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We present a close-coupling study of the bending relaxation of HoO by collision with He, taking explicitly
into account the bending-rotation coupling within the Rigid-Bender close-coupling (RB-CC) method. A 4D
potential energy surface is developed based on a large grid of ab initio points calculated at the CCSD(T)
level of theory. The bound states energies of the He-H5O complex are computed and found to be in excellent
agreement with previous theoretical calculations. The dynamics results also compare very well with the rigid
rotor results available in the Basecol database and with experimental data for both rotational transitions
and bending relaxation. The bending rotation coupling is also demonstrated to be very efficient in increasing
bending relaxation when the rotational excitation of HoO increases.

I. INTRODUCTION

The vibrational relaxation of H,O molecules is in-
volved in many chemical and physical processes. The
detailed knowledge of the vibrational relaxation rates in
the gas phase is, for example, needed to model atmo-
spheric processes, for understanding high-temperature
dynamics of combustion product gases, of which H,O
is a major component or for optimizing H,O lasing
processes. It is also one of the most common molecules
in the interstellar medium (ISM) where it has been
observed in a wide variety of astronomical environments
ranging from molecular clouds to stellar photospheres,
circumstellar envelopes, and comets'. In the ISM or the
earth mesosphere and thermosphere, the density and
temperatures are very often such as there is no local
thermodynamic equilibrium and spontaneous emission
processes compete with collisional relaxation processes.
While the Einstein coefficients are usually known, the
collisional rate coefficients with the most common
colliders (e.g.,H,Hy,He) need to be determined in order
to analyse the physical-chemical conditions.

Several sets of calculated rate coefficients have been re-
ported in the last decades for the collision of H,O with
He? and H,%°. However, these rate coefficients con-
cern mostly pure rotational transitions. Among the only
two theoretical studies including the H,O vibration, the
one of Faure et al.'®!'! used the quasi-classical trajec-
tory (QCT) method while the only quantum study was
performed by some of us'? for the collisions of H,0
with H, using our recently developed Rigid-Bender Close-
Coupling (RB-CC) method which includes explicitly the
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bending-rotation coupling for a triatomic molecules col-
liding with an atom. This work extended our pre-
vious studies dedicated to the collisions of linear tri-
atomic molecules with atoms when including explicitly
the bending-rotation coupling as for HCN'34 DCN!5
and C3'%718 colliding with He.

The coupling between rotation and vibration was also

considered by Dagdigian and Alexander!? when treat-
ing the umbrella mode of CHj colliding with He and
by Loreau and Van der Avoird considering the umbrella
mode of NH; colliding with He?. However, a direct com-
parison with experiment was not possible for any of the-
ses systems in the absence of experimental data.
In another work, Ma, Dagdigian and Alexander also con-
sidered the bending relaxation of CHy by collision with
helium.2:22, They calculated a 4D PES for this system
including the bending motion and averaged it over rigid
bender CHy functions. They obtained the first quantum
estimate of the bending relaxation rate coefficient for this
system. The coupling between bending and rotation was
however only partially taken into account within this ap-
proach as the rotational dependence of the CHy rigid
bender functions was neglected.

In the present work, we employ the RB-CC method to
study the bending relaxation of H,O by collisions with
He for which experimental data are available.?? In the
work of Kung and Center?® the vibrational relaxation of
H>0O by several atoms and molecules was studied in a
shock tube. In the case of HoO + He, they only pro-
vided the value of the vibrational de-excitation rate coef-
ficients (of the bending mode) at 2500 K, k = 6.1 x 10712
cm®molecule™! s~! with a factor two uncertainty. The
paper is organised as follows. In section 2 we present the
calculations and the fitting of the four dimensional (4D)
PES including the bending of HoO and we remind the
main steps of the RB-CC calculations. In section 3 the
results are presented and discussed, while in the section
4. we present a few concluding remarks.



Il. THEORY
A. PES calculations

Hou et al.?* recently developed a PES for the HyO
+ He system using the normal modes of HoO, which
they used for predicting the infra-red spectra of the
complex. Here, a full PES describing also accurately
the long-range dissociation of the He-H>O complex is
required to perform collisional dynamics calculations
including the bending motio-n. We then develloped
a new 4D intermolecular PES V(v,R,0,¢) which is
presented below.

