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The design of lightweight and stiff structures with attractive vibration damping properties is a major issue in mechanical engineering. The insertion of Acoustic Black Holes (ABH) in a beam is a technique that consists in locally reducing its thickness at the end and coating it with a visco-elastic film. The reflection coefficient of the resulting system decreases with frequency and displays typical arches which can exactely reach zero when the amount of losses is well adjusted, reaching the critical coupling condition. However, the precise amount of added damping is very difficult to tune by using classical visco-elastic layers. It is here proposed to control it by using a thermal active system acting in a shape memory polymer (SMP). In this manner, the damping and stiffness profiles become tunable via a given thermal gradient which leads to create an enhanced ABH (eABH) that can be tuned in real time, so that the critical coupling can be reached. The objective of the paper is to demonstrate numerically and experimentally the capability of an eABH to achieve exact zero reflections using precise control of temperature gradients.

Introduction

In many applications related to vibro-acoustic engineering, efficient passive control vibration is a central issue for questions of comfort and reliability. It must often be achieved under the constraint of lightening, which means that the proposed vibration mitigation techniques must not increase the mass of the structure. This constraint is generally difficult to take into account because the lighter the structure, the more it is able to vibrate. In this context, new innovative strategies are needed to design light, stiff and damped structures. To satisfy all these conditions, it is necessary to find materials with singular mechanical properties.

The Acoustic Black Hole (ABH), which is currently the subject of extensive research [START_REF] Pelat | The acoustic black hole: A review of theory and applications[END_REF][START_REF] Deng | Vibration of cylindrical shells with embedded annular acoustic black holes using the rayleigh-ritz method with gaussian basis functions[END_REF][START_REF] Deng | Semi-analytical model of an acoustic black hole piezoelectric bimorph cantilever for energy harvesting[END_REF][START_REF] Cheer | Active feedforward control of flexural waves in an acoustic black hole terminated beam[END_REF], is a response to this challenge. Its usual implementation in a one dimensional (1D) system consists in locally thinning the thickness of a beam according to a power-law profile and coating it with a visco-elastic layer [START_REF] Mironov | Propagation of a flexural wave in a plate whose thickness decreases smoothly to zero in a finite interval[END_REF][START_REF] Krylov | Acoustic 'black holes' for flexural waves as effective vibration dampers[END_REF]. Such a termination leads to a trapping effect of the bending waves, which induces an efficient local damping effect. An ABH plays thus the role of an anechoic termination for bending waves. As a consequence, such a 1D ABH has a particularly low reflection coefficient R for propagative flexural waves. It can be shown that the variations of R with the frequency is a globally decreasing function which exhibits a typical shape in arches. All local drops of the modulus of R are the consequence of resonances of trapped modes of the ABH, corresponding to modes internally localized [START_REF] Leng | Interpretation of the acoustic black hole effect based on the concept of critical coupling[END_REF][START_REF] Hook | A parametric study of an acoustic black hole on a beam[END_REF]. The frequencies and the eigen-shapes of these modes are complex and such characteristics depend both on the coupling between the ABH and the host medium and on the damping mechanisms involved inside the ABH itself. If particular tuning conditions called critical coupling conditions are achieved, the trapped modes are such that the modulus of R strictly reaches zero [START_REF] Romero-Garcia | Use of complex frequency plane to design broadband and sub-wavelength absorbers[END_REF]. These critical coupling conditions correspond to the case where the internal losses of the termination (i.e. the active damping mechanisms inside the ABH) exactly compensate the energy leakage from the ABH to the host beam. When these conditions are met, it is said that the ABH is perfectly tuned [START_REF] Leng | Limits of flexural wave absorption by open lossy resonators: reflection and transmission problems[END_REF]. In principal, the critical coupling conditions are mode-dependent. Nevertheless, the numerical analysis provided in [START_REF] Leng | Interpretation of the acoustic black hole effect based on the concept of critical coupling[END_REF] shows that if one of the first ABH modes is critically coupled then all the other modes are quasi critically coupled. This property explains the efficiency of the ABH, which is seen as a termination having a collection of local resonances conducive to be coupled in a quasi critical way at the same time like the acoustic problem reported in [START_REF] Jimenez | Rainbow-trapping absorbers: Broadband, perfect and asymmetric sound absorption by subwavelength panels for transmission problems[END_REF] thanks to the intrinsic property gradient due to the thickness profile. The result is a very good broadband performance, which has been observed experimentally [START_REF] Denis | Measurement and modelling of the reflection coefficient of an acoustic black hole termination[END_REF][START_REF] Park | Experimental validation of vibration damping using an archimedean spiral acoustic black hole[END_REF]. However, precise control of the damping added by a visco-elastic film remains difficult. In practice, the exact properties of the coating material, the gluing conditions, the applied prestresses, and the room temperature are generally poorly known environment settings that strongly affect the resulting damping. As a consequence, it induces a dispersion of the characteristics and precisely tuning the losses leading to critical coupling conditions is therefore tricky but nevertheless necessary to control the quality of the ABH tuning.

