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Revealing the topology of quasicrystals with a diffraction experiment

A. Dareaul', E. Levy?>®T, M. Bosch Aguilera!, R. Bouganne!, E. Akkermans?, F. Gerbier!, and J. Beugnon1
! Laboratoire Kastler Brossel, Collége de France, CNRS,
ENS-PSL Research University, UPMC-Sorbonne Universités,
11 Place Marcelin Berthelot, 75005 Paris, France
2 Department of Physics, Technion Israel Institute of Technology, Haifa 32000, Israel and
3Rafael Ltd., P.O. Box 2250, Haifa 32100, Israel
(Dated: November 27, 2017)

Topological properties of crystals and quasicrystals is a subject of recent and growing interest.
This Letter reports an experiment where, for certain quasicrystals, these properties can be directly
retrieved from diffraction. We directly observe, using an interferometric approach, all the topolog-
ical invariants of finite-length Fibonacci chains in their diffraction pattern. We also demonstrate
quantitatively the stability of these topological invariants with respect to structural disorder.

PACS numbers: 41.20.Jb, 61.44.Br, 03.65.Vf, 73.43.Lp, 11.15.Yc

Concepts issued from topology, a well-established
branch of mathematics, find increasing use in various ar-
eas of physics. Topology generalizes the notion of sym-
metry classes by classifying physical objects into distinct
families, or topological classes, which cannot be related
by continuous deformations. A well-known example is
the Gauss classification of surfaces in three-dimensional
space by their genus, roughly equivalent to the number of
holes piercing them (e.g. a doughnut cannot be contin-
uously deformed into a sphere). Topological classes are
characterized by a set of integer numbers called topo-
logical invariants due to their stability against a broad
range of perturbations. A celebrated example of such
invariant is the Chern number which characterizes the
quantization of conductance for the integer quantum Hall
effect [I]. Topological invariants play an important role
in many other situations, including the study of topolog-
ical defects in symmetry-broken phases [2], anomalies in
quantum field theory [3], topological insulators and su-
perconductors [4], band structures with Dirac [5] or Weyl
points [6l [7] and also quasicrystals.

Quasicrystals (hereafter QC) are structures having
some of their physical properties modulated according to
a deterministic but non-periodic pattern. Despite their
lack of periodicity, QC exhibit long-range order and show
sharp diffraction peaks [9HI2]. Quasi-periodic systems
have been well investigated, especially in one dimension
[I3HI5]. The study of spectral characteristics of prop-
agating waves (acoustic, optical, matter, ...) in these
quasi-periodic structures reveals a highly lacunar fractal
energy spectrum, with an infinite set of energy gaps [16-
[I8]. The gap labelling theorem provides a framework for
the topological classification of these gaps and plays for
quasi-periodic media a similar role to that of Bloch the-
orem for periodic ones [T9] 20]. Bloch theorem allows to
label the eigenstates of a periodic system with a quasi-
momentum and to identify topological (Chern) numbers
expressed in terms of a Berry curvature. This labelling
is robust as long as the lattice translational symmetry is
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Figure 1. Experimental setup. (a) Principle of the experi-
ment. A collimated laser beam is sent to a diffraction grat-
ing programmed on a digital micromirror device (DMD). We
measure the far-field diffraction pattern on a CCD camera [§].
(b) Characteristic diffraction pattern for a grating following
a Fibonacci sequence along the horizontal x direction (and
uniform along the vertical y direction).

preserved. Similarly, the gap labelling theorem allows to
associate integer-valued topological numbers to each gap
in the spectrum [2I]. Those integers can be given both
a topological meaning and invariance properties akin in
nature to Chern numbers but not expressible in terms
of a curvature [19, 20, 22]. In both cases the topological
invariants are related to the energy spectrum and remain
the same when the Hamiltonian is perturbed, as long as
the gaps do not close.

