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Abstract

Inelastic interactions of quantum systems with environment usually wash coherent

effects out. In the case of Friedel oscillations the presence of disorder leads to a fast

decay of the oscillation amplitude. Here we show both experimentally and theoretically

that in the three-dimensional topological insulator Bi2Te3 there is a nesting-induced

splitting of coherent scattering vectors which follows a peculiar evolution in energy. The

effect becomes experimentally observable when the lifetime of quasiparticles shortens,

due to disorder. The amplitude of the splitting allows evaluating the lifetime of the

electrons. A similar phenomenon should be observed in any system with a well-defined

scattering vector regardless of its topological properties.

Predicted a long ago, recently discovered three-dimensional topological insulators (TIs)1–7

are characterized by conducting surface states with the linear dispersion, Dirac cones, evolv-

ing in the bulk gap. In real materials, the Dirac cones are often regular only close to their

origin, the Dirac point (DP). Both theories and experiments showed that far from the Dirac

point, the circular shape of the constant energy contour evolves into a hexagon and then to

a snowflake with sharp tips extending along six crystallographic directions.8–10 The warping

is present in Bi2Se3,
11–13 Pb(Bi,Sb)2Te4

14 and other TI materials.10,15

The spin texture of Dirac quasiparticles in TIs is peculiar, due to momentum k coupling

to spin σ; it is subject of intense studies.16 Close to impurities, the elastic electron scattering

from the state |k, σ〉 to the state |k′, σ′〉 causes the interference between the incident and

reflected waves with the wave vector q = k− k′ and the amplitude determined by the corre-

sponding scattering matrix element. This gives rise to spatial variations of the local density of

states (LDOS)17 which can be probed by Scanning Tunneling Microscopy and Spectroscopy
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(STM/STS). The Fourier-transformed tunneling conductance dI/dV (x, y) STS maps display

quasiparticle interference (QPI) patterns and reveal characteristic scattering vectors.18,19

In search for specific scattering rules in three-dimensional TIs, the QPI patterns were

studied around individual defects,20–23 steps,9,20,24 trappings,25 composition variations,26

etc.27 These experiments concluded that the backscattering from nonmagnetic impurities

is forbidden, as theoretically expected, due to the opposite spin configurations between ini-

tial and final states.28–30

In the case of scattering on single defects in Bi2Te3, the reported QPI patterns consist of

six scattering vectors along Γ−M directions.22 Though, numerical calculations28,31 expected

comparable weights of scattering vectors along Γ−K and Γ−M directions. These calculations

neglected however the actual form of the scattering potential. In Bi2Se3, for instance, Se-

vacancies are native surface defects32 that are charged33 and induce the charge density

located in vertices of the equilateral triangle of a lateralsize ∼ 15-20 Å,34 that is comparable

with the wavelengths 2π/|q| of considered Friedel oscillations. The effects related to the

finite quasiparticle lifetime were not considered yet. In experiments, the QPI patterns were

measured around individual impurities chosen away from other defects.22 In models, the

finite lifetime was introduced only to avoid divergences in calculations.28–30 However, most

of macroscopic electronic properties are averaged over a large collection of impurities, often

considered in theories as a homogeneous disorder.

In the present paper we study the QPI from a collection of Te-vacancies - native surface

defects in Bi2Te3. Using STM we focus on large areas where hundreds of Te-vacancies35 are

present, dense enough to enable the overlap of Friedel oscillations from neighbouring scatters.

By analysing the resulted QPI patterns, we reveal a peculiar splitting of scattering vectors

in the energy window 60-120 meV above the Fermi level, that vanishes at lower and higher

energies. We evaluate the Green’s function of the system with a scatter numerically in the

framework of T-matrix approach29,36–38 (see Supplementary Eq. 4). The calculations

show that the observed splitting occurs at energies at which parts of the constant energy
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Figure 1: Electronic structure of Bi2Te3 and disorder. (a) Schematic top and side views
on the structure of Bi2Te3. (b) 200×200 nm2 STM image of in situ cleaved Bi2Te3 crystal
surface (Vbias=200 mV, IT=100 pA). Inset: 8×8 nm2 zoom on a single defect. (c) Tunneling
conductance dI/dV map of the region in (b) acquired at the sample bias Vbias=90mV. Inset:
49×49 nm2 zoom shows complex Friedel oscillation patterns due to scattering from several
defects. (d) Local dI/dV (V ) spectra taken on a defect (red) and away from defects (blue) in
the locations marked by arrows in (c). The vertical scale is adjusted to fit with the energy
scale in (d). Dashed line: a linear extrapolation of Dirac branch to the Dirac point (DP)
(see in the text). (e) Calculated (DFT) electronic structure of Bi2Te3. The Dirac cone is
shown in red.(f) QPI patterns at four selected biases, corresponding to dashed lines in (d,e).
Γ−K and Γ−M directions are marked with arrows. Dashed hexagonal contour of a fixed size
accentuates the energy evolution of the scattering vector lengths. At 90 mV the scattering
vectors form six doublets aligned along Γ−M directions.

contours experience a perfect nesting, leading to a strong scattering at the nesting vectors

qnest. The QPI reflexes of this scattering channel are split; the splitting increases with reduc-

ing the quasiparticle lifetime. Further inclusion into the model of the realistic triangular

shape of the scattering potential enhances the splitting and gives rise to the suppression of
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the scattering along Γ−K direction, in agreement with experimental observations.

The crystal structure of Bi2Te3 consists of Te-Bi-Te-Bi-Te quintuple atomic layers in ~c-

crystallographic direction, Fig. 1a. The quintuple layers are linked to each other via van

der Waals interaction, thus forming a lamellar easy-to-cleave material. Consequently, the

outer (Te1) and inner (Te2) Te-atomic layers are not equivalent. Upon cleavage in UHV,

macroscopically large atomically smooth Te1-terminated terraces are obtained and revealed

in STM images, Fig. 1b. On top of atomic corrugation, triangle-shaped defects are observed,

originating from atomic Te-vacancies (see inset in Fig. 1b). On the tunneling conductance

map dI/dV (x, y) of the same region acquired at the sample bias Vbias=90 mV, the defects

appear dark, reflecting a lower local electronic state density, Fig. 1c. Around defects, Friedel

oscillations are observed; they overlap in regions of high defect density (inset in Fig. 1c).

Local dI/dV (V ) tunneling spectra taken at the position of a Te-vacancy (pointed by

red arrow in Fig. 1c) look similar to those acquired away from impurities (blue arrow in

Fig. 1c), as the respective curves in Fig. 1d demonstrate. Both present a low spectral weight

in the window -150 mV to 0 mV, and a rapid raise at lower (higher) biases, consistent

with previously reported results.39,40 This peculiar shape reflects the expected electronic

structure of the material, Fig. 1e, where the bulk gap is crossed by topological surface bands

(red curves) forming a Dirac cone.41 Since in the spectral window between -100 mV and

-50 mV no influence of bulk states is expected, a linear extrapolation of dI/dV (V ) spectra

to zero (dashed line in Fig. 1d) provides an estimate -(210±30) meV for the position of the

Dirac point (DP) with respect to the Fermi level (zero-bias).21 The main difference between

red and blue spectra in Fig. 1d is their slight relative distortion and a lateral shift at negative

biases. The former reflects a slight redistribution of electronic states due to impurities; the

latter points towards a slightly different energies of the DP near and far from the defects, of

the order of 20 meV (a more accurate estimation is difficult because of significantly different

spectral weights of neighbouring bulk valence bands). Both cone distortion and variations of

DP energy are even more evident in Figs. 2a-h where STS maps at various biases acquired in
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Figure 2: Quasiparticle scattering on atomic defects in Bi2Te3. (a)-(h) 75×75 nm2 dI/dV
tunneling conductance maps at different sample biases and their Fast Fourier Transformed
patterns. (i) Evolution of the scattering peak amplitude in Γ−M direction with sample bias.
(j) Constant energy contours in kx−ky plane at different energies along with the spin texture
of the corresponding electronic states. The scattering wave vector q5 linking the nearest tips
of the warped contour is presented by red arrow; a parallel vector q2

28,29 - by a dashed red
arrow.

the central part of the region Fig. 1b are presented. In all these maps, almost identical long-

range variations of the contrast are observed, spatially correlated with the local concentration

of defects.

The quasiparticle scattering is revealed in QPI patterns, Fig. 1f, which strongly depend

on energy and nicely reflect the band structure of Bi2Te3, Fig. 1e. At -170 mV, the scattering

vectors are very short and form a spot around Γ point, as expected for quasiaprticles close

to DP. At 20 mV, that is already '230 meV above the DP, the vectors are much longer

and form a distorted contour, due to hexagonal warping of the Dirac cone. At 90 mV, the
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hexagon disappears, and only six scattering spots along Γ−M directions remain, witnessing

for the dominant role of warping in the scattering events. An intriguing feature here is a

splitting of scattering spots in doublets, which we discuss below. At 250mV the scattering

vectors form a halo, reflecting an additional contribution of the bulk conductance band in

the scattering processes.