A large grid of ab initio energies was computed at
the CCSD(T) level of theory using an aug-cc-pVQZ?®
basis set supplemented by a set of mid bond functions2®.
All calculations were performed with the MOLPRO
package?”, and the basis Set superposition error was
corrected with the counterpoise procedure?®

The coordinate system for treating the collision of HyO
with He is shown in Fig. 1. The H,O molecule lies in the
XoZ plane, and the Z-axis is bisecting the bending angle
~. For each ~ value the position of the center of mass
is then slightly shifted. The origin of the coordinate
system is the HyO center of mass and the oxygen atom
is on the positive side of the z axis. The modulus of
the intermolecular vector ﬁ connecting the H,O
center of mass to the helium atom is denoted
R while 0 is the angle between the z axis and

the intermolecular vector R, and ¢ is the azimuthal
angle. The OH distance was fixed at 0.957 A2,

15 428 ab initio energies were computed on
a grid including seven values of the bending
angles v ranging from 70° to 140°, 29 values of
R between 1.1 and 11 A, 19 values of f in the
(0,180) interval, and 4 values of ¢ in steps of 30°
in the (0,90) interval.

The short VER (v R, 0, ¢) and  long-range
VER) (4, R, 0,4) parts of the PES were fitted in-
dependently and then assembled using a switching
function S(R). The global intermolecular potential thus
takes the following analytical form .

V(7,R,0,¢) = S(R)VER (v, R, 0, ¢)

(1= S(R) VER(, R,0,0) M
with
VER (3, R.6.6) = Y8, T2 FRP (LR) (o)
P (cos ) cos(myp),
and

VER (v, R0, ¢) =

Zl 0 Em 0 lnll/R)(’Y7R) (3)
P/ (cos 0) cos(mep),

<Y

FIG. 1. Coordinates used for describing the interaction of H»
O with He. The H20O molecule lies in the XOZ plane and its
center of mass is taken to be the origin of the frame.

while

erfc(Ag(R — Ryp))

S(R) = :

(4)

In these expressions only even values of m were used as
a result of the Cy, symmetry of the HoO molecule while
Ao =6 A1 and Ry = 4.5A.

For given values of R and +, he Fj,, coefficients were
obtained by a least-square procedure. These coefficients
where then fitted using the Reproducing Kernel Hilbert
Space method of Ho and Rabitz3°,

Ngp-N,
Fn 0 Ry = 37 PR R (2, 7)
i=1
(5)
with z(y) = H%, and where the ¢%° and ¢2 are the



one dimensional kernels3°

2 R
2,5 N — _ hc
¢ (R, i) 91RS ~ 14RL’ (6)

¢ (z,z1) =14+ 225 +2(22) 2 (1 - Z<> , (1)
32>

Ng and N, are the number of R and « values of the ab
initio grid. R. and R~ are the lower and larger values
of R and R;, and 2. and z- are the lower and larger
values of z and z;. The ay,,; coefficients were obtained by
solving the linear equations system Q(xg, Xg/)ym () =
Fim(2y), where Q(ax, 2y) = ¢»°(Re, Rir)q* (2, 21 ),

B. Dynamics

We use the rigid bender Close Coupling (RB-CC)
method which was already presented in details in pre-
vious papers®!. Also, only the main steps of the method
are only briefly reminded.

1. Rigid bender description of H.O

The symmetric form of the rigid-bender restriction
of the Hamiltonian HTP(H,0) developed long ago by
Carter et al.? for centrosymmetric triatomics is used to
model the coupled bending and rotation degrees of free-
dom of HyO. This hamiltonian is diagonalised in the sym-
metrised rovibrational basis set |jnK mj, p) suggested by
Tennyson?? :

ljnKm;, p) = m[Un[_{ij(—l)PUn—f(mj)]
(8)

with
jnKm;) = P (cosy)|jKm;) )

where, the ket |jKm;) is a symmetric top wavefunc-
tion while m; and K are the projections of the rota-
tional angular momentum j of HyO along the space fixed
z-axis and along the molecular fixed z-axis respectively.
PX(cos~) is a normalized associated Legendre polyno-
mial describing the vibrational bending motion. The ma-
trix elements of H%B(H,0) in this basis set are given in
many papers like?* or more recently?>

