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AN IDENTITY IN DISTRIBUTION BETWEEN FULL-SPACE AND
HALF-SPACE LOG-GAMMA POLYMERS

GUILLAUME BARRAQUAND AND SHOUDA WANG

ABSTRACT. We prove an identity in distribution between two kinds of partition functions for the
log-gamma directed polymer model: (1) the point-to-point partition function in a quadrant, (2)
the point-to-line partition function in an octant. As an application, we prove that the point-to-
line free energy of the log-gamma polymer in an octant obeys a phase transition depending on
the strength of the noise along the boundary. This transition of (de)pinning by randomness was
first predicted in physics by Kardar in 1985 and proved rigorously for zero temperature models by
Baik and Rains in 2001. While it is expected to arise universally for models in the Kardar-Parisi-
Zhang universality class, this is the first positive temperature model for which this transition can
be rigorously established.
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1. INTRODUCTION AND MAIN RESULTS

1.1. Preface. Models of directed polymers in 141 dimensions confined to a half-space are expected
to obey a phase transition depending on the strength of the noise along the boundary. This phenom-
enon was predicted in physics by Kardar in [Kar85] and termed depinning by quenched randomness.
A more precise understanding of this transition came from the study of specific exactly solvable
models by Baik and Rains [BROIal, BRO1b]. When the strength of the disorder on the boundary
is below a certain threshold, the asymptotic behaviour of the free energy is the same as without
a boundary: fluctuations are governed by a one third scaling exponent and statistics related to
random matrix theory, as usually for models in the Kardar-Parisi-Zhang (KPZ) universality class.
Above this threshold, free energy fluctuations are Gaussian distributed on a square root scale, as if
fluctuations were only determined by the noise along the boundary.

In order to establish these results, [BROIa|] applied the RSK correspondence on random matrices
satisfying various symmetries. For each symmetry type, they computed the exact distribution of
the RSK shape in terms of Schur functions. This enabled them to study in particular an exactly
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solvable model of last passage percolation, i.e., a directed polymer at zero temperature, where the
symmetry imposed on the weights of the model is equivalent to confining polymer paths in a half-
space (an octant of the Z? lattice). The distribution of the free energy can then be characterized
by determinantal and Pfaffian formulas, which can be asymptotically analyzed [BRO1D].

All models studied in [BRO1a, BRO1b] (applications of [BROIal [BRO1b] are reviewed in [BR0O1c])
can be considered as free-fermionic models. Positive temperature models are however typically not
free-fermionic and arguably more difficult to study. Some of the results of Baik and Rains have been
lifted to the positive temperature setting in [OSZ14, BZ19b, BBC20, BOZ21], using the geometric
RSK correspondence instead of the usual one, and Whittaker functions instead of Schur functions.
These works provide concise exact formulas for observables of interest of various models, but none
of these formulas seem to be readily amenable for asymptotic analysis — see e.g. the discussion
in [BBC20, Sections 1.4 and 8]. Thus, a proof of a depinning phase transition for a half-space
polymer model at positive temperature, or any model in the KPZ class that is not free-fermionic,
has remained out of reach.

In this paper, we consider the point-to-line partition function (and more generally the point-to-
half-line partition function) for a log-gamma polymer model in an octant. We prove an identity in
distribution between those partition functions and point-to-point partition functions in a quadrant.
Relying on known asymptotics for the latter [BCR13| [KQ18,[BCD21], we prove that the point-to-line
partition function in an octant obeys a phase transition, depending on the parameter of weights
along the boundary. M The identity in distribution is valid for inhomogenous weights distribu-
tions, depending on two families of inhomogeneity parameters. The proof is based on applying the
geometric RSK algorithm to symmetric random matrices with inverse-gamma distributed weights,
and computing the distribution of observables of interest as integrals involving gl,, (R)-Whittaker
functions and their orthogonal analogues. This generalizes a similar computation in [BZ19b]. The
identity in distribution between the two partition functions may finally be recognized after trans-
forming formulas using the spectral theory associated with Whittaker functions and comparing the
Laplace transform formula for the point-to-line partition function to the one for the point-to-point
partition function [COSZ14].

