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HYDROSTATIC LIMIT OF THE NAVIER-STOKES-ALPHA MODEL

GLANGETAS LEO, NGO VAN-SANG, SAID EL MEHDI

ABSTRACT. In this paper we study the hydrostatic limit of the Navier-Stokes-alpha model in a very thin
striped domain. We derive some Prandtl-type limit equations for this model and we prove the global
well-posedness of the limit system for small initial conditions in an appropriate analytic function space.

1. INTRODUCTION

1.1. Motivation. The characteristic feature of a turbulent fluid according to Kolmogorov’s theory is
that the energy cascades from large scales to small scales until it reaches the dissipation scale and then
turns into heat. This feature leads to important costs of calculations in numerical simulation because
the grid resolutions cannot keep up to the dissipation scale, which is extremely small when the Reynolds
number is large (which corresponds to turbulent flows). So the idea is to consider the effects of smaller
scales on larger scales instead of capturing all scales and as a consequence, one can achieve a balance
between computational costs and precision.

One way to model turbulent flows is the so-called Large Eddy Simulation method. It consists in
filtering the small scales and directly calculating the large scales of the turbulent cascade (see [13] for
instance). Another approach is the Reynolds Averaged Navier-Stokes, based on Reynolds decomposition,
which provides mean quantities of turbulent flow while fluctuations will be modeled. This second method
is used in the industry due to its small computational costs. However, both approaches meet a common
problem which is the closure of the model systems where there are more unknowns than equations.

In order to overcome this difficulty, the Navier-Stokes-alpha model was introduced, where an energy
“penalty” inhibits the creation of small excitations below a certain length scale « (also called the viscous
Camassa-Holm equations, see [5, 9, 14, 15, 18, 20] and the references therein for a survey of Camassa-
Holm equations). This “alpha-modification” leads to a change in the convection term of the Navier-Stokes
equations. More precisely, this is the following system

ov
(1.1) E"'(U'V)V'ﬂhvm + v3Vuy = vAv — Vg
V-u=0,

where
v =(v,v2) = (1 —a?A)u = ((1 — ?A)uy, (1 — a*A)uy)

and u is the velocity of the fluid and ¢ the modified pressure. In [11], Foias, Holm and Titi prove the
global existence and uniqueness of the solution of (1.1) in a periodic domain for H!-initial data and
the convergence of the solution of 3D Camassa-Holm equation (NS-a) towards a weak solution of 3D
NS equations when « tends to zero and in [4], Busuioc gives a simple proof of the global existence and
uniqueness of (1.1) for H}-initial data in bounded domains with Dirichlet boundary conditions.

In this paper, we consider the system (1.1) in the thin strip 8° = {(z,y) € R*,0 <y < e}, where
the width ¢ is supposed to be very small. This consideration is relevant for planetary-scale oceanic and
atmospheric flows (see [22]), for which, the vertical scale (a few kilometers for oceans, 10-20 kilometers for
the atmosphere) is much smaller than the horizontal scales (thousands of kilometers). In this framework,
the fluid behaviors are approximated by the so-called hydrostatic model, in which the conservation
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2 GLANGETAS LEO, NGO VAN-SANG, SAID EL MEHDI

momentum in the vertical direction is replaced by a simple hydrostatic equation. In the case of Navier-
Stokes equations for a viscous fluid in a thin strip, the hydrostatic limit leads to the following rescaled
system in domain Rx]0, 1]

O + u Opu + v0,u = 5.5“ — Ozp

Oyp =0

(1.2) Ozt + Oyv =0
(4, 0)ly=0 = (4, v)|y=1 = 0
Ulp=0 = ug.

This model and its three-dimensional counterpart are very important in oceanography and meteorology
(see [3, 17, 22]). It is known that without any structural assumption on the initial data, real-analyticity is
both necessary [23] and sufficient [16] for the local well-posedness of the system (1.2). In [12] the authors
proved that for convex initial data, the local well-posedness holds under simple Gevrey regularity. In [21],
Paicu et al. proved the existence and uniqueness of global analytic solution with small analytic initial
data with respect to variable z. We want to emphasize the similarity of the system (1.2) and the classical
Prandtl system. For the classical Prandtl, the well-posedness also requires analyticity frameworks (see
[24]) or monotonicity hypotheses to be able to work in classical Sobolev frameworks (see for instance
[1, 19]).

In this paper, we will study the hydrostatic limit of the Navier-Stokes-alpha equations as the strip
width ¢ — 0. Using the techniques of [21], we prove the global well-posedness of the limit system in
appropriate analytic function spaces. We will justify this limit by proving the convergence of the Navier-
Stokes-alpha system in a forthcoming paper. In the next subsection, we will give brief derivation of the
hydrostatic limit of the system (1.1) as € — 0.

1.2. Hydrostatic limit of the Navier-Stokes-alpha model. We consider the system (1.1) in a thin
strip

S = {(x,y) eRZ0<y< s},
where the width € > 0 is supposed to be very small. Equipped with no-slip boundary conditions, we
rewrite (1.1) as
Opv] + uf 0307 + ug Oyvf + v] Oguf + v5 Opus = vAV] — 0,¢°
05 + uf 0,05 + us Oyvs + vf Oyui + v5 Oyus = vAVS — 0y¢°
Ozuf + O0yu5 =0
up=u;=0 on {y=0tU{y=e}
Oui=0u5=0 on {y=0}U{y=c¢}

(Uﬁ,ui)pzo = (u1,0,u2,0)(z,y),

(1.3)

where, for i = 1,2,

€ _ , € 2 £
vi =i —a”Aus.

We consider the following rescaling
ui(t, z,y) = u® (t,z, g) ,
g _ g y
U2(t,1',y)—€’l) (t,l', g)v
€ __ ~€ y
q (tazay)*q (tv'rvg)v

we perform the change of variable z = £ and we set

S = {(J:,z) eR%20<z< 1}.
We remark that for any function p(t,z,y) = ¢ (t, T, %), we have
k _ _—kalk
o) (p(t,w,y) = e FOMY (t,2,2).



HYDROSTATIC LIMIT OF THE NAVIER-STOKES-ALPHA MODEL 3

Then the following calculations are immediate
VS (t 2, y) = ut(t,x, 2) — af0?us(t, o, 2) — e2atd2us(t, @, 2)
{UQ(t,:E,y) =c(vi(t,x,2) — 2% (t, 2, 2)) — 2 a2 0%v° (t, 1, 2),

where a; = 2. The system (1.3) becomes
Orw® — a2e20,02u° + uf 0,w° — a2e®uf A3u 4+ v° 0w — ate®v® 0.0%u° + wFdut — ate? Dput D2t

+ 29%0,0° — et Q20205 0,07 = 02w® + 20%w° — €% a3020%uF — 2Ot — 0,GF
20,7 — a2e10,0%0° 4 2 uf0,7° — atet uf O2v° + e%0° 0,77 — aZe™ v 0.0%0° + w d.uf — 2P0t D,uf

+e%29% 0,0° — a2t 020F0,0° = £20%9° + 1 0297 — a2t 020207 — 2% 0t — 0.¢°
Oyu’ + 0,v° =0,

where we denote w® = u® — a0?u® and 7° = v — 39207 to lighten the notations.
Formally taking ¢ — 0 we obtain
Or(u — a3 0%u) 4+ u 0, (u — a3 0%u) + v, (u — a0*u) + (u — a30?u)dpu = 0% (u — A3 0%u) — 0,4
(u — a20?u)0u = —0.4
Orzu~+ Oyv =0
(u,v) =0, Q,u=0 on z=0
(u,v) =0, Ou=0 on z=1

Ujt=0 = UO-

We consider the modified pressure in the strip

_ 1 1
p=q+5u’ = 5ai(0:u)’
and we set
w=u—a2d%u.

Then we can rewrite the system (1.4) as

Orw + U Opw + 00w + a2 (0,1 0,0, u — afuaxu) = 8§w — Ogp
0.p=0
Orzu~+ Oyv =0
(1.5)
(u,v) =0, Q,u=0 on z=0
(u,v) =0, Ou=0 on z=1
Ult:O = Up-
Remark 1.1. (1) The no-slip boundary conditions (u,v)|y—=0 = (u,v)|y=1 = 0 and the incompres-

sibility Oyu + Oyv = 0 imply

v(t,x,y) = /avtxy = /autxy

(2) From the incompressibility condition we deduce that

1 1
GZ/ u(t,z,y)dy = —/ Oyv(t,z,y)dy = v(t,x,1) —v(t,z,0) =0,
0 0
which together with the fact that u(t,z,y) — 0 as |x| — 400, ensures that
1
(1.6) / u(t, z,y) dy = 0.
0

Since 0,p = 0, integrating the first equation of system (1.5) and using the boundary conditions,
we get

1 1
Dup(t, ) = 020%u|o_o — 201 — O, /O 2(t,2,y) dz — a20, /O (0.u)*(t, 2, y) d.
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We emphasize that, similar to Prandtl equation, the nonlinear term vd,w in the system (1.5) creates
the loss of one derivative in = variable in energy-type estimates. So, in order to overcome this difficulty,
it is natural to work in analytic function frameworks. In the next paragraph, we will introduce some
elements of Littlewood-Paley theory and functional spaces that we are going to use in this paper.

1.3. Littlewood-Paley theory and functional spaces. We consider a even smooth function x in
C§°(R) such that the support is contained in the ball Br(0,3) and ¢ is equal to 1 on a neighbor-
hood of the ball Br(0,2). We set 1(z) = x (%) — x(z) then the support of 1 is contained in the ring
{zeR:2 <2/ <3}, and ¢ is identically equal to 1 on the ring {z € R: % < |z| < 3}. Moreover, the
functions x and 1 verify the following important properties

> (@79z) =1, VzeR*,
q

z) + Zw@*qz) =1, VpneR
q>0

and
Vig €N, j =12, suppe(277) Nsuppdh(27Y) = 0.
Let Fp and F; ! be the Fourier transform and the inverse Fourier transform respectively in the hori-

zontal direction. We will also use the notation J? = Fnf. We introduce the following definitions of the
homogeneous dyadic cut-off operators.

Definition 1.2. For all tempered distributions in the horizontal direction and for all q € 7. we set
Agu(z,y) = F (027} Frul€, ),
Seu(z,y) = F (@D Fru(Sy) = Y Abu.

g’ <q—1

In our paper, we will use the same functional spaces as in [21], the definition of which is given in what
follows.

