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Abderrahim Boussairi*¥  Brahim Chergui **  Pierre Illefd
Mohamed Zaidi*|

July 29, 2021

Abstract

Given a 3-uniform hypergraph H, a subset M of V(H) is a module
of H if for each e € E(H) such that en M # @ and e\ M # @, there
exists m € M such that en M = {m} and for every n € M, we have
(ex{m})u{n} e E(H). For example, @, V(H) and {v}, where v e V(H),
are modules of H, called trivial. A 3-uniform hypergraph is prime if all
its modules are trivial. Given a prime 3-uniform hypergraph, we study its
prime, 3-uniform and induced subhypergraphs. Our main result is: given
a prime 3-uniform hypergraph H, with |V (H)| > 4, there exist v,w € V/(H)
such that H — {v,w} is prime.

Mathematics Subject Classifications (2010): 05C65, 05C20.

Key words: hypergraph, 3-uniform, module, prime.

1 Introduction

Let H be a 3-uniform hypergraph. A tournament 7', with the same vertex set
as H, is a realization of H if the edges of H are exactly the 3-element sub-
sets of the vertex set of T that induce 3-cycles. In [3], we characterized the
3-uniform hypergraphs that admit realizations (see [4, Problem 1]). To obtain
our characterization, we introduced a new notion of a module for hypergraphs.
By using the modular decomposition tree, we demonstrated that a 3-uniform
hypergraph is realizable if and only if all its prime, 3-uniform and induced
subhypergraphs are realizable (see [3, Theorem 13]). Moreover, given a real-
izable 3-uniform hypergraph H, we proved that H is prime if and only if its
realizations are prime (see [3, Theorem 12]). These results lead us to study
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the prime, 3-uniform and induced subhypergraphs of a prime 3-uniform hyper-
graph. Precisely, consider a prime 3-uniform hypergraph H. We are interested
in the integers n € {3,...,|V(H)| - 1} for which there exists W ¢ V(H) satis-
fying |W| =n and H[W] is prime. We adopt the same layout as that followed
for prime tournaments. The main results on prime tournaments are recalled
in Section 2. Similar results were obtained for prime digraphs [10], for prime
binary relational structures [12], or for prime 2-structures [7].

At present, we formalize our presentation. We consider only finite structures.
A hypergraph H is defined by a vertex set V(H) and an edge set E(H ), where
E(H)c 2VH) {@}. In the sequel, we consider only hypergraphs H such that

E(H) <2V ({zyu{{v}:ve V(H)}).

Given k > 2, a hypergraph H is k-uniform if
E(H)c (V(kH)).

Let H be a hypergraph. With each W ¢ V(H), we associate the subhypergraph
H[W] of H induced by W, which is defined on V(H[W]) =W by E(H[W]) =
{ee E(H):ecW}.

A realization of a 3-uniform hypergraph is defined as follows. To begin, we
associate with each tournament a 3-uniform hypergraph in the following way.

Definition 1. The 3-cycleis the tournament C3 = ({0,1,2},{01,12,20}). Given
a tournament T, the Cs-structure of T is the 3-uniform hypergraph C3(T") de-
fined on V(C3(T)) = V(T) by

E(C3(T))={X cV(T):T[X] is isomorphic to C3} (see [4]).
Definition 2. Given a 3-uniform hypergraph H, a tournament T', with V(T') =

V(H), realizes H if H = C3(T"). We say also that T is a realization of H. Lastly,
we say that a 3-uniform hypergraph is realizable if it admits a realization.

In [3], we characterized the realizable 3-uniform hypergraphs. We used
mainly the following notion of a module.

Definition 3. Let H be a hypergraph. A subset M of V(H) is a module of H
if for each e € E(H) such that en M # @ and e~ M # @, there exists m € M
such that en M = {m}, and for every n € M, we have

(ex{m})u{n} e E(H).

Given distinct v,w € V(H), we say that v and w are twins [2, 5] of H if {v,w}
is a module of H.

Definition 4. Let S be a set. A family .# of subsets of S is a partitive family
[6, Definition 6] on S if it satisfies the following assertions.

e g SeF, and for every x €S, {z} e Z.



e Forany M\Ne.%, MnN € .%.

e For any M,N ¢ #,if Mn N +# @, M~N # @ and N\ M # @&, then
MuNeZF and (MNN)u(N\M)eZ.

In [3, Proposition 3], we established the following result.
Proposition 5. The family of the modules of a hypergraph is a partitive family.

As mentioned at the beginning of the section, Definition 3 is not the classic
definition of a module of a hypergraph. The classic definition follows.

Definition 6. Let H be a hypergraph. A subset M of V(H) is a module [1,
Definition 2.4] of H if for any e, f ¢ V(H) such that |e| = |f], ex M = f\ M,
and e~ M # @, we have e ¢ E(H) if and only if f ¢ E(H).

Remark 7. Definitions 3 and 6 coincide for 2-uniform hypergraphs, that is,
for graphs. They do not in the general case. Given a hypergraph H, a module
of H in the sense of Definition 3 is a module in the sense of Definition 6. The
converse is not true. For instance, consider the 3-uniform hypergraph H defined
on V(H) = {0,1,2,3} by E(H) = {013,123}. Clearly, {0,1} and {1,2} are
modules of H in the sense of Definition 6, but not in the sense of Definition 3.
Moreover, {0,1,2} is not a module of H in the sense of Definition 6 because
013 € E(H) and 023 ¢ E(H). Consequently, Proposition 5 does not hold for the
family of the modules in the sense of Definition 6.

In [3], we generalized the notion of a partitive family as follows.

Definition 8. Let S be a set. A modular covering of S is a function 9t which
associates with each W ¢ S a set (W) of subsets of W, and which satisfies
the following assertions.

(A1) For each W c S, M(W) is a partitive family on W.
(A2) For any W, W' c S, if W c W’ then

{M'nW:M"e MW"} c M(W).

(A3) For any W, W’ c S, if Wc W’ and W € 9(W'), then
{M"emM(W'): M'c W} =(W).
(A4) Let W, W' c S such that W c W’. For any M € M(W) and M’ e M(W'),
if MnM =@ and M'nW =@, then M e M(W uM’).

(A5) Let W, W' c S such that W ¢ W’. For any M € 9(W) and M’ e M(W'),
it MnM'+ @, then MuM' e M(WuM').

In [3, Proposition 5], we proved the following result.



Proposition 9. Given a hypergraph H, the function defined on 2V | which
maps each W € V(H) to the family of the modules of H[W], is a modular
covering of V(H).

The main notion follows.

Definition 10. Let H be a hypergraph. By Proposition 5, @, V(H) and {v},
where v € V(H), are modules of H, called trivial modules. A hypergraph H
is indecomposable if all its modules are trivial, otherwise it is decomposable. A
hypergraph H is prime if it is indecomposable, with [V (H)| > 3.

Remark 11. Recall that a hypergraph H is connected if for distinct v, w €
V(H), there exists a sequence (eg, ..., e,) of edges of H, where n > 0, satisfying
v €ey, wE ey, and (when n > 1) e; ne;p1 # @ for every 0 < i <n-—1. Given a
hypergraph H, a maximal connected subhypergraph of H is called a component
of H.

Let H be a hypergraph. For each component C of H, V(C) and V(H)\V (C)
are clearly modules of H. Therefore, a disconnected hypergraph with at least
three vertices is decomposable.

1.1 The main results

To begin, we prove that there exist prime subhypergraphs of a small size in a
prime k-uniform hypergraph. We prove the next lemma at the beginning of
Section 3.

Lemma 12. Given a prime k-uniform hypergraph H, where k > 3, the following
assertions hold
UE(H) = V(H),
and (1)
for every e€ E(H), H|e] is prime.