The diagonalisation of the triatomic Hamiltonian in
this basis set gives the parity selected rigid-bender ener-

gies el jr and the eigenfunctions
m;p _ Cujfp inKm. —
XV]T ( ) - Z Z |Jn m]ﬂp> -

n>K K
X

P () o 10
Y =2 (—1)P K| — Kmj)|
K>0 2(1+0z0) /

>0
|:|.]ij

where

LA (y) =

viT K
7 Cr PPyt (cos ) (11)

n>K

v is the bending quantum number of water and 7 de-
fines the rotational level of water inside a given j mul-
tiplet —j < 7 < j. In what follows we will also use
instead of 7 the alternative equivalent notation K Ko
where 7 = K4 — K¢ and K4 and K¢ are respectively
the absolute values of the Z molecular axis projections of
j respectively in the limit of a prolate or an oblate top.

2. Close Coupling equations

The rigid-bender wave-functions are then coupled with
those describing the motion of the He projectile relative
to H2O in space fixed coordinates as:

lvjtp,l; M) = ZZ,/ L(gmjlmy| T M) Y™ (R )
’”J "” ’ (12)

FV]TP

X
KZ>:O V2(1+9k0)

where R = (0g, or) designates the R polar and az-
imuthal angles in the space fixed frame while [ and my
are respectively the relative angular momentum quantum
number and its projection along the z space fixed axis.

The expansion of the wave function of the system in
this basis set gives the rigid-bender close-coupling equa-
tions for an atom colliding with a triatom bent at equi-
librium.

WKmn + (=1 — Rm)

> l(l+1
TR Lt r W
U JM GJ]\/I R)=0

[ L/jTl;u’j'T’l’}( )X VjTl;l/’j’T’l’( )

where G/M R) is the radial part of the atom rigid
bender scattering wave function, k7, = 2u[E —¢,;-] and

(U1, i1 (R) = 20w Tl M|V (7, R, 0, §)[/§'7'V T M)
=2 drysin(v) x
,ug Y ('Y) (14)

~ Nl ]

727 [I:‘I%Trp("y) X WVJj]I\{'lp;V/j/K/l/p’(R) X FIU%/] TP (’y)]
K,K’

vyl u’j/‘r/l’(

In the left hand side of this expression there is no men-
tion of the quantum numbers p and p’ as they are im-
plicitly deﬁned by the pseudo-quantum numbers 7 and
7/. The W/ ikip i kv (1) are the usual symmetrised
combinations of the symmetric top matrix elements of
the potential as given by Green3S.

Il. RESULTS
A. PES

The agreement between the fitted and ab initio energies
is quite satisfactory. The root means square deviation



TABLE I. Comparison between our results and those available
in the literature for the equilibrium geometries and energies of
the He-H2O complex. (R is reported in A, 0 and ¢ in degree,
and the energy in cm™1).

PES (R, 0, p) Energy
This work  (3.13, 76.43, 0) -34.55
Ref.?* (2016) (3.14, 76.2, 0) -34.09
Ref.37 (2003) (3.18, 79, 0)  -30.42
Ref.%® (2002) (3.13, 75, 0)  -34.90
Ref.?? (2002) (3.12, 78.3,0) -34.94

in cm™! (RMSD) is equal to 1.73 x 1072 for negative
energies and to 2.04 x 1073 for positive energies between
0 and 5000 cm 1.

The global minimum of the PES, -34.55 cm~! is ob-
tained for the averaged?® bending angle v = 104.42° and
is associated with the bent configuration (R = 3.134,
6 = 76.43° and ¢ = 0°). This is in very good agreement
with values reported in previous works as illustrated in
Table ITTA.

Our four-dimensional PES shows a strong depen-
dence in the bending angle ~ in the region of the
well, as illustrated in Fig. 2 where contour plots of the
PES are represented for different value of vy and (.12:14:18,

B. Rigid-bender levels of H>0

The details of these calculations can be found in our
recent work.?! When compared with experiment the av-
erage relative errors of the RB energies are respectively
2% and 3% in the fundamental and first excited bend-
ing levels of water. In order to focus on purely dynami-
cal effects, we choose to fix the rovibrational energies of
water at their experimental values?® while keeping the
expansion coefficients of these levels in a symmetrised
symmetric top basis set to those obtained either by the
rigid-bender or the rigid-rotor approach.

