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Abstract :

A new spectral model of turbulent flows with staditatification is presented. The theory is baspdrua
mapping of the actual velocity field to a quasi-Gsian field using the Langevin equation. The
parameters of the mapping are calculated usingstesyatic process of successive averaging over small
shells of velocity and temperature modes that akmeis them from the equations of motion. This
procedure does not differentiate between turbulearmt internal waves and accounts for their combined
effect. This approach offers a powerful mathematical for dealing with previously nearly intracthb
aspects of anisotropic turbulence; among these cspare the threshold criterion for generation of
internal waves and the modification of their dispen relation by turbulence. The process of suéeess
small scales elimination results in a model desngbthe largest scales of a flow. Partial scale
elimination yields subgrid-scale viscosities an€fugiivities that can be used in large eddy simalai
The elimination of all fluctuating scales resultsRANS models. The model predicts various important
characteristics of stably stratified flows, suchths dependence of the vertical turbulent Prandthber

on Froude and Richardson numbers, anisotropizatibthe flow filed, and decay of vertical diffusyvit
under strong stratification, all in good agreemevith computational and observational data. The tigeo
also yields analytical expressions for various 1l&8D kinetic and potential energy spectra thatertf

the effects of waves and anisotropy. The modeksli® are suitable for immediate use in practical
applications.
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1 Introduction

Vertical-horizontal anisotropy and turbulence-intdr wave interaction are among the
most fundamental problems one encounters in magledih turbulent flows with stable
stratification. Governed by strong nonlinearityegh two phenomena have been beyond reach
for analytical theories. Putting aside direct siatioins, which at present are feasible only under
idealized conditions and for simple domains, onsegally stipulates “closure” assumptions that
relate unknown correlations to the mean and knowmetations, the approach known as the
Reynolds-Averaged Navier-Stokes, or RANS model/ithough a great deal of progress has
been made with RANS models, they fail in stronglysatropic flows. Among the deficiencies
of RANS models is that the models’ coefficients mgither constant nor universal. Attempts
have been made to derive equations for these cmeffs in terms of the Reynolds stress tensor
invariants. However, the complexity of these eduregi makes this approach impractical.
Another deficiency of the RANS models is poor reprgation of anisotropic flows with waves.
Scale-dependent physics of such flows cannot benamodated in the procedure of ensemble-
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averaging that lumps together processes on aksc@ihis weakness hampers the performance
of RANS models and ensuing subgrid-scale (SGSksgmtations in geophysical applications
where flows are usually strongly anisotropic arfé@ged by various types of waves.

Sukoriansky et al. (2005) developed an alternatipproach of studying the large-scale
properties of turbulent flows with stable stratifiion using the spectral space representation
and employing a self-consistent algorithm of suseeselimination of small subsets of fast
modes in the assumption of quasi-normality. Thiscpss gradually “shrinks” the domain of
explicitly resolved scales and produces correctitmghe "eddy" viscosity and diffusivity
resulting from that shrinking. Partial scale eliation yields a SGS representation for large-
eddy simulation (LES) models while the eliminatioh all fluctuating scales results in an
equivalence of a RANS model. In both LES and RAN®&Mats, the Quasi-Normal Scale
Elimination (QNSE)-based SGS viscosities and diities account for the effects of
anisotropy and waves. In stably stratified flows, QNSE method predicts turbulence
anisotropization with increased strength of sticdifon and shows how the dispersion
relationships for linear internal waves are modifiey turbulence. The method vyields the
internal wave frequency shift, the threshold citterof internal wave generation in the presence
of turbulence, and various one-dimensional ancetdimensional spectra that reflect the effects
of waves and anisotropy. All this information isasmilable in conventional RANS models.

The use of the quasi-normality assumption in theS@Nmnethod is not new; it has been
utilized in other spectral theories of turbulenegy[ Orszag (1977), McComb (1991)]. Although
higher-order statistical moments in neutral turbagepoint to a deviation from the Gaussianity,
this assumption works reasonably well for the sdamoments which are most important for
the calculation of eddy viscosity and diffusivitiRecent direct numerical simulations (DNS) of
stably stratified flows indicate that in these figwhe hypothesis of Gaussianity holds even
better than in neutral flows [Kimura & Herring (1®%.