1.2. The log-gamma polymer. Let us define the log-gamma directed polymer model, first intro-
duced in [Sep12].

Definition 1.1 (Partition function of log-gamma polymers). Let Z C N x N be an index set. Let
(05,5)(i,j)ez be a parameter array with positive entries ; ; > 0 for all (4, j) € Z. We define the weight
array of the log-gamma polymer with index set Z and parameter array (6; ;) as a family of indepen-
dent inverse-gamma random variables (W ;)¢ jjez such that W ; ~ Gamma ™' (6; ;) (equivalently

VVZ_]1 ~ Gamma(#0; ;)) for (i, j) € Z. More precisely, the density function of W ; is given by

1 1
fw, (z) = a:_ei’j_le_i, for x> 0.
A =)
Suppose that (1,1) and (n, N) € Z. We define the (point-to-point) partition function of the log-
gamma polymer via

Zn,N)= > 1T wis- (1.1)

7T:(171)—)(H,N) (i,j)Eﬂ’

1We remark that earlier progresses towards a proof of this phase transition [0SZ14, [BBC20] focused on the point-
to-point partition function, which is expected to obey a similar phase transition with slightly different statistics. See
predictions based on non-rigorous asymptotics in [BBC20].
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—(n,N) .
(n,N)
(1,1 ; (1,1 ]
(AT = {(i,j) | 1 <i<6,1<j <10}, (B) ZT={(5,) | 1<i<6,i<j<13~i}, (n,N) =
(n, N) = (6,10). (5,8).

FIGURE 1. (A). A full-space log-gamma polymer; (B). A half-space log-gamma poly-
mer (paths are restricted to an octant of the Z? lattice). Thick points in (B) are the
endpoints of paths that appear in the sum in the definition of point-to-line parti-
tion functions (L2)). In both figures, the thick line represents an up-right path. We
have drawn the point (n, N) with n being the vertical coordinate and N being the
horizontal one in order to be consistent with usual matrix conventions below.

where the sum is over all up-right paths from (1,1) to (n, N) confined in Z. See Figure[Il We are
particularly interested in the following two types of domains of Z? and their corresponding index
set:

(i) Rectangular domains, with index set Z = {(i,7) | 1 <i < n,1 < j < m} for some n,m, will
be used to define full-space point-to-point partition functions as (LIJ).

(ii) Trapezoidal domains, where in particular the paths are confined inside an octant, with index
set T ={(i,j) | 1 <i<n,i<j<2n+m—1i+ 1} for some n,m, will be used to define
trapezoidal point-to-line partition functions.

Definition 1.2. For trapezoidal domains with index set Z = {(4,j) | 1 <i<n,i <j<2n+m—
i+ 1}, we define the trapezoidal point-to-line partition function via

'aN
Z (nym) == > II W= > Zk2n—k+m+1), (1.2)
1<k<n (i,5)em 1<k<n
m:(1,1)—(k,2n—k+m+1)
where the superscript o is used to distinguish it from point-to-point partition functions.

When m = 0, the point-to-line partition function corresponds to the sum of weights of all paths
of length 2n — 1 required to remain inside an octant of the Z? lattice (see Figure [[B]). For arbitrary
m, the point-to-line partition function can be thought of as a sum of products of weights over all
up-right paths starting at the point (1, 1) and ending at any of the points on the right border of the
trapezoid, as shown in Figure 2Bl

1.3. An identity in distribution. Our main result is an identity in distribution between the
full-space point-to-point log-gamma polymer partition function and the trapezoidal point-to-line
log-gamma polymer partition function. The identity holds when weights depend on the same two
families of inhomogeneity parameters. We make this parametrization explicit now.

