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Abstract

Cross-ratio dynamics, allowing to construct 2D discrete conformal maps from 1D initial
data, is a well-known discrete integrable system in discrete differential geometry. We relate it
to the dimer integrable system from statistical mechanics by identifying its invariant Poisson
structure and integrals of motion recently found by Arnold et al. to the Goncharov-Kenyon
counterparts for the dimer model on a specific class of graphs. This solves the open question
of finding a cluster algebra structure describing cross-ratio dynamics. The main tool relating
geometry to the dimer model is the definition of triple crossing diagram maps associated to
bipartite graphs on the cylinder. In passing we write the bivariate polynomial defining the dimer
spectral curve for arbitrary bipartite graphs on the torus as the characteristic polynomial of a
one-parameter family of matrices, a result which may be of independent interest.

1 Introduction
Consider maps f : Z2 — CP' such that

(fij — firr5)(fix1541 — fij+1)
(fir1y — firrge1)(figer — fij)

where a; € C\{0} and all 4, j € Z. Such a map is a special case of a discrete version of the Schwarzian
KdV equation [NC95|, or a special case of a discrete isothermic surface |BP96] restricted to the
sphere S2. In both cases it was shown that these maps are a discrete integrable system in the sense
that they admit a discrete Lax representation. An interesting question is: Given all a;, what is
the space of solutions of ? To answer this, consider each column i of Z? as a discrete curve
fi : Z — CP'. The discrete curves corresponding to two adjacent columns f; and fi,; are called
a-related, where & is the vector of all «;. In the case when «; is independent of j, the curve f;11
is called a Darboux transform [HJ03] of f; in the discrete differential geometry community. If we
know f; and one point of f;;1, then equation determines all of f;11. As a consequence, there
is a complex one parameter freedom for each additional column of Z2. However, this changes if
one considers periodic maps, that is maps Z x Z/mZ — CP! for some m € N that satisfy equation
. In this case, if we know f; then there are only two possible solutions for f;;1, because f;11
has to be periodic as well. Thus if we know both f;_; as well as f; and assume that f;11 # fi_1,
then fj+1 is determined uniquely. Special attention has been payed to the case that a; does not
depend on j. In this case, periodic solutions to equation have been studied as periodic discrete
conformal maps [HIMNPO1] with respect to algebro-geometric integrability. Also in this case, the
map (fi—1, fi) — (fi, fi+1) is called cross-ratio dynamics [AFIT20]. Cross-ratio dynamics can also
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Figure 1: The relevant bipartite graphs to describe a pair of curves of length n = 6 (left) and length
n =5 (right). Here the top and the bottom sides of each graph are identified, yielding the cylinder
graphs I's o and I's 4. If we additionally identify the left and right sides of each graph, we obtain
the torus graphs I'g and I's.

be generalized from discrete periodic curves to discrete twisted curves, that is curves f; : Z — CP!
such that f;(j + n) = M o f;(n) for all j € Z and for some n € N and M € PGLy. For cross-ratio
dynamics the integrability in the sense of Liouville was proved by Arnold, Fuchs, Izmestiev and
Tabachnikov [AFIT20|. Indeed, they provide Poisson brackets that are preserved by the dynamics
as well as integrals of motion that are Casimirs and Hamiltonians. We will henceforth call them
the AFIT Poisson structures, Casimirs and Hamiltonians.

Another widely studied discrete system which is integrable both in the algebro-geometric sense
and in the Liouville sense is the dimer model on bipartite graphs on the torus [GK13] coming from
statistical mechanics. Goncharov and Kenyon identified a Poisson structure on the space of face
weights associated to a given graph and obtained the Casimirs and Hamiltonians of the underlying
integrable system as coefficients of the polynomial defining the spectral curve of the model. Our
first main result consists in identifying the AFIT Liouville integrable structure [AFIT20] with the
Goncharov-Kenyon Liouville integrable structure |[GK13] for a special class of graphs. It is stated
loosely in Theorem below and stated in full detail as Theorem and Theorem later. Let
G (resp. G°%) be the cylinder graph represented on the left (resp. right) of Figu In both
pictures, the top and the bottom sides of the rectangle are identified. If n is even, let T';, be the
torus graph obtained by gluing in a cyclic chain % copies of G. If n is odd let I';, be the torus
graph obtained by gluing in a cyclic chain "T_l copies of G and one copy of G°%. See Figure [1| for
pictures of I'¢ and I's. In this article we consider a more general setup than [AFIT20|, namely we
assume that the o are periodic of period n, but not necessarily constant.

Theorem 1.1. Let n > 2. The AFIT Poisson structure, Casimirs and Hamiltonians for cross-
ratios dynamics for twisted discrete curves coincide with the Goncharov-Kenyon Poisson structure,
Casimirs and Hamiltonians for the dimer integrable system on the torus graph T',,.

In order to prove Theorem [1.1] we find an expression for the bivariate polynomial defining the
dimer spectral curve for general bipartite graphs on the torus as the characteristic polynomial of
a matrix depending on a single parameter. More precisely, given an edge-weighted bipartite graph



T on the torus, we construct a matrix II(w) depending on a parameter w and on the choice of a
zigzag path in I'. Then we have

Theorem 1.2. The spectral curve of the dimer model on I is given by
{(z,w) € (C*)?, det(zI — II(w)) = 0}

Theorem[I.2]holds for general graphs and not just for those related to cross-ratio dynamics, hence
it may be of independent interest. The matrix II(w) is reminiscent of the boundary measurement
matrix for networks on cylinders of [GSV12,|GSTV16|. In a recent preprint of which we learned
during the completion of this work, Izosimov [Izo21] made precise the connection between the
integrable systems of [GK13] and [GSTV16|. In particular his main result provides a representation
of the dimer spectral curve similar to Theorem We note that analogous representations have
appeared in physics in the special case of the periodic Toda chain [EFS12] and in mathematical
physics via representation-theoretic arguments [FM16].

Theorem realizes cross-ratio dynamics as a special case of the dimer integrable system by
adopting an analytic point of view using coordinates on the spaces on which the two dynamics
occur. One can actually provide a more geometric identification by making use of the recently
introduced |[AGR] triple crossing diagram maps (TCD maps). These maps, a version of the vector-
relation configurations of [AGPR19] better adapted to geometric dynamics, associate a geometric
configuration in some projective space CP™ to a bipartite graph on a disk with trivalent black
vertices. To each white vertex is associated a point in CP™, with the constraint that any three
points associated to the neighbors of a black vertex must be aligned. One can perform local changes
of the geometric configuration of a TCD map which are associated with the dimer local moves for
bipartite graphs. Using appropriate coordinates, these moves carry an interpretation in terms of
cluster algebra mutations.

In this article, we introduce the notion of twisted TCD maps on the cylinder. Let I', o be the
cylinder graph obtained by gluing together the same cylinder graphs as for I';,, but without closing
up cyclically (see Figure [I| for two examples). An explicit bridge between cross-ratio dynamics and
the dimer model is given by the following result:

Theorem 1.3. Pairs of d-related twisted discrete curves arise as twisted TCD maps on I'y, o and
cross-ratio dynamics arises as an explicit sequence of local moves on these twisted TCD maps.

An important note regarding Theorem [I.3]is that the first local move in the sequence depends
on a parameter and that parameter depends globally on the initial pair of d-related twisted discrete
curves. Furthermore, combining Theorem with Theorem we obtain an alternative proof
of the conservation of the AFIT Hamiltonians, since the dynamics on TCD maps is conjugated to
the dimer integrable dynamics of |[GK13]. A more explicit statement of Theorem is given by
Theorem As a corollary, we answer an open question of [AFIT20| asking for an interpretation
of cross-ratio dynamics in terms of cluster algebras. Indeed, all but the first and the last operations
for TCD maps of Theorem has a cluster algebra interpretation [AGPR19,|AGR].

