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The formation of soot in actual combustion systems involves several complex processes including those related to both soot chemical kinetics and soot particle dynamics. This means that detailed soot models are required to describe the formation of this critical pollutant in such systems. Accordingly, this work involves the development of a detailed soot formation model including its implementation in OpenFOAM. The particular method of moments-based modeling approach employed is the interpolative closure one (MOMIC), which uses interpolation and extrapolation to determine from first moments those higher, fractional, and negative order ones required in such modeling. More specifically, the transport equations for each of the first three (3) moments are solved, which in turn are compared with calculations carried out using a semi-empirical soot formation model (Brookes and Moss). These soot formation related comparisons are carried out accounting for turbulent non-premixed flames, and RANS as turbulence modeling approach, including soot nucleation, coagulation, surface growth and oxidation. For modeling combustion, the steady laminar flamelet model (SLFM) is used, considering the ABF as the chemical kinetic mechanism. Radiation effects are modeled in turn using the optically thin method. For nucleation, only acetylene is considered as a soot precursor in the two-equations model, whereas in the MOMIC one, benzene is accounted for. For soot oxidation, OH and O are considered as oxidant species in both models. The numerical results obtained here are compared with the corresponding experimental ones characterizing the Adelaide jet flame EHN (ethylene-hydrogen-nitrogen) 1, accounting for soot volume fraction and temperature profiles. The influence on soot predictions of soot models parameters are particularly discussed. When compared to the experimental data available in literature, the obtained numerical results present discrepancies in accordance with the limitations of the turbulence, combustion and soot modeling approaches employed here. It is expected that detailed soot models such the one developed in this work can be utilized in future to describe the formation of soot in practical combustion systems.

INTRODUCTION

Soot emissions are undesirable by-products generated in hydrocarbon fuels combustion processes characterized by fuel-rich mixtures and relatively high temperatures. This pollutant is harmful to both human health and environment, as well as it is an indicator of low combustion efficiency and excessive CO (carbon monoxide) and UHC (unburned hydrocarbons) emissions [START_REF] Mueller | Effects of turbulent combustion modeling errors on soot evolution in a turbulent non premixed jet flame[END_REF]. Over the years significant progresses have been made in deepening the understanding of soot formation in combustion processes. Nevertheless, due to the complexity of the interaction between the associated turbulent flow, gas phase chemical reactions, and the dynamics of soot particles, many crucial steps of this phenomenon, such as those present during the transition between gas phase PAHs (polycyclic aromatic hydrocarbons) and soot particle nucleation, are still not well understood [START_REF] Lindstedt | Joint-scalar transported PDF modeling of soot formation and oxidation[END_REF]. Experimental data indicates that PAHs constitute the main precursors of soot particles [START_REF] Mercier | Dimers of polycyclic aromatic hydrocarbons: The missing pieces in the soot formation process[END_REF]. Owing to the fact that the concentration of the largest molecular weight aromatics is not yet known with accuracy enough to be accounted for in soot formation processes indeed, for soot nucleation in recent studies only the smallest aromatics (A1 and A2) are accounted for [START_REF] Gleason | Small aromatic hydrocarbons control the onset of soot nucleation[END_REF].

In order to achieve an accurate description, soot formation models must consider not only the chemical kinetics related to soot, but also implement mathematical algorithms capable of capturing the dynamics of the formed soot particles [START_REF] Appel | Kinetic modeling of soot formation with detailed chemistry and physics: Laminar premixed flames of C2 hydrocarbons[END_REF]. However, due to the relatively large number of referred soot particles, tracking individual particles is challenging in soot formation modeling [START_REF] Yang | A Multi-Moment Sectional Method (MMSM) for tracking the soot Number Density Function[END_REF]. Therefore, statistical descriptions of the soot population particles evolution are often used in practice. Such descriptions involve solving a population balance equation (PBE) governing the evolution of the number density function (NDF) describing the concentration of soot particles of a given size [START_REF] Gallen | Lagrangian tracking of soot particles in les of gas turbines[END_REF]. Furthermore, since the chemical kinetics is strongly dependent on temperature, an adequate description of the associated radiation heat transfer is important. Under the presence of soot, peak temperatures can drop indeed by more than 300K due to participating media radiation [START_REF] Mehta | An assessment of gas-phase reaction mechanisms and soot models for laminar atmospheric-pressure ethylene-air flames[END_REF]. These phenomena are closely coupled and occur simultaneously in turbulent reacting flows.

The most recently developed soot formation models include those based on (i) the method of moments (MOM) [START_REF] Frenklach | Method of moments with interpolative closure[END_REF][START_REF] Mueller | Hybrid Method of Moments for modeling soot formation and growth[END_REF], where the moments of the particle size distribution function (PSDF) are solved; (ii) the sectional model [START_REF] Netzell | Calculating the soot particle size distribution function in turbulent diffusion flames using a sectional method[END_REF], where the PSDF is divided into discrete sections; and (iii) the Monte Carlo stochastic method [START_REF] Balthasar | A stochastic approach to calculate the particle size distribution function of soot particles in laminar premixed flames[END_REF][START_REF] Zhao | Multi-Monte Carlo method for coagulation and condensation/evaporation in dispersed systems[END_REF], where no closure assumption is required [START_REF] Wick | Systematic assessment of the Method of Moments with Interpolative Closure and guidelines for its application to soot particle dynamics in laminar and turbulent flames[END_REF]. Due to the relatively high computational cost that the Monte Carlo method requires, which makes it unfeasible for multidimensional turbulent cases, both the method of moments and the sectional model are the most often applied approaches in such flames. Additionally, there are also simplified alternatives based on empirical correlations, such as the two-equation model [START_REF] Brookes | Measurements of soot production and thermal radiation from confined turbulent jet diffusion flames of methane[END_REF], that bring some benefits such as a low computational cost. These simple models are not capable however of dealing with the morphology of soot particles. In addition, the fact that some of these models have been developed for specific fuels only, methane for instance, represents an inherent limitation. In this work, due to its computational efficiency, numerical robustness and straightforward implementation in 3D CFD (computational fluid dynamics) simulations, the method of moments with interpolative closure (MOMIC) [START_REF] Frenklach | Method of moments with interpolative closure[END_REF] has been utilized.