As for tournaments (see Notation 21), to construct prime subhypergraphs of
a larger size in a prime hypergraph, we use the set p(y x) defined as follows. The
introduction of p(y, xy is classic in the study of prime structures (for instance,
see [10, Definition 1] for digraphs).

Notation 13. Let H be a k-uniform hypergraph, where k > 3. Given X ¢ V(H)
such that H[X] is prime, we consider the following subsets of V(H) \ X.

e We denote by Ext(y, x) the set of v e V(H) \ X such that H[X u {v}] is
prime. (Hence, given v e V(H)\ X, v € Ext(y x) if and only if H[X u{v}]
is prime extension of H[X].)

e We denote by Dis(y, x) the set of v € V(H) \ X such that X is a module
of H[X u{v}]. (Let v € Disy x). Since X is a module of H[X u {v}], we
obtain v ¢ e for every e ¢ E(H[X u{v}]). Thus, H[ X u{v}] is disconnected
(see Remark 11)).



e Let y € X. We denote by Twi(y, x)(y) the set of v € V(H) \ X such that
{y,v} is a module of H[X u {v}]. (Let y € X. Given v € V(H)\ X,
v e Twicy x)(y) if and only if v and y are twins of H[X u{v}].)

The set {Ext(H)X),Dis(H)X)} U {Twi(H)X)(y) 1y € X} is denoted by P(H,X)-

The following fact constitutes the starting point of our study. It is an easy
consequence of Propositions 5 and 9. We show it at the beginning of Section 3.

Fact 14. Let H be a 3-uniform hypergraph. Consider X ¢ V(H) such that
H[X] is prime. The set p(y xy is a partition of V(H) ~ X.

The next result allows us to obtain prime subhypergraphs of a larger size in
a prime 3-uniform hypergraph. We prove it in Section 4.

Theorem 15. Let H be a prime 3-uniform hypergraph. Consider X ¢ V(H)
such that H[X] is prime. There exists Y € V(H) N~ X such that 1 <|Y]<3 and
H[X UY] is prime.

Theorem 15 has to be compared with Corollary 24 for tournaments. The

following corollary is obtained from Lemma 12 after using Theorem 15 several
times.

Corollary 16. Let H be a prime S-uniform hypergraph. If |V(H)| > 4, then
there ezists Y € V(H) such that 1 <|Y|<3 and H =Y is prime.

We establish Corollary 16 at the end of Section 4. To improve Corollary 16,
we establish the following result.

Theorem 17. Let H be a 3-uniform hypergraph. Consider X ¢ V(H) such
that H[ X ] is prime. Set

X = {y e X: TWi(H7x)(y) * @}.
If H is prime, then there exist v,w € (V(H) N~ X)u X such that H — {v,w} is
prime.
We prove Theorem 17 in Section 5. The next result is an easy consequence

of Lemma 12 and Theorem 17. It improves Corollary 16.

Corollary 18. Let H be a prime 3-uniform hypergraph. If |V(H)| > 4, then
there exist v,w € V(H) such that H —{v,w} is prime.

Corollary 18 does not hold if we require also that v # w (see Remark 41),
whereas it does for a prime tournament 7" such that |V (T)| > 7 (see Theorem 26).
In [3, Theorem 12|, we proved the following result.

Theorem 19. Consider a realizable and 3-uniform hypergraph H. For a real-
ization T of H, we have H is prime if and only if T is prime.

It follows from Theorems 19 and 26 that the prime 3-uniform hypergraphs
constructed in Remark 41 are not realizable. We conclude this section with the
following problem.

Problem 20. Characterize the prime 3-uniform hypergraphs H such that H —
{v,w} is decomposable for any distinct v,w € V(H).



2 Background on prime tournaments

Let T be a tournament. A subset M of V(T) is a module [13] of T provided
that for any z,y € M and v € V(T), if zv,vy € A(T), then v € M. Note that
the notions of a module and of a convex subset [9] coincide for tournaments.
Moreover, note that the notions of a module and of an interval coincide for
linear orders.

Given a tournament T, @, V(T) and {v}, where v € V(T), are modules of
T, called trivial modules. A tournament is indecomposable if all its modules
are trivial, otherwise it is decomposable. A tournament T is prime if it is inde-
composable, with [V(T")| > 3. For instance, the 3-cycle C3 (see Definition 1) is
prime.

Let T be a strongly connected tournament (with [V(T)| > 3). For every
v € V(T), there exists X ¢ V(T) such that v € X and T[X] is isomorphic to
(3. Since Cj3 is prime, we obtain

veX,|X]|=3,and T[X] is prime. (2)

Of course, (2) holds for prime tournaments. To construct prime subtournaments
of a larger size in a prime tournament, we use the set p(r x) defined as follows.

Notation 21. Let T be a tournament. Given X ¢ V(T') such that T[X] is
prime, consider the following subsets of V(T') x X

e Ext(r x) denotes the set of v € V(T') ~ X such that T[X u {v}] is prime;

e Dis(p x) denotes the set of v € V(T') x X such that X is a module of
T[X u{v}];

o for each y € X, Twi(p x)(y) denotes the set of v € V(T') N\ X such that
{y,v} is a module of T[X u {v}].

The set {Ext (7, xy, Dis(r,x)} U {Twiip x)(y) : y € X} is denoted by p(r, x)-

The next lemma is basic, and its proof is easy. Close statements can be
found for 2-structures in [8] (see Lemmas 5.1, 5.2, and 5.3).

Lemma 22. Given a tournament T, consider X ¢ V(T) such that T[X] is
prime. The set p(r x) is a partition of V(T) ~ X. Moreover, the following
assertions hold.

1. For v € Dis(r x)y and w € V(T) ~ (X uDis(r x)), if T[X u{v,w}] is
decomposable, then X u{w} is a module of T[X u{v,w}].

2. Given y € X, for v e Twicr xy(y) and w e V(T) ~ (X v Twicr x)(y)), if
T[X u{v,w}] is decomposable, then {y,v} is a module of T[X U {v,w}].

8. Forv,w € Ext(p x) such that v # w, if T[X u{v,w}] is decomposable, then
{v,w} is a module of T[X u{v,w}].

The next result follows from Lemma 22.



Proposition 23. Given a prime tournament T, consider X ¢ V(T) such that
T[X] is prime. The following assertions hold.

1. If Dis(r,x) # @, then there exist v € Dis(p x) and w € V(T)~ (X uDis(r x))
such that T[X u{v,w}] is prime.

2. Given y € X, if Twip x)(y) # @, then there exist v € Twicr x)(y) and
we V(T) N (X uTwicr,x)(y)) such that T[X u{v,w}] is prime.

S IfFIV(T)NX[22 and V(T)N X = Ext(p x), then there exist v,w € Ext(p x)
such that v+ w and T[X u{v,w}] is prime.

The next result is a simple consequence of Proposition 23.

Corollary 24 (Theorem 6.5 [7]). Given a prime tournament T, consider X ¢
V(T) such that T[X] is prime. If|[V(T)NX| > 2, then there exist v,w € V(T)\X
such that v + w and T[X u{v,w}] is prime.

The next result follows from (2) by applying Corollary 24 several times.

Corollary 25. For a prime tournament T such that |V (T)| > 5, there exist
v,w e V(T) such that T — {v,w} is prime.

Since v = w may occur in Corollary 25, it is improved as follows.

Theorem 26 (Schmerl and Trotter [12]). Given a prime tournament T, if
[V(T)| 27, then there exist v,w € V(T') such that v+ w and T - {v,w} is prime.

Lastly, Theorem 26 is improved as follows.

Theorem 27 (Sayar [11]). Given a prime tournament T, consider X ¢ V(T)
such that T[X] is prime. If |V(T) N X |> 4, then there exist v,w € V(T)\ X
such that v+ w and T — {v,w} is prime.

3 Preliminary lemmas

We begin the section with the following remark on Lemma 12.

