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Abstract

Dynamic resource allocation problems arise under a variety of settings and have been studied
across disciplines such as Operations Research and Computer Science. The present paper in-
troduces a unifying model for a very large class of dynamic optimization problems, that we call
dynamic resource constrained reward collection (DRC?). We show that this class encompasses
a variety of disparate and classical dynamic optimization problems such as dynamic pricing
with capacity constraints, dynamic bidding with budgets, network revenue management, on-
line matching, or order fulfillment, to name a few. Furthermore, we establish that the class of
DRC? problems, while highly general, is amenable to analysis. In particular, we characterize
the performance of the fluid certainty equivalent control heuristic for this class. Notably, this
very general result recovers as corollaries some existing specialized results, generalizes other ex-
isting results by weakening the assumptions required, but also yields new results in specialized
settings for which no such characterization was available. As such, the DRC? class isolates some
common features of a broad class of problems, and offers a new object of analysis.

Keywords: dynamic optimization, resource allocation, certainty equivalent, model predictive
control, online matching, dynamic pricing, dynamic bidding, network revenue management.

1 Introduction

Dynamic optimization problems with resources constraints arise across a variety of disparate ap-
plications. For example, retailers dynamically price products with inventory constraints, airlines
and hotels engage in dynamic allocation of limited seats or rooms, advertisers bid in real-time to
fulfill campaigns with limited budget. Due to the importance and centrality of these problems,
various classes of dynamic optimization problems have received significant attention in industry

but also across academic communities in Operations Research, Computer Science, and Economics.
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A significant focus of the literature has been on the development of efficient algorithms to optimize
performance subject to capacity constraints.

While the literature on these problems is rich and extensive,! studies have focused on specific
applications, or classes of applications. As such, arguments are specialized for specific settings and
do not directly apply to other settings, typically requiring to re-develop, from scratch, analyses and
proofs when faced with a new type of dynamic optimization problem with resource constraints.
While, from a practical perspective, problems such as those mentioned above can appear very
different, these problems do admit some common mathematical structure. In the present work,
we survey the literature, elucidate such common structure, and demonstrate that the latter can be
captured by a general model we propose. In turn, we derive important theoretical implications of

such commonalities.

A unified model. Our first main contribution is the introduction and definition of a general class
of problems: dynamic resource constrained reward collection (DRC “squared” or for short DRC?)
problems, including problems with finite and continuum of actions. Notably, we show that this class
admits as special cases a variety of problems studied separately in the literature. Broadly speaking,
a DRC? problem is defined as follows. A decision-maker endowed with some resources faces a
finite (discrete) time horizon. At each period, the decision-maker is presented with a stochastic
opportunity (independent of other periods), and must select an action; the action leads to some
stochastic resource consumption and reward collection. The goal of the decision-maker is to select
a sequence of actions to maximize her total expected rewards subject to the resource constraints.
We assume that the decision-maker knows the distribution of the various stochastic components,
and, as such, this problem can be formulated as a discrete and finite-time dynamic program, with
the state given by the vector of resources available.

The DRC? class of problems generalizes and brings under the same umbrella a host of classical
problems studied separately. Figure 1 provides a conceptual illustration of the class. In particular,
we show in §3 how the proposed class of DRC? problems encompass the following classical problems:
Network dynamic pricing problems (see, e.g., Gallego and Van Ryzin 1997), Dynamic bidding
in repeated auctions with budgets (see, e.g., Balseiro et al. 2015), Network revenue management
problems (see, e.g., Talluri and Van Ryzin 2006), Choice-based revenue management problems (see,
e.g., Talluri and Van Ryzin 2004), Order fulfillment problems (see, e.g., Acimovic and Farias 2019),
and Online matching problems (see, e.g., Aggarwal et al. 2011). For each of these problems, we

explain how they map to a DRC? problem.

"We discuss the literature in detail when we discuss our model and present our main results and associated
corollaries.
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Figure 1: Definition of a new large class of dynamic decision problems (DRC?) that encompasses
many known problem classes.

A unified analysis of “fluid” certainty-equivalent control. Although from a theoretical
perspective, DRC? problems can be formulated through a dynamic program, one natural question
is whether the DRC? formulation lends itself to analysis, beyond a generic analysis of a general
dynamic program, that can applied to all special cases, or whether problems should be specialized
first to be able to derive properties of interest. We indeed demonstrate that the general DRC?
formulation can lead to unified analysis through the study of a central heuristic in the stochastic
dynamic optimization literature. Our second layer of contribution is in the analysis domain. In
particular, we characterize the performance of a classical “fluid” certainty-equivalent control for
the general DRC? class of problems.

In more detail, solving even a special case of a DRC? problem to optimality is typically im-
possible due to the curse of dimensionality; indeed the state space grows exponentially with the
number of resources. This has brought forward the need for heuristics for such problems, and many
such heuristics have been developed for subsets of the problems above. A notable heuristic for dy-
namic optimization problems is the so-called certainty-equivalent heuristic, which involves solving
a deterministic problem in each period by using proxies for random quantities, implementing the
prescribed decisions for that period, and repeating the process over time. Such certainty-equivalent
heuristics have been shown to be near-optimal under some conditions in various special cases of

DRC? problems. A notable example of a certainty-equivalent heuristic is the so-called “fluid” one,



in which the random quantities are replaced by their expectations. We will refer to this heuristic
as CE. Such policies are sometimes also referred to as “re-solving” or “model predictive control”
in the various related streams of literature. To analyze the performance of the heuristic, we mea-
sure the gap between the optimal performance and that of the CE heuristic, and characterize the
dependence of this gap on the “scale” of the system.

More specifically, we establish two types of sufficient conditions for the CE heuristic to lead to
a “small” performance gap. The first set of sufficient conditions are stated in terms of local strong-
smoothness of the primal fluid problem as a function of the resource vector. These conditions, while
simple to state, are in general harder to verify in many applications. The second, alternative, set
of sufficient conditions are expressed in terms of the dual Lagrangian problem, which are easy to
verify as they depend directly on the primitives of the problem. In particular, the analysis leads to
a dichotomy between two fundamental cases: that when the set of actions is a continuum, and that
when it is finite. For the former, the CE heuristic guarantees O(log T") performance gap (where T is
the length of the horizon), whereas for the latter, it guarantees O(1) gap, when the initial amount
of resources are selected proportional to T'.

In essence, the analysis establishes that the class of DRC? problems, under said sufficient condi-
tions, is “easy” in that the CE heuristic is extremely effective. Intuitively, the CE heuristic enables
the decision-maker to implement good decisions through the proxy problem while controlling very
closely the path of the resource constraints.

In general, the primal problem solved in each step of CE heuristic needs to optimize over
randomized controls. When the set of actions is a continuum, the resulting problems are over
infinite-dimensional probability measures and, thus, challenging to solve. We provide simple condi-
tions on the primitives under which the optimal controls are deterministic and strong duality holds
(even when the underlying deterministic problem is non-convex). From a computational perspec-
tive, this leads to simpler implementations of the CE heuristic as, in many cases, the dual problem,
which is always convex, can be alternatively solved. From a theoretical standpoint, we can leverage
duality theory to provide simple conditions on the primitives that are simple to check and, at the
same time, yield geometric insights into the structure of the problem.

We highlight here that the fact the CE heuristic is effective for specific DRC? instances is not
new. The following are novel contributions of our work. First, the analysis as well as the types of
ideas developed can be “lifted” and generalized at the DRC? level, and in turn, one may derive more
general sufficient conditions for such performance, anchored in the raw primitives of the elements
of a DRC? problem. Second, given such general sufficient conditions, the scope of problems for
which such guarantees apply can be expanded without specialized arguments. In particular, after

developing our theoretical results and the dichotomy between finite and continuum of actions, we



return to the classical problems in the literature and state the corollaries that one obtains from
the general analysis of the CE heuristic. This allows to recover versions of various existing results
but also to obtain such results under weaker conditions (see, e.g., the case of dynamic pricing (cf.
§3.1,86.1)), or to obtain altogether new results in the literature for the performance of the fluid CE
heuristic (see, e.g., the case of dynamic bidding with budgets (cf. §3.2,§6.2) or the case of dynamic
assortment optimization (cf. §3.4.§6.4)). Additionally, our results give performance bounds with
better dependence on the number of resources and hold even when the underlying fluid problems
in the CE heuristic are non-convex, as for example in the case of dynamic bidding with budgets.
We discuss the related literature in detail when we discuss the various specialized problems.
Overall, this paper introduces a novel general formulation of dynamic optimization problems.
We illustrate how this formulation lends itself to analysis through a unified analysis of the CE
heuristic. As such, the DRC? class offers a “useful” and powerful intermediate class of problems
between the specialized versions previously studied in the literature and a fully general dynamic
program, and this work opens up the possibility of further generalizations of arguments developed

for special cases of DRC? problems.

2 Model

We consider a dynamic decision-making problem with a finite time horizon T, over which a decision-
maker collects rewards subject to resource constraints. We refer to this problem as the Dynamic
Resource Constrained Reward Collection (DRC?) problem. There are L resources and the decision-
maker is initially endowed with initial capacities C' € Ri for the resources.

In each period t, an opportunity arises and each opportunity is characterized by a class 8 € O,
where © is a finite set of types.? Classes are drawn independently from a distribution p € A(©).
Upon observing an opportunity, the decision-maker takes an action a € A, where A is the set of
feasible actions. Upon taking an action a, the decision-maker collects a reward that depends on
the opportunity class 6, the action a, and an idiosyncratic shock e. Shocks lie in a space £ and are
drawn independently from a distribution f € A(©).? Shocks are revealed to the decision-maker
after an action is taken and are meant to capture exogenous factors that are idiosyncratic to the
opportunity. We denote by r : © x A x £ — R, the reward function, where (6, a, €) denotes the
reward when the class is 6, the action is a, and the shock is €. Taking an action consumes resources

and we assume that the amount of resources consumed depends on the opportunity class # and the

2Here, we assume finiteness of the set of classes for expository purposes. We expect our results to extend to more
general spaces.

3In the general model, to simplify notation, we make the probability distribution of e independent of the action
and the class but any dependencies may be modeled by modifying reward and consumption functions, and in some
applications, it might be convenient to consider some dependence.



value of the shock e. We denote by y : © x A x & — RE, the vector-valued resource consumption
function. In particular y;(0, a,€) represents the consumption of resource [ if class 6 arrived, the
decision maker chose an action a, and the shock was e.

To ensure that the problem is feasible, we assume there is a null action ag in A that consumes
no resources and generates no reward. That is, for every opportunity class # and idiosyncratic
shock €, we have 7(6, ag,€) = 0 and y;(0, ag, €) = 0 for every resource .

We denote the history up to time ¢ — 1 as H;—1 = {s, as, €5 2;11 We let II denote the set of
all non-anticipating policies, i.e., the set of policies such that the action at time ¢, a;, depends on
the observed class of the opportunity in time ¢ and the history up to (and including) time ¢ — 1.

4 The decision maker’s objective is to choose a policy

That is, for a policy m, a; = af (0, Hi—1).
m € II that maximizes her expected rewards earned during the horizon. Taking into account that
the consumption’s constraints must hold almost surely, the stochastic optimization formulation of

the decision-maker may be written as follows.

JY(C,T)= sup E (ZT(Gt,af,et)>

mell —1

T
s.t Zyl(Ht,af,et) <(Cp, Vlell] (as.),
t=1
where [L] denotes the set {1,...,L}.

Note that in general, this is a dynamic program with potentially a high number of dimensions
and the curse of dimensionality precludes solving this problem to optimality. Given this, various
heuristics can be considered and their performance can be assessed through the resulting optimality
gap

J*(Ov T) - JW(C¢ T)v

where J7(C,T) represents the expected reward obtained by the decision-maker if policy 7 is im-
plemented. We refer to the expression above as the reward loss of the heuristic given by .

In the following section, we survey part of the literature and review a set of problems that are
particular cases of the proposed DRC? class of problems. For each problem, we show it can be
modelled as a DRC? problem.

4To simplify notation we will write a to refer to the action taken at time ¢ given the policy 7



3 Mapping Notable Problem Classes to a DRC? Problem

As it was mentioned above, many dynamic resource allocation problems can be modeled as a DRC?
problem. In this section, we present some notable sublcasses of problems and provide an explicit
mapping to a DRC? problem. In Table 1, we present a high level overview of how various notable

classes map to a DRC? problem, together with the subsections in which this mapping is established.

Elements of the DRC? problem

Resource Constraint

Problem subclass Arrival (f) Action (a) Idiosyncratic shock (e)
LHS RHS
Network dynamic pricing customer product heterogeneity total resources initial
§3.1 class prices in customer consumed inventory
values
Bidding in repeated auctions impression’s bid exogenous total payment budget
§3.2 valuation auction
uncertainty
Network revenue management customer accept/reject - total resources initial
§3.3 class - consumed inventory
Choice-based NRM customer offer heterogeneity total resources initial
83.4 class set in customer consumed inventory
preferences
Online matching customer a resource - total resources initial
§3.5 class - assigned inventory
Order fulfillment items facilities - total items initial
3.6 requested  used to fulfill - allocated from inventory in
request - each facility  each facility

Table 1: Comparison of some special subclasses of DRC? problems. The idiosyncratic shocks are
meant to qualitatively capture the underlying exogenous factors associated with each opportunity
as opposed to the distribution of the actual random variable e.

3.1 Network Dynamic Pricing

In the Network Dynamic Pricing problem, a firm sells products to a sequence of customers over a
finite horizon (see, e.g., Gallego and Van Ryzin [1997]). On the demand side, each buyer belongs
to a class characterized by their valuation for the products, which influences her demand. On the
firm side, at the beginning of each period, he observes the class of the customer who arrived and
posts prices to maximize his expected revenue taking into account that each product consumes a
subset of resources, whose inventories are finite and without replenishment.