Definition 1.3. Suppose that n > 1,m > 0 are two integers and that a,, @ = (a,..., ;) and
B = (Bi,...,0m)satisfy a;+a, >0forall 1 <i<n,o;+a; >0foralll <i,j<nandoa;+pF; >0
forall1<i<n,1<k<m.
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(n,n+m+1)

[ . L . . . . L] L]

oy + T Oéi.—l— OZj . ai.+ Bk o+ o . ai.—i_ (}j .
Kl / ¥ t/° ee

(1, 1)

FIGURE 2. (A) The parametrization in (I3]). Rows and columns are indexed from 1
to n and n+m+1, respectively. (B) The parametrization in (I4]). Rows and columns

are indexed from 1 to n and 2n + m, respectively. In both figures, n = 6,m = 3, and
1=3,j=4,k=2.

Let Z(n,n+m-+1) be the full-space point-to-point log-gamma polymer partition function, defined
by (LI)) with the following choice of parameters (see also Figure 2Al)

Gamma ! (a; + o), j=1,
Wi~ < Gamma '(a; + aj_1), 2<j<n+1, (1.3)
Gamma ™! (o + Bj—n-1), n+2<j<n+m+ 1.
We recall that the random variables W ; are assumed to be independent.

Let ZQ(n; m) be the trapezoidal point-to-line partition function of the log-gamma polymer de-
fined by (.2]) with the following parametrization (see Figure 2B])

Gamma ™! (a; + ao), 1<i=j5<n,
W Gamma ™! (0 + o), 1<i<j<n, (1.4)
J Gamma ™! (o; + Bj_n), 1<i<n,n<j<n+m, ’

Gamma_l(ai—l—a2n+m_]~+1), I1<i<n,n+m<j<2n+m —1+ 1.

Again, the random variables W; ; are assumed to be independent.

Theorem 1.4. Assume that parameters n,m, a,, o, 3 and the partition functions Z(n,n+m+1),

ZQ(n; m) are as in Definition [I.3. Then the following equality in distribution holds,

= (d)
Z (nym)=Z(n,n+m+1). (1.5)
Remark 1.5. In the case m = 0, we obtain an identity in law between the point-to-point partition
function of a full-space log-gamma polymer and the point-to-line partition function of a the log-
gamma polymer confined in an octant.

Remark 1.6. There exist several other remarkable identities in distribution involving partition
functions of the log-gamma polymer.

e The so-called replica partition function [BOZ21] has the same distribution as the point-to-
point partition function in an octant [OSZ14].

e Two point-to-point partition functions in an octant have the same distribution when pa-
rameters along the first row and the boundary are switched [BBC20].

e Certain joint distributions of point-to-point partition functions satisfy a shift invariance
property [Daul, similar to identities discovered in [BGW19] for other exactly solvable models.
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In order to prove Theorem [[L4], we will show that the Laplace transforms of both sides of (L5l
are equal. As we will prove in the sequel, the Laplace transform of the trapezoidal point-to-line
partition function is given, for r > 0, by

Z?:l Qg
.
[Ty Te + o) TIZ TI2i T (0 + o) [T TR Tl + Br)
<[ Tepn@usn @[5
%o i=1

Zj
1

- (L.6)

E |:e—rZQ(n;m):| _

where the orthogonal Whittaker functions ¥g>"*' and the function T B;r are defined in Section

23l In the special case m = 0 and a, = 0, the formula (6] reduces to [BZ19b, Theorem 3.13]. In
the general case, the proof is given in Section [3] where, following the approach used in [BZ19b], we
compute the joint distribution of the image of (Wj ;) under the geometric RSK map. Then we insert

this joint distribution into the definition of the Laplace transform of ZQ(n; m) to obatin (LG).

