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HYDROSTATIC LIMIT OF THE NAVIER-STOKES-ALPHA MODEL

LEO GLANGETAS, VAN-SANG NGO, EL MEHDI SAID

ABSTRACT. In this paper we study the hydrostatic limit of the Navier-Stokes-alpha model in a very thin
striped domain. We derive some Prandtl-type limit equations for this model and we prove the global
well-posedness of the limit system for small initial conditions in an appropriate analytic function space.

1. INTRODUCTION

1.1. Motivation. The characteristic feature of a turbulent fluid according to Kolmogorov’s theory is
that the energy cascades from large scales to small scales until it reaches the dissipation scale and then
turns into heat. This feature leads to important costs of calculations in numerical simulation because
the grid resolutions cannot keep up to the dissipation scale, which is extremely small when the Reynolds
number is large (which corresponds to turbulent flows). So the idea is to consider the effects of smaller
scales on larger scales instead of capturing all scales and as a consequence, one can achieve a balance
between computational costs and precision.

One way to model turbulent flows is the so-called Large Eddy Simulation method. It consists in
filtering the small scales and directly calculating the large scales of the turbulent cascade (see [14] for
instance). Another approach is the Reynolds Averaged Navier-Stokes, based on Reynolds decomposition,
which provides mean quantities of turbulent flow while fluctuations will be modeled. This second method
is used in the industry due to its small computational costs. However, both approaches meet a common
problem which is the closure of the model systems where there are more unknowns than equations.

In order to overcome this difficulty, the Navier-Stokes-alpha model was introduced, where an energy
“penalty” inhibits the creation of small excitations below a certain length scale « (also called the viscous
Camassa-Holm equations, see [5, 9, 15, 16, 20, 22] and the references therein for a survey of Camassa-
Holm equations). This “alpha-modification” leads to a change in the convection term of the Navier-Stokes
equations. More precisely, this is the following system

% + (u- V)v+v1Vug +v2Vug = vAv — Vg )
V-u=0,
where
v =(v,12) = (1 —a?A)u = ((1 — a?A)uy, (1 — a?A)uy)
and u is the velocity of the fluid and ¢ the modified pressure. In [12], Foias, Holm and Titi prove the

global existence and uniqueness of the solution of (1) in a periodic domain for H!-initial data and the
convergence of the solution of 3D Camassa-Holm equation (NS-«) towards a weak solution of 3D NS
equations when « tends to zero and in [4], Busuioc gives a simple proof of the global existence and
uniqueness of (1) for Hi-initial data in bounded domains with Dirichlet boundary conditions.

In this paper, we consider the system (1) in the thin strip S* = {(%,y) eER%2,0<y< z—:}, where
the width ¢ is supposed to be very small. This consideration is relevant for planetary-scale oceanic and
atmospheric flows (see [24]), for which, the vertical scale (a few kilometers for oceans, 10-20 kilometers for
the atmosphere) is much smaller than the horizontal scales (thousands of kilometers). In this framework,
the fluid behaviors are approximated by the so-called hydrostatic model, in which the conservation
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momentum in the vertical direction is replaced by a simple hydrostatic equation. In the case of Navier-
Stokes equations for a viscous fluid in a thin strip, the hydrostatic limit leads to the following rescaled
system in domain Rx]0, 1|

Oru + u Ozu + v0,u = 83u — Op

0,p=0

dpu+ D0 =0 (2)

(u,0)]z=0 = (u,0)]2=1 =0

u|t:0 = UQ-
This model and its three-dimensional counterpart are very important in oceanography and meteorology
(see [3, 19, 24]). Tt is known that without any structural assumption on the initial data, real-analyticity
is both necessary [25] and sufficient [17] for the local well-posedness of the system (2). In [13] the authors

proved that for convex initial data, the local well-posedness holds under simple Gevrey regularity. In
[23], Paicu et al. proved the existence and uniqueness of global analytic solution with small analytic
initial data with respect to variable . We want to emphasize the similarity of the system (2) and the
classical Prandtl system for which, without any structural assumption, the loss of one derivative does
not allow to work in the classical Sobolev framework and the well-posedness requires more smoothness
of the data (see [11, 18]). However, if we impose the monotonicity hypothesis then well-posedness can be
obtained in Sobolev frameworks for the classical Prandtl equations (see for instance [1, 21]) but not for
the hydrostatic limit system (2).

In this paper, we will study the hydrostatic limit of the Navier-Stokes-alpha equations as the strip
width ¢ — 0. Using the techniques of [23], we prove the global well-posedness of the limit system in
appropriate analytic function spaces. We will justify this limit by proving the convergence of the Navier-
Stokes-alpha system in a forthcoming paper. In the next subsection, we will give brief derivation of the
hydrostatic limit of the system (1) as e — 0.

1.2. Hydrostatic limit of the Navier-Stokes-alpha model. We consider the system (1) in a thin
strip

SF = {(x,y) ER2,0<y<E},

where the width € > 0 is supposed to be very small. Equipped with no-slip boundary conditions, we
rewrite (1) as

O] + u§ 007 + us Oyvf + v] Ozuf + v5 Ogus = vAV] — 0,¢°
005 + 15 0305 + u5 Oyv5 + vf Oyui + v5 Oyus = vAVS — 0yq°
Ozu] + Oyus =0

ui=u3=0 on {y=0}u{y=c}

Oui=0u5=0 on {y=0}U{y=c¢}

(uf, u3) =0 = (u1,0,u2,0)(T,y),

where, for i =1, 2,

£ _ , € 2 £
vi = ui —a”Aus.

We consider the following rescaling
ui(t,z,y) = u° (t,x, %) ,
€ _ £ y
us(t,x,y) =ev (t,x7 E) ,
€ __ &€ y
q (taxay)_q (t,x,g)

In our model, we consider « of the same order of . More precisely, we suppose that o = 1€, where ag

is a positive constant. We perform the change of variable z = £ and we set

S={(z,2) ER*,0<z<1}.
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We remark that for any function (¢, z,y) = ¢ (t, x, %), we have
oW (p(t, 3, ) = = 0P (8,2, 2)
Then the following calculations are immediate
V5 (t, o, y) = uf(t, 2, 2) — a202uf(t,x, 2) — 23 0%us (t, x, 2)
{vg(t, x,y) = e(v¥(t, x,2) — at0* (L, x,2)) — € al0%ve(t, , 2),

The system (3) becomes
Opw® — a%szatﬁius + uf Opw® — ade?uf aius + 070w — ale®v® 8Z8£u5 + wO,ut — ale? O uf Qﬁus

+ 29 0,0° — et 20207 0,07 = 02w + 20%w° — 2 020707 uF — it O — 0,¢°
e20y° — a§54ata§v€ + 2 uf9,7° — aletuf O3v° + 2% 0.9 — a2eto® 0.02v° + wd,uf — a3e®02uf d,u°

+&29° 0,0° — a2et0%0°0,0° = 20°° + ' 9297 — ale? 020%0° — 2P Ot — 0.¢°
Oyu’ + 0,v° =0,

where we denote w® = u® — a?0%u and ¢ = v° — a29?v° to lighten the notations.

Formally taking ¢ — 0 we obtain

Or(u — a20%u) 4+ u 0, (u — a20%u) + v, (u — a30*u) + (u — a30%u)dpu = 0% (u — a20%u) — 0,G

(u — 20%u)0.u = 0,4

Ozu~+0,v=0

(u,v) =0, O,u=0 on z=0 )
(u,v) =0, du=0 on z=1

Ujg—o = Uo-

We consider the modified pressure

1 1
and we set

w=u—a2d%u.
Then we can rewrite the system (4) as
0w + u 0w + v0,w + a%(é)zu 0,0,u — E)fuﬁxu) = 8§w —0zp in ]0,+o0[xS
0.p=0 in ]0,+o0[xS
Oru+0,v=0 in ]0,+o0[xS 5)
(u,v)|2=0,1 =0 in ]0,+oo[xR
O ul,=01 =0 in ]0,+oo[xR

Ut =up in S.

Remark 1.1. (1) The no-slip boundary conditions (u,v)|.—o = (u,v)|,=1 = 0 and the incompres-
sibility Oyu + 0,v = 0 imply

v(t,x,z) = /Z Ogv(t,x,9)dy = —/Z Oz u(t, x,§) dy.
(2) From the incompressibility conflition we deduce that 0
Oy /1 u(t,x,y)dy = — /1 du(t,x,z)dy = v(t,x,1) — v(t,z,0) =0,
which togetherowith the fact that u(ot,x, z) = 0 as || = +oo, ensures that

/0 u(t,z, z) dy = 0. (6)

Since 0.p = 0, integrating the first equation of system (5) and using the boundary conditions, we
get

1 1
Dup(t, ) = A3 02ul =g — a03u|,=1 — aw/ u?(t,x, 2) dz — a%&r/ (0.u)?(t, x, 2) dz.
0 0
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We emphasize that, similar to Prandtl equation, the nonlinear term v9,w in the system (5) creates the
loss of one derivative in « variable in energy-type estimates. So, in order to overcome this difficulty, it is
natural to work in analytic function frameworks. In the next paragraph, we will introduce some elements
of Littlewood-Paley theory and functional spaces that we are going to use in this paper.

1.3. Littlewood-Paley theory and functional spaces. We consider a even smooth function x in
C§°(R) such that the support is contained in the ball Bg(0,%) and 1 is equal to 1 on a neighbor-

hood of the ball Bg(0,3). We set ¢(z) = x (%) — x(2) then the support of ¢ is contained in the ring

{z eR:3 1<z < g}, and 1) is identically equal to 1 on the ring {z eR: % <z < %} Moreover, the
functions x and 1 verify the following important properties

Zw(rqz) =1, VzeR*,
q

2+ P27 %) =1, VpeR

q20
and
Vi €N, |j =41 >2, suppy(27/) Nsuppyp(27) = 0.
Let F and F, ! be the Fourier transform and the inverse Fourier transform respectively in the hori-

zontal direction. We will also use the notation f = Fnf. We introduce the following definitions of the
homogeneous dyadic cut-off operators.

Definition 1.2. For all tempered distributions in the horizontal direction and for all ¢ € 7 we set
Agu(e,y) = Fy, (27N Frul€, ),
Shu(z,y) = Fi (@D Fru(ey) = S Al

7<q—1

In our paper, we will use the same functional spaces as in [23], the definition of which is given in what
follows.