Definition 1.3. Let s € R and S = Rx]0,1[. For any u € S},(S), i.e,
weS(S) with  lim_|Stulp= =0,
q——0o0

we set

lull s = 2% Aful| 2.

q€”Z
o Fors<i1 5, we define
B*(8) ={ue S,(S), |lullp: < oc}.
o Fors€lk— 3, k+ 3], with k € N*, we define B*(S) as the subset of distributions u € S, (S) such
that O%u € B*~F(S).

Remark 1.4. Foru € B®, there exists a summable sequence of positive numbers dg(u) with ) dq(u) =1
such that

JAkullzs S dg(w)2~% ] -
We also need the following time-weighted Chemin-Lerner-type spaces (see [3]).

Definition 1.5. Let p € [1,400] and T €]0,00] and let f € L}, .(RT) be non-negative function. We
define space LT7f(BS(S)) as the closure of C([0,T], B*(S)) with respect to the norm

lullzs (ge(s) = D_ 2% (/ FOlIAkl, dt)
q€Z

with the usual change if p = +o00. In the case of f(t) = 1, we will simply use the notations Eg(BS(S))
and |[ullzy (s
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Remark 1.6. For u € E’}(BS), there exists a summable sequence of positive numbers dgy(u, f) with
> g dq(u, f) =1, such that

1AGul Lz 22y S do(u, 2779 ul 7 ey

1.4. Main results. The main difficulty consists in controlling the nonlinear terms, using the smoothing
effect given by the above function spaces. The idea is to define the following auxiliary functions, using
the method introduced by Chemin in [10] (see also [7] or [21]): for any f € L?(S), we set

(LT) felta,y) = e?OP f(ta,y) = FL (P09 f(1,6y) with 6(t,€) = (a = M(D)IE],
where the quantity 0(¢) describes the evolution of the analytic band of u, satisfies
(1.8) 0'(t) = |02us(t)]| ;3 and 6(0) =

We remark that if we differentiate a function of the type e?®P=) f(t x,1) with respect to the time
variable, we have

at(e¢(t’D“) ft,z,y)) = —)\Gl(t)|DI|e¢(t’Dm) ft,z,y) + e‘b(t’D“)@tf(t,x,y),

where —\0'(t)| D, |e®:P=) f(t,z,y) plays the role of a “smoothing term”, provided that #’(¢) > 0, and
allows to “absorb” the loss of one derivative in the nonlinear terms when we perform energy-type esti-
mates.

Our main result is the folowing.
Theorem 1.1. Let a > 0 be fized. We assume that e®P=ly, B2 and eP=19, 0y € B2. There exist
positive constants ¢ and C' such that, if we suppose that

ca
1 <
R L W P e

(1.9) le“!P=luoll 3+ [|e*1P=18. uoll

and the compatibility condition fol updz = 0, then a unique global solution for the system (1.5) exists and

satisfies

R R R
(110) el o )+ 1e¥ 0ol o )+ 1™ 0utal i ot + €7 Pusl i o)

< C([lePlug| g + lle”P=10uoll ,5)

Furthermore, if e?P=lyg € B%, elP=19 g € B%, e“'Dw‘afuo € B%, then
Rt 2
(111) e @l ., s,

= C(H@“‘D 0uo g + e P12 | g + [le1P 'uOII g + [P 10.uo| )

+[|e (00w |12

Rt 2
SRR X

ey + 02

Lo (R+,B3)

Remark 1.7. The compatibility condition fo ugdz = 0 ensures that fo )dz is conserved by the
system (1.5).

The rest of the paper is arranged as follows : The proof of the main Theorem 1.1 is presented in the
next Section 2 and the Appendices 3, 4 and 5 are devoted to the proof of estimates used in Section 2.

2. GLOBAL EXISTENCE AND UNIQUENESS OF THE HYDROSTATIC LIMIT SYSTEM

In this section, we prove the existence of a unique global solution of the system (1.5) using the method
introduced by Chemin in [6]. We recall that, to be able to deal with the lost of one derivative in the
tangential direction x, we work in the same functional settings as in [21].
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2.1. Energy-type a priori estimates. The aim of the first part of this section is to prove the energy-
type estimate (1.10). Our proof is based on the following important estimates of the nonlinear terms.
We recall that ¢, 6 are the auxiliary functions defined as in (1.7) and (1.8) and we set

T = sup{t >0, 0(t)< %}
Lemma 2.1. Let s > 0,0<T <T*, R> 0. There exist a generic constant C > 1 and some square root
~1 1
summable positive sequences (3., di =1, 37 di =1) such that

T
(2.1) / Bt Ah u@zu)¢,eRt A2u¢>’ dt’ < Cc2—2s (dg +dg) [| ettt u¢|\%2 (B’
0 7,0/ (1)
T
(2.2) / <eRt A (udyd.u) g, € ’AgaZU¢> dt' < C272 (dy + dy) || D.ug12, ey
0 Te’(
T
(2.3) <eR B (D,udypu)g, B A, u¢> d' < C272% (dy + dy) || Dug 12, .
0 Te/(t (BS+2)
T
(2.4) / <eRt AM(0,ud,0.u) 4, " AhU¢> dt' < C27°% (dy + dy) [l D.ug12, ey
0 .6 (1)
T ’
(2.5) / <e va u)g, et A2u¢>‘ dt' < 0272 (d, 4 d )HeRt 0. u¢||L2 B+
0 T,607(t)
and
T ’ ’
(2.6) / <€Rt AZ(’U@?U)¢, eftt A282u¢>’ dt’
0
<9725 (d 14 Rt N ) Rt _ ) Rt’ 52 ~ )
<C (dg+dg) [le azu¢|‘L;’9/(t)(BS+§) (|e azuqﬁHL;’e/(t)(sz) + [10:u ¢HL°°(B % le™" 0 u¢>||LT(Bs)

The proof of this lemma is given in appendix 3. For (u,v) solution of (1.5), we define (ugy,vy) be as
n (1.7) and (1.8)). Direct calculations show that (ug,ve) satisfies the following system
Orwy + AN ()| Da|wg + (u0pw) g + (0V0:w) g + a1 (05w y0,u)y — aF (02udpu)y = 02wy — Oupg
azp¢ =0
(91U¢ + 0 Vp = 0
(2.7) !
(up,v9) =0, Oug=0 on z=0

(up,v9) =0, OQup =0 on z=1

Ugli—o = e P=lyg,

where |D,| denotes the Fourier multiplier of symbol |¢|. For any ¢ € Z, applying the dyadic operator AZ

to the first equation of the system (2.7) and taking L?(S) inner product of the obtained equation with
Agud), we get

1d
2dt
+1AG0zugllEs + of [| AgO2ug] 7

1 2 1 2
28) 52 (I8 uslz +ad[Ak0.us|F) + 00 (1) | ID21E Afus|| , +ad20'(@) |1Dal2 A0 |
— <A2(u8mw)¢, A2u¢> — <A2(vazw)¢, A2u¢>

-3 <AZ(8Zu 0.0:1) 4, A2u¢> +a3 <AZ(8§u8zu)¢, AZU¢> .

Multiplying (2.8) by 2% and integrating with respect to the time variable, we obtain

/

t
2
P A g 2002 ([ ARy |22+ 20 / ot I, di
0

) [[e™ D12 Ause)

2 t
L dt’+2/0 (| AL ug(t)

t N 2
+2Aa§/0 0'(t') ‘eRt|Dm|2A28Zu¢(t’) L !

[

t
dt' + 23 /O e A2 (1)

= [Agug(0)1Z2 + 0 AGO:ug(0)l|72 + 2D1,g + 2Dz g + 2Ds3,4 + 2Da g,
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where
t ) /
Dig =~ /O <€Rt Ag (udyw)g, e AZU¢> dt’,
t
Dy =— /0 <eRt Ag(vﬁzw)d), eftt A2u¢> dt’,
t X .
2 Rt Rt
D3aq = CYl/o <€ i Aq (azuamazu)¢ae i AqU¢> dt/a
t
Dy q 04%/0 <6Rt,AZ(8§uﬁzu)¢, eftt A2u¢> )
Using the definition of w, we can write
t X . " . )
R ’ R ’ 2 R ’ 9 R ,
Dyg= 7/0 <e t Ag (udzu) g, e t Aqu¢> v+ 041/0 <e t Ay (udz0Zu)g, e t Aqu¢> dr'.
Since

Al (u0,02u) p = 0. A (u0z0:u)p — Al (0.u0:0.u)4,

by integration by parts with respect to z variable, we have
t
/0 <eRt/AZ(uawafu)¢, eRt/AZu¢> dt’
t ’ ’ t ’ ’
= /O <eRt GZAZ(UGIGZU)@ et AZU¢> dt' — /0 <€Rt A’;(azuazazu)(b, et A2u¢> dt’
t t

_ /O (e Al (w0, 0-u)g, ™ Ay ) dt' — /O (e Al (0.u0,0-u)g, ™ Aluy ) dt.

Thus

Dyg=Aq+ Bg+ D3,

where

¢
Ay = /0 <eRt/AZ(u8Iu)¢,eRt/AZu¢> dt’,

¢
B, —a%/o <€Rt Al (udp0.u) g, e A262u¢>dt'.

In a similar way, we can write

Dyq = Cq + Ds,q,

where
C,=—af /t <6Rt/AZ(8Zu8$u)¢, eRt/AZGZu¢> dt’,
0
and
Dyg=Eq+Fy+Cq+ Dsq
and where

¢
E, = —/ <6Rt/AZ(Uazu)¢,eRt/AZu¢> dt’,
0

t
F, = oz%/o <eRt,AZ(v83u)¢,eRt/A282u¢> dt'.
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To summarize, we have

t , i 2
(2.9) [leAlug|F> + ol AL uyll7 +2>\a§/ 0'(t') ’eRt |Da|? AlO.ug(t)| . dt!
0 L2
o [ 5 1D, 1 Al (1) 42 tHeRt’Ahau & ar
0 T q Yo L2 o qYz%¢ L2

2
Rt' Ah g2
e NGO ug(t') Lo dt’

t
+2a%/
0

= ||AZU¢(O)H%2 + Q%HAZ@@%(O)H%Z + 244 + 2By +2C4 + 8D3 4 + 2E,; + 2F,

where

Q:m
Il
\
ﬁ

<€Rt, AZ (u0pu) g, e A2u¢> dt’,

Sy
|

¢
4 —a%/o <6Rt/AZ(u8I82u)¢,eRt/AZGZU¢> ar',
¢
Cy = a?/o <6Rt/AZ(8zu8Iu)¢,eRt,AZ[Lu¢> dt’,
t ) /
D3, = —a%/o <€Rt AZ(@ZU Dr0,u) g, et A2u¢,> ar’,

t
E, = f/ <6Rt,AZ(v82u)¢,eRt,AZu¢> dt’,
0

=
|

t
4 —a%/o <€Rt AZ(U@?U)¢,€Rt AZ@ZU¢> dt.