Regarding the full-space point-to-point partition function, its Laplace transform was computed
in [COSZ14l, [0SZ14] as

1
T Tl + ao) [T [Tj=1 Do + o) [Ty TTis Tl + Br)
d:l?i

n
- In Iy
x/n mlq;i LIau,@l( x)We (w)H =
i=1
(1.7)
where a, U o LU B denotes the concatenation of the three arrays of parameters and the function
\I/gz[:ual_lﬂ ,» defined in (2.1]), is a generalization of gl,,-Whittaker functions. At first sight, it is far
from obvious that ([6) and (7)) are equal. It turns out that the Plancherel theorem associated
with gl,-Whittaker functions (see Section [Z3]) can be applied to both formulas (see Corollary

and Proposition 1)), and one thus transforms (L6) and (7)) into the following contour integral
formula (see Corollary B2l for details)

E |:e—rZ(n,n+m+l)

E [e—rZQ(n;m)} -E [e—rZ(n,n—l—m-i-l)] _

n n n m

/ || TA—%HMHHMHHM%(A)M
(uHiR)" \Ciien i T las +ao) 220 Tlas +ay) ; (i + Br)
However, the Plancherel theorem can only be applied when m is sufficiently large, otherwise it is
not clear how to write the integrand in (I6]) as a product of two functions in L?(R%), as required
to apply the Plancherel theorem. In particular, the above argument does not work for the point-
to-line partition function of polymers confined in an octant, since in this case m = 0. This is the
reason why we have introduced in Definition [I.3] the trapezoidal domains with arbitrary m. We
will show that for large enough but fixed m, the integrand in (@) is the product of two functions
in L?(R%;). Then, once the identity in distribution (L) is established for large enough m, a
probabilistic argument allows to prove the result for arbitrary m > 0. This probabilistic argument
is given in Section [l
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Remark 1.7. The equality between (L6 and (7)) (which holds for any m > 0) is a sign of —
seemingly unknown — properties of Whittaker functions. For m = 0, the identity reads

n Qo n n
L <H<xi/r><—1“) i@ [[2 = [ et @) [] £
>0 i=1 i=1

i=1 Zo

(1.8)
An analogous identity holds in the zero temperature limit, where one considers geometric last pas-
sage percolation instead of the log-gamma polymer. This identity was obtained in [BRO01al (7.59),
(7.60)] (see also [BZI19bl, Section 4] and [BZ19al). Integrals in (L6) and (7)) become sums over
integer partitions in [BR01a] and Whittaker functions become Schur functions. Another combina-
torial proof of (a special case) of this identity at the Schur function level was proposed in [BZ19c],
using generalizations of bounded Littlewood identities from [Ste90), Mac95l [Oka98, [Krad8]. Bounded
Littlewood identities also appear in [Betl8] in a very similar context. It would be interesting to
investigate whether the properties of Schur functions used in [Bet18] BZ19¢] may be generalized to
Macdonald polynomials and Whittaker functions (see [RW21] for partial answers).

1.4. Asymptotics. Many asymptotic results have been obtained for partition functions of full-
space directed polymer models [ACQ11] [SS10, [CLDR10L Dot10, BC14, BCF14, BCEV15, IS17,
AKQ14], and in particular for the log-gamma polymer [BCR13| KQ18, BCD21]. Yet not many
rigorous asymptotic results exist for models in half-space. Theorem [[.4] bridges asymptotics in the
full-space case to the half-space case (and more generally, the trapezoidal case). Before stating our
asymptotic result, let us fix some notations.

Definition 1.8. Suppose 0,5 > 0 are fixed constants. Suppose n and m > n are integers that tend
to infinity in such a way that - > d holds. We denote 7* by p in the sequel. We assume that n is
the variable that tends to infinity and m, p are merely functions of n. Let 83 > 0 be a positive real
number which may depend on n.

For each n, consider the full space log-gamma polymer defined via (see Figure BA))

I/VZ_]1 ~ Gamma(fy) for j =1, I/VZ_]1 ~ Gamma(f) for j > 2, (1.9)
on the domain {(7,7) | 1 <7 < n, 1 < j < m}. We denote its point-to-point partition function by
Z(n,m) (as in ([I.I))). Consider also the trapezoidal log-gamma polymer defined via (see Figure [3B))

I/VZ_]1 ~ Gamma(fy) if 1 <i=j<n, VVl_Jl ~ Gamma(f) otherwise, (1.10)
on the domain {(7,7) | 1 < i< n,i < j<n+m—i}. We denote the point-to-line partition function
of this trapezoidal log-gamma polymer by Z (n;m —n — 1) (as in (L2)). Note that m in this

definition corresponds to n +m + 1 in Definitions [[3] and We make this change of notation for
the simplicity of discussions about Theorem [[.LT0 and it only concerns Section [L.4] and Section [l

Now we need to introduce certain quantities appearing in the limit theorem below. Let v denote
the digamma function defined on R+ by

w(Z)zazlogr(z):_,Hg( 1 1 )

n+l n+z
Here 7 is the Euler-Mascheroni constant. Its derivative ¢/(z) = > 77 W is a strictly decreasing
function.