The objective of the work reported in this paper is to finely tune the loss profile by means of a temperature gradient along the ABH to fulfill (or not) the critical coupling conditions. This research was inspired, on the one hand, by previous work on smart materials acting on damping [START_REF] Irazu | A novel hybrid sandwich structure: Viscoelastic and eddy current damping[END_REF][START_REF] Ganguli | Regenerative chatter reduction by active damping control[END_REF] and on the control of properties by thermal tuning, in particular on shape memory polymers or alloys [START_REF] Coppola | Retention of mechanical performance of polymer matrix composites above the glass transition temperature by vascular cooling[END_REF][START_REF] Zhang | Vibration characteristics of laminated composite plates with embedded shape memory alloys[END_REF]. For this purpose, the visco-elastic layer is chosen in order to have high temperature-dependent mechanical properties. The selected material is a tBA/PEGDMA Shape Memory Polymer (SMP). Its use as tunable core in a composite structure and in a metamaterial has been presented respectively in [START_REF] Butaud | Sandwich structures with tunable damping properties: On the use of shape memory polymer as viscoelastic core[END_REF] and [START_REF] Billon | Design and experimental validation of a temperature-driven adaptive phononic crystal slab[END_REF]. Recently, the tBA/PEGDMA material was used as a coating placed on a ABH beam, with a uniform heating of the material resulting in strong variations of its loss factor. Therefore, uniform and adjusted heating allows to control the dissipation mechanisms. Experimental tests associated with numerical simulations show a very clear effect of this thermal control on the amplitude of the reflection coefficient of the ABH [START_REF] Ouisse | Damping control for improvement of acoustic black hole effect[END_REF]. However, the role of the damping on the shape of the arches observed on the reflection properties of the termination, in particular their abilities to reach exactly zero for some particular frequencies, was not described in this work. On the other hand, studies show the interest of controlling the gradient of the intrinsic properties of the ABH. In particular, by questioning the thickness profile [START_REF] Hook | A parametric study of an acoustic black hole on a beam[END_REF][START_REF] Sheperd | Multi-objective optimization of acoustic black hole vibration absorbers[END_REF] or by seeking to optimize the damping [START_REF] Ma | Topological optimization of damping layout for minimized sound radiation of an acoustic black hole plate[END_REF]. In the same direction, the ABH effect has been mimicked [START_REF] Zheng | Damping enhancement using axially functionally graded porous structure based on acoustic black hole effect[END_REF] or enhanced [START_REF] Huang | Low reflection effect by 3d printed functionally graded acoustic black holes[END_REF] by means of functionally graded materials. The work presented in this article takes advantage of distributed heaters able to locally control the damping [START_REF] Butaud | In-core heat distribution control for adaptive damping and stiffness tuning of composite structures[END_REF], so that loss factors gradients can be obtained. These gradients, which can be tuned in real time, are powerful tools that can be used to follow the poles and zeros of the reflection coefficient in the complex frequency plane. This renders possible the very fine control of the frequency and levels of the arches of the reflection coefficient, allowing in particular the reaching of strictly zero reflection at particular frequencies. The resulting system presented in this paper is called enhanced ABH (eABH).

The article is organized in three parts. The system is described in the first section. The second section introduces the model of the ABH beam coated with a SMP material. The SMP is exposed to temperature profiles which leads to a parametric analysis and an optimization. Then, the third section presents an experimental validation. Finally, the elements showing the possibility of controlling the reflection coefficient using thermal control are gathered.

Enhanced Acoustic Black Hole using thermal control

The ABH considered in this paper consists in a tapered aluminium beam following a quadratic profile (see Fig. 1.(a)). To avoid a truncation, the tip is extended by a uniform plateau of thickness ℎ from to the end of the beam. This ABH is enhanced (eABH) by partially covering it with a layer of SMP and an integrated heating device [START_REF] Butaud | In-core heat distribution control for adaptive damping and stiffness tuning of composite structures[END_REF][START_REF] Mccoul | Multifunctional shape memory electrodes for dielectric elastomer actuators enabling high holding force and low-voltage multisegment addressing[END_REF].

This heating device is a 150 thick flexible PCB, which enables 5 heating zones ( = 1, 5). Each zone contains a temperature sensor and a switch that turns on and off the power in the printed tracks which deliver heat by Joule effect. A micro-controller collects the temperature specified by the user and, according to the temperature measured by the sensors (

), switches on and off the power in the zone. This configuration is convenient to quickly reach the targeted temperature profile ( ) using a PID regulator (see Fig. 1.(b) and (c)). However, since the ABH effect occurs in the thinnest part of the beam (where the energy is localized), the effects of the changes in stiffness and damping of the SMP are higher for zones 1 to 3 than for zones 4 and 5. In the following, the discussion is limited to temperature control of zones 1 to 3. Note that a curved shape appears during the ABH manufacturing. The cutting process induces releases of static stresses inside the material, which lead to the slightly bent shape of the ABH, visible in Fig. 1.(c). When the ABH is heated, the local temperature variation does not affect significantly the geometry of the tip. It mainly induces a change of the mechanical properties of the polymer (in particular its loss factor), which result in the change in the reflection coefficient.

Two practical limitations restrict the thermal control. First, conversely to SMP, aluminium is a good thermal conductor. The resulting thermal conduction through the beam affects the neighboring zones of the heated one. Practically speaking, if zone is heated, zones -1 and + 1 cannot be more than 20°C cooler. Second, the system is vertically clamped. The consequence is that the heat goes up like a flame by thermal convection. This phenomenon affects therefore the upper zones. In addition to the thermal conduction, if zone is heated, the zone -1 cannot be more than 10°C cooler. To summarize, the temperature in a given zone depends on the temperature of the others. For example, PID Regulation if only zone 3 is heated up to 70°C, then the temperature of 1 , 2 , 3 , 4 and 5 , will roughly be (50, 60, 70, 50, 30)°C and not [START_REF] Ouisse | Damping control for improvement of acoustic black hole effect[END_REF][START_REF] Ouisse | Damping control for improvement of acoustic black hole effect[END_REF]70,[START_REF] Ouisse | Damping control for improvement of acoustic black hole effect[END_REF][START_REF] Ouisse | Damping control for improvement of acoustic black hole effect[END_REF]°C. These practical limits and the reachable configurations can be represented in the parameters space displayed in Fig. 2. The minimum temperature is chosen at 30°C. Below this temperature, the material properties are almost independent of temperature with a low loss factor [START_REF] Butaud | Sandwich structures with tunable damping properties: On the use of shape memory polymer as viscoelastic core[END_REF]. The maximum is chosen at 70°C because it approaches the glass transition temperature of the SMP (at 100 Hz), where the loss factor reaches its maximum value. The green volume shown in Fig. 2 represents all the configurations which can be reachable. Points 1 to 6 will be used later as specific measurements configurations. The plane represented in brown corresponds to the simulation plane used in section 3.3.

Numerical analysis

Reflection matrix of an eABH

The reflection coefficient R of the termination is an important feature for the eABH, which can be computed using the Impedance Matrix Method [START_REF] Georgiev | Damping of structural vibrations in beams and elliptical plates using the acoustic black hole effect[END_REF]. In harmonic regime (the time factor is omitted for brevity, being the circular frequency), and in the framework of the Euler Bernoulli model, the bending vibrations of a non-uniform beam can be modeled by a state equation:

= , ( 1 
)
where is the state vector composed of the bending displacement, the slope, the shear force, and the bending moment.