One may argue that spectral models have not gatienh “traction” in practical
applications over the years. Usually, these moctsider all Fourier modes at once, and when
the flow field is strongly anisotropic and embedaves, the analytical derivations become
nearly intractable. For this reason, such models @aly deal with weak anisotropy. By
contrast, in the QNSE model, we successively elteirsmall shells of wave numbers thus
allowing the effects of anisotropy to gradually awlate towards the large scales. The
mathematical burden is still significant but thealgtical derivations can be carried out in full
yielding closed expressions for horizontal andigalteddy viscosities and eddy diffusivities for
strongly anisotropic turbulent flows with waves kE8uansky et al. (2005)]. The final product of
the QNSE theory in a RANS format is a set of equmatifor the horizontal and vertical eddy
viscosities and eddy diffusivities as functionstleé gradient Richardson number that can be
readily used in various atmospheric and ocean rsodel

2 Bascsof the QNSE theory of turbulent flowswith stable stratification

The theory is developed for a fully three-dimenalotrbulent flow field with imposed
vertical, stabilizing temperature gradient. TheMlis governed by the momentum, temperature
and continuity equations in the Boussinesq appration,

%+(uv)u—agTég = vovzu—V?P+f° @
T a,, _ 2

o+ UVIT + Uy = VT ¥
Vu=0 3)
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whereu and T are the fluctuating velocity and potential temperat respectivelyP is the
pressurep is the constant density,, and ko are the molecular viscosity and diffusivity,
respectively,a is the thermal expansion coefficier, is the gravity acceleration directed
downwardsd® /dz is the mean potential temperature gradient, fAndpresents a large-scale
external energy source customarily used in spetttealries of turbulence; it maintains turbulence
in statistically steady state and may originatenflarge-scale shear instabilities. According to
Kolmogorov theory of turbulence, the net effectto$ forcing is communicated to the fluid via
the rate of the energy injection at large scaldgodgh nonlinear interactions, the external
forcing excites all Fourier modes down to the giaibn scaleks= (&/vo®)™ (¢ is the
dissipation rate). The modes exert indiscriminaadom agitation upon each other, which is
accompanied by simultaneous random damping. kiststally steady state, the processes of
forcing and damping balance each other; in othedsjoevery Fourier mode (k,») (k andw
being Fourier space wave number and frequencyecésply) receives and looses equal (in a
statistical sense) amounts of energy. Reflectimgdiality between nonlinear interactions and
stochastic forcing and damping, the nonlinear tetnkq. (1) can be replaced by a random,
modal forcing fi and damping represented by turbulent viscosity. rElselting linear equation
with stochastic forcing and damping is known aslthiegevin equation,

u; (k, @) = G; (k,0) f; (k, @) )

Here, Gij(k,w)is the velocity response (or Green function). Thengevin equation thus
replaces the original nonlinear Navier-Stokes equdiy a linear, forced, stochastic equation in
which the energy budget is systematically adjusteevery Fourier mode [Kraichnan (1987)].
For the temperature, a similar Langevin-type eguatan be derived; the random forcing in this
case is due to the vertical velocity fluctuationk8riansky et al. 2005a],

T(k, ) :-‘Z?GT(k,a))UB(k,a)) (5)

Here,Gr(k, w) is the temperature response function. The mapsuce assumption is that the
forcing f is quasi-Gaussian, as in Kraichnan's (1959) thebrgirect interaction approximation
(DIA) or Orszag's (1977) eddy-damped, quasi-normidgrkovian approximation (EDQNM).
The assumption of quasi-normality enables one tivalexpressions for eddy viscosity and eddy
diffusivity. The fluctuating velocity field is zermean and incompressible imposing the same
restraints upon the forcirfgk, ) in (4); in the assumption of quasi-Gaussianitys forcing is
fully determined by its two-point, two-time corrétan function. The choice of this correlation
function is guided by general considerations oftiagpaand temporal homogeneity and
incompressibility, which almost completely determiits functional form [Sukoriansky et al.
(2003)]. The correlation function of the forciri¢k, ) accounts for the statistically mean
energy input to a given modevia its interaction with all other modes such titstamplitude,

D, is proportional to the mean rateof the energy transfer through that mode. Therzala
between the energy gain due to eddy forcing anetieegy loss due to eddy damping enables
one to relate the forcing amplitud®e to ¢ and the buoyancy destruction. In the neutra¢,cas
this approach recovers some basic features ob@othomogeneous turbulence including the
Kolmogorov spectrum and the Kolmogorov constank{@iansky et al. (2003)].

