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Abstract

Porous materials are highly relevant in engineering and medical applications due to their
enhanced properties and lightweight nature. Current micromechanical models of porous
materials can accurately predict the response under the assumptions of small deformations
and drained conditions, typically driven by imposed deformations. However, the theoretical
framework for the micromechanical modeling of porous material driven by pore pressure
in the large-deformation range has been understudied. In this work, we develop a finite-
deformation variational framework for pressure-driven foams, i.e., materials where the pore
pressure in the cavities produces the deformation. We further consider different kinematical
constraints in the formulation of boundary conditions: kinematic uniform displacements,
periodic displacements and uniform traction. We apply the proposed model in the numerical
simulation of lung porous tissue using a spherical alveolar geometry and an image-based
geometry obtained from micro-computed-tomography images of rat lung. Our results show
that the stress distributions in the spherical alveolar model are highly dependent on the
kinematical constraints. In contrast, the stress distribution in the image-based alveolar
model is not affected by the choice of boundary conditions. Further, when comparing the
response of pressure-driven versus deformation-driven models, we conclude that hydrostatic
stresses experience a marked shift in their distribution, whereas the deviatoric stresses remain
unaffected. Our findings of how stresses are affected by the choice of boundary conditions
and geometry take particular relevance in the simulation of the lungs, where the pressure-
driven and deformation-driven cases are related to mechanical ventilation and spontaneous
breathing.

Keywords: Open-cell Foam Material, Micromechanics of Porous Materials, Lung
Mechanics, Poromechanics, Pressure-driven Models

∗Corresponding Author: Daniel E. Hurtado, email address: dhurtado@ing.puc.cl, Phone: +562 2354
4207

Preprint submitted to International Journal of Engineering Science Aug 30, 2021



1. Introduction

Porous materials are ubiquitous in nature and engineering applications, and take shape
as saturated rocks, polymer foams, plant cells and biological tissues among others. One kind
of porous materials are open-cell foams (OCFs), which are defined as materials composed
of a matrix with interconnected cavities (Ma et al., 2011). This structural arrangement
strongly influences the mechanical response of OCFs, which is dominated by mechanisms
such as bending of struts, buckling of cell walls, the formation of yield joints or folds, and
fracture of cell struts and cell walls (Altenbach & Öchsner, 2010). Due to its permeability,
cavities in OCFs can be subject to pressure exerted by a fluid or a gas, which can drive the
mechanical response of the material. Examples of pressurized materials are the foams used
to thermally insulate the Space Shuttle external tank (Bednarcyk et al., 2008), where ther-
moelastic and thermoinelastic effects are also present; the lung parenchyma, where alveoli
are subject to internal air pressure (Koshiyama et al., 2019; Rausch et al., 2011; Sarabia-
Vallejos et al., 2019); the brain tissue permeated by blood and cerebrospinal fluid (Guo
et al., 2020); and porous elastomers, where the presence of pressurized cavities has proven
to affect the overall response, producing, for instance, the shrinkage of elastomeric foams
after demolding (Fen-Chong et al., 1999; Idiart & Lopez-Pamies, 2012).

The constitutive response of porous materials has been approached in engineering by
means of traditional poromechanics theory, which focuses on a macroscopic approach (Biot,
1941; Chapelle & Moireau, 2014; Coussy, 2004), by use of the theory of porous media (Ehlers
& Bluhm, 2002), which combines the theory of mixtures (Bowen, 1980, 1982; De Boer, 2000)
with the concept of volume fractions, and also by explicitly considering fluid-structure inter-
action a the microscopic scale (Concha & Hurtado, 2020; Dormieux et al., 2002). Computa-
tional micromechanical models have been developed for many types of materials, but only
few for OCFs, especially in the finite deformation setting. To this end, a representative vol-
ume element (RVE) of the underlying microstructure of the material must be constructed,
based on which a microstructural problem is solved to obtain the stress and strain distribu-
tions in the RVE. Then, the effective behavior can be obtained by averaging the stress and
strain fields arising in the RVE (Hashin, 1983; Hill, 1963; Suquet, 1987). In order to model
OCFs, RVEs can be constructed from micro-computed-tomography (micro-CT) images of
the microstructure, conferring the RVE a highly realistic geometry of the material, that
allows to study the material response at the micro level. This approach has been used, for
example, in models of polyurethane foams (Youssef et al., 2005), metallic foams (Kantzos
et al., 2018) and pulmonary alveoli (Roth et al., 2017), giving information about local de-
formation mechanisms, such as regions of stress concentrations.