Remark 28. Consider a hypergraph H such that [V(H)|>3and V(H) € E(H).
We verify that H is prime. Indeed, consider a module M of H such that |M]| > 2.
We have |V(H)n M| > 2. Since V(H) € E(H) and M is a module of H, we
obtain V(H) < M, so M =V (H). Therefore, H is prime.

Now, we prove Lemma 12.

Proof of Lemma 12. First, we verify that UE(H) = V(H). Clearly, UE(H) is
a module of H. Since H is prime, E(H) + @. Given e € E(H), we have |e| = k
and e (UE(H)). Thus |UE(H)| > k. Since H is prime, UE(H) =V (H).
Second, let e € E(H). Since H is k-uniform, F(H[e]) = {e}. It follows from
Remark 28 that H[e] is prime. O



To continue, we show Fact 14.

Proof of Fact 14. First, we verify that the union of the elements of p g, x) equals
V(H)N X. Let v e V(H)NX. If H[X u{v}] is prime, then v € Ext(y x).
Suppose that H[ X u {v}] is decomposable. Consider a nontrivial module M of
H[X u{v}]. By Proposition 9 (see Assertion (A2) of Definition 8), M n X is
a module of H[X]. Since H[X] is prime, M n X is a trivial module of H[X].
Thus, we obtain M n X =@, X, or {y}, where y € X. Since M is a nontrivial
module of H[X u{v}], we have M n X # @. Tt follows that M n X = X or {y},
where y € X. We distinguish the following two cases.

e Suppose that M nX = X. Since M is a nontrivial module of H[X u {v}],
we have M = X. Therefore, v € Dis(y x).

e Suppose that M n X = {y}, where y € X. Since M is a nontrivial module
of H[X u{v}], we obtain M = {y,v}. Therefore, v € Twi(y x)(y).

Second, we verify that the elements of p(y, x) are pairwise disjoint. Given
veV(H)~ X, we have v € Ext g x) if and only if H[X u {v}] is prime. Hence,
EX‘E(HJ(') n DiS(H7x) =@ and EXt(H,X) n TWi(H7x)(y) = for every y e X.

Let y € X. For a contradiction, suppose that there exists v € Dis(g, x) N
Twicg,x)(y). We obtain that X and {y,v} are modules of H[ X u{v}]. It follows
from Proposition 5 that X \{y} is a module of H[ X u{v}]. By Proposition 9 (see
Assertion (A2) of Definition 8), X \ {y} is a module of H[X], which contradicts
the fact that H[X] is prime. Consequently, Dis(y x) N Twi(y x)(y) = @.

Finally, consider distinct y,2z € X. For a contradiction, suppose that there
exists v € Twicg x)(y) N Twicg x)(2). We obtain that {y,v} and {z,v} are
modules of H[ X u{v}]. It follows from Proposition 5 that {y, z,v} is a module
of H{X u{v}]. By Proposition 9 (see Assertion (A2) of Definition 8), {y,z} is a
module of H[X], which contradicts the fact that H[X] is prime. Consequently,
TWi(H,X) (v) ﬂTWi(H7X) (2) =@. O

We use the following fact to prove Lemmas 31, 32, 33, and 35.

Fact 29. Let H be a 3-uniform hypergraph. Consider X ¢ V(H) such that
H[X] is prime. Let M be a module of H. We have M nX =@, M 2 X or
M n X ={y}, where y € X. Moreover, the following assertions hold.

1. If M n X = @, then all the elements of M belong to the same block of
PH,X)-

2. If M 2 X, then all the elements of V(H) ~ M belong to Dis g, x)-

3. If M n X ={y}, where y € X, then all the elements of M \ {y} belong to
Twica, x)(y)-
Proof. Consider a module M of H[X u{v}]. By Proposition 9 (see Asser-
tion (A2) of Definition 8), M n X is a module of H[X]. Since H[X] is prime,
M n X is a trivial module of H[X]. Thus, we obtain M n X = @, X, or {y},
where y € X.



For the first assertion, suppose that M n X = @. Let v,w € M. By Proposi-
tion 9 (see Assertion (A2) of Definition 8), {v,w} is a module of H[X u{v,w}].
It follows that the function

Xu{v} — Xu{w}
v — w
zeX +— z,

is an isomorphism from H[X u {v}] onto H[X u{w}]. Therefore, v and w
belong to the same block of p(y x).

For the second assertion, suppose that M n X = X, so M 2 X. Let v ¢
V(H) ~ M. By Proposition 9 (see Assertion (A2) of Definition 8), X is a
module of H[X u {v}]. Therefore, v € Dis¢y, x).

For the third assertion, suppose that M n X = {y}, where y € X. Let
v e M~ {y}. By Proposition 9 (see Assertion (A2) of Definition 8), {v,y} is a
module of H[X u {v}]. Therefore, v € Twi gy x)(y)- O

The remainder of the section is organized as follows. We consider a 3-
uniform hypergraph H, a subset X of V(H) such that H[X] is prime, and
distinct elements v and w of V(H) \ X. We examine the following cases.

e In Lemma 31, we suppose that v,w € Dis(g, x).

e In Lemma 32, we suppose that v € Disg, x) and w € Twi(g, x)(y), where
yeX.

e In Lemma 33, we suppose that v,w € Twicg x)(y), where y € X.

e In Lemma 35, we suppose that v € Twiy x)(y) and w € Twiy x)(2),
where y and z are distinct elements of X.

In the next remark, we discuss Lemma 31 in the particular case of a 3-uniform
hypergraph on 5 vertices in terms of decomposability and realizability.

Remark 30. Given a tournament 7', consider X ¢ V(T') such that T[X] is
prime. Let v and w be distinct elements of Dis(z xy. Clearly, X is a module of
T[X u{v,w}]. Hence, T[X u{v,w}] is decomposable.

This obvious fact does not hold for 3-uniform hypergraphs. Let Hs be the
3-uniform hypergraph defined on V/(Hs) = {0,...,4} by E(Hs) = {012,034}. As
observed at the beginning of Remark 28, H5[{0,1,2}] is prime. Set X = {0,1,2}.
Since E(Hs[X u{3}]) = {012}, we have 3 € Dis(y,, v). Similarly, 4 € Dis(z, x)-
We verify that Hs[X u {3,4}], which is Hs, is prime. Let M be a module of
Hj such that |[M| > 2. We have to show that M =V (Hs). By Fact 29, we have
MnX =2, M2X or [MnX|=1. Since 034 € E(Hs), {3,4} is not a module
of H. Thus M n X # @. For a contradiction, suppose that [M n X| = 1, and
denote by y the unique element of M n X. Since |M| > 2, M \ {y} + @. Let
v e M~ {y}. As previously seen, v € Dis(y, x). Moreover, it follows from the
third assertion of Fact 29 that v € Twi g, x)(y). Hence, v € Dis g, xyn Xn, (y),
which contradicts Fact 14. Therefore |[M n X| # 1, and hence M 2 X. Since



034 € E(Hs) and 134 ¢ F(Hs), X is not a module of H. Since 034 € E(Hs),
X u {3} and X u {4} are not modules of H. Tt follows that M = V(Hs).
Consequently, Hs is prime.

For a contradiction, suppose that Hs admits a realization T5. It follows
from Theorem 19 that T3 is prime. Since 012 € E(Hs), T5[X] is a 3-cycle, so
T5[X] is prime. Since Hs[X u{3}] is decomposable, it follows from Theorem 19
that T5[X u {3}] is decomposable too. Hence, 3 ¢ Ext(z, x). Suppose for a
contradiction that 3 € Twiz, x)(y), where y € X. Since 012 € E(H5), we obtain
that 013, 023 or 123 belongs to F(Hs), which contradicts F(Hs) = {012,034}.
It follows that 3 ¢ Twi(p, x)(y). It follows from Lemma 22 that 3 € Dis¢, x).
Similarly, 4 € Dis(r, x). As previously seen, X is a module of T5, and hence T5
is decomposable, a contradiction. Consequently, Hs is not realizable.