The transition matrix H is given by

= ⎡ ⎢ ⎢ ⎢ ⎣ 0 1 0 0 0 0 0 1∕ ( ) - 2 0 0 0 0 0 -1 0 ⎤ ⎥ ⎥ ⎥ ⎦ = 1 2 3 4 , ( 2 
)
where is the mass density, the cross-sectional area, the moment of inertia. The modulus ( ) is the local equivalent Young's modulus of the sandwich beam compound by the aluminium and SMP layers at temperature . The equivalent modulus ( ) is computed in Eq. ( 2) using the Ross Ungar Kerwin mixing law (see [START_REF] Denis | Measurement and modelling of the reflection coefficient of an acoustic black hole termination[END_REF], Eq. ( 24), p.76). To simplify the numerical model, the imposed temperature field is supposed to be uniform by zone, which is compatible with the thermal state of the beam described in section 2. The relationship between the complex Young's modulus of the SMP and the temperature is given in details in [START_REF] Butaud | Sandwich structures with tunable damping properties: On the use of shape memory polymer as viscoelastic core[END_REF], Eq. (3) p.402 and the mechanical parameters used in our simulations are the ones given this reference.
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The influence of the PCB used for the heating system, its electronics elements and the glue are ignored in the modeling. The impedance matrix , that relates the kinematic and force components of the state vector X, i.e. [ ] T = j [ ] T , obeys the Riccati equation:

= -1 - 2 + 3 + 4 . (3) 
The impedance Z for 0 < ≤ is obtained using a numerical integration from the boundary = 0 where its value is imposed by the free end condition (0) = 0. Boundary conditions at the other end have no influence on . The integration is performed using a Magnus scheme. At the end of the ABH, at , the reflection matrix R is computed from Z and the matrix E = [ 1 2 ; 3 4 ], whose columns are the eigen-vectors of . The reflection matrix R is given by (see [START_REF] Georgiev | Damping of structural vibrations in beams and elliptical plates using the acoustic black hole effect[END_REF])

= [ 2 -4 ] -1 [ 3 - 1 ]. (4) 
In this paper, the reflection coefficient named R corresponds to the term associated to propagative waves of R ( 11 ) [START_REF] Denis | Measurement and modelling of the reflection coefficient of an acoustic black hole termination[END_REF].

Zeros of R in the complex frequency plane: case of an ABH with uniform temperature

For the eABH at room temperature (20°C, see Fig. 3.(a)), the SMP coating is stiff and weakly dissipative. In this case, the ABH effect is not visible and the reflection coefficient R is close to 1 (see Fig. 3.(b)). The magnitude of R is mapped in the complex frequency plane using a logarithmic scale (20 log |R|) in the background of Fig. 3.(c). The blue and yellow spots correspond respectively to the zeros and the poles of R, the latter being associated to the trapped modes localized in the ABH. These particular points are symmetrically located on both sides of the real frequency axis (highlighted in red), when the system is conservative, which is nearly the case at 20°C. By zooming around the first pair of zero and pole (see the zoom area in Fig. 3.(d)), it is seen that their influences compensate one to each other due to symmetry, and so |R| remains close to 1 along the real frequency axis. Another state of the ABH is considered which consists in a uniformly heated termination ( = 70°C). The system is no longer conservative since the SMP layer becomes a very effective damping layer. In this case, the typical variation in arches of R is observed (see Fig. 3.(b)). By looking at the complex frequency plane, the set of poles and zeros, represented by the black and red circle markers respectively, are now asymmetrically arranged (see Fig. 3.(c)). By zooming around the first pairs of zeros and poles (see Fig. 3.(d)), it is seen that they do not compensate anymore, which causes |R| (red curve) to fall into the zeros' pits (see Fig. 3.(d)).