Corollary 1.4. The evolution of the some coordinates under cross-ratio dynamics can be written
as an explicit composition of operations, with all but the first and the last one being cluster algebra
mutations.

Here we mean mutations of cluster variables known as y [FZ02] or as X [FG09| depending on
the authors.



As noted by [AFIT20|, cross-ratio dynamics bears a lot of resemblances with the pentagram
map, another dynamical system on discrete curves for which several similar properties are known:
Liouville integrability [OST10,/OST13], algebro-geometric integrability [Soll3], cluster algebra in-
terpretation [Glill], dimer model interpretation [FM16,|GR17] and realization in terms of TCD
maps [AGPRI9,/AGRJ. Similar properties are known or expected to hold for many generalizations
of the pentagram map, see e.g. [GP16).

There is however a notable difference with cross-ratio dynamics. For the pentagram map and its
generalizations, the dynamics is local in the sense than one can construct a point of the curve f; 1
knowing only a bounded number of points of the curve f;. For cross-ratio dynamics the dynamics
is global, one needs to know all the points of the curve f; to construct any given point of f; ;. This
is related to the R-matrix constructions of [ILP16|ILP19,/Che20].

Organization of the paper

In Section [2| we provide the necessary background on cross-ratio dynamics and its integrability
following mostly [AFIT20], but generalizing to n-periodic &. In Section [3| we recall the Goncharov-
Kenyon integrable system |GK13] associated with the dimer model on the torus. In Section || we
consider the dimer model on the cylinder, construct the matrix II(w) and prove Theorem We
introduce in Section [5| the notion of twisted TCD maps associated to a bipartite graph on the
cylinder and use it in Section [6] to prove Theorem when n is even. In Section [7] we explain how
to modify the computations to derive this result when n is odd. Section [8|describes the sequence of
local moves for twisted TCD maps that realize cross-dynamics, as stated in Theorem Finally
Appendix [A] presents some results used in Section [ related to the classical Schur complement.

2 The cross-ratio dynamics integrable system

2.1 Multi-ratios

Given points ai, ..., as, € CPY, let @1,...,d2m denote a choice of lifts to C2. Their multi-ratio is
defined as

" det (@i, a2i)

- det(azq, dziy1)’

(2)

mr(ay, as, ..., a9m) =

where det(a,b) denotes the determinant of the matrix with columns a,b € C? and indices are taken
modulo 2m. When m = 2, the multi-ratio specializes to the cross-ratio

det(Adl, 52) det(53,54)
Cr(ah @2 83 a4) det(ﬁg, 63) det(64, 61) ( )

The multi-ratio is PGLy invariant. If the points a; are all in an affine chart C C CPl, then we can

choose lifts of the form a; = ﬁi] , and then we have

m
G2i—1 — Q24
mr(ay,ag,...,am) = | | w (4)
=1 a; a2;+4+1



2.2 Discrete projective curves in CP!

A discrete curve is a map p : Z — CP'. A twisted discrete curve of length n is a pair (p, M) where
p:Z — CP! is a discrete curve and M € PGL, is a projective transformation called monodromy
such that p;4, = M(p;) for all i € Z. A twisted discrete curve (p, M) is nondegenerate if for all
i € Z, we have p; & {pi+1,pi+a}, and closed if M is the identity.

Let P, denote the space of nondegenerate twisted discrete curves of length n. P, is an open
subvariety of (P!)" x PGLy, and PGLy acts on it by

A- (p17p27 S 7pnaM) = (A(pl)aA(p2)7 <o ?A(pn)vAMA_l)'

The quotient P, := 75n/PGL2 is the moduli space of nondegenerate twisted curves of length n.
Given p € P,,, we define the c-variables

¢; = cr(pi—1, Pi, Di+2, Pit+1) for all i € Z. (5)

Notice that ¢;1,, = ¢; for all i € Z. If p is nondegenerate, ¢;(p) ¢ {0,000}, so the c-variables give
us a morphism
c:Pp— (CH” (6)
p(e1,¢2, ..., ¢n).
Since each ¢; is a cross-ratio, this morphism is PGLy invariant, and therefore @ descends to a
morphism ¢ : P, — (C*)™. Given the c-variables and three initial points p1,pe,ps, the whole
discrete curve is recovered from . Since any three points can be mapped to any other three
points by a projective transformation, the c-variables characterize a discrete curve up to projective
transformations and so ¢ is an isomorphism. The inverse morphism is given explicitly in |[AFIT20|
Section 3.2].

The following lemma gives an explicit representative for the PGLs conjugacy class of the mon-
odromy matrix M in terms of the c-variables.

Theorem 2.1 ([AFIT20, Lemma 3.2]).

10 a0 e 0 cn
M‘[—l 1H—1 1]"'[—1 1]
represents the monodromy matriz.

2.3 The Poisson variety U,,.

Let @ = (at;)iez with «; € C\ {0,1} such that oy, = o;. Two discrete curves p,q € CNZ'n are said

LY
to be E>—7“¢elated7 and denoted p ~ ¢ if

cr(pi, Gis Pit1, Qig1) = oy for all i € Z, (7)

and p and ¢ have the same monodromy. Note that condition alone does not imply that p and ¢

-
have the same monodromy. The relation ~ is PGLy invariant and therefore descends to a relation



—
on P,. If a; = « for all i, then we say that p and ¢ are a-related and write p ~ q.

Let Z]n denote the space of pairs of @-related nondegenerate twisted curves of length n. It is a
subvariety of (P')2" x PGLy and PGLy acts on it by

A- (pla -y Pnsq1, - - 'aQTva) = (A(p1)7 e 7A(pn)7A(Q1)7 e 7A(QTL)7AMA71)-

We define the u-variables

u; = —cr(ps, Pit1, i, pi—1) for all i € Z. (8)

Since p and ¢ are nondegenerate and @ -related, u; ¢ {0,—1,00}. Therefore the u-variables define
a PGLy invariant morphism « : U, — (C\ {0, —1})" which descends to a morphism

w: U, :=U,/PGLy — (C\ {0,—1})".
Consider the morphism

pg U, = Py
(P, g, M) = (p, M).

Remark. Zj{n and U, also depend on 3, but we suppress this dependence in the notation.
In [AFIT20, Section 4.8] it is shown that

P
U, ————— P,

Lk
(C\{0,—1})" —= (C*)"

commutes, where the map A4 is determined by ¢; = . If we are given u-variables, we

e
can recover p up to projective transformations as ¢=! o A5 (u1,...,u,), and ¢ is then determined
by (). Therefore the morphism u induces an isomorphism between U, and (C\ {0, —1})". The set
U, is the moduli space of pairs of o -related twisted discrete curves of length n.

The Poisson bracket
{Ui7ui+1}un = Uiy,

makes (U, {+, }u,) a Poisson variety while the Poisson bracket

C; Ci+1 1
{ci;citita == cicipa (1 ————, A{ei,ciya}a i=— CiCit1Cit2, 9)
Q; Q41 Q1

makes (P, {+, }=) a Poisson variety. For both Poisson brackets, we only give the nonzero values
obtained by pairing two coordinate functions. We also define the rescaled coordinates ¢; := <-. In
these coordinates the Poisson bracket {-,-}= takes the simpler form

{€,Ci+1} =¢Cit1 (1 —C —Cit1), {Ci,Cit2} = —CiCit1Cito.