3  Someresultsfrom the QNSE modéd
Rigorous derivations d6;; (k,w)andG+(k,w) from the original system (1-3) are given in

Sukoriansky et al. (2005). From these functions,ob&in the following dispersion relation for
internal waves in the presence of turbulence:
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2
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Here, k, and k, are the horizontal and vertical wave numbers; x,, and v,, x, are the
horizontal and vertical eddy viscosities and diffites, respectivelyN=[ag(d®/dz)]” is the
Brunt-Vaisala frequencyd is the angle between the veckoand the vertical; k= ( N¥/¢)*'?

is the Ozmidov wave number, anglis the eddy viscosity in the case of neutral dtcatiion. In
the limit k/ko — O (large scales; strong stratification), (6) reduteshe classical dispersion
relation. Otherwise, Eq. (6) describes internaleveiegquency shift due to turbulence. This shift is
expressed in terms of the non-dimensional eddysiBes and diffusivitiesyn/ v, v/ v, knl/via
andx.,/v, (see Fig. 1 below). Eqg. (6) shows that gravitwesexist only at wave numbeks
smaller than a threshold valdg = ko |10 sin 0[*? =~ 32ke |[sin 0]*2. Physically, with
decreasing scales, the turbulent overturn exedsasingly disorganizing action on the wave
motion that eventually overwhelms waves at smatlesiulent scales.

The algorithm of successive averaging over smallslof velocity and temperature modes
utilizing the Langevin equations (4) and (5) yieddsystem of coupled non-linear ODEs for eddy
viscosities and diffusivities [Sukoriansky et aR0(Q5)]. The computation starts at the
Kolmogorov scal&ky where the initial values of, andx, are equal to their respective molecular
values,vo andx, and is continued to an arbitrary wave numiket,. Figure 1 presents the
solutions. At larg&/k, (small scales), all nondimensional parameters agproalues typical of
the neutratase. At smalk/k,, approximately at the threshold of internal waeaayationyy,
kn, vz andx, depart markedly from their neutral values and femanh other. Horizontal viscosity
increases by a factor of 1.3 compared to the nlecsise, while vertical viscosity decreases to
approximately 1/6 of the horizontal viscosity valu€he vertical viscosity, preserves a finite
asymptotic value even for very strong stable dication. This “residual” momentum mixing is
due to internal waves, which are an integral paith® QNSE model.
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Normalized eddy viscosities and diffusivities
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FiG. 1 — Normalized horizontal and vertical eddy vities and diffusivities as functions of
k/ko. The vertical dashed line shows the thresholdtefmal wave generation in the presence of

turbulence, Sukoriansky et al. (2005)

In the limit of weak stratification, the QNSE mode¢lds asymptotic expressions fay,
kn, vz and x, and allows one to analytically calculate various-dimensional spectra that

4
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quantify deviations from the Kolmogorov regime aclaracterize turbulence anisotropy. In
particular, Sukoriansky et al. (2005) show thathia vicinity ofko, the vertical spectrum of the
horizontal velocity undergoes transition from theltdogorov -5/3 slope to the -3 slope. The
numerical coefficients in the transition equatignee well with LES by Carnevale et al. (2001)
and with the measurements of the vertical specifirthe horizontal shear by Gargett et al.
(1981) [see Sukoriansky et al. (2006)]. Note that analytical derivation of this transition has
never before been obtained from a basic theory.

The scale-dependent viscosities and diffusivitiesused to derive the SGS parameters in
large-eddy simulations (LES). L&t, be the wave number of the LES grid. Figure 1 indiga
that the effect of stable stratification is small . > >k, but cannot be neglected fr< ko. The
process of small scales elimination can be extenolé¢lde largest scale of turbulence identified
with the integral length scalk, ™. One can then calculaig/vi, v/ vi, ki /v andk, /v, either as
functions of the Froude numbdfr = /KN, whereK is the turbulence kinetic energy, or, as
functions of the gradient Richardson numBér N%/S (S is magnitude of the shear). Figure 2
shows that major features of the dependence omd-oa Ri replicate those of the dependence
onk/ko shown in Fig. 1.
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FIG. 2 — Normalized turbulent exchange coefficientiuastions of the Froude numbier (left
panel) and the gradient Richardson nuntdefright panel).