C. He-H3>0 complex bound states calculations

In order to check the quality of our new PES we cal-
culated the bound states of the He-HoO complex and
compare them with the most recent previous calcula-
tions available.?* We performed calculations both at the
Rigid Rotor level(denoted RR) for the equilibrium bend-
ing angle of free water as well as rigid bender calcula-
tions. For the latter calculations, we use the same varia-
tional approach described in some of our previous works.
The wave function of the system is expanded in the cou-
pled basis set defined in Eq. 12 describing the bending-
rotation of HoO and the relative movement of He towards
H>0O. We then solve variationally equation Eq. 13 using

a 200 points Chebyshev DVR grid along R spanning the
[3,20] ag interval with 100 rotational basis functions in-
cluded for each spin isomer of HyO.

As can be seen in Table IT the RR and RB results differ
at the most by 0.02 cm ™! confirming the very good per-
formance of the rigid rotor approximation for this system.
We also obtain an excellent agreement with the calcula-
tions of Hou et al.?* using our new PES. Our bound state
energies are in average about 0.1 cm ™' lower than theirs
as a result of the deeper well depth of our PES while the
differences of energies between two different levels calcu-
lated by Hou et al.?* are even in closer agreement with
ours, demonstrating the good accuracy of our PES.

D. Dynamics

Our new surface was employed to perform both rigid
asymmetric top (RAST-CC) and rigid bender (RB-CC)
close coupling calculations using the Newmat code?!.
Ten values of the water rotational quantum number j
were included in the HyO rotational basis set while the
RB-CC calculations involved two bending levels. Scatter-
ing calculations were carried out for energies up to 10000
cm™! for each H,O-He pair of nuclear spin modifications.
The collision energy dependence of the computed vibra-
tional quenching cross sections are fitted by power laws
in the [500,10000] cm~! interval. The resulting power
law coefficients are then used to obtain the vibrational
quenching rates above 500 K. This range of energies could
involve exited bending and stretching levels of HoO while
the HyO stretching modes are not taken into account in
the present work. Error resulting from this approxima-
tion is, however expected to be very small while taking
place only for the highest energies. Partial waves up to
total angular momentum J = 125 were included in the
calculations to achieve a 1073 relative criterion for the
convergence of the state-selected quenching cross section
as a function of the maximal value of the total angular
momentum quantum number J. The maximum propaga-
tion distance was 30 Bohr, and convergence was checked
as a function of the propagator step size.

1. Rotational transitions inside the same bending level

We first performed RAST-CC calculations inside
the fundamental bending state and compared them
with those available in the Basecol*! data base. The
Basecol data was calculated by Yang et al.*? using the
Symmetry-adapted perturbation theory PES named
(SAPT-P) of Patkowski et al.3® An example of
comparison between our results and those of Yang et
al.*? is shown in Fig. 3 for transitions issued from the
303 or 313 levels. The relative average difference between
our results and those of Yang et al. is equal to 30% as a
result of both the differences between the two PES and
the smaller rotational basis set used for the dynamics by
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FIG. 2. Contour plot of the HO+He complex for several values of v and . Negative (blue line) and positive energies (red
lines) are both reported in steps of 1 cm™!

TABLE II. Comparison between the bound states energies of the He-H2O complex calculated with our PES at the Rigid Rotor
(RR) and Rigid bender (RB) level with those (given between parenthesis) published by Hou et al.?*

J=0  J=1 J=2 J=3 J=4
He + para-H20(v2 = 0)
¥(000)¢ RR -6.874 -6.196 -4.857 -2.901 -0.416
RB -6.870 -6.192 -4.854 -2.808 -0.413
(-6.758) (-6.083) (-4.750 ) (-2.801) (-0.323)
I(111)¢ RR 30.052  30.723 32.010 33.784
RB 30.043 30.713  32.002 33.784
(30.370) (31.030 ) (32.330) (34.216 )
M(11:)) RR 30.990 32.331 34.292  36.782
RB 30.970 32.312  34.273  36.762
(31.079) (32.417) (34.373) (36.859)
He + ortho-Hz O(v2 = 0)

Y(lo1)¢ RR 16.027 16.283 17.076  18.492  20.519
RB 16.019 16.277 17.071 18.488 20.516
(16.170) (16.421) (17.207 ) (18.613) (20.627 )

(101)® RR 18.773  20.648  23.108

RB 18.773  20.647  23.106

(18.888) (20.755 ) (23.205)

M(1l0:1)) RR 18.330 19.623  21.508

RB 18.332  19.625  21.509

(18.445) (19.733 ) (21.610)

Yang et al.