The interest in dynamic pricing problems has grown during the last few decades. The design

of near-optimal pricing policies that are easy to implement has been studied under several model



variants and heuristic polices are widely used in practice by firms. For example, Kunnumkal and
Topaloglu [2010] and Erdelyi and Topaloglu [2011] consider a dynamic programming formulation.
Both papers consider an airline network in which prices affect the probability of the arrival request.
In the former, the authors propose a stochastic approximation algorithm for choosing prices dy-
namically and prove its convergence. In the latter, they develop two methods for making pricing
decisions based on a decomposition of the original dynamic program. We refer the reader to the
review papers and textbook of Bitran and Caldentey [2003], Talluri and Van Ryzin [2006], Gallego
et al. [2019].

Mapping to a DRC? problem. In this setting, there is a set of N different products to sell
during a finite, discrete horizon. An arrival class § € © represents a customer class or consumer
segment, which will influence their demand. The set of actions A = Rf consists of the set of all
feasible price vectors to post for the products.

For each customer class 0, the idiosyncratic shock e captures heterogeneity in customer values.
Then, given 6, posted prices a € A = Rf and a realization of the shock €, we denote by D(0,a,¢€) €
Rf the induced vector of demand. The reward function captures the revenue of the firm and is
given by 7(6,a,¢) = a' D(f,a,€), and the consumption function is (6, a,€) = AgD(0,a,¢). In the
latter expression, A9 € RL*N is a matrix where Ajy represents the units of resource [ needed to

serve a customer class # with a single unit of product n.

3.2 Dynamic Bidding in Repeated Auctions

A special case of a DRC? problem is the problem faced by a bidder participating in a sequence
of repeated auctions to buy opportunities. The bidder has a budget constraint that limits his
total expenditure over the horizon and aims to maximize his cumulative utility. This model is
mainly motivated by internet advertising markets in which advertisers buy opportunities to display
advertisements—an event referred to as an impression—via repeated auctions subject to budget
constraints.

For instance, Abhishek and Hosanagar [2013] study this problem, where the goal is to compute
optimal bids for multiple keywords in an advertiser’s portfolio. Motivated by ad exchanges, Balseiro
et al. [2015] introduce a fluid mean-field equilibrium (FMFE) notion to study the strategic outcome
of advertisers competing in repeated second-price auctions. Fernandez-Tapia et al. [2017] also study
the problem of bidding in repeated auctions but they consider that the arrival of requests is a Poisson

process and characterize the optimal bidding strategy via its Hamilton-Jacobi-Bellman equation.



Mapping to a DRC? problem. In this setting, the decision maker is an advertiser. The
advertiser is present in the market for T periods and one impression is auctioned per period.
Upon the arrival of an impression at time ¢, the advertiser determines a real-valued valuation
0, € © C (0,0Opax| for the impression, which is distributed according to p € A(©), and chooses
an action a; € A = [0, Opax| representing his bid in the auction. We denote by C' the budget of
the advertiser. The shock e captures all exogenous uncertainty in the auction, such as the bids of
the competitors and any potential randomization of the auction. For simplicity, we assume that €
is independent of the buyer’s valuation 6 but our model can be easily be modified to account for
correlation. The auction is characterized by an allocation rule ¢ : A x €& — [0, 1] together with a
payment rule m : A x £ — R, which determine the probability that the impression is allocated
to the advertiser and his expected payment as a function of his bid and the exogenous shock,
respectively. In §6.2 we explicitly obtain the allocation and payment rules when the advertisers bid
in first and second-price auctions, which are two auctions commonly used in the literature. The
reward earned by the advertiser and his budget consumption, given a, ¢ and # can be expressed as

r(0,a,¢€) = 0q(a,e) — m(a,€) and y(0,a,e) = m(a,€), respectively.

3.3 Network Revenue Management

Another notable special case of the DRC? class is a classical problem in the Revenue Management
literature: the Network Revenue Management (NRM) problem. It was originally proposed in
D’Sylva [1982], Glover et al. [1982] and Wang [1983] and analyzed in the seminal paper Talluri and
Van Ryzin [1998]. Since then, it has been extensively studied in the literature and have also been
the basis for various industry solutions. The books of Talluri and Van Ryzin [2006] and Gallego
et al. [2019] provide extensive reviews.

In the NRM problem, the decision maker is a firm who is trying to dynamically allocate a
limited amount of resources over a finite horizon. Resources are sold to heterogeneous consumers
who arrive sequentially over time and belong to different classes depending on their consumption
of resources and the fixed fare they pay. The distribution of customer classes is stationary. Upon a
customer’s arrival, the firm has to decide whether to accept or reject the customer’s request. If the
customer is accepted and there is enough remaining inventory to satisfy its request, she consumes
the resources requested and pays the corresponding fare. Otherwise, no revenue is collected and
no resource is used. The decision maker’s objective is to maximize the expected revenue earned
during the selling horizon.

It is worth mentioning that some other problems, such as versions of dynamic knapsack problems
(see, e.g., Papastavrou et al. 1996, Kleywegt and Papastavrou 1998, Arlotto and Xie 2018) and

versions of the multisecretary problem (see, e.g., Karlin 1962, Sakaguchi and Saario 1995, Arlotto



and Gurvich 2019), can be seen as particular cases of the NRM problem and therefore they also
belong to the DRC? class.

Mapping to a DRC? problem. Ina NRM problem, a customer class can be captured by 6 € ©
and is characterized by their usage of resources and a fixed price they pay for the service. We let
fo denote the fare associated with class #. The decision maker’s feasible actions has two values,
A ={0,1}, where we represent the action “accept” by 1 and “reject” by 0. In this problem the set
of idiosyncratic shocks is empty; both reward and resource consumption are deterministic given the
class. The reward if the customer belongs to class 8 and the decision maker chooses an action a is
r(0,a) = fpa. If we denote by Ag = (Ay); € RE the consumption vector, where Ajg is the amount
of resource [ required to serve a class 6 customer, the consumption given that the decision maker

chooses an action a and the customer class is 6 is given by y(0,a) = Aya.

3.4 Choice-Based Network Revenue Management

This problem bears many similarities to the network revenue management problem. In this setting,
a firm is trying to dynamically allocate a limited amount of products which are sold to heterogeneous
consumers who arrive sequentially and belong to different classes characterized by their product
preferences. The key difference with the NRM class is that, upon a customer’s arrival, the firm
makes an offer and depending on the offer and on the customer’s preferences, the consumer selects
a single product to buy.

This class of problems appears in the literature under different names depending on whether
each product in the offer is a combination of one or more resources or whether there is a one-
to-one mapping between products and resources. The first variant is the so-called choice-based
problem whereas the second stream corresponds to a dynamic assortment optimization problem
under capacity constraints.

In the first stream, the single-leg case was introduced by Talluri and Van Ryzin [2004] who
provided an analysis of the optimal control policy under a general discrete choice model of demand.
In a network setting, Gallego et al. [2004] was the first to study a choice-based NRM problem. They
consider flexible products in a continuous time horizon and with arrivals following independent
Poisson processes. A flexible product consists of a set of alternative products serving a customer
class. That is, if a flexible product F' is offered by the decision maker and accepted by the consumer,
then the decision maker assigns him one of the products in F'. Liu and Van Ryzin [2008] considered a
choice-based network RM problem in which each consumer belongs to a market segment (customer
class) characterized by a set of products (different for each segment) in which the consumer is

interested and the decision maker has to decide a set of products to offer in each selling period.
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Bront et al. [2009] consider the same problems as Liu and Van Ryzin [2008] but they allow customer
classes to overlap.

In the second stream, Bernstein et al. [2015] consider a dynamic assortment problem in contin-
uous time. In the problem they consider, all products have the same price and for each customer
class they compute the probability that a customer belonging to that class chooses a product from
the offer according to a MNL model. Golrezaei et al. [2014] also formulate a related dynamic
assortment optimization problem. Their formulation is different in that it focuses on arbitrary,

possibly adversarial, sequences of customer arrivals.

Mapping to a DRC? problem. In this setting we consider a set of N products, each of them
consisting of a set of resources. Product n is priced at m,,. Given a customer class # and a product
n, we denote by A7 the amount of resource ! needed to serve product n to customer ¢. The action
set is given by A = 2{L--N} where an action a € A represents a set of products to be offered to a
consumer.

For each action a and customer class 0, we define the shock random vector ¢y, € &, = {e S
{0, 1} Yonen € S 1, € =0forn ¢ a}, where its nth component €}, is 1 if and only if the
customer selects product n from the offer a. Then, €y, ~ Multinomial(1, gg,) where g}}f is the
probability of the consumer choosing product n given that his class is # and the action taken is a.
Here g5, = 0if n ¢ a, i.e., if the product does not belong to the offer set.

Given the consumer class 6, the action a, and the shock realization €y,, the reward function is
given by r(0,a,€) = >, c(n;mn€" and the consumption function by y(6,a,€) = 3, <y Age. Note
that, conditional on the shock €, the resource consumption does not depend on the action. However,

the action affects the distribution of e.

3.5 Online Matching

Another closely related class of problems is that of online matching. This problem is related to the
NRM class, but now, instead of making accept/reject decisions and each opportunity consuming a
subset of resources, each opportunity can be assigned to any resource and the decision maker needs
to decide the resource to which to assign the opportunity.

The bipartite online matching problem was introduced by Karp et al. [1990] where they consider
the case with arrivals in arbitrary order and with the goal of maximizing the total number of
matches. Their results were extended by Aggarwal et al. [2011] to more general settings. It was

also recently studied by Vera and Banerjee [2021]. Some special cases of the online matching

SWithout loss of generality, we can apply suitable transformations to the reward and consumption functions to
obtain a distribution of € that is independent of the class and the action.
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problem were considered by Feldman et al. [2009], Manshadi et al. [2012] and Devanur et al. [2013].

Mapping to a DRC? problem. We have a bipartite graph with resources on one side and
classes on the other side. An opportunity of class 8 arrives with probability pg and the decision
maker need to decide which resource to assign it to. Calling £ to the set of resources, each class
has a fare vector fy € ]Ri and a resource consumption Ag € Ri. The action set is A = L U {0},
where the action 0 represents rejecting the request, i.e., the decision maker needs to decide the
resource to which to assign the opportunity. Given an arrival # and an action a, the reward is given
by 7(6,a) = feal{azoy and the consumption is y(6,a) = Apal{s-01. We assume that the bipartite
graph is complete. Incomplete graphs can be modelled by setting fp; = —o0 if assigning class 6 to

resource j is not feasible.

3.6 Order Fulfillment

In this section we detail a class of problems faced by a retailer who needs to fulfill the orders they
receive from different facilities. Specifically, in this problem orders arrive sequentially and a decision
maker has to construct a fulfillment policy to decide from which facility each of the items in the
arriving order should be fulfilled.

Many different variants of this DRC? problem have been studied in the literature (see, e.g.,
Acimovic and Graves 2015, Jasin and Sinha 2015, Andrews et al. 2019). For example, papers have
considered different objectives to optimize, whether the model requires a demand forecast or not,
multi or single-item approach, among others. We refer the reader Acimovic and Farias [2019] for a
recent overview of order fulfillment problems.

On the other hand, some works in the existing literature consider additional constraints related,
for instance, to the set of feasible facilities (or resources) from which is it possible to serve an order.
Asadpour et al. [2019] consider an online allocation problem with equal numbers of types of resources
and types of requests with the restriction that a request of type ¢ can be served only by resources
of type 7 and type ¢ + 1. If both resources have zero inventory left, then the sale is lost. Their
goal is to provide an upper bound on the difference between the performance with and without the
above described restriction on fulfillment.

It is worth mentioning that some works consider the order fulfillment problem jointly with the
pricing problem (see, e.g., Harsha et al. 2019, Lei et al. 2018a) or jointly with both pricing and
display problems (see, e.g., Lei et al. 2018b).

Mapping to a DRC? problem. We consider the setting where there are L different items that

could be served from N different facilities. Each facility n is endowed with an inventory C,, € Rf;,
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with C); representing the initial capacity of item [ in facility n, and we consider that facility NV is
fictitious with infinite initial capacity of all items.

Arrival 6 occurs with probability pg and corresponds to an order of products that needs to be
fulfilled belonging to © = 2{1L} We assume one order includes at most one unit of each item.
Then, 6; = 1 if and only if item [ is included on the offer 8 and 0, otherwise.

The decision maker has to construct a fulfillment policy to decide from which facility n € [N]
each of the items in 6 should be fulfilled in order to maximize his expected revenue. That is, the
action set is given by A = {1,..., N }L , where given [ € [L], a; = n means that item [ is served
from facility n. Furthermore, serving item [ from facility n has an associated fare denoted by fi,.

Given that the order is # and the decision maker chooses action a, the consumption of item [

in the facility n is yi, (6, a) = 14,—pn}, and the reward is given by r(0,a) = Zle@,ne[N] Jinlga=ny-

4 Performance Analysis of Certainty Equivalent Heuristic

As mentioned in §2, an optimal solution of the stochastic formulation of a DRC? problem is not
easy to compute. A common and central heuristic in the theory of dynamic decision-making under
uncertainty is based on the certainty equivalent principle: replace quantities by their expected
values and take the best actions given the current history. Specifically, at each point of time ¢, we
solve an optimization problem obtained by using the history up to t — 1 and replacing the random
quantities in problem (1) by their expectations.

That is, if we denote by ® the set of all class-dependent probability distributions ¢ : © — A(A),
and by p € Ri a non-negative parameter representing the vector of available inventory divided by
the number of remaining periods, at time ¢ we solve the following parametric programming problem

for p = p¢, which we refer to as the fluid problem:

J(p) = max Zpg/ (0, a,€)) dpg(a)

pcd

6o
(2)
s.t Zpg/ (y1(8,a,€))dog(a) < py, VI € [L].
60 %

While we refer to (2) as the fluid problem as it uses deterministic quantities as inputs (random
quantities are replaced by their expected values), we remark that the controls are, in general,
randomized. Because the distributions of classes and shocks are independent and identically dis-
tributed (i.i.d.) and we allow for randomized actions, we can restrict attention without loss to
static controls in the fluid problem. Fixing the parameter p, for each class § € © and a set of

actions A € A, the decision variable ¢y(A) gives the probability of choosing an action a € A given
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that the arrival belongs to class 6.

