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Stratified turbulence in the atmosphere and the oceans
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Linné Flow center
Department of Mechanics, KTH
Stockholm Sweden
erikl@mech.kth.se

Abstract :

Some recent progress in the field of stratified turbulencef®rted. The progress has been made by combining
recent theoretical development with simulations and da@ysis. On the basis of scaling arguments, numerical
simulations and observational analysis it is argued thatdiynamics of the mesoscale range, that is wave lengths
from one to five hundred kilometres, in the upper troposphectlower stratosphere is controlled by a special
type of forward energy cascade which is typical for strongfitified turbulence. In contrast to the classical
Kolmogorov cascade, the stratified turbulence cascadeasadterised by two radically different length scales in
the horizontal and the vertical and is a cascade of both kirend potential energy. Kinetic energy is observed
to be approximately equipartitioned between vortical ancedyent modes. It is also suggested that this type of
dynamics can be found in the interior of the ocean at hori@bstales between 10 metres and 10 kilometres. A
number of observational studies previously reported inliteeature will be referenced in support to this.

Mots-clefs :
stratified turbulence
1 Introduction

It is a remarkable fact that the mesoscale (wave lengtis- 500 km) energy wave number
spectra of the free atmosphere exhibl{,jé/g-dependence (Vinnichenko 1970 ; Nastretral.
1984) just as the spectrum of three-dimensional isotrapiculence. The classical Nastrom-
Gage spectra are reproduced from Nastrom and Gage (1988uine fl. Two conflicting hy-

potheses have been put forward to explainlqt@%(?’-spectra. It has either been assumed (Gage
1979; Lilly 1983) that they arise as the result of an inversergy cascade of the same type as
can be observed in two-dimensional turbulence, or it has lassumed (Dewan 1979; 1997)
that they arise as the result of a forward energy cascadentihearly interacting gravity waves.
A forward energy cascade is a process in which large strestfrmotion break down to smaller
structures in a chain process. In this way, energy is traresfdrom small to large wave num-
bers through the energy spectrum of the system undergoengpdtade. An inverse cascade, on
the other hand, is a process in which small structures merigerh larger structures and energy
is transferred in the opposite direction through the spettiLindborg (2006) argued that one
of the two hypotheses is, on the whole correct, namely thedat cascade hypothesis. It was
also argued that the mesoscale cascade motion is of a spgxaakhich arises in the presence
of strong stratification, that is in the limit of small horiztal Froude numbet;);, = 61/3/Nli/3.
Here, N is the Brunt-Vaisala frequency aads the energy dissipation rate. A characteristic fea-
ture of the motion is layer formation. In the presence ofrggretratification two-dimensional
vertically oriented vortices with horizontal length scglewill split up into layers with vertical
length scal€, ~ F},1;,, a result which is also found in recent experimental (Bill&rChomaz
2000) and theoretical (Billant & Chomaz 2001) investigasiol he layers will split up into thin-
ner layers which in turn will split up into even thinner lageand so on. As the layers become
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FIG. 1 — Horizontal energy spectra of zonal and meridional wind mperature, reproduce from Nas-
trom & Gage (1985). The spectra of meriodional wind and tewrdpee are shifted one and two decades
to the right respectively.

thinner they will become sensitive to instabilities cagsithem to break up in the horisontal
direction. In this way, a cascade is set up which carriesggrfeom large to small scales. Lind-
borg (2005 ; 2006) carried out a series of box-simulatiortheBoussinesq equations with and
without system rotation. The ratio between the verticat sid, and a horizontal sidd,,., of the

box was set so that, /L, ~ F},, which means that the boxes are highly elongated. A special
type of forcing was designed to test the forward cascadethgses. Energy was randomly in-
jected into Fourier modes for which the vertical wave numberjual to zero and the horizontal
wave number is equal to four. These modes correspond to hemggontal motions lacking all
vertical variation. Another weak forcing was added to tegthe development of vertical gra-
dients. A stationary state was reached after some time, iohwayers are constantly formed.
By performing a simulation in which the box height has been doubled in comparison with
another simulation, leaving everything else unchangedastalso demonstrated that the results
are independent of the chosén, i. e. the thickest layers which develop are thinner than the
height of the box. In the simulations, a stable forward cdsaaf kinetic and potential energy
was observed and the mesosc@[é/ % energy spectra were reproduced. In figure 2 we have
reproduced the spectra kinetic and potential energy spaditom simulations at very strong
stratification, carried out in a very elongated box, with anithout system rotation. The spectra
have the form