As described by [START_REF] Wick | Systematic assessment of the Method of Moments with Interpolative Closure and guidelines for its application to soot particle dynamics in laminar and turbulent flames[END_REF], there are two variants of MOMIC, (i) one where an additional negative moment is calculated in order to determine via interpolation the moments of negative fractional order, and (ii) another that uses only positive moments to determine the closure terms missing moments. Notice that a large number of moments is not strictly necessary to adequately describe soot formation. In fact, relatively good results have been obtained using three (3) moments in the past [START_REF] Wick | Systematic assessment of the Method of Moments with Interpolative Closure and guidelines for its application to soot particle dynamics in laminar and turbulent flames[END_REF], reducing the associated computational cost. Accordingly, in this work soot formation models featuring three (3) moments have been implemented in the open source CFD software OpenFOAM. Additionally, the obtained results have been compared with others resulting from the use of a two equations semiempirical model [START_REF] Brookes | Measurements of soot production and thermal radiation from confined turbulent jet diffusion flames of methane[END_REF] available in the employed tool.

It is worth noticing that several measurement techniques often used for gas-phase flames are either not applicable in sooting flames or introduce unacceptably large errors (Mueller and Raman, 2013). Most of the experimental data available in literature includes thus measurements of temperature and soot volume fraction only, so soot model development is a challenge that must meet this shortcoming. In this work, the experimental data from the Adelaide sooting flame 1 [START_REF] Mahmoud | The effect of exit Reynolds number on soot volume fraction in turbulent non-premixed jet flames[END_REF], including soot volume fraction axial and radial profiles and temperature axial profile, are used for comparison purposes with the implemented soot models. This particular flame is a turbulent diffusion jet one involving ethylene/hydrogen/nitrogen as fuel mixture. In the Adelaide sooting flame 1 related experiment, ethylene was chosen as fuel due to its high soot yield and relatively well-established chemical kinetics, whereas N2 was used to lower the concentration of soot in the flame and H2 to maintain the flame attached to the burner [START_REF] Sun | Effects of hydrogen and nitrogen on soot volume fraction, primary particle diameter and temperature in laminar ethylene/air diffusion flames[END_REF]. Accordingly, this work is structured as follows. The mathematical background including the combustion, radiation and soot formation models are described in Section 2. In Section 3 in turn, the soot model implementation in OpenFOAM is introduced. In Section 4, the studied test case for model analysis and verification is discussed. The main results, including a thorough analysis of the performance of the soot models implemented, are presented and discussed in Section 5. Finally, Section 6 summarizes the main conclusions drawn from the obtained results.

MATHEMATICAL MODELING

Governing equations

Low Mach number turbulent flows with variable density are accounted for in this work. Accordingly, the Reynolds Average Navier-Stokes modeling approach (RANS) is used together with the standard 𝑘 -𝜀 turbulence model [START_REF] Launder | Application of the Energy-Dissipation Model of Turbulence to the Calculation of Flow Near a Spinning Disc[END_REF]. The numerical approach employed here is based on time averaging of the flow governing equations related to mass, momentum and energy. In this work, two additional transport equations are solved to compute the turbulent kinetic energy (𝑘) and the turbulent dissipation rate (𝜀). RANS has been used here because of its lower computational cost when compared to other more expensive approaches such as LES (large eddy simulation) and DNS (direct numerical simulation). Notice that when dealing with model development, involving tens or even hundreds of numerical simulations, computational cost is a critical issue.

Combustion modeling

The combustion model employed here is the steady laminar flamelet (SLF) (Peters,1984) one, which accounts for a turbulent flame as an ensembled of thin one-dimensional flamelets within the turbulent flow field. In this model temperature and species mass fractions values are stored in lookup tables in terms of mixture fraction, 𝑍, and scalar dissipation rate at stoichiometric conditions, 𝜒 𝑠𝑡 . The advantage of this model is that the chemistry involved can be preprocessed and tabulated, significantly reducing thus the computational cost associated with the modeling of turbulent flames. The SLF model however is not able to properly describe combustion processes involving fast chemistry, and it cannot capture deep non-equilibrium effects such as ignition, extinction and slow chemistry [START_REF] Pierce | Progress-variable approach for large-eddy simulation of non-premixed turbulent combustion[END_REF].

Radiation modeling

In terms of radiation energy transport, the optically thin radiation model [START_REF] Guo | Soot and NO formation in counterflow ethylene/oxygen/nitrogen diffusion flames[END_REF]) is utilized in this work. In this simplified approach often used in combustion calculations, only radiation emission is accounted for and reabsorption is neglected. This method has enabled the prediction of the behavior of several laboratory flames, but it is known to overestimate radiation effects [START_REF] Cuoci | Kinetic modeling of soot formation in turbulent non premixed flames[END_REF]. In this method, in the energy transport equation, radiation is accounted for as a source heat transfer term,