We recall that we set

T* :sup{t>0, 0(t) < %}

Lemma 2.1 yields that, for any 0 < 7' < T, we have

T , 2
e AGug | Toe 12y + flle ™ AGOug | Toe 12y + A ] 2 / O || Agdus(®)]| , df
0

, 2
‘em Abug(t)| . dt’

L2

T 9 T 9 T
2 Rt' A h o2 / ’ Rt' AR / / q 14!
+a1/0 He AqGZU¢(t)’L2 dt +/0 H@ AgO:ug(t)| , dt’ + A2 /0 0'(t')

< [ AJug(0)l172 + af | Ag0zus(0) 7 + C272%dg [ uy| 2,

T,e’(t)(

Bt

1 ’
27295 42 Rt’a _ Rt’a N ) 2 Rt' 52 _ )
+ e Duollpy oy (™ Ostollzy ey + N0l g €™ D2l e

Multiplying the previous inequality by 229%, taking square root of resulting inequality and then summing
with respect to ¢ € Z, we get

+ Vo [l 0y -,

||6Rt“¢||Z;O(Bs) + O‘%HeRtaZUqﬁHZ;C(Bs) +VA e u¢>||zz 2 9’(t)<BS+%)

s+ 1
50 n(BT2)

<6]lug(0)] = + 6 1 [|0:us (0) [ 5+ + C [l ugll 7,

’
2 o )(BS+%) + Cal ||6Rt azu¢||Z2
07 (¢

s+l
Tory (BTT2)

’ 1
e 0 ugl|2
: L;,e’(t)(

i Rt' 82, (|3
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Therefore, there exists a constant C7 such that

”eRtU&b”Z;?(BS) + ||€Rt<9zuqz>||z;9(gs) + \/X ||€Rt u¢||z2 + \/X ||€Rt 8Zu¢||i2
T

s+3
o B7T2) T

ol
o y(B *2)

<C1([[ug(0)l|+ + 19:us(0)]|5+) + Cu | ug]l 1,

3+ O™ 0.yl
T,e/(t)(BS+é)+ 1”6 Zu¢||L2

s+3
Torey(B72)

RY g2 Rt 3
e O ugll2 .
z z ¢||L2 (BS+%)

usll2
NN

1
+ C1)|0,us|| * e
ozualll_ o

We remark that Young’s inequality implies

Rt' 82 |13 Rt 3
||€ az”d’”’L'%(Bs) ||€ aZ’u’d’HZZ (t)(BS+%)

1
Cqllo 1
il ZU¢||L%¢(Bg) :

1 ’ 1 ’
< CollDuslly g lle™ Duusll, + 516 OZusllzs (5e)-
T T,

sl
oy (B *2)
So, putting C3 = max(Cy, C3) and choosing
(2.10) 32 G+ gl )
we have for any s > 0
(2.11) ||€RtU¢||Z%o(BS) + ||€Rtazu¢||fg9(35) + ||€Rtazu¢||Z%(Bs) + ||€Rta§U¢||Z%(BS)

< Ca([le'P=lug| e + [l P10 u0| 5 ).
In particular, under the condition (2.10), we have

10-ug|| < Cs ([l uo| g + [P 10-uo] 3 )-

Le(B3) =

Then, by taking A\ = C3(1 + C’3(||e“‘DI‘u0||B% + ||e“‘DI‘8Zu0||B%)), the inequality (2.11) holds for any

s > 0. In particular for s = %, we have
R R R R
€ o ey ROt )+ €™ Dettalzy y) + €Ol
(2.12) < Ca([lePelug|| L3 + eP10uo]l ,1)-

Now we want to estimate the function 6(¢) on [0,7%*]. Using Cauchy-Schwarz inequality, we can write

t
9(15)/0 e xR |02ug (t)]| g dt’

T ’ T ’
<([emmar) ([ 1emotuste)l? e
0 0 B2

1
2 2

Then, we deduce from (2.12) the existence of a constant Cyy > 0 such that
0(t) < 04(||€a|DI|uO||B% + ||€a|DIIaZuO||B%).

Taking ¢ small enough (see the assumption on the initial data (1.9)), we obtain, for any ¢ € [0, 7| that
a

< —.

~2)

Using the definition of T* and a continuity argument, we deduce T* = 400 and that the inequality (2.11)
holds for any 7' > 0.

9(25) < C4(||ea\Dm|uO||B% + ||€a|Dm|azUO||B%)

Conclusion : Taking s = 2 in (2.11), we obtain Estimate (1.10) in Theorem 1.1.
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2.2. Estimate of the time derivative of the solution. In this paragraph, we give brief ideas of the
proof of Estimate (1.11). Applying AZ to (2.7) and taking the L? inner product of the obtained equation

with €2 Al (0yu) g, we have

(2.13) [l AL (Bru)g| 72 + aflle AL (0:0.u)g |72
=2t <A28§u¢, AZ (8tu)¢> — a%eQRt <A28§u¢, AZ (8tu)¢>
— 2Rt <A2(u O0z) Ag(ﬁtu)¢> — 2t <A2(vazw)¢, Ag(ﬁtu)¢>
—*fad (AN(0.u0:0:u) g, AL(Oyu)g) + 2ot (AM(OZudpu) g, Al (Oru)y) -

Since (Qyu)p = Opug + N0 ()| Dylug, then

(2.14) (AL 2ug, Al (Ou)y) = 2 (AL OZug, AlDyug) + 0 (t)| Dyl (AL 2ug, Abuy)
1d .
= fgal\eRtA’;@zwlliz — A0 (1) Do |2 AfDug |7
ld Rt A b 2
S *5@”6 Aqazu¢||L2.

Similar calculations give

1d
(2.15) — M (AGOTug, Ag(Oru)g) < =5l AGO2uy|I7z.
Plugging the estimates (2.14) and (2.15) into (2.13), we get

IR AL @ru)ol3s + o ™ ALOD-)a s + 55
a L QTR g at

< — M <A2(u Op ) AZ(@tu)¢ > fale?ft < Ag(u 0:02u) 4, AZ(@tu)¢>

— 20t <A2(v82u)¢, Ag(atu)d) > —ale?B < A’;(vaju)¢, Ag(atazu)¢>
— 2?2 <AZ(8ZU 0.0:1) 4, Ag(ﬁtu)¢> +2¢e*ta? <AZ(822uamu)¢, AZ(&U)@

1 ,d
e AGOugll7z + Sat 7 [l AgdZu 7.

and so

Ld
2 dt
< C(HeRtAZ(u Dru)glzz + €™ AG (0 02u)g |72 + [l A (vD:u)g||7

1 ,d
e AG (Gru)gllZ + adlle™ AG(Drd-u)gllTz + 5 lle™ AgdaugllT + S0l =™ AgdZug| 72

+[le A (002u)g |72 + [|e" Ay (D:u 0:0:u)g]|72 + ||6RtAZ(3§u3IU)¢I|%z)-
Integrating with respect to time yields

(2.16) [[e™ A} (Or) 35 (1e) + €™ A @udw)s P (12) + ™ AfDusl e 1) + 1™ AfO2us 3oz
< C(JleP AL, ugll3z + e P AL O2uollFe + lle™ Al (w o)l 12, 2y
e A Da02u)gll s 12 + €™ AL WD)l 13 12y + €™ A (0020) 1 13,22
P AL (0 Da0:1) 13 12) + €™ AL (O2udu)sll1s 1) ).

To be able to obtain Estimate (1.11), we need the following lemma, the proof of which will be given in
the appendix 4.
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Lemma 2.2. We have the following estimates for the nonlinear terms :

(2.17) e (Dol s S 1916l o €™ Outtel 7 3
(218) e (udad2u)sl sy o) S 10l i I€70Puel g+ 10:sl s N D20l
(2.19) e (0 0olly ) S N0:tsl 1 e Dty s
(220) ™32l ) S 10l o €™ OPuol gy + 10:tl 1 s ™02l
(221) |e®(0.00,0:0)oll 1 3, S 10:0sl 1t O30l 7y )+ 100l e €020
(2.22)

€™ A @0 020l 7, 3y S 1906 e o €™ 02l 3, + 19506l e 3 €000l 1y

Conclusion : Multiplying (2.16) by 2%, summing up with respect to ¢ € Z, and then using Lemma
2.2, assumption on initial data (1.9) and Estimate (2.11), we obtain Estimate (1.11) in Theorem 1.1.

2.3. Uniqueness of the solution. We suppose that uy,us are two solutions of (1.5) on [0, 7] with the
same initial data. Let U = u; —ua, V. = vy — va, P = p; — p; then, (U,V, P) satisfies the following
equations
(U — a302U) + uy 0, (U — a30?U) + Udyws + 110, (U — a302U) +V d,wa + B
= 0%(U — a30°U) — 0, P
2.P=0
(2.23) 0, U+ 0,V =0
U,V)=0, 9.U=0 on 2=0
(U,v)y=0, 0,U=0 on z=1
Ult=o =0,

where we set we = uz — a20?us and where
B= a%@zulaxazU + ozfazUaxazuz - a%@?ulaxU — 0418 U O,us.