The purpose of this Letter is to present an experiment
in which we show that topological numbers can be ob-
tained from a purely structural aspect of QC and directly
measured in their diffraction pattern. We observe that
the diffraction amplitude for each peak of the diffraction
pattern displays a well-defined winding number, which
coincides with the integer gap label in the spectrum at
the corresponding wavevector. We also reveal experi-
mentally the robustness of these topological invariants
against structural noise in the chain. Our method pro-
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Figure 2. Influence of the phason degree of freedom on the diffraction pattern of a Fibonacci grating. (a) Structure composed by
the juxtaposition of two identical Fibonacci chains along z (repeated along y). White lines correspond to reflecting mirrors (B
letters in the Fibonacci chain) and black to non-reflecting mirrors (A letters). We show for clarity a chain of length Fs = 13. (b)
Measured diffraction pattern for two side-to-side Fibonacci chains of length Fio = 89. Each line corresponds to the diffraction
pattern for a given value of the phason degree of freedom ®. (c¢) Structure composed by the juxtaposition of a Fibonacci chain
and of the reversed chain along x (repeated along y). (d) Measured diffraction pattern for the structure depicted in Fig. 2(c)
with length 2 x Fig = 89. (e) Sketch of a transmission experiment. (f) Transmission of a 1D Fibonacci chain as calculated
in [23]. Gaps appear at the same position as the peaks of the diffraction pattern. (g)-(i) Cuts along vertical lines of Fig. 2(d)
for three values of k; =~ kq = (27/a) x (0.618 (g), 0.146 (h) and 0.472 (i)) corresponding respectively to topological numbers

qg=1,-3 and 4.

vides a novel experimental approach to study topological
properties of matter, different from transport or topolog-
ical pumping experiments [I 4, 24], and from spectral
measurements [I8], [25] 26].

In this work, we focus on the iconic example of QC in
1D, the Fibonacci chain. This refers to a one-dimensional
structure modulated according to the Fibonacci sequence
[16]. The gap-labelling theorem [19] 20} [22] applied to the
infinite Fibonacci chain (denoted as S.) states that the
integrated density of states N for a wave number k inside
a gap takes the simple form

N(kin gap) :p+Q/T' (1)

where p,q € Z?, p(q) keeps N normalized within [0, 1]
and 7 = (1 4+ +/5)/2 is the golden mean. The integers
p, q are topological invariants, i.e the relation holds
irrespective of the precise form of the Hamiltonian as
long as the gaps remain open. These features have been
recently revisited [I8] 23] 27] in the wake of the growing
interest in topological properties of solid-state systems.
In our experiment (illustrated in Fig.1), we realized
Fibonacci chains using a Digital Micromirror Device
(DMD), i.e. an array of about one million micron-sized

mirrors (“pixels”) of size @ x a. Each mirror can be
independently switched between a reflective (B) and a
non-reflective (A) state. We illuminated the generated
grating with monochromatic light []], and observed the
far-field diffraction pattern on a CCD camera. Accord-
ing to Fourier optics, the far-field diffraction amplitude
is determined by the Fourier transform of the reflectance
of the DMD, A(k;) = >3,y €**5, where {zp} de-
notes the configuration of reflecting pixels (multiplied by
an envelope function originating from the DMD struc-
ture). The measured light intensity I is proportional to

| Ak ).

We programmed the pixel configurations {z4,zp} to
follow one of the possible Fibonacci sequences with fixed,
finite length. Finite-size chains of given length form
a family of one-dimensional quasi-periodic structures,
which are all segments of the infinite chain S, and which
can be deduced from each other by changing a structural
degree of freedom termed a phason [23]. To generate
the chains Sy, we consider a discrete map x,, taking, for
each pixel n, two possible values +1 that we associate to
the state of the mirror (A =1, B = —1). We use, among
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Figure 3. Two-dimensional map of topological numbers. (a) Structure of the diffraction grating. White (resp. black) pixels
correspond to reflective (resp. non-reflective) mirrors. The bottom line is the Fibonacci sequence for ® = 0. The other lines
correspond to the phase-shifted Fibonacci chains scanning ® from 0 to 2w. The length of each chain in this illustration is
F; = 21 for clarity. (b) Two-dimensional diffraction pattern for 89 phason-shifted chains with Fio = 89 letters. We observe
peaks at the same positions along k. & kg as in Fig. 2(b) but shifted along the vertical axis to ks = ¢. (¢) Zoom on Fig. 3(b).