𝑄 𝑟 = -4𝜎𝑎(𝑇 4 -𝑇 𝑒𝑛𝑣 4 ), (1) 
where 𝜎 is the Stefan-Boltzmann constant, 𝑎 is the Planck-mean absorption coefficient of the gas mixture and 𝑇 𝑒𝑛𝑣 is the environment temperature. Indeed, 𝑎 is a contribution of 𝐶𝑂, 𝐻 2 𝑂, 𝐶𝑂 2 , 𝐶𝐻 4 and soot, according to: (3)

𝑎 = 𝑝 𝐻 2 𝑂 𝑎
𝑎 𝑝 = 𝑐 0 + 𝑐 1 𝑇 + 𝑐 2 𝑇 2 + 𝑐 3 𝑇 3 + 𝑐 4 𝑇 4 (4) 
For the gaseous species in this work, the extinction coefficients are taken from Barlow et al. (1998), whereas the soot related extinction coefficient is evaluated in turn using, 𝑎 𝑠𝑜𝑜𝑡 = 1232𝜌 𝑠𝑜𝑜𝑡 [1 + 4.8 * 10 -4 (𝑇 -2000)]

(5)

Soot modeling

In this work, two soot formation models will be developed, the two-equations semi-empirical one by [START_REF] Brookes | Measurements of soot production and thermal radiation from confined turbulent jet diffusion flames of methane[END_REF] and the detailed soot formation model MOMIC (method of moments with interpolative closure) [START_REF] Frenklach | Method of moments with interpolative closure[END_REF].

Two-equations model

In this semi-empirical model, soot is calculated from solving transport equations for soot mass fraction 𝑌 𝑠 , and normalized soot nuclei concentration 𝑏 𝑛𝑢𝑐 [START_REF] Brookes | Measurements of soot production and thermal radiation from confined turbulent jet diffusion flames of methane[END_REF]. A thermophoretic diffusivity term has been added to the original soot mass fraction transport equation, Eq. ( 6), due to both soot is mainly transported by temperature gradients and molecular diffusivity related effects can be neglected [START_REF] Cuoci | Kinetic modeling of soot formation in turbulent non premixed flames[END_REF]. In this work however the molecular diffusivity term has been maintained to ensure the model numerical stability.

𝜕𝜌𝑌 𝑠 𝜕𝑡 + 𝛻 • (𝜌𝑣)𝑌 𝑠 = 𝛻 • ( 𝜇 𝑡 𝜎 𝑠 𝛻𝑌 𝑠 ) + 𝛻 • (𝜌𝑉 𝑡 )𝑌 𝑠 + 𝑑𝑀 𝑑𝑡 , (6) 
𝜕𝜌𝑏 𝑛𝑢𝑐 𝜕𝑡 + 𝛻 • (𝜌𝑣) 𝑏 𝑛𝑢𝑐 = 𝛻 • ( 𝜇 𝑡 𝜎 𝑛𝑢𝑐 𝛻𝑏 𝑛𝑢𝑐 ) + 𝛻 • (𝜌𝑉 𝑡 )𝑏 𝑛𝑢𝑐 + 1 𝑁 𝑛𝑜𝑟𝑚 𝑑𝑁 𝑑𝑡 . (7) 
In Eqs. ( 6) and ( 7), 𝑀 and 𝑁 stands for soot mass concentration and soot particle number density, respectively. 𝜎 𝑠 is in turn the Prandtl number, whereas 𝜌, 𝑣 and 𝜇 represent, respectively, reacting mixture density, velocity and viscosity, whereas the thermophoretic velocity is defined as

𝑉 𝑡 = - 0.55𝑣 𝑇 𝛻𝑇.
The rate of nuclei concentration 𝑑𝑁/𝑑𝑡 and the rate of mass fraction 𝑑𝑀/𝑑𝑡, Eq. ( 8) and ( 9), respectively, are source terms used to model the contribution to soot formation of nucleation, coagulation, surface growth and oxidation.

𝑑𝑁 𝑑𝑡 = ( 𝑑𝑁 𝑑𝑡 ) 𝑛𝑢𝑐𝑙𝑒𝑎𝑡𝑖𝑜𝑛 -( 𝑑𝑁 𝑑𝑡 ) 𝑐𝑜𝑎𝑔𝑢𝑙𝑎𝑡𝑖𝑜𝑛 , (8) 
𝑑𝑀 𝑑𝑡 = ( 𝑑𝑀 𝑑𝑡 ) 𝑛𝑢𝑐𝑙𝑒𝑎𝑡𝑖𝑜𝑛 + ( 𝑑𝑀 𝑑𝑡 ) 𝑠𝑢𝑟𝑓𝑎𝑐𝑒 𝑔𝑟𝑜𝑤𝑡ℎ -( 𝑑𝑀 𝑑𝑡 ) 𝑜𝑥𝑖𝑑𝑎𝑡𝑖𝑜𝑛 , (9) 
In this work, the nucleation rate model employed is the one proposed by Brookes and Moos (1999), which models soot nucleation by a simple one-step reaction of acetylene. The oxidation rate model utilized here is in turn the one developed by Lee et al. (1980), where OH and 𝑂 2 are considered as oxidant species for soot. Each of the terms appearing in Eq. ( 8) and ( 9) are obtained through empirical correlations, whose reaction rate parameters and scaling factors are available in [START_REF] Brookes | Measurements of soot production and thermal radiation from confined turbulent jet diffusion flames of methane[END_REF].