In what follows, we assume that problem (2) admits an optimal solution. We denote by ¢, an
optimal solution when the parameter is p. We will provide sufficient conditions for existence of an
optimal solution in §5.5

The Certainty Equivalence Principle leads to a natural heuristic for the decision-maker: at each
point in time ¢, choose actions according to a solution ¢7 to (2) with p; = ¢;/(T' — ¢+ 1) and
¢t the capacity remaining at beginning of time ¢t. We call this heuristic the Certainty Equivalent

Heuristic (CE) and denote the corresponding policy by 7CE

. The heuristic is formally presented
in Algorithm 1. The CE heuristic adjusts the parameter p dynamically according to the amount
of resources remaining to avoid running out resources too early or avoid being overly constrained
if resource consumption ends up being lower than expected.

The certainty equivalent heuristic has been extensively studied in the literature for specific
applications. We return to these in §6. Our aim is to characterize its performance for the broader
class of DRC? problems. Thus, as the family of DRC? problems encompasses a large number of
applications that have been studied in the literature separately, by analyzing the performance of
the CE heuristic, we shall recover some already known results and, in the process, obtain new

results for other applications, while highlighting very general sufficient conditions to ensure “good”

performance of the CE heuristic.

Algorithm 1 Certainty Equivalent Heuristic (CE)
Initialize ¢ + C

fort=1,...,T do
ptFCt/(T—t‘i‘l)

¢},  an optimal solution of Problem 2 with p = p;

observe the opportunity class 6;
draw an action a; with probability ¢7 (6:,a:)

if y(0;,at,¢) < ¢ Ve € €, then
choose the action a;

observe the shock ¢
Ciy1 < ¢ — y(Or, a, &)

else
choose the null action ag

Ci+1 < Ct

end

end

SWhen an optimal solution does not exist, it suffices for our purpose to work with a 1/T approximately optimal
solution.
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We note here for simplicity, we focus on a certainty equivalent control that adjusts decisions
based on re-solving every period. We conjecture that the results developed in the present paper
continue to hold when one re-solves less frequently. The latter has indeed been established for

various special cases of DRC? problems (see, e.g., Jasin and Kumar 2012).

4.1 Bound on the cumulative reward loss of the CE heuristic

In this section we study the performance of the CE heuristic for the general class of DRC? problems.
To this end, we first introduce some definitions and conditions on the primitives.
We will assume that the reward and consumption functions are bounded. For a vector x € R",

we denote by ||z]| = (31, x?)l/2 its #2—norm and denoted by ||z||cc = max; |z;| its £°°—norm.

Assumption 1. The following hold:
1. There exists Foo € Ryt such that |r(0,a,€)| < Too for all € ©,a € A, and € € £.

2. There exist Y2, Yoo € Ry such that |y(0, a,€)|| < g2 and ||y(8,a, €)oo < Yoo for allf € ©,a €
A, and e € .

Recall that p; is the vector of initial inventory divided by the amount of periods to consider.
We assume that, in the neighborhood of p1, the optimal objective value of the fluid problem J(p)

is locally smooth as well as that the consumption constraints are binding.

Assumption 2. There exist 6, K € Ry withd < minjc(z)(p1); such that for every p with ||p—p1|| <
0, it holds that:

1. The function J(p) satisfies J(p) > J(p1) + VJ(p1)(p — p1) — %Hp —p1l|?.
2. The optimal solution ¢7, satisfies ngpﬂw(b;’mf(y(@,a, €)) = p.

We will refer to inequality given in Assumption 2.1 as J(p) admitting a K-lower downward
quadratic (K-LDQ) envelope in N (p1, ), where we denote by N (p1,0) the ball of radius § centered
at p1.” See Figure 2 (a) for an example of a function admitting a K-LDQ envelope and its envelope.
This condition is a weaker and local notion of the K-strongly smooth condition for concave func-
tions, which requires the inequality in Assumption 2.1 to hold for every pair of parameters p, p’. A
sufficient condition for J(p) to admit a K-LDQ envelope is that its gradient is locally K -Lipschitz
continuous at pp for all p € N(p1,9), that is,

IVJ(p1) = VI (p)ll < Kllpr = pll -

"More specifically, N (z,r) represents the set of all points at distance at most r from z, where the distance is the
one induced by the £*—norm: N (z,r) = {y € R™: ||z — y| < r}.
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See Lemma 3.4 in Bubeck [2014] for a proof of the previous fact.
We are now ready to state our performance bound of the CE heuristic under Assumptions 1 and 2.
Specifically, in Theorem 1, we state that the reward loss of the heuristic given by CE is on the

order of logT" or uniformly bounded, depending on the value of the constant K.

Theorem 1. Let JF be the expected performance of Algorithm 1. Then, under Assumptions 1 and 2,

the reward loss satisfies

J*— JE < 2K log T
> Yo ogl + Bl_5+ 62

e 1‘%] T(n)

where Py the smallest component of vector p;.

We note that the result above applies across all DRC? problems, and only requires Assump-
tions 1 and 2. Consider a regime in which C' and T are scaled proportionally, i.e., C' = p;T for some
p1 € Ri 1. Theorem 1 implies that, in such a regime, the CE heuristic is asymptotically optimal in
the sense that JF/J* — 1 as T — oo because the reward collected by the CE heuristic grows as
T — oo. Furthermore, the optimality gap is of O(logT) if K > 0 and of O(1) if K = 0. In other
words, we see a clear distinction among DRC? problems driven by the value of K in Assumption 2.

At a more detailed level, the dependency on the number of resources L enters our bound
indirectly via the constants %2, ¥, and K. Interestingly, when resource consumption is uniformly
bounded, i.e., §oo < 00, the dependency on the number of resources is mostly driven by 3. While
in the worst case we could have y5 = (L), in many settings of interest, one will have 73 = O(1)
and we obtain bounds that are independent of the number of resources. This could happen, for
example, if every opportunity consumes only a finite subset of resources. Our dependence in the
number of resources is better than some existing (specialized) results on the literature because we
use concentration inequalities for multi-dimensional martingales instead of a union bound to control
the stopping time associated to the first time a resources is close to being depleted, which would
naturally lead to a linear dependence on L.

The proof of the theorem can be found in Appendix B. The proof leverages ideas pioneered by
Jasin and Kumar [2012] and lifts them to more general settings than the one considered in their
paper. In particular, we analyze the performance of the CE heuristic up to the stopping time
7, where 7 is the first time that a resource is close to depletion or the ratio of capacity to time
remaining p; leaves the ball N'(p1,d) defined in Assumption 2. Using that the fluid problem gives
an upper bound on the optimal value of the stochastic problem, that is, J* < T J(C/T) (see, e.g.,
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Gallego and Van Ryzin 1997 for a specialized argument), we can bound the reward loss as follows

T T T
J = JE < TJ(py) — JF <E (Z T(p1) = > r(be,af ", et>> +E ( > J(pn) NG

t=1 t=1 t=7+1

where afCE denotes the action taken by the CE heuristic and the second inequality follows because
(6, afCE, €¢) > 0 since the null action ag is feasible. The second term of the right-hand side can
be written as E(T — 7)J(C/T), which is on the order of O(1), as we establish in Lemma B-3. This
follows because, under the CE heuristic, the ratio p; behaves like a martingale by Assumption 2.2
and, as a result, the heuristic never runs out of resources nor p; leaves the ball N'(p1,d) too early.
The first term is shown to be of order O(logT"). To see this, note that up to time 7 actions are not
constrained by resources and the expected reward at period ¢ satisfies E (r(Gt, a?CE, €t) | pt> = J(pt)
because the CE heuristic takes actions according to ¢y . Therefore, using Assumption 2.1 we
can upper bound the first term by VJ(p1)E (}7_; (p1 — pt)) + K/2E (3°7_; [lp1 — pel|?). The first
term is zero because p; behaves like a martingale, while the second term can be bounded using
that martingale differences are orthogonal. Putting everything together, we then conclude that
J*— JE = O(KlogT).

We highlight here again that, although the general idea behind the proof of Theorem 1 is not
novel, our contribution is to generalize this result to the class of DRC? problems and identify crisp
sufficient conditions that allow to obtain a performance guarantees on the CE heuristic for every
problem in this class without the need of exploiting specific structural features of each particular
application. As we will see later, this allows to obtain in some cases weaker conditions or sharper
bounds, but also to obtain new results altogether. More specifically, we see that it is not only pos-
sible to define a unified model for a very large of dynamic optimization problems as we established
in §3, but it is also possible to identify general sufficient conditions that allow for a unified analysis
of the CE heuristic and its performance.

Assumption 2 provides sufficient conditions to obtain good performance guarantees for the CE
heuristic that involve, in a neighborhood of the “initial inventory per period”, the local smoothness
of the optimal objective value of the fluid problem as well as that the consumption constraints are
binding. These conditions, while simple to state, may not be easy to check in many applications.
In the following section we provide simple assumptions on the primitives of the model, which are
simple to check, that imply Assumption 2 and, therefore, also the bound in Theorem 1. Our
conditions yield, in many cases, closed-form expressions for the values of § and K based on the
primitives of the problem. In particular, we will show that for an important subclass of problems,

Assumption 2 holds with K = 0 and, therefore, we recover reward loss of O(1) instead of order
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O(logT).

5 Drivers of CE Heuristic Performance: General Sufficient Con-

ditions through the Dual Problem

An important component to understand the drivers of the CE heuristic is to link the primitives
of a DRC? problem to the performance that is achieved. In this section, we address this goal by
giving conditions on the primitives of a DRC? problem that are sufficient for Assumption 2 to
be satisfied. These conditions provide an unifying framework to understand how the structural
features of different problems across the DRC? class impact the performance of the CE heuristic,
rather than requiring a problem-specific analysis for each application.

We introduce a dual of Problem (2) in which we dualize the consumption constraints. To this
end, let u € Ri be the vector of Lagrange multipliers associated with the consumption constraints of
Problem (2). Let 7 : © x A — Ry denote the expected reward function, i.e., 7(6,a) = E.(r(0, a,€)).
In the same way, for each [ € [L], let §: © x A — Ri denote the expected resource consumption

function, i.e., 5(0,a) = Ec(y(0,a,¢)). Then, the Lagrangian function is given by

Lo = Som [ r6.0)ddnla)+ 7 (0= m [ 50,0 Ao

6co A 0O A
= Zpe/( i a)) dee(a) + p' p.
bco Y

Define, for each 6 € ©, the function gp : RF — R

90(p) = sup {70, ) = 50, 0) 4

The Lagrange dual function, for fixed p > 0, is given by

Uy(p) = sup L(d,p)=pn'p+ Y posup {f(&a) — (0, a)} =u"p+ Y pago(1)
P EA(A) gco acA 0co
where the second equality follows because the problem is separable over classes. The dual problem
of Problem (2) is then given by

(). (5)

In what follows, we will assume that the dual solution for p = p1, namely p!, is interior; that

is, u' > 0. We introduce this assumption to guarantee that all resource constraints are binding for
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p = p1, but we believe our results still hold without this assumption.

5.1 Continuum of actions

We first assume that the set of actions A is a continuum. Examples of applications with continuous
actions are: network dynamic pricing problems and dynamic bidding in repeated auctions with
budgets. In this case, we will give a closed-form expressions for values K > 0 and ¢ for which
Assumption 2 holds and we obtain, under certain conditions that we explain below, a reward loss
of the order of O(K logT).

We now present a condition under gy that is sufficient to ensure that the fluid problem has
zero duality gap for every positive parameter p. Furthermore, we prove that the problem admits
an optimal, deterministic solution. The latter implies that when the set of actions is a continuum,

under assumption SC 1, randomization in the fluid problem is not needed.

SC 1. For each 0 € ©, go(p) is differentiable in p, and for every u > 0, go(u) is achieved for an

action a € A.

Proposition 1. Under Assumptions 1 and SC 1, strong duality holds, i.e., J(p) = infueRi U, (1)

for all p > 0. Furthermore, J(p) admits a deterministic optimal solution for all p.

A proof is provided in Appendix C.1.1. As a result, we can write J(p) as the following non-linear

program:
J = € ) 9
()= max > " poEe (r(0, ag, €))
0cO
st > poBe (mi(0, ag,€)) < pr, VI € [L].
0O

The resulting non-linear program might be non-convex and, in general, challenging to solve. A
straightforward corollary of Proposition 1 is that instead of the solving the primal problem, it
is possible to construct deterministic controls for the CE heuristic by solving the dual prob-
lem at each step. In many cases the dual problem can be efficiently solved (e.g., using first-
order methods) because it is always guaranteed to be convex and finite dimensional. For all
p > 0, we show in the same result that the dual problem admits an optimal solution u* €
arg Max,crr W,(p). A primal control can be constructed by solving, for each class § € ©, for
an action aj € argmaxgecA {F(H, a) — ,u,*Ty(Q,a)}. In other words, optimal actions maximize re-
wards minus the opportunity cost of consuming resources, where resources are priced according to
the optimal dual variable p*. We notice here that in some cases, such as the problem of dynamic
bidding in repeated auctions (§3.2, §6.2), once dual variables are available, an optimal action can

be computed in closed form.
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In addition to condition SC 1, we need to make another regularity assumption over the function

go, stated below, to ensure Assumption 2 holds for these particular cases of DRC?.

SC 2. There exists positive real numbers r and v < p with p = mine(g; [Lll such that for all 8 € ©
and pn € N(ut,v), go(u) satisfies

90() = go(n") + Vo) (= ') + Z = ' (6)

In what follows we will refer to property (6) as gy admitting a k-lower upward quadratic (k-
LUQ) envelope in N'(u',v). See Figure 2 (b) for an example of a function admitting a x-LUQ and
its envelope. Note that admitting a k-LUQ envelope is a weaker and local notion of the s-strongly

convex condition, which requires (6) to hold for every pair of dual variables p, p'.

Lemma 1. Suppose that Assumptions SC 1 and SC 2 hold. If u' > 0, Assumption 2 holds with
K =1/k and § = (vr)/2.