We now consider the following auxiliary functions

O(t,€) = (a — pO)IE| with  O'(t) = [|0Zu1, ()] ;3 + 10Zuz, (D)l 53
and following (1.7) we define
Jot.z,y) = P f(t w,y) = FL (9 J(t,€,y)),
where ¢ > A will be determined later. From Theorem 1.1, we deduce that
Hu1¢||Loo(B%)+||u2¢||Loo(B%)+||aZu1¢”L +Ha u2<;>|| <Mﬂ

L~(B%) =

where M > 1 is a constant. Following the proof of (2.9), we get from (2.23) the following estimate

’ 1 2
e |Dy |2 ALO.Us (t') L dt'

t
(2.24) HeRtAgU@Hiz+a§|\eRtAgaZU¢|\iz+2na§/ e'(t)
0

¢
+ 2,u/ e'(t"
0

’ 2 ¢ , 2
‘eRt D2 AR ()| ar + 2/ HeRt Aho, U ()| ar
L2 0 L2

, 2
+ 203 e AZ@? Us(t') dt’
L2

0
=20 42D 42 5+ 2L+ 2154+ 2164+ 2174 +21s,,
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where
t
Iy =—a? / <eRt’Ag(azulamaZU>¢, eRt’A’;U¢> dt',
0
t
Iy = - /O (8 Al 0,(U — 02020 o, ™ AU, ) di
t
I3 4 oz%/o <eRt AZ((?ZQUlaIU)¢,eRt AZU¢> dt’,
t ’ ’
I47q = — /O <€Rt AZ(V (’)zwg)(p, eRt AZU¢> dtl’
t
Is g =— /0 <eRt Ag(vlaz(U Q20%U))p, et AZU¢> dt’,
t ’ ’
167(1 —Oé%/o <€Rt AZ(@?U aIUQ)q>,€Rt AZU@> dt/,
t
Irg=—a? /0 <eRt’Ag(azUazazu2)¢, eRt’A’;U¢> dt',
t ’ ’
187(1 = —/O <€Rt AZ(U@ng)q),eRt AZU¢> dtl.
The terms I 4, j € {1,...,8} can be controlled as in the following lemma. The proof of this lemma is

very close to the proof of Lemma 2.1. We will give a brief version of this proof in the appendix 5.

Lemma 2.3. Let s €]0,1[, T > 0, R > 0. There exists a generic constant C > 1 such that, for any
0<t<T, we have

(2.25) ol < C2d 1™ DUallT, iy

(2.26) |l4| < 0272052 HeRt'azU@I\?L-QT@/M(BHE),

(2.7 ol < C2H @Ol

(2.28) |Iy,q| < 02720542 HeR’azU@H?L'ZT’QIM(BH%)v

(2.29) Tl < OO0 a7 g 1€ 0200l gy 1) ™ 00N,
(2:30) loal < OO0 a7 g 1€ 0200l gy 1) ™ O,
(2.31)  |Irgl < 02_2’”653||€Rt/5zU<I>szT’e,(t)wH%>’

Rt'aU N p) 3 ) Rt'aU N
o G P L S N XC Y By B

(2.32) |Is,q| < C272d3 || 0. Us |5,

7,0/

< (I 0,001,

T,0/(t) (

s+1
w(B772)

1 ’
ooty 1002 1€ 0T ).

Now, using Lemma 2.3 and choosing p = C% M2, we deduce from (2.24) that, for any s €]0, 1]

e Uallze (ge) + 10Ul (5:) + 1% 0:Va g (5e) + €02Vl e
< O(|[e"'P=1Usl|gs + [|e*!P=10.Us| <) = 0,

which implies the uniqueness of the solution.
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2.4. Construction of approximate solutions. Before introducing the construction methods, we re-
mark that if (u,v,p) is a solution of (1.5) such that all the following expressions make sense, then we
have :

Lemma 2.4.
1d

(2.33) 37 (

lullZs + o3[10:ullfz) + 10:ullf2 + of[|0Zu]Z. = 0.
We also remark that Estimate (2.33) is also true for the approximate solutions.

Proof. We set w = u — a2d?u. Taking L? scalar product of (1.5) with u, we have
(Byw, u) + (U 0w, u) + (V0:w, u) + af (D:u Dpdzu,u) — o (D2udyu,u) = (Pow,u) — (Oup,u) .
We first consider the linear terms. Performing integration by parts in z-variable and remarking that
(Onp,u) = = (p, Opu) = (p, d:v) = — (9zp,v) = 0.

‘We obtain
1d

s (
where the non-linear term NL is

NL = (u 0w, u) + (v0:w, u) + aF (0.u 0,0.u,u) — of (OZudyu,u) .

Performing integration by parts in  or z variable and using the incompressibility condition, we can write

(uOpw,u) = f% /]R o 1[(8zu) u? + 204%/ (02u)(dpu) u
x]o,

Rx]0,1[

lullZz + afl|0:ull72) + 10:ullZ> + oi[|0Zu]Zs + NL =0,

1
—/ 00, (u?) —a%/ 0.(0%u) (uv)
2 Jrxjo.1] Rx]0,1[

1

= ——/ (0.v) u? — l(Jz?/ (8zu)2 (0,v) — oz?/ (8§u)(8zu) U
2 Jrx)0,1] 2 7 Jrxj01] Rx]0,1]

1
2 (0,4 0,0, u, u) = ——a%/ (0,u)?0pu
2 Rx]0,1[

Putting these identities into NL, we get

(v 0w, u) =

and

NL =0

and this concludes the proof of the lemma. O

We now introduce the following Hilbert spaces
Hg = {f e H*(0,1) | f(0) = f(1) = f'(0) = f/(
Hy = {f € H'(0,1))| f(0) = f(1) = 0}

equipped with their respective norms

11z = (al/Ol(f”(Z))de+/01(f'(2))2d2) ,

Wy = (o [ e+ /Ol(f(z))QdZ);

and let be a common Hilbert basis {é}r>1 such that
Yv GHg, <ék,U>H§ = A\ <ék,U>H&
For any (u, v, p) sufficiently smooth on [0,7] x S, T > 0, such that

1) =0},

N

Oup = @103 —g — a3 02ul = 1*3/ 2(t,z,y)dz 0418/ (0u)?(t, 2, y) dz,

v(t, z, 2) /8ut:cz
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We set
(2.34) R(u) = —(u0,u) + af(u0,0%u) — (vO.u) + ai(vd,02u) — aF (0,u 0,0,u) + a3 (0?udyu) — Oup.

For any n € N, we will look for an approximate solution u™ of (1.5) of the form

tmz Zumtq}el

where {@;,} is solution of the following system of n equations

<at(u - a182 n) ek>L2 = <62( - a182 n) ék)Lg + (R(u"),ék)Lg, k= 1, R

Unje—o = > (0, k)1 &

k=1

which also means that, for 1 < k < n,
Oplin (t, ) = =N Upn (8, ) + (R(u™) (¢, 2, -), ék)Lg
Next, we define the following frequency cut-off operators J,, in z-variable. For f € L?(R), we set

Tnf(@) = Ft (L Fif) (@).

The operator J,, is continuous from L? to L2, satisfies J2f = J,, f and for any positive integers n and p,
we have

|5pJ f|L2 < ’I’Lp |f|L2
|5 J flLoo < Cnp|f|L2

Now, we consider the following approximate system

{(%akn (t, JS) = */\k ﬂkn(t, ZL') + <JnR(Jnu”)(t, Z, ~), ék>L§7 ke {1, cen ,TL}

2.35 - -
(2:35) U jt=0 = (JnUo, €k) my -

Since Upy = (JnR(Jnu™)(t,x,-), k) 12 is locally Lipschitz in L?, (2.35) is a system of ordinary differential
equations in L2. Then, Picard’s theorem implies the existence of a unique maximal solution {@xy (¢, )}
of (2.35) on [0,T,[. Since J? = J,, we deduce that {J, 7, } is also a solution of (2.35) on [0,7},[. Thus,
the uniqueness of the solution implies that g, = JyUgn, for any k € {1,...,n}. We remark that {é;} is
not necessarily orthogonal in L2(]0, 1[) but using the Gram-Schmidt process, we can always construct a
orthogonal family {ex} of L2(]0,1)[ such that

Vect {ey,...,en} = Vect {é1,...,6,}.
We denote P, the orthogonal projection in L2(]0,1)[ onto Vect {e1,...,en}

P f =Y (frex)r ex.
k=1

Then, we remark that u™ is also the solution of the system

{&g(u — 20%u™) = O (u" — a29Pu) + P R(u™)

(2.36)
Un|t=0 = Pruo.

Same calculations as in the proof of Lemma 2.4 and the fact that P,, the orthogonal projection in L2(]0,1)[
onto Vect {eq,...,e,} imply that

1d (
2dt
for any ¢ € [0, T},[, which means T;, = +c0.

lu™ 12> + o [10:u"[72) + 10:u |22 + o [0Zu™ |72 = 0,

Remark 2.5. Estimates (1.10) and (1.11) also apply to the approzimate solutions u'™.
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2.5. Passage to the limit. Now, we want to take the limit of the sequence of approximate solutions
(2.36). We already see that {u"} is bounded in L>(Ry, L? ) and due to (1.11), we remark that {9;u™}
is bounded in L*(R, H l;cl) Applying Aubin-Lions lemma, we deduce the existence of a subsequence,
always noted by {u"} for the sake of simplicity, such that " — w in LjS. (R, H, loc) By interpolation,
we obtain

(2.37) u" —uin PRy, HS), forall 0<d<1.

loc

We recall that u™ is solution of the following system

(Op(u™ — a3 0%u™), ek)rz = (02 (u" a%@fu”),ekﬁg +(R(u"),ex)rz, k=1,...,n

Unji=o = Y _(uo, ek} 12 ek,

k=1

where R is defined in (2.34). So the main point of this paragraph is to prove the following lemma on the
convergence of the nonlinear term R(u").

Lemma 2.6. We have the following convergence as n — oo

R(un) — R(U) in Llo( (Hlof:l)
Proof of Lemma 2.6. We will only prove the convergence of the term u"9d,u™. The other terms of R(u™)
can be treated in a similar way. We first write

u"0pu" — udgu = (u" — u)0gu™ + udy (u"™ — w).

From Estimates (1.10) and (2.37), we have {0,u"} is uniformly bounded in L ( ZOC) Choosing § < 1
in (2.37) and using the product law in Sobolev spaces on R?, we get

[(u" = u)Opu™ H (30 < u _UHL?;?C(Hfog) [0zu™ H (3 — 0.

loc loc loc loc

Now, using again Estimate (1.10), we have that u is bounded in L, (H2 ). Then, (2.37) and the product

loc
law in Sobolev spaces on R? yield

[uds (u™ —w)l| < lul

15 >
(H, 27°%) 12 (H?

loc Loc( loc

102 (0" = w)ll Lo (pr-2) — O

!
L7, o¢

O

Now, coming back to (2.36), Lemma 2.6 proves that the limit u is solution of (1.5) in the sense of
distributions. This concludes the proof or Theorem 1.1.

3. APPENDIX - PROOF OF THE LEMMA 2.1

We first introduce some notations and classical mathematical tools. Then we will prove the estimations
of Lemma 2.1. We will only detail the proof of estimates (2.1) and (2.5). The same procedure can be
followed to prove the other estimates.

We recall the following Bernstein-type lemma, which states that derivatives act almost as multipliers
on distributions whose Fourier transforms are supported in a ball or an annulus. We refer the reader to
[2] for a proof of this lemma.

Lemma 3.1. Let k € N, d € N* and r1,72 € R satisfy 0 < ry < ro. There exists a constant C > 0 such
that, for any a,b € R, 1 < a < b < 400, for any A > 0 and for any u € L*(R?), we have

supp (@) C {€ € R g <mA} = sup [|0%], < CENFAED) |y
la|=k

and

supp (@) C {€ €RY A< ¢l <A} = CTFNJullp. < sup [[0%u]p. < CFN lull .-

Jol=k



16 GLANGETAS LEO, NGO VAN-SANG, SAID EL MEHDI

In order to prove the estimates of Lemma 2.1, we need the Bony decomposition of a product of two
functions a and b in the horizontal direction (see [2])

(3.1) ab=T"b+ T/ a+ R"(a,b),
where

Thy=> "SI jaAlb and RM'a,b)= > APaAlb=> AlaAlb

qEZ lg—q'|<1 qEL

and

Apf= > Auf

lg—q'|<1

From the support properties to the Fourier transform of the terms AZ f, we can verify
(3.2) ANSE _jaAlb) =0 if |¢ —q/>5 and AlNSE, ,aAlb)=0 if ¢ <q-4.

Then, for a function f (we suppose that all the expressions below make sense), we write
T
(3.3) | e Al abyan e AL plat < 4, + B, + R,
0
where
T ’ ’
Ay = /0 (" AN(TEb)g, e Al ) |at,
T ’ ’
B [ I Al(ria). ™ Al
T ’ ’
Ry = /0 (P AP (R (a,5)), €™ AP £ dE.

Then we have from the definition of the operator T and (3.2)

T
Aq < Z /O 62Rt

lg’—q|<4

(Al (Sh_jaAlb), ,Agf¢>\dt’,

T
Bo< Y /OegRt/‘<Af;(S;,leg,a)d),Agm‘dt/

lg'—q|<4
Z/ 2R Ah(MaA b)¢,Ahf¢>‘
929—3

Throughout this section, we will keep these notations (which can however be modified when needed).
Following the remark 1.4, we define For any f € L?(R), we define

~

£ =F ().

We remark that, for any ¢ € Z, we have

(3.4) Agft=(AghH*,  sgft=(gHT and  [[f Iz = (1] ze.

We will use the following lemma (see [7]):
Lemma 3.2. For smooth functions we have

| Fn (St _1a ALb)g) (&,9)| < |Fu(Sh_1aj ALbE)(E v),
[P (( Ag,a Alb)g) (&9)| < |Fu(ALal ALBT)(E y)-
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Proof. Setting @ = S" | a and b= Ag,b, we have from the inequality ¢(t,&) < ¢(¢,& —n) + &(t, 1)

74 (@ ) (€] = |44 [ FG@ ~.0) FaB)0.0) o

< oLE=I 7 (@) (€ —n,y)

(b)(n, y)’ dn

R
< / Fala)(€ —n,y) Falb3)(n,y) di,

and this concludes the proof of the first inequality, and the same procedure can be followed to deduce
the second inequality. (I

Therefore from this lemma, we derive the following corollary from Plancherel formula, Fubini’s theorem
and the Holder’s inequality.

Corollary 3.3. For smooth functions we have
185 foll e S M1l 2,

[(AL(SY_1a Apb)g, Al fo)] SISy _1ag |l [|AYbgl| L2 1A foll 2,
SISY —1af 2oy 1AL bollLee 2y 1A% foll L2,
SISy 10 lz(nee) 1A sl L2 1AL foll Lee(z2)

and
(Al(ALaAlb) g, Al fs)

h h h
S NAGaf |l A bsll 2 187 foll 2,

h h h
SNAGag |z wee) 1AL bgl Lo 22) 1A foll 22,
N ||A2/a$||L?(Li) ||A2/b¢||L2 ||Agf¢||L§(L;o)-

We will also use the following Poincaré inequality : For a function u € H? such that w and v’ vanish
for z = 0,1 we have

(3.5) lull oo S N0:ullLe and  lullze < [0:ullr2 < [102ul| 2.

Proof of Estimate (2.1). We apply the Bony’s decomposition with ¢ = u, b = 0,u and f = u,. Then
following the notations of (3.3) we can write

T
/ | < eRt/AZ(uamu)qﬁ, eRt/AZu¢ > |dt' < Ag+ By + Ry
0

e Estimate of A, = fOT | < e AMTPO,u) g, e Alug > |dt'. We have from (3.2)

Al
T2Rt’
SZ/Oe

lg'—q|<4

e Ah ZS 1uAZ,8Iu)¢,eRt,AZu¢>}dt’

(AL (St yudlo,u),, Abug )

From the previous inequality and corollary 3.3 we get
Sy [ NS s 18 ol ol
—q|<4
Since the support of A2u¢ is in a ring and using the first inequality of Lemma 3.1 with A = 29, we get
h L AR L AR
|AuE e < 28| ARS izmaz) = 221 ABug | o 2)
Therefore from Poincaré inequality (3.5) and remark 1.4 we get
1A u e S 22 | Abuglra(re) S 22 |A002ug|| 2
< dy(0%ug) [0%us]
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Then from the definition 1.2 of Sy and using >, dq(92ug) = 1,
h + 2
(3.6) 1S —1ug e S 10Zugll 51 -
We deduce from the previous inequalities, lemma 3.1 and the cauchy-schwarz inequality that

T
Acs S [ Rl (26 el) A gl

lg’—q|<4

1 1
2 2

T T
< Y ( / R |02ug] ||A’;,U¢||%zdt') (/ R |02ug] ||A:;U¢||%zdt'>

la’—ql<4
Since ¢'(t) = ||822u¢||B%, we have from remark 1.6

T 2
(/ R 02ug] ) ||A2,u¢||%2dt’> S 2D dy (g, 0) | sl s,
T,0’(t)

and we finaly obtain

(3.7) Ag S 2720, | ugll2,

where d,, is the square root summable sequence (since > g dq(ue) = >, dy (ug, 0) = 1) defined by
(3.8) dg = dy(ug) | Y dy(ug, 020712
la’—q|<4

e Estimate of B, = fOT | < eRt/AZ(Tgmuu)¢, eRt/AZud, > |dt’. From the notations (3.3),

T
B, Y /OeQRt 158 10 1w A1 2| Al | 2

lg’—q|<4

Then, following the proof of Estimate (3.6) and the definition 1.2 of Sg, we have
18 —10xuf [l S 27 (|02ug]| 3 -

Therefore using the Cauchy-Schwarz inequality and remark 1.4 we derive

T
B,S Y /O 2Rt (2q ||6§u¢||3%) AL g 2| Alug| 2 dt!

lg’—q|<4
1 1
! T 2Rt || 92 h 2 ’ T 2Rt || 92 h 2 ’
¢ t
S Y2 /6 0Zugll 43 1AGuallzz | X /6 10zugll 3 |AGugllL
g’ —q|<4 0 0

< 2_2qsdq(u¢) Z dy (u¢)2(q—q )(s—1/2) ”eRt “¢||2zz By
la’'—q| <4 o0
Then from the definition (3.8) of d,,

(3.9) By S 2720d, | ugll2,

s+1y°
Tory(BTT2)

e Estimate of R,. We have from the definition (3.3)

T
R, < Z /0 (2Rt

q'>q—3

(Al (Al Al D), Alug) | dU.
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Following the proof of (3.6) and using corollary 3.3 and lemma 3.1 we get

T
ReS Y, /O AL S | Lo 2y 180 Ouug 2| Al ugll L2 (Lo dt’
q'>q—3

T , , .
sy / R (27 dy (92u9) |02us 1y ) (27 18N uslez) (21 ASuslr2 ) at'

q'>q-3
Them using dg (92ug) < 1, the Cauchy-Schwarz inequality and remark 1.4 we get

1 1
2 2

’ T T
q q_ ! ’
R, 52t Y 2% (/ g ||Af;/u¢||%2> (/ 02y ) ||AZU¢||%2>
q'>q-3 0 0
<93 2%/ 9—d'(s+1/2) 4 , 0|1 B N 9—a(s+1/2) 4 o'\t B .
~ /Z < q(u¢a )He U¢||L’21116,(t)(33+%) Q(Ud)v )He ud)”L%el(t)(Ber%)
q'>2q—3
That is
3.10 R, < 272954, ||eB uy|2 ,
(3.10) VBTN

where Jq is the square root summable sequence defined by

dy = dg(ug,0) Y 20070y (ug, 0').

qa'>2q—3

e By Summing the estimates (3.7), (3.9) and (3.10) we deduce (2.1). O

Proof of Estimate (2.2). We apply the Bony’s decomposition with a = u, b = 0,0.u and f = 0,u,. Then
following the notations of (3.3) we can write

T
/ | < R Al (ud,0.u)g, R ALOug > dt' < Ay + By + Ry,
0
e Estimate of A, = fOT | < B AMTL,0.u) g, R ARDLuy > |t

T
A S Y /062Rt 1Sy uf |l (1AL 0pd.tug]| 12| AL D1 | 2

lg’—q|<4

T
SN A R IR PRAINTR

lg"—ql<4
3 T 3
T .
< Z 24 </ 20t ||83u¢”B% ||AZ/(9ZU¢||%2> X </ 20t ”aguquB% |A282u¢|%2>
|9/ —q|<4 0 0
< 272054 ||eR 0,uq2 ,
~ q ” z ¢||L§",9’(t)(BS+%)
where
(3.11) dy = dg(02ug,0") [ D" dy (Doug,0)20977)=3)

lg’—q|<4
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e Estimate of By = fOT | < eRt,AZ(TéZazuu)d), eRt,AZ(?Zud) > |dt'.

T
B, S > /0621“ 1801 0u 00} || oo | AL ug| L2 || AL D ug| 2 dt

lg'—q|<4
4 2Rt 6q" 11 92 h h
Y e 20O 1 [|1Ag Ozugll 12| AgD:ug | L2
lg'—ql<4 70

1 1
2 2

T
< 3w (/ R [02ug] ||A’;,azu¢||%z>

lg’—q|<4

T
x ( |10t ||A’;azu¢|%z>

< 9—2qs ] Rt 2
B2l 0l | ety

with the same previous definition (3.11) of d,.

e Estimate of R, = fOT | < eRt/AZ(Rh(u, 0:0:1)) ¢, eRt/AZ(?Zzw > |dt’.

T
Z /0 €2Rt ||AZ’U$|‘L?(L§) HAZ,Gzaz%HLz ||AZGZU¢HL§(L;°) dt/

Rq S
q'>q—3

T , ,
<Y / AR 9% | 02u, |y 27 |AL D.ugl| 12 2F | Ak, ug | d
a>q-3"0

! T ,
<98 Z 0% </0 2R ||02uy | Ly |Af}8zu¢||%2>

q7'>q—3

1 1
2 2

T
x ( | et ||A’;azu¢||%z>

< 9=2asg IR g gyul12
~ ‘IH z ¢|‘L§,79,(t)(35+%),

where

(3.12) dy = dg(D:ug,0') Y 20971y (0.4, 0).

q'>2q—3

e By Summing the above estimates for A, B, and Ry, we deduce (2.2). O

Proof of Estimate (2.3). We apply the Bony’s decomposition with a = d,u, b = d,u and f = 0,u,. Then
following the notations of (3.3) we can write

T
/ | < e AN (0u0u)g, e ALDug > |dt' < Ay + By + Ry
0
e Estimate of A, = fOT | < eRtlAZ(nguaxu)@ eRt/AZ(?Zzw > |dt.

T
A S Y /062Rt 150 1020 |2 (120 | A% Oag || oo (12) || AS D | L2
|

q'—q|<4
Using Lemma 3.1, Poincaré inequality we have
AR Ul (|2 (roe) S 25 | ALDug) |12
< dg)|OZugll -
Then
150 _10:ul |l 2Ly S Hagucan%'
Using Poincaré inequality and Lemma 3.1, we have
A} Ol oo r2) SIAYO20zug]| L2
<27 | AL O,ug 1
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Then

T
Acs 3 [ Rl A0 | A0 e

lg’—q|<4

T
<D (/O 02yl 4y IAZ@%I%z)

lg’—q|<4

T 2
x ( / 2R | 2ug)| |Az;azu¢|%z>

1
2

5272q5d~q HeRt’azu¢H%2
T,0!

s+1l.»
where d,, is given by (3.11).
e Estimate of B, = fOT | < efCAMTE 0.u)g, e ALOuy > |t
T
B,S Y. /O 2SI 0ud | Lo | AL Ooug | L2 | AL O g 2 dt

lg’—ql<4

T
DY / R 2 02|y | A Outg | AL 2 dt

l¢’—q|<4

1 1
T 2 T 2
IR (/ R 0%ug)| s ||AZ/8zu¢|%z> (/ R 02ug|l s |A282u¢|%2>
0 0

lg’—ql<4

_ ~ ’
<2 2qsdq HeRt azuqu?L-z

RN
Ty B2

e Estimate of R, = fOT | < eRtlAZ(Rh(azu, Opt)) g, eRt/AZ(?Zzw > | dt’.

Rq S
q'>q—3

T
3 /O R | AR D0t | 2 [|AR By tag | o2y | ALt 2 ey
T

Y / 275 dy (0zug)e®™ [02ug|l 1y 27 1AL Ouug 12 22 | AL D-ug | 2 A’

¢>q-3"70
r o,
<2t ¥ / 2% (02l 1 1A% Ol 2 AR, w2 dt
q'>q-3"0
1 1
, T , 2 T , 2
<28 Yo% (/ |02yl 4 |A2/azu¢||%2> (/ (102l IIAZ@%II%z)
q'>q—3 0 0

< 97205 1B 9 02 ,
~ qH z ¢HL2T’9/U)(BS+%)
where d, is given by (3.12).

e Summing up the above estimates for A,, B, and R,, we obtain (2.3). O
Proof of Estimate (2.4). We apply the Bony’s decomposition with a = d,u, b = 0,0.u and f = u,. Then
following the notations of (3.3) we can write

T
/ | < eRt/AZ(azu 020,1) , eRt/AZud, > |dt' < Ag + By + Ry.
0
e Estimate of A, = fOT | < eRtlAZ(nguaxazu)@ eRtlAZu¢ > |dt.

T
A S D / eNSY 10l L2 ney 1AL 0xOzugl| L2 | Al Lo (22)-
lg'—ql<4 70
Using Lemma 3.1 and Poincaré inequality, we have
1A 0] N2 (neey S 28 1A |12

< dg(@Pug)|0ug ;-
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Then
HS}L'—15ZU;_||L§(L30) IS H8§u¢||3%.
By Poincaré inequality we have
AN ugll e (r2) S AR ugl 2.
Then

T
/ | < e AMT) 0,0.u)g, ™ Alug > | dt
0

T
S Y [ ety (2008l ) 18500 |1

lg’—q|<4
1 1
T 2 T 2
’ ’ ’
DL (/ A0 IIAZ@%H%Q) x(/ 162l 5 HAZM@)
lg’—q|<4 o 0
< 27205 1B 9, uy||2
- ! ” - ¢||L§",e’(t)(Bs+%),

where d,, is defined by (3.11).

e Estimate of B, = fOT | < eRt/AZ(Tgmazuazu)¢, eRt/AZud, > | dt’.

T
Bys Y [ NSk 00 iz 1 8h0uuel o A uglr2) bt
g’ —ql<4”9
We have
31
18 1 0e0-uf L2y S Y 27 [|A}Ouf |2
1<q'—2
= > 27| ANy e
1<q’'—2
"
S > 2022 AT ugl .
1<q’'-2
S D 2 di@Fug)l|0Zug] g
1<q’'—2

< 27 ([ D2ugll 3,
and by the Poincaré inequality, we get
h h
[AGugllLeo(rzy S 1Ag0:upllL2-
From the previous estimates,

T
Y / RS 0n0uf || 2oy (A Ocug|| 2| Alug| oo (12) dt’

l¢’—q|<4

T
S > / 2T 2ug| g | AYOzus| 2] AgDzugll 2 At
lg'—q|<4 0
2 1
T 1 ; ,
S Z 29 (/ 2R ||3§U¢HB§ ||AZ/82U¢|%2> X </ 2Rt |\8§u¢IIB% |A282u¢|%2>
lg'—q|<4 0 0

<9—2qs Rt’ 2
2y e azu{i)HZZT,e'(t)(B”%)'

Then

Bq 5 2—2quq HeRt/aqus”%Q

s+1y°
Tory (BT
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e Estimate of R, = fOT | < eRtlAZ(Rh(azu, 0,0:u)) g, eRt,A2u¢ > | dt'.

Y / 2B AL 0. u || L2 | AL 0y 0zug L[| Ay Lo d

/>q 3
S Z / 2= % q(azw)em'l\@?%IIB%2q'IIAZ/<’9zu¢IIL22%|\A28zu¢l\mdt’
q/>q 3 0
<23 Z / 2% [102ug|| _HAg,aZ%HLQ |ALD ugl| 2 dt!
/>q 3
1 1
’ T 2 T 2
q a / ’
<2t Y 2% (/ 2 |02, |A2@zu¢niz> (/ (02, IIAZazu¢||iz)
/>q 3

<27 2q‘5d eRta u
™ Dol sy

where d, is given by (3.12).
e By summing the three estimates for A,, B, and Ry, we obtain (2.4). O

Proof of Estimate (2.5). We apply the Bony’s decomposition with a« = v, b = d,u and f = u,. Then
following the notations of (3.3) we can write

T
/0 | < eRt/AZ(U azu)¢,eRt/A2u¢ > |dt' < Ag + By + Ry.
e Estimate of A, = fOT | < B AP (Tho.u)y, e Alug > | dt'. From corollary 3.3,

A, < Z / 2Rt ||Sh’ 1’U$||L°° ||AZ/5ZU¢||L2||AZU¢HL2.

—q|<4
From the incompressibility condition (see remark 1.1) and the definition of f, we get
(9Iu¢ + 8zv¢ =0.

Since vg|z=0 = 0, then
o(t, T, 2) /8u¢txz)z' and Av¢(txz /8Au¢(txz)d

Therefore from lemma 3.1 we get

1
el < [ 108 uo(t, o) 2
0

1
S [ 2agustt )z

0
(3.13) < 29| AGug|l 2
Again by Lemma 3.1 and the properties of (3.4) of f*, and the previous inquality we have
(3.14) ||Ah ||Loo < 22 ||Ah’U¢||Loo(L2) <27 2 ||AZU¢||L2
Then from the Poincaré inequality and the remark 1.4,

3q
1AV L= S 272 [|AG02ugl| 2 S 27 dg(D2ug)|0Zusll 3

Then

1S5 1ol S D 2 di(02ug)[[02ug]l g S 27 [02ugll 4
1<q’'—2
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From the previous estimates and lemma 3.1,
T
’ ’ h h
Acs S [ (20108l ) 1A Ootglual Al
la’—ql<4

1
2

T
< 3 (/ R |02ug] ||A:;,azu¢||%2>

lg’—q|<4

<2205 1B 9, 0,12 ,
S N
where d,, is given by (3.11).

e Estimate of B, = fOT | < eRt/AZ(nguv)@ eRt/AZu¢ > |dt’.

T
ByS Y /Oem5 1Sy —10:uf |2 (peey 1 AG Vsl Lo (r2) 1AFug | 2 A

lg—ql<4
T
S Y [ enotualy (2718 uoll) |8 uel e
la'—q|<a””
1
T 2
<Y (/ A ||Ai;,azu¢||iz>
lg—ql<4 0

- ,
<2 2qsdq ||eRt ('Lu¢||2,2
Lrory

e Estimate of R, = fOT | < B AR (v,0.u))g, e Alugy > |dt.