In addition to the creation of the RVE, micromechanical models of porous materials
necessitate the definition of suitable boundary conditions (BCs), and internal loads. When
experimental data is available, the boundary conditions in the RVE can be obtained from
sets of 3D images using Digital Volume Correlation, or with methods to relate the condi-
tions of the whole specimen to the conditions in the RVE, based on macroscopic homogenized
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properties (Shakoor et al., 2017). However, in the lack of experimental data, and to avoid
obtaining homogenized quantities, further assumptions have to be made to determine the
boundary conditions of the RVE. One option is to use the classical boundary conditions
adopted in homogenization and multi-scale simulations (Fish, 2013; Hill, 1963; Hollister &
Kikuchi, 1992; Saeb et al., 2016; Suquet, 1987), where the displacement field is decomposed
into an affine component and a fluctuation field, and according to the boundary condition
selected, different constraints are applied in the fluctuation term. Five conditions are com-
monly adopted: i) Voigt bound model, where the displacement field is assumed to be affine
everywhere inside the RVE and the fluctuation field vanishes, ii) kinematic uniform bound-
ary condition (KUBC), where the fluctuation vanishes at the boundary but is otherwise
unknown in the domain of the RVE, iii) periodic displacement boundary condition (PBC),
where the fluctuation field is periodic at the boundary, iv) uniform traction boundary condi-
tion (SUBC), which can be interpreted as an integral constraint on the fluctuation field, and
v) Reuss model, where the stress field is homogeneous everywhere inside the RVE. While
the effect of these constraints on the coarse-scale response of composites is known (Carniel
et al., 2019; Kanit et al., 2003; Terada et al., 2000), their implications on the microscopic
stress fields in foams driven by pore pressure is still understudied. Such knowledge is funda-
mental in material modeling, as material phenomena such as plasticity and fracture initiate
at microscopic scales driven by stresses that take place at the microstructure (Johnson &
Cook, 1985).

Micromechanical analysis of foams have been focused on the cases where the macro-
scopic strain, or the macroscopic stress, are imposed (De Souza Neto & Feijóo, 2006; Perić
et al., 2011). However, in porous materials the pore pressure can drive deformation, with
the macroscopic strain and stress being a response of the system. For example, this case is
present when the loading process of pressurized foams is decomposed into two steps: first,
an initial configuration is obtained, where the deformation in the RVE is produced only by
the pore pressure, and then, the final deformed configuration is obtained by applying the
external loads. The pressure-driven case has been predominantly approached by means of
numerical simulations, with less developments from an analytical perspective. To imple-
ment it, computational simulations have been conducted imposing restrictions between the
degrees of freedom of the boundaries on the discretized system. Ma et al. (2011) devel-
oped a micromechanical model for fluid-filled closed-cell composites with pore pressure and
external loads, where first they obtained the response with pore pressure only, imposing pe-
riodic boundary conditions by coupling constraint equations and obtaining the macroscopic
strain as a result of the simulation. In another example, Ju et al. (2008) modeled balloon-
expandable stents as cylindrical structures with longitudinal and circumferential periodicity,
subject to internal pressure. Similar to the previous case, the elongation in the z-direction
is unknown before finite element computations, and it is excluded from the displacement
constraint equations by the use of multiple-point constraints. Despite the existence of these
numerical constraints, which allow the pressure-driven model to be numerically solved, a
general analysis of the boundary conditions for the continuous mechanical problem of pres-
surized foams remains an open avenue of research.
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In this paper, we present a variational framework for modeling the pressure-driven re-
sponse of RVEs of foam materials, in the setting of finite kinematics. The theoretical analysis
of the problem is completed with the choice of boundary conditions, which are expressed
as kinematical constraints in the fluctuation term of the displacement, among which three
options are compared: KUBC, PBC and SUBC. After the variational framework is devel-
oped, the proposed model is used to study the micromechanical response in the context
of lung parenchyma simulations. Moreover, the numerical simulations will help to under-
stand the potential differences when the tissue microstructure is replaced by an idealized
representation. We conclude by analyzing the implications of the different boundary condi-
tions (KUBC, PBC and SUBC), and loadings (pressure, deformation), in terms of the stress
distributions obtained.

2. Micromechanical Model: Variational Framework

In the following, we develop a variational framework for finite-strain micromechanical
analysis of pressure-driven foam materials, i.e., porous materials for which the pore pressure
is known and the macroscopic strain is an unknown of the problem. Let ΩS

0 and ΩS be
the solid domain in the reference and current configurations, respectively, and let ΩF

0 and
ΩF represent the fluid domain in the reference and current configurations, respectively.
Then, the RVE domain in the reference configuration is Ω0 = ΩS

0 ∪ ΩF
0 . Similarly, the

current configuration is constructed as Ω = ΩS ∪ ΩF . Let ∂ΩE
0 and ∂ΩN

0 be the outer and
inner boundaries, respectively, in the reference configuration, and ∂ΩE and ∂ΩN be their
counterparts in the current configuration, see Figure 1a for a graphical representation. Note
that, in general, ∂ΩE

0 is only a subset of the total boundary of the RVE, because in OCFs
the pores intersect the RVE border. The deformation mapping ϕ : Ω0 → Ω maps a point X
in the reference configuration into its corresponding position in the current configuration,
denoted by x, such that ϕ(X) = x. Further, we define the deformation gradient tensor
field F as

F :=
∂ϕ

∂X
(X). (2.1)