Method of moments

In order to model soot formation, it is necessary to describe the particle size distribution function (PSDF), but this would require solving the population balance equation for an infinite number of size classes. One particular approach frequently used to describe the PSDF is the method of moments, where a small number of moments is used only. When applied to soot modeling, the method of moments has many variants. In this work indeed, due to its computational efficiency and its numerical robustness, the focus is on the method of moments with interpolative closure (MOMIC) one [START_REF] Frenklach | Method of moments with interpolative closure[END_REF][START_REF] Wick | Systematic assessment of the Method of Moments with Interpolative Closure and guidelines for its application to soot particle dynamics in laminar and turbulent flames[END_REF]. In MOMIC, the PSDF is described by a finite number of lower-order moments only. In particular, the 𝑟-th moment of the particle number density 𝑁 𝑖 , and the reduced moment 𝜇 𝑟 , are [START_REF] Balthasar | Detailed kinetic modeling of soot aggregate formation in laminar premixed flames[END_REF],

𝑀 𝑟 = ∑ 𝑚 𝑖 𝑟 𝑁 𝑖 ∞ 𝑖=1 , (10) 
𝜇 𝑟 = 𝑀 𝑟 𝑀 0 , (11) 
where 𝑚 𝑖 and 𝑁 𝑖 stands for, respectively, the mass and number density of particles of size class 𝑖. The zero-order moment 𝑀 0 and the first-order one 𝑀 1 have physical interpretations here. 𝑀 0 is the total particle number density and 𝑀 1 , when divided by the soot density, represents the soot volume fraction. Accordingly, the governing equation for the 𝑟-th moment is given by,

𝜕(𝜌𝑀 𝑟 ) 𝜕𝑡 + 𝛻 • (𝜌𝑣𝑀 𝑟 ) = 𝛻 • ( 𝜇 𝑒𝑓𝑓 𝜎 𝑡 𝛻𝑀 𝑟 ) + 𝛻 • (𝜌𝑉 𝑡 )𝑀 𝑟 + 𝜕𝑀 𝑟 𝜕𝑡 , ( 12 
)
where 𝜇 𝑒𝑓𝑓 is the effective diffusion coefficient, 𝜎 𝑡 is the turbulent Prandtl number, and 𝜕𝑀 𝑟 𝜕𝑡 ⁄ is the moment transport equation source terms, which contain the contributions from soot particle nucleation, coagulation and heterogeneous reactions with gas-phase species. Notice that the molecular diffusivity term was also accounted for in this model to guarantee its numerical stability A general form of these source terms can be written as [START_REF] Frenklach | Method of moments with interpolative closure[END_REF],

𝜕𝑀 𝑟 𝜕𝑡 = 𝑅 𝑟 + 𝐺 𝑟 + 𝑊 𝑟 , (13) 
where 𝑅 𝑟 , 𝐺 𝑟 and 𝑊 𝑟 are the source terms due to nucleation, coagulation and surface growth (including oxidation). Mathematical descriptions for each of these source terms are found in [START_REF] Kazakov | Dynamic modeling of soot particle coagulation and aggregation: Implementation with the method of moments and application to high-pressure laminar premixed flames[END_REF][START_REF] Appel | Kinetic modeling of soot formation with detailed chemistry and physics: Laminar premixed flames of C2 hydrocarbons[END_REF][START_REF] Mehta | An assessment of gas-phase reaction mechanisms and soot models for laminar atmospheric-pressure ethylene-air flames[END_REF]. Soot nucleation is usually modeled as coagulation between two PAH molecules. In this work, due to both its simplicity and the fact that it does not need additional moments equations as other models do so [START_REF] Frenklach | Detailed mechanism and modeling of soot particle formation[END_REF], the formulation proposed by [START_REF] Rezvan | Soot formation codes[END_REF] is utilized. For the sake of simplicity, it is assumed that only the smallest aromatics are involved in soot formation (Gleason et al. 2012), thus the one-ring PAH (benzene) is considered here as soot precursor specie.

Coagulation is the process in which soot particles collide with each other to form larger spherical particles. However, after a certain soot particles size, these particles no longer coalesce but form chains of soot aggregates. This last phenomenon is called soot aggregation and it will not be modeled in this work. The coagulation phenomenon is based on the Smoluchowski equations [START_REF] Smoluchowski | Mathematical theory of the kinetics of coagulation of colloidal systems[END_REF], where the collision coefficient (𝛽) is described for all coagulation regimes, free molecular, continuum and transition. These regimes are classified as a function of the Knudsen number,

𝑘 𝑛 = 𝜆 𝑑 𝑠
, where 𝜆 is the gas mean free path and 𝑑 𝑠 is the soot particle diameter [START_REF] Kazakov | Dynamic modeling of soot particle coagulation and aggregation: Implementation with the method of moments and application to high-pressure laminar premixed flames[END_REF].

Surface growth and oxidation are modeled in this work using the hydrogen abstraction 𝐶 2 𝐻 2 addition mechanism (HACA) [START_REF] Frenklach | Detailed mechanism and modeling of soot particle formation[END_REF]. In the HACA mechanism, the reactions rates are computed using Arrhenius form equations employing the rate coefficients summarized by [START_REF] Appel | Kinetic modeling of soot formation with detailed chemistry and physics: Laminar premixed flames of C2 hydrocarbons[END_REF].