Ex(kn) = Creil’k,>"?, (1)
Ep(ky) = CpexPepk,™?, )
whereey is the average dissipation rate of the horizontal kinetergy ¢ is the average dissi-

pation rate of potential energy, ang; andC'p are universal constants. Somewhat surprisingly
it was found that the two constants take the the same valiie~ Cp ~ 0.51.
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FIG. 2 — Horizontal kinetic and potential energy spectra from-bionulations withF), = 9.6 x 1074
andL./L, = 1/138. Solid lines : no system rotation. Dashed lines : rathemstreystem rotation ;
Rossby-number = 0.14.

2 Some recent developments

A question which has been debated is whether the mesosealep is generated by vor-
tical motions or waves. Kinematically, wave motions aredprainantly generated in modes
which carry horizontal divergencd/,, - u,, of horizontal velocity (divergent modes) while
vortical motions are divergence free and are predominggherated in modes which are car-
rying vertical vorticity (rotational modes). In a new thetical development (Lindborg 2007)
it is demonstrated that the two-point correlation funcsigp.. and P, of vertical vorticity and
horizontal divergence can be written in terms of velocitysture functions as,

— _l laDPP _ LQ 20Dy
sz(p7 Z) - 2 [p ap p2 ap <p ap ) (3)
1[10Dys 1 0 [ ,0D,,
P = |z _ _ - ZZrp 4
(p, 2) 5 lp o 20p <p o )| (4)

wherep is the horizontal distance between the two poinis,the vertical coordinate of the vec-
torr, separating the two point$),, is the structure structure function including the radidbve
city component and,,, the structure function including the azimuthal velocitymquonent() . .
and P are calculated on a horizontal plane=€ 0), using structure functions calculated from
aircraft data by Lindborg (1999). It is shown th@t. is much larger tha® at synoptic scales
while at mesoscale®.. and P are of equal order of magnitude. The vorticity and divergenc
spectra are also calculated from the two-point correldiimctions. In the mesoscale range the
vorticity and divergence spectra are of the same order.dtgsed that both spectra arise as
a result of the same type of motion : stratified turbulenceesehresults are compared with a
new series of numerical simulations (Lindborg & Brethou2@07) of stratified turbulence for-
ced in rotational and divergent modes. In these simulaitaagound that stratified turbulence
can be generated by each type of forcing and that kinetigggrisrapproximately equipartio-
ned between rotational and divergent modes in/dﬁé?’-range. In order to investigate to what
extent internal waves are present in the simulations, #equ spectra of divergent, buoyant

3
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FiG. 3 — Horizontal temperature structure function reproducech Voorhis & Perkins (1966).

and rotational energy from individual Fourier modes arewaled. It is found that waves are
present in the largest scales in the computational domditéxome less and less prevalent
with decreasing scale. In the inertial range there are fgnssof internal waves.

3 Observational data from the ocean

The theory of stratified turbulence as developed by Billarf@i&omaz (2001) and Lindborg
(2006) is based on similarity and scaling arguments whicipgposed to have general validity.
If the thekf/ %_spectrum at atmospheric mesoscales can be explainedshétry, we must
expect that a similar inertial range should exist also initiberior of the ocean, since the same
general conditions for such a dynamics are also fulfillechis tase. Dimensional reasoning
and scaling arguments suggest that stratified turbulengeerist in the range of vertical scales
from about one to one hundred meters and in the range of makzecales from about ten
metres to ten kilometres. This range of scales has traditypbeen thought to be dominated
by internal gravity waves (Garret & Munk 1972). We have skdtte literature in order to
investigate whether there are cases where observatici@ataa give support for the alternative
hypothesis of stratified turbulence, rather than gravityegaAs a matter fact, we have found no
cases which are inconsistent with the stratified turbulemtezpretation and a large number of
cases which are fully consistent. We will present a largelmemof reported cases of a measured
k,f/?’-range at the relevant horizontal scales in the interiohefdcean. There are also a number
of temperature structure function measurements repartdzbiliterature which also give strong
support for the stratified turbulence interpretation.