Without loss of generality, we decompose the displacement field u as a sum of an affine
transformation and a fluctuation field

u (X) = ŪX̂ + ũ, (2.2)

where Ū ∈ VŪ = Symn (space of (n×n) symmetric matrices), ũ : Ω0 → R3 is the fluctuation
field, and X̂ := X −X0, with X0 a point in the reference configuration. The case where
the macroscopic strain Ū is given has been widely studied, with a remarkable theoretical
approach adopted by De Souza Neto & Feijóo (2006) and Perić et al. (2011), where they
develop the variational formulation of the problem and analyze different kinematical con-
straints on the fluctuation term, needed to make the problem well-posed; in contrast, note
that here both Ū and ũ are unknowns of the problem. As Ū is a variable of the problem,
the affine transformation can capture a scaling, shear and/or rotation of the RVE; however,
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(a) (b) (c)

Figure 1: (a) 2D schematic of the ref. configuration of a periodic foam-like material RVE. In gray, the solid
domain, while in blue and red, its bounding and inner boundaries, respectively. The colors in (b) and (c) are
consistent with this definition. (b) Mesh of the spherical alveolar model, representing a spherical alveolus
in the parenchyma. (c) Mesh of the image-based alveolar model, obtained by micro-CT images of rat lung
parenchyma. For further details, refer to section 3.

we assume the pore pressure does not produce rotations, which is the reason why Ū is
symmetric. The explanation of this lies in the polar decomposition theorem, that states
the deformation gradient can be decomposed uniquely as the product of two tensors: an
orthogonal one, that corresponds to a rotation, and a symmetric one, that describes the
deformation. Then, the purpose of enforcing Ū to be symmetric is to capture only the
component of deformation. For the fluctuation field, as done in Perić et al. (2011) and De
Souza Neto & Feijóo (2006), we study the implications of different kinematical constraints,
which corresponds to define suitable spaces Vũ such that ũ ∈ Vũ.

We model the mechanical behavior of the RVE using a variational aproach, where we
assume that the solid phase of the microstructure follows an incompressible hyperelastic
behavior that is driven by the pore pressure. Within this framework, we define the internal
energy of deformation by

Πint(Ū , ũ, p) =

∫
ΩS

0

ψ(F , p) dV, (2.3)

with
ψ(F , p) := ψiso(F )− p(J − 1) , F = I + Ū +∇0ũ, (2.4)

where p represents a Lagrange multiplier field needed to enforce the incompressiblity condi-
tion in the formulation, ψ(F , p) is the strain energy density function of the incompressible
solid, ψiso(F ) characterizes its isochoric response and J := detF . The external potential
energy is defined as

Πext(Ū , ũ) = −p0V
F , (2.5)
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where p0 is the pore pressure exerted by the fluid, and V F := |ΩF | the current fluid volume.
We note that, as the traction induced by the pore pressure on the inner boundary of the
solid depends on the current configuration, and therefore on the deformation mapping, it
cannot be always included in the potential energy as it may not derive from a potential
density. In our case, we can include it because the fluid domain is enclosed by a surface
(Bonet & Wood, 1997), composed by the inner boundary of the solid ∂ΩN

0 and the external
boundary of the pores. As in the present work we are not interested in the fluid response,
we impose the displacement to be zero (u = 0) in the external boundary of the pores, so in
the stationarity conditions the only relevant term associated to p0 is

DδuΠext(u) =

∫
∂ΩN

0

p0JF
−TN · δu dS

=

∫
∂ΩN

0

p0JF
−TN · (δŪX̂ + δũ) dS, (2.6)

which is expressed as an integral on the solid inner boundary ∂ΩN
0 , and where N is the

normal to the boundaries in the reference configuration.

Based on the definitions above, we express the total potential energy as

Πtot := Πint + Πext. (2.7)

Then, from the Principle of stationary potential energy, we find the variational equations
needed for the RVE equilibrium, starting with the stationary condition of ũ

DδũΠtot(Ū , ũ, p) =

∫
∂ΩE

0

P̄N · δũ dS −
∫

ΩS
0

(∇0 · P̄ ) · δũ dV

+

∫
∂ΩN

0

(P̄N + p0JF
−TN ) · δũ dS = 0 ∀ δũ ∈ Vũ, (2.8)

with P̄ the first Piola-Kirchhoff stress tensor

P̄ (F , p) =
dψ

dF
(F , p) =

∂ψiso

∂F
(F )− pJF−T . (2.9)

Then, from Equation (2.8) we can deduce

∇0 · P̄ = 0 in ΩS
0 , (2.10)

P̄N = −p0JF
−TN on ∂ΩN

0 , (2.11)

the missing relation for ∂ΩE
0 depends on the kinematical constraint for ũ, and it will be

analyzed in the next section.
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The stationarity with respect to Ū yields

DδŪΠtot(Ū , ũ, p) =

∫
ΩS

0

P̄ : ∇0(δŪX̂) dV +

∫
∂ΩN

0

p0JF
−TN · δŪX̂ dS = 0 ∀ δŪ ∈ VŪ ,

(2.12)

however, noting that Ū does not depend on X, the first term can be expressed as∫
ΩS