In Lemma 31, we examine the general case by considering distinct elements
v and w of Dis(g, x), where H is a 3-uniform hypergraph, and X ¢ V(H) such
that H[X] is prime.

Lemma 31. Let H be a 3-uniform hypergraph. Consider X ¢ V(H) such that
H[X] is prime. Let v and w be distinct elements of Dis(y, x).

1. If H[X u{v,w}] is decomposable, then X is a module of H[X u {v,w}].

2. H[X u{v,w}] is prime if and only if there exist y,z € X such that yvw €
E(H) and zvw ¢ E(H).

Proof. For the first assertion, consider a nontrivial module M of H[ X u{v,w}].
It follows from Facts 14 and 29 that M n X = @ or M 2 X. Therefore, we
have M = {v,w}, X, X u{v} or X u{w}. To conclude, we show that if M =
{v,w}, X u{v} or X u{w}, then X is a module of H[X u {v,w}]. Hence,
suppose that M = {v,w}, X u{v} or X u{w}. Tt suffices to verify that for
e € E(H[Xu{v,w}]), we cannot have enX # g and ex X # @. If |enX| = 2, then
exX = {v} or {w}, which contradicts the fact that X is a module of H[ X u{v}]
and H[X u{w}]. Moreover, if there exists y € X such that en X = {y}, then
e = yvw, which is not possible because M = {v,w}, X u{v} or X u{w}.

For the second assertion, suppose that there exist y, z € X such that yvw €
E(H) and zvw ¢ E(H). Thus, X is not a module of H[X u {v,w}]. It follows
from the first assertion above that H[X u{v,w}] is prime. Conversely, suppose
that H[ X u{v,w}] is prime. In particular, X is not a module of H[ X u {v,w}].
Therefore, there exists e € E(H[X u {v,w}]) such that

lenX|=2 or

lenX|=1
and (3)
there exists z € X such that (ex X)u{z} ¢ E(H[X u{v,w}]).

We cannot have [enX| = 2 because X is a module of H[ X u{v}] and H[ X u{w}].

Consequently, (3) holds. By denoting by y the unique element of en X, we obtain
e =yvw and (e~ X)u{z} = zvw. Therefore, yvw ¢ E(H) and zvw ¢ E(H). O
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Lemma 32. Let H be a S-uniform hypergraph. Consider X ¢ V(H) such that
H[X] is prime. Let v e Disy xy and w € Twicy x)(y), where y € X.

1. X u{w} is a module of H[ X u{v,w}] if and only if {y,w} is a module of
H[X u{v,w}].

2. If H[ X u{v,w}] is decomposable, then X u{w} and {y,w} are modules
of HIX u{v,w}].

3. H[X u{v,w}] is prime if and only if there exists z € X such that zvw €

Proof. For the first assertion, suppose that X u{w} is a module of H[ X u{v, w}].
We have to show that {y,w} is a module of H[X u {v,w}]. Hence, consider e €
E(H[Xu{v,w}]) such that en{y, w} # @ and ex{y, w} # @. For a contradiction,
suppose that en{y,w} = {y,w}. We cannot have e \ {y,w} € X because {y,w}
is a module of H[ X u{w}]. Moreover, we cannot have e\ {y,w} = {v} because
X u{w} is a module of H[X u {v,w}]. It follows that e n{y,w} = {y} or {w}.
For a contradiction, suppose that v € e. Denote by z the unique element of
en(X ~{y}). We get e = yzv or zvw, which is impossible because X u {w} is a
module of H[X u{v,w}]. Consequently, we obtain

en{y,w} ={y} or {w}.
and
ex{y,w}cX.

Since {y,w} is a module of H[X u{w}], we obtain

(ex(en{y,wh))u({y,w}~e) e E(H[X Ufv,w}]).

Conversely, suppose that {y,w} is a module of H[X u {v,w}]. Since X is
a module of H[X u {v}], it follows from Proposition 9 (see Assertion (A5) of
Definition 8) that X u {w} is a module of H[X u{v,w}].

For the second assertion, consider a nontrivial module M of H[X u{v,w}].
By Fact 14, v and w do not belong to the same block of p g, xy. It follows from
Fact 29 that M 2 X or |[M n X|=1. We distinguish the following two cases.

e Suppose that M 2 X. By the second assertion of Fact 29, V(H)\ M ¢
Dis g, xy. Since w € Twicg, x)(y), w ¢ Dis(g, x) by Fact 14. Hence w € M.
Since M is a nontrivial module of H[ X u {v,w}], M = X u{w}.

e Suppose that |[M n X| = 1. Denote by z the unique element of M n X.
Since M is a nontrivial module of H[X u{v,w}], M \ X # @. By the
third assertion of Fact 29, M \ X ¢ Twiy x)(2). Since v € Disy x),
v ¢ Twicg x)(2) by Fact 14. Thus v ¢ M. Since M \ X # @, we obtain
M = {z,w}. Therefore w € Twi(g x)(y) N Twicg x)(2). By Fact 14, we
have y = z, so M = {y,w}.

11



It follows from both cases above that M = X u{w} or M = {y,w}. By the first
assertion above, X u{w} and {y,w} are modules of H[X U {v,w}].

For the third assertion, suppose that H[X u {v,w}] is prime. In particular,
{y,w} is not a module of H[ X u{v,w}]. Thus, there exists e ¢ E(H[X u{v,w}])
such that

len{y,w}|=2 or

len{y,w}| =1
and (4)
(ex{y,w})u({y,w}~e) ¢ E(H[X u{v,w}]).

We distinguish the following two cases.

e Suppose that |e n {y,w}| = 2. There exists u € (X \ {y}) u {v} such that
e = uyw. We cannot have u € X because {y,w} is a module of H[ X u{w}].
Therefore u = v, and hence e = yvw.

e Suppose that (4) holds. Since {y,w} is a module of H[ X u{w}], it follows
from (4) that v € e. Denote by 2’ the unique element of en (X \ {y}). We
cannot have y € e because X is a module of H[X u {v}]. Consequently
w € e, and hence e = z'vw.

In both cases, there exists z € X such that zow € E(H).

Conversely, suppose that there exists z € X such that zow € E(H). Thus,
X u{w} is not a module of H[X u {v,w}]. By the second assertion above,
H[X u{v,w}] is prime. O

Lemma 33. Let H be a 3-uniform hypergraph. Consider X ¢ V(H) such that
H[X] is prime. Let v and w be distinct elements of Twi g x)(y), where y € X.

1. If H[X u {v,w}] is decomposable, then {y,v,w} is a module of H[X U
{v,w}].

2. H[X u{v,w}] is prime if and only if there exists z € X N {y} such that
zvw e E(H).

Proof. For the first assertion, consider a nontrivial module M of H[ X u{v,w}].
It follows from Facts 14 and 29 that M = {v,w},{y,v},{y,w} or {y,v,w}.
Suppose that M = {v,w} or {y,v}. Since {y,w} is a module of H[X u{w}], it
follows from Proposition 9 (see Assertion (A5) of Definition 8) that {y,v,w} is
a module of H[X u {v,w}]. Similarly, if {y,w} is a module of H[X u {v,w}],
then {y,v,w} is a module of H[ X u {v,w}].

For the second assertion, suppose that H[ X u{v,w}] is prime. In particular,
{y,v,w} is not a module of H[X u {v,w}]. Hence, there exists e ¢ E(H[X U
{v,w}]) such that

len{y,v,w} =2 or

len{y,v,w}| =1
and (5)
(ex{y,v,w})u{z} ¢ E(H[X u{v,w}]), where z € {y,v,w} \e.