The number of cases is actually so large that we cannot reviem within the space given
to us in this article. Here, we will restrict ourselves toereince the measurement by Voorhis
& Perkins (1966) who measured temperature wave numberrgapaet structure functions in
the near-surface thermocline in a region 200 km northweBeofmuda. A thermistor mounted
on a cable was towed at mean depth of 99 m around a star-shagtednp so that spectra
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could be measured along tracks with different orientatizerret & Munk (1972) reference their
measurements as giving support for their suggestion tieagplectrum should fall off ak; 2.

Voorhis & Perkins’ own interpretation, however, is thatytfeve measured/g, 5/ 3-spectrum.
Moreover, they also report measurements of the horizoataperature structure function, and

these give even stronger support for ﬂ)jé/?’-interpretation. If the temperature spectrum falls

off askf/?’ in a certain wave number range, then the horizontal temperatructure function
should grow ag?? in the corresponding range of separatipiidonin and Yaglom, 1975). The
horizontal temperature structure functidi/ 07, is the mean of the square of the difference,
0T, between the temperatures at two points at the same deptewdlative horizontal separtion
distance is. The temperature spectrum is supposed to be proportiotiaétpotential energy
spectrum in the ocean. Thus, a horizontal potential engrggteum of the forrric,j5/3 should
correspond to a temperature structure function growing/ds In figure 3 we have reproduced
the temperature structure function given by Voorhis & PeskiAs can be seen, the data points
follow the curvep?/3 very closely in a range of separations between 100 m to 10 km.

4 Conclusions

In this contribution we will present some recent advancerattine concept of stratified tur-
bulence. Scaling arguments, simulations and data anaygigest that the mesoscale motions
above the boundary layer in the troposphere as well as inttaesphere are dominated by
stratified turbulence with an associated forward energyames We present a new data analy-
sis which enables us to decompose the observed mesoscalestfunctions and spectra into
rotational and divergent parts. These two parts are of abgudl magnitude in the mesoscale
range. This is consistent with results from numerical satiahs in which kinetic energy is ap-
proximately equipartioned between rotational and divergeodes. We also present the results
of a literature search indicating that stratified turbukenath an associatek), 5/ inertial range
may also be frequently prevalent in the ocean at horizotes between ten meters and ten
kilometres.

Références

Billant, P. & Chomaz, J.-M. 2000 Experimental evidence faneav instability of a vertical
columnar vortex pair in a strongly stratified fluldFluid Mech.418 167-188.

Billant, P. & Chomaz, J.M. 2001 Self-similarity of strongtratified inviscid flows?hys. Fluids
13, 1645-1651.

Dewan, E. M. 1979 Stratospheric spectra resembling tunicel&cience204, 832-835

Dewan, E. 1997 Saturated-cascade similitude theory ofitgraxave spectral. Geophys. Res
102 D25, 29,799-29,817

Gage, K.S. 1979 Evidence forka®/? Law Inertial Range in Mesoscale Two-dimensional Tur-
bulencel. Atmos. Sci36, 1950-1954

Garret, C. & Munk, W. 1972 Space-time scales of internal w&eophys.Fluid Dyn2, 225-
264

Lilly, D.K. Stratified turbulence and the mesoscale valigbof the atmospherd. Atmos. Sci.
40, 749-761, 1983



18MeCongres Frangais de Mécanique Grenoble, 27-31 aodt 2007

Lindborg, E. 1999 Can the atmospheric kinetic energy beagxet by two-dimensional turbu-
lence J. Fluid. Mech, 388 259-288

Lindborg, E. 2005 The effect of rotation on the mesoscaleggneascade in the free atmosphere
Geophys. Res. L322, L01809

Lindborg, E. 2006 The energy cascade in a strongly strafifiediJ. FLuid Mech, 550, 207-242

Lindborg, E. 2007 Horizontal wavenumber spectra of vertuaticity and horizontal diver-
gence in the upper troposphere and lower stratosphégmos. Scj64, 1017-1025

Lindborg, E. & Brehouwer, G. 2007 Stratified turbulence &atdn rotational and divergent
modesJ. Fluid Mech.Submitted

Nastrom, G.D., & Gage, K.S. 1985 A climatology of atmospb®rave number spectra of wind
and temperature Observed from commercial airctafitmos. Sci42, 950-960.

Voorhis, A.D. & Perkins, H.T. 1966 The spatial spectrum ajistwave temperature fluctuations
in the near-surface thermocline em Deep-Sea Res., bf 1365641

Vinnichenko, V.K. 1970 The kinetic energy spectrum in theeflatmosphere - 1 second to 5
yearsTellus22, 158-166.