0

P̄ : ∇0(δŪX̂) dV =

∫
ΩS

0

P̄ : δŪ dV =

∫
ΩS

0

P̄ dV : δŪ , (2.13)

then,

DδŪΠtot(Ū , ũ, p) =

[∫
ΩS

0

P̄ dV +

∫
∂ΩN

0

p0JF
−TN ⊗ X̂ dS

]
: δŪ = 0 ∀ δŪ ∈ VŪ . (2.14)

The macroscopic first Piola-Kirchhoff stress tensor in the solid domain is defined as

〈P̄ 〉 :=
1

|ΩS
0 |

∫
ΩS

0

P̄ dV, (2.15)

and replacing it in Equation (2.14)[
|ΩS

0 |〈P̄ 〉 +

∫
∂ΩN

0

p0JF
−TN ⊗ X̂ dS

]
: δŪ = 0 ∀ δŪ ∈ VŪ , (2.16)

which, due to the symmetry of Ū , implies the following equation

|ΩS
0 |
(
〈P̄ 〉 + 〈P̄ 〉T

)
= −

∫
∂ΩN

0

(p0JF
−TN ⊗ X̂) + (X̂ ⊗ p0JF

−TN ) dS, (2.17)

that can be interpreted as a relation between the macroscopic first Piola-Kirchhoff stress
tensor and the pressure applied on the inner boundary. However, as the deformation gradi-
ent tensor depends on Ū and ũ, this relation is coupled with the rest of the equations, and
the macroscopic stress cannot be obtained a priori.

For the Lagrange multiplier p, the stationarity corresponds to

DδpΠtot(Ū , ũ, p) =

∫
ΩS

0

δp(J − 1) dV = 0 ∀ δp ∈ Vp, (2.18)

which implies the incompressibility of the solid, that in terms of J(F ) is

J(F ) = 1 in ΩS
0 . (2.19)

We note that in the framework of poromechanics and in the mixture theory, the incompress-
ibility has also been related to the true density of the constituents (the mass of a constituent
per unit volume of that constituent). Then, if a constituent is incompressible, its true den-
sity is constant, and if the mixture is incompressible, the true densities of all constituents
are constant (Bowen, 1980, 1982).
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2.1. Kinematical constraints

To complete the problem, a suitable space for the displacement fluctuation must be
selected. We will discuss three options commonly adopted:

(i) Kinematic uniform boundary condition (KUBC): The boundary displacement fluctua-
tion vanishes

Vũ = Vkubc
ũ := {ũ ∈ H1(ΩS

0 )| ũ(X) = 0 ∀ X on ∂ΩE
0 }, (2.20)

Vp = Vkubc
p := L2(ΩS

0 ). (2.21)

(ii) Periodic displacement boundary condition (PBC): Used to describe materials with
periodic microstructure, here it is assumed that the boundary ∂ΩE

0 is periodic, so
there exists pairs {X+,X−} that relate the coordinates of two periodic faces. In this
case

Vũ = Vpbc
ũ := {ũ ∈ H1(ΩS

0 )| ũ(X+) = ũ(X−) ∀ pairs {X+,X−}}, (2.22)

Vp = Vpbc
p := {p ∈ L2(ΩS

0 )| p(X+) = p(X−) ∀ pairs {X+,X−}}. (2.23)

As in ∂ΩE
0 the fluctuation ũ is periodic, from the first term in Equation (2.8)∫

∂ΩE
0

P̄N · δũ dS = 0 ∀ δũ ∈ Vũ, (2.24)

and we see the periodicity in the fluctuation term implies the anti-periodicity of the
traction P̄N on the external boundary

(P̄N)+ = −(P̄N)− on ∂ΩE
0 , (2.25)

where (P̄N)+ and (P̄N)− correspond to the traction in the periodic pairs X+ and
X−, respectively.

(iii) Uniform traction boundary condition (also known as stress uniform boundary condi-
tions, SUBC): the traction is uniform in the boundary, with the first Piola-Kirchhoff
stress tensor constant. This condition can be enforced with a Lagrange multiplier
(Javili et al., 2017), adding a term in the external potential energy

Πext(Ū , ũ,λ) = p0V
F + λ :

∫
∂ΩE

0

ũ⊗N dS , (2.26)

where λ ∈ M3 is the Lagrange multiplier, with Mn the space of all (n × n) matrices.
Note that λ is outside the integral because it is a constant tensor, that does not depend
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onX, however, this term could also be written as
∫
∂ΩE

0
λN ·ũ dS. Then, the stationary

condition of ũ yields

DδũΠtot(Ū , ũ, p,λ) =

∫
∂ΩE

0

(P̄N − λN ) · δũ dS −
∫

ΩS
0

(∇0 · P̄ ) · δũ dV

+

∫
∂ΩN

0

(P̄N + p0JF
−TN ) · δũ dS = 0 ∀ δũ ∈ Vũ, (2.27)

from which we obtain Equations (2.10), (2.11) and the uniform traction condition

P̄N = λN on ∂ΩE
0 . (2.28)