In order to solve the closure problem of the coagulation source term 𝐺 𝑟 , it is necessary to know the reduced moments of fractional and negative order present in the 𝐺 𝑟 formulation. In MOMIC, this is carried out through Lagrange interpolation, obtaining high-order, negative-order and fractional-order moments from the first low-order moments [START_REF] Frenklach | Method of moments with interpolative closure[END_REF]. [START_REF] Wick | Systematic assessment of the Method of Moments with Interpolative Closure and guidelines for its application to soot particle dynamics in laminar and turbulent flames[END_REF] emphasize that the highest interpolation accuracy is obtained using two interpolation schemes, (i) one for the positive moments (obtaining higher accuracy with higher number of moments), and (ii) the other for the negative ones (using infinite minus moments in the interpolation among 𝑀 -∞ , 𝑀 0 and 𝑀 1 ) [START_REF] Wick | Systematic assessment of the Method of Moments with Interpolative Closure and guidelines for its application to soot particle dynamics in laminar and turbulent flames[END_REF]. In this work, the positive-order fractional moments are computed from all integer moments solved in the transport equations as, 𝑙𝑜𝑔 (𝜇 𝑝 ) = 𝐿 𝑝 (𝑙𝑜𝑔 (𝜇 0 ) ,𝑙𝑜𝑔 (𝜇 1 ) , … . . ,𝑙𝑜𝑔 (𝜇 𝑟 𝑚𝑎𝑥 ) ),

where 𝐿 𝑝 is the Lagrange interpolation function, 𝑝 stands for the order of the reduced moment 𝜇 𝑝 to be solved, and 𝜇 𝑟 𝑚𝑎𝑥 is the maximum integer moment solved in the transport equations. Similarly, the negative-order fractional moments are solved considering just the first three moments, as it yields reasonably accurate results similar to the case when using an infinite minus moment [START_REF] Frenklach | Method of moments with interpolative closure[END_REF]. The Lagrange extrapolation function for the negative-order fractional moments utilized here is,

𝑙𝑜𝑔 (𝜇 𝑝 ) = 𝐿 𝑝 (𝑙𝑜𝑔 (𝜇 0 ) ,𝑙𝑜𝑔 (𝜇 1 ) , 𝑙𝑜𝑔(𝜇 2 )). (15) 
In the free molecular regime, due to the non-additive character of the collisions coefficients (𝛽), a grid function 𝑓 𝑙 𝑥,𝑦 is employed. As proposed by [START_REF] Frenklach | Method of moments with interpolative closure[END_REF], a double interpolation scheme is required to evaluate soot coagulation under this regime. The first interpolation is employed to obtain the value of the fractional order grid function from integer order grid functions as,

(𝑓 1/2 𝑥,𝑦 ) = 𝐿 1/2 (𝑙𝑜𝑔 (𝑓 0 𝑥,𝑦 ) ,𝑙𝑜𝑔 (𝑓 1 𝑥,𝑦 ) ,𝑙𝑜𝑔 (𝑓 2 𝑥,𝑦 ) ), (16) 
where 𝐿 1/2 indicates the Lagrange interpolation polynomial, and the second interpolation is used to determine, from the integer moments using Eq. ( 14) and Eq. ( 15), the fractional order moments.

OPENFOAM IMPLEMENTATION

The numerical solver aiming to model soot formation in turbulent diffusion flames has been developed using the open source CFD tool OpenFOAM (OpenCFD, 2021). The associated C++ based computational code has been implemented using the OpenFoam 7.0 libraries. Both the two-equation model and the MOMIC model were initially coupled as postprocessing tools. Due to the importance of heat radiation transfer in sooting flames and in order to have a soot-temperature coupling, these soot models were subsequently coupled with a steady-state flamelet-based solver focused on turbulent diffusion flames called flameletSimpleFoam [START_REF] Holtzmann | Flamelet model for OpenFOAM, developed by Holtzmann CFD[END_REF].

In order to implement the MOMIC model in OpenFoam, Eq. ( 12) was added to the flamelet solver, for each transported moment. These added equations along with the transport ones for mass, momentum, turbulent kinetic energy, turbulent dissipation rate, enthalpy, mean mixture fraction, and mixture fraction variance form the set of equations solved here. In particular, the new transported moments related equations were written as an object of the OpenFOAM class, fvScalarMatrix, using the mathematical notations available in OpenFOAM in terms of divergence, gradient, Laplacian and time derivatives.

More specifically, the moments equations implementation was carried out by declaring and defining each of the moments in the file named createFields.H. The source terms for each moment were defined as in Eq. ( 13) using the nucleation, coagulation, surface growth/oxidation schemes described above. Three interpolation functions were implemented, for the positive fractional order moments and for the negative fractional order, and one for the grid function. Additionally, in order to couple the radiation heat transfer to the solver, the energy equation, HEqn.H, was modified. The soot radiation source term defined in Eq. ( 5) was added to the Qrad term present in the solver. It is worth noticing that the flameletSimpleFoam solver is a solver for non-adiabatic flames, so in order to consider the enthalpy variation due to radiation a new term called enthalpy defect was accounted for.

The gradient schemes for each transported moment are cellLimited Gauss Linear, the divergent schemes are bounded gauss limited linear and the Laplacian schemes are Gauss linear corrected. The solver employed for each term is the PBiCG with a tolerance of 10 -8 . The relaxation factor for the first moment is 0.2, and for the rest of the moments a factor of 0.5 was employed. These values were defined through trial-and-error tests based on convergence attainment.

The numerical verification of the MOMIC model implemented here was carried out by means of comparisons with results obtained using the commercial software ANSYS Fluent (ANSYS, 2021). For these comparisons, both solvers employed the same kinetic mechanism, as well as the same turbulence modeling approach. In both tools the SLFM with flamelets created in OpenFOAM was utilized. When comparing the transported moments computed values, discrepancies of about 5% or lower were obtained. For the sake of brevity these numerical verification related results are not shown here.