Definition 1.9. Fix 6 > 0. Define 6. to be the unique solution to ¢'(6.) — py'(6 — 6.) = 0. It is
well-defined since x +— ¢/ (x) — py)’(6 — x) is a bijection from (0,0) to R. Define

fop:=—1(0:) —pv(0 —0.), and fo, == —1(6o) — p(6 — bp).
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1 Wi~ Gammafl(e)
Wi~ Gamma ™' (fp) = = e /

Wi’leammafl(.Ho). C %_\ _
\_% . * * . . . * x.

Wiﬁj ’N (.}ammafl (9)

(A) Parametrization in (L9). (B) Parametrization in (LI0).

Ficure 3. Log-gamma polymers with homogeneous weights in the bulk and per-
turbations on the boundary.

Define also

_ <—w“<9c> —py"(0 - 6,) >%
0gp ‘= 5 .

Since p depends on n, the quantities 6., fg ,, ng,, 0g,p all depend on n as well.

Theorem 1.10. Assume that parameters n,m,p, 0,0y and the partition function ZQ(n; m—n—1)
are as in Definition [L8.

(1) If iminf, o n'/3(fy — 6.) = +o0, then for all t,
log Z (nsm —n — 1) —
o p ( 0g 2" (mym—n—1) —nfy

n—oo

P <t | = Faug(t), 1.11
n1/3ag,p > cue(t) ( )
with Fgug being the GUE Tracy- Widom distribution [TW94], defined in (5.1]).
(2) If for some y € R, lim,,_, n1/3(00 —0c)o9p =y, then for allt,

<logZQ(n;m —n—1)—nfy

lim P
n1/30-€7p

n—o0

P < t) = FpBp;—y(t),

with Fppp;—y being the Baik-Ben Arous-Péché distribution [BBAPOS], defined in (52).
(3) If for some a € (2/3,1], the limit lim, oo m™* (ny'(6p) — mi' (6 — 6y)) exists and is posi-
tive, then for all t,

. log Z°~ (n;m —n—1) —nfy,
lim P <t) =a(), 1.12
nvoo ( n'/2\ /7 (60) — p' (0 — B0) ) € (12)

where ® is the standard Gaussian distribution function.

Remark 1.11. In part (3) of Theorem [[LI0} the hypothesis in the case o € (2/3,1) is equivalent
to that the limit lim, o (00 — ) exists and is negative.

Remark 1.12. If m and n go to infinity in such a way that p = 7= is fixed, then 6. is also a fixed
constant. Theorem [[T0 implies in particular that when 6y is fixed with 6y > 6., then (LII]) holds,

and when 6y is fixed with 6y < 6., then (LI2]) holds.

We prove Theorem [LT0 in Section Bl The part (2) of Theorem is a direct consequence of
[BCD21 Theorem 1.7], stated below in Proposition The part (1) is deduced from [BCD21]
Theorem 1.2, Theorem 1.7] via a coupling method. The part (3) is obtained using estimates from
[Sep12] about stationary and homogeneous log-gamma polymer models.

An explanation for why the point-to-point partition function undergoes a phase transition under
a perturbation of one column is provided in [BBAPO5| (in the zero temperature limit). Recall that
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an inverse-gamma variable has large mean value when its parameter is small. For small enough
values of 0y, paths stay a macroscopic distance along the first column with large probability under
the polymer measure, while for larger values of 6y, paths would not be influenced by the different
weights along the first column. We refer to [BBC20), Section 8.1] and [BCD21), