But then Ej,(1) < oo implies k = 0. We obtain first
order autonomous equations, called the Bogomolny equations,
(2.6) Ox0(x) =/ 2W (Y(x)) or Optb(x) = —+/2W (¢(z)), for all x € R.

If there exists zp € R such that ¢(z¢) = w € §, then ¢ (z) = w for all x € R. We thus assume

P(z) ¢ Qfor all z € R,
We now argue that the sign in (2.6) is always the same. Indeed, the smoothness of ¢ implies that

the sets {z : dp¥(x) = /2W (Y(x))} and {z : Ox¢p(x) = —\/2W (¢(x))} are closed, and ¢ (z) ¢

implies that they are dlSJOlnt Thus one of them is empty

We consider the case 0,9 (x) = /2W (¢ (x)) for all x € R, the other case being analogous. In
particular, 1 is an increasing functlon

If (0) = ¢o € (wn,wn41) for some n,n+1 € I, then there exists a € R such that Hy, ,,+1(a) = 1o,
and the uniqueness of solutions of ODEs yields ¢(x) = Hy, n41(z —a) for all z € R, thus % is a kink.

If ¥(0) < min€, then we could not have lim,_,_ 1 (z) € Q, since ¥ is increasing. Similarly,
1 (0) > max (2 is impossible. O

2.3. Coercivity near a static kink. Let n,n + 1 € I and let ¢g : R — R be a state such that
E,(¢o) < 00, limy o ¢o(2) = wy, and limy_s 1 o ¢o(2) = wpy1. Letting 21 — —oo and z2 — oo in
(2.1), we obtain

Wn4+1

Ep(¢0) 2 Dwni1) = Tlwn) = V2W(y) dy.

Wn,
Inspecting the proof of (2.1), we see that equality holds if ¢9 = Hy, n41, so that

Wn41

E,(Hppni1) \/—d.% Ep(¢) > Ep(Hnnt1)-

The case limg_, o ¢(x) = wy41 and hmgc_wroo ¢(x) = wy, is analogous, and we obtain (1.4).
Let n,n' € I such that |n — n/| = 1. Writing ¢ = H,, ,» + v, we have the Taylor expansion

1
EP(U) = Ep(Hn,n’) + §<U, Ln,n"U>>

where (here and later) (-,-) denotes the L?(R) inner product and

(2'7) Ln,n’ = _85 + W”(Hn,n/) = _ai + Vn,n/a
6



with Vy, (%) :== W’ (H,, . (x)). Note that |V, v (z)—m2| < €™ as x — —o0, and |V, (z)—m?2,| <
e M ag xr — o0.

Spectral information on L,, , is obtained using standard arguments. For the convenience of the
Reader, we state without proof a minor modification of Lemma 2.6 from [7].

Proposition 2.5. |7, Lemma 2.6] The operator Ly, n/ defined by (2.7) has the following properties:
(1) Ly is self-adjoint on L*(R), with domain H*(R),
(2) ker(Ly, /) = span(0y Hy, ,v) and spec(L) C {0} U [\, +00) for some X > 0,
(3) for any Z € L*(R) such that (Z,0,H,, /) # 0 there exists \g > 0 such that for all g € H'(R)

Liz.g2

<ga Ln7n’g> > AOHQH%—P - 2
0

0

2.4. Coercivity near a moving kink. The Lorentz transformation corresponding to the velocity
v € (—1,1) followed by a shift in the x direction by a € R is given by
/
' =~v(x —a—ot),
t'=(t-v(x—a)),
In the sequel, given space-time variables (¢, ), we will use (¢, 2’) to denote their transform as above.
The inverse transform is

yi= (1 - v?) V2,

r=a+y(a +ot'),
t =~(t +wva').

Let n,n’ satisfy [n —n/| =1, =1 < v < 1 and a € R. We would like to understand the linearised
flow around the moving kink solution

o(t,x) == Hy o (2) = Hy o (y(z — vt — a)).

It is convenient to formulate (1.1) and its linearisation as first order in time systems. If ¢ = (¢, qS),
then (1.1) can be written as

Oyp(t,x) = JDE((t, 7))

(50 om - (V)

are the standard symplectic matrix and the Fréchet derivative of the energy. The linearisation
around the moving kink H,, ,/(y(x — vt — a)) is

(2.8) Oth(t,x) = JLy 0 (vt + a) h(t, x)

where

where

0 1

The one-dimensional kernel of L, ,s induces a two-dimensional iterated kernel of L, , . We
define

Ly (a) = (‘85 + Vo (v(- — a)) 0> |

(2.9) VO (032) 1= (O Hop (), —y002Hy (1))
Ynlml (v; @) i= (—v20p Hy p (y2), ¥0r Hy p (y) + Y02 202 Hypy (vz)),
?w’ (viz) == JY, 0 (v; x),
naw (V32) 1= T, (v5 @)



The significance of these objects for the dynamics of is explained by the next lemma, which we
state without proof.

Lemma 2.6. The following functions are solutions of (2.4):

h(t,z) = Yno’n,(v; xr — vt —a),

h(t,z) = Ynlm,(v; z —vt —a) +y((1 — vt — va)Yin, (v;x — vt — a).
If h(t,x) is any solution of (2.4), then

d
E< gn,(v; -—wt—a),h(t)) =0,
L h v — ot — @), h(B) = — (0 (v — ot — ), h()
— (v —vt—a == (v —ovt—a )
dg T\ ’ ~y n,n’/\Ys )
Proof. See |1, Lemma 4.3]. Here, (-,-) denotes the inner product in L?(R) x L?(R). O

The quadratic form associated to the linear equation (2.4) above is

1 . .
Quanar (a3 ho, ho) = 5 / ((h0)? +20h00:ho + (Do) + Vi (7 (- = @) ) b da

By the Lorentz transform, we can translate Proposition 2.5 to a coercivity property around Ly, , /.
which yields the following result.