A computation similar to [AFIT20, Lemma 3.9] shows that pg is Poisson. |[AFIT20, Corollary
2.7] shows that p is generically finite of degree 2, that is for a generic discrete curve p € P, there are



two discrete curves ¢, r € P, that are @-related to p. Therefore the map T2 : (p,q, M) — (p,r, M)
is a birational involution of U,,. U, also has another involution j : (p,q, M) — (¢,p, M) given in
coordinates by

1 a; — 1

U; > V; 1=
U; Olj—1 — 1

= —cr(¢, Git1,Dir Gi—1)- (10)

2.4 Cross-ratio dynamics and integrability

Suppose (¢, M) € P, such that |p%>1 (g, M)| = 2, and suppose p,r are the two discrete curves
a-related to q. The birational automorphism

vg=Tgo0j:U, = U,
(p,q, M) = (q,7, M)

is called cross-ratio dynamics.

For I C [n], let ¢ := [[;c;ci- Similarly we define ¢r,ar,ur etc. Let ceven := c2cq... and
Codd := c1c3 ... denote the product of the even and odd c¢ variables respectively. In the same way,
we define aeyen €tc.

I C [i,7] is said to be cyclically sparse if it contains no pair of consecutive indices where the
indices are taken periodic modulo n. Define

Fr(c) = Z cr for k=0,..., ng, (11)

I cyclically sparse:|I|=k
2

w3

LS cyrR@] (12)

) \i=o

Ex

Theorem 2.2 (JAFIT20, Main Theorem 1]). We have:

(6]

even
Codd

1. Forn even, {-,-}5 has corank 2 and the subalgebra of Casimirs is generated by Ew and

2. Forn odd, {-,-}= has corank 1 and the Casimir is E=.

8. Fork=1,2,..., L%HJ —1, the functions %?2 mutually commute and form a maximal set of

functionally independent Hamiltonians, making the Poisson variety P, a Liouville integrable
system.

Moreover, cross-ratio dynamics is discrete integrable in the following sense:
1. vg 1is Poisson.
2. The pullbacks of the Hamiltonians and the Casimirs to U, by pg are invariant under v .

The following theorem shows that the Hamiltonians can be obtained from the monodromy
matrix.

Theorem 2.3 ([AFIT20, Theorem 1]). We have




tr M
. . : videt M :
normalized trace is not a regular function on P,, so we need to square everything to make it so.

Remark. Note that trM is not PGLy invariant, but the normalized trace is. However the

To get the Hamiltonians from Theorem notice that Fi(c) is the homogeneous degree k
component of | /C[”]\/?TLM' This observation will be very useful in Section

3 The dimer integrable system

For further details on this section, see [GK13]|.

3.1 The dimer model in a torus.

Let T' = (BUW, E) be a bipartite graph embedded in a torus T such that |B| = |W| and such that
the faces of I'; that is, the connected components of the complement of I'; are disks. We denote by
F the set of faces of I'. An edge weight on I' is a function wt : £ — C*. Two edge weights wt;
and wte are said to be gauge equivalent if there is a function g : BUW — C* such that for every
edge e = {b,w} with b € B,w € W, we have wtz(e) = wt1(e)g(w)g(b)~!. Let Lr denote the space
of edge weights modulo gauge equivalence.

Equivalently, we can consider the graph I' as a cell complex whose 0 and 1-cells are BUW and
E respectively. Considering each edge e = bw to be oriented from b to w, we have the nonzero

cellular chain groups
CoT',Z)=2ZBao7ZW, Ci(I'\Z)=7ZE,

with boundary homomorphism 0 : C1(T',Z) — Cy(T", Z) given by d(e) = w — b, so that H{(I',Z) =
Ker 0. Dually, we have cellular cochain groups C?(T',C*) := Homz(Cy (T, Z),C*), for ¢ € {0, 1},
with coboundary homomorphism & : C°(I',C*) — C}(I',C*) given by d(g)(e) = %. Since an
edge weight is a 1-cochain and two edge weights are gauge equivalent if and only if they differ by a
1-coboundary, we have

Lr = HYT,CX) == CY(L,CX)/5(C(T, C*)) (13)

. We denote by [wt] the cohomology class represented by the cochain wt.
For [L] € H1(T',Z), we denote by [wt]([L]) the result of evaluating the cohomology class [wt] on
the homology class [L] yielding an alternating product of edge weights around L. Explicitly, if the

. (54 — € — n
L is the 1-cycle w; =5 by 2wy 25 by 25 -0 2w, 2 b, 2% wy € Hy (T, Z), we have

t] (1)) = T —oitez)

iy Wt(egifl) ’

Since Lr = Homgz(H;(T',Z),C*) is an algebraic torus, the algebra O of regular functions on
Lr consists of the characters x|z for [L] € H(T',Z) defined by x(zj([wt]) := [wt]([L]).

We now give a description of O, in terms of a basis. For a face f of I', let 0f denote the
counterclockwise oriented cycle given by the walk along the boundary of f. Let a and b denote two
cycles in I' generating Hy(T,Z). Let X := x[ps. Then

O,Cr = C[X?17Xi]17XEg]l]/(1 - erFXf)’ (14)

where the relation [[ ;. Xf =1 comes from the relation . p[0f] = 0 in H1(T', Z).
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Figure 2: The building block graph G;, which is a graph on a cylinder, since the top and bottom
sides of the rectangle are identified. Each face is labeled by its face weight.

Example 3.1. For n even, consider the graph I';, in T for which a fundamental domain is obtained
by gluing the cylinder graphs G; shown in Figure [2|for i € {1,2,..., 5} in the order G1G2--- Gz,
so that wo, 11 is identified with w; and wg, 12 with wa. The faces of I',, are labeled by X;,Y; for
i €{1,2,...,n} as shown in Figure

Zig-zag paths and Newton polygon. A zig-zag path in I is a path that turns maximally left
at white vertices and maximally right at black vertices. Let Z denote the set of zig-zag paths of
I'. Each zig-zag path 8 € Z defines a homology class [§] € Hi(T,Z). Label the zig-zag paths
Bi1, B2, ..., Bz so that the [3;] regarded as vectors in Hy(T,Z) ® R = R2 are in counterclockwise
order. We construct a closed convex integral polygon N(I') (or just N when I' is clear from the
context) by placing the [3;] such that the head of [3;] is the tail of [3;11]. Each edge of T is contained
in two zig-zag paths that traverse the edge in opposite directions, so we have ) se 28] = 0, which
shows that IV constructed as above is a closed polygon. N is unique up to translation and is called
the Newton polygon of I'. The name Newton polygon will be justified at the end of this section
by that fact that this polygon arises as the Newton polygon of the characteristic polynomial. By
construction, the set of primitive edge vectors of N is in bijection with Z, but this bijection is not
canonical when there is more than one zig-zag path with the same homology class.

A graph T is said to be minimal if any lift of a zig-zag path to the universal cover of T has no
self intersections and any lifts of two zig-zag paths to the universal cover of T do not form parallel
bigons (pairs of zig-zag paths oriented the same way intersecting twice).
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(0,0) [&] (&) (2,0) (0,0) [&] [&] (2,0)

Figure 3: The Newton polygon of T';, for even n (left) and odd n (right).