12



Suppose that [en {y,v,w}| = 1. We have e\ {y,v,w} € X \ {y}. Since {y,v} is
a module of H[X u{v}] and {y,w} is a module of H[X u{w}], it follows from
e e E(H[X u{v,w}]) that (e ~{y,v,w})u{z} € E(H[X u{v,w}]) for every
z € {y,v,w}. Thus (5) does not hold. Consequently |e n {y,v,w}| = 2. Since
{y,v} is a module of H[X u{v}] and {y,w} is a module of H[ X u{w}], we get
en{y,v,w} = {v,w}. By denoting by z the unique element of e \ {y,v,w}, we
obtain z € X \ {y} and e = zvw. Hence zvw € E(H).

Conversely, suppose that there exists z € X \ {y} such that zow ¢ E(H). We
obtain that {y,v,w} is not a module of H[X U {v,w}]. By the first assertion
above, H[ X U {v,w}] is prime. O

We use the following notation to state Lemma 35.

Notation 34. Let H be a 3-uniform hypergraph.

e, feE(H)
Fore, f € (V(;I)), e =y f means {or
e,f ¢ E(H).

Lemma 35. Let H be a 3-uniform hypergraph. Consider X ¢ V(H) such that
H[X] is prime. Let v e Twiiy x)(y) and w € Twiy x)(2), where y and z are
distinct elements of X.

1. {y,v} is a module of H[X u{v,w}] if and only if {z,w} is a module of
H[X u{v,w}].

2. If H[ X u{v,w}] is decomposable, then {y,v} and {z,w} are modules of
H[X u{v,w}].

3. H[X u{v,w}] is prime if and only if

E(H) n{yvw, zow} + @
or (6)
there exists z' € X \{y, 2z} such that z'yz #y z'vw.

Proof. The first assertion follows from Proposition 9 (see Assertion (A4) of
Definition 8). For the second assertion, consider a nontrivial module M of
H[X u{v,w}]. It follows from Facts 14 and 29 that M = {y,v} or {z,w}. By
the first assertion above, {y,v} and {z,w} are modules of H[X u {v,w}].

For the third assertion, suppose that H[ X u {v,w}] is prime. In particular,
{y, v} is not a module of H[ X u{v,w}]. Hence, there exists e ¢ E(H[Xu{v,w}])
such that

{y,v}ce or

len{y,v}|=1
and (7)

(ex{y,v})u({y,v}~e) f E(H[X U{v,w}]).
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Suppose that {y,v} € e. Since {y,v} is a module of H[X u{v}], w € e. Hence
e = yvw. Therefore yvw € E(H), and hence (6) holds. Now, suppose that
(7) holds. Since {y,v} is a module of H[X u {v}], w € e. We distinguish the
following two cases.

e Suppose that y € e, hence v ¢ e. Since {z,w} is a module of H[X u {w}],
z ¢ e. Therefore, there exists 2z’ € X \ {y, z} such that 2’ € e. We obtain
e = 2'yw, so z'yw € E(H). Since {z,w} is a module of H[X u {w}],
2'yz € E(H). Furthermore, (e~ {y})u {v} ¢ E(H[X u{v,w}]) by (7).
Therefore z'vw ¢ E(H). It follows that (6) holds.

e Suppose that v € e, hence y ¢ e. If z € e, then e = zvw, so zvw € E(H), and
hence (6) holds. Lastly, suppose that z ¢ e. There exists 2z’ € X \ {y, z}
such that 2’ e e. We get e = 2z’vw, and hence z’'vw € E(H). Furthermore,
(ex{vh)u{y} ¢ E(H[X u{v,w}]) by (7). Therefore z'yw ¢ E(H). Since
{z,w} is a module of H[X u{w}], z'yz ¢ E(H). Tt follows that (6) holds.

Conversely, suppose that (6) holds. To begin, suppose that yvw € E(H). Tt
follows that {y,v} is not a module of H[X u {v,w}]. By the second assertion
above, H[ X u{v,w}] is prime. Similarly, if zow € E(H), then H[X u{v,w}] is
prime. Finally, suppose that there exists 2z’ € X \ {y, 2z} such that z'vw #5 2'yz
(see Notation 34). Since {y,v} is a module of H[X u{v}], we get z'yz =y 2'zv.
Thus, z'zv #g z'vw. It follows that {z,w} is not a module of H[X u {v,w}].
By the second assertion above, H[ X u {v,w}] is prime. O

4 Proof of Theorem 15

We begin the section with two remarks on Corollary 24.

Remark 36. The analogue of Corollary 24 does not hold for prime hypergraphs.
Indeed, consider a hypergraph H such that E(H) = {X,V(H)}, where | X| > 3
and [V(H)~ X| > 2. It follows from Remark 28 that H and H[X] are prime.
Furthermore, for every nonempty Y ¢ V(H) \ X, X is a (nontrivial) module of
H[X uY],so H [ X uY] is decomposable.

Remark 37. The analogue of Corollary 24 does not hold for prime 3-uniform
hypergraphs. Indeed, given n > 4, consider the 3-uniform hypergraph H defined
on V(H)=A{0,...,n+3} by
EH)={i(i+1)(i+2):0<i<n-2}
u{(n-2)(n-1)(n+1),(n-2)(n-1)(n+2),(n+1)(n+2)(n+3)}.

Proceeding by induction on p € {4,...,n}, it is easy to verify that H[{0,...,p}]
is prime. For

X ={0,...,n},

we have H[X] is prime. We have n+1,n+2 € Twiy x)(n), and n+3 € Disy x).
Thus, H[ X u{v}] is decomposable for every v € V(H) \ X. Moreover, it follows
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from Lemmas 32 and 33 that H[X u {v,w}] is decomposable for distinct v, w €
V(H)\ X. Lastly, by using Fact 29, it is not difficult to verify that H is prime.

Given Remark 36, we conjecture the following.

Conjecture 38. Let H be a prime hypergraph. Consider X ¢ V(H) such that
H[X] is prime. There exists Y € V(H) ~ X such that H[X Y] is prime, and

1<|Y|<max({le|:ec E(H)}).

Theorem 15 provides a positive answer to Conjecture 38 for prime 3-uniform
hypergraphs.

Remark 39. As mentioned at the beginning of Section 1, we do not use the
classic definition of a module of a hypergraph (see Definition 6). The classic
definition leads to a new type of prime hypergraphs. Conjecture 38 can be
stated for this new type as well. Of course, an analogue of Lemma 12 has to be
found too.

Proof of Theorem 15. We suppose that
for any v,we V(H)N X, H[X u{v,w}] is decomposable. (8)

Observe that (8) implies Ext(y, x) = @.
To begin, suppose that Dis g, x) # @. Since H is prime, V/(H) \ Dis(y x) is
not a module of H. Thus, there exists e € F(H) such that

lenDis(y x)[ =1 or

|€ﬂDiS(H’X)| =2
and there exists § € V(H) \ Dis(y, x) such that 9)
(enDisy,x)) V{B} ¢ E(H).

We distinguish the following cases.

1. Suppose that |e n Dis(z x| = 1. Denote by u the unique element of e n
Dis g, xy. Since X is a module of H[ X u{u}], en(V(H)\(XuDis g x))) #
@. Let veen (V(H) N (X uDisy x))). Since Ext(y xy = @, it follows
from Fact 14 that v € Twi¢y, x)(y), where y € X. If e\ {u,v} € X, then it
follows from the third assertion of Lemma 32 that H[X u{u,v}] is prime,
which contradicts (8). Thus en X = @. Denote by w the unique element
of e~ {u,v}. As previously for v, we have w € Twi(g, x)(2), where z € X.
We show that

H[X ue] is prime.