A proof is provided in Appendix C.1.2. We obtain the following result as a corollary.

Corollary 1. Suppose that Assumptions 1, SC 1, and SC 2 hold and that ' > 0. Then the
reward loss of the certainty equivalent heuristic is of order O(k~ 1 1logT) for DRC? problems with a

continuum set of actions.

Geometric interpretation. The deterministic function J(p) can be easily shown to be concave
and non-decreasing. Assumption SC 2 states that the dual function admits a xk-LUQ envelope in a
neighborhood of the Lagrange multiplier zz*. In Figure 2 (b) we represent the dual function for a one-
resource problem. By duality, this allows us to prove the smoothness condition on the deterministic
function stated in the first statement of Assumption 2, which is represented in Figure 2 (a) and

consists of J(p) admitting a K-LDQ envelope.

5.1.1 Sufficient conditions on the primitives

The assumptions presented above are stated in terms of gg(u), which is a derived object, and, in
general, might not be easy to verify. We now present sufficient conditions on the primitives of the
problem for Assumptions SC 1 and SC 2 to hold, which, in turn, imply Assumption 2 and allows

us to recover a reward loss of order O(log T') for DRC? problems with a continuum set of actions.
CA 1. For each 6 € ©, 7#(0,a) is upper-semicontinuous in a.

CA 2. For each 6 € ©, y(0,a) is continuous in a.
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(a) Deterministic proxy function in
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(b) Lagrangian dual function in blue. Its

blue. Its 0.9-LDQ envelope in red. 0.3-LUQ envelope in red.

Figure 2: Deterministic proxy J and its Lagrangian dual function, and their envelopes.
CA 3. For each p >0 and 0 € O, the set Aj, = {a* € A:a* € argmax,{7(0,a) — n"5(0,a)}} of
mazimizers is not empty. Furthermore, the set {y(0,a) : a* € A},} is a singleton.

Proposition 2. If the set of actions A is compact and conditions CA 1, CA 2 and CA 3 hold,
then condition SC' 1 is fulfilled.

The proof of Proposition 2 follows directly from [Milgrom and Segal, 2002, Corollary 4] and is
omitted. It follows from Proposition 2 that if A4 is compact and CA 1, CA 2 and CA 3 hold, then
there is a solution to the fluid problem (2).

For each 6 € ©, let us denote by a} a feasible action that maximizes 7(6,a) — (u')"4(0, a). We

will assume the following extra conditions in order to bound the reward loss.

CA 4. For each 0 € O, the feasible action aé is interior. That is, there exists a positive number

such that N'(aj, o) C A for all 0 in ©.

CA 5. 7(0,-) admits a r,-LDQ envelope in N(a}, p). That is, for all 0 € ©,

7(0,a) > 7(0, aé) + V7 (6, aé)—r(a — aé) - %Ha - aé”2 Ya € /\f(aé7 ©).

CA 6. There exists a positive vector Ky such that for all 0 € © and a € N(aé, @) the consumption
function §(6,-) satisfies

§(0.0) < §(6,a3) + V(0. aj)(a - af) + Lla - >, (7)
where Vy(0,-) represents the Jacobian matric.
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We will refer to property (7) as the consumption function (6, ) admitting a x,-upper upward
quadratic (k,-UUQ) envelope in N(a}, ). Note that the x,-UUQ envelope condition is a weaker
and local notion of the k,-strongly smooth condition for concave functions, which requires (7) to
hold for every pair of action a,a’. Analogously to the relation made with the lower downward
quadratic envelope notion, a sufficient condition for Assumption 6 to hold is that the gradient
Vy;(0,-) is locally Lipschitz continuous for every resource j € [L].

Given a real-valued matrix A, we denote by ||A|| = omax(A), where omax(M) represents the
largest singular value of matrix M. Recall that given a real-valued matrix A, its singular values
are the square roots of the eigenvalues of matrix AT A. We are now ready to provide sufficient

conditions for Assumption SC 2 to hold.

Lemma 2. Suppose that Assumptions CA 1-CA 6 hold. Then, if A is compact, SC 2 holds with

v=rp/o and k = k, + (v + ||pt|]) |5y || where o = mingeg a9, with o the minimum singular value
of Vy(6, ag)-
A proof is provided in Appendix C.1.3. We obtain the following result as a corollary

Corollary 2. Suppose that Assumption 1 and Assumptions CA 1-CA 6 hold. If the set of feasible
actions A is compact and p' > 0, the reward loss of the certainty equivalent heuristic is on the

order of O(k~11ogT) for the DRC? problems with a continuum set of actions.

As we will see in the next section, conducting the analysis in the dual space allows to weaken
the sufficient conditions on the primitives required to obtain performance guarantees for the CE
heuristic. For instance, in the dynamic pricing case, if the reward function is not concave in the

demand space, our results still hold if the conditions stated above are satisfied.

5.2 Finite set of actions

When the set of actions A is finite, we will show that, under condition SC 3 below, the reward loss
of the certainty equivalent heuristic is on the order of O(1). Examples of problems with finite set of
actions are: network revenue management problems, choice-based revenue management problems,

order fulfillment problems, online matching problems, among others.
SC 3. The dual problem (5) has a unique solution, u', for p = p1.

Note that Problem 2, in this special case, can be written as follows

J = max 7
(p) SaEA(A) 9%;)100 9 Do o
8

st Y poliade < p,

0cO
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where 79 = (7(0,a))qea € R‘f‘ is the vector of expected rewards for the different actions and

o = (5(0,0))aca € R

finite-dimensional linear programming problem. Furthermore, the feasible set is non empty and

is the matrix of expected resource consumption. Problem (8) is a

compact, and therefore there exists an optimal solution. In this case, (5) can be thought of as a
“partial” dual problem in which we dualize the resource constraints but not the simplex constraint
Y aca Po(a) < 1. Then, it follows that if the set of actions is finite, the duality gap is zero and
J(p) = inf cpr Wy(p).

Note that by Assumption SC 3, there exists non-degenerate optimal solution of (8) for p = p;.
Denote such solution by ¢7, . If the dual solution is interior, all resource constraints are binding by
complementary slackness and this solution satisfies ), g p9§9(¢zl)9 = p1.

Considering the standard form of Problem (8) (see Appendix A.1 for details), let B € R(EHOD*(L+O])
be the corresponding optimal basis matrix and denote by Bljll the submatrix of B~! associated
to the resource constraints. In the following lemma, we show that Assumption 2 holds under

Assumption SC 3 whenever ' > 0.

Lemma 3. Suppose that Assumption SC 3 holds and p* > 0. Then Assumption 2 holds with K = 0

and 6 = ¢pn/|1By I, where ¢, = mingeo aca{h(a) : ¢5(a) > 0}.

The proof is provided in Appendix C.1.4. A direct result from Lemma 3 is that the reward loss

if the action space is finite is on the order of O(1).

Corollary 3. Suppose that Assumptions 1 and SC 3 hold and that the dual solution is interior.
Then, the reward loss of the certainty equivalent heuristic is bounded by a constant for DRC?

problems with finite set of actions.

Geometric interpretation. Let us now provide a geometric interpretation for assumption SC 3
as well as for the deterministic and dual functions for the case of finite actions.

First, note that problem (8) is a LP and therefore the deterministic function J(p) is a concave
piece-wise linear function (see Bertsimas and Tsitsiklis 1997 for more details). Moreover, due to
the nature of the problem, it will be non-decreasing. In Figure 3 (a), the function J(p) is plotted
for a problem with one resource and two classes. Every optimal dual variable p for ¥,(u) gives a
super-gradient to J(p). Therefore, the slope of each straight-line segment is equal to the Lagrange
multiplier associated to the consumption constraint, and the corresponding interval gives the values
of the right-hand side range for the consumption constraint p for which the same dual variable is
optimal.

Figure 3 (b) and (c) plot the dual function ¥,(u) as a function of p for two different possible
values of the parameter p. In Figure 3 (b), we take p = pi, a value where J(p) has a kink. In this
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Figure 3: Function J and dual function ¥, for two different parameters.

case, the dual problem has an infinite solutions (blue segment in the figure) and every dual solution
is a super-gradient of J(p1). Figure 3 (c), we plot the dual function at p = p?, a value belonging to
an interval where J(p) is smooth. There, the set of super-gradients is a singleton and, as a result,
the dual optimal solution is unique (red dot in the figure). Thus, Assumption SC 3 is equivalently
asking that the parameters p; lies in the interior of an interval where the deterministic function
J(p) is smooth.

Note that in the case of a finite set of actions it is not necessary to assume that the dual function
admits a k-LUQ envelope (condition SC 2). As we can see in Figure 3 (b), a lower upward quadratic
envelope is obtained for free when the optimal dual solution is unique and the action set is finite,
because the dual problem is piece-wise linear.

In the following section, we revisit the applications presented in §3. For each problem, we
provide problem-specific sufficient conditions for our assumptions to hold, and we establish the
implications of Theorem 1. As we will see, our results allow to recover some existing results in the
literature as special cases, sometimes under weaker assumptions, and also uncover new results for

other classes of problems studied in the literature.

6 CE Heuristic Performance: Corollaries Across Subclasses of

Problems
In this section we revisit the applications discussed in §3. For the dynamic pricing and dynamic
bidding problems, which are the classes with continuum of actions, we present sufficient conditions

for Assumption 2 together with the performance characterization of the CE heuristic, and we then

comment on the specific connections to the existing literature in the study of the CE heuristic. For
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the other classes, with finite set of actions, we give a closed form for the value of ¢ in Assumption 2

and, then, we comment on the connection with earlier analyses of the CE heuristic in the literature.

6.1 Network Dynamic Pricing

This class of problems was presented in §3.1. As highlighted there, this is a central class of problems
widely studied. Next we present conditions on the primitives that ensure logarithmic loss, and then
discuss connections to the literature on the CE heuristic in this context.

Let D(6,a) = EJ[D(0,a,¢)] denote the expected demand and 7(,a) = a' D(6,a) the corre-

sponding expected reward function. The fluid problem can be expressed as follows:

Ip) = max S [ 7600000

s )
st > [ A0D(0,a)do(a) <
b0 %

In this problem, there is a continuum of actions. We map conditions CA 1-CA 6 to suffi-
cient conditions for this particular problem. The following conditions together with x' > 0 and

compactness of the set of actions A are sufficient for Lemma 2 to hold.
e The expected demand function D(6,a) is continuous in a.
e The expected resource consumption AgD(f,a) at a maximizer of (a — Agp) " D(6, a) is unique.

e For each 0 € O, the price vector maximizing (a — AJ 1) " D(6, a), namely aj}, is interior. That

is, there exists a positive number ¢ such that N (ae, v) C A for all 6 in ©.
e The expected revenue function 7(6, ) admits a k,-LDQ envelope in N'(a}, ¢).

e There exists a positive vector k, such that the expected demand function D(6,-) admits a
r,-UUQ envelope in N (aj, ¢).

In particular, under the conditions above, from Lemma 1, Assumption 2 holds with K = 1/
and § = (vk)/2, where k = ki, + (v + || u}])||5yll, v = kp/o, and o is a lower bound on the minimum
singular value of A9V D(0), aé). Therefore, by Corollary 1, the revenue loss of the certainty equivalent
heuristic is on the order of O(logT') for the network dynamic pricing problem with a continuum set
of feasible prices. Another implication of our result is that the optimal pricing policy associated
with the deterministic proxy is deterministic and the decision maker does not need to randomize

over posted prices.
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Finally, note that, if we consider a finite set of feasible prices, the fluid problem reduces to a
linear program and therefore it is enough to assume the dual solution for p = p; is unique and

interior to obtain a constant revenue loss for the CE heuristic.

Connection with earlier analysis of the CE heuristic. The CE heuristic for this problem
was previously analyzed in Maglaras and Meissner [2006] and Jasin [2014]. The former established
that a CE heuristic for the pricing problem will always yield an asymptotic weak decrease in the
revenue loss compared to a static control. Jasin [2014] considers a single customer class and present
a certainty equivalent heuristic akin to the CE one. Our general result recovers the bound in Jasin
[2014] on the logarithmic revenue loss but our sufficient conditions are weaker than his. It is worth
mentioning that this problem is typically analyzed in the demand space in the literature, i.e., for
each class 6, the decision variables are the expected demands A = D(6,a) instead of the prices a
(see, e.g., Jasin 2014). In many cases, this leads to a more tractable problem because constraints
become linear and, under additional conditions, the objective becomes concave. However, further
assumptions are needed for this reformulation of the problem to go through. For example, it is
typically assumed that the reward function is concave in the demand space and the demand function
is invertible. Our result yield similar performance guarantees for the CE heuristic and only requires
local smoothness properties of the revenue function, which typically leads to weaker assumptions.
This is an important departure from previous work, even when specializing the analysis. We see
here, how by lifting the formulation to a DRC? problem, we are not only able to recover existing
results through a generalized argument, but also to weaken the assumptions needed for such results
to hold.

6.2 Dynamic Bidding in Repeated Auctions

This class of problems was presented in §3.2. Next we present conditions on the primitives that
ensure logarithmic loss, and then discuss connections to the literature on the CE heuristic in this
context.

To simplify some of the notation in what follows, given an action a, we introduce the interim
allocation and interim payment variables defined as follows: g(a) = Ec[q(a,€)], m(a) = E[m(a,€)].

For the particular setting described in §3.2, the fluid problem (2) is equivalent to the following

problem:
I = max S [(Gata) -~ m(a)) doola)
b0
(10)
st 3o [ mla)doofa) < p.
e %
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For each 6 € O, let gp(p) = maxgzea{60q(a) — (p+ 1)m(a)}. Assumption SC 1 requires that
go() is differentiable and that gg(u) is achieved by an action. Under these conditions, Proposition 1
implies that strong duality holds and the Problem (10) admits a deterministic optimal solution. In
this application, we can characterize an optimal bidding strategy in terms of an optimal bidding
function for the static auction without budget constraints, which we denote by 8 : © — A. That is,
given an advertiser with valuation 6, the optimal bidding strategy for the static auction (ignoring

budget constraints) satisfies
B(9) € argmax {6g(a) — m(a))} -

We have the following result. A proof is provided in Appendix C.2.1.