We now focus on Friedel oscillations observed around triangular defects. In Fig. 2 each

STS map is presented along with its QPI pattern. At large negative biases, Figs. 2a,b, no

Friedel oscillations are evident. In fact, at Vbias= – (140-200) mV the expected QPI scattering

vectors are short, q= 0.01-0.03 Å−1, and several effects wash the corresponding long-wave

(2π/q= 20-60 nm) oscillations out: spatial variations of DP energy, short mean free path

l ∼10 nm (we evaluate it later), escape of Dirac electrons to the bulk valence band, etc.

At positive biases however, the oscillations are visible in the real space; the characteristic

scattering vectors are revealed in the QPI patterns, Figs. 2c-h. The main scattering vectors

are aligned in Γ−M directions, their length and amplitude evolve with the energy. The

scattering vector splitting (SVS) is observed in the spectral window 60-120 mV; it is clearly

visible in QPI patterns in Figs. 2e-g. Below and above this energy window, only six spots of

scattering vectors are observed. The evolution of the SVS with energy is quite odd, Fig. 2i.

At =70 mV, the QPI pattern is dominated by outer peaks; the amplitude of inner peaks is

significantly lower. As the bias increases, the amplitude of outer peak lowers and that of the

inner peak progressively increases. At 120 mV the inner peak dominates, the outer one is

barely visible. At yet higher bias, the outer peak vanishes completely, and only bright inner

peaks are observed. The whole dynamics looks like a transfer of the scattering probability

from one scattering channel to another. At first glance, it would be tentative to assign

these channels to scattering vectors q2 and q5, Fig. 2j, as previously suggested.28,29 The

splitting of a QPI reflex was also observed at the Au(111) surface.42 In the Au(111) surface

one circle reflex comes from surface states and another circle comes from bulk states. At

negative and low positive bias these reflexes coincide with each other, while at high bias bulk
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states reflex have smaller radii than reflex from surface states. This mechanism of reflex’s

doubling is inapplicable for our experiment since we observe splitting at biases placed in the

bulk gap. Our calculations show that the physical origin of the SVS is essentially different.

Due to warping, the constant energy contours get nested in a specific energy window. The

highest scattering amplitude is accumulated precisely in the points matched by qnest, see

Fig. 3a. On the contrary, the scattering processes at vectors q2 and q5 are weak, because

of the corresponding state densities are low. The key point is that the scattering reflex at

qnest has a fine structure, with two close maxima, see top insert in Fig. 3a; the distance

between the maxima is governed by the quasiparticle lifetime, as we show below. Thus,

the SVS phenomenon is a new interference effect that occurs due to the superposition of

two phenomena: partial nesting of the constant energy contours, and a relatively short

quasiparticle lifetime, due to disorder. Specific triangular shape of the scattering potential

of Te-vacancies only amplifies the SVS effect.

q2 q5q5qnest
q2

Figure 3: Scattering channels. (a) QPI picture for a single defect with scattering channels.
Disorder broadening δ = 0.03Ec is relatively low and bias ω = 1.25Ec. Vertical arrows
show three possible scattering vectors q2, q5 and qnest. Black dashed line marks qy = 0 at
the QPI. Other horizontal lines mark the height of scattering vectors. (b) DOS ρ0(ω,k) =
Im (Tr[G0(ω,k)]). Vectors q2 and q5 are given. (c) Projection of the DOS on ky axis which
is ρ0(ω, ky) =

∫
dkxρ0(ω,k).
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We start with presenting the results of calculations for a single point-like scatter potential

Vkk′ = V0. In Fig. 4a we present QPI patterns generated for various energies and disorder

strengths for a fixed V0 = 150 eVÅ
2
. The energy range 1.1Ec < ω < 1.6Ec corresponds to the

tunneling bias 65 mV < VT < 185 mV and thus overlaps with the bias window where SVS

was experimentally observed. These calculations confirm that the main scattering occurs

indeed along Γ−M directions, in agreement with the experimental data. Moreover, two

interesting features are found. The first one is the fine structure of six scattering peaks. At

low ω, the inner part of the peak has a higher amplitude. As ω raises, the outer peak gets

stronger, indeed consistent with the experimentally revealed dynamics. Note that the effect

is robust with respect to disorder. The second feature is the dependence of the calculated

QPI amplitude on disorder: at higher δ the scattering peaks have stronger amplitude and

larger angular extensions.