Proposition 2.7. For any n,n’ such that |n —n'| =1 and —1 < v < 1, there exists A\g > 0 such
that for all hg and a € R the following bound holds:

1
Qv,n,n’ (a§ ho,ho) > )\0 HhOH(%j - )\70 (< g,n’ (U; 0> + <¢n n’ Ui — a’) 7h0>2> :

Proof. For a proof in a slightly more general setting, see [1, Lemma 4.4], or the earlier work [4,
Proposition 1] for a different proof of a very similar result. U

2.5. Coercivity near a multikink. In this subsection, we collect the coercivity properties for the
linear operator around a multikink. Let K € N, m be a chain of vacua, v € S and a € RE. We
set y; = (1 — vj) 1/2 for 1 < j < K. In general, various constants in the estimates below depend
on v and a, but can be chosen uniformly for (v,a) € A cc S x RX.

We are interested in the linear equation

(2.10) Oth(t,x) = JL(v,a;t,x)h(t,x),
where
_ a2 .
L(’U, a;t, 1’) = ( ax + V(()”? a;t, CU) (1)>

with

K-1
(211)  V(v,a;t,2) i= Vi, (11 (@ = 01t = a1)) + > (Vg myey (i1 (@ = vj1t = aj41)) — ).

7=1
Using notations from (2.9), for 1 < j < K we define
0 0 1 1
Y;' (t,ﬂ?) = YnJ 1,1 (vj;xivjtiaj)7 Y] (tv‘r) = }/nj_l,nj (Uj;xivjtiaj)’

and
W(t,x) = JY)(tx),  Pjta) = JY](t,z).
Lemma 2.6, combined with the exponential decay from Proposition 2.3, leads to the following

result.
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Proposition 2.8. For any chain of vacua n, v € S5 and a € RX there exist Ty € R and n > 0
such that if h(t,z) is a solution of (2.10), then for all t > Ty

(212 (W0, h)| S T IRO
(213) | (0, B0 + - (0, h(1)) | £ e RO
i
Proof. See the proof of Lemma 4.8 in [1]. O

Remark 2.9. Since, for any v, a and ¢, L(v,a;t) is a self-adjoint operator on L?(R) x L?*(R) and
J is a skew-adjoint operator on the same space, (2.12) can be equivalently written

(003 (£), h(1)) + (W] (t), TL(v, a; t)h(t))| = [(Db](t) — TL(v, a; )5 (t), h(t))| < e "||h(t)]e,
in other words
(2.14) 10003 (t) — JL(v, a; )33 (1)l e S e
Analogously, (2.13) can be equivalently written
(2.15) 1050} (1) = TL(v, a; )3 (t) + 7; ') () [lex S e™™.

Following [4, 3|, as well as earlier papers [9, 8] in the KdV setting, we construct a quadratic
functional allowing to control the error in a neighborhood of a multi-soliton. The point is that the
quadratic form @ ,.n (a; ho, ho) defined above contains a term depending on v. In order to study
a neighbourhood of a multikink, we need a functional which looks like Qyn;_, n; (v;t + aj; ho, ho)
near the j-th kink. Set

T — vt —a;
iy (22,

where p is a small positive number, x is a smooth bump function such that y(z) =1 for x € [-1, 1]
and x(x) =0 for x € R\ [-2,2].
Using the notation (2.11), we define the quadratic form

K

1 . .

Qua (tiho, ho) = 5 /R ((h0)2 + (9h0)? + 2 x;(t)vjhodzho + V(t)h3> dz.
j=1

Proposition 2.10. Fiz K € N and a chain of vacua n. For any A cC ST x RX there ewist

To € R and Ao > 0 such that for all (v,a) € A, hg € € and t > Tj

1 K

Qv,a (t; ho, hO) > Ao HhOHE' - )\70 Z (<1/1§](t)’ h0>2 + <¢gl(t)7 h0>2> .

J=1

Proof. See |1, Lemma 4.6]. O

3. PROOFS OF THE MAIN RESULTS

3.1. Function spaces. For given T' € R, we denote C§°([T,00) x R) the set of functions [T, 00) X
R — R which are restrictions to [T, 00) xR of functions in C§°(R?). Similarly, if A cC SU) xR is an
open set with compact closure, we denote C§°(A x [T, 00) xR) the set of functions Ax [T, 00) xR — R

which are restrictions to A x [T, 00) x R of functions in C§°(R2K+2).
9



Fix K € N, a chain of vacua n and (v,a) € S5 x RX. For T'> 0,6 > 0 and s € N, we
consider the space H 5 of functions g : (T, 00) x R — R, which is defined as the completion of the
set C§°([T, 00) x R) for the norm

lgl3s,, = sup 62&/ > (0rkg(t,x))

r+u<s

In other words, H7 5 is the space of functions whose partial derivatives of order < s belong to
Hrs = H%ﬂ’a. The definition also makes sense for s = 0 and gives a weighted L>L? space, which
we denote L2, = H% 5. If b€ L>®((T, 00) x R), then

(3.1) 16hl[ 22, < lIbllLge 1Rl 2, for all b,h: (T, 00) x R = R.
By the Chain Rule and the embedding H'(R) C L>(R), we also obtain

(3.2) 16hll3r5 S 0l 1Al 5-

where the norm X is defined as
(3.3) 1bllx == lIbllzes, + 10ebll Lo 12 + 102Dl Lo r2-
It is clear that X is an algebra. Finally, again using H*(R) C L°°*(R), we have

(3.4) 19l13r.5, 45, S N9llaz.s, 1Pll3r5, -

Note that, if pe is a standard smooth space-time approximation of identity and g € H7;, then
lim o+ [|pe * g — g”?—l;«’& =0.

If, instead of (v, a) being fixed, they are allowed to vary in an open set with compact closure
A cc S x RE | we consider the space C*(A, ’H%’a) of functions g : A x (T,00) x R — R, which is
defined as the completion of the set C§°(A x [T, 00) x R), for the norm

r 2
HgH%k(A,HsT’é) ;= sup sup e25t/ Z Z (0P020]0%g(v, a,t,x))" dz,

(v,a)eA t>T |pl+|q| <k r+u<s

in other words the space of functions whose partial derivatives of order < s belong to Hr s, and
depend in a C* way on the parameters (v, a) € A. Here, p, g € NX are multi-indices.
Note that, if g € H7 5, then

(3.5) lim e%t/ Z (Oro¥g(t,xz))* dz = 0.

t—o00
r+u<s

Similarly, if g € C*(A, H5;), then

(3.6) lim  sup ez‘st/ Z Z (OPOOr 0 g(v, a,t,z))*dz = 0.

t—>oo
(v,a)eA Ip|+|g|<k r+u<s

If E is a normed vector space, we denote B(E) the unit ball in E.