Example 3.2. The graph I';, has n + 4 zig-zag paths:

&1 =wi,by,ws, b3, ..., Wop_1,ban—1, w1, [&1] = (1,0),

&2 = W1,ban_1,Wapn,ban_3,...,Wa, b1, Wy, [ ] Z( 1,0 )
&3 = Wa,ba, Wy, by, ..., Wap, bap, wa, [&3] = (1,0),

€4 =Wa,bopn, Wop_1,ban_o,..., w3, bo,wo, [&4] = (—1,0),

C2im1 = Wai—1, bai—3, Was, bai—2, Wai—1, [C2i—1] = (0, 1),
C2i = Wai—1,bai, Wag, bai—1, Wai—1,  [C2i] = (0, —1),

where i € {1,2,..., 2} and we use the basis (7., 7) to identify H;(T,Z) with Z? (see Figure [| for
the case n = 1). Therefore the Newton polygon of T, is (see Figure [3)

Convex-hull {(0, 0), (2,0), (0, g) , (2, g)} :

It is easily checked that I';, is minimal.

Conjugate surface and Poisson structure. Thickening the edges of I', we obtain a ribbon
graph. Equivalently a ribbon graph is a graph along with the data of a cyclic order of edges around
each vertex. The ribbon graph obtained from I' has the cyclic order induced from the embedding
in T. Let I be the ribbon graph obtained from I' by reversing the cyclic order at all white vertices.
The boundary components of I" are in bijection with the zig-zag paths of I'. Gluing in disks along
these boundary components of I‘ we obtain a surface S called the conjugate surface, along with an
embedding of " in S. Let eg denote the intersection form on H; (5,Z): For L], [Ls) € Hy(S,Z),
choose cycles Ly and L5 representing the homology classes and intersecting transversely. Then

es([La], [La)) = Y (L1, La), (15)

peELiNLy

where €,(L1, L2) is the local intersection index, with sign chosen so that it is positive if Ly crosses
Ly at p from its right side to its left side. The embedding ¢ : I' < S induces the homomorphism

10



of homology groups ¢, : Hy(T',Z) — H1(S,Z). We define the alternating form er on Hy(T',Z) by

er([L1], [L2]) == €g(es[La], t+[La]).
For [L4], [Ls] € H1(T',Z), define the Poisson bracket

IX1za)s X (L) b1 o= er([La], [La]) X (211X (L) - (16)

The faces of I' in S become the zig-zag paths of T" in T, so we have {x|z,], X[z, } = O for all [Lo] if
and only if [L4] € @ﬁez Z - [B]. Therefore the functions Cp := x(g), 3 € Z generate the center of
the Poisson algebra Op,.. These functions are called Casimirs.

Elementary transformations and mutations. There are two local modifications of bipartite
graphs called elementary transformations shown in Figure An elementary transformation s :
I' — I' induces a unique up to isotopy homeomorphism of conjugate surfaces 5§ : Sp — Sp
|GK13|, Lemma 4.1], which in turn induces an isomorphism $, : H1(T',Z) — H,(I",7Z). Associated
to the elementary transformation s is a Poisson birational map of weights ps : Lr — Lpv:

1. The spider move s at face f: For [L'] € Hi(I",Z), let [L] = (8,)"'([L]). We define

% —sign € ,0 —€
HE (i) = oy (1+ X7 e oD mar(hon, (17)

2. Shrinking/expanding degree two vertices: We define i (x[z1) = X[z

Since elementary transformations are local, they do not change homology classes of zig-zag
paths, and therefore the Newton polygon. Gluing the Poisson affine varieties Lr for all I' minimal
with N(I') = N using these Poisson birational maps, we obtain the Poisson space Xy called the
dimer cluster Poisson variety associated to N. Xy is a cluster Poisson variety as defined by Fock
and Goncharov [FG09|, and will be the phase space of the dimer integrable system.

b b

Figure 4: Adding/removing a bigon inside a face.

Inserting/removing a bigon. Figure |4|shows the insertion of a bigon between vertices w € W
and b € B belonging to a common face f, with parameter t. This divides f into three new
faces, the bigon f;, and the face f; (resp. f,) to the left (resp. right) of f, when traversing the
bigon from w to b. Let I', denote the graph obtained. The embedding i, : I' < I', induces a
homomorphism (i)« : H1(T',Z) — H1(T'y, Z). We define the induced map of weights ¢ : Lr — Lp,

11



Figure 5: Edge weights, Kasteleyn sign and My (thick edges) on T's.

on a basis as follows: If [L] is topologically nontrivial in H;(T,Z) or is the boundary of a face
of I' set py (X(iy).[£]) = X[z)- Define also uy(Xy,) =t and pu;(Xy,) = —1. Note that the second
equation implies that in any cocycle, the weights of the two edges of the bigon sum to zero. On
the other hand, if we have bigon with Xy = —1, we may remove it. This induces a map of
weights pp : {Xy, = —1} — Lr, where {X;, = —1} denotes the subvariety in Lr,, given by
HZ(X[L]) = X(ip)«[L]

3.2 Dimer covers and Kasteleyn theory.

A dimer cover M of I is a subset of E such that each vertex of I' is incident to exactly one edge in
M. Let M denote the set of dimer covers of I'. If we fix a reference dimer cover My, then we can
associate to each dimer cover a homology class

M — [M — M) € Hi(T, Z),

where as before we orient e = {b,w} from b to w. Given [wt] € Lr, each dimer cover also gets
a weight [wt](M — Mp). If T' is minimal, we can describe the Newton polygon in terms of dimer
covers.

Proposition 3.3 (|[GK13, Theorem 3.12]). For a minimal bipartite graph T' in T, we have
N(T') = Convez-hull {[M — My) : M is a dimer cover of T'},
up to a translation.

Let R be a fundamental rectangle of T and let 7., 7, be cycles in T such that [.], [.] generate
Hy(T',Z). We choose v,, 7, parallel to the sides of R as shown in Figure [5} Isotoping if necessary,
we assume that the edges of T intersect 7, 7., transversely. Applying Homy (-, C*) to the surjection

12



H1(T,Z) — Hy(T,Z), we get an inclusion H'(T,C*) < H(T',C*). Let [¢] € H'(T',C*) be in the
image of H'(T,C*). In other words, Xf([¢/]) = 1 for all f € F. We choose a cochain ¢ representing
[¢'] as follows: Let z := [¢']([V:]), w = [¢']([1w]), and define

¢(e) = 2(677“})11}(67_"&)7

where (-, ) is the intersection index.
[k] € HY(T',C*) is called a Kasteleyn sign if

1. Xy([s]) = +1 for all [I] € Hy(T,Z).

2. X¢([r]) = (71)@“ for all f € F, where |0f] is the number of edges in 9f.

Let k : E — C* be a cochain representing the Kasteleyn sign []. We define the Kasteleyn matrix
K(z,w) : ClzF!, wtl)B — Cl*t, vV

by
K(z,w),p, = Y wi(e)r(e)g(e).
e={b,w}€FE

Theorem 3.4 (|Kas63|). We have

1
wt(Mo)r(Mo)d(Mo)

det K(zw) = 3 sign([M — Mol)[wt)([M — Mol)[é]((M — M),
Mem
where sign([M — My]) is a sign that depends on [k] and is irrelevant for our purposes.
Moreover,

1
wt(Mo)r(Mo)d(Mo)
is called the characteristic polynomial and X := {(z,w) € (C*)? : P(z,w) = 0} is called the spectral
curve of (T, [wt]). Although K (z,w) depends on the choice of cochains representing [wt] and [x], the

spectral curve is independent of these choices. Moreover N (I') is the Newton polygon of P(z,w),
that is, the convex hull of the pairs (4, j) € Z? such that 2w’ has a nonzero coefficient in P(z,w).