CASE STUDY AND SIMULATION CONFIGURATION

Case study

In order to validate the soot formation models implemented in this work, the Adelaide jet flame EHN (ethylenehydrogen-nitrogen) 1 [START_REF] Mahmoud | The effect of exit Reynolds number on soot volume fraction in turbulent non-premixed jet flames[END_REF] was utilized as test case. As its name indicates, this is an ethylene, hydrogen and nitrogen (EHN) jet flame with a jet Reynolds number of 15000. The molar concentration of the fuel mixture is (39.1/41/19.9) % at 294 K and 1 bar, whereas the total mixture density is 0.717 𝑘𝑔/𝑚 3 and the dynamic viscosity 1.215 10 -5 𝑘𝑔/(𝑚. 𝑠). The mean flow jet velocity is 56.8 𝑚/𝑠, which is surrounded by a co-flow air stream with an average velocity of 1.1 𝑚/𝑠 and turbulent intensity of 1.5% at 294 K. The studied configuration consists of a straight pipe jet burner made of Aluminum with 4.4 mm of inner diameter, 1 mm of wall thickness and a length of 385 mm. The co-flow duct is a square-cross section of 150x150 mm and the jet pipe outlet rises above the duct up to a distance of 18 mm. The pipe is tapered as it is shown in the Figure 1a. The available experimental measurements are axial and radial soot volume fraction profiles and axial temperature profile. Temperature measurements were made with R-type thermocouple of 1 mm bead diameter with 4% uncertainty, whereas Laser Induced Incandescence (LII) was used to measure soot volume fraction, with uncertainties of about 25%.

Simulation configuration

A three-dimensional wedge-shaped computational domain, discretized using the OpenFOAM utility blockMesh, was accounted for. An O-grid mesh is employed to simulate the symmetrical flame with a wedge angle of 5° and wedge type boundary conditions on both sides. The computational domain dimensions are 870 mm on the z-axis and 75 mm on the x-axis. In addition, the duct length is 70 mm. As it may be seen in Figure 1b, in order to properly describe flow properties related gradients, the mesh is more refined in the domain region close to the fuel jet. In order to save computational time in turn, in both the co-flow region and the flame further zone the mesh elements are coarser. The computational mesh employed features 33200 elements. The smallest element has a characteristic size of 125 𝜇𝑚 and it is located in the jet fuel outlet zone and on the inner wall of the jet pipe near to the jet exit, which ensures that y+ < 4. The largest element features in turn a characteristic size of 10 mm at the outlet and radial region farthest from the axis.

Figure 1. a) Tapered section of pipe jet burner [START_REF] Mahmoud | The effect of exit Reynolds number on soot volume fraction in turbulent non-premixed jet flames[END_REF]. b) Computational mesh utilized.

In order to compute mesh-independent results, a mesh independence study was carried out as well employing grids featuring 12200, 22300 and 33200 elements. In particular, temperature axial profiles and mass fractions ones associated with the main soot precursor species were analyzed for each mesh. Accordingly, Figure 2a shows the mass fraction axial profiles of 𝐶 2 𝐻 2 and OH, whereas Figure 2b does so for chemical species 𝐶 6 𝐻 6 and 𝑂 2 . From Figure 2 results, it is noticed that when using 22300 mesh elements or more the associated results no longer change. In the case of temperature, the discrepancies among the profiles obtained with the referred three meshes were negligible indeed so they are not shown here. Therefore, a computational mesh featuring 33200 elements was employed here. In terms of boundary conditions, a temperature of 294 K and a pressure of 101.325 kPa were accounted for at both fuel and air inlets. The considered fuel inlet velocity is 56.8 m/s, whereas the co-flow air one is 1.1 m/s. Turbulent boundary conditions were estimated from the turbulent intensity of 5% on the fuel side and 1.5% on the air side, obtaining a turbulent kinetic energy value of 11,149 m 2 /s 2 for the fuel inlet and 4.08 10 -4 m 2 /s 2 for the air one. In a similar fashion, turbulent dissipation rate values accounted for include 19679 m 2 /s 3 for the fuel inlet and 7.07 10 -5 m 2 /s 3 for the air one, respectively. In the case of velocity, the outlet is specified as a pressureInletOuletVelocity boundary condition, which implies a zero-gradient pressure condition in the outflow, and the burner wall is specified as a noSlip one, which fixes the velocity to zero at walls. For pressure, the zerogradient condition was set for the inlets and walls, whereas the outlet was specified with a totalPressure type boundary condition with a value of 101.325 kPa. In the case of k, the kLowReWallFunction condition was specified on the burner wall, which provides a wall constraint on the turbulent kinetic energy for low and high Reynolds number turbulence models, whereas zerogradient was enforced on the domain wall. In the case of epsilon, the epsilonWallFunction condition was used for the burner wall, which provides a wall constraint on the turbulent kinetic dissipation rate for low and high Reynolds number turbulence models, whereas zerogradient was imposed on the domain wall. Mean mixture fraction was set to 1 in the fuel inlet and 0 in the air inlet, whereas the mixture fraction variance was set to 0 in both inputs. For both Z and Zvar, the zerogradient condition was set for all walls. The flamelets used here were created from the gas-phase chemical kinetic mechanism ABF [START_REF] Appel | Kinetic modeling of soot formation with detailed chemistry and physics: Laminar premixed flames of C2 hydrocarbons[END_REF] using the flamelet generator included in the flameletSimpleFoam solver. The ABF mechanism contains 101 chemical species and 543 reactions, and the larger PAH accounted for is pyrene (C16H10).

RESULTS AND DISCUSSION

The main numerical results obtained in this work are discussed in this section.

