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Abstract

In this paper, we design and analyze a Hybrid High-Order discretization method for the steady
motion of non-Newtonian, incompressible fluids in the Stokes approximation of small velocities.
The proposed method has several appealing features including the support of general meshes and
high-order, unconditional inf-sup stability, and orders of convergence that match those obtained for
Leray-Lions scalar problems. A complete well-posedness and convergence analysis of the method
is carried out under new, general assumptions on the strain rate-shear stress law, which encompass
several common examples such as the power-law and Carreau—Yasuda models. Numerical examples
complete the exposition.

Keywords: Hybrid High-Order methods, non-Newtonian fluids, power-law, Carreau—Yasuda law,
discrete Korn inequality

1 Introduction

In this paper, we design and analyze a Hybrid High-Order (HHO) discretization method for the steady
motion of a non-Newtonian, incompressible fluid in the Stokes approximation of small velocities. Notable
applications include ice sheet dynamics [30], mantle convection [42], chemical engineering [31], and
biological fluids rheology [26, 35]. We focus on fluids with shear-rate-dependent viscosity, whose
behavior is characterized by a nonlinear strain rate-shear stress function. Physical interpretations and
discussions of non-Newtonian fluid models can be found, e.g., in [8, 38]. Typical examples that are
frequently used in the applications include the power-law and Carreau—Yasuda model.

The earliest investigations of fluids with shear-dependent viscosities date back to the pioneering
work of Ladyzhenskaya [34]. For a detailed mathematical study of the well-posedness and regularity
of the continuous problem, see also [3, 7, 23, 37, 39] and references therein. Early results on the
numerical analysis of non-Newtonian fluid flow problems were given in [2, 28, 41]. Later, these results
were improved in [6] and [29] by proving error estimates that are optimal for fluids with shear thinning
behavior (described by a power law exponent r < 2). In [6], the authors considered a conforming inf-sup
stable finite element discretization, while in [29] a low-order scheme with local projection stabilization
was proposed. In both works, the use of Orlicz functions is instrumental to unify the treatment of the shear
thinning and shear thickening cases (also called pseudoplastic and dilatant, respectively; cf. Example 4).
More recently, a finite element method based on a four-field formulation of the nonlinear Stokes equations
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has been analyzed in [40]. Other notable contributions on the numerical approximation of generalized
Stokes problems include [24, 30, 32, 33].

The main issues to be accounted for in the numerical solution of non-Newtonian fluid flow problems
are the presence of local features emerging from the nonlinear strain rate-shear stress relation, the
incompressibility condition leading to indefinite systems, the roughly varying model coefficients, and,
possibly, complex geometries requiring unstructured and highly-adapted meshes. The HHO method
provides several advantages to deal with the complex nature of the problem, such as the support of general
polygonal or polyhedral meshes, the possibility to select the approximation order, and unconditional inf-
sup stability. Moreover, HHO schemes can be efficiently implemented thanks to the possibility of statically
condensing a large subset of the unknowns for linearized versions of the problem encountered, e.g., when
solving the nonlinear system by the Newton method. Hybrid High-Order methods have been successfully
applied to the simulation of incompressible flows of Newtonian fluids governed by the Stokes [1] and
Navier—Stokes equations [11, 22], possibly driven by large irrotational volumetric forces [15, 21]. Works
related to the problem of creeping flows of non-Newtonian fluids are [13] and [17, 18], respectively
dealing with nonlinear elasticity and Leray—Lions problems. Going from nonlinear coercive elliptic
equations to the nonlinear Stokes system involves additional difficulties arising from the pressure and
the divergence constraint. Finally, we mention, in passing, that HHO methods are members of a wider
family of polytopal methods that also includes, e.g., Virtual Element methods; cf., e.g., [4, 5] for their
application to Newtonian incompressible flows.

The HHO discretization presented in this paper is inspired by the previously mentioned works.
It hinges on discontinuous polynomial unknowns on the mesh and on its skeleton, from which discrete
differential operators are reconstructed. The reconstruction operators are then used to define a consistency
term inspired by the weak formulation of the creeping flow problem and a cleverly designed stabilization
term penalizing boundary residuals. We carry out a complete analysis of the proposed method. In
particular, under general assumptions on the strain rate-shear stress function, we derive error estimates
for the velocity and pressure approximations. The energy-norm error estimate for the velocity given in
Theorem 20 is optimal in the sense that it yields the same convergence orders established in [17, Theorem
7] for the scalar Leray—Lions elliptic problem. A key tool in our analysis is provided by Lemma 8, in
which we prove a generalization of the discrete Korn inequality of [12, Lemma 1] to the non-Hilbertian
case. The other main contributions are a novel formulation of the requirements on the strain rate-shear
stress function allowing a unified treatment of pseudoplastic and dilatant fluids and the identification
of a set of general assumptions on the nonlinear stabilization function ensuring the desired consistency
properties along with the well-posedness of the discrete problem.

The rest of the paper is organized as follows. In Section 2 we introduce the strong and weak
formulations of the nonlinear Stokes problem and present the assumptions on the strain rate-shear stress
function. The construction of the HHO discretization is given in Section 3 by defining the discrete
counterparts of the viscous and coupling terms. Section 3 also contains the proof of the discrete Korn
inequality and the discussion on the nonlinear stabilization function. Section 4 establishes the well-
posedness of the discrete problem by proving the Holder continuity and the strong-monotonicity of the
viscous term, as well as the inf-sup stability of the pressure-velocity coupling. In Section 5, we show
the consistency of the discrete viscous function and coupling bilinear form. These results are then used
to prove the error estimate. In Section 6, we investigate the performance of the method by performing a
convergence test with analytical solution on various families of refined meshes. Finally, in Appendix A
we provide a sufficient condition for the strain rate-shear stress law to fulfil the assumptions presented in
Section 2.



2 Continuous setting

Let Q c R4, d € {2,3}, denote a bounded, connected, polyhedral open set with Lipschitz boundary
0Q. We consider a possibly non-Newtonian fluid occupying Q and subjected to a volumetric force field
f :Q — R? TIts flow is governed by the generalized Stokes problem, which consists in finding the
velocity field u : Q@ — R¢ and the pressure field p : Q — R such that

-V-o(-,Vsu)+Vp=f in Q, (1a)
Vau=0 in Q, (1b)
u=>0 on 0Q, (1c)
/p(x) dx =0, (1d)
Q

where V- denotes the divergence operator applied to vector fields, Vy is the symmetric part of the gradient
operator V applied to vector fields, and, denoting by R%¢ the set of square, symmetric, real-valued
d x d matrices, o : Q x R4 — R%* s the strain rate-shear stress law. In what follows, we formulate
assumptions on o that encompass common models for non-Newtonian fluids and state a weak formulation
for problem (1) that will be used as a starting point for its discretization.

2.1 Strain rate-shear stress law

We define the Frobenius inner product such that, for all 7 = (7;;)1<i,j<a and 7 = (17;j)1<i,j<a in Réxd
T = Z?j:] 7;;1:j> and we denote by |T|4xqs = VT : T the corresponding norm.

Assumption 1 (Strain rate-shear stress law). Let a real number r € (1, +c0) be fixed, denote by r’ :=
-5 € (1, +00) the conjugate exponent of r, and define the singular exponent of r by

r° := min(r, 2) € (1, 2]. 2

The strain rate-shear stress law satisfies
a(x,0) = 0 for almost every x € Q, (3a)
o QxR 5 R js measurable. (3b)

Moreover, there exist real numbers oge € [0, +00) and oy, Osm € (0, +00) such that, for all 7,7 € fo"
and almost every x € Q, we have the Holder continuity property

r=r°
r-r_ °_]
(. T) = (% g S Ohe (0 + [T lgug + M) 7 17 = gy (3¢)

and the strong monotonicity property

(o(x,7)=0o(en): (T -n) (0 + T, + Inlfixd)% > ot - llg " (3d)
Some remarks are in order.
Remark 1 (Residual shear stress). Assumption (3a) can be relaxed by taking o°(-, 0) € L' (Q, R9*9), This
modification requires only minor changes in the analysis, not detailed for the sake of conciseness.
Remark 2 (Singular exponent). Inequalities (3¢)—(3d) can be proved starting from the following as-

sumptions, which correspond to the conditions (71) characterizing an r-power-framed function: For all
T, € Rng with 7 # 5 and almost every x € Q,

L_z
lo(x, 7) = o (X, Plaxa < Ohe (T + 1T + Mlieg) ™ 1T = Nlaxas

r

[S)

(0(x,7) =0 (e, ) : (T =10) 2 T (0 + 1T [g + M) ™ 17 = 0liar
These relations are reminiscent of the ones used in [17] in the context of scalar Leray—Lions problems.
The advantage of assumptions (3¢)-(3d), expressed in terms of the singular index r°, is that they enable a
unified treatment of the cases r < 2 and r > 2 in the proofs of Lemma 15, Theorem 17, Lemma 18, and
Theorem 20 below.