Definition 1.3. Let s € R and S = Rx]0,1[. For any u € S}, (S), i.e,
. . h
ueS(S) with qurgloo [SqullLe =0,

we set

lull e =" 295 Alul| .
qEZ

Fors <1 5, we define

B*(S) = {u € S(S), |lulls: < oo}
For s €]k — 1 k+ 1], with k € N*, we define B*(S) as the subset of distributions u € Sj,(S) such
that 0%u € B*~F(S).

Remark 1.4. Foru € B*, there exists a summable sequence of positive numbers dg(u) with Zq dg(u) =1,
such that

1A 22 S dg(w)2~ Jull 5.
We also need the following time-weighted Chemin-Lerner-type spaces (see [3]).

Definition 1.5. Let p € [1,+00] and T €]0,00] and let f € Li, .(RT) be non-negative function. We
define space LTVf(BS(S)) as the closure of C([0,T], B*(S)) with respect to the norm

1
lullzs, (5s(s) = > 2* (/ FONAGulf dt)
EZ

q

with the usual change if p = 4o00. In the case of f(t) = 1, we will simply use the notations E’%(BS(S))
and ||U||Z1;(Bs(5))'
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Remark 1.6. For u € E’%(BS), there exists a summable sequence of positive numbers dgy(u, f) with
>oqdq(u, f) =1, such that

||AZUHL1;(L2) S dq(uyf)2_pqs||u||ig(3s)~
1.4. Main results. Let Cp > 0 be the Poincaré constant on the strip S, in the sens that, for any
[ €L*(S), flos=o and 0. f € L*(S), we have
||fHL2($) <Cp HaZfHL?(S) :
Our main result is the folowing.
Theorem 1.1. Let a > 0, ay > 0 be fized. For any s > 0 we assume that
ea‘Dmluo, eUP=19 vy, € B2 N B: N B

There exist positive constants ¢, C and a decreasing function p : Ry — |
that

a

$,a] such that, if we suppose

(7)

ca
<
BT =1+ leeP=lugll 3 + aa e P=10-uo|l

”ea\DzluO”B% + Oq”ea‘DIlazUO”

and the compatibility condition fol uodz = 0, then a unique global solution for the system (5) exists and

satisfies, for any 0 < R < ﬁ,

||€Rtu¢||Zoe(R+7Bs) + a1||€RtazU¢||Zoo(R+7Bs) + HeRtaz“¢||Z2(R+7Bs) + 0‘1||6Rt82“¢||z2(]1g+735)
< C(le”P=lug| s + anlle”P10,uol|5:), (8)
where for any f € L*(S), we set
foltsm,y) = e?OP) f(ta,y) == Fl (209 f(t,6,y) and  ¢(t,&) = p(t) [¢].

Furthermore, if e*'P=lug € B5t1 e®Plg ug € B5tY, e?IP=19%yy € B*, then

Rt 82
z

||6Rt(atu)¢||z2(R+,Bs) + al||6Rt(atazu)¢||Z2(R+’Bs) + ||6Rtazu¢||ioo(1g+’3s) + aille utﬁ”Zw(RﬂBS)

Bs+1). (9)

< C(||ea‘D“|82u0||Bs + a1||ea|D”‘83uo||Bs + ||e“|D”|u0| get1 + a1||e“‘D’|82u0|

Remark 1.7. The compatibility condition fol uodz = 0 ensures that fol u(t, ) dz is conserved by the
system (5).

The rest of the paper is arranged as follows : The proof of the main Theorem 1.1 is presented in the
next Section 2 and the Appendices 3, 4 and 5 are devoted to the proof of estimates used in Section 2.

2. GLOBAL EXISTENCE AND UNIQUENESS OF THE HYDROSTATIC LIMIT SYSTEM

In this section, we prove the existence of a unique global solution of the system (5) using the method
introduced by Chemin in [6]. We recall that, to be able to deal with the lost of one derivative in the
tangential direction z, we work in the same functional settings as in [23]. The main difficulty consists in
controlling the nonlinear terms, using the smoothing effect given by the above function spaces. The idea
is to define the following auxiliary functions, using the method introduced by Chemin in [10] (see also [7]
or [23]): for any f € L?(S), we set

Folt,z,y) = ?OP) f(t 2,y) o= F (P09 J(6,€y) with 6(1,6) = (a =), (10)
where
Vt>0,0() >0 and 6(0)=0. (11)
We remark that the function p(t) = a — \0(t) describes the evolution of the analytic band of the solution.
Here, if we differentiate a function of the type e?*P=) f(t 2, 3) with respect to the time variable, we have
Bu(e? 0P f(t,2,y)) = =N (1)|Dele? P f(t, 2, y) + P CPDO, f (2, 2,y),

where —\@(t)|D,|e®tP=) f(t,z,y) plays the role of a “smoothing term”, provided that 6’(z) > 0, and
allows to “absorb” the loss of one derivative in the nonlinear terms when we perform energy-type esti-
mates.
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2.1. Energy-type a priori estimates. The aim of the first part of this section is to prove the energy-
type estimate (8). Our proof is based on the following important estimates of the nonlinear terms. We
recall that ¢, 6 are the auxiliary functions defined as in (10) and (11) and we set

T zsup{t>0, 0(t) < %}

Lemma 2.1. Let s > 0, 0 < T < T*. There exist a generic constant C > 1 and some square Toot

-1 1
summable positive sequences (3, di =1, 3 di =1) such that

/OT ’<6Rt/AZ(uazu)¢,eRt/AZu¢>‘ dt' < 0272 (d, +d,) HeRt/u(ﬁH%;s/(”(BH%)7 (12)
/OT <eRt'AZ(u3x32u)¢, eRt’Agazu¢> dt’ < 27295 (czq + Jq) ||eRt/3zu¢||QZQT‘9,(t>(BH%)v (13)
/OT <6Rt/AZ(62u8wu)¢, eRt,A28Zu¢,> dt’ < 272 (ch + a?q) ||eRtl(92u¢||2Z;,0,(t)(35+%)7 (14)
/OT <eRtIAZ(82u8m8Zu)¢, eRt/AZu¢> dt’ < €272 (d, + d,) ||eRtlazu¢||%L-%e/(t>(Bs+%)7 (15)

/OT ’<6Rt/AZ(vazu)¢7 eRt/AZu¢>‘ dt' < 0272 (d, + d,) ”eRt/azud’”25219,“)(3”%) (16)

and

T
/0 ‘ <6Rtl Al (v02u)g, et AL, u¢,> ‘ dt’

~ v ’ ’ 1 ’
< C2f2qs d.—+d Rt az _ Rt az _ 32 2 Rt 62 _ ) )
L R N LTI LA o 1 P
(17)

The proof of this lemma is given in appendix 3. For (u,v) solution of (5), we define (ug,vy) be as in
(10) and (11)). Direct calculations show that (ue,ve) satisfies the following system

Ohwy + N (V)| Da|wg + (w0w)g + (v0,w) g + 3 (0,1 0,0,1) y — A3 (D2udyu) g = 2wy — DuDy
9:pp =0

Ozug + 0;vp =0

(up,v5) =0, O,up=0 on z=0

(ug,vy) =0, Oup=0 on z=1

Ug|imo = eP=lyq,

where |D,| denotes the Fourier multiplier of symbol |¢]. For any g € Z, applying the dyadic operator AZ
to the first equation of the system (18) and taking L?(S) inner product of the obtained equation with
A2u¢, we get

d 1 2 1 2
S akugl3e + aB| AL uglF2) + 20 |[|Da 1 Al |+ a3 200 [[1D21F AL |

N |

1AL 0.ug|7: + T [|ALB2ug) 72 = — (AG (udow) g, Afug) — (A (00.w), Afug)
— of (AM0.u0,0.u)g, Aluy) + of (Al(OZudpu), Alug) . (19)
We remark that

62Rt%f(t) _ % (€2Rtf(t)) o 2R62Rtf(t).
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Multiplying (19) by €2f and using the previous remark, we get

1d
5 77l Aqusllze + adlle™AgO-ug|72) — R(lle™ Agus|Tz + aflle™ Agd-us|72)
. 2 2
N (0) [ D} M|, + TN () [ Dl E Ab0L ||+ ™ A Ous 3
+of [|le™ AGOZug |72 = —e* (AG(udnw)s, Agug) — e (A (v0.w)s, Agug)
— 2Rt <AZ(8Zu 020:u) 4, Agu¢> + 2Rt <Ag(8§uamu)¢, Agu¢> .

IfOo<R< ﬁ, integrating with respect to the time variable, we obtain
P

t 2 t
€7 Alug |72+ AL d-ug| 7 +2) / 0'(t) || 1Dal 2 Afug(t)|| , dt'+ / e AL D ug (2], dt

t 2 t
2t [0 o i od [ e agoRua ) [, o

€1 D, [} AL, u, ()

= | Ahug(0)[|72 + oF||ALO.ug(0)||7> + 2D1 g + 2D3 g 4+ 2D3 4 + 2Dy 4,

where
t
Dyg=— / <eRt Al (udpw) g, et Agu¢> dt’,
0
t
Dy, =— / <eRt/AZ(UBZw)¢, eRt,AZu¢> dat’,
0
t
D3, =~— a?/ <eRt AZ(@ZU 020, o, 7t A2u¢> dat’,
0
t
Dy, :a%/ <eRt,AZ(33u8wu)¢,eRt1A2u¢>.
0
Using the definition of w, we can write
t t
Dy, = —/ <eRt Al (udgu)g, e A2u¢> t'+ a%/ <eRt Al (ud,02u) g, ™ A2u¢> dt'.
0 0
Since

Al (u0,02u) y = 0. A (u020:u)y — Al(0.ud,0.u),

by integration by parts with respect to z variable, we have
t
/ <€Rt Al (ud,02u) g, ™ A2u¢> dt’
0

¢ ¢
:/0 <eRt/82AZ(u8I82u)¢,eRt/AZu¢> dt'—/o <eRt/AZ(82u8m82u)¢,eRt/AZu¢>dt'

t t
= /O (e Al (0, 0u) g, ™ Ay ) dt — /0 (e Al(0-u0,0.u)g, ™ Aluy ) dt'
Thus
Dy = Ay + By + Dy,

where

¢
A, —/0 <eRt/AZ(u8$u)¢,eRt/Agu¢> dat',

t
B, = —af/o <eRt Ag(uamazu)@ e AZ@ZU¢> dt'.
In a similar way, we can write

Dyq = Cq + D3 g,

where

t
C, = —a?/o <eRt/AZ(8Zu3mu)¢,eRt/AZE)‘Zu¢> dt’,
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and

D2,q:Eq+Fq+Cq+D3,q

and where

¢
E, = —/ <eRt/AZ(vazu)¢,eRt/Agu¢> dat’,

0

¢
F,= 704%/ <6Rt,AZ(v5§u)¢,eRt/Agazu¢> dt’.