In the sequel, we adopt the convention of dropping arguments of functions from right to left, that
is, if f: X xY — Z is a function, then for x € X, f(x) denotes the function Y — Z given by
f(@)(y) :== f(x,y), and similarly for more arguments, thus for example the symbole H can designate
the function (v, a;t,x) — H(v,a;t,x).

10



3.2. Energy estimates. For given v = (v1,...,vg) € S%) and @ = (a1,...,ax) € RX, we seek
g =g(v,a) € Hj 5 such that

(3.7) ¢:=H(v,a)+g
solves (1.1). In the next lemma, we prove energy estimates for the linearised problem.

Lemma 3.1. For all K € N, a chain of vacua n, A cC S5 x RE and &y sufficiently small
(depending on A), there exists Ty such that if T > Ty, then for any (v,a) € A and f € L%(;O there

ezists a unique solution R(v,a)f :=h € Hr s, of the equation
(3.8) O*h —2h+V(v,a)h=f,  fh:(T,00) xR —=R.

Moreover, R(v,a) is a bounded operator L2T 5o — M1, whose norm stays bounded when T > Tj
and (v,a) € A.

Proof. Step 1 (a priori estimates). Let f € L%(s and assume h € Hrs is a weak solution of (3.8).
We will show that

(3.9) 1Pll3ers < Csll fllzz, s

where Cy depends on 6§, but not on T, v or a. Since, in this proof, v and a are considered as fixed,
we will write V' instead of V (v, a).

Without loss of generality, we can assume h and f are smooth functions. Indeed, if p. is a
standard smooth approximation of identity in dimension 2, then

O (pe* h) — 8§(P6 *h) + V(pex h) = pe* [ — pex (Vh) +V(pe xh).
If (3.9) holds for smooth functions, then we obtain
Ipe * Btz < Cilloe £ = pex (VA) + Vipex W13,

for all € > 0. Both pe x (Vh) and Vp. x h converge to Vh in L% 5 as € — 0, hence we get (3.9) in the
limit.

We now prove (3.9) for smooth functions by means of an energy estimate, that is, we compute the
time-derivatives of Q) (¢; h(t), h(t)) and of the projections of h on the iterated kernel. One additional

difficulty is caused by the fact that V' is not a sum of localised terms, and approaches distinct values

m%o,mil, e ,m%K in the regions between the kinks. In order to deal with this issue, we decompose

V in the following way. ~ ~
Let 29 > 0 to be chosen later. Let V; be a smooth function such that Vj(z) = m?LO for z < —x9

and V;(z) = mZ for x > zg. For 2 < j < K, let 173 be a smooth function such that ‘7](35) =0 for
wtg —xzo and Vj(x) = m%j - m%];l for & > 9. We require |0, Vj|ze St forall 1 < j < K. We
se

Vl(-T) = Vno,n1 (’71x) - ‘71
and, for 2 < j < K,
Vi(@) = Vi, _y n; (1) — mgljfl -V

Then Vi, ..., Vi are smooth exponentially decaying functions and, see (2.11),

K K
V(t,z) = Z‘Z(m — vt —aj) + Z‘/}(m — vt — aj).
s =1

11



In the remaining part of this proof, we call “negligible” the terms which can be made < ||h(t)||% +
lh(®)|lellf(#)|lz2 upon taking Ty and g large enough. The sign ~ means equality up to negligible
terms. We have

%Q (t;h(t), h(t) = /R (0:hO2h + 9:hd,dxh + Vhoh) dx

J
d 1
vl ; xihduhe + 5 [ 120 de

Note that
K

K
/}ﬂ@tde:/h2at(217j(.—vjt—aj)+ZVj(-—vjt—aj)) dz
R R ~

7j=1 Jj=1
K _ K
= Z/ h?0;0,Vj(- — vjt — aj) dz — 2/ W?0;8, V(- — vjt — aj) dz.
j=1"R j=1"F

Since Hagcffjum < xal, the first sum is negligible. Integrating by parts the terms in the second
sum, we obtain

K
1
R j R
7j=1

We also have

K K
d
(3.10) dt/ijﬁthvjﬁxhdx: Z/ O¢xjOthv;0zh dx
j=1 j=1“R
K
+Z/Xj8t2hvj8xhdl‘
j=17%

K
—|—Z/Xj3th1}jataxhdl'.
j=1"E

Since ||0px; L < t72, the first term of the right hand side is negligible. In the second term of the
right-hand side above, we replace 92h by 92h — h — Vh + f. Integrating by parts, we see that 92h
and h yield negligible terms (whenever the differentiation hits y;, it produces a % factor). By the
same argument, the third term of the right hand side of (3.10) is negligible. Consider the term

K K
/ v;X;VhOzhdx = / vjxjhaxh<z ‘7]( — vt —aj) + Z V(- — vt — aj)> dx.
R R i=1 i=1

Since V; are exponentially decaying, the terms V; for ¢ # j can be neglected. Integrating by parts,
we see that the terms V; can be neglected as well, and we are left with

/ v;X;VhOzhdx ~ / v;ho hV;(- — vt — aj) dz.
R R
Note that in the third term of (3.10), we perform integration by parts

J J
1
/Z;Xjathvjataxhdl'— —2/'2:163;vaj(8th)2 dx.
J= Jj=

12



Combining the estimates above, we obtain

(3.11) %Q (t (1), h (1)) | S co lRDE + [LF O 2 [RE)e

where ¢y can be made arbitrarily small by taking Ty and xg large.
Next, we compute the time derivatives of the projections on the iterated kernel. Using the
notation from Section 2.5, we can rewrite (3.8) as

8h(t) = JL(v, a;t)h(t) + (0, f(t)).