Remark 3 (Relations between the Holder and monotonicity constants). Inequalities (3c) and (3d) give
Osm < Ohe- 4)

Indeed, let 7 € R% be such that |t|4sxg > 0. Using the strong monotonicity (3d) (with n = 0), the
Cauchy—Schwarz inequality, and the Holder continuity (3c) (again with = 0), we infer that

o= o = e
Tom (0 +1Thg) 7 Tl < 0(1) i T <10 TlaxalTlaxa < Ove (04 + 1Tea) 7 1T

lr-2|

) " Letting |T|gxg — +oo gives (4).

almost everywhere in Q. Hence, 22 < (M
Ohe |T|d><d
Example 4 (Carreau—Yasuda fluids). (y, &, a, r)-Carreau—Yasuda fluids, introduced in [44] and later

generalized in [29, Eq. (1.2)], are fluids for which it holds, for almost every x € Q and all T € fo‘l ,

—
o, 7) = ulx) (50 + 7155w, )

where u : Q — [u_, us] is a measurable function with p_, u, € (0, +o0) corresponding to the local
flow consistency index, § € [0, +o0) is the degeneracy parameter, a : Q — [a_,a] is a measurable
function with a_, a, € (0, +c0) expressing the local transition flow behavior index, and r € (1, +o0) is the
flow behavior index. The Carreau—Yasuda law is a generalization of the Carreau law (corresponding to
a_ = a, = 2) that takes into account the different local levels of flow behavior in the fluid. The degenerate
case 6 = 0 corresponds to the power-law model. Non-Newtonian fluids described by constitutive laws
with a (u, 6, a, r)-structure exhibit a different behavior according to the value of r. If r > 2, then the
fluid shows shear thickening behavior and is called dilatant. Examples of dilatant fluids are wet sand and
oobleck. The case r < 2, on the other hand, corresponds to pseudoplastic fluids having shear thinning
behavior, such as blood. Finally, if » = 2, then the fluid is Newtonian and (1) becomes the classical (linear)
Stokes problem. We show in Appendix A that the strain rate-shear stress law (5) is an r-power-framed
function with oge = 6,

[—(4—1)6—1]@—2”l (L—i)ee(r—z)
o e Tifrea po(r =12\ itr<2
Ohec =" ® ©an Osm = [ Lo1\® }
L) - ~(ar—7) “1e-=2-1
mv—nﬁmrwr” ifr>2, %a( ) if r > 2,
where £€9 := max(0,£) and £° := —min(0, &) denote, respectively, the positive and negative parts of a

real number €. As a consequence, it matches Assumption 1.
2.2 Weak formulation

From this point on, we omit both the integration variable and the measure from integrals, as they can be
in all cases inferred from the context. We define the following velocity and pressure spaces embedding,
respectively, the homogeneous boundary condition for the velocity and the zero-average constraint for the
pressure:

U:={vewW"(QRY) :

Visa

=0}, P:ngRy=@eLWgR):Aq=q.

Assuming f € L" (Q, RY), the weak formulation of problem (1) reads: Find (u, p) € U x P such that
a(u,v) + b(v,p) = /Qf -y YveU, (6a)

-b(u,q)=0 Vg € P, (6b)

where the function a : U x U — R and the bilinear form b : U x L" (Q, R) — R are defined such that,
forall v,w € U and all g € L"' (O, R),

a(w,v) = La’(-, Viw) : Vgp, b(v,q) = —/Q(V-v)q. @)

4



Remark 5 (Mass equation). The test space in (6b) can be extended to L”(Q, R) since, for all v € U, the
divergence theorem and the fact that v|,, = 0 yield b(v,1) = - /Q Vv =- fag v-nyo = 0, with ngo
denoting the unit vector normal to Q2 and pointing out of Q.

Remark 6 (Well-posedness and a priori estimates). It can be checked that, under Assumption 1, the
continuous problem (6) admits a unique solution (u, p) € U X P; see, e.g., [29, Section 2.4], where
slightly stronger assumptions are considered. For future use, we also note the following a priori bound
on the velocity:

1
1 —1 2_r° 1 r+l-r°
|u|W1,V(Q’Rd) s (O—Sm”f“Lr,(QRd)) + (O-de r O-Sm”f”Lr’(Q’Rd)) . (8)

To prove (8), use the strong-monotonicity (3d) of o, sum (6a) written for v = u to (6b) written for g = p,
and use the Holder and Korn inequalities to write

r°=2
r 2—p°
Osm (0'56 + ”Vsqur(QRdxd)) ||Vsu||1rj(g,erxd) S a(u,u) = [)f U S ||f||Lr’(Q,Rd)||Vsu||Lr(Q,Rdxd),
that is,
r°-2
. 1-r° -1
N = (0 + 195}, o) IVst I sy € Ol e ©)

2—r°
: r+l-r° : :
Observing that ||Vsu| Lr (@ pdxay S MaX (llVSu |- @ raxa), O'de) N, we obtain, enumerating the cases

for the maximum and summing the corresponding bounds, ||Vsu || rqraxa) S N = (a'ge_’oN ) el
Combining this inequality with (9) gives (8).

3 Discrete setting

In this section, we recall the notion of polyhedral mesh along with the definitions and properties of
L?-orthogonal projectors on local and broken polynomial spaces. Then, after introducing the spaces
of discrete unknowns for the velocity and the pressure, we prove a discrete Korn inequality, define the
discrete counterparts of the function a and of the bilinear form b, and formulate the HHO scheme.

3.1 Mesh and notation for inequalities up to a multiplicative constant

We define a mesh as a couple My, := (7, F1,), where 7}, is a finite collection of polyhedral elements
T such that 7 = maxreg, hr with h7 denoting the diameter of T, while ¥, is a finite collection of
planar faces F with diameter hr. Notice that, here and in what follows, we use the three-dimensional
nomenclature also when d = 2, i.e., we speak of polyhedra and faces rather than polygons and edges. It is
assumed henceforth that the mesh M), matches the geometrical requirements detailed in [19, Definition
1.7]. In order to have the boundedness property (13) for the interpolator, we additionally assume that
the mesh elements are star-shaped with respect to every point of a ball of radius uniformly comparable
to the element diameter; see [19, Lemma 7.12] for the Hilbertian case. Boundary faces lying on €2 and
internal faces contained in Q are collected in the sets ?;lb and F;., respectively. For every mesh element
T € 9, we denote by 77 the subset of ¥, containing the faces that lie on the boundary 0T of T. For
every face F' € ¥, we denote by 7 the subset of 7j, containing the one (if F € 7"hb) or two (if F € 7:2)
elements on whose boundary F' lies. For each mesh element 7' € 7, and face F' € ¥r, nrr denotes the
(constant) unit vector normal to F pointing out of 7.

Our focus is on the h-convergence analysis, so we consider a sequence of refined meshes that is
regular in the sense of [19, Definition 1.9] with regularity parameter uniformly bounded away from zero.
The mesh regularity assumption implies, in particular, that the diameter of a mesh element and those of
its faces are comparable uniformly in 4 and that the number of faces of one element is bounded above by
an integer independent of /.

To avoid the proliferation of generic constants, we write henceforth a < b (resp., a = b) for the
inequality a < Cb (resp., a = Cb) with real number C > 0 independent of 4, of the constants oge, e, Tsm



in Assumption 1, and, for local inequalities, of the mesh element or face on which the inequality holds.
We also write a ~ b to mean a < b and b < a. The dependencies of the hidden constants are further
specified when needed.

3.2 Projectors and broken spaces

Given X € 7, U 77, and [ € N, we denote by P/(X, R) the space spanned by the restriction to X of scalar-
valued, d-variate polynomials of total degree < I. The local L?-orthogonal projector ﬂé( : LY(X,R) —
P!(X,R) is defined such that, for all v € L' (X, R),

/(ng(v -vw=0  VweP(X,R). (10)
X

When applied to vector-valued fields in L'(X, R?) (resp., tensor-valued fields in L'(X, R9*9)), the L>-
orthogonal projector mapping on P!(X, R?) (resp., P!(X, R?*?)) acts component-wise and is denoted in
boldface font. Let T € 7y, n € [0,1 + 1] and m € [0, n]. The following (n, r, m)-approximation properties
of 7rlT hold: For any v € W' (T, R),

|V - ﬂ'éwvlwm,r(T’R) < h?_mlvlwn,r(T,R). (11&)

The above property will also be used in what follows with r replaced by its conjugate exponent r’. If,
additionally, n > 1, we have the following (n, r’)-trace approximation property:

1
n—-y
v - ”lTV”Lr’(aT,R) < hy " lwnr o gy (11b)

The hidden constants in (11) are independent of 4 and 7', but possibly depend on d, the mesh regularity
parameter, [, n, and r. The approximation properties (11) are proved for integer n and m in [18, Appendix
A.2] (see also [19, Theorem 1.45]), and can be extended to non-integer vales using standard interpolation
techniques (see, e.g., [36, Theorem 5.1]).