P(z,w) := det K(z,w)

Example 3.5. Consider the graph I'; with edge-weights, Kasteleyn sign, ¢ and reference dimer
cover My as shown in Figure |5l The Kasteleyn matrix is

by by by by

1 0 z W1
K(FQ) _ 0 1 0 z Wo ,
g —bw h aw| wg
—f c e dl wy
and the spectral curve is
1
P(z,w) = D= (—=dh + (dg + ch)z — cgz® + aew + (be + af)zw + bfz*w) . (18)

13



Hamiltonians. Let N° denote the interior of N. For [y] € N° N H (T, Z), let

Hp) = > [wt]([M — Mo))
MeM:[M—Mol=["]

denote the coefficient of [¢]([y]) (up to a sign) in P(z,w).

Proposition 3.6 (|[GK13, Theorem 1.2]). The generic level sets of the Casimirs are symplectic
leaves of Xn. The Hamiltonians Hy for [y] € Hi(T,Z) N N° mutually commute, making these
symplectic leaves into algebraic integrable systems.

4 The dimer model in a cylinder

Let 'y = (BUW, E) be a bipartite graph embedded in a cylinder A such that:
1. The faces of I'y (including boundary faces) are disks.
2. Every vertex on the boundary of A is white and of degree 1.

3. Let S and T denote the boundary white vertices on the two components of the boundary of
A, called the source and target vertices respectively. Let Wiy, = W\ (S UT) denote the set
of internal white vertices. We assume that |S| = |T'| and |B| = |[W|—|S|.

4. Ty has a dimer cover M, that uses all the vertices in S and none of the vertices in T'.

Here by a dimer cover of I'y, we mean a matching that uses all the vertices in B and a in | B|-element
subset of W exactly once. Note that assumptions 2 and 4 imply that the black vertices incident
to the white vertices in S are all different. We call graphs 'y satisfying these conditions balanced
cylinder graphs.

An edge-weight on I'y is a function wt : £ — C*. Two edge weights wt; and wty are gauge
equivalent if there is a function g : BUW — C* satisfying g(w) = 1 for all w € S UT such that
for every edge e = {b,w} with b € B,w € W, we have wty(e) = g(b) "*wt;(e)g(w). In other words
we only allow gauge transformations at interior vertices. The space of edge-weights modulo gauge
transformations is the relative cohomology group H' (I, S UT,C*). As before, we denote by [wt]
the cohomology class represented by wt.

Let M denote the set of dimer covers of I'y. For M € M, we define its weight to be wt(M) =
[I.cas wt(e). For M € M, let OM denote the set of boundary white vertices incident to M. For
example, My = S.

4.1 Torus to cylinder

In this section, we outline a general procedure to construct a graph I'y in a cylinder satisfying the
assumptions in Section [4| from a graph I' in a torus T. Let 8 be a zig-zag path in I'. Without loss
of generality, we assume that there are no 2-valent black vertices in 5. Changing the fundamental
domain if necessary, we can assume that [8] = [y,,]. Split each black vertex in 3 to create a 2-valent
white vertex. [y,] has a representative cycle =, in T that goes through each of the newly created
2-valent white vertices and does not intersect I' anywhere else. Cutting T along +,,, we obtain a
cylinder A and a graph I'y embedded in it. The 2-valent white vertices become S and T, where T’

14
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Figure 6: Cutting along a zig-zag path and labeling of vertices in I'sy. Removing the shaded region
from T, we get A.

is connected to 3 (see Figure [6]). Since |B(T')| = |[W(I')|, we have |B(I'y)| = [W(I's)| — |S|. There
is a dimer cover M in I" that contains half the edges in § (see for example |[GK13, Theorem 3.12]),
which becomes a dimer cover in I'y such that OMy = S.

4.2 Kasteleyn theory in A

Suppose T'y is a balanced cylinder graph. An element [k] € H(I'y, SUT, C*) is called a Kasteleyn
sign if

1. Xip([x]) = £1 for all [L] € Hy(Ta,SUT,Z).
2. Xs(K]) = (71)@“ for all f € F, where |0f] is the number of edges in Jf.

The existence of a Kasteleyn sign is shown in |[CR08|. Moreover there is the following version of
Kasteleyn’s theorem:

Theorem 4.1 (|CRO8, Theorem 2.4)). Let I C SUT such that |I| = |S|, and let Ka 1 denote
the submatriz of the Kasteleyn matriz with rows indexed by white vertices in I U W, and columns
indexed by black vertices in B. Then we have

det Kup= Y sign([M — Mo])[wt]([M — Mo)),

wt(Mo)r(Mo) oAt

where [M — My) is the relative homology class in Hi (A, 0A,Z) defined by the relative cycle M — My.

Let Bg denote the set of black vertices incident to S. Bg is matched to S by My. The Kasteleyn
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matrix K of I'y has the block matrix form

Bs B\ Bg
I 0 S

Ky = [Kl K, T . (19)
K3 K4 VVint

For generic [wt], K4 is invertible using Theorem u with I = 5, since M is a dimer cover with
OMjy = S that will appear as a summand in det K4 = det K g. Define the Schur complement

L= K,/K,

(4]

il

where II := K; — KQKZlKg. To get an explicit formula for the entries of II, notice that for
w; € S,w; € T, the square submatrix Lg\{w,jufw,} of L with rows indexed by S\ {w;} U {w;} is
the Schur complement KA,S\{Wi}U{Wj}/KZ;. Using det K4 = det K, g and Theorem we have

15)— det Ka s\ fwijugw,)
det KA,S '

My, b, = (—1)1%17" det Lg\ fwipogw,y = (—1)

The II matrix has the following multiplicativity property that is useful for explicit computations.

Proposition 4.2. Suppose I' is a graph obtained by gluing graphs T'; fori=1,...,n from left to
right, so that S(T';) is identified with T(T;+1). Then

(L) = (T )I(T) - TI(T,).
Here S(T';) and T(T;41) denote the source vertices of T'; and target vertices of T';41 respectively.

We omit the proof since it is very similar to that of Theorem [£.4]

Remark.  The matrix II is closely related to the boundary measurement matrix of |[GSTV16].

The reference dimer My makes I'y into a directed network A as follows: Orient each edge e = bw
contained in My from w — b, and assign it weight ﬁ(e), and each edge not contained in My from
w — b and assign it weight wt(e). Each directed path in N gets a weight that is the product of

weights of all edges appearing in it. Then using Theorem 4] we have

1 . _ o yisi—idet Ka s\ fwipugw )
WMo n(ag) t€t HasTh, b = (1) Wt(Mo)r(Mo)
= (-1)/s > sign([M — Mo)) [wt)([M — Mo)).

OM=S\{w; }U{w;,}

Notice that if OM = S\ {w;} U {w;}, then M — Mj is a directed path in N from w; to w;, so
mdet K, sII is the boundary measurement matrix of . This is the reason for calling S
and T the source and target vertices respectively .
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Example 4.3. Consider the graph I's from Figure Let T'p 2 denote the graph in the cylinder
obtained from I'y by applying the construction in Section [£.1] with the zig-zag path (5. In this case,
we simply cut along the vertical side of the fundamental rectangle. The sources are the two white
vertices w1 and wo on the right boundary, while the targets are their copies on the left boundary
that we denote by ws and wg. The set Bg is {bs,bs}. The Kasteleyn matrix is

bs by by be

1 0 0 07 wi

0 1 0 0| wo

K, = 0 0 1 0| ws ,

0 0 0 1| wg

h a g —b| w3

e d —f ¢l wy

and
1 ch+be ac-+bd (21)

I=— .
bf —cg |eg+ fh dg+af

4.3 Spectral curve of I" from I'y.

We now show how the spectral curve of I" can be constructed from I'y. In T', split the white vertices
that are in the image of S and T under the projection of I'y to T, so that we now have two copies
of these white vertices which we identify with S and T respectively, connected by degree two black
vertices. Let I'sp denote the graph obtained. Let Bgp denote the newly created degree two black
vertices. Perturb ~,, so that it goes transversely through all the edges connecting Bgr with T' (see
Figure @ Let K, (w) denote the Kasteleyn matrix for T'y with weight wt(e)w(® =), and let II(w)
denote the matrix in . We extend a Kasteleyn sign x on I' to I'sy by defining x(e) = 1 if e is
an edge between Bgr and T and k(e) = —1 if e is an edge between Bgr and S.