Through this analysis, the arches of |R| result from the presence of zeros in the complex frequency plane. By heating the eABH uniformly, the zeros are basically moved towards the real frequency axis, so |R| is reduced. By following their trajectory during warming up (see Fig. 3.(c), gradient color markers), it can be seen that the zeros cross the real frequency axis at a given temperature. This indicates that the critical coupling conditions are fulfilled. The ABH effect is maximum in this case since strictly no reflection is induced: the ABH configuration is perfectly tuned at this frequency and the ABH behaves as a perfect wave trap. This phenomenon is nevertheless highly localized since the critical coupling conditions for a given mode are fulfilled only for one heating temperature and a single frequency.

Zeros of R in the complex frequency plane: case of an ABH with a temperature gradient

The critical coupling conditions for a given mode of the ABH can be obtained by using a uniform temperature field. The frequency for which this phenomenon occurs is fixed by the ABH configuration and cannot be chosen a priori. Adding degrees of freedom to the system is a way to permit this frequency tuning. This is performed by imposing a heating temperature gradient, instead of a uniform heating temperature. The resulting ABH is an eABH, for which a frequency tuning is possible on a wide range. In practice, the temperature gradient is realized by using a multi-zone heating device. Five independent heating sources are implemented in the ABH termination (see Fig. 1). The number of zones is chosen in order to create the temperature gradient while keeping a reasonable degree of technological complexity. A numerical investigation of the influence of the multi-zone heating system is provided in Fig. 4. The values of the temperature used for the control are those specified by the brown plane of Fig. 2 (points 1 to 6).

Zones 1 and 2 are the zones whose temperatures have the most influence on the positions of the poles. To simplify the analysis, the values of 3 , 4 and 5 are fixed at 45°C, 36°C and 31°C respectively. 1 and 2 are chosen as the key parameters of the analysis and follow the cycle described by points 1 to 6 in the work space given in Fig. 2.

The trajectory of a given zero during this cycle draws the perimeter of a domain whose all internal points are accessible using a pair ( 1 , 2 ) located in the brown zone of the workspace (see Fig. 2). The trajectories of the 3 first zeros are depicted in Fig. 4. Their shapes depend on 2 combined effects due to the SMP layer: the material becomes 1/ softer and 2/ more damped as the temperature increases. A remarkable point is that domains inside the trajectories of the first 3 modes cover a large part of the real frequency axis. This is highlighted by red segments in Fig. 4. The critical coupling conditions can be fulfilled for any point on these red segments: for mode 1, the critical coupling conditions can be reached if ∈ [135 -150 Hz]; for mode 2 if ∈ [340 -570 Hz] ; for mode 3 if ∈ [810 -1090 Hz]. Other parametric studies, not reported in the paper, show that temperatures 3 to 5 have minor effects on the positioning of the zeros. This is due to the fact that these heating points are located in areas where the SMP layer has little influence due to the large thickness of the beam. Finally, a system with equivalent control could have been an enhanced ABH with only the first two heating zones at the beam tip, without the other three [START_REF] Ouisse | Damping control for improvement of acoustic black hole effect[END_REF].

This parametric study shows that a temperature gradient obtained with 2 heating points allows the positioning of a zero of the system so that the critical coupling conditions are fulfilled. In other words, independently of the temperature of the last 3 zones, it is possible to find a pair ( 1 , 2 ) allowing to reach these conditions. The frequency for which these critical coupling conditions are obtained is tunable using the 1 and 2 parameters over a wide frequency range. In order to increase the total trapping effect of the ABH (i.e. to increase the frequency range over which |R| is low), the conditions for which several modes can be critically coupled at the same operating temperature are investigated in the following.

Achieving single and double critical coupling conditions

For each pair ( 1 , 2 ) of the control temperatures, the variations versus frequency of |R| have local minima leading to drops. Fig. 5 reports a parametric study describing these variations. First, the conditions for reaching the critical coupling for mode 3 are discussed. The value of the minimum of the 3rd drop is denoted 3 and is equal to zero when the critical coupling conditions are satisfied. 3 is plotted in Fig. 5.(a) as a function of ( 1 , 2 ). The blue valley, whose bottom is highlighted by a white line, corresponds to the minimum of 3 . Each point of the line corresponds to a pair ( 1 , 2 ), giving rise to the critical coupling conditions. For each of these points the variations of |R| are plotted in Fig. 5.(b). The result is a curve bundle, showing all configurations for which the critical coupling conditions are satisfied for mode 3. In practice, the red segment in Fig. 5.(b) shows that the critical coupling conditions for mode 3 can be obtained for any targeted frequency ∈ [810 -1090 Hz] if the right pair ( 1 , 2 ) is used.