At the global level, for a given integer [ > 0, we define the broken polynomial space P!(7j, R) spanned
by functions in L'(Q, R) whose restriction to each mesh element T € 7, lies in P/(T, R), and we define the
global L?-orthogonal projector n;l : L' (Q R) — P!(75,,R) such that, forall v € L'(Q,R) and all T € 7y,

(ﬂ;lv)h = 7Z'lTV|T.
Broken polynomial spaces are subspaces of the broken Sobolev spaces
W™ (T R) = {v € L"(QR) : v, € W"(T,R) VT € Ty} .

We define the broken gradient operator Vj, : Wh1(7,, R) — L'(Q, R?) such that, for all v € Wh!(7;, R)
and all T € Ty, (Vy,v) = Vv|,.. We define similarly the broken gradient acting on vector fields along
with its symmetric part Vj,, as well as the broken divergence operator V- acting on tensor fields. The
global L?-orthogonal projector 7’2 mapping vector-valued fields in L'(Q, R9) (resp., tensor-valued fields
in L'(Q, R¥4)) on P!(7,, RY) (resp., P{(T;, R¥*?)) is obtained applying n;l component-wise.

3.3 Discrete spaces and norms

Let an integer £ > 1 be fixed. The HHO space of discrete velocity unknowns is
Q;‘l = {Kh =(vr)res,, VF)Fes,) VT € Pk(T,Rd) VT € 9, and v € Pk(F,Rd) VF € 7‘71}

The interpolation operator I' ﬁ : WHQRY) - U ’;l maps a function v € Wh!(Q R¥) on the vector of
discrete unknowns I' ];lv defined as follows:

k., . k k
th = ((ﬂTV|T)TE7;la (71'FV|F )Fe?‘h)'



For all T € 7, we denote by U: § and I ]} the restrictions of I fl and U’ fl to T, respectively and, for all
v,elU };Z, welet v, == (vr,(VF)res) € U '; denote the vector collecting the discrete unknowns attached
to T and its faces. Furthermore, for all v, € U%, we define the broken polynomial field v, € PX(7j, RY)
obtained patching element unknowns, that is,

(Vh)\r =vr VT e 7;1

We define on U ﬁ the W7 (Q, RY)-like seminorm |||, such that, for all y , €U ﬁ,

1
HK},HS,r,h = (Z HKT”;,r,T) (123)

TeT,
1

with “KT”&‘,r,T = ||VSVT||Zr(T’Rd><d) + Z h;‘_r”vF - vTHZr(F,R")) forall T € 7;1 (12b)
Fefr

The following boundedness property for I '} can be proved adapting the arguments of [19, Proposition 6.24]
and requires the star-shaped assumption on the mesh elements: For all T € 7, and all v € W' (T, R9),

152 llerr < Pl may, 4

where the hidden constant depends only on d, the mesh regularity parameter, r, and k.
The discrete velocity and pressure are sought in the following spaces, which embed, respectively, the
homogeneous boundary condition for the velocity and the zero-average constraint for the pressure:

Uso=1{vy = (D)res. Vr)Fer,) €Uy : ve =0 VFe R}, Pi=PT.R)NP.

By the discrete Korn inequality proved in Lemma 8 below, ||||s,.» is a norm on U i o (the proof is obtained
reasoning as in [19, Corollary 2.16]).

3.4 Discrete Korn inequality

We prove in this section a discrete counterpart of the following Korn inequality (see [27, Theorem 1]):
Forallv e U.

IVllwrr@ray S IVsvllLr@raxa). (14)
We start by recalling a few preliminary results. The first concerns inequalities between sums of powers,
and will be often used in what follows without necessarily recalling this fact explicitly each time. Let an
integer n > 1 and a real number m € (0, +o0) be given. Then, for all ay, . . ., a, € (0, +o0), we have

n n m n
- (m=1)° Z a;n < (Z ai) < pm=1° Z a:-". 15)

i=1 i=1 i=1
If m = 1, then (15) holds with the equal sign. If m < 1, [43, Egs. (5) and (3)] with @ = 1 and 8 = m give
! Zipalt < (X, a;)" < i, a . If, on the other hand, m > 1, [43, Egs. (3) and (5)] with @ = m
and B =1give X1, a™ < (X1, a;)" < n™ ' ¥, a™. Gathering the above cases yields (15).

The second preliminary result concerns the node-averaging interpolator. Let T; be a matching
simplicial submesh of M, in the sense of [19, Definition 1.8]. The node-averaging operator I ];V’h :
P (77, RY) — PX(Tp,, RY) n W (Q RY) is such that, for all v, € PX(7;, R?) and all Lagrange node V of
T, denoting by Ty the set of simplices sharing V,

Cardtiv) ZT€ZV v]’l|.,- (V) lf V € Q,

I* vi)(V) =
Tas?1)V) {0 if Ve Q.

Forall F € 7—"hi, denote by T1, T, € 7;, the elements sharing F, taken in an arbitrary but fixed order. We
define the jump operator such that, for any function v € Wh(7;,R9), [v]F := (v|Tl e — (v |T2)|F. This
definition is extended to boundary faces F € ﬁb by setting [v]F = v,.



Proposition 7 (Boundedness of the node-averaging operator). For all v;, € P*(7,,R%), it holds

|Vh - I’;V,hvhlcvl,r(r];l’Rd) < Z h}?_r“[vh]FHZr(F,Rd)’ (16)
Fefy

Proof. Combining [19, Eq. (4.13)] (which corresponds to (16) for r = 2) with the local Lebesgue
embeddings of [19, Lemma 1.25] (see also [18, Lemma 5.1]) gives, for any T € 7j,,

(LT (RN (- S S 78 P [, (17)
FEY:’V,T

where F 1 collects the faces whose closure has non-empty intersection with T. Using the local inverse
inequality of [19, Lemma 1.28] (see also [18, Eq. (A.1)]) we can write

X - k
Vi — Iav,hvhlcw,r(ﬁ,Rd) S Z hTr”vh _Iav,hvh”rr(T,Rd)
TeT,
1-
< Z Z he " NRlF L, pay
TeT, Fefy T
1-
< Z Z he " NRlE L, pay
Fef,TeTy,
1—-
< max card(7y F) Z hg r||[Vh]F||1rj(F R4y
Fery, ’
FeFy

where we have used the fact that ;" < h}" along with inequality (17) to pass to the second line, and
we have exchanged the sums after setting 79, r = {T €T FNT # (Z)} for all F € 9}, to pass to the
third line. Observing that maxres;, card(7y,F) < 1 (since, for any F € %, card(7+, ) is bounded by
the left-hand side of [19, Eq. (4.23)] written for any T € 7, to which F belongs), (16) follows. O

. . . k
Lemma 8. (Discrete Korn inequality) We have, for allv, € U, ,
||vh||£r(QRd) + |Vh|€V1,r(7;“Rd) < ”Kh”:;’r’h' (18)
Proof. Lety, € U ’;170. Using a triangle inequality followed by (15), we can write

< |IX

k
aV,hvhl";Vlvr(ﬁ,]Rd) + |vh - Iav,hvhl

[val, g
WLr (7,,R9) WLr (7,,R4)

k k
s ”VS(IaV’hvh)”IrJr(QRdXd) + |Vh - Iav,hthV]"’(’]]“l,Rd)
k
< ”Vs,hvhHZr(Q’Rdxd) + |Vh - IaV,hth)Vlsr(‘ﬁ,,Rd)

1-
< ”Vs,hvhHZr(QRdxd) + Z hF r”[vh]FH;/(F,Rd)’
FeF,

where we have used the continuous Korn inequality (14) to pass to the second line, we have inserted
+V, vy, into the first norm and used a triangle inequality followed by (15) to pass to the third line, and
we have invoked the bound (16) to conclude. Observing that, for any F € %, |[valr| < Xreq. [VF —vT]
by a triangle inequality, and using (15), we can continue writing

1_
Whliyr i may < UVsmnll, g paxay ¥ D0 D B e =vr oy = 12,15,
FeF, TeTF

where we have exchanged the sums over faces and elements and recalled definition (12a) to conclude.
This proves the bound for the second term in the left-hand side of (18). Combining this result with the
global discrete Sobolev embeddings of [18, Proposition 5.4] yields the bound for the first term in (18). O



3.5 Viscous term
3.5.1 Local symmetric gradient reconstruction

For all T € 7y, we define the local symmetric gradient reconstruction GiT : g; — PX(T,R¥4) such
that, for all y,. € Q’},

/G’;TKT :T:/VSvT T+ Z /(vF—vT)-(TnTF) v € PK(T, R, (19)
T T FeFr F

This symmetric gradient reconstruction, originally introduced in [13, Section 4.2], is designed so that the
following relation holds (see, e.g., [14, Proposition 5] or [19, Section 7.2.5]): For all v € WI’I(T, Rd),

GLr(Ipv) = mh (Vo). (20)

The global symmetric gradient reconstruction G’S< U ’;l — PK(75,, R%*4) is obtained patching the local
contributions, that is, for all v, € U’ ’]j

(GL v =Glpyy VT €T, 1)

3.5.2 Discrete viscous function

The discrete counterpart of the function a defined by (7) is the function a;, : U fl xU ’;l — R such that, for
ally,,w, € Q;‘l,

ah(ﬂh’ Kh) = / o, G]sihﬁh) : G]sc,hlh + Vsh(ﬁh’zh)' (22)
Q
In the above definition, recalling (4), y is a stabilization parameter such that

Y € [osm> Oncls 23)
while the stabilization function sy, : U ’,i xU ﬁ — Riis such that, forally,,w, € U ﬁ,
sn(W,v,) = D st(wy,vy), (24)
TeT,
where the local contributions are assumed to satisfy the following assumption.