Temperature and Soot volume fraction results

Figure 3 shows the MOMIC based mean temperature profile and the soot volume fractions computed with both MOMIC and the two-equations soot model employed here. All results shown in this figure include radiation effects. In qualitative terms, Figure 3 shows a distribution of soot in accordance with the type of fuel used and the structure of the flame accounted for. For the temperature profile (Figure 3a), the optically thin radiation model and the MOMIC soot model was considered. From the soot volume fraction predictions carried using both soot models, soot appears in the same physical region and the soot maximum peak is located at around 0.3 m above the exit jet. In quantitative terms however, soot volume fraction related discrepancies between numerical predictions and experimental data exist. The potential sources of these discrepancies will be discussed in the following sections. From Figure 4, which shows both temperature and soot volume fraction axial profiles, it is seen that soot radiation has a large influence on flame temperature. When radiation is accounted for indeed, the maximum temperature peak has a 180 K decrease, from 2200 K to 2020 K. Because the radiation model used here does not solve the radiative heat transfer equation, temperature variations due to soot radiation may not be adequately described. In general, because it does not consider in its formulation re-absorption, the optically thin radiation model tends to under-predict temperature peak values [START_REF] Dasgupta | Detailed computational modeling of laminar and turbulent sooting flames[END_REF]. In this sense, the peak temperature predicted here (Figure 4a) may be higher than 2020 K and even higher than the measured experimental value. Additionally, the optically thin radiation model also tends to underpredict temperatures in most of the flame downstream region, which could be a for the significant temperature drop seen from 0.3 m above the jet exit and onwards. An important observation here is that changes in the temperature field affect the soot fields, which as a result modify the heat transfer by radiation and consequently change the temperature profile again. Additionally, it can be observed from Figure 4a that the start of the temperature drop due to radiation occurs around an axial position of 0.3 m, which is close to the location where the soot computed peak value is found (Figure 4b).

In Figure 4b the predicted values of soot volume fraction obtained with the two soot formation models studied here are compared with the experimental data of Adelaide jet flame 1 (Mahmoud et al., 2019). In the case of the two-equations model, the peak value of axial soot volume fraction (300 ppb) is higher than the experimental one (200 ppb). Regarding the MOMIC soot predictions, when employing a unity sticking factor, a soot peak value of 7 times higher than the experimental one was firstly observed. One possible explanation for this is that according to this soot model soot particles generated in the nucleation stage are modeled as spherical particles obtained from a PAH perfect coagulation and that all benzene particles that coalesce tend to form soot. It is worth noticing however that a sticking factor may be employed to decrease the nucleation rate [START_REF] Blanquart | Analyzing the effects of temperature on soot formation with a joint volume-surfacehydrogen model[END_REF]. This enables reducing the maximum soot peak values, thus leading to results that are closer to the experimental data. For the MOMIC results shown in Figure 4b, a sticking factor of 0.07 was accounted for in the nucleation rate equation, which allowed obtaining the same peak value of 190 ppb associated with the experiment. Additional discussions about this sticking factor are included in Section 5.2 below. 

Parametric study of the MOMIC empirical constants

Due to the fact that the MOMIC model was initially formulated for laminar premixed flames [START_REF] Frenklach | Method of moments with interpolative closure[END_REF], the reaction rate related to the soot surface growth for reaction 4a in [START_REF] Appel | Kinetic modeling of soot formation with detailed chemistry and physics: Laminar premixed flames of C2 hydrocarbons[END_REF] is usually modified when accounting for diffusion flame configurations. This has been done for instance in the works by [START_REF] Dasgupta | Detailed computational modeling of laminar and turbulent sooting flames[END_REF], where the associated reaction rate constant is increased by factor of 2, and by [START_REF] Guo | Soot and NO formation in counterflow ethylene/oxygen/nitrogen diffusion flames[END_REF], where the same constant is increased by a factor of 5. Since the original MOMIC model [START_REF] Frenklach | Method of moments with interpolative closure[END_REF] significantly under-predicted soot peak values, such modifications were introduced to obtain a improved agreement between the numerically predicted values and the reference experimental data. Another soot model parameter directly influencing soot predicted levels is the steric factor 𝛼 present in the soot surface growth source term. The fitted correlation for 𝛼 used here was the one proposed by [START_REF] Appel | Kinetic modeling of soot formation with detailed chemistry and physics: Laminar premixed flames of C2 hydrocarbons[END_REF], which was obtained from the study of eight (8) premixed flames. Nevertheless, in several past works, a constant value for 𝛼 has been employed to adjust the soot predicted results. [START_REF] Dworkin | A mass-conserving vorticityvelocity formulation with application to nonreacting and reacting flows[END_REF] used for instance a steric factor equal to 0.078, whereas [START_REF] Dasgupta | Detailed computational modeling of laminar and turbulent sooting flames[END_REF] a value of 1.

In order to assess the influence on soot predictions of the steric factor 𝛼 present in the source terms of both surface growth and oxidation, and the sticking factor 𝛾 present in the nucleation source term, a radially integrated soot volume fraction 𝛽, defined according to Eq. ( 17), was calculated in this work. The results from such computations are illustrated in Figure 5. Figure 5a shows 𝛽 axial profiles obtained using different values of the sticking factor 𝛾, an empirical soot model parameter. It is noticed from this figure that the soot peak values increase with the increase in the 𝛾 factor. No change is observed however with respect to the soot peak axial position. It is worth noticing here that the experimental peak value was reproduced by MOMIC using a 𝛾 equal to 0.07 (Figure 4b). For this 𝛾 value however the integrated soot profile is much lower than the experimental one (Figure 5a). This occurs because the soot radial profile obtained with the MOMIC model is smaller than the experimental one. In the case of the steric factor 𝛼, Figure 5b shows that with the decrease of this factor the soot peak axial position moves downstream and the soot peak value increases. When using the 𝛼 related correlation [START_REF] Appel | Kinetic modeling of soot formation with detailed chemistry and physics: Laminar premixed flames of C2 hydrocarbons[END_REF] employed here, it was observed that the average value of 𝛼 was equal to 0.35, so the associated result is similar to that obtained using an 𝛼 constant and equal to 0.3. It was observed as well that when using 𝛼 values less than 0.3, soot profiles were unphysical. This happened because in such situations soot formation was no longer influenced by surface growth nor oxidation.