(B4

Rq S
q'>2q-3

From Estimate (3.13) we derive
1
I8l vellzan < [ 10sAlualt, )z
0

1

52q’/ AL (2| 2 de’
0

<27 | AL uy || e

Then, we have

T
RS D, / | AL vg | oo (12) | A% Doug | 2 22 || Al ug]| 2 dt’
¢'>q-3"0

A

T ’
2% Z /0 €2Rt 2(] ||AZ,U¢||L2 27%dq/ (83u¢) ||83U¢||B% ||AZ’LL¢||L2 dt/
q'>2q-3

T ’
9 !l
5 22 Z / €2Rt 272 ||AZ/U¢||L2 ||8§u¢||B% ||AZU¢HL2 dt/
¢>q-3"0
1
g 7 T , 2
<2t Y 2% / 2| 02ug |l g 1A D.ug 32
q'>q—3 0
< 9—2qs Rt 2
B2l ol |ty

where d, is given by (3.12).

¢ By summing up the above three estimates for A,, B, and R,, we obtain (2.5).

T
x ( | et ||Az;azu¢||%z>

T
x ( |10t ||Af;azu¢||%z>

T
S [ e Aol )| B0l s | Mgl rzuz

N[

1
2

T
x ( | et ||A’;azu¢||iz>

1
2
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Proof of Estimate (2.6). We apply the Bony’s decomposition with a = v, b = 8?u and f = d,us. Then
following the notations of (3.3) we can write

/T | < eRt/AZ(v d2u) 4, eRt/AZGZu¢ > |dt" < Ag+ By + Ry
0
e Estimate of A, = fOT | < e AMTIO?u)y, R AhD,uy > | dt'. By Poincaré inequality we have
|AGuolze < 1A 0:uall e 18502us | -
Then from (3.14) and the previous estimate, and remark 1.4 we get
|A%ef lom < 2% A OsullFa |15 020
< 24y (0aug)H10-ug)|?  dy(0Pug)H0%us) |

Then we have

1
2

P
1S -1l < 2% ||8zu¢|\2 10Zus 12

1-
B2

Therefore

A S Z / 2RY |S%, 11U o= ”AZ@EW’HLQHAZ@%HLZ
—ql<4

S ) 22/ YO g AL ORug ] 12 €™ 02ug])? | AL Ous | 2
quq\<4
T
< Y 2% (/ 2 ht ||8zu¢||Bg|AZf8§u¢lliz> x(/ 2t ||a§U¢|B§||Agazu¢|§2>
quq\<4 0
T , % T ,

s Y 2% U¢|\ / AR AL Pugll2a | x / A Pug)| Ly 1AL w2
lg’—q|<4 0

1 / !
S Do}y 1€ O 1 Der 7,
o T

1 1
2 2

2

6 (t)(BS+§),
where
dy = dg(@2ug, ) [ D dy(Deug, 0200772
lg’—q|<4
e Estimate of B, = fo | < el Al(T): B2, V) e AL uy > | dt.

Z / 2Rt ||S /7182u+”L2(L°°) HA /’U¢HLao(L2)HA 8 ’LL¢HL2 dt/

—ql<4

DY / R 02y (2 1A Oyl c2) AL 2

\q —q|<4
1 1
’ T ’ 2 T ’ 2
< Z 24 </ e2Rt ||83U¢HB% ||AZ/(9ZU¢||2L2> X (/ 20t ||a§u¢”B% |AZ(?ZU¢|%2>
lg’—ql<4 0 0
<2723, ||eRt 0.u || 1
¢ Te/( )(BS+2),

where d, is given by (3.11).
e Estimate of R, = fOT | < eRt/Ah(Rh(v 02u)) g, eRt/Ahazu¢ > | dt’. From corollary 3.3, we have

q N Z / 2Rt HAh’U¢HL°°(L2)HAh 62U¢HL2 ||Aha U¢>||L2(L°°) dt’.
q'>q—3
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From (3.13), we have
[ALvg| oorzy S 27 [| AL O ug)| 2.
Then, using remark 1.4 and lemma 3.1, remark 1.6, we have for any s > 0

R, < Z / 2Rt 9’ HAha gl 2 ( -% dq/(83u¢)||83u¢|\3%) 23||Agazu¢>||m dt’

q'>q—3

A

2t Y 2% [ AL ouglis 102wl 1Al
q'>q-3

[N

1
2

/ T ’ T !
ot 3 o (/ A 02 |AZ,(’)zu¢||2L2> (/ AR 02 ||A’;azu¢||iz)
< 2qs Rt
2 o Dol s

where d is given by (3.12).

e Summing up the above three estimates, we obtain (2.6).

4. APPENDIX - PROOF OF THE LEMMA 2.2

Proof of Estimate (2.17). We first recall the Bony’s decomposition (3.1)
udpu = T u + Tahxuu + R"(u, Dyu).
Then

T
( /O P A (w0, 0)5 2 dt)
T % T
< (/ ||€RtAZ(T33zU)¢||%2dt) +</ ||€RtAZ(TathU)¢||%2dt>
0 0

e Estimate of || Al(T"8,u)y 2. From the definition of T, we have

2

=

1
2

T
+ (/0 ||6RtAZ(Rh(u,3w))¢||izdt)

R (St _u Al o,u)

||eRtAZ(TSBIu)¢||Lz:||eRtAZ(ZS",_luAZ,amu)(bHLz s Y

q'€L lg—q’'|<4 ol

From corollary 3.3, Poincarre inequality and lemma 3.1 we get

/ le AL (T opw)oladt S S / 10y 3o e Al |3

la—aq'|<4
S Y [ iaboaaly (21 o) a
\q q'|<4
g h
2 2q' Rt 2
5‘ 2<4||A a0:usl . (2 q/o lle Aq,azu¢||L2dt>.
q—q'|<

Then from the remark 1.6

1
T 2 T
(/ ||eRfA2<Tﬁamu>¢||%2dt> S Y Il 2 (/ ||eRtAi;,azu¢||%2dt>

lg—q’'|<4

1
2

' _ 54"
(4.1) S D 10l 1,27 (27 dy Qoo Dl Ay Ol 3)
lg—q'|<4

T a—34
S 42 H 0ugl g IOl

ol
~
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where

(4.2) dy= > dy(D.ug,1)250@0),

la—q'|<4
e Estimate of [|e®* AT} u)g| 2. Following the previous estimates we get
1
3

T
(4.3) ( / Rt AR ) 2 dt) 02 F 0l Ot 7y -

e Estimate of |[eAl(R"(u,d,u))¢| 2. From corollary 3.3, we have

T % T
(/ ||eRtA2<Rh<u,amu>>¢||%2dt) DY ( / ||Ai;u¢||%g@;o>||eRtAg,aIU¢||g§o(L§)dt>

0 q'>2q—3

T 3
DY (/ A 0.l (22 ||eRfAZ/8zu¢||%z)dt>

lg—q'|<4

1

2

1
2

T
S Y Iabdul 2 </ ||eRfA’;,azu¢||%zdt>

lg—q’'|<4

Then from remark 1.6

T 2
(4.4) ( / e AL(R? (1, 0,0)) 12 dt) dy2 7 0:0l 7 1 €™ Ol 1 3
where
(4.5) = > dy(9ug,1)2370),
q'>q—3

e By summing estimates (4.1), (4.3) and (4.4) we get

T 3
(/ ||eRtA2<uamu>¢||det> S @y + )2 F 100l 3 e Ostisl 1y 5

Multiplying the previous inequality by 2% and taking the sum over Z we obtain (2.17).

Proof of Estimate (2.18). We have

T % T 2
(/ |eRtA2<uaxaiu>¢|izdt> s(/ |eRtA2<T£axa§u>¢||%2dt>
0 0

1
T 2 T 2
+(/ ||eRtA2<T5;aguu>¢|%zdt> +</ |eRtAZ<Rh<u,axafumn;dt) .

0

By adapting the proof of Estimate (4.1) we get

1

T 2
Rt AR h 2 2 7 —7‘7 Rt 52 -
( | e Aq<Tuaxazu>¢|det) S g2 E 0l i €70l

1
2

T
T oA 34
(/0 |€RtAZ(Tgxa§uu)¢|%2dt> S dg2 2H6Rta2u¢”L2(B2 191 3

where d,, is given by (4.2). By adapting the proof of Estimate (4.4) we get

=

T
< / |eRtA2<Rh<u,axa§u>>¢|%zdt> 02 % 0:usl 1 €™ P20l 5
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where dq is given by (4.5). Thus by summing the previous estimates we derive

. )
< / e AP (u 0,0%0) 122 dt)
0

_3g
S22 ((d + )05 . 3 le™ 02 + dglle™Zugllz, 3, 10-us

u¢||L2(B2 Lao(BQ))'

Multiplying the previous inequality by 2% and taking the sum over Z, we obtain (2.18).

Proof of Estimate (2.19). We have by Bony’s decomposition in « variable

1 1
2 2

T T
(/ |eRfA2<vazu>¢|%2dt> 5(/ |eRfA2<Tfazu>¢|%zdt>
T % T
+(/ ||eRtA2<T§zuv>¢|%2dt> +</ ||eRfAf;<Rh<v,azu>>¢||%zdt>
0 0

o Estimate of ({7 [ AL(TY0.u)y|[2.t)

1
2

N

/O JeRe AR (Thou)gl2adt < 3 / 1Syt 2 [leREAR B2 dt

lg—q'|<4
< 3 / 02, 227 [ A D3
Iq q'|<4
T
2 2q" h 2
S X 10l (27 e A0l dt).
lg—q’'|<4 0
Similar to (4.1) we get
T 2
Rt AR h 2 7—‘7 Rt
(4.6) ( / le Aqmazu)qsuzdt) 2 gl 3 €Ol 1, 3

where d, is given by (4.2).