Assumption 2 (Local stabilization function). For all T € 97, the local stabilization function sy :
Q’; X g’; — R is linear in its second argument and satisfies the following properties, with hidden
constants independent of both 4 and 7"

(S1) Stability and boundedness. Recalling the definition (12b) of the local ||-||¢, - 7-seminorm, for all
vy € Q,’} it holds:

1G v 11 gty + 5707 27) = gL (252)
; ; k+1 d k
(S2) Polynomial consistency. For all w € P**/(T,R¢) and all y. € U7,

stIyw,vy) = 0. (25b)

(S3) Holder continuity. For all u,, v, ,w, € Q’}, it holds, setting e, := u, — w,,

o

r=r? o=t 1
IsT(wp,vy) = st (W vp)| S (s7(ug wy) + s7(Wp W) 7 srlep,ep) 7 sp(vp,vp)*.  (250)

(S4) Strong monotonicity. For all u,,w, € g; , it holds, setting again e, = u, —w,,

r+2-r°

(ST(ET’ ET) - ST(KT’ ET)) (ST(ET’ ET) + ST(KT’ KT))¥ 2 ST(ET’ ET) o (25d)

9



Remark 9 (Comparison with the linear case). If r = 2, sy can be any symmetric bilinear form satisfying
(S1)—(S2). Indeed, property (S3) coincides in this case with the Cauchy—Schwarz inequality, while, by
linearity of sr, property (S4) holds with the equal sign.

Lemma 10 (Consistency of sy). For any T € Ty, and any st satisfying Assumption 2, it holds, for all
w € WK2r(T,R?) and all v, € U,
k+1)(r°—1 e o
Isr(@w, v)l < AWl L Wl a2 e (26)

where the hidden constant is independent of h, T, and w.

Proof. The proof adapts the arguments of [19, Propositon 2.14]. Using the polynomial consistency
property (S2), we can write

st (8w, vl = [sr(TEw,v,) - ST(I K@k w), v,

k+1

< sp(Lw, Low) 5= sy (15 (w - nk+1w> 15w — 75 ) T sp (v v) 7

k+1
< I WII,S,TIII w =2 WL T lvrler

k+1 °
|w|W1 r(T Rd)lw - 7T - wl()vl,r(T’Rd)“KTllS,r,T
< h(k+])(r Dy

°—1
W1 r(T R4) |W ":V]”Z’r(T,Rd) ”KT ||8,r,T7

where we have used the Holder continuity (S3) and observed that, by the consistency property (S2),
st(I7 k (71"'“rl w), IX (71"“rl w)) = 0 to pass to the second line, we have used the boundedness property (S1)
to pass to the third line, the boundedness (13) of I ’; to pass to the fourth line, and the (k + 2,7, 1)-
approximation property (11a) of ﬂ’}” to conclude. O

In what follows, we will need generalized versions of the continuous and discrete Holder inequalities,
recalled hereafter for the sake of convenience. Let X ¢ R? be measurable, n € N*, and let ¢, Plr---sPn €
(0, +00] be such that 37, pl, = % The continuous (¢; py, ..., pn)-Holder inequality reads: For any
(fi’ R fn) € ><:'1:] Lpi (X9 R)a

n
< l—[ I fillLPi (x,R)- 27)

L'(X,R) i=1

1
Let m € N*. Forall f : {l,...,m} — R and all ¢ € [1,+c0), setting || fll; = (X7, [f()I9)7,
and || f|leo = maxi<i<m |f()|, the discrete (¢; p1,. .., pn)-Holder inequality reads: For any fi,..., f, :
{1,...,m} - R,

< [ [0 (28)

Proposition 11 (Properties of s;,). Let s;, be given by (24) with, for all T € Ty, st satisfying Assumption
2. Then it holds, for all v, € UF,

k
1G24 17 ey + 560423 = 2411, (292)

k ~ o
Furthermore, for all u,,v,,w, € U, it holds, setting e, ‘= u, —w,,

o

52ty 2) = 500000, S (50 1)) + 5500, w,)) 7 sh<eh,gh>%h<zh, ", (29b)
(Sn(ty €)= 5n Wy ) (502 2,) + 55003 ,)) 7 2 sl €)= (29¢)

Finally, for any w € U N WK% (7, RY), it holds
sup  su(w.vy) s RS o Wi g gy (30)

Kh GQZ,O’ “Kh ||8,r,h 1

Above, the hidden constants are independent of h and of the arguments of sp,.

10



Proof. For the sake of conciseness, we only sketch the proof and leave the details to the reader. Summing
(25a) over T € 7, immediately yields (29a). The Holder continuity property (29b) follows applying
to the quantity in the left-hand side triangle inequalities, using (25¢), and concluding with a discrete
(1; 7%=, 75—, r)-Holder inequality. Moving to (29¢), starting from |[s(e,,, €,,)|, we use (25d) and apply a
discrete (1; - erzrf L +2r_r ")-Hélder inequality to conclude. Finally, to prove (30) we start from s, (I I,‘lw, v
expand this quantity according to (24) use, forall T € 7y, the local consistency property (26) together with

hr < h, invoke the discrete (1; ——,')-Holder inequality, and pass to the supremum to conclude. O

> r— r°’ r
3.5.3 An example of viscous stabilization function

Taking inspiration from the scalar case (cf., e.g., [18, Eq. (4.11c¢)]), a local stabilization function that
matches Assumption 2 can be obtained setting, for all v, w,. € U 5,

st(Wy, V) :=-/a |AkTWT|r 2AaTwT ASTKT’ €20

where, denoting by P¥ (77, R?) the space of vector-valued broken polynomials of total degree < k on 7,
the boundary residual operator A’(;T U ’; — PK(F7,RY) is such that, for all v eU ;

1
(AI,;TKT)IF = h," (n’}(r’}“vT - Vvp) - n’}(r?’lvT - vT)) VF € Fr,

with velocity reconstruction r';” : U ; — P**I(T, R?) such that

(Vori v, = GErp) : Vaw =0 Yw e PMI(T,RY),

k+1 k+1
'/TrT KT:'/TVT,and/TVSSrT Vr = /(VF®nTF—nTF®vF)

F'f

Above, Vg denotes the skew-symmetric part of the gradient operator V applied to vector fields and ® is
the tensor product such that, forall x = (x;)1<i<qandy = (¥;)1<i<¢ inR4, x®y = (Xiyj)h<ij<d € Rxd

Lemma 12 (Stabilization function (31)). The local stabilization function defined by (31) satisfies As-
sumption 2.

Proof. The proof of (S1) for r = 2 is given in [13, Eq. (25)]. The result can be generalized to r # 2
using the same arguments of [18, Lemma 5.2]. Property (S2) is an immediate consequence of the fact
that AST 04 ?w) = 0 for any w € P**1(T, R9), which can be proved reasoning as in [19, Proposition 2.6].

Let us prove (S3). First, we remark that, since the function @ — a” 2 verifies the conditions in (70b),
we can apply Theorem 22 to infer that the function R? 3 x — |x|"2x satisfies for all x, y € R?,

|r—2x |r -2

|lx y| < (Il +1y1") 7 Ix yI© (32)

(122 = [y2y) - (x = p)(Ixl + Iy[7) 7 2 [x =y 2" (32b)

Recalling (31), we can write

- k 20k k
!ST(ET’KT)—ST(KT’KT)|SL [T G G |A3T£T|r Abrwr| IAS v, ]
T

k k r °—1
< [ (18t + 86 ) e 8
T

o

r=r® ro-1 1
< (ST(ET’ET)‘FST(EPET)) " ST(EPET) r ST(KT’KT)V’

where we have used (32a) to pass to the second line and the (1; -, )-Holder inequality to conclude.