Using the self-adjointness of L(v, a;t) and the skew-adjointness of J, we have

d

3 I @), k() = (0 (), h(E)) + (U5 (1), Dih(t))

= (0w} (t) — JL(v, a; )5 (t), h(t)) + (45 (1), (0, (1))
Using (2.14), we infer
d _
|5 (WO R®) | S e IR e + 1)z
Similarly, (2.15) yields
d _
| 10, h0) | <[00, ) [+ IR + 1]

Therefore, integrating from oo, for zero modes, we obtain that

e_(n+6)t

n+0

1
(W5 (t). k()] < 1Pllgir, s + 567" 11122

Ty,6

and

1 < e_(n""é)t e_(n+§)t 1 1 —&t
3000 5 (o + S Wl + (5 55) €™ Uy,
For the quadratic form part, using (3.11) and the bootstrap assumptions, we integrate from oo and
conclude that

—24t —24t

2 &
o Wl + S s, Wil -

To,6

1Q (t: k(1) h(1))] S co-

Therefore by the coercivity, one has

2
—(4+0)t  —(n+0)t 11\’
2 e e 2 L —26t
B2 < ((n+5)2+ - ) i+ (5 +3) €19l

—26t —26t

(& 2 e
Ry 1Pll3y, 5 + o5 Hf”L%O’& 1Pl 50

where ¢ can be made arbitrarily small by taking T and z( large, yielding (3.9).
Step 2 (existence and uniqueness of solutions). Let f € L2T7 5- Take T > T and let fz(t) :=

x(t —T)f(t), where x is a smooth decreasing function such that x(t) =1 for ¢t < —1 and x(¢t) =0

for ¢ > 0. Then limz ,__||f7 — fHLsz =0, see (3.5). Let hz (t,7) be the solution of

(3.12) Ofhg — Ozhg + V(thg = f7

such that (hf(f),(?thf(f)) = (0,0). This solution exists by the standard local Cauchy theory.

Since f(t) =0 for all t > f, we have 7L(t) =0forallt> f, in particular he Hrs.
13



By Step 2, we have that (hgz)z satisfies the Cauchy condition in Hrs as T — 00, hence it
converges. Let h € Hp s be the limit. Passing to the limit in (3.12), we obtain that (3.8) holds in
the sense of distributions.

Uniqueness follows directly from the a priori estimate. O

In the next lemma, we are interested in the dependence on the parameters, thus V should be
seen again as a real-valued function defined on A x [Ty, 00) x R.

Lemma 3.2. For K € N, a chain of vacua n, A cC SU) x RE | &y sufficiently small (depending
on A) and 61 € (0,00), there exists Ty such that if | € No,s € N, T > Ty, then for any b €
B(C%(A, Hr5,)) NCHA, M 5.), | € Cl(A,H%’_él) there exists a unique solution h € C'(A, H5, ;)
of the equation

O*h —?h+(V+bh=f  fbh:Ax(Ty,0) xR =R,

Proof. Step 1 (existence of solutions). Let | = 0 and s = 1. For given (v,a) € A, we rewrite the
equation as follows:

(3.13) h(v,a) = R(v,a)(f(v,a) — b(v,a)h(v,a)).
The embedding H'(R) € L*(R) implies, by taking Ty large enough, that 161l oo ((73,00) xR) can be
made as small as we wish. Thus, by (3.1) and Lemma 3.1, (3.13) defines a contraction in /H%“o,éf

Step 2 (continuity with respect to the parameters). For each (v,a) € A, let h(v, a) be the function
constructed in Step 1. We will prove that h € CO(A,H%MO). To this end, take (v,a), (v, af) € A

and denote, for the sake of brevity, ht = h(vf af), f* = f('u{,aﬁ), Vi .= V(vt at) and bt :=
b(vt, a?), as well as h := h(v,a), f := f(v,a), V := V(v,a) and b := b(v,a). We have
(Wt —h) —2(ht —h)+ V(h* —h) = ft — f — (VE = V)h* — b8(h* — h) 4+ (b* — b)h.
By the a priori estimate, it suffices to check that
; f_ 7] i _ ) \pt LAY _
tm (I Tl IO @ Bl ) =0

(vt,at)—(v,a)

(indeed, since [|b¥|| 10 is small, the term b*(h* — h) can be absorbed). As for f# — f, this is clear.
Continuity of b implies ||(b* —Z)EHLzT . — 0. Finally, V*#—V is bounded and converges to 0 locally
0-90

2
Tp,6

in ¢, so (3.6) implies the desired bound.

Step 3 (differentiability). We prove regularity of h by induction on s, and then on [. First, we fix
I =0. If s =1, there is nothing to do. Let s > 2. We prove existence of the partial derivatives.
Define h; as the solution of

O2hy — 02hy + (V + b)hy = 0 f — (0,V + 94b)h.
By the induction hypothesis, h; € CO(A,H%;;I). We prove that d;h = h; in the weak sense. For
fixed (v, a), we consider
re(t,z) := h(v,a;t +€,x) — h(v,a;t,z) — ehy(v, a;t, ).
It satisfies the equation
Ofre — Oore+ (V4 b)re = fe— f — (Ve+ be =V = b)he — €0, f + €(OV + Opb)h
=(fe—f—€0f) = (Ve+be =V = b—€(0V + Ob)) he — €(0V + 0tb)(he — h),

where we have denoted V. (v, a;t,x) := V(v,a;t + €,x), and similarly for f, he and b.. We need
to check that the right hand side is o(e) in L%O,(;l as € — 0. For the first two terms, this follows

from the differentiability of V,b and f, and the uniform boundedness of h, in L%) 5,- For the third
14



term, we use the continuity of & with respect to t. By the a priori bound, |[re[|#,, 5, < €, implying
Oth = hy.
Analogously, one proves that d,h € 7-[T 5,0 thus h € M7, 5, finishing the induction step with
respect to s.
The induction step with respect to [ is similar, so we only sketch the argument for 0,, h. Define
h,, as the solution of
0 hy, = O3l + (V 4 0)hyy, = By f — (00, V + Dy, ).

By the induction hypothesis, h,, € C°(A, HTO 5,) (note that it is here that the loss in the exponential
convergence rate occurs, due to the polynomial growth of 9,, V). We prove that 0, h = h,, in the
weak sense. For fixed (v, a), we consider

re(t,z) == h(v + eex, a;t,x) — h(v,a;t,z) — ehy, (v, a;t, x),
where e, := (0,...,1,...,0) is the k-th element of the standard basis of RX. It satisfies the equation
Ofre — 02+ (V4 b)re = fo— f — (Ve +be = V = b)he — €0y f + €(00, V + Oy b)R
=(fe—f—€0p,f) — (Ve+be =V —b—€(0y,V + 0,.0) ) he — €(0r,,V + Oy, ) (he — h),

where we have denoted V. (v, a;t,z) := V(v + €eg, a; t, x), and similarly for fe, he and b.. We need
to check that the right hand side is o(e€) in L% o,- For the first two terms, this follows from the

differentiability of V,b and f, and the uniform boundedness of h. in LT o, For the third term, we
know from the Step 2 that lim._,o ||hec — hHLzT , =0, hence lim_,9 |](8UkV+8Ukb)(h —h) HLz . 0
0-90 1

for any 1 < dp.

3.3. Formulation as a fixed point problem and conclusions. In order to make the formulas
which follow shorter, we denote

Hy(v,a;t,x) := Hyy oy (W (€ — vkt — ag))
the k-th kink. Plugging the decomposition (3.7) into (1.1), we obtain the following equation for the
error term g = g(v, a):
929(v,a) — 83g(v,a) + V(v,a)g(v,a) = N(v,a;9(v,a)),

where we define
K
N(v,aig) = —W'(H(v,a) + g) + S W(Hy(v,a)) + V (v, a)g.
k=1
We are going to reformulate this equation as a fixed point problem for a contraction.
We need to study some properties of composition with a smooth function in the relevant functional
spaces. Before stating the next lemma, we recall that B(E) denotes the unit ball in a normed
space FE.

Lemma 3.3. Let F' € C*°(R). For any Cy >0, Ty > 0 and 69 > 0 there exists C1 > 0 such that
(3.14) 1F(¢+9) = F(O)#r, 5, < Crllgllrr, s,

(3.15) 1F (6 + 9) = F(6) = F'(9)9ll2z, 25, < CullglFer, .-

for all g € B(Hr,s,) and ¢ satisfying ||¢]|x < Co.

Proof. The bound (3.14) follows from (3.15) and (3.2).
In order to prove (3.15), we write

1
F(6+9) — F(6) — F'(¢)g = ¢° /O (1 - 0)F"(¢ + og) do.
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By the Chain Rule we have
IF"(¢ + og)llLz, + 10:(F" (¢ + 0g)llrgerz + 10:(F" (¢ + 0g))pgerz S 1,
so (3.2) and (3.4) yield the claim. O

Lemma 3.4. Let F € C®(R). For any A cC S x RX and I,s € N, there exist Ty € R and
do > 0 such that

K

(3.16) F(H) - [F(wno) +>  (F(Hy) - F(wnk_l))} € B(C'(A, "y, 5))
k=1

and

(3.17) (F(H) — F(H;))0,H; € B(C'(A,H}, 5,)),  foralll1 <j<K.

Moreover, if 0 < 01 < dg and g € Ck(A,HSTO,él), then
(3.18) F(H+g)— F(H) € C*(A, H5, 5)
for any 0 <9 < 6.

Proof. Step 1. We prove that, if j < k, then

(3'19) (Hj - w"j)(Hk - wnk—l) € B(Ck(A7 H%o,do))v
(3.20) (Hj — wn;)0:Hy, € B(C*(A, M, 5,)),
(3.21) (Hi — wn,_,)0:H; € B(C*(A, H5, 5.))-

By Proposition 2.3, together with the Chain and Leibniz Rules,

Z Z 1000207 03 (Hj(v, ast,x) — wy,)| < e O@—vjt=a;)s
|p|+]q|<lr4+u<s
Indeed, if |p| + |q| + 4+ u > 0 then 95050 9% (H;(v,a;t,x) — wy;) is the sum of a finite number
of terms, each of which is a polynomial in (¢,2) with bounded coefficients depending on (v, a),
multiplied by 07 H; for some n € N. Similarly,

Z Z |000d0; 03 (Hj(v, a;t,x) —wn;)| < e O(unttar—a)s
Ip|+lq|<lr4+u<s

Taking logarithms, we see that e 0@—vit=a5)+o=0(vkltar—2)+ < =00t if T is large enough and d
small enough.

The proofs of (3.20) and (3.21) are very similar, so we skip them.
Step 2. We proceed by induction with respect to K. If K = 1, the left hand side is identically 0,
so let K > 2.

Note the formula

F(p1 4+ 92 — ¢3) — F(p1) — F(p2) + F(3)
1 1
— (61— d3)(ds — 3) / / F'(0161 + 025 + (1 — 01 — 09) ) dort dora,
0 0

obtained by applying the Fundamental Theorem twice. Applying it with ¢o := Hg, ¢3 := wp, ,
and

¢1:=H = F(wpy) + ) (F(Hg) = F(wn,_,)),



we obtain
F(H) = F(H) = F(Hg) + F(wn_,)
= (H — an,l)(HK — wanl) / / F”(UlH +o9Hyk + (1 — 01 — 02)“‘}“1(71) doq dos.
0 Jo
The last integral is bounded, and all its derivatives as well. Observing that H—wy,. , = ZjK;ll (Hj—
wp;) and using K — 1 times (3.19), we obtain (3.16).

Step 3. In order to prove (3.17), since 0, H; and all its derivatives in v, a,t,x are bounded by a
polynomial in ¢, it suffices to check that

K
(F(wno) + 3 (F(Hy) — F(wn,,)) — F(Hj)>8xHj € B(C'(A, "3 5,)s  forall1<j<K.
k=1

But we observe that

K j—1 K
F(wno)+z (F(Hk)_F(wnk—1)) _F(Hj) = (F(Hk)_F(wnk)) + Z (F(Hk)_F(wnk—l))a
k=1 k=1 k=j+1
hence it suffices to prove that
(3.22) (F(Hy) — F(wny))0:Hj € B(CY(A, M5, 5,)),  foralll<k<j<K.
and
(3.23) (F(Hy) — F(wn,_,))0:Hj € B(CY(A, My, 5,)),  forall1<j<k<K.

We have F(Hy) — F(wp,) = (Hp — wn,,) fol F'((1 — 0)wp, + 0Hy)do, and the integral is bounded
together with all its derivatives by a polynomial in ¢, hence (3.22) follows from (3.20). Similarly,
(3.23) follows from (3.21).

Step 4. Finally, in order to prove (3.18), we write

1
(3.24) F(H—i—g)—F(H):g/O F'(H + og) do.

In order to prove continuity, we observe that F'(H + og) is continuous from A to the space X
defined by (3.3), uniformly in o, so it suffices to apply (3.2).

Next, we differentiate under the integral sign in (3.24), using again the fact that we can absorb
polynomials in ¢ by diminishing §. d

Lemma 3.5. For any A cC SU) x RE | &y small enough (depending on A) and 0 < § < dy, there
exist Ty and 0y > 8o such that if T > Ty, then for all g, g* € B(Hrs,) and (v,a), (v%,a*) € A

(3.25) IN(v,a; %) = N (v, a;9)llsr5, < 19 = 9llrtrs, s
(3.26) IN(v,a%; g) = N(v,a;9)llsz,5 < |a* —al,
(3.27) IN (v, a; 9) = N(v,a;9)ll3r.5 < [0F —v].

Proof. We have
0gN (v,a;9) = -W"(H(v,a) + g) + V(v,a),
thus
N(’U,a;gﬁ) - N(’U,Cl,;g) =

1
= (¢f — g)/o (-W"(H(v,a)+ (1 —s)g+ sg%) + V (v, a)) ds.
17



We rewrite the integrand as
(—W"(H(v, a)+ (1—s)g+ sgﬂ) + W"(H (v, a))) + (—W"(H(v, a)) +V(v, a)).

By Lemma 3.3, the first term is uniformly bounded in Hy 5,. By Lemma 3.4 applied with FF = W",
the second term is uniformly bounded in Hp g, for some d3 > 0. Hence, (3.25) follows from (3.4).
We have

9, N(v,a;9) = (-W"(H(v,a) + g) + W (Hi(v,a)) + W (Hy(v,a))g)0u, Hr(v, a).

Similarly as above, Lemmas 3.3 and 3.4 yield uniform boundedness of the right hand side in Hrp s,
proving (3.26). Analogously, d,, N (v, a;g) is uniformly bounded in Hr s, which proves (3.27). O

Proposition 3.6. For any A cC S5) x RE | there exist Ty, 69 > 0 such that the following is true.
For all (v,a) € A there exists V(v,a) € B(Hr,s,) such that ¢ = H(v,a) + ¥ (v, a) is a solution of
(1.1).

Proof. Fix (v,a) € S¥) x RE and let R(v,a) be given by Lemma 3.1.
Given T'e R, § > 0 and g € B(Hr5), we define

®(g) :== R(v,a)N(v,a;qg).

It follows that ¢ solves (1.1) if and only if g = ®(g).
By Lemmas 3.1 and 3.5, if T is large enough, then ® is a contraction in B(Hgs). Since the

constants in Lemmas 3.1 and 3.5 are uniform in (v,a) € A, Ty and Jp can be chosen uniformly for
(v,a) € A. O

Proof of Theorem 1.8. The “existence” part follows from Proposition 3.6, applied for A being the
singleton {(v,a)}.

Let v € Hrs be such that ¢ = H(v,a) + ¢ solves (1.1). Without loss of generality, we can
assume T' > Ty and § < dy, so that ¥(v,a) € B(Hrs). Upon modifying § and T, we can assume

Y EB (/HT,éo)~
If T is large enough, then ® is a contraction on this set, implying uniqueness. O

Lemma 3.7. For any A cC S x RE | I,s € N, Ty sufficiently large, 8o sufficiently small (both
depending on A) and g € C*(A, Hr, s5,)

—(W"(H + g) = W"(Hy))0ay, Hi € C*(A, M3, 5)
and
—(W"(H + g) — W"(Hy)) 0y, Hy, € C*(A, 15, 5)
for all 0 < 6 < éo.
Proof. By Lemma 3.4,
—(W"(H) = W"(Hy))da, H € C*(A, H5, 5,);
—(W"(H) — W"(Hy,))0u Hy € C¥(A, 1, 5,)-
By (3.18), we have
_(W”<H + g) - W”(H))aaka € Ck(Av,H%o,é)v
—(W"(H + g) — W"(H))0y, Hy € C*(A, M5, 5)-

Taking the sum, we obtain the conclusion. (|



Lemma 3.8. Let ¥ : A x (Tp,00) x R — R be the function constructed in Proposition 3.6. Then
0a, ¥ exists for all (v,a) € A and solves the equation

020,V — 920,V + W"(H 4+ ©)9,, ¥ = —(W"(H + V) — W"(Hy))0a, Hy.

Moreover, 0,V = — Zle 00,V and 0,V = — Zszl V;0q,, V.
Futhermore, 0,, ¥ exists for all (v,a) € A and solves the equation

020,V — 020, ¥ + W'(H + V)0, ¥ = —(W"(H + V) — W (H}))0,, H
Finally, 04, V,0,, ¥ € C(A, Hy,5) if § > 0 is small enough.