Let M be a module of H[X ue] such that |[M| > 2. We have to prove that
M = X ue. It follows from Fact 29 that X u {v,w} ¢ M, M = {y,v} or
{z,w}, and, when y = 2z, M = {y,v,w} or {v,w}. Since v,w € e, {v,w},
{y,v,w} and X u{v,w} are not modules of H[X ue]. Moreover, suppose
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for a contradiction that {y,v} is a module of H[X ue]. Since e = uvw, we
obtain yuw € E(H). By the third assertion of Lemma 32, H[ X u{u,w}] is
prime, which contradicts (8). Therefore, {y, v} is not a module of H[ X ue].
Similarly, {z,w} is not a module of H[X ue]. Consequently, it follows
that X u{v,w} g M, so M = X Ue.

2. Suppose that (9) holds. Denote the elements of e n Dis(y, x) by v and w.
Furthermore, denote by « the unique element of e\ {v,w}. We get avw €
E(H). By (9), there exists 3 € V(H) \ Dis(y, x) such that Svw ¢ E(H).
Moreover, H[ X u{v,w}] is decomposable by (8). It follows from the first
assertion of Lemma 31 that

either yvw € E(H) for every y € X (10)
or yvw ¢ E(H) for every y € X. (11)

Set
o if (11) holds

v =qor (12)
B if (10) holds.

Since v =« or 3, v ¢ Dis(y, x). It follows from (12) that

yow e BE(H) <= forevery ye X, yvw ¢ E(H),
and (13)
yow ¢ E(H) <= forevery ye X, yvwe E(H).

Thus
yeV(H)~ (X uDisy xy)-

Since Ext(y x) = @, it follows from Fact 14 that there exists z € X such
that v € Twicy, x)(2). We prove that

H[X u{y,v,w}] is prime.

Let M be a module of H[ X u{~v,v,w}] such that |[M]| > 2. We have to show
that M = X u {y,v,w}. It follows from Fact 29 that M = {v,w},{z,~v}
or M 2 X u{y}. It follows from (13) that {z,7} and X u {y} are not
modules of H[X U {v,v,w}]. Moreover, it follows from (13) that there
exists 6 € X u {y} such that dvw € E(H). Therefore, {v,w}, X u {vy,v}
and X U {v,w} are not modules of H[X u {v,v,w}]. Consequently M =
X u{y,v,w}.

Now, suppose that Dis g, x) = @. Since Ext(g x) = @, it follows from Fact 14

that there exists y € X such that Twi g x)(y) # @. Hence, {y}uTwicg, x)(y) is
not a module of H. Therefore, there exists e € F(H) such that

len ({y} v Twic,x)(y))| =2 or
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len ({y}u TWi(H7X)(y))| =1
and there exists 5 € {y} U Twi(y, x)(y) such that (14)

(e~ ({y} v Twi x)(y))) v{B} ¢ E(H).

We distinguish the following two cases.

1. Suppose that [en({y}uTwicg x)(y))| = 2. We have [enTwi g x)(y)| =1 or
2. For a contradiction, suppose that l[enTwi g, x)(y)| = 1. Denote by v the
unique element of enTwi g x)(y). We get en({y}uTwicy x)(v)) = {y,v}.
Denote by w the unique element of e {y,v}. We have e = yow, and hence
yvw € E(H). Since {y,v} is a module of H[X u {v}], w ¢ X. Thus
w ¢ X uTwiy x)(y)). Since Ext(y, x) = @ and Dis(y x) = @, it follows
from Fact 14 that there exists z € X \{y} such that w € Twi(y x)(2). Since
yvw € E(H), it follows from the third assertion of Lemma 35 that H[X u
{v,w}] is prime, which contradicts (8). It follows that [enTwi¢y x)(y)| =
2. Denote by u’ and v the elements of e n Twi(y x)(y), and denote by
w’ the unique element of e \ {u/,v'}. We have e = u'v'w’, and hence
u'v'w' e E(H). Clearly, w' ¢ {y} uTwicg x)(y). If w’" € X, then it follows
from the second assertion of Lemma 33 that H[X u {u',v"}] is prime,
which contradicts (8). Thus w' ¢ X, so w' € V(H) (X uTwicg, x)(y))-
Since Ext (g x) = @ and Dis g, x) = @, it follows from Fact 14 that there
exists z € X \ {y} such that w' € Twi(y x)(2). We prove that

H[X u{u',v",w'}] is prime.

Let M be a module of H[X u {v/,v",w'}] such that |M| > 2. We have
to show that M = X u {u/,;v',w'}. Tt follows from Fact 29 that M =
{u, v}, {y, v, v}, {y,u'}, {y,v'}, {z,w'} or X u{u, v, w'}. Since v'v'w’ €
E(H), {«/,v'} and {y,u,v"} are not modules of H[X u {v/,v',w'}]. Fur-
thermore, H[X u {v',w’}] is decomposable by (8). It follows from the
third assertion of Lemma 35 that yv'w’ ¢ E(H). Since u'v'w’ € E(H),
{y,u'} is not a module of H[X u {v/,v",w'}]. Similarly, {y,v'} is not a
module of H[X u{u/,v’,w'}]. Lastly, H[ X u{u,v"}] is decomposable by
(8). It follows from the second assertion of Lemma 33 that zu'v' ¢ E(H).
Since u'v'w’ € E(H), {z,w'} is not a module of H[X u {u/,v",w’'}]. Con-
sequently, we obtain M = X u {u’,v",w'}.

2. Suppose that (14) holds. Denote by « the unique element of e n ({y} U
Twicg,x)(y)). Furthermore, denote by v and ¢ the elements of e \ ({y} u
Twicg,x)(y)). Hence e = ayd. By (14), ayé #x Bv0 (see Notation 34).
Therefore, there exists o’ € {«, 8} such that

o'y #1 yyo. (15)

We obtain o’ € Twi¢g, x)(y). Since {y,'} is a module of H[X u {a'}], it
follows from (15) that {v,6} \ X # @. For instance, assume that v ¢ X.
Since Ext(y x) = @ and Dis(g, x) = @, it follows from Fact 14 that there
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exists z € X such that v € Twicy x)(2). Since vy ¢ Twiiy x)(y), we have
y # z. For a contradiction, suppose that § € X. It follows from (15) that

{y,a’} is not a module of H[X u {a/,v}]. (16)

By the second assertion of Lemma 35, H[X u {a’,~}] is prime, which
contradicts (8). Therefore § ¢ X. Since Exty x) = @ and Dis(y x) =
@, it follows from Fact 14 that there exists z’ € X \ {y} such that § €
Twicg,x)(2"). We prove that

H[X u{da',~,d}] is prime.

Let M be a module of H[X u {a’,v,d}] such that |M| > 2. We have
to show that M = X u{a’,~,d}. Tt follows from Fact 29 that M = X u
{0/77;5}7 {yaa,}a {277} or {Zla(s}a and, when z = 2, M = {775} or {27776}'
By (15), yyd € E(H) or o'v6 € E(H). Thus, {v,6} and {z,v,0} are
not modules of H[X u {a/,7,0}]. Moreover, it follows from (16) and
Proposition 9 (see Assertion (A2) of Definition 8) that

{y,a’} is not a module of H[X u{a/,7,5}]. (17)

Finally, suppose for a contradiction that {z,7} is a module of H[X u
{a’,7,6}]. By (8), H[X u{a’,d}] is decomposable. By the second as-
sertion of Lemma 35, {y,a’} is a module of H[X u {&/,d}]. It follows
from Proposition 9 (see Assertion (A4) of Definition 8) that {y,a'} is a
module of H[X u{a/,~,d}], which contradicts (17). Consequently, {z,~}
is not a module of H[X u{c/,v,d}]. Similarly, {z’,d} is not a module of
H[X u{d,~,0}]. Tt follows that M = X u{a’,v,d}. O

Proof of Corollary 16. Consider a prime 3-uniform hypergraph H such that
|[V(H)| > 4. By Lemma 12, there exists X ¢ V/(H) such that |X| =3 and H[X]
is prime. Hence, |X| < [V(H)|. Consider a maximal proper subset Z of V(H)
such that H[Z] is prime. For a contradiction, suppose that [V (H)\ Z| > 4. By
Theorem 15, there exists Z' ¢ V(H) \ Z such that 1 <|Z'| <3 and H[Zu Z'] is
prime. Since |[V(H)\ Z| >4 and 1 <|Z’| < 3, we obtain Zu Z' ¢ V(H), which
contradicts the maximality of Z. Consequently, we have |[V(H) \ Z| < 3. By
setting Y = V(H) \ Z, we obtain 1 < |[Y| <3 and H -Y is prime. O

5 Proof of Theorem 17

We use the next lemma to establish Theorem 17.