Among all the curves of the bundle, the bold black curve is the one with the lowest averaged value of R. This average is computed over the frequency band [10 -1500 Hz]. Note that the pair ( 1 , 2 ) corresponding to this particular case is indicated by a black dot in Fig. 5.(a). Now the procedure is generalized for the 3 first drops. The objective is to try to obtain the critical coupling conditions for several modes simultaneously. To do so, the absolute minimum of |R| over the whole frequency range is searched for. For a given pair ( 1 , 2 ), this minimum is denoted and indicates the existence of a critical coupling for at least one of the modes 1, 2 or 3. The location of the points are indicated by white lines 1, 2 and 3 in Fig. 5.(c). Line 3 is the one already identified in Fig. 5.(a). The intersections between these 3 lines, orange and green dots, indicate the temperature conditions leading to multiple critical coupling conditions. The orange configuration leads to a critical coupling of modes 1 and 2, while the green one corresponds to modes 2 and 3 (see Fig. 5.(d)). It appears that double critical coupling conditions can be reached. Exact triple critical coupling conditions cannot, with the studied configuration. However, a good compromise is already found for the orange configuration where two drops reach zero and the third one almost reaches zero as well.

The map 5.(c) is a synthetic representation of the temperature pairs that can give rise to simple, double and quasi triple critical coupling conditions. 

Experimental validation

The measurement set-up (see Fig. 1) consists of a shaker (LDS V201) with an impedance head (PCB 288D01) which excites the base of the clampled ABH beam with a white noise covering the frequency range of interest. The displacement field is measured using 5 accelerometers (B&K 4394) 2.5 cm apart located midway between the shaker and the ABH termination. Then, the contributions of the forward and backward propagating and evanescent waves amplitudes are identified using an inverse technique [START_REF] Denis | Measurement and modelling of the reflection coefficient of an acoustic black hole termination[END_REF]. From there, R is estimated.

A large number of ( 1 , 2 ) configurations have been tested (see Fig. 6.(a)) in order to reproduce the map given in Fig. 5.(a). Some features of the thermal control of damping are only partially accounted for in the modeling, as well as the influence of the adhesive at the interface. In practice, the temperature field is not uniform (see Fig. 1.(d)), so an average temperature per zone captured by the thermal camera is considered. In addition, the material is hotter in contact with the heating device located at the interface with the beam, whereas the camera measures the temperature at the surface. This is why a small correction of the temperatures used in the simulation is taken into account to improve the model fit: the simulated results are given for 1 ≃ 1 + 4 and 2 ≃ 2 + 2. With these assumptions, the obtained model allows a fine analysis of the thermal control of the ABH. However, a discrepancy with the experimental study can be expected.

Even if they do not coincide, experimental and numerical results show similar trends: in Fig. 5.(a), the blue valley corresponds to the minimum of |R|, and has the same shape as the simulations provided in the previous paragraph. The white line from Fig. 5.(a) is reported in Fig. 6.(a), showing that the model correctly predicts the ( 1 , 2 ) pairs leading to strict or quasi critical coupling conditions.

Three particular pairs ( 1 , 2 ) are represented by markers in Fig. 6.(a) and the associated curves are plotted in Fig. 6.(b). The blue curve results from an arbitrary set of temperatures, leading to high values of |R|. The green curve presents critical coupling conditions for mode 3 and quasi critical coupling conditions for mode 2. The orange curve corresponds to quasi critical coupling conditions for mode 1. All ( 1 , 2 ) configurations described by points belonging to the segment included between the green and orange points are plotted in gray in Fig. 6.(b) . The resulting gray bundle shows how R is scattered if a small variation of control temperatures is considered. The result illustrates the capability of the set-up to control the critical coupling conditions for R. The eABH provides therefore a high controllability of the reflection coefficient.