The stationarity with respect to Ū is equal to the developed in the previous section,
and with respect to λ is

DδλΠtot(ũ,λ) = δλ :

∫
∂ΩE

0

ũ⊗N dS = 0 ∀ δλ ∈ M3, (2.29)

which implies ∫
∂ΩE

0

ũ⊗N dS = 0. (2.30)

This suggests the definition of the space Vsubc
ũ as

Vsubc
ũ := {ũ ∈ H1(ΩS

0 )|
∫
∂ΩE

0

ũ⊗N dS = 0}. (2.31)

Then, the spaces Vkubc
ũ , Vpbc

ũ and Vsubc
ũ can be related as

Vkubc
ũ ⊂ Vpbc

ũ ⊂ Vsubc
ũ . (2.32)

The first relation is direct, due to the vanishing of the boundary fluctuations in the
KUBC case. For the periodic case, the condition

∫
∂ΩE

0
ũ⊗N dS = 0 is accomplished

due to the periodicity of ũ and the anti-periodicity of N .

For p, in this case
Vp = Vsubc

p = L2(ΩS
0 ). (2.33)

Finally, we can express the strong form of the problem as: Given p0, find Ū ∈ VŪ , ũ ∈ Vũ
and p ∈ Vp, such that

∇0 · P̄ (F , p) = 0 in ΩS
0 ,

P̄ (F , p)N = −p0JF
−TN on ∂ΩN

0 ,

J(F ) = 1 in ΩS
0 ,

F = I + Ū +∇0ũ in ΩS
0 ,

|ΩS
0 |
(
〈P̄ 〉 + 〈P̄ 〉T

)
= −

∫
∂ΩN

0

(p0JF
−TN ⊗ X̂) + (X̂ ⊗ p0JF

−TN ) dS.


(2.34)
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Plus,

(P̄N)+ = −(P̄N)− on ∂ΩE
0 for PBC,

P̄ (F , p)N = λN on ∂ΩE
0 for SUBC, with λ ∈ M3 a variable of the problem.

2.2. The deformation-driven case

For comparison purposes, we also consider the case where macroscopic deformation alone
drives the response of the porous RVE. In this case, we set the pore pressure equal to zero
(p0 = 0) and apply an equivalent macroscopic strain, which is obtained from the solution
to the pressure-driven case. For the displacement fluctuation, the boundary conditions are
analogous to the pressure-driven setting. Then, the strong form of the deformation-driven
problem reads: Given a macroscopic deformation Ū , find ũ ∈ Vũ and p ∈ Vp, such that

∇0 · P̄ (F , p) = 0 in ΩS
0 ,

P̄ (F , p)N = 0 on ∂ΩN
0 ,

J(F ) = 1 in ΩS
0 ,

F = I + Ū +∇0ũ in ΩS
0 .

 (2.35)

In addition, we consider

(P̄N)+ = −(P̄N)− on ∂ΩE
0 for PBC,

P̄ (F , p)N = λN on ∂ΩE
0 for SUBC, with λ ∈ M3 a variable of the problem.

3. Numerical Examples

The proposed variational framework can be applied to the study of different kinds of
pressurized foams. In this section, we will focus on the behavior of the lung tissue, a pres-
surized biological foam, through two examples: first, a spherical alveolar model, representing
a single spherical alveolus inside a box, and then an image-based alveolar model, obtained
from micro-CT images of rat lung parenchyma (Concha & Hurtado, 2020). The objective of
these models is to observe how simplifications on the geometry affect the micromechanical
response, such as the stress distribution within the RVE, or the presence of local phenomena.
In both cases two load patterns will be analyzed, first a pressure-driven RVE, with a uniform
pore pressure in the cavity and with the macroscopic strain as a variable of the problem, and
then in a deformation-driven setting, removing the pore pressure and applying an equivalent
macroscopic strain. Both loading conditions intend to represent, in an approximate way,
physiological conditions in the pulmonary tissue. The pressure-driven model resembles the
tissue conditions under mechanical ventilation, where the respiratory muscles are passive and
the pressure generated by the ventilator drives the air into the lungs (Mauri et al., 2017),
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and the deformation-driven mimics spontaneous breathing, where the respiratory muscles
have an active role. In all cases, we will compare the three kinematical constraints (KUBC,
PBC and SUBC) in terms of the stress distributions.