In the same paper, Yang et a

l.42

compared their re-

sults with experiment for the state to state HoO-He ex-
citation cross sections at 429 cm™! from the 0gg and 1g;

initial states and obtained a good agreement. Our results
are then also in good agreement with these experimental
data.

We also performed RB-CC calculations and compared
them with our RAST-CC results in Fig. 4 . As can be
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FIG. 3. RR state to state rate coefficients induced by collision
with He for the two initial states 393 and 313 of HoO. The final
rotational state is indicated on each curve. The continuous
lines are our results while the symbols are the values of Yang
et al.*? given in the Basecol database?!.

seen in this figure the agreement between the two kinds
of calculations is excellent above 1 cm™!. Below this en-
ergy the resonances which can be seen on the RAST-CC
curves seem to disappear at the RB-CC level as a result
of the averaging over the HoO bending angle. We con-
clude that rotational transitions inside the same bending
level are safely described by using the rigid rotor approx-
imation.

2. Rotational transitions inside two different bending
level

Very often, for experimental detection reasons, rota-
tional transitions are measured inside a given excited
vibrational level and are assumed to be the same inside
the fundamental vibrational level of the system. This
is usually a good approximation for collisions involving
linear molecules in different stretching states as shown
recently for the collisions of CO with Hy. For this
system, the resonances appearing in the state to state

G(Bohrz)

o(Bohr?)

E(cm™)

FIG. 4. Comparison between the state to state RB-CC
(dashed lines) and RAST-CC (continuous lines) rotational
cross sections starting from the (v = 0,303) and (v = 0, 313)
levels of HoO colliding with He. The higher an lower panels
are respectively dedicated to the para and ortho transitions.

rotational cross sections inside two different stretching
levels were found to be only slightly shifted in collision
energy.

In the case of rotational states belonging to two
different bending levels of a bent triatomic molecule like
H5O the situation is completely different . As a matter
of fact, because of the coupling between rotation and
bending, the energy classification of the states is not the
same inside different bending levels. For example the
290 para level is below 313 inside v,=0 while it is the
contrary inside vo=1. For ortho levels it is for example
the same for 297 and 3p3.

Furthermore, highly excited rotational levels of the
fundamental bending state intersperse between rota-
tional levels of the first excited bending level. This is
for example the case of the (v2=0, 964) para level which
intersperses between the (ro=1, 0gp) and (r2=1,11; ) lev-
els. For ortho levels it is also the case of the (12=0, 963)
level for example which intersperses between the (v9=1,
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FIG. 5. Comparison between the state to state RB-CC ro-
tational cross sections starting from the 393 and 313 levels of
H50O colliding with He inside the vo = 0 (continuous lines)
and v2 = 1 (dashed lines) levels. The higher an lower panels
are respectively dedicated to the para and ortho transitions.

101) and (1/221,110 ) levels.

Fig. 5 shows the comparison between state to state
RB-CC rotational cross sections starting from the 3p3 and
313 levels of HoO colliding with He inside the v = 0 and
vo = 1. As can be seen in this figure most of the tran-
sitions are represented by very similar curves inside the
two different bending levels. The shapes of some of the
resonances are only seen to differ slightly. Conversely this
figure also shows two examples of rotational transitions
cross sections inside vo,=1 differing from their counter-
parts inside v,=0. This is the case of the 393 — 221 and
303 — 290 tramsitions for the reasons mentioned above.
This means that some rotational transitions inside v9=0
cannot be deduced from experimental measurements in-
side vo=1.

3. Rotational transitions between two different bending
level

A first interesting feature of vibrational quenching is
illustrated in Fig. 6 where RB-CC cross sections for each
of the j=4 and j=2 multiplets belonging to the first ex-
cited bending level v =1 of H,O are presented.