> r— r°’r
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Moving to (S4), (32b) and the (1; Z2=1 ”3—”0)—Hélder inequality yield

2—r°
S]~(f&r7f§T)
_ k k r
= / |Asrtty — Agrwrl
or

_—r
r+2-r°

2-r°
k r k 7\ r+2-r® k =2k X Ak ‘
s ./aT (lAaTETl * |Agriyl ) [(lA@TETl Asrir = [Agr Wyl AaTKT) | AarET]

<]

_2-r° _r
< (sr(up, up) +sr(Wp, wp)) 727 (sp(ug, e5) —sr(wp,e;)) ™" . O

3.6 Pressure-velocity coupling

For all T € 7, we define the local divergence reconstruction D; : U ’} — PX(T,R) by setting, for all
vy el ’;, D? Vp = tr(G’Sf r¥r)- We have the following characterization of D’;: Forally, € U: ’;,

/D’;KT q= /(v-vT) g+ ). /(vF ~vr)-nrpq  ¥qePNT,R), (33)
T T F

FeFr

as can be checked writing (19) for T = gl;. Taking the trace of (20), it is inferred that, for all T € 7;, and
ally € WhI(T, R9), D’;(L ’;v) = n;f(V-v). The pressure-velocity coupling is realized by the bilinear form
by : g’;l x P¥(7,, R) — R such that, for all (v),»an) € Q,’; x P75, R), setting gr = (qn)), forall T € 7y,

bu(v. qn) = - Z ‘/T Div, gr. (34)

TeT,

3.7 Discrete problem

The discrete problem reads: Find (u,, pn) € U ];1,0 X P,’; such that

an(uy,, v),) +bu(vy, p) = / v Yy, eUs, (35a)
Q
~bn (. qn) = 0 Vi, € Py. (35b)

Before proceding, some remarks are in order.

Remark 13 (Discrete mass equation). The space of test functions in (35b) can be extended to P*(7,R)
since, forally, € U I;L,o’ the divergence theorem together with the fact that vy = 0 for all F € 7—’hb and

ZTGTF /F vrp-nrp =0forall F € 7-‘hl yield

bh(Kh,1)=—Z Z /FVF'nTF=—Z Z/FVF-nTF=O.

TeT;, FeFr Fe?}lTG(ﬁF

Remark 14 (Efficient implementation). When solving the system of nonlinear algebraic equations cor-
responding to (35) by a first-order (e.g., Newton) algorithm, all element-based velocity unknowns and
all but one pressure unknown per element can be locally eliminated at each iteration by computing the
corresponding Schur complement element-wise. As all the computations are local, this procedure is an
embarrassingly parallel task which can fully benefit from multi-thread and multi-processor architectures.
This implementation strategy has been described for the linear Stokes problem in [21, Section 6.2]. After
further eliminating the boundary unknowns by strongly enforcing the boundary condition (1c), we end

up solving, at each iteration of the nonlinear solver, a linear system of size dcard(?'hi)(k 2‘_111) + card(7y).

12



4 Well-posedness

In this section, after studying the stability properties of the viscous function a; and of the velocity-pressure
coupling bilinear form by, we prove the well-posedness of problem (35).

4.1 Holder continuity and strong monotonicity of the viscous function

Lemma 15 (Holder continuity and strong monotonicity of aj). For all w,,v,,w, € U ﬁ setting e, ‘=
u,—w,, it holds

r—r°
r °_
lan (. v,) — an(w,, v,)| S Ohe (056 +luyll ., + ||m,,||;,r,h) leulls - nllvlle.rns (36a)
2-r°
r 2_ °
(a0 0ty €)= a0 €)) (e + iy I+ 1 5,0) % mlle 15577 (36b)

Proof. (i) Holder continuity. Denote by |Q|; the measure of Q. Using a Cauchy—Schwarz inequality
followed by the Holder continuity (3¢) of o, we can write

’/g (o (. G’;hgh) - o(, G'sihmh)) .G

r-r°
r

k o1 gk
le,h£h|Zl><d |Gs,h2h|d><d

= (37

k k
< Ohe /Q (O-ge +Gglisa + GG, Wy, |:i><d)

k
< he (190, + 1GE ara)

k
_h||£r(Q’Rd><d) + ||Gs,hﬁh”£r

k °—1 k
X HGs,hghl ZF(Q’Rchl)llGS’hKh“LV(QRdxd)

r-r°
r

°—1
eIz rn 12l r, s

< he (e + a1+ 1wy 15,
where we have used the (1; 5%, 2=, r)-Holder inequality (27) in the second bound and the global
seminorm equivalence (29a) together with the fact that |Q|; < 1 (since Q is bounded) to conclude. For
the stabilization term, combining the Holder continuity (29b) of s;, and the seminorm equivalence (29a)
readily gives

o
r—r

7

°—1
||£h||;,r,h||zh”s,r,h, (38)

|Sh(£ha Kh) - Sh(mh’ Kh)' s (O-(;e + ”Eh”::,r,h + ”mhng,r,h)
where we have additionally noticed that o7y, > 0 to add this term to the quantity inside parentheses. Using
the definition (22) of ay, a triangle inequality followed by (37) and (38), and recalling that y < oy (cf.
(23)), (36a) follows.

(ii) Strong monotonicity. Using the strong monotonicity (3d) of o~ and the (1; ’+2r0’ , r+2r"° )-Holder
inequality (27), we get

o IG eI

(Q’Rdxd)
- Gk . Gt .\ Gk G o
= /g e G 1, | ika + GG W a o(.Ggpuy,) —o(, shwh) €
2;r°
k k r+2-r
S (0-(;6 + ”Gs’hzhllrr(g,]&dxd) + ”Gs’hmhnrr(Q’Rdxd)) (39)
=
x(/Q(O'(-,G‘ u,) - o(,GEw,)) - GE h)
20 =
< (g g+ )™ ([ (oG - o6 ) s 6 )

13



where the conclusion follows from the global seminorm equivalence (29a). Additionally, using the strong
monotonicity (29c¢) of s, together with the fact that oy, <y (cf. (23)) and invoking again the seminorm
equivalence (29a), we readily obtain

2-r°

+2-r° —
O'srrﬁ2 " Sh(eha h) < (O-de + ”uh” ern T ||mh||£,h) o ('}’Sh(ﬂhvﬁh) - '}’Sh(mhaﬁh)) Tt (40)

Finally, combining again the norm equivalence (29a) with (39) and (40), and using (15) yields

720 r_
O el = (4 Ny g+ 1170 ) 7 (o) = a0 ,)) 7

Raising this inequality to the power "Zr‘ro yields (36b). O
4.2 Stability of the pressure-velocity coupling
Lemma 16 (Inf-sup stability of by,). It holds, for all g, € P¥,

lgnllLr @r) S sup bn(vy,s qn); (41)

Kh EQIZ’()’ ”Kh ”8,1‘,’1:1
with hidden constant depending only on d, k, r, Q, and the mesh regularity parameter.

Proof. The proof follows the classical Fortin argument (cf., e.g., [9, Section 8.4]), adapted here to
the non-Hilbertian setting: we first prove that I’ fl is a Fortin operator, then combine this fact with the
continuous inf-sup condition.

(i) Fortin operator. We need to prove that the following properties hold for any v € W7 (Q RY):

WL vlls,rn < 1Py ra), (42a)
bu(L}v, qn) = b(v,qn)  Vau € PX(T,R). (42b)

Property (42a) is obtained by raising both sides of (13) to the power r, summing over T € 7, then taking
the rth root of the resulting inequality. The proof of (42b) is given, e.g., in [19, Lemma 8.12].

(ii) Inf-sup condition on by. Let q € P,’j and set ¢, = fQ lgn|” "2qn. Using a triangle inequality, the
Holder inequality, and the fact that |Q|; < 1, we get

lNanl”2an = cnlleri@ry < lanly ol + lenllQf] < (4 190 lanl 7y 5, < lanllf ol e (43)

where we have used the fact that |cj,| < |Q| along Wlth + + 5 = 1 in the second bound

ol s,
and the fact that |Q|; < 1 to conclude. Since gj, € L (, R), bound (43) 1mphes that |gn|” ‘th -y €
Ly(QR) = {q e L"(QR): fg q= 0} by construction. Thus, using the surjectivity of the continuous
divergence operator V- : U — L(r) (&, R), (c.f. [25] and also [10, Theorem 1]), we infer that there exists
vy, € U such that

~Vovg, =lanl” Zan—cn and vy, lwirqra) < llgnl” >an = cnllLr@r)- (44)

Denote by $ the supremum in (41). Using the fact that g, has zero mean value over €, the equality in
(44) together with the definition (7) of b, and the second Fortin property (42b), we have

lgnll? o= | (lgnl” qn = cn)an = b g, an) = b v an) < SV, llern < Sllgnll? 7L -
L @QR) " J, L™ (QR)

where, to conclude, we have used (42a) followed by (44) and (43). Simplifying yields (41). O
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4.3 Well-posedness

We are now ready to prove the main result of this section.