Proposition 3. Under Assumption SC 1, an optimal solution of (10) is to bid 5(6/(1+p*)) when
the value is 0, where p* is the optimal solution of the dual problem of (10).

If in addition Assumption SC 2 holds, from Lemma 1 we obtain that if ' > 0, Assumption 2
holds with K = 1/k and § = (vk)/2. Below, we study the particular cases of second-price auction
and first-price auction. Specifically, we provide sufficient conditions on the primitives of the problem
for conditions SC 1 and SC 2 to be satisfied.

Second-price auctions. In a second-price auction, the bidder with the highest bid wins the
auction and pays the second-highest bid. In this case, we reduce the definition of € to a random
variable capturing the maximum bid of the competitors and take & = R;. Again, we assume €
is distributed according to f, with density function f’. We assume that ties are broken in favor
of the decision maker. The allocation and payment functions are given by g(a,€) = 1f,>¢ and
m(a, €) = €ly,>y, respectively.

Suppose that the following conditions hold:

e The distribution of the maximum competing bid f is absolutely continuous and strictly in-

creasing.
e The density f’ is locally &-Lipschitz continuous with respect to aj in N'(ap, ¢).

If u' > 0, it is possible to show—see Lemma A-1 in Appendix A.2—that these conditions are
sufficient to apply Proposition 2 and Lemma 2 and, in turn, Corollary 2 holds. This leads to a

revenue loss of O(logT).

First-price auctions. In a first-price auction, the winner is the highest bidder but pays his

bid. Again, we reduce the definition of € to a random variable capturing the maximum bid of the
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competitors. We assume ¢ is distributed according to f, with density function f’. The allocation
and payment functions are given by g(a,€) = 1(,>¢ and m(a, €) = alyy>}, respectively.

Suppose the following conditions hold:
e The distribution of the maximum competing bid f is absolutely continuous.
e The function M(a) = a+ f(a)/f'(a) is strictly increasing.

e The bid aj maximizing 6g(a) — (14 u')m(a) is interior. That is, there exists a positive number
¢ such that N (aj, ) C A for all € ©.

e The density f’ is locally {—Lipschitz continuous with respect to aj in N (a}, ¢).

Moreover, if we have u! > 0, then it can be proved—see Lemma A-2 in Appendix A.2—that
assumptions CA 1-CA 6 hold and, therefore, by Corollary 2 we obtain an O(logT') revenue loss.

Connection with earlier analysis of the CE heuristic. While the problem of bidding in
repeated auctions with budgets has been studied in the past (see, e.g., Abhishek and Hosanagar
2013, Balseiro et al. 2015), to the best of our knowledge, this is the first result that characterizes the
reward loss of a certainty equivalent heuristic with resolving for the advertiser’s decision problem.
We note here that this problem is an important illustration of the value of the unified DRC? model
we propose, and the associated highly general sufficient conditions for the logarithmic loss of the

CE heuristic. Even more, we note that our analysis does not require convexity assumptions to hold.

6.3 Network Revenue Management

This class of problems was presented in §3.3. Note that here, in contrast to the two problems
exposed before, the set of actions is finite. In what follows, we first obtain the value of § that
guarantees a constant reward loss for this class of problems and then we comment on the connection
of our result with the existing literature on the analysis of the CE heuristic.

Notice that in this case, Problem (8) can be written as follows

J(p)= max > py fy de(1)

(b@(l)e[ovl}
90 (11)
s.t Zpe Ag ¢o(1) < p.
6co

Because the set of action consists of A = {0,1}, it is enough to consider decision variables
¢9(1) for all & € © because ¢p(0) = 1 — ¢(1). Then, for the definition of ¢}, involved in 4,

we now need to take into account both the non-negative variables and those that are strictly
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smaller than one. That is, ¢} = mingee{®;(1) : ¢5(1) > 0} A mingee{l — ¢5(1) : ¢5(1) < 1},
where x A y denotes the minimum between x and y. Furthermore, if we denote by A the matrix
whose 6" column consists of the vector pgAg, B, represents the submatrix of A in which we
only consider the columns associated to variables 0 < ¢p*(1) < 1, and we set Ap1 = B,,. Then,

under Assumption SC 3, if u! > 0, Assumption 2 holds with K = 0 and § = ¢* . / HAmlH where
:nin = min(;e@{gbg(l) : gﬁg(l) > 0} A mingeg{l — (b;(l) : (f)Z(l) < 1}.

Connection with earlier analysis of the CE heuristic. The question of approximating opti-
mal performance through simple policies has also received significant attention around the network
revenue management problem.

Jasin and Kumar [2012] consider a more general version of the NRM problem than ours (they
consider a NRM problem with customer choice), and provide a constant revenue loss guarantee for
the CE heuristic under the nondegeneracy assumption. In that sense, we recover their result for
the setting where there is no customer choice. Wu et al. [2015] study a variant with one resource in
which the decision-maker can take one of many actions (not just accept/reject) and show that the
CE heuristic attains constant revenue loss under non-degeneracy while O(v/T) revenue loss under
degeneracy. Bumpensanti and Wang [2018] assume that arrivals follow a Poisson process and
show that the CE heuristic could have a ©(v/T) revenue loss when the fluid problem at p = C/T is
degenerate, which highlights the necessity of the non-degeneracy assumption for the loss considered

here (we further comment on alternative losses in §7).

6.4 Choice-Based Network Revenue Management

This class of problems was presented in §3.4. In this case, the set of actions is finite and the fluid

problem can be expressed as

J(p) = max ZZ¢9 a)py Z MnYga

fcO acA ne[N]

s.t ZZ% a)pe Z Af9ga < p-

0O acA ne(N]

(12)

We can define the vector of variables and the associated matrix involved in the constraints of
problem (12) by setting each column to pg Y, iy Ap9y,- Then, under assumption SC 3, if the
optimal dual solution of (12) for p = p; is mterlor, we can apply Lemma 3 and Assumption 2 holds
for K = 0 and ¢ defined as in the statement of the lemma. Therefore, we obtain a constant bound

on the revenue loss of the CE heuristic for the choice-based network revenue management problem.
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Connection with earlier analysis of the CE heuristic. Our formulation shows that a cer-
tainty equivalent heuristic admits strong performance guarantees under Assumption SC 3 and also
assuming p' > 0. Corollary 3 leads, to the best of our knowledge, to the first such result for this

subclass of dynamic assortment optimization problems.

6.5 Online Matching

Here we revisit the problem presented in §3.5 and perform a similar analysis to the one we conducted
for the NRM problem. That is, we interpret the value of § for this class of problems. First, note
that the fluid problem is given by

J(p) = max > " y(a)psfoa

[
e 0€© acL

st Y pediag(Ag)ds < p,
60

(13)

where ¢ = (¢g(1),...,d9(L)) and where for a vector z € RF, diag(z) € RE*F is a diagonal matrix
with diagonal entry ¢ given by z;.

Here, as in the network revenue management problem, we can define the matrix A € RF x(Llel)
where A = (diag(ppAe))yce is obtained by horizontally stacking the diagonal matrices diag(pgAy) €
RL*L Let A,, be the submatrix of A corresponding to the columns associated to the basic variables.
Then, if the dual optimal solution of problem (13) for p = p; is unique and interior, Assumption 2
holds with K = 0 and § = QS;;in/HA;llH, where ¢}, = mingee qcr{95(a) : $5(a) > 0}, and the

constant bound for the revenue loss is obtained.

Connection with earlier analysis of the CE heuristic. Although the online matching prob-
lem has been extensively studied under different setting variants (see, e.g., Karp et al. 1990, Ag-
garwal et al. 2011, Vera and Banerjee 2021), to the best of our knowledge, our paper is the first

studying the performance of the CE heuristic for the online matching problem.

6.6 Order Fulfillment

The order fulfillment problem was presented in §3.6 and in this case the fluid problem can be

J(p) = max DD pote(a)d D finlia=n)

0e® acA l€f neN

st > Y pede(a)la,=n} < pin-

0€O ac A

expressed as follows

(14)

30



In this case, as in the previous ones, we can write the constraints of problem (14) in matrix form
and, thus, obtain an expression for § involved in the assumption. We do not give an explicit formula
for 4 to avoid introducing more notation. Moreover, if the dual optimal solution of problem (14) for
p = p1 is unique and interior, Assumption 2 holds with K = 0 and we recover a constant revenue

loss bound for the order fulfillment problem.

Connection with earlier analysis of the CE heuristic. While there are related literature
studying heuristic performances (see, e.g., Acimovic and Graves 2015, Jasin and Sinha 2015, An-
drews et al. 2019), to the best of our knowledge our result is the first that provides guarantees for

the CE heuristic.

7 Concluding Remarks

In this paper, we show that several classical dynamic optimization problems, which are usually
studied separately in the literature, possess structural similarities that allow them to be studied
under a common framework. More explicitly, we introduce a large class of problems, that we
called DRC?, which encompasses many notable problems that have been studied individually in
the literature.

In addition to presenting this novel, unified model, we exploit the common features of problems
in the DRC? class to study the performance of a fluid certainty equivalent control heuristic. More
specifically, we establish some sufficient conditions to obtain good performance guarantees (see §4
and §5), which depends on whether the set of actions is a continuum or finite. For the former
case, we prove that the CE heuristic guarantees O(logT') revenue loss, whereas for the latter it
guarantees a constant revenue loss. This result leads us to recover certain existing results in the
literature for some of the classical problems in DRC?, sometimes under weaker conditions, but also
to obtain new ones for others (see §6).

The present work opens many avenues for future research. A first one involves the use of dif-
ferent benchmarks to analyze the performance of the CE heuristic or variations of it. While in
this paper we use the fluid problem as a benchmark, some authors consider tighter benchmarks
for particular problems in the DRC? class. One of them is known as hindsight optimum (see, e.g.
Bumpensanti and Wang 2018, Vera and Banerjee 2021), which is the problem obtained when all
uncertainties are revealed in advance. This benchmark is usually considered in the situations with-
out idiosyncratic shocks such as the network revenue management problem or the online matching
problem as knowledge of the idiosyncratic shocks confers too much power to the decision maker.

(Stronger bounds can be obtained in the presence of idiosyncratic shocks by only granting the
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decision maker advance knowledge of the classes.) Another natural benchmark is the optimal value
of the dynamic program, which was recently considered by Wang and Wang [2020] to evaluate the
performance of the CE heuristic in a dynamic pricing problem. We also refer the reader Vera et al.
[2021] for a novel framework that allows using various information augmented benchmarks, enabling
to obtain constant regret across a broad family of problems. An interesting direction would be to
see if comparisons to tighter benchmarks can be applied or generalized to the DRC? class.

A second important and related avenue is to study alternative heuristics at the DRC? level and
weaken the assumptions required for strong performance. For instance, for the dynamic pricing
problem Jasin [2014] shows it is possible to attain revenue losses of similar order using a heuristic
that solves a single optimization problem at the beginning of the selling horizon and then adjusts
controls linearly. There has also been an important stream of recent papers that consider the
hindsight optimum benchmark while also relaxing the non-degeneracy assumption in the NRM
problem. Reiman and Wang [2008] propose a heuristic that resolves the deterministic problem
once at a judiciously chosen time that obtains a revenue loss of order o(ﬁ). In a related setting,
Bumpensanti and Wang [2018] propose a heuristic that has a O(1) revenue loss. The idea is to
only re-solve the deterministic problem only a few selected times, using the approach of Reiman
and Wang [2008] recursively, while applying thresholds to the controls. Vera and Banerjee [2021]
propose a meta-algorithm based on statistical predictions of the hindsight benchmark that leads
to a constant upper bound on the revenue loss for NRM and online matching problems. Thus,
an interesting question is whether existing arguments and analyses for these particular problems
and heuristics can be lifted to derive similar results for the broader class of DRC? problems that
accommodates, e.g., a continuum of actions.

A third important direction pertains to further expanding the class of DRC? problems for which
a unified analysis is possible. One direction could be to include additional flexibility in inventory
evolution and decisions. For instance, Vera et al. [2020], in the context of a NRM problem, consider
possible replenishment of resources and/or the possibility of delays in serving requests, and proves
a constant regret of a policy that involves re-solving the fluid problem at each time period.

Finally, another promising direction would be to relax informational assumptions and under-
stand if algorithms that jointly learn and optimize can be analyzed in a unified manner in the
DRC? class.
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Electronic Companion: Appendix for
Survey of Dynamic Resource Constrained Reward Collection of

Problems: Unified Model and Analysis

1 3

Santiago R. Balseiro!, Omar Besbes?, and Dana Pizarro

A Additional material

A.1 Finite set of actions

Problem 8 is a linear program. In particular, introducing the set of slack variables {x; ...z}, the

standard form is given by

o
J(p) = max > py Fecy
=1

st > po Yo do + 2 =py vi e [L]
0co A
> ola) =1 V0 € ©
acA
¢o(a) >0 Vo€ ©,Vaec A
z; >0 Vi € [L].

A.2 Dynamic bidding in repeated auctions

A.2.1 Second-price auctions

Lemma A-1. If f absolutely continuous and strictly increasing and f’ is locally &-Lipschitz con-

tinuous in N'(a}, ), then conditions CA 1-CA 6 hold.

Proof. Let us see that conditions CA 1- CA 6 hold.

e Conditions CA 1 and CA 2: By hypothesis f is absolutely continuous and therefore both

¢ and m are continuous.

e Condition CA 3: For each 6 € ©, tet us define the function Gy : A — R by Gy(a) =
0f(a) — [; xdf(z). Note that Gj(a) = (0 — a)f'(a) and 6 > 0, then limg\ o Gj(a) > 0 and
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B(0) # 0. If 0 # Onax, we also have lim, o Gjy(a) < 0, and therefore 5(6) € argmax, Gy(a)
is interior. Assume then first that 0 # Opax. In this case, we can compute the first order

condition, obtaining that 3(#) satisfies the equation

(0 — B(6))f(8(6)) =0.