Lemma 40. Let H be a 3-uniform hypergraph. Consider X ¢ V(H) such that
H[X] is prime. Let ve Twicy x)(y), where y € X. Set

Y= (X~ {yp)u{v}

We have H[Y] is prime. Moreover, the following three assertions hold.
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1. For every w € Twicy xy(y) N {v}, if H[X v {v,w}] is decomposable, then
w € TWI(H,Y) (U)

2. Given z € X ~{y} and w € Twiy x)(2), if H{X u{v,w}] is decomposable,
then w € Twig y)(2).

8. For every w € Dis(y x), if H[X u {v,w}] is decomposable, then w €
DiS(H’X).

Proof. Since {y,v} is a module of H[X u{v}], the function

X — Y
Yy — v
zeX\{y} — 2z,

is an isomorphism from H[X] onto H[Y]. Hence H[Y] is prime.

Let w € Twicg x)(y) ~ {v} be such that H[X u {v,w}] is decomposable.
By the first assertion of Lemma 33, {y,v,w} is a module of H[X u {v,w}].
By Proposition 9 (see Assertion (A2) of Definition 8), {v,w} is a module of
H[(X u{v,w})~ {y}], that is, H[Y u{w}]. It follows that w € Twigy,x)(v).

Given z € X \ {y}, consider w € Twicy, x)(2) such that H[X u {v,w}] is
decomposable. By the second assertion of Lemma 35, {z,w} is a module of
H[X u{v,w}]. By Proposition 9 (see Assertion (A2) of Definition 8), {z,w} is
a module of H[Y u{w}]. Tt follows that w € Twi g y)(2).

Let w € Dis(y, xy such that H[X u {v,w}] is decomposable. By the second
assertion of Lemma 32, X u{v} is a module of H[X u{v,w}]. By Proposition 9
(see Assertion (A2) of Definition 8), Y is a module of H[Y u{w}]. It follows
that w € DiS(H7y). ]

Proof of Theorem 17. We suppose that
H - {v,w} is decomposable for any v,w e (V(H)N X)u X, (18)

where v = w is allowed. Consequently, we have to prove that H is decomposable.
Using Theorem 15 several times, beginning with H[X ], we obtain Y ¢ V(H)
such that X ¢ Y, H[Y] is prime, and 1 <|[V(H)\ Y| <3. Set

Y = {Z eY: TWi(ij)(Z) * @}.
We prove that
(V(H)\Y)uYc(V(H)~X)uX. (19)

Clearly, (V(H)\Y) c (V(H)\X). Now, consider z €Y. We have ze V(H)\ X
or z € X. Hence, suppose that z € X. Since z € Y, there exists v € V(H)\Y such
that {z,v} is a module of H[Y u{v}]. Since z € X it follows from Proposition 9
(see Assertion (A2) of Definition 8) that {z,v} is a module of H[ X u{v}]. Thus
ve Twicy, x)(2), so z € X. Hence (19) holds. It follows from (18) that

H - {v,w} is decomposable for any v,w e (V(H)\Y)uY. (20)
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Furthermore, since 1 < |V (H)\ Y| <3, it follows from (20) that |[V(H)\Y]|=3.
Denote by vi,vs and vz the elements of V(H) ~Y. By (20), Extgy) = @.
Therefore, one of the following seven cases holds. In each of them, we obtain a
nontrivial module of H.

1. Suppose that v1,v2,v3 € Dis(y). We show that Y is a module of H. Let
e € F(H) such that enY # @ and e\Y # @. Since Y is a module of
H[Y u{v;}] for i € {1,2,3}, there exist distinct i,5 € {1,2,3} such that
eNY ={v;,v;}. By (20), H[Y u{v;,v,}] is decomposable. It follows from
the first assertion of Lemma 31 that Y is a module of H[Y u{v;,v;}]. Since
Y is a module of H[Y u{v;,v;}], there exists y € Y such that enY = {y}.
Furthermore, for every z € Y, we have (e x {y})u{z} € E(H). It follows
that Y is a module of H.

2. Suppose that vy, v € Dis¢gyy and vz € Twicg,yy(y), where y € Y. We
show that {y,vs} is a module of H. Let e € E(H) such that en{y,v3} + @
and e\ {y,v3} #+ @.

Suppose that there exists ¢ € {1,2} such that e~ {y,v3} €Y u{v;}. We
get e € Y u{v;,v3}. By (20), H[Y U {v;,v3}] is decomposable. By the
second assertion of Lemma 32, {y,vs} is a module of H[Y U {v;,v3}].
Therefore, there exists a € {y, v} such that en{y,v3} = {a}. Furthermore,
(ex{a})u{B} € E(H), where 8 denotes the unique element of {y, vz}~ {a}.

Now, suppose that e\ {y,v3} ¢ Y u{v1} and e~ {y,vs} ¢ Y u{va}. Since

e~{y,v3} ¢ Y u{v1}, we have vy € e. Similarly, v; € e. Thus e~ {y,v3} =
{v1,v2}. We have to verify that

v1Uav3 =g v1v2y  (see Notation 34). (21)

Let z € Y N {y}. By (20), H[Y u{v1,v2}] is decomposable. By the first
assertion of Lemma 31, Y is a module of H[Y U {vy,v2}]. Thus

VIU2Y =g V1V22. (22)

Set Z = (Y ~{y}) u{vs}. By Lemma 40, H[Z] is prime. Clearly, y ¢
Twi(g,zy(v3). Furthermore, H[Y u {v1,v3}] is decomposable by (20). It
follows from the third assertion of Lemma 40 that vy € Dis g 7). Similarly,
v € Dis(p 7). Since vz € Twicg,yy(y), y € Y. By (20), H -y, which is
H[Z u{vy,va}], is decomposable. By the first assertion of Lemma 31, Z
is a module of H[Z u {vy,vs}]. Therefore

V1V2Z S| V1U2U3. (23)
It follows from (22) and (23) that (21) holds.

3. Suppose that v € Dis(yy) and vp,v3 € Twi(g y)(y), where y € Y. We
prove that Y u{vy,v3} is a module of H. It suffices to prove that for each
ee E(H), vy ¢ e. Suppose to the contrary that there exists e € F(H) such
that v, € e. We verify that

€ = V1UaV3. (24)

20



Suppose that vs ¢ e. We obtain e € E(H[Y u{v1,v2}]) and len(Yu{ws})| =
2. Therefore, Y U {vy} is not a module of H[Y u{v1,v2}]. Tt follows from
the second assertion of Lemma 32 that H[Y u {v1,v2}] is prime, which
contradicts (20). Consequently, vz € e. Similarly, vy € e. Hence, (24)
holds. Set Z = (Y ~ {y}) u{v3}. By Lemma 40, H[Z] is prime. Clearly,
y € Twicy z)(vs). By (20), H[Y u {v1,v3}] is decomposable. It follows
from the third assertion of Lemma 40 that v; € Dis(y z). Furthermore,
H[Y u{vg,v3}] is decomposable by (20). It follows from the first assertion
of Lemma 40 that v € Twi(g, zy(v3). Since vy € e (Zu{va}) and vo,v3 €
en(Zu{vs}), Zu{vs} is not a module of H[Z U {v1,vs}]. It follows from
the second assertion of Lemma 32 that H[Z U {v1,v2}] is prime. Clearly,
H[Z u{vi,v2}] = H —y. Since vy € Twicy,yy(y), we have y € Y, which
contradicts (20).