0.1 1 10 100 1000
E(cm™)

FIG. 6. RB-CC vibrational quenching cross sections of the
j=4 (lower panel) and j=2(upper panel) rotational states be-
longing to the first excited bending level v2 =1 of H2O in-
duced by collision with He. The initial state rotational state
is indicated by the values of jx, &, -

We first see that inside a multiplet the vibrational
quenching cross section increases monotonously as a
function of the initial rotational energy suggesting that
the coupling between bending and rotation is efficiently
at play. More surprisingly, the ortho and para levels the
closest in energy are seen to give almost the same vibra-
tional cross sections. This suggests that at least for this
system it is sufficient for each value of j to perform cal-
culations for the symmetry leading to the largest number
of states.

From Boltzmann averaging over the distribution of ro-
tational states inside the HoO(v2 = 1,5 = 0 — 4) multi-
plets and over collision energy, one obtains the j selected
quenching rate coefficients represented in Fig. 7 . The
global Boltzmann averaged vo = 1,) quenching rate co-
efficient as well as its experimental value?3 available at
2500 K is also reported. Our computed value at 2500 K
is within the experimental error bar of this measurement.
This good agreement suggests that the repulsive part of
our 4D PES which includes bending is also well described.
The upper panel of the same figure shows the ratio of the
j selected vibrational quenching rate coefficients divided
by that of the j=0 state as a function of temperature
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FIG. 7. Comparison with experiment?® of the j state selected
and Boltzman averaged RB-CC vibrational quenching rate
coefficient of the j=0,1,2,3,4 rotational states belonging to the
first excited bending level of HoO induced by collision with
He. The initial rotational state is indicated by the values of j.
The higher panel shows the ratio of the j selected vibrational
quenching rate coefficients divided by that of the j=0 state as
a function of temperature for j=1,2,3,4.

for 7=1,2,3,4. This figure demonstrates clearly that the
efficiency of HoO collisional bending relaxation increases
with its rotational excitation as a result of the coupling
between bending and rotation. It also shows that the
coupling efficiency is low at low and high temperatures
while reaching a maximum at about 15,60,100 and 120 K
respectively for 7=1,2,3 and 4. The lowest temperatures
involve collision energies comparable to the well depth
and suggest that the coupling results from this part of
the intermolecular potential. For higher values of j the
mechanism is more complicated as it involves also the
repulsive part of the PES.

IV. SUMMARY

A Close Coupling study of the Bending relaxation
of HyO by collision with He was presented. To this
aim, a new 4 D PES including the bending of H,O was
developed and tested by calculating the bound states

of the He-HyO complex. A very good agreement was
obtained with the recent theoretical results of Hou et
al.?* demonstrating the good quality of our PES in the
region of the well.

The collisional dynamics was then investigated by
performing both Rigid Rotor and Rigid Bender Close
Coupling calculations. As expected, the two kinds of
calculations are in excellent agreement above 1 c¢cm™!
for rotational transitions inside the same bending level.
Below this energy the resonances appearing on the
RAST-CC curves seem to disappear at the RB-CC level
as a result of the averaging over the HyO bending angle.
We conclude that rotational transitions inside the same
bending level are safely described by using the rigid
rotor approximation. Our results were also compared
with equivalent rigid rotor data available in the Basecol
database. The relative average difference between our
results and those of Yang et al. is equal to 30% as a
result of both the differences between the two PES and
the smaller rotational basis set used for the dynamics by
Yang et al. Our results for the state to state HoO-He ex-
citation cross sections at 429 cm™! from the 0gg and 1o;
initial states are also in good agreement with experiment.

We then compared the same rotational transition
inside two different bending levels and showed that
some transitions inside the fundamental bending level
cannot be deduced from their measurements inside an
excited bending level. This results simply from the fact
that coupling between bending and rotation changes the
energy classification of the states belonging to different
bending levels.

We also find that the vibrational quenching cross sec-
tion increases monotonously as a function of the initial
rotational energy inside a j multiplet suggesting that
the coupling between bending and rotation is efficiently
at play. More surprisingly, the ortho and para levels the
closest in energy give almost the same vibrational cross
sections. This suggest that at least for this system it
is sufficient for each value of j to perform calculations
for the symmetry leading to the largest number of states.

The efficiency of the HoO collisional bending relaxation
is also found to increase with its rotational excitation as a
result of the coupling between bending and rotation.The
coupling efficiency appears to be low at low and high
temperatures while reaching a maximum between 15 and
120 K depending on the initial value of j.

SUPPLEMENTARY MATERIAL

A Fortran subroutine of the PES described in section
IT A is given with examples of use.
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