Therefore, as the cumulative distribution function f is strictly increasing, the unique optimum

is to bid truthfully, as it is known in the literature.
Otherwise, if § = Opax, Gy is strictly increasing for all a € A and therefore 5(0) = Ompax.
We then conclude that CA 3 holds.

Condition CA 4: Due to the truthfulness property of the second price auction, from Propo-
sition 3, it follows that aj = /(1 + u') which belongs to (0, Omax) due to the bid is positive,
and thus condition CA 4 holds.

Conditions CA 5 and CA 6: Note first that 7(6,a) = 6f(a) — m(6,a) and y(0,a) =
m(a), because f absolutely continuous. Then, it is enough to show the conditions hold for
h(9,-) = 0f(-) and m(a) = [} xdf(z). Specifically, we will show that if the density function
f"is locally ¢&-Lipschitz continuous in A(aj, ¢), then the gradient of h(6,-) = 6f(-) is locally
(§Omax)-Lipschitz continuous in A (aj, p) and m/(a) = af’(a) is locally ((¢ + Omax/(p' +
1))¢ +n)—Lipschitz continuous in N (aj, ¢).

To see the former note that
IVah(6,a) — Vah(8,a5)|| = 0| f'(a) — f'(a5)| < Omax€la — ag,

where the equality follows from the gradient of h and the inequality holds due to the locally
¢—Lipschitz continuity of f’ and because 6 < O ax.

For the latter, we first show that f’(aj) < n with n = 1/¢ + £p. Because the density
f! is locally ¢-Lipschitz continuous in N (aj, ), we have that f'(aj) < f'(z) + &p for all
x €€ [a},a} + o). Integrating over x € [a}, aj + ¢] we obtain that f’(a})p < 1+ £p? because
/! integrates to at most one. The result follows by dividing by ¢. We now show that m’(a)
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is locally Lipschitz continuous:

—agf(ap)]
a) — f'(ag)] + f'(ag)(a — ag)l
< alf'(a) = f'(ag)l + f'(ap)|a — ag]

G)mx 1
<<¢+M1j1>§+n> la — agl.

where the first inequality holds applying triangle inequality and the last follows from the

laf(a

El
/\\
S
SN—
|
S
—~
S
Nl
-
I

IN

bound of f'(a}), together with the locally £—Lipschitz continuity of f/, the equality aj =
0/(1+ p') and the bound aé < Omax. The proof is completed. O

A.3 First-price auctions

Lemma A-2. If f absolutely continuous, M(a) = a + f(a)/f'(a) strictly increasing, the bid a,
mazimizing 0q(a) — (u* + 1)m(a) is interior, and the density function f' is locally é— Lipschitz in
N(a}, o), and f'(a}) is upper bounded by n, conditions CA 1- CA 6 hold.

Proof. As in the lemma for second-price auctions, conditions CA 1 and CA 2 holds because f is
absolutely continuous. On the other hand, the bidder’s problem in the static first price auction
without budget constraints is to find a bid function A(f) maximizing (0 — a)f(a). Note that
argmax0f(a) — af(a) = argmax® f(a) — (u' + 1)af(a), where 8’ = 6/(u' + 1), is interior by
hypothesis and then, computing the first order condition, we obtain that 5(6) should satisfy

F(B(0)0 — f(B(6)) — B(6)f(B(6)) = 0. (A-2)

Then, we have § = 5(6) + f(5(0))/f'(5(0)) = M(B(6)) and by hypothesis we can compute the
inverse of M and therefore 5(6) = M ~1(6). Thus, payments at the optimal solution are unique and
assumption CA 3 holds.

Note that condition CA 4 is directly assumed in the statement of the lemma, and therefore it
holds.

It remains to see smoothness of both the expected reward 7(6,a) = (6 — a)f(a) and expected
payment y(a) = af(a) functions, but it is enough to show that the gradient of (0, a) is locally

Lipschitz continuous. To this end, note that

IVag(0,a)| = f(a) + af(a) = f(ag) — agf(ag)| < |f(a) = f(ag)| + |af(a) — ag [ (ag)l,
where the last expression in the inequality can be bound by using the local Lipschitz continuity
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of f’ together with the upper bound for f’ (as in the case of the second-price action, we have
that f’(aj) is bounded) by using the mean value theorem. The remaining algebra is similar to the

second-price case and the proof is completed. ]

B Proof Theorem 1

The goal of this section is to proof Theorem 1, which is our mean result regarding the performance
of the heuristic CE for the set of DRC? problems. To do that, we assume that Assumption 1 and
Assumption 2 hold and we first introduce some processes and random variables, as well as technical
results, that will be useful to obtain the desire result.

In what follows we will denote by y; the resource consumption at time ¢ if the decision maker
follows the policy 7°F. That is, y; = y(@t,a?CE,et). Let us consider the process {Mt}t21 up to
time T consisting in, at each time period, the accumulated difference between the resource vector

consumption and its expectation, divided the remaining horizon. More specifically, for each t € [T,

Let us define the stopping time 7. To this end, we need to introduce two random variables. On
one hand, we define 75 to be the first time ¢ such that M; has f>-norm greater or equal than 6,

where ¢ is defined in Assumption 2. That is,
75 = min {¢ : || M|| > 6} .
te[T)

If || M| is at most 0 for all ¢ € [T], we set 75 = 0o. On the other hand, we define 7_ as the first
time at which there exists a resource such that its consumption under the policy ¢7, is close to

over capacity. That is,

T_ = min {t c3le L] st ¢y — yl(Ht,ad’;t,et) < goo} )
te(T)

As above, if ¢y — y;(0s,a%, ¢;) is greater or equal to g for all t € [T] and I € [L], we set 7_ = oc.

Then, we define the random variable 7 as the minimum between 75 and 7_, and the number of

periods T, i.e.,

7 =min {75, 7, T} .

Because y(0;, a®re ,€t) < Yoo by Assumption 1, we have that the actions of the policy up to time 7_

are not constrained by resources and they are taken according to an optimal solution of the CE
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problem. To see this, note that if ¢ = 7_, then ¢;; = ¢;—1; — y1(6¢—1, a%re-1 ,€t—1) > Yoo and, thus,
ceq — yi(0, aer) > 0.

Note that both 75 and 7_ are stopping times with respect to the filtration {F;}¢>1, with F; =
o(01,...,0,a1,...,a,€1,...,€6), the history up to the end of period ¢, and thus we obtain that 7
is also a stopping time with respect to the same filtration {F;}i>1.

Furthermore, the process {M;}+>1 is a martingale with respect to the filtration {F;}+>1. In fact,
for each ¢, from Assumption 1.2 follows that E(y:|p:) — v+ < Joo < 00, and therefore E(||M,]|) < oo
for all . On the other hand, for each ¢, it holds that

E _
My — M, (?/t-&-}“ﬁf-;lz : Yt

and E (E(y+1|pt+1) — ye+1|Ft) = 0, concluding that
E(M1|F) = M, Vt > 1.

Since {M;}¢>1 is a martingale and 7 an stopping time, it turns out that the stopped process
{Min+}i>1 is also a martingale with respect to the filtration {F¢}i>1.

We are now ready to present some properties for the process and the stopping time defined
above, which will be needed to prove the bound for the reward loss. The first result states that
up to time 75, the random variable M; can be expressed as the difference between p;11 and p; and

that p; belongs to the ball centered at p; with radius §.
Lemma B-1. Under Assumption 2, if t is at most 75, it holds that:
1. pty1 —p1 = My
2. |lpt — pall < 6.
Proof of Lemma B-1. We will proceed by induction on ¢, dividing the proof into two steps, the first

corresponds to prove the base case and the other the induction step.

Step 1. Note that for t = 1, statement 2 of the lemma follows trivially and we are then under the

hypothesis of Assumption 2, obtaining E(y1|p1) = p1. Therefore, we can express M; as follows:

_ E(y1|p1) — w1 _pm—-n

M .
! T—1 T-1

(B-1)

From the definition of p; and p2, we have that y; = p1T" — po(T — 1) and replacing in (B-1)



follows that

_ =T+ p(T—1)

M
! T-1

= p2 — P1,

obtaining the first statement of the lemma and completes the base case.

Step 2. Now, assume that Lemma B-1 holds for all s smaller or equal than a fixed ¢ < 75 and let
us prove that both statements also hold for ¢ + 1.

As in the base case, we will first prove statement 2 and we then use it to prove statement 1.
That is, let us show that ||p+1 — p1|| < 0. Applying the induction hypothesis to ¢, it holds that
llpt+1—p1|| = |M¢]|. On the other hand, ¢ < 75 and thus || M¢|| < J, concluding that || pt+1 —p1]| < 9,
and the second statement follows.

In the remainder of the proof, we show that p;1o — p1 = M;11. Note that

t+1 t+1 t+1

ps(I' —s+1)—y Ps =Y
Pria—PL=) Pl —ps=) T Y= )

s=1 s=1 s=1

where the first equality is obtained by using a telescoping sum and the second holds because
Ps+1 = Cs41/(T —s), ¢s = ps(T'— s+ 1) and ¢s41 = ¢s — ys. By the induction hypothesis, together
with the statement 2 we already proved for s = ¢ + 1, it holds that ||ps — p1|| < ¢ for all s <t + 1.

Therefore we can apply Assumption 2 to the expression above obtaining that

t+1

E —
prra—p1=Y W = M1,

s=1
and the lemma follows. O

Since {Minr}e>1 is a zero mean martingale with respect to the filtration {F;}:>1, a direct
consequence of Lemma B-1 is that also the stopped process {pir }+>1 is a martingale with respect
to the same filtration.

The following lemma is a technical result we need to prove Lemma B-3, which, in turn, states
that the expected number of remaining periods after the stopping time 7 is bounded by a constant.
Specifically, the following result gives sufficient conditions on ¢ to be a lower bound for the stopping

time 7_.

Lemma B-2. Assume that Assumption 1 and 2 hold, and define T~ =T + 1 — 2%, where py 1S
L] —
the smallest component of vector p1. If t < T~ andt < 75, thent < 7_.

Proof of Lemma B-2. Due to the definition of the stopping time 7_, we have to show that for all s <
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t, the consumption is at most the available capacity (minus the maximum possible consumption),
ie., y(@s,ad’;s,es) < ¢y — 19s. Take s < t. By hypothesis, s < 75 and by Lemma B-1 it holds that
llps — p1]| < 9. In particular, |(ps — p1)i| < 0 VI € [L], obtaining

Ps > P1 — 16) (B'2)

where 1 denotes the vector of ones of size L. On the other hand, note that

2Yo
81475

cs>(T—s+1)(p1 —10) > (pr —168) > 2+ 1iso > P04+ y(0s, a%s , €,),

where the strict inequality follows from the definition of ps, together with inequality (B-2); the
second inequality holds because ¢t < T~ and P> ¢; the third due to the definition of Py and the
last because y(6s, a®s ,€s) < 17 from Assumption 1.2. We then conclude that 7_ is greater than

t and the proof is completed. O

We next prove that the expected number of remaining periods after the stopping time 7 is
upper bounded by a constant that does not depend on T', which is a key result to obtain the main

theorem.

Lemma B-3. If Assumptions 1 and 2 hold, then E(T — 1) = O(1). More specifically,

2 —2
Yoo 4 1q¥e

E(T_T)<£1—5 52

Proof of Lemma B-3. We will prove the result by bounding the expected value of 7, which is
equivalent to the expression Y .~ P(7 > t) because 7 is a non-negative random variable. From the

definition of 7, the probability of 7 being greater than T is zero, and then,

T T——1
E(r)=> PlAT->t)> ) PlsAT.>t) (B-3)
t=1 t=1

where the last inequality follows just splitting the horizon and because probabilities are non-

negative.
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On the other hand,

T——1 T——1
PlrsANT_ >1t) = P min {s: ||M]| >4} >t
S Bmarzy = 3 (Sem{ 1L, > 6 )
T——1
= P (|| M| < 0 Vs € [t])
t=1
T——1
T- -1 Zp@%ymuza),

t=1

where the first equality is obtained by Lemma B-2 (since t < T, 75 A 7— = 75) and the last one
because P(||Ms|| < 0 Vs € [t]) = 1 — P(maxepy || Ms|| > 9).
Then, using the equality above in (B-3) it holds that

T-—1
E(r)>T —1- Z P <mz%>]<:HMsH > 5) .
—1 se|t

In the remainder of the proof we will upper bound Z?;l_l P (maxse[t] |Ms|| > 6), and we proceed
by applying Theorem 3.5 in Pinelis [1994]. To this end, note first that (R, || - ||) is a separable
Banach space, and since ||z +y||+ ||z —y|| < 2||z||*+2]||y/|? holds for all z,y € R, it is (2, 1)-smooth.
Define, for each ¢, the martingale {Mins}s>1. From the definition of Mj it follows that

E _
M_Mlz(@@S%
and therefore
2 _
Eyslps) — s ||” _ (2000)°
o T—s o T—1t

where the inequality follows from Assumption 1.2, and using that >>'_, 1/(T—s)? < fg 1/(T—s)? <
1/(T —t).
Then, we are under the hypothesis of the theorem mentioned above, and applying it together

with the inequality P (maxsep || M| > ) < 1, we obtain

52(T—t)>‘

Plmax||Ms|| >6) <1A2exp| —
<sem 1Ml = >‘ p( 872,
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Summing over ¢ and using the bound obtained above, we have

T--1 T 2
T _

P (maXHMs| > 5> <y <26Xp (_‘5(2”> /\1>
t=1 sl t=1 805

T 52

< / 2exp —@ Al )dt
83
0
875

where the second inequality follows from bounding the summation by the integral and the last
inequality from Lemma D-1.
Putting all together and using that 8(log2 + 1) < 14 we conclude
Uso _ oo | 14U

E(T — T-T +14+14 = —4+14
( T) < + 1+ 52 Bl_5+ 52

and the desire result is obtained. O
We are now ready to prove Theorem 1 by combining the technical results already presented.