. Suppose that vy € Dis(gy) and vy € Twicg y)(y) and vz € Twicgyy(2),
where y and z are distinct elements of Y. We prove that Y U {vg,v3} is a
module of H. It suffices to prove that

for each e € E(H), vy ¢ e. (25)
Since vy € Dis(g,yy, we have
y'2'vy ¢ E(H) for distinct elements y" and 2’ of Y. (26)

By (20), H[Y u {v1,v2}] is decomposable. By the second assertion of
Lemma 32, {y,vs} is a module of H[Y u {v1,v3}]. Hence yvivs ¢ E(H).
Let t € Y N {y}. By (26), tyv; ¢ E(H). Since {y,v2} is a module of
H[Y u{vy,va}], we obtain tvive ¢ E(H). Therefore, y'vive ¢ E(H) for
every y' € Y. Similarly, we have 2'vivz ¢ E(H) for every 2/ €Y.

Lastly, we verify that vivovs ¢ E(H). Set Z = (Y N {y}) u{v2}. By
Lemma 40, H[Z] is prime. Clearly, y € Twi(y, z)(v2). Furthermore, it
follows from (20) and Lemma 40 that v; € Dis(g, 7y and vz € Twi(g, zy(2).
Moreover, y € Y because vo € Twicgyy(y). By (20), H -y, which is
H[Z u{vy,v3}], is decomposable. By the second assertion of Lemma 32,
Z u{vz} is a module of H[Z U {v1,v3}]. Therefore vivovs ¢ E(H).

. Suppose that vi,v2,v3 € Twicg,yy(y), where y € Y. We prove that
{y,v1,v2,v3} is a module of H. Consider e € E(H) such that en{y, vy, v,
vs} # @ and e\ {y,v1,vs,v3} # @. There exist distinct 7,5 € {1,2,3}
such that e n {y,v1,v2,v3} € {y,v;,v,;}. Hence e €Y u{v;,v;}. By (20),
H[Y u {v;,v;}] is decomposable. By the first assertion of Lemma 33,
{y,vi,v;} is a module of H[Y U {v;,v;}]. It follows that there exists a €
{y,vi,v;} such that en{y, v;,v,;} = {a}. Since en{y,v1,v2,v3} < {y,v;,v,},
we get
en{y,vi,ve,v3} = {a}.

Furthermore, since {y,v;,v;} is a module of H[Y u {v;,v,}], we obtain
that

(ex{a})u{B} e E(H) for every B € {y,v;,v,}. (27)
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It remains to verify that (e \ {a}) u {v;} € E(H), where k denotes the
unique element of {1,2,3}\{i,j}. By (27), we have (ex{a})u{y} € E(H).
Since vy € Twi(g,y)(y), that is, {y,vx} is a module of H[Y u{vy}], we get
(ex{fa})u{v} e E(H).

. Suppose that vy, v € Twig,yy)(y) and vz € Twi(g,y)(2), where y and z are
distinct elements of Y. We prove that {z,v3} is a module of H. Consider
e e E(H) such that en{z,v3} # @ and e\ {z,v3} * @.

Suppose that there exists i € {1,2} such that e~ {z,v3} €Y u{v;}. We get
ecY u{v;,vs}. By (20), H[Y u{v;,v3}] is decomposable. By the second
assertion of Lemma 35, {z,v3} is a module of H[Y U {v;,v3}]. Therefore,
there exists a € {z,v3} such that en {z,v3} = {a}, and (e~ {a}) U {B} €
E(H), where 8 denotes the unique element of {z,v3} \ {a}.

Now, suppose that e\ {z,v3} ¢ Y u{v} and e~ {z,v3} ¢ Y U {v2}. Since
ex{z,v3} ¢ Yu{v1}, vz € e. Similarly, v; € e. To conclude, we have to verify
that vivovs =g zv1ve. In fact, we have vivevs ¢ F(H) and zvivs ¢ E(H).
Indeed, H[Y u{vy,v9}] is decomposable by (20). By the first assertion of
Lemma 33, {y,v1,v2} is a module of H[Y u{vy,vs}]. Thus zvivs ¢ E(H).
Lastly, set Z = (Y \ {z}) u{vs}. By Lemma 40, H[Z] is prime. Clearly,
z € Twicg, zy(v3). Furthermore, it follows from (20) and Lemma 40 that
v1,v2 € TWigg, z)(y). Moreover, z € Y because vz € Twi(gyy(2). By (20),
H - z, which is H[Z U {v1,v2}], is decomposable. By the first assertion of
Lemma 33, {y,v1,v2} is a module of H[Z U {vy,v2}]. Therefore vjvqvs ¢

. Suppose that v1 € Twi¢g,yy(y1), v2 € Twigg,yy(y2) and vz € Twicg vy (y3),
where y1,y2 and y; are distinct elements of Y. We prove that {y;,v1}
is a module of H. Consider e € E(H) such that en {y;,v1} #+ @ and
ex{yi, v} #@.
Suppose that there exists ¢ € {2,3} such that ex{y1,v1} € Yu{v;}. We get
ecY u{vy,v}. By (20), H[Y u{v1,v;}] is decomposable. By the second
assertion of Lemma 35, {y1,v1} is a module of H[Y u{vy,v;}]. Therefore,
there exists a € {y1,v1} such that en{yy,v1} = {a}, and (e~ {a})u{B} €
E(H), where 8 denotes the unique element of {y,v1} \ {a}.
Now, suppose that e\ {y1,v1} ¢ YU{vs} and ex{y1,v1} ¢ Y u{v3}. Since
ex{y1,v1} ¢ Y u{uva}, vg € e. Similarly, vs € e. To conclude, we have to
verify that

V10203 =H Y1V203.
By (20), H[Y u {v2,v3}] is decomposable. By the second assertion of
Lemma 35, {yo,v2} and {ys,vs3} are modules of H[Y U {vo,v3}]. It fol-
lows that yivevs =g y1y2y3. Since vy € Twi(H,y)(yl), we have y1y2ys =g
yoy3v1. Therefore,

Y1U2V3 =H Y2Y3V1.
Set Z = (Y ~{y1})u{v1}. By Lemma 40, H[Z] is prime. Clearly y; €
Twicg,z)(v1). Furthermore, it follows from (20) and Lemma 40 that v, €
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Twicg,z)(y2) and vz € Twicy, z)(y3). Moreover, y1 € Y because v; €
Twicg,yy(y1). By (20), H -y, which is H[Z U {vs,v3}], is decomposable.
By the second assertion of Lemma 35, {y2,v2} and {y3,v3} are modules of
H[Zu{vy,v3}]. Consequently, yoysvi =g v1vavs. It follows that yvavs =g
V1V203. O

Lastly, a remark on Corollary 18 follows.

11

Figure 1: The 3-uniform hypergraph Cis.

Remark 41. Given n > 3, the 3-uniform hypergraph Cs,, is defined on {0, ..., 2n—
1} by

E(Cay) ={(20)(2i+1)(2i+2): 0<i<n—-2}u{0(2n-2)(2n-1)} (see Figure 1).

The 3-uniform hypergraph Cy,, is prime. However, for any distinct v, w €
{0,...,2n -1}, Cy,, — {v,w} is disconnected, and hence decomposable (see Re-
mark 11). It follows from Theorems 19 and 26 that Cs,, is not realizable. By
Corollary 18, there exists v € {0,...,2n —1} such that Cs, —v is prime. Indeed,
Con — (2p+1) is prime for p=0,...,n-1.
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