Theorem 4.4. ¥ = {(z,w) € (C*)?: det (21 + II(w)) = 0} is the spectral curve.
Proof. The Kasteleyn matrix K (z,w) of I'gr has the block matrix form

B(Ty) Bsr

I

K(z,w) = [KA(w) z1
0

S
T .
Wi nt

So we have (with Bg, K4 as in (19))
Bs  Bsr
I I:| S

Kz w)/Ky = [H(w) g T

By Theorem [A1] we get det K (z,w) = det Ky det (2 + II(w)). O
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Wy W3 Wy W3 Wy W3 Wy w3
w
— > w'
W1 W2 W1 W2 w1 Wo w1 Wo
Figure 7: Elementary transformations allowed in TCD maps: spider move (left) and resplit (right).

Example 4.5. Consider again I'y; for which we have

T(w) = 1 ch+bew (ac+ bd)w
- —cg+bfw | eg+ fh dg+afw
from . We have
det (zI +(w)) = W(aew + afwz + bewz + bfwz* — cgz® + chz + dgz — dh),

which agrees with .

5 TCD maps on cylinders
5.1 TCD maps

We now describe the cokernel of K from a projective point of view in terms of triple crossing
diagram maps, which we abbreviate to TCD maps. Let I' be an arbitrary bipartite graph (not
necessarily embedded on a torus) with |W| > |B|. Assume that the black vertices of T' are all
trivalent, which we can always do using split and join moves. A TCD map is a collection of points
(Py)wew € CPWI=IBI=1 guch that for each b € B, the three points P, for w incident to b are
distinct and are all contained in a line.

Given a generic weight wt on I', we obtain a TCD map as follows: consider the exact sequence

0—>(CB£>(CW—>cokerK—>O,

where coker K is (|W| — |B|)-dimensional. Let vy, € coker K be the image of ey. Then the
projectivizations Py, of the vectors vy, define a TCD map. Clearly the definition is invariant under
gauge equivalence. On the other hand, given a TCD map, we recover the edge-weights modulo
gauge transformations from the equations of the lines associated to the black vertices.

Remark. Note that the cokernel is only defined up to isomorphism. Different choices for a rep-
resentative of the isomorphism class of the cokernel give different TCD maps related by projective
transformations.
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The advantage of working with I with trivalent black vertices is that we can keep track of both
the geometric dynamics and the invariants while performing local moves. For TCD maps there
are only two allowed elementary transformations, the spider move and the resplit, see Figure [7}
In a generic situation, the points associated to white vertices after one of these two moves are
determined by the combinatorics. Indeed, no points change when performing the spider move and
the new point appearing in the resplit is determined as the intersection of the two lines represented
by the two black vertices. It is a straight-forward calculation to verify that the edge-weights of T’
are compatible with the geometric constraints. In CP' however, there is no incidence geometry. In
this case, we define the new white vertex in the resplit such that the edge-weights correspond to
a local move as dictated by the dimer model. Another useful property of TCD maps is that the
face-variables can be recovered as multi-ratios as stated in the following Lemma.

Lemma 5.1 (JAGPR1Y, Proposition 2.6]). For a loop L = wy — by = wg = by — -+ = w,, —
b, — w1, let w; denote the third white vertex incident to b; that is not in {w;,w;y1}. Then we

have
[Wt]([[’]) = [K}([L])71mr(PWNPW’laPWzaPW'Qa---aPWnaPW%)'

Moreover, we make the following observation. Assume the white vertices are labeled as in Figure
Then

mr(PwlaPW7PW27PW37Pw’aPW4):_1 (22>

holds. Note that this equation has a high degree of symmetry, it also holds if we swap w <+ w’ or
W1 <> W3 OI Wo <> W4.

5.2 TCD map on I'; from I’

Suppose I'y is a graph in A obtained from a graph I' in T as in Section [£.I] We assume further that
there is a dimer cover M; such that OM; = T, or equivalently that the matrix II in is invertible.

Let A := H,(T,R)/Z[v.] denote the infinite cylinder covering A. Note that A = Urez A+E[7],
that is A is obtained by gluing together infinitely many copies of A. Let

Iz =(B[T;) VW (Iy), E(Ty)) (23)

denote the preimage of I' under the covering map A — T. Fix a white vertex w € W(I';) and
choose a large enough m so that w is in An, := Uye(_ym mjnz (A + £72) C A. Let Ca,, =Tz NA,.

Lemma 5.2. We have coker K, = coker Ky = CcWI-1B] for all m > 0. Moreover with these
identifications, the image of ey in C'WI=IBl under the cokernel map of Ky, is independent of m,
where ey, is the unit basis vector corresponding to w in CW Tam)

Proof. Suppose m > m’. K, _has the block form

m

B(Ty,,) B(la,)\BT4,,)
KAm/ * W(FA ,)

K = ,
fm 0 K’ W(Ta, )\ W(Ts,)
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where K’ is invertible by existence of My and M7, and Theorem Therefore Ky, /K' = Ky,
and so the second statement follows from Theorem |A.2l By Theorem with m’ = 0 we get
coker Ky, = coker K = CIWI=IB for all m > 0. O

We define a TCD map P : W(I';) — CPIWIDI=IBIDI=T 45 follows: For w € W(I'z), we choose
m sufficiently large so that w € W(T'y, ). Let vy, denote the image of ey in CWEDI=IBTI a9
in Lemma and define P, € CPIWIAI=IBIDI=L 4 he the projectivization of vy. Lemma
guarantees that the definition is independent of the choice of m.

5.3 Monodromy of a TCD map on I';

A pair (P, M) where P : W(FX) — CP'W(FA‘)l_lB(FA\)‘_l isa TCD map and M € PGL|W(FA)|7\B(FA)\
is called a twisted TCD map if M(Py) = Py, for all w € W(I';). M is called the monodromy of
P.

Now suppose P : W(I';) — CpWENI=IBIWIL ig 4 TCD map on I'; as in Section m The
existence of M; means that the map C7 — coker K, given by ey, — vy is an isomorphism. In
other words, this map defines a change of basis for coker K making vy, w € T the standard basis
vectors. Let [II] denote the class of II in PGLy (r,)|—|B(r,)|, Where IT is the matrix in .

Proposition 5.3. P is a twisted TCD map. The PGLjw (r,)|—|B(r,)-matriz [II] is the monodromy
of P in the basis {vy }wer-

Proof. Let T = {wi,...,w,} be the set of target vertices in W(I'y). Since L{J is the Schur
complement of K, by Theorem we have

I
I:UW1+’Yz e ’an 42 Vw, e an] |:H:| = 0,
where vy, is the standard basis vector e;. From this, we get vy,+,, = —Ilvy,. The same argument
applied to the translated graph Ik, gives vy, (k41)y. = —Ivw, 4k, This implies vy, 1k, =

(=I)*v,, for all k € Z. For w € W(Ty), since {vy,} is a basis, there exists a; such that v, =
Z?:l a;Vy,. Then we have

(_H)kvw = Z ai(_H)kUWi
i=1

n
= : AiVw; +kv2
i=1

= VUw+k~,>

where the last equality follows from Ky = Kj 4, . Any white w € W(I';) is of the form w4 m-y,
for some w € W(I'y). Then w' + v, = w+ (m + 1)7,, so that we have

v = (ID) vy, Vyrgq. = (_H)erlUWa

and therefore vy, = —Ilvys. Projectivizing, we get the statement of the proposition. O
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6 Twisted TCD maps from U, for n even

For n even, recall the graph I';, from Example and let N denote its Newton polygon computed
in Example Suppose the faces and zig-zag paths of I';, are labeled as in Figure [2] and Example
respectively. The set {X1,..., X0, Y1, ., Yo, X[c1]) Xje,]} 18 @ set of generators for O, and the
only relation among them is H;L=1 XY, =1.