0

To summarize, we have

t
e Aol + o™ A0.ugfs + 270t [ 0/¢)

’ 1
e 1D, | Al (1)

t
+2>\/ o' (t")
0

t , 2
+ 204%/0 HeRt A§a§u¢(t’)

! l 2
e 1D Al (t)

L2

dt’
L2

dt

2

2 t
/ Rt' Ah /
Lt +2/0 He Abo.uy(®)|

dt'

= [|[Alug(0)]32 4+ oF | AL O up(0)[|7> + 24, + 2By + 2C, + 8D3 4 + 2E, + 2F,, (20)

where

S
_Q
Il

t
Rt' A B Rt' Ah
—/0 ™ Al (udyu)g, tAqu¢> dt’,

¢
B, = —oﬁ/ <6Rt/AZ(u6$8Zu)¢,eRt'A28Zu¢> dat’,

¢
C, = —a%/ <eRtIAZ(82u8mu)¢,eRt/Agazu¢> dat’,
0

¢
D3, = —af/o <eRtIAZ(8Zu8IBZu)¢,eRt/ A2u¢> dat’,

t
E, = —/0 <6Rt/AZ(v32u)¢,eRt/AZu¢> dt’,

t
F,= —a%/o <6Rt Al (002u)g, ™ AZ@ZU¢> dt.

From now on, we will set

0/(t) = H@§u¢H6% .

Let

T* = sup {t >0, 0(t) <

Lemma 2.1 yields, for any 0 < T < T,

T
™ Al )+ ™ AbDetolf e 1y + 20 [ 0(2)

T
+OL%/ Hem AlOZuy(t)
0

0

0272qs d2 Rt'a _ Rt'a _
+ P 0gly ey (N Ol

0

2 T ,
L dt' +/ HeRt ArO.ug(t)

(t)

(B

5

2 T
dt’ + )\2‘1/ o' (t')
L2 0

1
O ugll?
Y R L

2

Rt' Ah
‘e AN ug(t) L

, 2
‘ e Alug(t')

e

dt’

Rt' 92
28

dt'

L2

wlizon )
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Multiplying the previous inequality by 229%, taking square root of resulting inequality and then summing
with respect to ¢ € Z, we get

e ol e ey + tlle™ Dt gz oy + VAN sl S VA €™ 0utslzy | (gert)
+e azud’”f%(BS) + O41||€Rt6zu<zﬁ||Z2T(Bs)
<6llus(O)ls: +600:us(O)lls + Clle™ulizy geryy +Conlle™ Dl pers
O g 1 Bl I Oetsl,
Therefore, there exists a constant Cy such that
el 2 ey + ale™ st e ey + VAN Wolly | ory) + VAL Outtglizy e
JrHGRtazuquZzT(Bs) + a1||eRta§“¢||Z2T(Bs)
<C1(|lug(0)[| s + a1]|0zug(0)| Bs) + C1 ||eRt'u¢,||~2 » )(B”%) +C a1HeRt’azu¢HZ2Ts (t)(Ber%)
O DuglE 1™ Bl ||2T6,m(35+%,

We remark that Young’s inequality implies

1 Rt 1
Cranlouual_ 4 ol o e D,

”eRt’a2
) T,07(t)

(B3

l
< GOl g |I€Rt dzugll + allleRt O2usl|z2 (5

()(BS+ )
So, putting C3 = max(C1, Cs) and choosing
A>Ci(1+ 19:usll . 53> (21)
we have for any s > 0
||€Rtu¢>||iqo:>(3s) + 0‘1||€Rtazu¢||i%e(3s) + ||6Rtazu¢||Z2T(Bs) + a1||eRta§“¢||E2T(Bs)

< Cy([le®Plugl s + aq[|e®!P=18,uol

B ). (22)
where Cy = %03. In particular, under the condition (21), we have

1916l 7ee 53y < Ca(lle”P=lug|l 3 + anlle®!P=18:uo| ).

Then, by taking A = C3(1 + C4(||6“‘Dz|u0||3% + 041||e““31|8zu0||B%))7 the inequality (22) holds for any

s > 0. In particular for s = %, we have
e u¢|\~m(32)+all\em8 Usllp 1)+ lefta, uollzz b +a1|\eRt8§u¢||z2T(B%)
< Ca([lePlug]| 3 + anlle”P10uo| 3 ). (23)

Using Cauchy-Schwarz inequality, we can write

t
0(t) = [ xRyt

r b or }
< —2Rt" g1 Rt' 52 "2 ’
< (/0 e dt) (/0 |le 8zu¢(t)||35dt>

Rt 2
He u¢||L2(B2)

1
< —
T V2R
We point out that the constant R > 0 is essential here to obtain a global-in-time control of 6(t). Now,
we deduce from (23) the existence of a constant C5 > 0 such that

o(t) < C’5(||ea|Dm|uO||B% + a1||ea|Dz\8ZuOHB%).

By
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Taking ¢ small enough (see the assumption on the initial data (7)), we obtain, for any ¢ € [0, 7*[ that

a
o(t) < C’5(||6“‘D1|u0||3% v oz1||ea|DI‘6zuo||B%) < o

Using the definition of T* and a continuity argument, we deduce T = 4o0.

Conclusion : the inequality (22) holds for any 7" > 0, which concludes the proof of Estimate (8) in
Theorem 1.1.

2.2. Estimate of the time derivative of the solution. In this paragraph, we give brief ideas of the
proof of Estimate (9). Applying AZ to (18) and taking the L? inner product of the obtained equation

with e2f*Al(Opu) ¢, we have
R AR Bpu) 522 + a2l AB(Du0su0) 13- (24)
=T (ALDZuy, Al (Ou)y) — afe® T (ALDlug, Al(Oiu)y)
— 2t <Ag(u Op) s AZ (Ou)g) — 2Rt <Ag(v8zw)¢, Ag(atu)¢>
— 2ty 2 <Ag(azu 0,0,1) , Ag(atu)¢> + e2fitg? <AZ(8§u8zu)¢, Ag(atu)¢> .
Since (Oyu)y = Orugy + A8 (t)|Dylug, then
e2F(AhOZug, Al (Oyu)g) = 2 <Aha2U¢,AhatU¢> +0'(t)| Dy e (ALD2ug, Alug) (25)

1
=5 QRfdtnAhaz%Hiz ()| D, AL
1
< — 2 2Rt HeRfAha U¢I|L2
Similar calculations give
1 d
— P (AGOtug, Ay (Dpu)y) < —ieQRt%HeMAZaf%HiQ. (26)

Plugging the estimates (25) and (26) into (24), we get
1 1 d
le™ A (Deu)o 172 + o[l AG(0,0:u)o 72 + e - ||Ahazu¢>||%2 + ate* ™ [ Ag02ug 7
< — 2t <A2(u ﬁxu)qg,Ag(atuM > —I—a?eZRt < Ah( 0,0%u )¢,Ah(8tu) )
— 2 <Ag(vazu)¢,Ag(8tu)¢ > —aZe?ft < Ah(v82 )¢,Ah(8t6 u)g)
— 2?2 <AZ(8zu 0,0,U) g, AZ (Dru)g) +2 e?Rto? <Ah(82u8 U)g, Ay (&gu)¢>
and so
1 1
le™ A (ru)ol7z + aille™ AG(QD-u)pl 72 + e 2t S 1A850-ugll7: + Sate ar2 & T 1A8502us] 7
< C(lleRtAZ(u dz)g 72 + a?\leRtAZwaxafu)anLz + ||€RtAZ(v3zu)¢||2Lz
+af||e™AG(0d2u)g 72 + af e AG(D:u 0:0:u) 4|72 + a%HeR’fAZ@fuamu)qﬁll%)-
Integrating with respect to time yields
e AG (Bew) |72 12y + X l|e AG (D) |72 12y + € AGOugllT e 1) (27)
+ a?lleRtAZ(‘“)?wlli;o(Lz)
< (1= AL Do 3 + 0 1P| A OZug 3 + Bl A2 1o
+ RO&%||€RtA}qLa§U¢Hi2T(L2) + ||€RtAZ(U 3zu)¢H2L2T(L2) + 04%||@RtAZ(U3zan)¢||i2T(L2)
P A 0B)ol 3 12y + 0™ AL 0020) 1 1
+ 0<§||€RtAZ(6zU amaz“)¢||2L2T(L2) + a?HeRtAZ(f??u@xWIIi;(m)-

To be able to obtain Estimate (9), we need the following lemma, the proof of which will be given in the
appendix 4.
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Lemma 2.2. We have the following estimates for the nonlinear terms for any s > 0 :

e (0ol g5 ey S 100 3 ™ Ot 75 s 28

e (u 0:02) 4|72 5oy S 10:0ll 2 o2

Lo 1702l g oy + 10:000] 5 e €020

e (v 0:1)4ll3 (- < 110 %IILW(Bz e 0:ug 172 (es1) 30

RtaZ

Rt 02
Zu¢||Z2T(BS+1) + ||8zud>||fgs(3s+1)”e 3zu¢||z%(B%),

(
f2shy
(
(31

)
29)
)
)

e (01 0:0:u) 4|72 5y < 110 U¢||~ o2

Rt 52
ZU¢||Z2T(BS+1)+||3zu¢||i%o(35+1)||6 azuqupT(B%),
(32)

e

Rt 62

HeRtAh(a uu )¢||L2 3oy S N0:ugl- le zu¢HZ2T(Bs+1) + H82u¢||z%o(35+1)||eRt83u¢||Z2( 1

Ly(B?)

)
(33)

Conclusion : Multiplying (27) by 2%, summing up with respect to ¢ € Z, and then using Lemma 2.2,
assumption on initial data (7) and Estimate (22), we obtain Estimate (9) in Theorem 1.1.

2.3. Uniqueness of the solution. We suppose that uy,us are two solutions of (5) on [0,T] with the
same initial data. Let U = u; — ug, V = vy — vy, P = p; — p; then, (U,V, P) satisfies the following
equations

0(U — a}02U) + uy 0, (U — a20?U) + Udywa + v10,(U — a302U) + V d,ws + B
= 9X(U — a29*U) — 0, P
9.P=0
0, U+ 0.V =0 (34)
(U,v)=0, 0,U=0 on z=0
(U,V)=0, 9,U=0 on z=1
Uli=o =0,

where we set wy = us — a%@?uz and where
B = a%@zulazazU + a%@ZU&vazuz — a%@?ulaw(] - a%@?U Ops.

We now consider the following auxiliary functions

O(t,€) = (a—uO®)le| with ©'(t) = [PPur, (]| 1 + [9%us, (D) s
and following (10) we define
fo(t,z,y) = B0 f(t,2,y) == F (209 f(t,€,y)),
where p > A will be determined later. From Theorem 1.1, we deduce that
<M,

||u1¢||Lw(B%) + ||U2¢||LOC(B%) + ||({LU1¢||LOO(Bg) + ||3zuz¢||Loo(Bg) <

where M > 1 is a constant. Following the proof of (20), we get from (34) the following estimate
dt’

t , 2
™ ALVl + o™ Ajo.Usl s + 2na [ €)™ ID.IE 0T,

t , 2 s 2 / 2
+2#/ O/ (1) |[eF' | D, |} Ak U (1) L dt' + R AP, U (1) L dt’ +a? e AU (1) L dt’
0

0 0
=20 ,+2L +213,+201 4+ 25 ,+2I6q+217,+21g, (35)
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where
t
Ly =—a? /O (" Al (0.110,0.U)a, " ALUS ) d’,
t ) )
Iy =— /0 <eRt AP (uy 8, (U — a202U)) g, €™ A3U¢> dt’,
t
Iy, —a? /O (" AL (OPur0,U)a, ™ AU ) !
t
Ly = /0 (e ARV 0.02)a, ™ ALUS ) d
t
I, =— /0 <€RtlAZ(U18Z(U - a%@fU))@,eRtlAZU@> dt’,
t
Iog :og/o <6Rt’A’;(a§U Bptiz) o, eRt/AZUq>> at’
t
JA / (" AL (O.U0,0.u0)a, " ALUS ) d
0
t
fa=" /0 <6Rt/AZ(U3rw2)<I>, et AZU¢> ar'
The terms I 4, j € {1,...,8} can be controlled as in the following lemma. The proof of this lemma is

very close to the proof of Lemma 2.1. We will give a brief version of this proof in the appendix 5.

Lemma 2.3. Let s €0, %[, T > 0. There exists a generic constant C' > 1 such that, for any 0 <t < T,

we have
11, < 0272502 || 8, Us |12, rdes (36)
e BT2)

ogl < OO0 % 0UxIE, v (37)
|Is,4] < C27%°d2 ||6Rt'aqu>H?Lv%@,(t)(y%), (38)
|L1q] < 02729532 ||6Rt'aqu>HQZZTW)(BH%)? (39)
ol < CTHE hunaIE g 1™ 20l o ™ Ol ey (10)
ol < C2H06 Py IE o 1™ 920l oy e Ol (1)
L4 < CQ*ZQSd?}HeRt/aqu)||Z§‘7@I(“(Bs+%)a (42)

X (lleRt/aqu>||Z;9/(t)(Bs+;) + ||3ZU2¢||ZO(B%) ||€Rt/8ZU<I>||Z§(Bs)) ;
|Is.q < C2720dg 1" 0.Us | P20 (57D (43)

X (HeRt’azU@”Z%@lm(Ber;) =+ ||azu2q>||i.9(B%) ||6Rt,azU<D”Z2T(B&)> :

Now, using Lemma 2.3 and choosing y = C? M?, we deduce from (35) that, for any s €]0, 3]

||6RtU<I>||Z;o(Bs) + ||€RtazU<1>||Z%o(Bs) + HeRtazUQHE%(Bs) + ||€RtagU‘I>||Z2T(Bs)
< C(|[e"P=1Ty | « + [e*P=10. Ty | ) = 0,

which implies the uniqueness of the solution.
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2.4. Construction of approximate solutions. Before introducing the construction methods, we re-
mark that if (u, v, p) is a solution of (5) such that all the following expressions make sense, then we have

Lemma 2.4.
1d

5 (lul3 + a2 lo.ulZ2) + 19:ul: + a302ul3: 0. (44

We also remark that Estimate (44) is also true for the approximate solutions.

Proof. We set w = u — a20?u. Taking L? scalar product of (5) with u, we have
(Opw, u) + (u Opw, u) + (VO,w, u) + oz? (0,1 0,0 u, u) — a% <8§u8wu,u> = <8§w,u> — (Ozp,u) .
We first consider the linear terms. Performing integration by parts in z-variable and remarking that
(Oup,u) = — (p, Opu) = (p,0:v) = — (0zp,v) = 0.

We obtain

3 (Il + 0210-ull32) + 0:ul3 + o3 0%ull3, + NL = 0,
where the non-linear term NL is

NL = (u 0w, u) + (v0,w, u) + af (9,u 0,0 u,u) — of (9Zud,u, u).

Performing integration by parts in z or z variable and using the incompressibility condition, we can write

(udpw,u) = —1/ (Opu) u® + 204%/ (02u)(9pu) u

2 Jrx]0,1[

Rx]0,1[

(vO,w,u) = }/ 00, (u?) — a%/ 0.(0%u) (uv)
2 Jrxjo,1] Rx]0,1[
1

_ ! / (00)u? — 2a2 / (00)? (D.0) — / (02u) (Do) u
2 Jrxq0,1] 2 7 Jrxjo] Rx]0,1]

2 (0,1 0,0, u,u) = fla%/ (0.u)?0pu
2 " Jrxjo1

Putting these identities into NL, we get

and

NL=0

and this concludes the proof of the lemma. O

We now introduce the following Hilbert spaces
Hg = {f € H*(0,1]) | f(0) = f(1) = f'(0) = f'(
Hy = {f € H'(10,1)| f(0) = f(1) = 0}

equipped with their respective norms

11 = (ot [ e+ [ere:)

nfm=Qg[UVWm+AbuWwf

and let be a common Hilbert basis {éj}r>1 such that

1)20}7

[N

V’UEHS, <ék;’U>H§ = A <éka'U>H3'
For any (u,v,p) sufficiently smooth on [0,7] x S, T > 0, such that

Oup = 302U g — aFO3ul = 1—8/ 2(t,x,y) dz ala/ D.u)?(t,z,y) dz,

v(t, z, 2) /8uth
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We set

R(u) = —(u0pu) + o2 (1 0,0%u) — (vd,u) + o2 (v0.0%u) — a? (0.1 dy0.u) + at(0*ud,u) — Opp.  (45)
For any n € N, we will look for an approximate solution u™ of (5) of the form

Wtz ) = Zam(t, ) (%),

where {@;,} is solution of the following system of n equations

(Bu(u" — 20%um), ez = (OP(u" — a20Pu"), ) gz + (R, Ekpz, k=1,...,n
un\t:O = Z<u07 ék‘>Hé ék)
k=1

which also means that, for 1 < k < n,
Oplign (t, ) = =g Ugn (¢, ) + (R(u™) (L, x, -), ék.>L§.
Next, we define the following frequency cut-off operators .J,, in z-variable. For f € L?(R), we set
Jnf(@) = F; "t (LpmFuf) (2).

The operator J, is continuous from L? to L2, satisfies J2f = J,,f and for any positive integers n and p,
we have

108 T fl2my < 0P | flL2m),
|08 Jn f|Loe®) < CaplflL2(m)-
Now, we consider the following approximate system
Oplpn (t, ) = =N Upn (t, ) + (JoR(Jnu™) (8,2, ), €x) 2, k€ {1,...,n}
{a,m_o = (Jutton B} - (46)

Since gy — (JnR(Jpu™)(t, 2,-), €) 2 is locally Lipschitz in L?, (46) is a system of ordinary differential
equations in L2. Then, Picards theorem implies the existence of a unique maximal solution {i, (¢, )}
of (46) on [0,T,,[. Since J2 = J,, we deduce that {J,i,} is also a solution of (46) on [0,7,,[. Thus,
the uniqueness of the solution implies that g, = J, gy, for any k € {1,...,n}. We remark that {é} is
not necessarily orthogonal in L2(]0,1[) but using the Gram-Schmidt process, we can always construct a
orthogonal family {ex} of L2(]0,1)[ such that

Vect {ei,...,en}t = Vect {€1,...,6,}.
We denote P, the orthogonal projection in L2(]0, 1)[ onto Vect {e1,...,e,}

P f = Z<f7 €r) 12 k-

k=1

Then, we remark that «" is also the solution of the system

{Bt(u" —a20%u") = O (u™ — a3 0%u") + P, R(u™)

47
un|t:0 = ]P)nuo- ( )

Same calculations as in the proof of Lemma 2.4 and the fact that P, the orthogonal projection in L2(]0, 1)]
onto Vect{ey,...,e,} imply that

5= ([u”|Z: + of[10:u"l|72) + 10:u” (|72 + o 0Zu™ |72 = 0,

for any ¢ € [0, T, [, which means T;, = +o0.

Remark 2.5. Estimates (8) and (9) also apply to the approzimate solutions u™.
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2.5. Passage to the limit. Now, we want to take the limit of the sequence of approximate solutions
(47). We already see that {u"} is bounded in L>*(R4,L? ) and due to (9), we remark that {9;u"}
is bounded in L?(R,, H;!). Applying Aubin-Lions lemma, we deduce the existence of a subsequence,
always noted by {u"} for the sake of simplicity, such that " — w in LY (Ry, H l;cl) By interpolation,
we obtain

u" —u in LS (Ry, H%), forall 0<d< 1. (48)
We recall that u"™ is solution of the following system
(Or(u" — Q302" ex) 2 = (02" — a20Pu™),ex) 12 + (R ex) 2, k=1,...,n
Un\t:O == Z<u07 6k>L§ €k,
k=1

where R is defined in (45). So the main point of this paragraph is to prove the following lemma on the
convergence of the nonlinear term R(u™).

Lemma 2.6. We have the following convergence as n — oo

R(un) — R(u) in L?oc(Hl;él)'

Proof of Lemma 2.6. We will only prove the convergence of the term u"9d,u™. The other terms of R(u™)
can be treated in a similar way. We first write

u"0pu” — udpu = (u” — u)Ou™ 4+ udy (U™ — u).

1
From Estimates (8) and (48), we have {9,u"} is uniformly bounded in L? (H/

n aw . .
n S0bo loc zoc)~ Choosing § < % in
(48) and using the product law in Sobolev spaces on R?, we get

" = woal, o oys < Nt =l gy 1907,y 0.

loc

%
toc(Hige)

1
Now, using again Estimate (8), we have that u is bounded in L? (H?

ie(H2.). Then, (48) and the product law
in Sobolev spaces on R? yield

n n
e =l gon, STl s 100" = )l oy — 0.
oc loc loc loc

O

Now, coming back to (47), Lemma 2.6 proves that the limit u is solution of (5) in the sense of
distributions. This concludes the proof or Theorem 1.1.

3. APPENDIX - PROOF OF THE LEMMA 2.1

We first introduce some notations and classical mathematical tools. Then we will prove the estimations
of Lemma 2.1. We will only detail the proof of estimates (12) and (16). The same procedure can be
followed to prove the other estimates.

We recall the following Bernstein-type lemma, which states that derivatives act almost as multipliers
on distributions whose Fourier transforms are supported in a ball or an annulus. We refer the reader to
[2] for a proof of this lemma.

Lemma 3.1. Let k € N, d € N* and r1,r2 € R satisfy 0 < ry < ro. There exists a constant C > 0 such
that, for any a,b € R, 1 < a < b < 400, for any A > 0 and for any u € L*(R?), we have

supp (@) C {€ € RV [ [e] <A} = sup (0%l < CENFETE) ],
|a|=k

and

supp (@) C{E € R [ mA<|E) <A} = C7FNJull e < sup [|0%u| e < CFA [lull -
la|=k
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In order to prove the estimates of Lemma 2.1, we need the Bony decomposition of a product of two

functions a and b in the horizontal direction (see [2])

ab=T"'b+ T} a+ R"(a,b),

where
Tho=> "SI aAlb and R'(a,b)= > AlaAlb=>"AlaAlb
q€Z lg—q’'|<1 q€Z
and
Xh h
Alf= Y Abf
lg—q’|<1

From the support properties to the Fourier transform of the terms AZ f, we can verify

ANSE _jaAlb)=0 if | —ql>5 and ANSE, aAlb)=0 if ¢ <q-4.

Then, for a function f (we suppose that all the expressions below make sense), we write

T
/ (Y AP (b, e Al f)dE < Ay + By + Ry,
0

where
T ’ ’
Ay = [ BT e A
o
By= [ 1 AT a) ™ Al )
o | |
R, = /0 (e Al(R"(a,b))g, e AL f)|dt’.
Then we have from the definition of the operator T* and (50)

T
S /O AR (AL (St _aalp), AlLfy)|at

lg’—q|<4

T
DY /eZRt/‘<Af;(sg,,leg,a)¢,A{;f¢>]dt’

g —ql<4 70

h(Aha Al b)¢,Ahf¢>‘

Z / 2Rt’

q>q—3

(49)

(50)

(51)

Throughout this section, we will keep these notations (which can however be modified when needed).

Following the remark 1.4, we define For any f € L?(R), we define

~

Fr=F01D-
We remark that, for any ¢ € Z, we have
Apfr=(agNt, Sgft=(SgHt and 1T lee = (1 fke

We will use the following lemma (see [7]):

Lemma 3.2. For smooth functions we have

|‘Fh ((Sc?’—la Ag’b)¢) (an)| S |~Fh(S 1a¢ Ah b+)(£ay)|a
P ((Agra Agb)s) (€y)| < [Fa(Agag AGOD)E y)l.

(52)
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Proof. Setting a = Sg,_la and b = Ag,b, we have from the inequality ¢ (¢, &) < @(t,& —n) + é(¢, 1)

|7 (@ 5)) &0 =

) [ F@e—n F6)0 dn‘
R
< / ‘e¢(t’f‘")fh(d)(€— n,y)‘ ‘e¢(t’")fh(5)(n,y)‘ dn
R

< / Fulad)(€ —n,y) Ful63) m,y) dn,

and this concludes the proof of the first inequality, and the same procedure can be followed to deduce
the second inequality. |

Therefore from this lemma, we derive the following corollary from Plancherel formula, Fubini’s theorem
and the Holder’s inequality.

Corollary 3.3. For smooth functions we have

AR follre S Il fsll2,
(AR (SE_1a ALY s, AL fo)| S ISy_1ad | |85 bs]l L2 1A} foll 22,
~ ||S ' 1%+5||L§(L;o) HAZ/b¢||Lgo(L§) HAqusHL%
SISy 10 2 cnee) 1A0bsl L2 188 foll Lo (z2)
and
(AN(ALanlb) s, Al fs)

h h h
S A af | [AGbsl 2 118G foll 2,

h h h
SNAGag 2wy 1AL g Lo (22) 1AG foll 22,

h h h
SNAGag e 2y A5 bl 1A] Foll L2 (nee)-

We will also use the following Poincaré inequality : For a function u € H? such that u and v’ vanish
for z = 0,1 we have
lullzee S N0zullze and ullre S l|0zullze S 1020l 2. (53)

Proof of Estimate (12). We apply the Bony’s decomposition with @ = u, b = d,u and f = u,. Then
following the notations of (51) we can write

T
/ | < eftt Ag(uaxu)d,,em A2u¢ > |dt' < Ag+ By + Ry
0

e Estimate of A, = fOT | < B AT, 1), R Alug > |dt'. We have from (50)

A, = / el Ah ZS 1UAZ/8xu)¢,eRt’AZu¢>‘dt’

T ’
< Z /Oeth

lg’—q|<4

h (qh h h
<Aq (Sy_yu Aq,ﬁmu)d) , Aqu¢,>‘dt’.
From the previous inequality and corollary 3.3 we get
ALY AR PR IN TR N
—q|<4
Since the support of A2u¢ is in a ring and using the first inequality of Lemma 3.1 with A = 29 we get
AN US| Lo S 25 | AP || oo 2y = 28 || AP ug || oo 1)
Therefore from Poincaré inequality (53) and remark 1.4 we get
A ufllre S 22 (| AlugllLa ) S 22 (| As02ug|l 2
< dg(02ug)[02ugll 3
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Then from the definition 1.2 of Sy and using 3, dg(Dug) =1,
IS¢ —vufllz < 10%usll 3 - (54)

We deduce from the previous inequalities, lemma 3.1 and the cauchy-schwarz inequality that

P> [ e 1l (218 ol 8ol at

—q|<4
T
2Rt’ 92 ” Al ”2 dt’
X 0 € H U B% H qUallL?

1 1
2 2

T
DDA (/0 | D2ugll s ||AZ/U¢|%2dt'>

lg’—q|<4

Since ¢'(t) = [|0Zuy|| ,1 , we have from remark 1.6
1
2

T
(/O | 02ugl ,y 118G U7 df) S 27D dy (ug, 0) [ g, o (B
T,07 (t

and we finaly obtain

A, S 27 zqu Rty 1
™l s

where d, is the square root summable sequence (since 3 g da(ug) = -, dg(ug,0") = 1) defined by
dy=dgug) | D dy(ug, 0202 ) (56)
la’—q|<4

e Estimate of B, = fOT | < eBUAMTE w)g, eft Alugy > |dt’. From the notations (51),

Z / 2|8 Opud |l | A g Lo | Al || 2 dt.

—q|<4

Then, following the proof of Estimate (54) and the definition 1.2 of Sf;, we have
1Sg -1 00 ||z < 27 [02usll 3

Therefore using the Cauchy-Schwarz inequality and remark 1.4 we derive

S X[ e (2 1ol ) Il Aol av
\ —q|<4
T T
5 Z 24 (/0 €2Rt ||a§u¢>||B% ||AZ/’LL¢||%2> X (/0 €2Rt ||a§U¢HB% ||AZU¢H%2>
<o) | dp g2 ) 2

lg’—q|<4
/ (
lg’—ql<4 Prow

1
2 2

B3y’

Then from the definition (56) of d,

By S 270, ™ u, 2,

s+1y°
L2, (BE)

e Estimate of R,. We have from the definition (51)

Z/zm

q’'>q—3

(Al (AL u Al 8u)¢,A u¢>‘d
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Following the proof of (54) and using corollary 3.3 and lemma 3.1 we get

T
Ry S Z /0 AL ud Lo 2y |1AY Opugl L2 | AT ug | 2 Loy dt!

q'>2q-3

N Z /OTeth’ (27%’dq'(agu¢)”6§U¢HB%> (2Q’||Ag,u¢um) (2%||AZU¢HL2) g

q'>q—3
Them using dy (92us) < 1, the Cauchy-Schwarz inequality and remark 1.4 we get

1 1
2 2

o T T

RS2 3 2% ( | e ez, ||A';,u¢||%2> x ( | e ezl ||Af;u¢%z>

a'>q-3 0 0

s2t >0 2% (Tq 12y (g, 0™ ull, (BH;)) (2_q(8+1/2)dq(u¢79’)|em wlly, (BH%)) ,

q'>q—3 T,07(t) T,07 (t)

That is
< 9—2g9s j Rt’ 2
Rq ~ 2 dq H@ u¢||z;9,(t)(35+%)7 (58)
where Jq is the square root summable sequence defined by
dq = dy(ug,0") Z Q(q_ql)sdq’(uzbael)-
q'>2q-3

e By Summing the estimates (55), (57) and (58) we deduce (12). O

Proof of Estimate (13). We apply the Bony’s decomposition with a = u, b = 9,0,u and f = 0,u,. Then
following the notations of (51) we can write

T
/0 | < B Al (00, 0,u) 5, R AMDuy > [dE < A, + By + Ry,
e Estimate of A, = fOT | < 6Rt/AZ(T£616zu)¢, eRt/Agazu¢ > |dt'.

T
AS Y /OeQRt IS0y ud [l [|A" 0pOug]| L2 | AL O ug 2

lg’—q|<4

T
S| 10kl 2 1A A0 1

<
lg'—q|<4
T
X N 2ug) AL uy|?
o P B% q-z PllL2

1
2 2

T
’ ’ h
< Y ( / R |0yl ||Aq/azu¢||%2>

lg’—q|<4

S 2_2qsd~q HeRt/azutﬁ HQE?

s+109
Ty (BTT2)

where

dy = dg(0aug,0) [ > dy (Deug,0)2007=2) | (59)

lg’—q|<4
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e Estimate of B, = fOT | < eRt,AZ(T{%azu“)@ e ALO ug > |dt.

T
B, < Z /eQRt 1801 0x0uf || oo AL ugl| 2 | AL D ug| 2 dt
lg'—q|<a”0
T ’ /
Y /0621“2‘1 102ugll 43 185 Ozug|l 2| Agdaug| 2
lg'—q|<4

2

1
T 2 T
S >, (/ M |02ug | ||A2f3zu¢||%2> X (/O | 02ug|l ||A28zu¢2L2)

0
lg’—q|<4

5 2—2qSJq ||6Rt/8zu¢”%2

s+1y0
Tory (BTT2)

with the same previous definition (59) of d,.

e Estimate of R, = fOT| < eRt/AZ(Rh(u, 8E8Zu))¢,eRt/Agazu¢ > |dt'.

T
Z / ettt ||AZIU$||L:°(L§) IIAZ/&@Z%IIH ||A28zu¢“L§(Lg°)dt/
2J0

Rq S
q'>q9—3

T , ,
s D> /0 2 (02ug| g 27 AL gl L2 23 | AR ug | L2 A

q'>2q-3
’ 2Rt 2 Aha 2
<\ ) e 10Zusll 53 [|1AgO-ug|72

1
2 2

’ T ,
<28 Z 2% (/0 2Rt ||a§u¢,||B% ||Ag,8zu¢||2L2>

a'29-3
< 27205 ||leRY 9,2 ,
ST Ol
where
dy = dg(0:ug,0') Y 2097y (D.uy, 0). (60)
q'29—3
e By Summing the above estimates for A4, B, and Ry, we deduce (13). O

Proof of Estimate (14). We apply the Bony’s decomposition with a = d,u, b = 0,u and f = d,u,. Then
following the notations of (51) we can write

T
/ | < e AMDudpu)g, e AL uy > |dt < Ay + By + Ry
0
e Estimate of A; = fOT | < eRt/AZ(nguaxu)(z,, eRf'Af;az% > | dt'.

T
A S Z /OQQRt Hsr}zl’flazu:gHLg(Lgo)||Agfazu¢”Lg°(L§)HAZazU¢HL2~
\

q'—q|<4
Using Lemma 3.1, Poincaré inequality we have

1500 llnz(rs) S 28 18GDus]] 12

< dgl|Ougll -
Then
h
||Sqlflazu$”LE(Lg°) S ||a§u¢||B% .

Using Poincaré inequality and Lemma 3.1, we have
1A Dl e (z2) SIA% B,

<27 (| AR O, ug ) 12
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Then

T
As X2 [ AR oty AL 0u | A

lg'—q|<4

1 1
T 2 T 2
< Y (/ AR |102uy | |A2/azu¢%z) (/ [ ||A’;azu¢||;>

lg’—q|<4

<2725 ||e™ 0, ug h
q zUe L;gl(t)(Ber?)a
where d, is given by (59).

e Estimate of B, = fOT | < eRt/AZ(Tahzuazu)(b, eRt'AZ8zu¢ > | dt’.

T
B, < Y /OeQRt IS0 1 0ptu) || oo | AL Do ]| 2 | AR D ug)| 2 dt

lg'—q|<4
T
< ¥ /eQRth 102l y 1AL Ootigl 2| A% gl 12 dt
la'—ql<4 70

1
2

1
T 2 T
’ ’ h ’ h
S § 29 (A et ”837%”3% ”Aq’azl%%?) X (/0 e Haguqan% ||Aqazu¢||%2>

lg'—q|<4

S22 d, [l D.ug)2,

sHEy"
Tory(BTT2)

e Estimate of R, = fOT | < eRt/AZ(Rh(Bzu, 3zu))¢,eRt/Af;8zu¢ > | dt’.

T
> / AL Oz || L2 || A% Opug | Loe (£2) | A Dol L2 (nov) di’
0

Rq S
q'>2q—3

T / 7 !’
DY / 2% dy (0aug) ™ [0%ugl g 27 AL O-ug | 2 28| AlD ] 12 Y

q'>2q-3
T ’
a a h h
522 Z / 272 Haﬁud)HB% |\Aqﬁzu¢||Lz ||Aqazu¢||L2 dt/
¢'>q—3"0
1 1
, T 2 T 2
9 a_ / ’
s2t Y o ( | e oz, ||Af;lazu¢||%2> x ( [ e ozl ||Ai;azu¢||iz>
q¢'>q-3 0 0
< 27205 1B 9 uy|2
~ ‘IH z ¢HL;9,“)(BS+%)’
where d, is given by (60).
e Summing up the above estimates for A,, B, and R,, we obtain (14). |

Proof of Estimate (15). We apply the Bony’s decomposition with a = d,u, b = 0,0.u and f = u,. Then
following the notations of (51) we can write

T
/ | < eRt/A'q’(azu 0,0,1) ¢, eRt'AZW) > |dt' < Ag+ By + Ry
0
e Estimate of A, = fOT | < eRt/AZ(ngu(?xazuM,eRtlAZu(b > | dt’.

T
Z / 1St 1 0ud || 2 (Lo 1A 000 ug | L2 | AT ug | Lo (22)-
0

Ag S
lg'—q|<4

Using Lemma 3.1 and Poincaré inequality, we have
HAZ@%THL;(L;C) S 2%||AZGZU¢THL2
< dg(02ug) [02ugll 3 -
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Then
15¢ —10-uf 22 S N10Zugll -
By Poincaré inequality we have
[AGusllLe(rz) S |1AG0ugl| L2
Then

T
/ | < eftt AZ(nguaxazu)d,, e Agqu > |dt
0

T
S Y [ Emioul,y (218500 1) 1850, |1

lg’—q|<4
1 1
T 2 T 2
!’ !’ !
< Y e (/ 2R [02u| ||A’;,azw||%2> (/ R |02uy) ||Af;azu¢|%z>
lq'—q|<4 0 0
< 9—2qs ] Rt’ 2
S2 N Oy ey

where qu is defined by (59).

o Estimate of B, = [ | < eR'AMNTE 5 9.u) g, e Aluy > | dt'.

T
By Y /Oemt 155 100020 || 2 (1o | AL Bzl L2 | AL ug | oo r2) dE'.

'l <4
We have
31
||Sg/—18xazu(—£”L§(Lg°) S Z 2> ||A?3ZU$HL2
1<q'—2
31
= > 27 [|ArO.ug|
1<q'—2
1
S > 2022 | AT Ouy| e
1<q'—2
S Y 2 di(02ug)l|02ugll g
1<q'—2

<27 |02ugll .
and by the Poincaré inequality, we get
h
[ARugl| poo(r2) S (1 ARD ug)l L2

From the previous estimates,

T
a~ e 110204 || L2 (Lo 10z Ug || L2 UollLge (L2
B< Y / NSt 0,00 |12 Loy 1A Ozl L2 | Al ug| oo (22) di!
| 0

q'—q|<4

T
DY / AR Q2ug|| s (1A g | 12 | AL ug] = dt

lg'—q|<4 70

T % T 2
DD (/ R 2y, ||Af;fazu¢iz) (/ R |02ug) ||Azazu¢||%z>
lg’—ql<4 0 0
<9—2asq 1R 9 qy,112 .
~ qH z ¢HL§—~,9/(”(BS+%)

Then
By £ 270, ™ 0.ug) .
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e Estimate of R, = fOT | < e AM(RM0.u,0,0.u)) g, e Aluy > | dt'.
<y / 2R || Kb 0,003 | 2 || A 0,00 | 12 | A g | v
q'>q—3

T / ! ’
Y /0 277 dy (Do) ([ OZug|| g 27 AL Doy L2 22 | ALDug| 2 At

q’'>q—3

q
<2t Y / 2% 02l y AR Dl 1o AR, 2 dt
q’'>q—3
1 1
q ' T Rt a2 h 2\ T Rty a2 h 2\
$ot 30 o¥ ([ Moty ol ) x ([ @102l oy 10l
q’'>q—3

<27 Qqsd HeRt 0, u¢H

LQT 0’ (¢ )(BS+%)’
where d, is given by (60).
e By summing the three estimates for A,, B, and R, we obtain (15). O

Proof of Estimate (16). We apply the Bony’s decomposition with a = v, b = 0.u and f = u,. Then
following the notations of (51) we can write

T
/0 | < ettt AZ(’U 8zu)¢,eRt AZU¢ > |dt' < Ay + By + Ry.
e Estimate of A, = fOT | < eRtlAh(Tfazu)@ eRt/Ahud) > | dt’. From corollary 3.3,

Ag S Z / 2 ||Sh, 1“$HL°° |‘AZ’8Z“¢HL2“AZu¢HL2'

—q|<4
From the incompressibility condition (see remark 1.1) and the definition of f, we get
Ozug + 0,v4 = 0.

Since vg|,=0 = 0, then
o (t, T, 2) /8u¢txz)z' and AU¢(ta:z /(‘3Au¢(ta:z)d

Therefore from lemma 3.1 we get
1
8fvallizz) < [ 108 uo(ts o)z
0

1
< / 29| Alug(t, ., 2)|| p2d2’
o :
< 29| Agugl| . (61)
Again by Lemma 3.1 and the properties of (52) of f*, and the previous inquality we have
1 3q
JAEE e S 22 [l (1) S 2% 1A g 1o (62)
Then from the Poincaré inequality and the remark 1.4,
h 320 AR
1AGv L= S 27 [|AG02ugl|Lz S 27 dg(D2ug)|0Zusll
Then

h l !
I1Sh_yvfllee S D 2 dy(8ug)|0Zugll L3 S 27 102ug] 3
1<q'—2
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From the previous estimates and lemma 3.1,

T
YD SR A LT e N E R R R

lg'—q|<4

1
T 2 T
< Y ( | e ez, |Af;/azu¢%2) (/ R |0 ||Ai;azu¢||ig>
0 0

lg’—q|<4

_ ~ ’
2728, e 0.y 2,
T,0"

1
2

(t)(BSJr%)’
where d, is given by (59).

e Estimate of B, = fOT | < eRt/AZ(nguv)(b, eRtlAZud, > |dt'.

T
By$ ) /0 RS 020 | ranee) 18§ Vol L= 22y | Afug | 2 dt’
lg'—q|<4
T
2Rt || 92 "IAR h
S X[ Emiotuly (218l ) 18l
lg'—q|<4

1
2

1
T 2 T
S > 2 (/0 | 2ug | 3 IIAZﬂz%H%z) x (/O A 02ug | 4 ||A23zu¢%z>

lg'—q|<4

S, 2—2qsd~q ||6Rt/azu¢”%2

s+1y°
7oy (BTT2)

e Estimate of R, = fOT | < B AR (v,0.u))g, €T Alug > |dt’.

T
ReS S / R AL e (1) 1A Dot 2 (| A0 | 2 (1)
q'>q—3

From Estimate (61) we derive

1
AR 0] e (12 g/ 100 At . )| 2 d="
0

1

§2q/ HAZ/Uqa(t,-,ZI)HLgdZ/
0

S 27 Ao

Then, we have

T
RS Y. /0 2| AP v || oo (12) |A" Ooug || 12 28 || Alug | 12 dt’

a'>q—3

T ’
<28 Y / 2 20 || AP g 12 27 F dgr (02ug) 182ugll 53 1AGus| L2 dt’
q'>q—3"0
T ’
< 23 Z / e 2%HAZ’U¢HL2 ||a§U¢||B% ||AZU¢HL2 dt'
¢'>q—3"0
. Yo :
s2t >0 2% / 2| 02ug|| g 1AL Oug |32 | x / 0 02ug ]| 5y 14702
O >ae3 0 0
< 9272054 1B 9 uy 2
~ q H z ¢HL;9,(”(BS+%)7

where d, is given by (60).

e By summing up the above three estimates for Ay, B, and R, we obtain (16).
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Proof of Estimate (17). We apply the Bony’s decomposition with a = v, b = 9?u and f = 0,ug. Then
following the notations of (51) we can write

/OT | < eRt,AZ(U ), eRt/Agazu¢ > |dt' < Ag+ By + Ry
e Estimate of A, = fOT | < eRtlAZ (T 02%u),, eRt'Agﬁzugb > | dt’. By Poincaré inequality we have
|Akugllze S 1A% uslFs AL us
Then from (62) and the previous estimate, and remark 1.4 we get
85 loe S 2% A0 2 18562 17

~

S 28dy(0.up)? 10=usl” 5 dg(DZu)? 102 ug |2

1-
B2

Then we have

Nl

a’
IS¢ —1vf lp S 2% ||3zU¢H 3 [0Zusl?

1-
B2

Therefore

A Z / 2R |68 o oo AL 02| 2 ]| AR Dty 2

—q|<4

< 22 / B 02 | A O 12 ™ 025 1 AGO-usl| 1o

Iq—q\<4
1 1
2 T 2
s Y o (/ 2 ||6zu¢||Bg||A’;azu¢||%a> (/ 2h ||83u¢llB;IIA262u¢%z)
quq\<4 0
r b o :
SO XA L (/ 2 ||A2183u¢||iz> (/ 2 ||afu¢||B;||AZf>zu¢%z>
lg’—q|<4 0
< 2gs Rt 2 _ Rt _
AL L. )|| G AP e X PR

where

dy = dg(@2ug, 1)) | D do(Daug, 020072
lg’—ql<4
e Estimate of B, = fOT | < 6Rt/AZ(T£‘2u'U)¢, eRt/Agazu¢ > | dt’.

Z / Rt St 02 |2y | AL Vgl Lo (22) | A D2 ug | L2 dt’
ql<4

DY / gy (2 1A Oyl 2 ) |10 o

\q7q|<4

r b }
< > (/ R 1|0%ug]| s ||A2/azu¢||%z> (/ el [T [ |A28zu¢|%z)
lg’—q|<4 0 0
S22, e D2, Ly

¢ TG’(t)(B.+2)7

where d,, is given by (59).
e Estimate of R, = fOT | < eRt/Ah(Rh(v 02u)) g, eRt/Aha .ug > | dt’. From corollary 3.3, we have

Rq S Z / 2R ||Ah/U¢||L°°(L2)HAh 82“¢”L2 ||A 0. U¢||L2 Loc)dt

q’'>q—3
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From (61), we have
[ALvg| oo rzy S 27 [| AL O ugl| 2.
Then, using remark 1.4 and lemma 3.1, remark 1.6, we have for any s > 0

Ry< Y / R Al gl (27 dy(02ug) 0%l 3 ) 22 |ABO. | o

q'>q—3

<2t Y ot / 2R AL gl 0%usl] g ALl d
q'>q—3
1 1
g g T aRe g2 h 2 ) T aRe g2 h 2 )’
s2 3 o | e 12l 0ol ) x ([ 1o2ual 185000l
< 2qs Rt
272954 |le 8u¢\|L2T9/()(BS+%),
where d is given by (60).
e Summing up the above three estimates, we obtain (17). O

4. APPENDIX - PROOF OF THE LEMMA 2.2

Proof of Estimate (28). We first recall the Bony’s decomposition (49)
udpu = TlOyu + Th ,u+ R"(u, Opu).
Then

" 1
( [ e sl dt)
T % T % T
s(/ |eRtA2<Tsazu>¢||%2dt> +</ eRtAzL(Tswmn;dt) +</ |eRtA2<Rh<u,awu>>¢||%2dt>

e Estimate of e Al (T 0,u)y|r2. From the definition of T}, we have

||eRtA’;(T:amu)¢||L2:HeRtAg(Zs;_luAg,amu)¢||L2 < Y

q'€” lg—q'|<4

[N

ettt (Sg/_lu Ag,axu)

8|l 2

From corollary 3.3, Poincarre inequality and lemma 3.1 we get

T
/0 JeRe AR (ThOLu) |2t S S / 188wt 2 €A By 20 dt

lg—q'|<4
S Y [ 1l (1A o) a
\q q'|<4
, T
S Y ol s, (22q / ||eRfAZ/8zu¢||%zdt).
lg—q’|<4 0

Then from the remark 1.6

1
T 2 T
(/ ||eRtA2<T£axu>¢||%zdt> S DI X -1 (/ ||€RtAZr3ZU¢|I%2dt>

lg—q’'|<4

Nl

S0 N0suall 2" (27T dy Outig, Dl 0l 7 e
lg—q’|<4

(63)

2 110, u¢>HLoo(32 ”eRta u¢||L2 (Bs+1)>
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where

Z d 8u¢ 26((1 q)
lg—q’'|<4

e Estimate of HeRtAZ(nguu)d,H 2. Following the previous estimates we get

1

T 2
( / ||eRtA2<T§$uu>¢||mdt) S 4y 270l o 4 €™ OsttolI g (eva)-

e Estimate of [|eA”(R"(u,d,u))4| 2. From corollary 3.3, we have

1
T 2 T
(/ ||eRtAZ(Rh(ua dyu))o 172 dt) S Z (/0 ||AZ’U¢H%§(L§9) ||€RtAZ/8wu¢||2L§°(L§) dt)

0 q'>q—3

[N

2

T
Sp> </ lo-ullyy (2 lleRtAZfaz%né)dJ

lg—q'|<4

1
T 2
Y 10101l g 54, 2" (/0 ||eRtAg,aZU¢||izdt> .

lg—q’'|<4

Then from remark 1.6

T 2
( [ e A .2 dt) 270 1y € Outtol 7 (e
where

7 dg(9.ug,1)2°@ )

q'>q—3

e By summing estimates (63), (65) and (66) we get

1
T 2
( | e s wog dt) < 2y 0)27 10l e €Ot 25 (v

Multiplying the previous inequality by 27 and taking the sum over Z we obtain (28).

Proof of Estimate (29). We have

1 1
T 2 T 2
(/ eRtA;l(uamaﬁu)qanizdt) s(/ ||eRtA2<Tsawaiu>¢||izdt>
0 0

T % T 2
([ e st i) o ([ sl 00 )

By adapting the proof of Estimate (63) we get

M

T
(/O |6RtAZ(T35x3§U)¢||%2dt) 2770, U¢||Loo(Bz)H€Rt3 ol gz ety

Nl

T
(/0 ||6RtA2(Tg£83uu)¢H2L2dt> quQ_qs”eRtagutﬁlly (B?) Ha u¢>||L°° Bs+1)

where d,, is given by (64). By adapting the proof of Estimate (66) we get

1

T 2
(/ ||eRfAZ<Rh<u,amaiu»qan%zdt) dg2 0.l o1 ™ 020l 72 (o),

L ( Bz)
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where dq is given by (67). Thus by summing the previous estimates we derive

T
< / e AR (4 0,020) |2 dt)
0

2

—as (7 o 3 Rt 52 5 1Rt 92
S 270 ((dy + dl0stusl . 1 €™ 0ol 23 oy + Al D2usll 1 10:0 7 500 ) -
Multiplying the previous inequality by 29° and taking the sum over Z, we obtain (29). O

Proof of Estimate (30). We have by Bony’s decomposition in x variable

T
(/0 e AR (0 d.u)o 22 dt)

T 3 T 3
+</ neRfAz@gzuvwzdt) +(/ neRtAg(Rh(u,azu>>¢||i2dt) |

0 0

1 1
2 2

T
< ( / |eRtAf;<T:azu>¢||%2dt>
0

1

e Estimate of (fOT ||eRtAZ(T33Zu)¢||%2dt) ’)

T T
/0 JeREAN (T o) [2adt < S / 188 vt |2 [[eREAR By |2, dt

lg—q'|<4
T
2 92¢' || Rt AR 2
S X[ 10l 2 e Ao
la—gq'|<4
T
S X 10l (2 e b0l dt).
L¥(B2) 0
la—q'|<4
Similar to (63) we get
T 3
Rt Ah(ph 2 7 oo Rt
( e Aq<Tvazu>¢||det> <y 270l 7 o 1™ OettglI g vy, (63)

where d,, is given by (64).

e Estimate of (fOT |eBEAM(TE v)oll. dt) ’

T T
| ab @ eltade s S [ ISk 0 e €™ A ol s
0 0

lg—q'|<4
T
S [ 10l y 2 M A0
lg—q'|<a”0
T
Y l0:-usll? . 51, (22q/ ||6RtAZ/3zu¢||%2dt>.
T 0
lg—q'|<4
Similar to (63) we get
T 3
(/ IIeRtAZ(nguv)¢|%zdt> S dg 27006 o o3, 1™ 00l 7 (3o (69)
0

where d, is given by (64).
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e Estimate of HeRtAh(Rh(v 0.u))ellL2-

T
[ e s o aiea s X [ 18kl [ B ool

q'>q—3
<Y / (22 8D ) 02
q'>q—3
< ) 2 (/0 A0, ug2 dt) 19- u¢uiw(32).
q'29—3
Similar to (63) we get
T 2
( | e AL w00 dt) S Ay 2R Dgl 2y sy M Duttsl o s (TO)

where d, is given by (67).
e By summing the previous estimates (68), (69) and (70) we get

T 3
( | e A w ot dt) S 2y + d)27 (10:u6l g 1 ™ Ost Nz o)) -

Multiplying the previous inequality by 29° and taking the sum over Z, we obtain (30). O

Proof of Estimate (31). We have by Bony’s decomposition in x variable

T % T
(/ eRfA2<va§u>¢||i2dt> 5(/ ||eRtA3<n7aiu>¢||%zdt>

1
T 2 T
([ et ) (1w ot

By adapting the proof of Estimate (68) we obtain

2

1
2

1

2

T T
(/ ||eRtA2<Tfa§u>¢|%zdt> < ¥ (/ 18 vt 2 |A2,a£u¢||%zdt>

lg’—q|<4

1
2

Rta2

< A2 0ol oy ™oz i

Ly (BY)

By adapting the proof of Estimate (69) we obtain

1

T 2
(/ eRfA2<T§guv>¢||izdt) S Y (USh e P ) ALl 1))

0 lg—q’|<4

N|=

qu2_quGRta§u¢”L2 (B2 ||(9 u¢||L°0 Bs+1)-

By adapting the proof of Estimate (70) we obtain

1
T ’ ~
(/ ||eRtA’;<Rh<v,63u>>¢||%zdt> <y (/ ||A21v¢|%go@;>22||eRtA’;/a§u¢||izdt>

q’'>q—3

Nl=

Rt 52
quQ quazurﬁ”Z%o(Bsﬂ)”e tazu¢HZzT(B%)-

Then by summing the previous estimates we get

T 3
( / [P A (0 02u) |2 dt)

5 2—qs ((Jq +dq) (Hazu(p||i%o(3e+l)||6Rta§u¢||i%(3%)) + d ||a u¢||~oo Bz)HeRta U¢||L2 §+1)) .
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Multiplying the previous inequality by 2% and taking the sum over Z, we obtain (31) . (]

Proof of Estimate (32). We have by Bony’s decomposition in x variable
"t Al (0.1 0,0.u) || 2
< ||eRtAg(nguawazu)¢HL2 + HeRtAZ(ngazuazuM”Lz + HeRtAZ(Rh(azuaamazu))thL?-
By adapting the proof of Estimate (63) we get
1
3

T
( / |eRtA2<T£Zuamazu>¢||%2dt> S A2 gy oy 1056l 23

and
1
2

T
(/0 ||6RtAZ(Tiazuazuwﬂzpdt) S dq2_qs||6Rta§“¢||zgr(3%)HazUaS”Z;O(BsH)-

By adapting the proof of Estimate (66) we get

1
T 2
(/0 HeRtAZ(Rh(azua awazu))tzﬁl@?dt) N dqz_qs||azu¢”~7°9(B%)”eRtagutﬁ”Z%(Berl)'

Then by summing the previous estimates we get

T
0

1
2

< 270 (20, ™ Py i 1000 ey + allOstol . ) €52 )
Multiplying the previous inequality by 27° and taking the sum over Z, we obtain (32). |

Proof of Estimate (33). We have by Bony’s decomposition in x variable
e A (Drud2u)g 12 < [l AY(TH ,02u)gll 2 + [l AG(The, Ouw)gll 2 + [l AG (R (Dpu, B2u)) ]| 2.

By adapting the proof of Estimate (63) we get

1
2 2

T T
FACRCE N IS vl R SUST A RE

la’—ql<4

7 .9—gs Rt 52 _
S dg,22 a HaZud?HN%c(B%)”e azu¢||L%(Bs+l);
where Jq’g = Z|q_q,‘<4 dy (0%uy, 1)25(q7q/).

1
2

e Estimate of (fOT | AL(Th,  0pu)g]l L2 dt)

2

T T
(/0 ||€RtAZ(T§gu3zU)¢IIL2dt> S > </0 ”Sh’16Rta§u$”2L§(Lg°)||AZ/8IU¢H%§°(L?T)dt>

lg—q’'|<4

Nl

1
2

T
< > (/ Je™02uy |2 , 2% ||Agaazu¢%zdt>
0

lg—q'|<4
< dq2_qs||€Rtazu¢||EzT(B%)||8ZU¢HZ%°(BS+1)-
By adapting the proof of Estimate (66) we get

1
T 2 T
([ 1 st o otiniar) < 3 ([ 10kl e Sl

q'>q—3

2

S A2 0.0 e oo ™ 2ol
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Then by summing up the previous estimates, we get

T 3
( / eRtA2<azuaiu>¢||%z>

—qs (7 Rt 52 7o Rt 52
S 27 (ol oy P usl 1y, + o+ )l 3 D0l 2 ) )
Multiplying the previous inequality by 27° and taking the sum over Z, we obtain (33). O

5. APPENDIX - PROOF OF THE LEMMA 2.3

In this Appendix, we give a brief proof of estimates used to prove the uniqueness of the solution.
e Estimate of I; ;. From Lemma 3.1 in [23] we obtain (36).

e Estimate of I5 ;. From Lemma 3.1 in [23] we have

¢
/0 <€Rt Ag(ul 0,U) g, e AZU¢> dt’

< 027202 e Uy |2,

s+1y°
e BT 2)

By using integration by parts, and from Lemma 3.1 in [23] we have

t
/0 (R Al (ur ,02U)0, ™ ALU ) i

t
< / (" Al(0.01 0,005, " ALU, ) | +
0

t
/0 (R Al (i1 9,0.0)a, ™ ALD.U,) dt

< C27205q2 || B 9, U4 ||2 .
< alle™ o ¢||L§,e/<t>(3‘“+%)

By summing up the above estimates we obtain (37).
e Estimate of I3 ,. By integration by parts in z variable and from Lemma 3.1 in [23], we obtain (38).

e Estimate of Iy 4. It follows from the proof of Estimate (5.14) in [23] that

t
/ ]<eRt ARV D.us) g, e A’;U¢>’ dt' S 27202 || 5, Us |2, e (71)
0 LT,(—)’(t)(B 2)
By integration by parts
t
/ (™ ALV ORuz)0, ™ AU )|
0
t t
< / ‘<eRt/AZ(V83uQ)<p,eRt’ AZ&ZU¢>‘ dt’ + / ’<eRtIAZ(8mUafu2)¢,eRt' AZU¢>’ dt’
0 0
t t
< / (™ ALV O2uz)o, €™ ALOUs )| dt' + / (e A (D020, € AL, )| at
0 0
t
+ / (e A (0.u20,0.0)a, ™ ALTs )| dt'
0
Following the prove of Lemma 3.2 in [23] we deduce for any s €]0, 1| that
t
/ ‘<6Rt/AZ(V8§u2)¢,eRt/ AZ&ZU¢>‘ dt' 272952 R 0, U |2, e
0 T,@’(t)(B 2)
From Lemma 3.1 in [23] we deduce that
t t
/ (e AL (0420, 0)0, ™ AL )| dt + / (e Al (0.020,0.0 )0, ™ AU )| at
0 0
< 9—2gs 32| Rt’ 2
S 277%dg e 8ZU‘I’||E2T,9,M(BS+%)'
Then
t
/ <eRt’Ag(va§u2)q>,eRt’ AZU¢>| dt’ < 2720421 9. U |12, 1 (72)
0 LT‘G’(t)(B 2)




32

LEO GLANGETAS, VAN-SANG NGO, EL MEHDI SAID

By summing the estimates (71) and (72) we obtain (39).
e Estimate of I5 ;. Following the proof of Estimate (5.13) in [23], we deduce for s €]0, 1[ that

/t ‘<6Rt/AZ(UlazU)q>, eRt/AZUq>> dt’
0

Rt’ _ Rt
€ -Vl 5 1€ 0:Usl 7

—2¢gs 32 %
<o fu,f_ g

ot ly-
2) B2

By integration by parts in z variable, we have

t
/0 <€Rt Al (103U g, e AZU¢> dt’

t
< / <eRt’Ag(vla§U)q>,eRt’A’;aZU¢>dt’ +

t
/ (e A0, d2U) 0, €™ AU ) dt
0 0

1 ’ ’
AT N L PR PR

P B )
This conclude the proof of (40).
e Estimate of I ;. Following the proof of Estimate (5.13) in [23], we get (41) for s €]0, 3[.
e Estimate of I7 ;. Following the proof of Estimate (5.11) in [23], we obtain (42) for s €]0, 3|.
e Estimate of Ig ;. Following the proof of Estimate (5.11) in [23], we deduce for s €]0, 1[ that

/t ’<6Rt’AZ(UaxU2)@’€Rt' AZU¢,>‘ a
0

< 9—2gs 2 Rt’ Rt'
SRl ey (160,

T,0/(t)

1 ’
ety HlusallE_ oy 16700l 55 5 ).

By integration by parts

/t ‘<6Rt/AZ(U618§u2)¢76Rt' AZU¢>‘ &
0

t t
< / ‘<eRt’Ag(anaqu)¢,eRt’ A’;@ZU¢,>‘ dt’ + / ‘<6Rt’Ag(azUazaZU2)¢,eRt’ AZU¢>’ dt’
0 0

§272qsd3 ”eRt 0:Us ”Zz

s+1
2 010y (BFE)

Rt 1 Rt
X (le i 8ZU(I>||E§<’@/(0(BS+%) + ||8zu2@‘|zm(3%) ||€ t azU@|Z%(Bs)) .

Then by summing up the previous estimates, we get (43).

(1]
2]
(3]
(4]
(5]
(6]
(7]
(8]
(9]

(10]
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