Eddy viscosities and eddy diffusivities undergo ihast significant change féfrr andRi
varying between 0.1 and 1. Her < 1 andRi > 0.1, both vertical eddy viscosity and eddy
diffusivity decrease, while the diffusivity decreasfaster. Eventually, stable stratification may
totally suppress vertical scalar mixing. The veaidtiecnomentum mixing continues even at
relatively high values oRi such that the “vertical” turbulent Prandtl number = v,/x,,
increases foRi >0.1, in agreement with extensive laboratory apgkovational data.

4  Conclusions

The basic assumption of the new spectral modalrbiutence presented in this paper, the
QNSE model, is the hypothesis of quasi-normalityclvheads to a self-contained procedure of
consecutive coarse-graining. The model explicigalves the stable stratification-induced
disparity between the transport processes in thiedwial and vertical directions and accounts
for the combined effect of turbulence and wavesisénopic turbulent viscosities and
diffusivities obtained from the model are in goggreement with experimental data. Various
anisotropic spectra can be calculated analytidallghe limit of weak stratification; one of the
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results is the demonstration that the energy ohtirézontal flow components increases at the
expense of their vertical counterpart. For the fiirme, the transition from the Kolmogorov to
the N°k™® spectral laws for the one-dimensional spectrunhefhorizontal velocityE;(ks), has
been derived analytically. The QNSE model yieldsdification of the classical dispersion
relation for internal waves that accounts for tleboe. The QNSE theory provides SGS
parameterizations that can be used in both LESRANS models. The QNSE approach has
been implemented in K-l andK—e models of stratified atmospheric boundary layéBL()
yielding good agreement with CASES99, BASE and SAERBtasets for cases of moderate and
strong stable stratification. When implemented lwe thumerical weather forecast system
HIRLAM, the QNSE-based vertical eddy viscosity ettty diffusivity substantially improve
the system'’s predictive skills (Sukoriansky et(2005)).

The QNSE model indicates that there is no singtth&idson number at which turbulence
is completely suppressed. Instead, there existagerof Ri where the vertical eddy viscosity
and eddy diffusivity undergo dramatic decrease thdbulence survives even at very large
values of Ri. The QNSE-based transport models eaapiplied to engineering flows and ABL
with and without effects of stratification usingvariant set of constants. In this approach, the
problem of the model realizability does not ariBeus, the QNSE-based RANS models present
a viable alternative to the Reynolds stress closucelels widely used in meteorological,
oceanographic and engineering applications.

AcknowledgementShis research has been partially supported by ety Research Office under
Grant Nos. DAAD19-01-1-0816 and W911NF-05-1-0058 kmael Science Foundation under Grant No.
134/03.

References

Gargett, A., P., Hendricks, T., Sanford, T., Osb&Milliams, A. 1ll, 1981 A composite
spectrum of vertical shear in the upper ocdaRhys. Oceanogrll, 1258-1271.

Kimura, Y. & J. R. Herring 1996 Diffusion in stabdyratified turbulence. J. Fluid Meci328,
253-263.

Kraichnan, R., 1959 The structure of isotropic tlelce at very high Reynolds nhumbels.
Fluid Mech.,5, 497-543.

Kraichnan, R. 1987 An interpretation of the Yakkbtzag turbulence theoryhys. Fluids30,
2400-2405.

McComb, W. 1991The Physics of Fluid Turbulend®xford University Press.

Orszag, S. 1977 Statistical theory of turbulehes. Houches Summer School in Phyged, R.
Balian and J.-L. Peabe), pp. 237-374. Gordon apddsr.

Sukoriansky, S., Galperin, B. & Staroselsky, I. 2@Yoss-terms angdexpansion in RNG
theory of turbulencerluid Dyn. Res.33, 319-331.

Sukoriansky, S., Galperin, B. & Staroselsky, . 2@0quasinormal scale elimination model of
turbulent flows with stable stratificatioRhys. Fluids,17, 085107.

Sukoriansky, S., Galperin, B. & Perov, V. 2006 Aagunormal scale elimination model of
turbulence and its application to stably stratifilesvs. Nonlin. Proc. Geophysl3, 9-22.

Sukoriansky, S., Galperin, B. & Perov, V. 2005 Apalion of a new spectral theory of stably
stratified turbulence to the atmospheric boundayet over sea ic&oundary- Layer
Meteorology 117, 231-257.