An alternative approach to shift the predicted soot profiles downstream involved changing the turbulent Schmidt number (Sct) appearing in the molecular diffusion terms present in the transport equations of mean mixture fraction (𝑍) and mixture fraction variance (𝑍𝑣𝑎𝑟) employed in the steady laminar flamelet model [START_REF] Peters | Laminar diffusion flamelet models in non-premixed turbulent combustion[END_REF]. Accordingly, from Figure 6b it is noticed that when increasing Sct from 0.85 to 1.2 the soot volume fraction peak shifts from 0.27 to 0.4 along the axial axis. When doing so however, the soot peak value increased by a factor of 2, so it was necessary to adjust the sticking factor 𝛾 to 0.03 to obtain the soot peak value of 200 ppb. Figure 6a also shows that the new axial temperature profile obtained with a turbulent Schmidt number equal to 1.2 reproduces relatively well the first part of the experimental data, which implies that the flame moved downstream with the Sct modification. As noticed from Figure 6a however, there is an increase in temperature in the final zone of the domain. 

Sources of discrepancies discussion

Another potential source of error for the relatively large amount of soot predicted by MOMIC is that related to the fact that the formation of aggregate chains is not being considered in the surface growth stage due to limitations of the model itself. In this sense, the HMOM (hybrid method of moments) model whose advantage over the MOMIC method is that it can account for a bimodal or multimodal PSDF model could be utilized [START_REF] Mueller | Hybrid Method of Moments for modeling soot formation and growth[END_REF]. In addition, the standard 𝑘 -𝜀 model is also known to have limitations when used in complex flow configurations and even in axisymmetric jets with strong density changes. This turbulence model overpredicts indeed the jet spreading rate leading to a shorter flame, which can cause soot peaks to be present upstream to the point indicated by experimental results [START_REF] Mahmoud | The effect of exit Reynolds number on soot volume fraction in turbulent non-premixed jet flames[END_REF]. The way in which the fluid dynamics is solved can be therefore a large source of errors in the prediction of soot. In addition, the chemistry governing PAH evolution, which is too slow to be adequately described with the steady laminar flamelet model (Bisseti et al., 2012), represents as well another potential source of error.

Another drawback of the numerical simulations carried out here is related to use of the ABF chemical kinetic mechanism, which accounts for PAH growth via the HACA pathway mechanism [START_REF] Frenklach | Detailed mechanism and modeling of soot particle formation[END_REF] only.

Therefore, the PAH values obtained here may have been underestimated because not all PAH growth pathways were considered. Dworkin et al. (2011) point out indeed that the HACA mechanism for PAH growth cannot adequately describe the formation of PAH species. One of the unavoidable limitations of the assessments carried out in this work is that related to the fact that no chemical species concentrations or mass fractions were measured in the experimental work used as reference here, which means that chemical species related analyses cannot not be carried out. In addition, when including radiation, predicted soot volume fractions are slightly larger than the ones when no radiation is included (Figure 3b). This may be due to the fact that soot oxidizes more quickly when it is at relatively high temperatures [START_REF] Mehta | Radiation characteristics and turbulence-radiation interactions in sooting turbulent jet flames[END_REF]. Generally, the effect of temperature on soot formation is difficult to predict because the chemical reactions kinetic rates increase with increasing temperature, increasing in this way not only the soot surface growth but also the oxidation of soot [START_REF] Mehta | Radiation characteristics and turbulence-radiation interactions in sooting turbulent jet flames[END_REF]. Finally, it is worth noticing that, in terms of quality of predictions, the numerical results obtained here are qualitatively comparable to previous ones obtained with more sophisticated models such large eddy simulation (LES) and transported PDF (probability density function) methods [START_REF] Mueller | Effects of turbulent combustion modeling errors on soot evolution in a turbulent non premixed jet flame[END_REF]. The soot formation models developed here are expected to be also used in future in conjunction with these high-fidelity turbulence and combustion modeling approaches.

CONCLUSIONS

A new solver for modeling soot formation is turbulent diffusion flames was developed within the OpenFOAM framework. The developed soot formation model is based on the method of moments with interpolative closure (MOMIC) and the optically thin radiation model. In order to carry out a proper coupling in terms of energy, the solver was implemented accounting for the FlameletSimpleFoam solver. Once developed, the soot model prediction accuracy was assessed trough numerical simulations of the Adelaide jet flame 1. The obtained numerical results were compared to the experimental data available in the literature, obtaining discrepancies among them in accordance with the limitations of the turbulence, combustion and soot modeling approaches employed here. The MOMIC soot model developed here attempts to describe the details of soot nucleation, coagulation, surface growth and oxidation processes. Since MOMIC based soot models were originally developed for laminar premixed flames accounting for empirical parameters, this model seems to require adaptations to properly describe soot formation in turbulent diffusion flames. As shown in this work, the soot peak values can be modified through a correct fitting of the model empirical parameters. However, the incapability of this soot model and other MOM based ones to correctly predict the axial location of the referred soot peak values is an aspect that needs to be further investigated. The results obtained here seem to suggest as well that there is no a clear advantage to switching from a semi-empirical model to a MOMIC based one. In terms of computational cost, the twoequations model solving just two additional transport equations is much more attractive because it captures a soot peak in the same order of magnitude as the experimental data. It is expected however that for different flame configurations the MOMIC soot model leads to results closer to the experimental data.
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 4 Figure 4. a) Temperature axial profiles. b) Soot volume fraction axial profiles.
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 6 Figure 6. Turbulent Schmidt number effects on a) temperature and b) soot volume fraction axial profiles. All results include radiation effects.
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