Conclusion

A semi-active ABH system, called enhanced Acoustic Black Hole (eABH) is proposed: it consists in a classical tapered ABH beam covered with a layer of SMP (Shape Memory Polymer) material, associated to a local multi-points thermal control. Five tunable heating points are used in order to control the profile of the stiffness and damping properties. The result is a deep control of the ABH reflection coefficient. The capability of the system to reach critical coupling conditions is numerically and experimentally demonstrated. Null reflection property can be achieved at one or several targeted frequencies since critical coupling conditions for several local modes of the ABH termination can be achieved simultaneously. A high level of control for the reflection coefficient is demonstrated, showing the pertinence of the eABH for wave manipulation.

The presented system consists of an open loop in the sense that the temperatures are adjusted and the reflection coefficient is then measured. In future work, this eABH can greatly benefit from a closed loop, where the temperature distribution is controlled to obtain a given reflection coefficient.

Finally, note that another way to control the reflection coefficient of the ABH would be to use a piezoelectric transducer, shunted by an appropriated impedance (resistance and inductance for example). Such a device can be expected to add a significant change to the local complex bending stiffness and, consequently, to the zeros of R in the complex frequency plane.
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 1 Figure 1: (a) Geometric parameters of the eABH: ℎ 0 = 5 , = 20 (width of the beam), = 150 , ℎ = 0.089 , = 20 , ℎ = 2 , = 130 , ℎ( ) = ℎ , ∀ ∈ [0, ] ; ℎ( ) = ℎ 0 ( ∕ ) 2 , ∀ ∈ [ , ] ; ℎ( ) = ℎ 0 , ∀ > . (b) Schematic diagram of the experimental set-up, is the notation for the temperature of the zone . (c) Technical realization of the thermal control device of the ABH. (d) Typical temperature field measured on the eABH.
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 2 Figure 2: The green volume is the parameter space describing the possible values of the temperatures 1 , 2 and 3 (°C). The brown area is the plane corresponding to 3 = 45°C. This area is delimited by the configurations numbered from 1 to 6 defined by a set of 3 temperatures ( 1 , 2 , 3 ): configuration #1 (30, 30, 45)°C, configuration #2 (50, 30, 45)°C, configuration #3 (70, 50, 45)°C, configuration #4 (70, 70, 45)°C,configuration #5 (60, 70, 45)°C,configuration #6 (30, 40, 45)°C.
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 3 Figure 3: (a) Schematic diagram of the eABH uniformly heated to 20°C. (b) |R| as function of the real frequency. (c) The color mapping corresponds to the magnitude of the reflection coefficient plotted in the complex frequency plane at 20°C using a logarithmic scale (20 log |R|). For a given temperature, the locations of the poles and zeros are indicated by markers. The correspondence between the markers' color and the temperature is defined by the colorbar of Fig.3.(a). (d) Zoom of |R| in the complex frequency plane, in the vicinity of the first pair of zero and pole. The blue (resp. red) curve denotes the variations of 20 log |R| versus Re(f) at 20°C (resp. 70°C).
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 4 Figure 4: (a) Trajectories of the zeros following the parameter plane (see Fig.2). The bi-color markers indicate the temperature 1 and 2 of each configuration. The background color corresponds to the 20°C configuration. (b) Focusing on the first zero. (c) Focusing on the second zero.
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 536 Figure 5: (a) Variations of 3 versus 1 and 2 , 3 being the local minimum value of R in the vicinity of the resonance frequency of mode 3. The brown polygon demarcates the parameter plane ( 1 , 2 ) defined in Fig.2. The white line is the loci of the minimum values of 3 , which give rise to critical coupling conditions. (b) Each curve of the bundle corresponds to the variations of |R| versus frequency for the temperatures pairs ( 1 , 2 ) belonging to the white line of (a). The black bold curve is associated to case having the lowest averaged value over the whole frequency range. The corresponding control temperatures are indicated by the black marker in (a). The red segment indicates the reachable critical coupling conditions. (c) Variations of versus 1 and 2 , being the minimum value of | | over the whole frequency range. Green and orange diamond markers indicate two specific configurations leading to double critical coupling conditions. (d) Variations of |R| versus frequency for 1 = 63.5°C, 2 = 50°C (orange diamond marker in (c)) and for 1 = 64.5°C,
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= 57°C (green diamond marker in (c))
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