Proof of Theorem 1. We have to bound J* —JF, which is upper bounded by T'J(p1) — J°F because
J* <TJ(C/T) (see, e.g., Gallego and Van Ryzin 1997). Thus, it is enough to bound T'J(p1) — JCF.

By dividing the horizon from 1 to 7 and from 7 to T', we obtain

t=1 t=1

T T T
TJ(p)—J" < E (Z J(p1) — r(etjafE,m) +E ( > J(m)), (B-4)

(4) (B)

and we then have to bound (A4) and (B), which will be done in Part 1 and Part 2, respectively.

Part 1. We bound (A) by dividing the proof into three steps. First, we show that the expected
reward earned up to time 7 considering the policy given by the CE heuristic equals the expected

reward until time 7 of the fluid problem for p = p; at time ¢. Let us prove that

E <Z (e et)) =E (Z J(,ot)> : (B-5)
t=1

t=1
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To this end, consider the sequence of zero mean, i.i.d. random variables {X;};>1 given by

X = (0, atCE7 €t) —Eg.e (7”(91&, GSE7 6t)\ﬂt> :

Then, letting Ny = > ;_; X; it holds that {NS}le is a martingale relative to the filtration {F;}+>1
previously defined (see e.g. Ross et al. 1996 page 296). Therefore, due to 7 being a stopping time
with respect to the same filtration, we can apply the Martingale Stopping Theorem (Ross et al.
1996, Theorem 6.6.2), which in turns implies that E(N;) = E(N;) = 0. On the other hand, by
the definition of the fluid problem, we have that Eg (r(@t, a®®, et)]pt) = J(p;) for all t < 7. Then,
(B-5) follows from combining these equations.

Second, using (B-5) and applying Assumption 2 (the hypothesis is fulfilled because ¢ < 7 and
then by Lemma B-1 we have ||p; — p1]| < §) we obtain

(A)=E <Z (J(p1) — J(Pt))) <E <Z —=VJ(p1)(pe — Pl)) +E (Z g”Pt - Pl”2> :

t=1 t=1

(A1) (;(2)

From the linearity of the expectation, for the first term we obtain that

(A1) = =VJ(p1) (Zpt P1> =0,

where we used that {piar}+>1 is a martingale, and thus the term (A;) vanishes in the bound.

In the third and last step, we bound (Az). Using Lemma B-1 have that

()= 2k (Z\\Mt 1u2> <2 (Zth nr?) - ng(th_nP)

where the inequality follows because ¢t < T and using that the summands are positive, and the last
from the linearity of expectations. Therefore, it is enough to bound E (] | M| ]2) Because martingale

increments are orthogonal (see e.g. Gut 2013, Chapter 10 Lemma 4.1), we have that

t
Zw
T

s=1

E (|M:)?) =E Z E\I]E(yslps) usll” - (B-6)
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Furthermore, by definition of £?-norm, it holds that

EE (ylos) = wsl” = D B ((E (etlos) = y6)*) = 3 E(Var(yslos))

le[L)] le[L]
< ZE ysl|Ps EH?JSHZ §§%7
le[L]

where the inequality follows because Var(X) = E[X?] — E[X]? < E[X?] and the last inequality
follows from Assumption 1.2.

Using expression (B-6), we finally obtain

t—1 T

T -1 T

K K K 1 K

(A2) < 5?4% E (T —s2 =5 % E E 52/% T _ s < 52!%(7—1—108;(@%
t=2 s:l =1 t=s+1

where the second equation follows from exchanging the order of summations and the last inequality
because S0 (T —s)~t = .77 s™1 < 4 + log(T'), where v is the Euler-Mascheroni constant.
Putting all together we get

E (Z (J(p1) - J(pm) < TR +108T) < K3 loa(T), (B-7)
t=1

because v + log T < log(T') for T' > 2, and the proof of Part 1 is complete.

Part 2. It only remains to bound the second term in (B-4). Note that

2o, 1432,
_ 5 52

J(C/T), (B-8)

T
E ( > J(pl)) =R(T —7)J(C/T) <

t=7+1

Py

where the inequality follows from applying Lemma B-3.

Putting everything together. Using (B-7) together with (B-8) in (B-4) we get

2yoo . 14yoo

J*— JE < 2K log T + 5+ 52

J(C/T),

Py

and the result follows. O
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C Missing proofs

C.1 Proofs of Section 5
C.1.1 Proof of Proposition 1

Proof of Proposition 1. We divide the proof into two steps. First, we prove that an optimal solution
to the dual problem exists, namely p*. Then, we define ¢* properly and we apply Proposition 5.1.5
in Bertsekas [1997] to prove that ¢* is primal solution and p* is in fact a Lagrangian multiplier and

that therefore there is no duality gap, obtaining the desire result.

Step 1. Note that for each § € O, gy is convex because it is defined as the supremum of a family
of linear functions and therefore the dual problem is a convex problem.

To prove the existence of optimal dual solution p*, we first prove ¥, is differentiable (and thus
continuous) and then we argue that the domain of the dual problem can be restricted to a compact
set, achieving the result applying the extreme value theorem. For the former, it is enough to note
that gg(p) is differentiable by Assumption SC 1, and in particular we have that ¥, is continuous. On
the other hand, we can prove that we can restrict the domain of the dual problem to the hypercube
[O,ﬁp]L, for fi, = 7oo/p, where p = min;er) pr and Too is the positive real number provided by
Assumptionl.1. We have that i, < oo because p > 0. Let us check that every p ¢ [O,ﬂp]L is
]L

suboptimal. Take p & [0, fi,]”, and define Ly = {l € [L] : yy > fi,} the components of ;. greater

than fi,. Then, we have

_ _ 1 _
W,(p) >pu> Z pLily = Foo Tl > oy > v,(0),

leLly e, P
where the first inequality holds because 7(0,a9) = y(6,a0) = 0, for all & € O and therefore
go() > 0; the second follows from the non-negativity of vectors p and p, the third inequality
holds because L; contains at least one element and p; > p, and the last one follows because
U,(0) = > pcoPomaxqeat(f,a) and oo > 7(6,a) for all & € O, and a € A. Then, we have
U,(0) < ¥,(n) and together with the extreme value theorem we conclude that for each p > 0 there

exist ©* optimal dual solution satisfying u* € |0, ﬂp]L .

Step 2. Given p > 0, take p* an optimal dual solution and, for each 6 € ©, define ¢} a distribution
that assigns probability one to an action aj € arg max,c 4 {f(@, a) — 1o, a)}. Such actions are
guaranteed to exist by Assumption SC 1. Let us now show that (¢*, u*) is an optimal solution-

Lagrange multiplier pair. We will proceed by using Proposition 5.1.5 in Bertsekas [1997]. That is,
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we need to check primal and dual feasibility, Lagrangian optimality and complementary slackness.

1. Primal and dual feasibility. Dual feasibility follows because p* > 0. For primal feasibility,
note that from the envelope theorem applied to gy (see, e.g., Theorem 1 in Milgrom and Segal

2002), the gradient of ¥, evaluated at p* is given by

VU, () =p+ > peVge() =p— > pey(0,ap), (C-1)

o€ 0cO
where we used that by SC 1 the value function gg(u) is differentiable and achieved for an action
ay, and that the gradient of 7(6, a) — 1 5(6, @) with respect to u exists and is given by %(6, a).
Because p* is an optimal dual solution and the constraint set is convex, by Proposition 2.1.2

in Bertsekas [1997], the first-order conditions are given by
V() (= p*) >0, Y e R (C-2)

Letting y; — oo, we obtain that VW ,(x*) > 0, which, in turn, implies that ), o pey(0, aj) <
p by (C-1). Primal feasibility follows.

2. Complementary slackness. If i = 0, we trivially have (V¥,(u*));u; = 0 and complementary
slackness follows. If p; > 0, we can take v > 0 with p; + v and p; — v belonging to R.
Using (C-2), we obtain that (VV¥,(u*));v > 0 and (VW,(p*));v < 0. Thus, it holds that

(V¥,(1*)); = 0 and complementary slackness follows.

3. Lagrangian optimality. Note that

* _ * — o x 1 —
argmax L(¢,u7) = argmax up+§9pef[(r(9,a) 7 y(97a)) deg(a)

= (arg max /(f(@,a) —u*Tg(H,a)> dee(a)

PoEA(A)
A 0O

= <(argmax *
{ gmax go( )}668 )
where the second equality holds because we can separate the problem for each 6. But note

that go(n*) is maximized at aj and thus we have Lagrangian optimality.

Therefore, the four conditions hold and the proof is complete. ]
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C.1.2 Proof of Lemma 1

Proof of Lemma 1. We have to show that if p € N(p1,0), with 6 = (vx)/2 then it holds that
L J(p) = J(p1) + VI (p1)(p = p1) = g llp = o1,
2. >peo P J,9(0,a)dgg(a) = p.

Part 1. We first extend the strong convexity lower bound of gy to the entire domain. Given 6 € O,
by SC 2, gy admits a x-LUQ envelope in I¥ = N(u!,v). Then, for all u € IV.

9o(1) > go(p') + V(') " (0 — p) + gHu —u*. (C-3)

We next extend the lower bound to every feasible dual variable. Consider p > 0 with p & IV. Take
« such that ap+ (1 —a)u! = ji where fi is in the boundary of the ball IV, i.e., i € I". The latter
is possible because 1 ¢ I”. Note that i — pu' = a(p — p'). Taking £2-norm in both sides, we get
that o = || — pt||/|| — pt|]. Moreover, a € (0,1) because u' is interior since v > 0 and u & I”.

Because gy is convex, we have
age(u) + (1 — a)go(u') > goap + (1 — a)p') = go(f1) ,

which can be reordered to give

1 l1-«a 1
> = -
go(p) > age(ﬂ) - go(1”)
1L i ek g, l-—a
> = v — lp— —
> age(u)Jra go(p) (it u)+2allu ol go(p™)

1 K

1 INT /A 1 N 102
- 9
go(p) +=Vga(u) (o—p)+ 9 [ — |

%
= go(u") + Vo (') (= ")+ -l = pll

where the second inequality follows by (C-3) with 4 = i and the second equality from j — ' =
(i — ib) together with |[o — ut||? = allu— u s — ]| = awllp — ut| sinee [[ii— ut| = v becanse
i1 lies at the boundary of the ball I¥. Combining both cases we obtain that

go(k) > go(u') + V(") T (1 — p*) + Kl(p — '), (C-4)

where
szl if |zl < v

gllz||  otherwise.
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The function ¢ : RY — R is, unfortunately, not convex. We restore convexity while preserving the
lower bound by shrinking the radius of ball in half and shifting down the cone outside the ball. In

particular, consider the function f* : RF — R given by

1 2 :
N 1 E R T
£(2) = .

gllzl] — gv°  otherwise.

14
2

The function is easily shown to be convex and satisfies £(z) > f*(2) for all z € R, (Actually, f*(2)
is the largest convex function satisfying ¢(z) > f*(z).) Putting everything together we obtain that

96(1) > go(p") + Vgo(u') T (1 — p*) + K f*(n — p') . (C-5)

Part 2. Let us prove the first statement. Using this lower bound on gy to bound J(p) we have

J(p)

v

min {pTu +> po <9¢9(M1) + Vo (u') T (= ) + 5 f* (1 — Ml))}
- 0cO
= plut+ > poge(n') + (1) (p = p1) + min {to= )T (0= ")+ 5 (=) |
0cO -

= J(o) + V(o) (0= pr) + min {0 = p) T2+ 5 (2) |

(E)

where the first equality holds because the dual solution is interior, i.e., ' > 0, and then the
first order conditions for the dual problem imply that p1 + Y gcqpoVge(p') = 0 and the last
equality follows from performing the change of variables ;i — u' = 2z and because J(p1) = p; pu' +
> pco Poge(p') together with V.J(p1) = p! from the envelope theorem. Note that envelope theorem
applies to J because both gg and J—in a neighborhood of p;—are continuously differentiable (it
follows from Assumption SC 1, and from the concavity of J and Theorem 25.5 in Rockafellar 1970,
respectively).

In the remainder of the proof we lower bound the error term (E). We have that

(B) = min {(p— ) =+ 5f*()} = —r max { = ”)Tz - f*(z)} g (P20

2€RL z€RL K K

where the first inequality follows from relaxing the constraint that z > —pu', the first equality
from factoring x > 0 and changing the direction of the optimization, and the last one by denoting
[ (x) = max,cpe{z "2 — f*(2)} to be the convex conjugate of f*(z). Invoking Lemma D-2 with
¢ = v/2, we obtain that f**(z) = f(z) with f(z) = 3|lz[|* if ||| < v/2 and f(z) = oo otherwise
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because the function f(x) is proper (because v > 0), closed, and convex (because every squared

norm is convex). Therefore, if ||p — p1|| < vk/2, we have

— 1
()2 =f (2 22) =5 I ol

Putting it all together, we conclude that for p such that |[p — p1]| < (vk)/2,

T(p) = Tpn) + Vo) (0= p1) — g llo — il

Part 3. Let us now see the second statement. More specifically, we will show that if ||p1 — p|| < ¢

then

S po / 5(6,0) d5(a) = p,

0O acA

where ¢* is an optimal solution of the fluid problem when the resource vector is p.

Note that by complementary slackness we know that for all i € [L]

14i (p - /EA y(0,a) d¢2(a)> =0,

0cO i

where p is the optimal solution of (5). That is,

p € arg min V,(u),
nerRY
with U,(p) = p' 1+ > geo Poge(st) the Lagrange dual function. We prove the result by showing
that p; > 0 Vi € [L] for every optimal solution when the resource vector p satisfies ||p — p1|| < 9.
For all y > 0, we have from (C-4) that

o) = p "+ > po (g0(') + V() = i) + kb — )
0O

=p i+ page(p) + (' — 1) "1+ wb(n— pt)
ISC]

= U,(p!) + Rl —p') + (' = 1) (o1 = p).