Theorem 17 (Well-posedness). There exists a unique solution (u,,pn) € U ]Z 0 X P;f to the discrete
problem (35). Additionally, the following a priori bounds hold:

1
-1 =1 2-r° _—1 +1-r°
e < (Tl e aza) ™ + (03 ool qzn) ™ (452)

r°—1
- =2|(r°-1 - r+l-r°
Ipnllr om S Ohe | T llf I ray + op 2 (oo Il opa . (45b)
(QR) ( ) ( )

Proof. (i) Existence. Denote by P];?* the dual space of P§ and let By, : U} , — Pﬁ’* be such that, for all
N .
vy €U
(BnYy» qn) = =bu(v;, qn) Van € Py.
Here and in what follows, (-, -) denotes the appropriate duality pairing as inferred from its arguments.
Define the following subspace of U ﬁ o spanned by vectors of discrete unknowns with zero discrete
divergence:

Efl := Ker(By,) = {Kh € Q/'i,o :bp(vy,qn) =0 Vg € P,';} (46)

and consider the following problem: Find u, € E’h‘ such that

an(ty.v,) = /Q Fovn v, e Wk 47)

Existence of a solution to this problem for a fixed 4 can be proved adapting the arguments of [18, Theorem
4.5]. Specifically, equip E’Z with an inner product (-, -)w., (Which need not be further specified), denote
by ||-|lw,» the induced norm, and let @y, : Eﬁ — Efl be such that, for all w, € E';l, (@r(w),).v,)w.n =
ap(w,,v,) forall y, € Eﬁ The strong monotonicity (36b) of aj yields, for any v, € Ei such that
vy llerhn = Odes

r-2 2—p°
(q)h(zh)’zh)w,h e Usm(o'ge + ”Kh”::,r,h) r “Kh”:;;,hr 2 Usm”KhH;,r,h 2 Cro'sm”Kh”;V,ha

where C denotes the constant (possibly depending on %) in the equivalence of the norms ||-||g -, and
II-llw.» (which holds since EZ is finite-dimensional). This shows that ®;, is coercive hence, by [16,
Theorem 3.3], surjective. Let now w, € Eﬁ be such that (w,, v, )w,n = fgf vy forally, € Kfl By
the surjectivity of @y, there exists u, € Eﬁ such that ®;(u,,) = w, which, by definition of w, and @,
is a solution to the discrete problem (47).

The proof of existence now continues as in the linear case; see, e.g., [9, Theorem 4.2.1]. Denote by

U 1;13 the dual space of U’ ’;l o and consider the linear mapping ¢, € U’ flg such that, for all y, € U’ i 0’

Cnvy,) = '/Qf Vi —ap(uy, v,)

Thanks to (47), £, vanishes identically for every y, € Eﬁ that is to say, ¢}, lies in the polar space of E’Z
which, denoting by B, : P}’: -U ZB the adjoint operator of By, coincides in our case with Im(B;) (see,
e.g., [9, Theorem 4.14]). Hence, ¢}, € Im(BZ), and there exists therefore a pj, € P,’; such that B;“lph ={,.
This means that, for ally, € U’ 1;1,0’

bn (v, pn) = (Bypn.v;,) = {Cn, v),) = /Qf Vi = an(U,, )
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i.e., the (u e pn) satisfies the discrete momentum equation (35a). On the other hand, since u n € Ez, we
also have, by the definition (46) of Ek, by (. gn) = 0 for all g, € P}]: , which shows that the discrete
mass equation (35b) is also verified. In conclusion, (u,, p,) € U ]13,0 X P’]j solves (35).

(ii) Uniqueness. We start by proving uniqueness for the velocity. Let (u,, pn), (4, p;) € U ’;1’0 X P;l‘ be
two solutions of (35). Making v, = u, — u; in (35a) written first for (u,,, p,) then for (u,, p;), then
taking the difference and observing that b, (w,, — u;, pn) = bp(u;, — u;, p;) = 0 by (35b), we infer that

ah(ﬂh’ u, - E;,l) - ah(ﬂ;,p u, - E;,) =0.

Thus, the strong monotonicity (36b) of aj, yields ||u;, —u, |l¢.»,» = 0, which implies u;, = u; since ||-[l¢,r,x
is anorm on U’ ];l o- Moreover, using the inf-sup stability (41) of b, and (35a) written first for u, then for
u,, we get

lpn _p]’1||Lr/(Q,R) < sup bh(Kh,Ph - P;L)

YL GQ;(,,O, ”Kh lle,r.n=1

= sup (ah(g;l, Kh) - ah(ﬂh’ Kh)) =0,
Yu Egﬁ,oy “Kh ”s,r,h:]

hence p, = p},.

(iii) A priori estimates. Using the strong monotonicity (36b) of a;, (with w, = 0), equation (35a) together
with (35b), and the Holder inequality together with the discrete Korn inequality (14), we obtain

r°-2
20
(0 + N2, ) T My 12727 < an(ay ) = / Fown < Wf izl @9)
Q

We then conclude as in the continuous case to infer (45a) (see Remark 6). To prove the bound (45b) on
the pressure, we use the inf-sup stability (41) of by, to write

||Ph||Lr’(QR) S sup bn(vy, Ph)

Yu egz’o, ”Kh ”e,r,hzl

= sup (/Qf Vp = ah(gh,zh))

Yn eglfl,ov “Kh ||€,r,h =1

r-r® °o_1
< 1l sy + ome(@ + iy I )y I

ro-1
1 21(r°=1 -1 +1-r°
S Ot (asmufnu'm,wﬁcriz D (el e arn) )

where we have used the discrete momentum equation (35a) to pass to the second line, the Holder and
discrete Korn (14) inequalities together with the Holder continuity (36a) of a;, to pass to the third line,
and the a priori bound (45a) on the velocity together with = > 1 (see (4)) to conclude. O

Osm

5 Error estimate

In this section, after studying the consistency of the viscous and pressure-velocity coupling terms, we
prove an energy error estimate.
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5.1 Consistency of the viscous function

Lemma 18 (Consistency of a;,). Let w € U N WK*27(7;,, RY) be such that o(-, Vsw) € W (Q RZ*4) N
Wk =D (. R%*d). Define the viscous consistency error linear form E, ,(w; ) : U ;‘l — R such that,
for all v, € gﬁ

Eunwivy) = [ (Tol.Tow) v+ @iy, (49)
Q
Then, under Assumptions I and 2, we have

r—r°
r

. k+1)(r°—1 r r re—1
sup Ean(wiv,) < k1 )[O'hc (Ude + |wlwl,r(QRd)) |wlwk+2,r(77“Rd)
KheglﬁJyHKhHSJyhzl

+ |0-(, sz)lw(kJrl)(rO—l),r’(ﬂ’Rdxd) . (50)

Proof. Letw, = I flw andy, € U fl o- Expanding aj according to its definition (22) in the expression

(49) of &, 1y, inserting + (fQ o, Viw) : Gi"hgh + fQ "IZO'(" Vw) : Gf’hgh), and rearranging, we obtain

Eaun(w;v,) :/(V-o-(-, Vw)) - v+ / 7r’;l0'(-, sz):thKh +/ (0’(-, Viw) — 711;10'(-, sz)) :Gls‘hgh
Q Q ’ Q ’

i T

+ /Q (0. G4,0,) ~ 0 Vo) : Gy, 49540, . (1)

73 Ta

We proceed to estimate the terms in the right-hand side. For the first term, we start by noticing that

> Y [t Ve =0 (52)

TeT, FeFr

as a consequence of the continuity of the normal trace of o (-, Viw) together with the single-valuedness
of v across each interface F € 7‘2 and of the fact that vy = 0 for every boundary face F € Thb. Using
an element by element integration by parts on the first term of 77 along with the definitions (21) of Gf h

and (19) of G’;T, we can write

7I=/(7T£0'(',Vw = B sw) :Vs,hvh

£, ( /F (vF =vr) - (x5 (, Vow)nrr + /F vr - (o vsw>nTF))

TeT, FeFr

= Z Z ‘L(VF —vr)- (n:lﬁa(-, Viw) —o(, sz)) nrr,

TG(]Z Fefr

where we have used the definition (10) of n’,; together with the fact that Vv, € P 1T, ,Rng) C
PK(T,, R9?) to cancel the term in the first line, and we have inserted (52) and rearranged to conclude.
Therefore, applying the Holder inequality together with the bound hr < hp, we infer

1

( Z Z hg " llve - VIl ra) (53)

TeT, FeFr

\\‘_

|7f| < ( Z hTHO-(’ sz) - ”]]("0-('7 VSw)”Z”’(@T,RdXd))
TeT,

< BV D10 ( Vo)l (g a1V lerns
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where the conclusion follows using the ((k + 1)(r° — 1), r’)-trace approximation properties (11b) of 71";
along with A7 < h for the first factor and the definition (12) of the |||, »-norm for the second.
For the second term, we use the Holder inequality and the seminorm equivalence (29a) to write

2] = [l (. Vsw) = who (-, Vow) | L et IGE 2 L o meaxay 5
< BV 0 (Vo) ko 5 paxay 12 e

where the conclusion follows from the ((k + 1)(r° — 1), ’, 0)-approximation properties (11a) of n’} along
with A7 < h for the first factor and the global norm equivalence (29a) for the second.
For the third term, using the Holder inequality and again (29a), we get