possible choices [28-30], the characteristic function [31],

Xn(®) = sign [cos <2Zn +O+ <I>0> ~ cos (:)} e)

where the phason ® appears as a continuous and 2m7-
periodic variable. FEach finite segment is defined by
Sn(®) = [x1Xx2- - XFy] (here Fy denotes the N*® Fi-
bonacci number). For a given structure of length Fy,
varying ® over a period [0,27) induces a series of Fly
local structural changes occurring one at a time and gen-
erating Fiy non-redundant chains (see Fig. 3). The value
of @ in (2)) is chosen as &y = —(F + 1)7/7 so that the
chain Sy (0) presents a mirror symmetry with respect to
its center.

As a preliminary experiment, we studied a Fibonacci
grating of length L = Fig X a, with Fg = 89. The pat-
tern, shown in Fig. 1, consists of one-pixel-large vertical
lines either in reflective (B) or non-reflective (A) state
according to Eq. (2). We show in Fig. 1(b) the measured
diffraction pattern. We observe many diffraction peaks
at wavenumbers k; ~ kq, where kg = p+ ¢/7 (in units of
27 /a) denote the expected positions for the infinite chain
Soo [10] [32]. In the following, we note Ag(k ) the diffrac-
tion amplitude from this reference chain and Iy(k;) the
corresponding intensity.

To reveal the topological features hidden in this pat-
tern, we consider the Fy distinct chains obtained with
different values of ® for a given N. In a first experi-
ment, we measured the diffraction pattern of a grating
consisting of a Fibonacci chain next to itself (“Sy + Sn”
configuration, see Fig.2(a)). All the results are consoli-
dated to form the graph shown in Fig.2(b), where each
® value corresponds to a single diffraction measurement.
We observe vertical stripes located at a value k; ~ kg
corresponding to the position of spectral gaps (Fig. 2(f)).
These stripes are independent of ®. In a second ex-
periment, we used a grating consisting of a Fibonacci
chain next to its mirror image (“Sy +Sx” configuration,

see Fig.2(c)). The resulting diffraction pattern shown
in Fig.2(d) is strikingly different. The vertical stripes
are now striated to form a regular and well-structured
pattern. The intensities, measured at the original loca-
tion of the diffraction peaks ky, vary sinusoidally with ®
(Fig.2(g),(h) and (i)), with a period that we identify as
7/|g|. The winding number ¢ is identical to the topo-
logical gap label associated with each peak in Eq. :
the “velocity” at which the peak is crossed is |g| and the
crossing direction is determined by the sign of ¢.

We explain these observations in terms of a “Young’s
double slit” interference between the waves diffracted by
the two chains. In both experiments, the diffracted field
is the coherent sum of the amplitude for each chain.
Changing @ is equivalent, as discussed in [§], to a trans-
lation along the infinite chain S, and thus to an ad-
ditional phase factor in the diffracted amplitude. We
show in the Supplemental Material [§] that, for a given
wavenumber k,, the phase shift of the diffracted field with
respect to the reference chain is ¢®. In the first experi-
ment (“Sy + Sn” configuration — Fig. 2(a)), the diffrac-
tion amplitudes from each chain at k; =~ k, are respec-
tively proportional to €/(4®+%s) and to ¢“®, where the
phase ¢5 = kqaFn is due to the separation between the
two “slits”. The intensity Isytsy = 4Io(ky) cos?(ds/2)
is thus independent of ®. By contrast, in the second ex-
periment (“Sy + Sn” configuration — Fig. 2(c)), the two
chains Sy and Sy are related by a mirror symmetry, and
their respective diffraction amplitudes are proportional
to e@®+9) and e~(4®+9:) [§]. This leads to

ISN+§N (kq’ q)) = 4IO(kQ) COSQ (qq) + ¢S) ) (3)

a sinusoidal function of ® with period 7/|g|, as observed
experimentally [33].

In a third experiment, we used the e€*?® dependence
of the diffraction amplitude to obtain a single-shot mea-
surement of all possible topological numbers q. We pro-
grammed each of the Fiy different Sy (®) chains on hor-

iqd



izontal lines along the z-direction, thereby forming an
Fn x Fy array where the vertical direction y can be
identified with the phason @, taking values from 0 to 2w
when y goes from 0 to aFy. The measured diffraction
pattern in the (k,,k,) plane is associated to a pattern
in the (ks, ko) plane with a normalization of the k, axis
by 27/(aFy). The diffraction pattern of the Fiy x Fy
array, shown in Fig. 3(b,c), displays a set of peaks at well-
defined positions in the (k,, ks) plane. The k, coordinate
is the same as observed previously for single chains, while
the kg coordinate is equal to the topological number q.
This result follows from our previous analysis, i.e. from
the €® dependence of the diffracted field. This direct
measurement of topological numbers thereby provides a
“topological map” of the Fibonacci chain in a single-shot
experiment. We observe an asymmetry between the in-
tensity of the diffraction peaks for positive and negative
ke values. This feature is due to the internal structure
of the DMD, which leads to an asymmetric diffraction
envelope, and is not an intrinsic property of Fibonacci
chains.

In the Supplemental Material [8], we propose a con-
struction based on the “Cut and Project” method to in-
terpret further the experimental results of Fig.3. We
show that the reciprocal space of the (x, ®) phase space
has the topology of a torus. The topological numbers
associated to each diffraction peak are winding numbers
around the torus. We find the exact positions of the
diffraction peaks, which depend on the chain length, and
show that the corresponding topological numbers are ex-
act, in the sense that they take the same integer value
irrespective of the chain length. The finite length Fiy
only results in the existence of an upper limit to the
topological numbers, 0 < |¢| < Fy/2. Experimentally,
we observe all the possible values for Fjg = 89.

Finally, in a fourth experiment, we explored the ro-
bustness of the diffraction pattern and of its topological
features against structural noise. We studied a similar
configuration as in the third experiment described above,
but introduced noise by randomly selecting a fraction n
of the mirrors (0 < 1 < 1) whose states (reflective or
non-reflective) were also chosen at random. Thus, n =0
corresponds to a non-perturbed pattern and n = 1 to
a fully random pattern. The resulting diffraction signal
is averaged over many realizations of the noise [§]. In
Fig. 4(a-c), we show how the two-dimensional diffraction
pattern evolves with increasing 1. As expected, peaks are
progressively washed out when increasing the fraction 7.
We select in Fig. 4(d-e) three specific peaks (¢ = 1, ¢ = 2
and ¢ = —4) and show the relative evolution of the peak
positions and normalized amplitude when varying . The
peak position is almost not influenced by the presence
of noise whereas the peak amplitude decreases strongly
when increasing the noise level. Further studies of the
influence of noise on the experimental configurations of
Fig. 2 are reported in [§]. These results demonstrate the
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Figure 4. Robustness of the topological features against struc-
tural noise. (a-c) Examples of 2D diffraction patterns for noise
levels n = 0.1,0.5 and 0.8. (d) Position of the diffraction
peaks along the ke axis for ¢ = 1 (circles), ¢ = 2 (squares)
and ¢ = —4 (triangles). (e) Corresponding amplitude of the
diffraction peaks normalized to the amplitude of the ¢ = 1
peak without noise. Statistical error bars in (d-e) are about
the size of the markers.

robustness of the topological properties of the Fibonacci
chains captured by the winding numbers of the diffrac-
tion amplitudes.

To conclude, we have presented a novel but simple ap-
proach to measure topological invariants associated with
quasicrystalline structures. Although we worked with the
Fibonacci chain, our method is not restricted to it and
can be applied to a broader class of quasicrystals. A
two-dimensional array of mirrors is also well suited to
extend this study to the determination of topological in-
variants for two-dimensional tilings where much less is
known than for one-dimensional structures [34}, 35].
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