Let Xy g (resp. Lr, &) denote the subvariety of Xy (resp. Lr, ) where

X[¢2i-1] = 1— a9, (24)
1

1—@21"

for all i € {1,2,...,n}. Recall from Section 2] that ¢/, = (C\ {0, —1})".

Definition 6.1. We define a rational map

g Xna D Lr, a— (C\{0,—-1})" (26)
such that
mau; =Y, (27)
for all i € {1,2,...,n}.
Lemma 6.2. We have
=0, = X;

forallie{1,2,...,n}.

Proof. 1t follows from

— L ifjis even,
X[¢:1X1¢5—1]

and the equations , and ) O

Next, we check that:

AXTes if 7 is odd;

Lemma 6.3. w5 is Poisson.

Proof. Y1,Ys,...,Y, and x[¢,] are coordinates on Xy 5. The only nonzero Poisson brackets on Xy
in these coordinates are

{YVo,YVisi} =YY, i=1,2,...,n (28)

We compute that
i Yi, Yiga} = m5(YiYig1) = wiuip = {n3Y, 75Yii }. (29)
O
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Figure 8: Edge weights and Kasteleyn signs for the building block graphs G; (left) as well as G244
(right).
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6.1 TCD map and the pair of curves

Let [wt] € Xn g such that u=! oz ([wt]) = (p, g, M). We choose edge weights representing [wt] and
Kasteleyn signs as in Figure [§]

Remark. We have additionally the freedom to choose xe, ([wt]). However this is a Casimir and for
our purposes may be absorbed into z since it changes the Hamiltonians by a multiplicative factor,
and does not affect the TCD map.

Note that we have |W(I'y4)| — |B(T'ns)| = 2. Let P : T’ ; — CP' denote the TCD map
associated to [wt]. I 7 is a union of infinitely many copies of the building block graph G;,i € Z.
We label the vertices of I ; as in Figure

Lemma 6.4. We have (see Figure
Goi—1  if k=4i—3;
Py, = Q2 Z:fk:4l:—1;
poic1 if k=40 — 2
D2i if k=4,
up to a projective transformation, for all i € 7.

Proof. The discrete curves p and ¢ are determined up to projective transformations by the cross-
ratios and . Using Lemma we see from and Lemma that the Py have the same
cross-ratios. O

Corollary 6.5. The monodromy matriz of the TCD map P coincides with the monodromy matriz
M of the pair of discrete curves p,q.

We now compute the monodromy matrix. The Kasteleyn matrix of G; is

1 0 0 0
0 1 0 0
0 0 1 0
Ke,(w) = 0 0 0 1

Q2 —1U2;—1U2; (251U —1U24 1 —U2i—1

l1—agig
Qgi—11 — agw Q2i—1 W 1
so that
11 (’LU) — Q2i—1 u2i—1(u2i + (1 - Oé2i)w) u2i_1(1 + Ugi)
Gi (]_ —0121'71)10— 1 (]. —agi)w+U21(1 —0421',1)?1} 1+U22(1 —C¥27;,1)’w ’

(1—ogi—1)w—1

We have det g, (w) = <L> ((1 — agi)w — 1) agj—1ug;—1uz;. By Proposition the
monodromy matrix is
H(w) = HGl (w)HGz (w) e HG% (w)

and so we get
det H(l) = Q[p|Uln)- (30)
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6.2 Hamiltonians

The following lemma is elementary.

Lemma 6.6. Suppose M is a 2Xx2 matriz and P(z) = det (214 M) is its characteristic polynomial.
Then P(z) = 2% + tr Mz + det M.

Let P(z,w) denote the characteristic polynomial of I',,, normalized so that it has Newton polygon
as in Figure [3| with the vertex in top right corner corresponding to z?w?, and such that the

coefficient of z2w? is o [IZ2, (1 —a2i—1). To find the normalization explicitly, we know from
Theorem and Lemma that P(z,w) is up to normalization equal to det (21 + II(w)) =
22 + tr I(w)z + det II(w), which is equal to

n

2
N Qlodd tr H { : w1 (uz; + (1 1— Qg;)w) : u2i711(1 + u2;) n
T e w—1) oy (1= 020w+l oniajw 1+ usi(l = oo
Qodd :
(o]
= aoddu[n]H((l — agi)w — 1),
[T2 (1 —azi—)w—1) i=1
which is
«Q 1 E
= odd H (1 —ag;_1) | 22w? + lower degree terms
[T (1 — agim)w — 1) \ \ Podd 5
Let H(y 1) denote the coefficient of zw® in P(z,w) fork =0,..., %, sothat when k € {1,2,..., 8~
1}, they are the Hamiltonians of the dimer integrable system. Then we have
> 21— ag w-1
H(l,k)wk _ Hz:l(( a2 1)’!1) )tr H(’LU)
k=0 Qodd
—tr ﬁ ugi—1(uz; + (1 — ags)w) ugi—1(1 4 ug;)
b (1 = agi)w +ugi(1 —agi—1)w 1+ ug(l —a_1)w|”
Make the substitution 8; = 1—q; and consider the above expression as a polynomial in 31, 8o, . . ., Bn.

Since each (1 — «;) inside the matrices appears with a w, the homogeneous component of degree k

in Bla 62a s 7Bn is H(l,k)wk'
The main result of this section is the following simple procedure for converting between the
AFIT Hamiltonians |[AFIT20] and the dimer Hamiltonians.

Theorem 6.7. The homogeneous degree k component of Z,?:O H( 1y as a polynomial in the vari-

ables an, g, ...,y 18, up to a sign, equal to /Yoy o AL (%) For ke {1,2,...,5 — 1},
these are AFIT Hamiltonians since \/Y[n ) i a Casimir. The homogeneous degree k component
of Z}?:o H k) as a polynomial in 1 —a1,1 —az,...,1 =y, is the dimer Hamiltonian Hj ).

Proof. By Corollary (1) is conjugated to m% o AL M in PGLy. Since Tt M is a PGLy-
conjugacy invariant, we have

gy o AL (mtrM) = :I:idet (H(l))t (TI(1)).
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Using Theorem and , we get

/ Fy(c)
Y[n]oz[n] Z(—l)kﬂ'g o A*—> () == ZH(L]’C)'
k=0 A\ VD k=0

Note that the left side is a polynomial in «; since 75 o A% /e[, has a factor ,/a[,] which cancels
the same factor in the numerator. Then the homogeneous component of degree k in the variables

ai, g, ..., on the left is (—1)F, /Y7y 0 A% (%) O

7 0Odd n

For n odd, let I';,, be obtained by gluing the graphs G1Gs - - 'GnT—fi GnT—l G944 from left to right and
identifying wo,11 with wi and wa, 1o with wa. The Newton polygon of Ty, is (see Figure [3)

Convex-hull {(07 0),(2,0), (0, n; 1) , (2, n—2i— 1) } )

We label the zig-zag paths as follows:

& =wi,b1, w3, b3, ..., Won_1,bon, w1, [&1] = (1,0),
& = wo,bo, Wy, ba, ..., Wapn, bop_1,wa, [&] = (1,0
0 =w1,bon_1,Wapn,ban_2,...,wg,b1, w1, [o]=(-2,-1),
C2i—1 = Wai—1,D4i-3, Wai, bai_o, W1, [Coi—1] = (0,1),
C2i = Wai—1, bas, Wag, bai—1, Wai—1,  [C2s] = (0, —1),
Cn = Wapt1, ban, Wong2,ban—1,  [Cei—1] = (0, 1),
where i € {1,2,..., ”T_l}

Let N denote the Newton polygon of I',,. We define a rational map 7z : Anvag O Lr,a —

(C\{0,—1p":

7TZ~’LLZ' = Y; (31)
for all i € {1,2,...,n}, which is checked to be Poisson as in the even case. We have
o, 1 (1-ayw
o =" 32
Gy (1) = T [u - ] | (32)
det HG%dd (’LU) = a_;;#(—oznun),

det Mgoaa (1) = anuy.