Proof. We first prove that v, ¥(v,a) is continuous with respect to (v,a) € A as a Hr, s-valued
map for any 0 < 6§ < §g. Let (v,a), (v, af) € A. We have

IN (v, a% ¥ (v*,af)) — N(v,a; ‘P(v a))IIHT B
<IN, af; W(v*, af)) — N(v,a; U(vF, ah)) |3y, ,
+ [N (v, a%; ¥(v*, af)) — N(v,a;‘If(v ,a ))\IHTO,a
+[IN(v,a; U(vF, a¥)) — N(v,a; U(v,a)) |47, 5-

)
,

By (3.27), the first term converges to 0 as (vf, a') — (v,a). By (3.26), the second term as well. The
third term is estimated using (3.25), which yields the bound co| ¥ (vf, af)) — ¥(v, a))l#y, s where
¢p can be made arbitrarily small. By (3.2), we also have

lim V'v’j,ajj —V(v,a \vaﬁ,aﬁ
|V a) V(@)

so the right hand side of
(8152 - 83 + V(’U, a))(\:[/('vﬁv aﬁ) - \I/(’U, Cl,))
= N(Uﬁ> a'ﬁ; \II(,Uﬁa ati)) - N(Ua a; \I/(’U7 Cl,)) - (V(,Uﬁa aﬁ) - V(”) a‘))\Ij(’Uﬁa a’ﬁ)

)HHTO.,5 =0,

is bounded in Hr, 5 by o(1) + co||¥F — U|l#, 5 and Lemma 3.1 allows to absorb the second term,
thus finishing the proof of im ¢ ¢4y (v,q) | (vh, af) — (v, a)ll3y, s = 0.
Let k € {1,..., K} and define © : A x (Tp, 00) x R — R as the solution of

(3.28) 010 — 920 + W"(H + ©)0 = —(W"(H + ©) — W"(Hy))0u, Hy,

given by Lemma 3.2. Set b:= W"(H +¥)—V. Since ¥ € C%(A, Hrpy 5), (3.18) yields W/ (H + ) —
W"(H) € C°(A,Hr, 5) (upon diminishing & if necessary). By (3.16), we also have W"(H) — V €
C%A,Hr, ), thus b € B(CY(A, Hr,5)) (again modifying & and Tp if necessary). By Lemma 3.7
and Lemma 3.2, © € C%(A, Hry 5).

Let (v,a) € A. We will verify that if Tj is large enough (depending on A), then 0,, ¥(v, a;t, x)
exists for all (¢,z) € (Tp,00) x R and 9, ¥(v,a) = O(v, a).

To this end, for 0 < |¢| small enough, consider E, : (Tp,00) x R — R given by

Ec(t,x) :=¥(v,a+ eeg, t,x) — V(v,a,t,z) — eO(v,a,t, x),

where e, := (0,...,1,...,0) is the k-th element of the standard basis of RX. Our goal is to verify
that

; 1= _
tm ]~ ez, o = 0.
In the computation below, we denote af := a + eej, and (v, a,t,z) := ¥(v,a’, t,z). We consider

(v, a) as being fixed, but below we omit the argument (v, a) for the sake of brevity, thus we write
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H instead of H(v,a) etc. We observe that =, solves the equation
(0} =02+ V)Ec = (0] — 92+ V) (¥ — U — €O)
= (0F = ) — (0 — )V + V(VF — W) — (0} — 92— V)©

K
= —W/(H* + O + W/(H +0) + Y (W/(H}) — W(H;)) + V(¥ — )
j=1
+e(W'"(H+ ) -V)O +e(W"(H + V) — W"(Hy))0a, Hy,

where in the last equality we use (3.28).
We claim that the right hand side is bounded in Hr, 5 by o([€]) +col|Ze[| 27, 5, With co small (upon
adjusting Ty and ¢). Lemma 3.1 will then allow to conclude.
We further rearrange the terms of the right hand side above as follows, using the fact that
H?:Hj for j # k:
— (W'(H + V%) = W/(H +0) — W"(H + V) (¥ — ¥))
= (WU + W) = W(H + W9) + (W/(H) = W (Hy))
(3.29) + e(W"(H 4 %) — W (Hy))0a, Hy
— e(W"(H + %) — W"(H + ©))d,, Hy
— (W"(H + V) — V) (¥* - ¥ — c0).
Consider the last line, noting that % — ¥ — €© = Z,. As in the proof of Lemma 3.5, we write
W' H+V)+V = (-W'(H+¥)+W"(H))+ (-W"(H)+ V).

Using Lemmas 3.3 and 3.4, we obtain a bound in Hry, 5, for some 63 > 0. Enlarging Tj if necessary
and using (3.4), we conclude that

I(=W"(H + %) + V)Ecllptz, 5 < collEellrr, 5-

Regarding the fourth line, using (3.14) together with the fact that lim. o || ¥* — Ul#g,, = 0, we
obtain the bound o(e) in Hyy, s.
Consider now the first line of (3.29). By (3.15), we have

IW/(H + %) = W/(H +0) = W'(H + 0) (¥~ )|y 5 S 9F — O3,
<N~ gy 5 = €0 + Ecllpgy s S €+ [Eellpig, s-
Using the Fundamental Theorem and H* — H = H ,g — Hj,, we rewrite the second line of (3.29) as
1
(HE = ) | (WG 4+ o0 = 1))+ W (B o+ o (0 = 1) dor

(3.30) Lo
= —(Hj — Hy)(H — Hy, + %) / / W (Hy + 7(H — Hy + O%) + o(H! — Hy)) dr do.
0 JO

Since
1
|Hy (v, a) — Hy(v, a)|x = He/ O Hi(v,a + ocer)do|| S,
0

(3.2) yields || (H* — H)‘I’ﬁHHTO,(; < e. Using the exponential decay of 0., H}, and its derivatives for

|z — ar, —vgt| > 1, we also obtain H(H}i — Hy)(H — Hg)||3, ; S € Moreover, since HH,E — Hillx S,
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another application of the Fundamental Theorem gives
|W" (Hy, + 7(H — Hy, + %) + J(H}i — Hy)) - W"(Hy, +7(H — Hy + \Ifﬁ))HX <e.

Thus, up to terms bounded in Hy, s by O(e?), (3.30) is the same as
—(H! — Hy)(H — Hy + 0%) /01 W' (Hy, + 7(H — Hy + %)) dr.
Adding the third line of (3.29), we obtain
—(H! — Hy, — €0, Hy)(H — Hy, + %) /01 W (Hy, +7(H — Hy, + ¥h)) dr.
Since

1
||H£ — Hy, — €0, Hi||x = He2/ (1-— a)angk('v,a + oeex) dUHX <€,
0

(3.2) yields ||(H,g — Hy, — Eaaka)‘IfﬁHHTO,g < €. Using the exponential decay of 92, Hj, and its

derivatives for |x — ar — vit| > 1, we also obtain H(H,z — Hy — €0a, H)(H — Hip) |37, 5 S e2.