For the lung parenchyma mechanical behavior, we select an incompressible neo-Hookean
strain energy function, with an elastic modulus set to E = 95 kPa according to the values
reported by Perlman & Wu (2014), which is equivalent to µ = E

2(1+ν)
= 31.7 kPa, using a

Poisson ratio ν = 0.5. It is worth noting that other phenomenological strain energy functions
have been studied for the representation of the behavior of lung parenchyma in the literature
(Bel-Brunon et al., 2014; Birzle et al., 2019; Birzle & Wall, 2019). However, in this work we
choose the neo-Hookean model to minimize the number of material parameters and the non-
linearity of the material model, and concentrate on the effect of boundary conditions and
microstructural geometry. The RVE is loaded using a positive pore pressure ranging from
p0 = 0 to 1.962 kPa. The numerical simulations were carried out using the FEniCS library for
finite element computations (Logg et al., 2012). To account for the incompressible behavior
of the solid phase, we considered a mixed FE formulation that employs P2-P1 Taylor-Hood
tetrahedral elements.

3.1. Spherical alveolar model

In the literature, the complex lung parenchyma microstructure has been simplified using
polyhedral representations (Concha et al., 2018; Fung, 1988; Koshiyama & Wada, 2015; Roth
et al., 2017; Warren & Kraynik, 1997). However, as in this work the main objective of the
numerical simulations is to illustrate the application of the model described in the previous
section, and not necessarily present a detailed study of the tissue behavior, here we will
use a geometry consisting of a spherical cavity embedded in a homogeneous matrix, that
represents a large spherical alveolus. The mesh was constructed using GMSH (Geuzaine
& Remacle, 2009), with special care to make the external boundary periodic (requisite for
the PBC); specifically, it consists in a cube of edge size 122.5 µm (the same size as the
image-based RVE that will be studied) with an internal spherical cavity that intersects the
cube boundaries, as shown in Figure 1b. The cavity radius is such that the porosity of the
RVEs of the spherical and image-based alveolar models be similar, with the porosity in the
reference configuration defined as f0 := |ΩF

0 |/|Ω0|, which in this case gives 63.24% (versus
63.22% for the image-based RVE of figure 1c). We remark that, while both geometries have
similar porosity, the single alveolus model considers a uniform smooth cavity, which is clearly
different from the intricate microstructure observed in micro-CT images of alveolar tissue.
A measure of this difference is the surface-to-volume ratio, that if defined as the area of the
inner surface ∂ΩN

0 divided by the volume of gas in the RVE, gives a value of 0.0356 µm-1 for
the spherical model and 0.1032 µm-1 for the image-based case (see Section 3.2).

To compare the performance of the different kinematical constraints, we use two scalar
stress measures: the hydrostatic stress, related with the first invariant of the Cauchy stress

11



Figure 2: Hydrostatic stress field in the spherical alveolar model, plotted in the current configuration.

tensor,

σ̄hyd :=
1

3
trace(σ̄), (3.1)

where σ̄ = J−1P̄ F T , and the von Mises stress,

σ̄VM :=

√
3

2
σ̄dev : σ̄dev, (3.2)

that is related to shear stresses, and where the deviatoric component of the stress tensor is

σ̄dev := σ̄ − σ̄hydI. (3.3)

From these definitions, we note that the hydrostatic and the von Mises stress quantify two
independent and orthogonal components of the Cauchy stress tensor.

Figures 2 and 3 show the hydrostatic and von Mises stress for a pore pressure of 1.962
kPa, respectively. As the Cauchy stress tensor is defined in the current configuration, in
these Figures the quantities are plotted in the deformed state. For the hydrostatic stress,
the RVE exhibits a response that depends on the kinematical constraint and the type of
loading. While for the KUBC there are peak values near the cube edges, in the SUBC there
are peaks near the sphere edges (where it intersects the cube faces), especially noticeable
in the deformation-driven case. For the von Mises stress, the distribution is independent of
the type of loading. However, it depends on the kinematical constraint: in the KUBC there
are smaller values, in the SUBC there are peaks in the sphere edges and the PBC response
is similar to the SUBC but without these peak values.

The stress distributions plotted in the current configuration allow observing the distri-
butions, if there are peak values and where they are located, however, for a more detailed
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Figure 3: Von Mises stress field in the spherical alveolar model, plotted in the current configuration.

comparison, in Figure 4 the frequency distributions of the hydrostatic and von Mises stress
are presented. To facilitate the comparison, in these figures the curves were done using the
gaussian kde function available in SciPy (Virtanen et al., 2020), which produce a kernel-
density estimate using Gaussian kernels. The results show that for the hydrostatic stress,
the three kinematical constraints produce different distributions, but for each case, when the
macrostrain is given instead of applying a pore pressure (i.e., deformation-driven instead of
pressure-driven), there is a shift in the distributions, with higher values but the same shape.
For the von Mises stress, the distribution in the PBC and SUBC are similar, in agreement
with the observed in Figure 3, while the KUBC exhibits lower and more concentrated values.
Additionally, for the KUBC and PBC the distribution is indistinguishable for both loadings
(pressure-driven in solid lines, deformation-driven in dashed lines), while for the SUBC there
is a slight difference between 10 and 15 kPa, that is not noticeable in the plots of Figure 3.