7] < o GE ) = (Vw124 o (55)
We estimate the first factor as follows:

k A
”0-(5 Gs,hmh) - 0-(', VsW)HLr’(Q,Rdxd)
r—r°

k v ko °_1
(08 + 16 g + VW lg) 165,18, = VoWl

< Ohe

L (QR)

r-r°
r

k

k A °—1
< one (g, + G IGE 9, = Vowll]

ST r
hmh” r(QRdxd) + ||VSw|| r(QRdxd)) L"(Q]RdXd)

k o1
thr(gz,Rd)) 1), (Vsw) = VoWl )
rfro

r

< he (g + 10,115, + W]

r°—1

|W Wk+2,r(7;“Rd)7

< h(k+1)(r°_1)0-hc (0-56 + |w|;\/l’r(QRd))

where we have used the Holder continuity (3¢) of o in the first bound, the (r'; ==, —=— )-Holder inequality
(27) in the second, the boundedness of Q) along with (29a) and the commutation property (20) of G]Si 5 i

the third, and we have concluded invoking the (k + 1, r, 0)-approximation property (11a) of 71';. Plugging
this estimate into (55), we get

o
r—r

r re-1

k °—
|7§| < h( i 1)O—hc (0'56 + |w|()vl,r(Q,Rd)) |wlwk+2,r(77“Rd)||Kh||8,r,h- (56)

Finally, using the fact that y < oy, together with the consistency (30) of s;, and the norm equivalence
(29a), we obtain for the fourth term

173l < AV Vonelw il o pay Wy g pa 124 lerne (57)
Plug the bounds (53), (54), (56), and (57) into (51) and pass to the supremum to conclude. O

5.2 Consistency of the pressure-velocity coupling bilinear form

Lemma 19 (Consistency of by). Let ¢ € W' (Q R) n WkD"=Dr'(7 R). Let &, 1,(q; ) : Uy — R be
the pressure consistency error linear form such that, for all v, € U i’

Evn(g;vy) i=/Vq'Vh — bp(v,, 15 q). (58)
Q
Then, we have that

sup Eon(@;v,) S BVl oo g gy (59

Yu GQZ,O, ”K}, Hs,r,hzl
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Proof. Lety, € U ﬁ o- Integrating by parts element by element, we can reformulate the first term in the
right-hand side of (58) as follows:

‘/QVCI'Vh=—Z

TeT,

/TCI(V'VT) + Z ‘/F('I(VF -vr)- nTF) , (60)

Fe¥Fr

where the introduction of v ¢ in the boundary term is justified by the fact that the jumps of ¢ vanish across
interfaces by the assumed regularity and that v = 0 on every boundary face F' € 7—;}’. On the other hand,
expanding, for each T € 7y, D’; according to its definition (33), we get

— b ha) = ) ( /T rfq (Vvr)+ ) /F 74 (vF—vT>-nTF). (61)

TeT, FeFr

Summing (60) and (61) and observing that the first terms in parentheses cancel out by the definition (10)
of ni since V-vy € PK"I(T, R) ¢ PX(T,R) for all T € 7, we can write

Eonlq:v,) = Z ( (ns vr) + /(an q)vr —vr) - nTF)
Te7, Fefr
1 1
< (Z thn%q—an,,(aT,R)) (Z > h;-rnvF—vrn,ir(F,Rd))
TeT, TeT, Fefr
< BV gl ke g m 12 oo

where we have used the Holder inequality along with A > hy whenever F' € Fr in the second line and
the ((k + 1)(r° — 1), r’)-trace approximation property (11b) of ﬂ; together with the bound #r < h and the
definition (12) of the ||-||z,,,-norm to conclude. Passing to the supremum yields (59). O

5.3 Error estimate

Theorem 20 (Error estimate). Let (u,p) € U X P and (u,,pn) € Qio X P}; solve (6) and (35),
respectively. Assume the additional regularity u € W2 (7, RY), o (-, Viu) € WH'(Q, Ry N
WkEDE =D (g RIX) and p € WH(Q, R) N W=D (7 R). Then, under Assumptions 1 and 2,

1
w -1 2_y° r+l-r°
), = Ll < BT (N N )™ (62a)
r°-1
k k+D)(ro—1 (k+1)(r° -|)2 r2l(ro—1 _1 P ——
”ph — ﬂhp”L"(Q,R) < h( +1)(r )N + h™ r+1=r° CNf|- I( ) O-smNO',u,p , (62b)
where we have set, for the sake of brevity,
. r r %r r°—1
N(r,u,p L O-hC (O-de + |ulwl,r(QRd)) |u Wk+2”(7;1,Rd)

+ o (-, Vsu)|W(k+1)(r°—1),r'(7;“Rd><d) + |p|W(k+l)(r°—1),r’(r];“R),
1

1
. -1 r=1 2— -1 r+l-r°
Ny = 0w+ (0atllf lona)  + (03 ol @zn) ™ -

Remark 21 (Orders of convergence). From (62), neglecting higher-order terms, we infer asymptotic

W for the velocity and OX, = (ktDir-1)? for the pressure, that is,

k rDG 1)
convergence rates of O, : bre P

Ok

vel —

_ . _ 2 .
B {(k+1)(r D oifr<2 ot - {(k+1)(r 1?2 ifr <2, .

k+l ifr>2, ktl ifr >2.
r—1 r—1

Notice that, owing to the presence of higher-order terms in the right-hand sides of (62), higher convergence
rates may be observed before attaining the asymptotic ones; see Section 6.
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Proof. Let (e, ) = (w, — @,,pn — Pn) € on xPﬁ where &, = LI;,” € Qio and py, = nzp € P;;.

Step 1. Consistency error. Let &, : U ;‘l o — R be the consistency error linear form such that, for all

v, €Upy,
Enw,) = [ F+vn = anllye,) = bu(s, o) (64)
Q
Using in the above expression the fact that f = —V-o (-, Vi) + Vp almost everywhere in Q to write

En(v),) = Ean(u;v,) + Evn(p;v,,), and invoking the consistency properties (50) of aj, and (59) of by, we
obtain
$:= sup En(y) s K VT ONG . (65)

Kh EQZ,O’ “Kh ”E,r,h =1

Step 2. Error estimate for the velocity. Using the strong monotonicity (36b) of a;, we get

2-r°

2-r° -1 N r -
”Eh”;;,hr S Ogm (0-56 + Hﬂhllg,r,h + ”Eh”;,:,r,h) (ah(ﬂh’ Eh) - ah(ﬂh’ Qh)) (66)

< O-S_[&N_fz_r (ah(ﬂh’fh) - ah(ﬁh’gh)) )

where we have used the a priori bound (45a) on the discrete solution along with the boundedness (42a)
of the global interpolator and the a priori bound (8) on the continuous solution to conclude. Using then
the discrete mass equation (35b) along with (42b) (written for v = u) and the continuous mass equation
(6b) to write bh(y;lu, qn) = b(u, qn) = 0, we get by(e,,, gn) = 0 for all g, € P;l‘. Hence, combining this
result with (64) and the discrete momentum equation (35a) (with v, = e, ), we obtain

ah(ﬂh, Eh) - ah(ﬁhaﬁh) = '/Qf c€h — ah(ﬁh, ﬂh) _W = Sh(fh)- (67)
Plugging (67) into (66), we get

2-r° —1 pp2-1°
”gh”;;,hr < O-sme " $||£h”s,r,h~

Simplifying, using (65), and taking the (r + 1 — r°)th root of the resulting inequality yields (62a).

Step 3. Error estimate for the pressure. Using the Holder continuity (36a) of aj, we have, for all
k

v, €U

r—r°
r

r°—1

g vy) — a2, S 00 (0 + Mg+ M) el Ao o

°_

< e N lley I e s

where the first factor is estimated as in (66). Thus, using the inf-sup condition (41), we can write

ll€n “LV'(Q,]R) S sup bu(v,,. €n)
Yn egﬁ’oa ”K]/, IIE,r,hzl
= sup (Sh(zh) + ah(éha Kh) - ah(!h? Kh))
Yu EQZ,W ”Eh ||8,r,h =1 (69)

re—1

S S+ 0meNe ™ llegllg n

°-1

< h(k+l)(r°—l)No_,u’p " h(k+1)(r°—1)20_th)r—2|(r°—1) (O_S_Hleu’p) r+l=r® ’
where we have used the definition (64) of the consistency error together with equation (35a) to pass to

the second line, (68) to pass to the third line (recall that $ denotes here the supremum in the left-hand
side of (65)), and the bounds (65) and (62a) (proved in Step 2) to conclude. O
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Figure 1: Coarsest Cartesian, distorted triangular, and distorted Cartesian mesh used in the numerical
tests of Section 6.