Let us define Up = {p € R% : pj = 0 for some j € [L]} the set of dual feasible solutions with some
zero component. We will prove that if p is suitably chosen, then min,ey, V,(1) > V,(p') and

therefore the optimal solution of the dual problem satisfies p; > 0 for all ¢ € [L] since all dual
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solutions in the boundary Uy are strictly dominated by p!. To this end, it is sufficient to show that

U%=£g{%w—u5+0ﬂ—uﬁwy—M}>0

Suppose that [|p — p!|| < v. In this case, £(z) = %||z||>. Before proceeding we note that

mingey, | — pt]| = p. In fact, if p € Uy there exist j € [L] such that p; = 0 and therefore
(w—ph); = —Mjl., obtaining that ||u — p!|| > M} > . Then, using Cauchy-Schwartz we obtain that

. R . K
(1) = min { Sl — 2 = llpr = plllle = o1} = min o= gl (5 = sl = o = o)
nelp L2 nelp 2

. KL K
> min [|u— o'l (5 = ller = oll) = (5 = llor = oll) >0,
nelp 2 2

where the second inequality follows because min, ey, || — p!|| > p, the third and fourth inequalities
because |[p1 — p|| < (vk)/2 < (uk)/2 because v < p.
Suppose that ||g — pt|| > v. In this case, £(z) = v||z|/2 and using again Cauchy-Schwartz we

obtain
KV KV
0 i (5o 12 ()0,
(1) = min (- = ller = pll) lln = w7l = (5 = llor = pll J >0
where the third inequality follows because ||p — p1|| < (kv)/2. The result follows. O

C.1.3 Proof of Lemma 2

Proof of Lemma 2. We will show that under assumptions CA 1-CA 6, ggp(n) admits a k-LUQ en-
velope in N (u!,v) for v = kp/o and k = K, + (v + ||t |]) |5y |-
From CA 5, 7(6,-) admits a #,-LDQ envelope in N (aj, ¢). That is, for all § € O,

F(6.a) = 7(0,a}) + V(8. a}) " (a — af) — Tl — ajl|* Va € N(aj o).
On the other hand, from CA 6, g(0,-) admits a £,-UUQ in N(aé, ¢). That is, for all 6 € ©,

K.
ﬂ&@S@Wﬂb+vﬂﬂﬁﬂa—ﬁl+jwa—%w‘Weﬂﬂﬁ#ﬁ
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Combining these two inequalities we obtain that, for a € N'(a}, ¢), we have

7(0, CL) - MTg(a a)

> 70.ab) — 150, ok Vi0. aby — i, a) T ) T _1_"fr+NT’fy 12

> 7(0,ag) — p y(0,a9) + (V7 (0,a9) — Vy(0,a9) 1) (a— ag) 5 lla—ag|

> U 4 Tan(u) T (1 — 1) Ti(0. a T (4l — T _1_HT+MT”y _ a2 (c
> go(p) + Vgo(p) (n—p')+ (Vy,a9) (1 — p)) (a— ag) 5 lla—agl”, (C-6)

where the equality follows because go(ut) = 7(6, a})—(u') T5(0, a}), because Vi (0, a}) = Vy(0, a}) " ut
from the first order condition of gy (by assumption CA 4, a} is interior), and because Vgy(ul) =
—(6, aé) from the envelope theorem applied to gy (using compactness of A and Assumptions
CA 1-CA 3 we can apply Corollary 4 in Milgrom and Segal 2002).

We now proceed to bound gg(t). Fix u € N(u',v). We have

= F(0,a) — p'g(0,a) p > F(0,a) — p' (o
9o(n) = max {7‘( ya) =iyl ,a)} O s D {r( ya) =yl ,a)}

T K
> o) + V) o= )+ (Vo006 =) o Sa?)
{z:llzll<e} 2

= go(u") + V(") T (w— ') + 1 (Vy‘(& ag) ' (u' — u)) :

where the first inequality follows from restricting the optimization to a € A such that |la—a}|| < ¢;
the second from (C-6), using Cauchy-Schwartz and the triangle inequality to bound MT/@y <
lallgll < (e — s+ Bt gl < (v + It iyl setting & = ke + (v + [at]) 1yl and
making the change of variables © = a — aj; the second equality follows from setting h(z) =
max a<p) {2 = § 2%}

Note that h(z) is the convex conjugate of x f(z) with f(x) defined in the statement of Lemma D-
2. Using that the convex conjugate of the scaled function kf(z) is given by kf*(z/k) (see, e.g.,
Boyd and Vandenberghe 2009, Section 3.3.2) together with Lemma D-2 and that the dual norm to

the Euclidean norm is the Euclidean norm, we obtain that

3 |l211? if |z < rep

ollz]| = %HQDQ otherwise.

Given that o is a lower bound on the smallest singular value of Vg(ﬂ,aé), it holds that

IV5(0,a4) 2| > o|z| for all z (see Grear 2010, Lemma 3.3). We can equivalently write h(z) =
1
K

h is increasing in ||z||. This yields that h(Vg(0,a})"z) > h(oz) for all z € RE,

min(ke, [|z]) - ||2]| — 5= min(ke, ||z]|)?, which implies that h(Z) > h(z) whenever |Z|| > ||z since
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Therefore, if u € N(ut,v), we have that ||u — pl|| < v = kp/o, in which case h(oz) =
(02/2k)||2||?, which yields

2
o
96(1) = go(1') + Vo (') (= ') + -l = 1%,
and the result follows. O

C.1.4 Proof of Lemma 3

Proof of Lemma 3. Let us prove that the first statement of Assumption 2 holds by showing that
the function J(-) is linear over the set N (p1,0) = {p: ||p — p1]| < §} with ¢ given in the statement
of this result. Take p € N(p1,0). That is, p = p1 + ev for some v unitary vector and e a positive
real number smaller than §. Let ¢ = (p1, 1) be the corresponding right hand side of problem (A-1)
for p = p; and v = (v,0), where 1 and 0 denote a vector of ones and zeros, with a proper size,
respectively. Note that in this case, B~lu = Bp_llv because the last |©| components of u are zero
and thus |B~'u|| = || B,'v|| < ||B,,'|| where the last equality hold because v is an unitary vector.
Then, by Lemma D-3 we have that if 0 < e < H(Z'*;‘_il?” , B is an optimal basis for the standard problem
with right hand side & + eu and therefore the optimal basic variable vector, namely ¢p, can be

computed as B~(¢ +eu). Let us define ¢ the objective function coefficient vector of problem (A-1).
That is, ¢; = p;7; if i € © and 0 otherwise. Thus, calling c¢g to the coeflicient vector associated to

the basic variables, it holds that

J(p) = epB7H(E+ eu)
= cpB €t ectB
= c¢pB e+ chp_ll(ev)

= J(p1) + VJ(p1)(p—p1),

where the last equality follows because B is optimal basis of problem (A-1) and ev = p — p;. We
then have that J(-) is linear over N'(p1,0) and the first statement holds with K = 0.

Note that the second statement follows directly because, by hypothesis, the constraints are
binding for p; and taking p € N(p1,6), by Lemma D-3- applied to € + eu with € < 6,u' = (v,0)
and ||v]| = 1- holds that the optimal basis does not change.

Therefore, we conclude that Assumption 2 holds for § = Hg]i;f‘lii‘u, and K = 0. O
p1
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C.2 Proofs of Section 6
C.2.1 Proof of Proposition 3

Proof of Proposition 3. Recall that there exist u* optimal dual solution satisfying p* € [0, 1] (see
Step 1 in the proof of Proposition 1). Thus, it is enough to show that (6 (#) , ,u*) is an optimal
solution- Lagrange multiplier pair. We will proceed by using Proposition 5.1.5 in Bertsekas [1997].
That is, we need to check primal and dual feasibility, Lagrangian optimality and complementary

slackness.

1. Dual feasibility. 1t follows directly because we take p* optimal dual solution.

2. Primal feasibility and complementary slackness. To check primal feasibility and complemen-
tary slackness we will apply Proposition 2.1.2 in Bertsekas [1997], which gives us that, as p*

is optimal dual solution, we have that

Wl (p*) (e — p*) >0, Vu € [0, f],

where the derivative of ¥, is given by

(n)=p+ Y pogo(u) =p— > pemn (6 <1i#>> : (C-7)

0cO 0coO

If * = 0, ¥)(0)p > 0 and therefore ¥/,(0) > 0. Note that we also have ¥, (u*)u* = 0, and then
primal feasibility and complementary slackness follows by (C-7) because » g ppmm (ﬁ <$))
is the expected payment under the optimal bidding strategy.

If p* > 0, there exists v > 0 such that u* + v and p* — v belongs to [0, ii]. Therefore both
(1 )v and W) (p*)(—v) and non-negative, obtaining ¥/ (u*) = 0, and primal feasibility and

complementary slackness hold.

3. Lagrangian optimality. Note that

argglggﬁ(qb,u*) = argmax u*p+9§9p91(96(a)—(1+u*)m(a))d¢o(a)

= Jarg max / (04(a) — (1 + u*)in(a)) dd(a)

de€A(A)
A 0cO

= <argma a, i~ ,
{ gae“i(ge( M)}OGG
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where the second equality holds because we can separate the problem for each 6. But note

that gg(a, u*) is maximized at a = B(0/(p* + 1)) and thus we have Lagrangian optimality.

Therefore, the four conditions holds and the proof is completed. ]

D Auxiliary Results

The following lemma is a technical result we need to prove Lemma B-3.

Lemma D-1. For every a > 1,b > 0 we have

aexp(—b(T — ) A Ldt < %(log(a) +1).

St~

Proof. We assume that aexp(—bT") < 1. Otherwise, the integrand is always one and the bound
trivially holds because T' < log(a)/b if aexp(—bT) > 1. Let T € [0,T] be such that aexp(—b(T —
T)) = 1, which is always guaranteed to exists because the function t — aexp(—b(T — t)) is
continuous, increasing, and evaluates to aexp(—bT) < 1 at ¢t = 0 and a > 1 at t = T. Then,

by partitioning the integral at 7' we obtain

aexp(—b(T —t)) AN1dt = aexp(=b(T —t))dt +T — T

St~
—=

0
a T _

= gexp(—b(T—t))0+T—T

- %exp(—b(T —T)) = Lexp(=bT) + T — T
1 -

< C4T-T

< ot :

where the last inequality follows from our choice of T' and discarding the second term. On the other

hand, as aexp(—b(T —T)) = 1 we have that T — T = lofa, and therefore we conclude that

T

1
/aexp(—b(T—t))/\ldtg g(loga—kl). O
0

Lemma D-2. Let ||z|| be a norm in the Euclidean space and let ||z||, = max),<i{z'x} be its

dual norm. Let f(z) = ||z|? if ||| < ¢ and f(x) = oo otherwise. Then, its convex conjugate
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f*(z) =max, {zTz — f(z)} = IED SR {7z — J||z||} is given by

Bk if I« < ¢
2

(=) =

ol ||« — %90 otherwise.

Proof. Note that the convex conjugate can be more compactly written as min(yp, ||z]«) - |||« —
$min(¢p, [|z]|+)?. We first show that the latter expression provides an upper bound and then show
that the upper can be attained by choosing a suitable feasible solution.

For the upper bound, use Cauchy-Schwartz inequality to obtain that

< s {lelllel - glelP} = o {00 52}
where the equality follows because we can equivalently optimize over the attainable norm values
in [0,¢]. The objective value of the latter problem is a downward parabola with maximum at
¢ = ||z]|«. The claim follows because the optimal solution is ¢ = min(y, ||z]|«)-

For the lower bound, fix z and let & = arg max,<1{z " #}, i.e., a vector satisfying | z[|. = 2" Z.
Such a vector exists because the dual norm always admits an optimal solution by Weierstrass
theorem (the objective is continuous and the feasible set is compact). Consider the solution
x = min(ep, ||z]|«)Z. This solution is feasible because ||z| = min(ep, ||z||«)||Z| < ¢ since ||Z] < 1.
Therefore,

1 1
% T Te~ o ~ :
ff(z)z2 - §H96||2 =z I -min(p, ||z]) — 5I|~’CII2 -min(gp, [|z[|+)?

. L.
> min(e, [|2]l+) - 2]l = 5 min(e, [|2].)*,

where the last inequality follows because ||z||« = 2" % and # < 1. The result follows. O
Lemma D-3. Consider the general linear program problem

max CT X

x

st Ax =€ + eu, (D-1)

x>0,

where ¢,2,0,1 € R" & u € R™, A € R™™ matriz of rank m and € a real parameter. Define

xp. = min{x} : 7 > 0}, where z* denotes a non-degenerate optimal solution of problem (D-1)
for e = 0, and denote by Ap € R™ ™ its associated basis matriz. If & = x¥, /||A5'ul, then Ap

min

remains optimal for problem (D-1) for all 0 < e <§.
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Proof. By permuting its columns, matrix A can be written as A = (Ap|Ay), where Ap € R™*"™ is
the submatrix containing the columns associated to the basic variables of z* and Ay € R™*(n—m)
is the submatrix corresponding to the non-basic variables of z*. Furthermore, we can write z* =
(2%, 0), where 23 = AZ'¢€ € R™ is the subvector of basic variables and 0 € R"™™. Note that
non-degeneracy of x* implies that % > 0.

Note that 6 > 0 is well defined because {z} : zf > 0} is not empty due to the non-degeneracy
condition on z*. Take e < §. We will prove that Ap is an optimal basis for (D-1), that is, z = (g, 0)
with zp = Agl(ﬁ + eu) is an optimal solution for Problem (D-1). Changing the right-hand side
of the equality constraints does not change the reduced cost vector and, therefore, it is enough to
show that xp is non-negative.

To this end, take j € {1,...,m} such that (Aglu)j < 0. Note that if does not exist such j, the

*

: (A5'€); > 0since z* is non-degenerate. Otherwise,

desired inequality follows trivially because x
we have that

(e5); = (A5 (€ +ew); = (vh); + € (A5'0); 2 v — el A ull = ahs, — 3] A5 ] =0,

where the first equation follows from the definition of zp, the second because (z7;); is a basic

variable, the first inequality from the definition of z; together with |z;| < ||z| for every z; €
R™, the second inequality because ¢ < §, and the last from the definition of §. The proof is

completed. n
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