3.2. Image-based alveolar model

For the image-based alveolar model, a cuboid RVE of edge size 122.5 µm is selected
from micro-CT images of rat lung parenchyma previously reported by our group (Concha
et al., 2018; Sarabia-Vallejos et al., 2019). The RVE preserves the morphological features
of the alveolated tissue; however, due to the natural heterogeneities the resulting mesh is
not periodic, hindering the straight use of PBC. To overcome this issue different methods
have been proposed, for example Pahr & Zysset (2008) used a perfectly periodic mirrored
mesh of cancellous bone (obtained by reflecting successively the original mesh in the x, y
and z directions). To avoid the need of matching meshes on opposite RVE boundaries, Lars-
son et al. (2011) weakly imposed the fluctuation periodicity (and traction anti-periodicity),
and Nguyen et al. (2012) developed a method based on polynomial interpolation of the dis-
placement in the boundaries. In this paper, following the straightforward approach of the
mirrored mesh, the original RVE (Figure 1c) is reflected, obtaining the geometry shown in
Figure 5, a cube of edge size 245 µm, which is easy to obtain but that is not a completely
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Figure 4: Spherical alveolar model, distributions for (a) hydrostatic stress, and (b) von Mises stress. The
values depend on the kinematical constraint selected: KUBC (blue), PBC (red) and SUBC (green), and in
the type of loading: pressure-driven in solid lines, deformation-driven in dashed lines. For each kinematical
constraint, the removal of the pore pressure and application of an equivalent macrostrain, produces a shift
in the hydrostatic stress, while the von Mises stress remains constant with the KUBC and PBC, and has
slight differences with the SUBC.

realistic structure and has eight times the number of elements of the original mesh.

Figure 5: The mesh of the image-based alveolar model obtained by micro-CT images is not periodic (due
to natural heterogeneities in the tissue), so in order to apply the PBC the original mesh (in red) is reflected
successively in the x, y and z directions, obtaining a perfectly periodic mesh (in gray).

Analogous to the spherical alveolar model, we plot the hydrostatic and von Mises stress
distributions, which are shown in Figures 6 and 7. In this case, we see that for both mea-
sures, the stress values are similar with the KUBC, PBC and SUBC constraints, except
for some values in the exterior boundary, particularly around the upper right corner of the
deformed RVE, where a thin “bar” of tissue has higher stress values with the SUBC and
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lower values with the KUBC.

Figure 6: Hydrostatic stress field in the image-based alveolar model, plotted in the current configuration.

Figure 7: Von Mises stress field in the image-based alveolar model, plotted in the current configuration.

Consistent with the plots of Figure 6, the results reported in Figure 8a show that the
hydrostatic stress distributions are similar for the three kinematical constraints. In effect,
in the pressure-driven case, the KUBC, PBC and SUBC models result in a peak that occurs
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close to the pore pressure (1.96 kPa). Interestingly, in the deformation-driven case, the
shape of the stress distributions are similar to those observed in the pressure-driven setting,
only shifted towards the positive values with the peak occurring near 0 kPa. Regarding the
von Mises stress, there are virtually no differences between the pressure- and deformation-
driven cases, see Figure 8b. Further, all distributions are unimodal, with the KUBC and
PBC giving similar values, and the SUBC slightly higher values.
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Figure 8: Image-based alveolar model, distributions for (a) hydrostatic stress, and (b) von Mises stress. The
Figure shows the results with each kinematical constraint: KUBC (blue), PBC (red) and SUBC (green); and
type of loading: pressure-driven in solid lines, deformation-driven in dashed lines. For both stress measures,
the shape of the distributions is similar for the different kinematical constraints. Also, the removal of the
pore pressure and application of an equivalent macrostrain, produces a shift in the hydrostatic stress, while
the von Mises stress remains similar.

4. Discussion

In this work, we propose a variational framework for the micromechanical response of
OCFs. We employ the framework in the analysis of the micromechanical behavior under
pressure-driven conditions, where we consider a spherical alveolar and an image-based alve-
olar models to assess the stress distributions. For each geometry considered, three different
boundary conditions were studied. One key conclusion is that both the hydrostatic and
deviatoric stress distributions in the spherical alveolar model were highly dependent on the
boundary condition assumed for the micromechanical analysis, see Figure 4. In effect, the
peak values of the distributions did not coincide, and there was no clear trend in terms of
modality of the distribution. In contrast, when looking at image-based alveolar model, all
three boundary conditions resulted in virtually the same stress distribution, see Figure 8. In
particular, the hydrostatic distribution displayed a bimodal shape, whereas the von Misses
stress showed positively-skewed unimodal distribution. To facilitate a comparison between
the spherical and image-based alveolar models, we have summarized the stress distributions
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Figure 9: Comparison of the (a) hydrostatic and (b) von Mises stress distributions for the pressure-driven
RVE, with the spherical and image-based alveolar models, in red and blue boxes, respectively. The boxes
range from the lower (Q1) to upper (Q3) quartile values of the stress, with a line at the median. The whiskers
extend from the boxes to show the range of the data. The upper whiskers extend to the last value less than
Q3 + 1.5 IQR, while the lower whiskers to the first value greater than Q1 − 1.5 IQR, where IQR = Q3 −Q1

is the interquartile range. The outliers are not shown for clarity.