6 Numerical examples

We consider a manufactured solution to problem (1) in order to assess the convergence of the method,
which was implemented within the SpaFEDTe library (cf. https://spafedte.github.io). Specif-
ically, we take Q = (0, 1)? and consider the (1,0, 1, )-Carreau—Yasuda law (5) (corresponding to the
power-law model) with Sobolev exponent r € {1.5,1.75,2,2.25,2.5,2.75}. The exact velocity # and
pressure p are given by, respectively,

u(x,y) = (sin (%) cos (£y) . —cos () sin (53)).  p(x.y) = sin (£) sin (53) - 5.
The volumetric load f and the Dirichlet boundary conditions are inferred from the exact solution. This
solution matches the assumptions required in Theorem 20 for k£ = 1, except the case r = 1.5 for which
o (-, Vsu) ¢ Wb (Q R?). We consider the HHO scheme for k = 1 on three mesh families, namely
Cartesian orthogonal, distorted triangular, and distorted Cartesian; see Figure 1. Overall, the results
are in agreement with the theoretical predictions, and in some cases the expected asymptotic orders of
convergence are exceeded. Specifically, for r # 2, the convergence rates computed on the last refinement
surpass in some cases the theoretical ones. As noticed in Remark 21, this suggests that the asymptotic
order is still not attained. A similar phenomenon has been observed on certain meshes for the p-Laplace
problem; see [17, Section 3.5.2] and [20, Section 3.7].

A Power-framed functions

In the following theorem, we introduce the notion of power-framed function and discuss sufficient
conditions for this property to hold.

Theorem 22 (Power-framed function). Let U be a measurable subset of R" with n > 1, (W, (-, - )w)

an inner product space, and o : U X W — W. Assume that there exists a Carathéodory function
¢ : U X0, +00) — R such that, for all t € W and almost every x € U,

o(x,7)=¢(x, ||tllw)T, (70a)

where ||-||w is the norm induced by (-, -)w. Additionally assume that, for almost every x € U, ¢(x, ) is
differentiable on (0, +00) and there exist ge € [0, +00) and Gsm, She € (0, +00) independent of x such that,
for all a € (0, +0),

2 _ das(x, @) =2

Ssm(Sge + @) 7 < 5o < GhelSge T @) 7. (70b)

Then, o is an r-power-framed function, i.e., for all (t,n) € W? with T # 5 and almost every x € U, the
function o verifies the Holder continuity property

L_Z
lo(x,7) =@, plw < one (0 + lITllyy + lImlly) ™ T = nllw, (71a)

and the strong monotonicity property
d
(0(x,7) =06, )T =My = oam (08 + Ty + nly) 7 NI = nll (71b)
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= -2 for r € {2.25,2.5,2.75}.



WIth Oge ‘= Sdey Ohe = p2-roHrT! R2=r"1r° = 1)L gpe, and oy = pro=r=[rlr=r)] (r+1=r°)"Lggm, where
r° is given by (2) and [-] is the ceiling function.
Remark 23 (Notation). The boldface notation for the elements of W is reminescent of the fact that Theorem

22 is used with W = RfXd in Corollary 24 to characterize the Carreau-Yasuda law as an r-power-framed
function and in Lemma 12 with W = R¢ to study the local stabilization function sz.

Proof of Theorem 22. Let x € U be such that (70) holds, and 7, 7 € W. By symmetry of inequalities (71)
and the fact that o is continuous, we can assume, without loss of generality, that ||T|lw > [|]|lw > O.
(i) Strong monotonicity. Let 8 € (0, +co) and let g : [B, +00) — R be such that, for all @ € [, +0),

2r°7r

r=2 .
g(@) = ag(x, @) - B (x, f) = Cim(Sg. + @ + ") 7 (@ = B), with Cim = ;575 Gom-

Differentiating g and using the first inequality in (70b), we obtain, for all @ € [, +0),
0 r=2 _2 _ r=2
—38(a) > gsm(gge +a") 7 = Cm ((r - 2)(5‘56 +a" +,Br) (o - ﬁ)ar b+ (S‘ge +a" +,Br) "
oa
r=2 ° r=2
= §sm(§£e + ar) o= (}’ +1-r )Csm(gge +a" +:Br) "
> G2 T (ch+ @ + BT =+ 1 =) Gl + " + )T =0,
where, to pass to the second line, we have removed negative contributions if » < 2 and used the fact
that (@ — B)a’ ! < Sge T @ + B if r > 2, to pass to the third line we have used the fact that ¢ 2

is non-increasing if r < 2, and the fact that § < « otherwise, while the conclusion follows from the
definition of Cgy,. This shows that g is non-decreasing. Hence, for all @ € [B, +0), g(a) > g(B) =0, i.e.

a5 (x, @) - Bs(x, B) = Cam(Sh, + @ + )7 (a - ). (72)

Moreover, for all @, 8 € (0, +o0), using (72) (with 8 = 0) along with the fact that t — 2 is decreasing
if » < 2 and inequality (15) if r > 2, we infer that

r=2

() + 65 B) 2 Cun (55 + )7 + (5o + )7 ) 2 Ca2 T F (g w000 )
We conclude that o verifies (71b) by using (72) and (73) with @ = ||T||w and B8 = ||i|lw as follows:

(o(x,7) = (x,n). 7 —Mw
= (r¢(x ITllw) = ns(x, lInllw). T — Mw
= Irllg s, lixliw) + il s Ce, nllw) = (& mw [sGe 11Tlw) + G, linllw)]
= llIrllws e, [I7lw) = llnllw s (. lnllw)] Al llw = li7llw)
+[s(x, lITlw) + sCx [Inllw)] AiTliw linllw = (=, mw)

_|r=r? r=2
> Csm?2 =] (she + IITliy + Imlly) ™ [Aleliw = lInllw)* + 27wl llw = (. )w)]

- r=2
= Csm?2 7 l(§§¢+ Il + nlky) = e =1l

(ii) Holder continuity. Now, setting Cpe = r?‘_cl and reasoning in a similar way as for the proof of (72) to

leverage the second inequality in (70b), we have, for all @ € [, +0),

as(x.@) - Bs(x.B) < Cue (sh +a” +57) T (@ - p). (74)

First, let » > 2. Using (74) (with 8 = 0) and the fact that ¢ — ¢"~2 is non-decreasing, we have, for all
a, B € (0, +0),

r—

r=2 r-212
s(x,a)s(x,B) < CL (sh.+a") ™ (sh+B) " < [Chc (sh +a" + ,Br)T] ) (75)



Thus, using inequalities (74) and (75) with @ = ||7|lw and B8 = ||n||w, we infer

lor(x, ) — o (x, )l
= (r¢(x. [Itlw) — ns(x. lInlw). Ts(x. [ITllw) — ns(x, [Inllw)w
= [lIrllw s, lITlw) = lInllwsCx, Inllw)])?
+2¢(x, [ITllw)s(x, [Inllw) LiTllw ll7lw = (z. mw] (76)

r—c
r

212
< |Che (s + Tl + il ) 7 | [T = )2 + 2(0llw Inllw = (x.m)w)]
ro 2
= [ Che (6% + Iy + il ) 7 Wir = mlw |

hence o verifies (71a) for r > 2. Assume now r < 2. Using a triangle inequality followed by (74) and
the left inequality in (15), it is inferred that
lox,7) - o n)lw < ¢l lITliw)liTliw + ¢Cx, lInllw)linllw
< Che (g + 1737 + (s + il )7 )
< 27 Goe(26%, + 1Tl + i) 7
= 27 o265, + 1Tl + ) 7 25 + Ty + Il )7,
< 27 Chelse + Ity + 1) 26ae + 17w + Iimliw),
where the last line follows from the fact that # > ¢"~2 is decreasing and again (15). If 2¢ge+||7|lw +|7|lw <
227"||t = |lw, from the previous bound we directly get the conclusion, i.e. (71a) with oy, = 22‘”%Chc.
Otherwise, using (15) and a triangle inequality yields
(ke + 17157 (65 + Il )7 2 277 (Gae + 17w )ae + I llw)
= 27240 [ 2gge + [1Tllw + Inllw)? = (el = lalhw)?]
> 27264 [(2gye + Iitllw + lallw)? = Il = nll3] (77
> 272674 0(1 = 472) (264e + T lw + lImllw )
> 275 2 (gh o+ llrlly + lnliy) 7
where we concluded with (15) together with the fact that 2~ ) (1-4772) > 2572, Finally, raising

both sides of (77) to the power r — 2, we get a relation analogous to (75). Hence, proceeding as in (76),
we infer (71a). O

Corollary 24 (Carreau—Yasuda). The strain rate-shear stress law of the (u, 0, a, r)-Carreau—Yasuda fluid
defined in Example 4 is an r-power-framed function.

Proof. Letx € Q and g : (0, +00) — R be such that, for all a € (0, +o0),

L2 =2 _
g(a) = 9 [cxﬂ(x) (6“(") + a“(x)) N = () (6“(") + a“(x)) w7 (6“(") +(r - l)a/“(")) :
oa

We have for all & € (0, +00),

r—2

r=2 r=2
u_(r° = 1) ((5“(x) + a“(")) ““<gle) < p(r+1-r° (6“(") + a/“(x)) “

and we conclude using (15) together with Theorem 22. O
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