This finished the proof of the required estimate of (3.29).

The proofs of existence of the other partial derivatives are similar, so we skip them. The formulas
for 0, ¥ and O,V follow from the fact that 0, H = — Zszl Oa,H and 0,H = — Eszl v, 0q, H. O

Proof of Theorem 1.5. Induction with respect to s and [. The induction step follows from Lemma 3.2
and Lemma 3.8. g

Proof of Theorem 1.4. Fix (v,a) € S(E) x RE. We should prove that, applying a space-time trans-
lation or a Lorentz transform to H(v,a) + ¥(v,a) yields a function converging exponentially in
time to H(v',a’), where (v’,a’) is given by (1.6). The uniqueness part of Theorem 1.3 will then
yield the conclusion.

In the case of space-time translations, the claim is clear, so let us consider a Lorentz boost
with velocity v, (t,z) = (y(t' + va'),v(z’ + vt’)), (t',2") = (y(t — vz),y(x — vt)). Without loss
of generality, we can assume v € (0,1). Let g := ¥(v,a), ¢ := H(v,a) + g, gg(t’,x’) = o(t,x),
h:=¢— H(v',a). Recall that g is defined for all (t,z) € R? thanks to the global well-posedness.
Since H(v',a’;t',2") = H(v,a;t,x), we have h(t',2") = g(t,x). We wish to prove that

[ (@htt o)+ @uht ) 4 bt 2)?) da’ < o
R
for some & > 0. Equivalently, observing that (¢ + vz’) = v~ 't + vz, where v := (1 — v2)~1/2,
/ ((Oeg(y M + vz, 2)) + (Opg(v ' +v2,2))* + g(v 't +vx,2)?) d < e 0,
R

We consider separately the regions = > —ny—/v and z < —%. In the first region, it suffices
to use the exponential in time decay of ¢ and its derivatives, uniformly in z, which follows from
Theorem 1.5 and the embedding H'(R) C L®(R).

Consider the second region. Set (¢, o) := (¢'/(27), —t'/(2v7v)) and let A be the cone in the (¢, )
plane R x R with vertex at (to, o), delimited by the half-lines {(to,z) : x < zo} and {(to + v(z —
x0),z) : © < x0}. An elementary computation shows that (¢,2) € A implies x — vt — a, < z, thus

|H(v,a;t, ) — wp,| + |0:H (v, a;t,z)| + |0 H (v, a;t,x)| S e 0T,
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uniformly for (¢,x) € A, with a constant independent of ¢y. In particular, proving that
/330 ((atg(*y_lt' + v, :U))2 + (amg(fy_lt' + v, :L"))2 + g(v_lt' + v, 56)2) dx < et
—o0
is equivalent, since W (wp, + g) = g2 for |g| small, to verifying that
(3.31) /_z (%(&gqﬁ(v—lt/ + vz, z))% + %(3”5(7—15 + vz, )2+ W(p(yv 1 + vz, ZL'))) dz < e %,

For the same reason, the exponential decay in time of g implies

o /1 1 /
(3.32) / (5(3@(750,?3))2 + 5(3x¢(t07$))2 + W(ﬁf)(to»ﬂ?))) de S e
—0o0
By the Green’s theorem applied for the smooth vector field (%(8@)2 + %(ax(ﬁ)Q + W(p), =0t 0),
in the region A, (3.32) implies (3.31). O
REFERENCES

[1] G. Chen and J. Jendrej. Lyapunov-type characterisation of exponential dichotomies with applications to the
heat and Klein-Gordon equations. Trans. Amer. Math. Soc., 372(10):7461-7496, 2019.

[2] V. Combet. Multi-soliton solutions for the supercritical gKdV equations. Comm. Partial Differential Equations,
36(3):380-419, 2011.

[3] R. Cote and Y. Martel. Multi-travelling waves for the nonlinear Klein-Gordon equation. Trans. Amer. Math.
Soc., 370, 2018.

[4] R. Cote and C. Mufioz. Multi-solitons for nonlinear Klein-Gordon equations. Forum Math. Sigma, 2, 2014.

[5] M. del Pino, M. Kowalczyk, and F. Pacard. Moduli space theory for the Allen-Cahn equation in the plane. Trans.
Amer. Math. Soc., 365(2):721-766, 2013.

[6] R. H. H. Goodman and R. Haberman. Kink-antikink collisions in the ¢* equation: the n-bounce resonance and
the separatrix map. SIAM J. Appl. Dyn. Syst., 4(4):1195-1228 (electronic), 2005.

[7] M. Kowalczyk, Y. Martel, C. Mufloz, and H. Van Den Bosch. A sufficient condition for asymptotic stability of
kinks in general (1+1)-scalar field models. Ann. PDE, 7, 2021.

[8] Y. Martel. Asymptotic N-soliton-like solutions of the subcritical and critical generalized Korteweg-de Vries
equations. Amer. J. Math., 127(5):1103-1140, 2005.

[9] Y. Martel, F. Merle, and T.-P. Tsai. Stability and asymptotic stability for subcritical gKdV equations. Comm.
Math. Phys., 231:347-373, 2002.

[10] F. Merle. Construction of solutions with exactly k blow-up points for the Schrédinger equation with critical
nonlinearity. Comm. Math. Phys., 129(2):223-240, 1990.
[11] M. Ming, F. Rousset, and N. Tzvetkov. Multi-solitons and related solutions for the water-waves system. STAM

J. Math. Anal., 47(1):897-954, 2013.

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF TORONTO, 40 ST GEORGE ST, TORONTO, ONTARIO, CANADA
Email address: gc@math.toronto.edu

CNRS AND UNIVERSITE SORBONNE PARIS NorD, LAGA, UMR 7539, 99 av J.-B. CLEMENT, 93430 VIL-
LETANEUSE, FRANCE
Email address: jendrej@math.univ-parisi3.fr

22