To understand the physics behind the two features, let us remind that in the considered

energy window the warping is already strong and the constant energy contour has a hexagonal

shape. Near the tips, where warping vanishes, λkx(k
2
x− 3k2y) = 0, the energy contour is flat.

Such flat contour is nested with another flat region of the energy contour. Consequently,

the main scattering vectors are those linking the nested flat parts with vector qnest, and

the STS probes the resulting interference between these scatterings. Importantly, these are

symmetric parts of the contour; one part can be translated into the other by a combination

of the rotational C3 and time-reversal symmetries.

We illustrate the role of nesting in Fig. 3a-c on which the scattering vectors q2, q5 and qnest

are put on the calculated QPI pattern. The integrated along ky DOS has two strong peaks

originating from flat parts of the constant energy contour - the manifestation of the nesting

effect. The scattering channel between these two areas is described by qnest. Remarkably,

we found that exactly at qnest the reflex intensity is suppressed (seen as a thin blue line in

Fig. 3a), while just above and just below two bright maxima exist (red and white spots in

Fig. 3a). Thus, the reflex at qnest has a two-bump fine structure. The Green’s function of
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a system may be written as G =
∑

n
|n〉〈n|
ε−εn+iδ , where |n〉 and εn are n−th eigenfunction and

eigenvalue of the system.43 For qualitative illustration we consider single point-like scatter

in the first Born approach.44 The quasiparticle scattering density can be expressed in a form

ρ(q) ∝ Im

∫
|〈ψk|ψq+k〉|2

(εk + iδ)(εk+q + iδ)
d2k, (1)

where Im denotes the imaginary part of the integral; the energy is counted from ω, εk =

Ek − ω, for simplicity. Due to partial nesting, the major scattering occurs at qnest, and the

integral can be substituted by the sum of two terms. One term comes from the scattering

process k → k + qnest and other term comes from scattering between Kramers partners of

this states. Since this two terms are equal, we omit one of them

ρ(q) ' ρ(qnest) ∝
∣∣∣∣ δ(εk + εk+qnest)

(εkεk+qnest − δ2)2 + δ2(εk + εk+qnest)
2

∣∣∣∣ . (2)

Since εk = εk+qnest = 0, the density vanishes, ρ(qnest) = 0. This is a general result for the

long wave scattering between symmetric points. It does not mean however that individual

impurities do not produce Friedel oscillations around, as they locally break both translational

and rotational symmetries. It just tells us that, at low scattering rates, one should expect

the amplitude of QPI peaks exactly at qnest to be weak. The situation changes if δ 6= 0 mixes

up different energies around ω ( see Supplementary eq. 3). The scattering vectors q may

now differ from qnest by a disorder-dependent amount ∆q, that is q = qnest + 2∆q. Then, the

quasiparticle scattering density becomes non-zero:

|ρ(q)| ∝
∣∣∣∣ δ(∆q)2ε′′(k)

(ε′(k)2(∆q)2 + δ2)2 + δ2(∆q)4ε′′(k)2

∣∣∣∣ , (3)

where ε′(k) and ε′′(k) are the first and the second derivatives of ε(k), respectively. The

density Eq. 1 vanishes at ∆q → 0, as expected; its maximum value is reached at ∆qsvs

such that ∆q2svs = δ2/
√
ε′4 + δ2ε′′2, that corresponds to doublets in QPI appearing in Γ−M
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Figure 4: Calculated QPI patterns. Labels denote the considered scattering rates δ and
energies ω. (a) QPI due to the scattering on a single point defect. (b) Energy evolution of
the QPI patterns due to the scattering on a triangular impurity. Red dashed circles focus
on the region of interest.

directions at the wave vectors q± = qnest±∆qsvs. Depending on relative weights of ε′(k) and

ε′′(k), the distance between the maxima around qnest increases with increasing disorder as

∆q ∝ δ or ∆q ∝
√
δ. Thus, the disorder promotes the double-peak structure in QPI at the

scattering vectors q ' qnest and makes the SVS experimentally observable at high enough

δ. Note however, that at too high δ Friedel oscillations are difficult to detect. The present

case is an example of a general phenomenon: scattering between nested regions of the Fermi

surface is split due to finite quasiparticle life-time arise from elastic scattering on impurities.

While our calculations indeed generate SVS, the absolute value of the obtained splitting

2∆qsvs in Fig. 4a is tiny, significantly lower than the splitting observed in the experiment,

Fig. 2. This pushed us to consider a more realistic shape of the scattering potential. The

STM and density functional theory calculations35 demonstrate that in Bi2Te3 Te-vacancies

form a triangular defect with the side about four lattice constants (see inset in Fig. 1b). It is

then straightforward to model such a potential by a sum of the three scalar point potentials

located at the vertices.32,35 The Fourier transform of this impurity potential is written as:

V (kx, ky) =
V0
3

(e−ikya
√
3/3 + eikxa/2+ikya

√
3/6 + e−ikxa/2−ikya

√
3/6), (4)
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where a is the distance between point scatters in the triangle.

We found that using the three-vertex potential of the same total strength V0 = 150 eVÅ
2
,

as in the previous case of single point defect) results in stronger peaks in Γ−M directions

and, remarkably, in a much stronger SVS. The finite size of the triangular defect a suppresses

scattering along Γ−K directions and make SVS phenomena more visible. The best match

with the experimental data is obtained at δ = 0.1Ec and a = 18Å. The latter is taken from,34

agrees with inset in Fig. 1b, and also matches, through the Bragg condition q5 ∼ π/a ' 0.2

Å
−1

, the observed length of the scattering vectors in Fig. 2i. In Fig. 4b the calculated

QPI patterns reproduce all experimentally observed features. At low energies, six single

peaks are visible. The peaks appear as stripes, similarly to the experimentally observed

QPI pattern, Fig. 2d. At the energy ω > 1.15Ec the peaks form doublets, as they do in

Fig. 2e-g. Such a double structure disappears at larger energies ω ∼ 1.35Ec and does not

reappear at higher energies, as in Fig. 2h. The energy window where the splitting exists is

therefore limited. Indeed, it requires, from one side, the warping to be strong enough, which

is fulfilled at ω > Ec. From the other side, the splitting vanishes at high energies when

spectral non-linearities appear, that is when the kinetic energy due to the finite mass ϑ2/r

becomes comparable with ω. Thus the splitting exists at Ec < ω < ϑ2/r, which is a narrow

window, since both warping and mass energies have close values
√
ϑ3/λ ∼ ϑ2/r. It should

be also mentioned that the previously predicted peaks along Γ−K directions28 do exist at

larger momenta, Fig. 4; their amplitude is however low as compared to the peaks along Γ−M

directions.

Finally, we estimate the scattering rate δ directly from experimental data and compare

it with δ = 0.1Ec which was adjusted in Fig. 4b to fit with the experiment. Quasiparticle

lifetime is mainly determined by three interactions: electron-electron, electron-phonon and

electron-impurity. Due to the low temperature in our experiment, equal to 1.3 K, scattering

in the first and second channels is strongly suppressed. Thus we consider suggest that

δ occurs due to averaging the Green’s function over Gaussian randomly distributed point
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impurities, the scattering rate is:45

δ = n V 2
0 · Im

∫
d2k

(2π)2
G0(k, ω), (5)

The defect density n is estimated directly from the Fig. 1b to n ∼ 10−2k2c . With the

previously used V0 = 150 eVÅ
2
, we obtain δ ∼ 20 meV, that is indeed not far from 0.1Ec =

24 meV. As we can see, the scattering rate δ is quite large. Though, the corresponding mean

free path l = ϑh̄/δ ∼ 10 nm looks reasonable. It is larger than 2π/q5 ∼ 3 nm and thus does

not prevent Friedel oscillations from being experimentally observed.

Methods

The experiments were performed using Joule-Thompson low-temperature scanning tun-

nelling microscope TytoTM by SPECSTM GmbH operating in ultrahigh vacuum (base pres-

sure less than 1× 10−10 Torr) at a temperature 1.3 K. Single crystals of Bi2Te3 were cleaved

in ultrahigh vacuum for in-situ STM/STS measurements. Topographic STM images were

obtained in a constant-current mode. The STS was realized by acquiring local I(V )(x, y)

characteristics which were numerically differentiated to obtain the tunneling conductance

dI/dV (V )(x, y) maps.
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