1
e Estimate of (fOT HeRtAg(nguv)qu%g dt) °

/0 JeRAR(TE W)t S Y / 1810 B ey NP AL g2 2 dt

la—q'|<4
<y / 02 4 227 F A0 22 dt
\q q'|<4
T
2¢ h 2
S Y 0awsl? ) (2] I Ao ade ).
la—aq'|<4 0
Similar to (4.1) we get
1
T 2
(4.7) (/O le" AG(TE. yv)s 72 dt) 2770 Usllz 53 €705 25 3

where d, is given by (4.2).
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e Estimate of HeRtAZ(Rh(U, 9:u))ell L2

T
/ e AG(R" (v, 0.u)plF2dt S ) / 1AGvsl1 7o (2) €™ Ay Dotig 72 1oy dt

0 q'>q—3
SO M CIINTRN A TN
q'>q—3
02 / A" O ug|2a dt | 0cugl?_
,§3 (o ” Ly (B)
Similar to (4.1) we get
" !
(48) (/ |eRtA2<Rh<v,azu>>¢|izdt> S 2 E Mgl g IOl

where d, is given by (4.5).
e By summing the previous estimates (4.6), (4.7) and (4.8) we get

0

T 2
</ HeRtAZ(U 0.u)g|72 dt) S (2dg + dg)2” (Ha U¢HL30(BZ ™. U¢|| %)) )
Multiplying the previous inequality by 2% and taking the sum over Z, we obtain (2.19).

Proof of Estimate (2.20). We have by Bony’s decomposition in 2 variable

T % T
(/ |eRtA2<v83u>¢||%2dt> s(/ |eRfA’;<Tia§u>¢||%2dt>
0
1
T 2 T
+</ |eRfA2<T§guv>¢||i2dt> +</ |eRfA2<Rh<v,afu>>¢||i2dt>
0 0

By adapting the proof of Estimate (4.6) we obtain

1
2

1 1
T 2 2
(/0 e AG (T 02u)g |12 dt) < Z </0 1Sg 10 7o A5 O2ugll72 dt)

q|<4

< d 9~ % [|0-ugll+ eRt8§u¢HZ2T(B§

Lecoh)|

By adapting the proof of Estimate (4.7) we obtain

=
W=

T
FACRCRNCR D S (SRR R ey
0

l[g—q’'|<4

<dg 2 F e OPuyll-, 1 lle™Ougll-
L2,(B%) Ly (B%)'

By adapting the proof of Estimate (4.8) we obtain

1

T ’ ~
</ |eRtAZ(Rh(v,8§U))¢II%2dt> S ) </ IAZ/%I%?(L@??IIeRtAZﬁ?%II%Mt)

0 q’'>q—3

1
2

S g2 F 10l 1 N2l 3

~

Lot

N
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Then by summing the previous estimates we get

T
( / Bt AR (0 82u), 12 dt)

$27F ((dy +d) (10:uoll 3 €™ O2uolly 1)) + dallOctisll ot €™ D2l ) -

2

Multiplying the previous inequality by 2% and taking the sum over Z, we obtain (2.20) . O

Proof of Estimate (2.21). We have by Bony’s decomposition in « variable

[t A (0.1 000.u)g | 2
< [le"* AG(TY. y0:0:)g |2 + || AY(TE 5.4 0:)sll 2 + [l AG (R (D21, 0:0:u))g | 2.
By adapting the proof of Estimate (4.1) we get
T 2
h (b 79—
/0 IR AL (TS DuD)o et | 5 g2 F ROy o 100l )

and

1
2

T
(/ ||eRtA;I(TsIazuazu)a@zdt) S 42 F ™ 02usl 7y 1 10-0sl e

By adapting the proof of Estimate (4.4) we get

=

T
( / ||eRtAf;<Rh<azu,axazu»d)n;dt) 1,2 % 100l e 1 €700y 3

Then by summing the previous estimates we get

T 3
(/ [ Al (0.1 0,0.u)g]|7 2 dt)
0

S27F (24, 1e™ 2l 1 1905 2

+ g0l 20l 72 3))

e

L°°(B2 L°°(B2

Multiplying the previous inequality by 2% and taking the sum over Z, we obtain (2.21).

Proof of Estimate (2.22). We have by Bony’s decomposition in « variable

e AG (9ou O2u)o ] 12 < [l AG(TS. ,02u)gll 12 + € AG(T52, 0eu)pll L2 + | AG(R" (9xu, 02u)) | 2

muz

By adapting the proof of Estimate (4.1) we get

T % T
( [ ||emAg<Tgmuafu>¢||%zdt) > (/ 1580t ||AZ/83u¢||%zdt>

lg’—q|<4

2

5 _3q
S dg 2277 |1 0ugll ;o 3 ||€Rtafu¢||zzT(Bg

where JQ’Q - Zlq—q/\ﬁ4 dy (Zug, 1)2%((17(1,)-
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-

o Estimate of ( S e AR (T, D)l 2 dt) :

2

1
T 2 T
(/ ||eRfA2<T§;uamu>¢||det> DY (/ ||s’%_1eRfafu$|%g(Lgo>||Ag,amu¢||%§o<@dt>

0 lg—q'|<4
1
T 2
< Z (/ ||6Rt3§u¢|\2%22q ||AZ,8ZU¢|%2dt>
lg—q'|<4

7 o—34
< dg27 7 || O2uy| Nzusll

~ 1 5. .
L2(B2 L (B2)

By adapting the proof of Estimate (4.4) we get

2

T 3 T
(/o ||eRtAZ(Rh(5zUa33“))¢||2L2dt) S Z </o ||AZ/31U¢||2L30(Lg)||€RtAZ/8§u¢||2Lz(L?)>

q'>q—3

< dg2” 7 (|0 Rt g2

ErhlleT Oz usllpy 4

Then by summing up the previous estimates, we get

T 3
( / |eRfA2<amuaiu>¢|iz>

3qg [ ~ ~ .
< 99— % - Rt o2 | _ | Rt o2 _ 5
Multiplying the previous inequality by 2% and taking the sum over Z, we obtain (2.22). O

5. APPENDIX - PROOF OF THE LEMMA 2.3

In this Appendix, we give a brief proof of estimates used to prove the uniqueness of the solution.
e Estimate of I; ;. From Lemma 3.1 in [21] we obtain (2.25).

e Estimate of I ;. From Lemma 3.1 in [21] we have

¢
/0 <6Rt/AZ(u1 0,U)o, eRt/AZU¢> dt’

< 02702 [ Uy |12,

s+1y°
e BT2)

By using integration by parts, and from Lemma 3.1 in [21] we have

t
/0 <eRt AP (uy 8,00 ), €™ A’;U¢> dt’

< +

t t
/ (e A0 0,0.0) 0, ™ ALU, ) at / (e Al (ur 8,0.0) 0, ALOU, ) dt
0 0

< 2722 HeRt/azU@H%Q

Zer (BT
By summing up the above estimates we obtain (2.26).
e Estimate of I3 ,. By integration by parts in z variable and from Lemma 3.1 in [21], we obtain (2.27).
e Estimate of I; 4. It follows from the proof of Estimate (5.14) in [21] that
t
(5.1) / KeR‘“A’;(V Dus) e, eR’AZUcp}} di' 5270 dy || 0. Us |2,
0

s+1y°
T,e’(t>(B ?)
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By integration by parts
t
/O ’<€Rt AZ(V@?UQ)(I),@Rt AZU@>’ dtl
t t
< / ‘<em’A’;(Va§u2)q>,eRt’ AZ@ZU¢>‘ dt’ + / ‘<6Rt,AZ(8IU8Z2u2)¢,eRt, A’;Uq>>‘ dt’
0 0

S/
0

t
+ / (e A (0.20,0.U) 0, ™ AU )| dt.
0

t
<eRt/AZ(V8§u2)q>, Rt AZ@ZU¢>’ dt’ + /O <eRt/AZ(8Zu28IU)¢, R AZ@ZU¢>‘ dt’

Following the prove of Lemma 3.2 in [21] we deduce for any s €]0, 1] that

[

From Lemma 3.1 in [21] we deduce that

<eRt’A’;(va§u2)¢,eRt’ AZ@ZU¢>’ dt’ 272 2l 0. Ug |2, o
L2 g0y (BTH)

t t
/0 (e AL (0.u20 0 ), €™ AU )| dt'—i—/o (e AL (0.020,0.0 )0, ™ AU )| at

<27 0. U |,

s+l :
e B ?)

Then

t
(5.2) / (R ALV DRuz)a, e AU )| b’ S 2720562 e 0. U |2 .
0 Lg“,@’(t)(B 2)

By summing the estimates (5.1) and (5.2) we obtain (2.28).

e Estimate of I5 4. Following the proof of Estimate (5.13) in [21], we deduce that

[

<eRt/AZ(v182U)q>, eRt,AZU¢> dt’

1 ’ ’
<CrE g E Ly 10U |00,

L 1 -
L3.(B2 Tye,(t)(Berz)

By integration by parts in z variable, we have

t
/ <€Rt,AZ (UlaSU)q>, €Rt/AZUq>> dt/
0

t
/ (e Al (01 020) 0, €™ ALD.Us ) dt

t
< + / <eRt/AZ(6Iu18§U)¢,eRt/AZU¢>dt’
0 0
1 7 ’
< —2qs 32 2 Rt" 92 B Rt 2 )
<O g1} g 1™ R Unly o I OTBIE,

This conclude the proof of (2.29).
e Estimate of I 4. Following the proof of Estimate (5.13) in [21], we get (2.30).
e Estimate of I7 ;. Following the proof of Estimate (5.11) in [21], we obtain (2.31).

e Estimate of Ig 4. Following the proof of Estimate (5.11) in [21], we deduce that
t ’ ’
/ ‘<€Rt AZ(U@mUQ)q>,€Rt AZU¢>} dt/
0

— ! '
< 972 d3||€Rt U<I>||Zz (t)(BS+%) (”em ULPHZ?

% Rt/a U
2 o T,(—)/(t)(BS+%) + ||U2®HL°°(B%) ||€ z (I>|‘Z%,(BS+%) .
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By integration by parts

t
/O (™ AL (U0,0%u), " AU )| d

t t
< / (™ AU, D.u2)0, ™ AL0.Us )| at' + / (™ A (0.U0,0.u)0, ™ ALUG )| at
0 0

<9—2qs 2 Rt _
N2 dq”e aZU‘I)HL;’e/(t)(B-H»%)
Rt' 3 Rt
X 0. Us| ~ 1 0 2 ; 0. Us||~ 1.
<||€ z (I)”L;@,U)(BS+%)+” ZUQ(—)”LOO(B%)”e z <I>|L%(Bs+§))

Then by summing up the previous estimates, we get (2.32).
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