in terms of box and whisker plots, see Figure 9. We observe that in the case of image-based
alveolar model, all boundary conditions lead to consistent stress distributions, which is not
the case for the spherical model. We further note that the results for the image-based model
are consistent with stress distributions reported in previous works, where alveolar geome-
tries obtained from micro-CT images under varying levels of alveolar pressure were analyzed
(Sarabia-Vallejos et al., 2019). In those simulations, boundary conditions were arbitrarily
chosen, not based on theoretical grounds. The resulting hydrostatic and deviatoric stress
distributions in that work are very similar in shape to those shown in Figure 8. Interestingly,
in this work we have shown that in anatomical geometries, the conditions imposed on the
boundary do not seem to play a key role in the micromechanical response. A possible expla-
nation for this behavior is the random unstructured trabecular geometry of the alveolated
pulmonary tissue, that quickly dissipates stress localizations that may arise at the boundaries
of the RVE due to different conditions, see Figures 6 and 7. From these results, we conclude
that, while two RVE may have similar macroscopic properties such as global porosity, their
microstructural stresses can strongly differ. Further, stresses in randomly-structured RVEs
do not seem affected by the boundary conditions, whereas highly structured RVEs do.

To understand the differences between formulations where either pressure or deformation
is imposed, we consider models where boundary conditions are driven by a macroscopic
deformation Ū under zero pore pressure. The results in both the spherical and image-based
alveolar models (Figures 4 and 8, respectively) show that the hydrostatic stress distributions
are shifted between the pressure-driven and the deformation-driven cases, while the von
Mises stress distributions remain the same. Interestingly, in the deformation-driven case
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we observe that boundary conditions do affect the spherical model distribution of stress
in a way similar to the pressure-driven case. However, the results for the deformation-
driven image-based model show that the choice of boundary conditions does not influence
the stress distribution, resembling the behavior observed in the pressure-driven case. We
remark that the shift in the hydrostatic stresses in finite deformation poro-elasticity has
been addressed by Idiart & Lopez-Pamies (2012), borrowing ideas from Julien et al. (2011)
and Vincent et al. (2009). In their work, Idiart & Lopez-Pamies showed that stresses in an
incompressible elastomeric solid with pressurized closed cavities can be expressed as

P̄ = P̃ − p0JF
−T , (4.1)

where P̃ corresponds to the first Piola-Kirchhoff stress tensor obtained from solving the same
microstructure subject to an equivalent macroscopic strain and zero pore pressure, and p0

corresponds to the pressure applied in the closed cavities. In the current configuration,
Equation 4.1 is equivalent to adding a hydrostatic pressure term with magnitude p0 to the
Cauchy stress tensor, which explains the shift in the hydrostatic stress distribution. Since
the cavity pressure effect only results in an isotropic tensor, the von Mises stress remains
the same under this transformation. In Idiart & Lopez-Pamies (2012), to find the equivalent
macroscopic strain, an additional equation is imposed, which is based on the traction-free
condition on the external boundary, and consists in making zero the average of the first
Piola-Kirchhoff stress tensor in the entire RVE (solid and fluid domain). Interestingly, un-
der the same assumptions (a closed-cell composite and extending P̄ to the fluid domain) and
with some algebraic manipulations, this equation can be related to the stationary condition
Equation (2.16), which is generated by considering the macroscopic strain as a variable of
the problem. The relationship between pressure-driven and deformation-driven formulations
has profound consequences on the modeling of free-breathing versus ventilated-breathing,
for instance in the context of lung mechanical simulations (Hurtado et al., 2020; Patte et al.,
2020, 2019; Tawhai & Lin, 2010).

The present work can be expanded in several directions. First, we note that the choice
of a neo-Hookean strain energy function imposes an important limitation when studying
OCFs, which may exhibit a strongly non-linear mechanical behavior (for lung parenchyma,
see Bel-Brunon et al. (2014), Birzle et al. (2019), and Birzle & Wall (2019)). In this work we
chose a simple constitutive law to isolate its effect on the results, allowing us to better focus
on assessing the impact of boundary conditions and geometry on the RVE stress distribu-
tion and response. Future contributions should incorporate other constitutive relations that
are specific to the material under analysis, and that may exhibit other type of mechanical
behavior, e.g. viscoelastic and hysteretic response (West, 2012). This, in turn, may neces-
sitate an extension of the current variational framework, which has been developed under
the assumption of a material with hyperelastic response. Another limitation is the lack of
experimental validation of the results obtained from numerical simulations. Micro-CT imag-
ing combined with digital image correlation has been used to assess the deformation fields
arising in bone samples under compressive loading (Dickinson et al., 2011), allowing for the
validation of FE simulations of bone microstructures (Hambli, 2013). We note, however,
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that the validation of pressurized porous materials may require more sophisticated setups
that maintain the applied pressure in sealed samples, which may not be compatible with
current micro-CT technologies.
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