Let II(w) denote the monodromy matrix of I';,. As in the even case, we have det I1(1) = apyjuy,)-
Let P(z,w) denote the characteristic polynomial of I';, normalized as follows

det (2 +(w)) = T dd((lajd;%)w — 1)P(z,w).
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Adn q2 dn q2 dn q2 dn q2
D1 P1 D1 P1 D1 b1 71 P1

DPn P2 — DPn P2 — DPn P2 — DPn D2

q1 q1 q1 q1
dn q2 Adn q2 dn q2 dn q2
Figure 9: Insertion of 71 in the fundamental domain.

q2

q2 q2

q2 qz q2 q2 q2

Figure 10: Beginning of the sequence of local moves that propagates r through (p, q).

Let Hy ) denote the coefficient of zw”* in P(z,w) for k = 1,..., 2. Note that (1 — a,)
appears with a w in , so as before H(Lk)wk is the homogeneous component of degree k in
1-—ay,1 —as,...,1 —a,. Theorem holds verbatim, after making the necessary adjustment of

the indices.
Theorem 7.1. The homogeneous degree k component of ZE:O H( 1y as a polynomial in the vari-

ables a1,z ..., ap is, up to a sign, equal to \/Yp oy o A (F’“—(C)) For k € {1,2,..., %‘1},

€In]

these are AFIT Hamiltonians since /Y[y i a Casimir. The homogeneous degree k component

of ZI?:O H 1y as a polynomial in 1 — 1,1 — az,...,1 — ay is the dimer Hamiltonian H ).

8 Cross-ratio dynamics via local moves

In this section we show that cross-ratio dynamics, that is the map v= : (p,q, M) — (q,r, M) is
identified with a certain sequence of local moves on the dimer side. We prepare with an observation
on multi-ratios.

Lemma 8.1. Assume p,q,r are nondegenerate twisted curves such that p # r and both p and r are
o -related to q. Then

mr (P, @i, T, Tig1s Qi 1, Pig1) = —1 (33)
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holds for alli € 7Z.
Proof. The Lemma follows directly from the fact that both
cr(Piy, Gis Git1, Pit1) = r(Qis Ti, Tig 15 Gt 1), (34)

. Cr(pi7 qi, Qi+1»pi+1)
er(qi, iy Tit1s Git1)

hold for all 7 € Z. 0

mf(szQi,ri,riﬂ,%ﬂ,piﬂ) =

Now we construct the sequence of moves.

Theorem 8.2. Suppose [wt] € Xy g is such that u=! omz([wt]) = (p,q, M). Consider the sequence
of moves shown in Figures|[9, and let p denote the induced birational map of weights. Then the
pair of curves (q,r, M) is u=' o w5 o u([wt]). In other words, the following diagram commutes:

-1

u tomg
XN,(SZ ? un

u- 1

OTg
Xng —— Uy

Proof. By Lemma it suffices to trace what happens to the TCD map associated to [wt] through
the sequence of moves. Let us initially assume that we deal with a periodic instead of a twisted
curve. Assume n is even. We proceed in four steps:

1. First, we need to insert r; into the graph, see Figure [J] for an illustration. To do this, we
begin by splitting p; into two copies of p; and a new black vertex b. Then we add a bigon
with vertices b, g1, such that the bigon is inside the face also bounded by ps and p,. Finally
we split b into two new black vertices of degree three while also generating the new white
vertex corresponding to 1.

2. We apply a sequence of spider moves and resplits to propagate r; through the graph, see
Figure To replace both py;—1 and pg; with ro; and ro; 41 we need to apply a resplit, then
two spider moves and then a resplit again. Each time we apply a resplit, we check that the
points before and after are related as in Lemmal8.1} This ensures that we are not changing the
face-weights of T, as discussed in Section [5.1] We apply these moves until we have replaced
P, With a new copy of 7.

3. After the moves of step [2] there is still one copy of p; left in the graph. The situation at p;
looks like in the rightmost graph in Figure[J} except that the roles of p and r are interchanged.
We can therefore absorb p; again by doing step [1| backwards. Here, it is essential that the two
copies of 71 coincide with each other in CP'. After a rescaling at 71, we can assume the lifts
in C? coincide as well. This ensures that the corresponding edge-weights in the contraction
and the removal of the bigon agree up to a common factor. This common factor can be set
to —1 by a rescaling at one of the involved black vertices.

4. Finally, we translate I';, by %'yw to interchange ¢ and r.
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Pn q2 Tn Dn q2 Tn q2 Pn q2

171 P1 171 1P1 71 1 P11
P2 --» Qn P2 — P2 — D2

q1 q1 q1 q1

Pn q2 Tn Pn q2 Tn q2 Pn q2

Figure 11: Key steps in cross-ratio dynamics via local moves for n odd.

If n is not even, the procedure is almost identical. We also split p;, but we insert the bigon
in the face also bounded by ps and ¢,. Propagation and absorbtion of p; works as in the even
case, see Figure [T1] for an illustration. This concludes the proof in the periodic case. In the twisted
case, we apply the same sequence of moves in the fundamental domain. Instead of inserting 1, we
simultaneously insert 714+, for all m € Z. We proceed analogously in Step [3] where we contract
pairs of P14y, for all m € Z. O

Since the weights of the two edges of a bigon sum to zero, the weight of any dimer cover that
uses one of the edges of the bigon is canceled by the weight of the dimer cover that uses the other
edge. Therefore the dimer Hamiltonians are unchanged on inserting a bigon. Since the dimer
Hamiltonians are also preserved by the elementary transformations (|GK13, Theorem 4.7]), we
obtain:

Corollary 8.3. The dimer Hamiltonians are invariant under cross-ratio dynamics.
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Appendix A Schur complement

é, IB;} isa (p+q) x (r+ q) block matrix with D an invertible ¢ X ¢ matrix. Let
V := coker M. Let e; denote the ith basis column vector, and let v; € V denote the image of e;
under the cokernel map. Let M/D := A — BD~'C denote the Schur complement.

Suppose M = {
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Theorem A.1 (Schur determinant formula [Sch17
have

). If M is a square matriz (p = r), then we

det(M) = det(D)det(M/D).

Theorem A.2. coker M/D = coker M, and under this identification the cokernel map of M/D is
ei—wv; fori=1,...,p.

Proof. After a change of basis, M takes the block diagonal form [ 0 D

w2 Bt 8

M/D 0}:

Since D is invertible, we have coker D = 0. Therefore we have coker M = coker M/D &

~1
coker D 2 coker M/D. Under the change of basis [é Bl; } of CPT4, we have

—17-1
eﬁ{é mo } ci=eifori=1,2...,p,

from which we see that the cokernel map of M /D, when we identify coker M /D with coker M =V,
is given by e; — v;. O
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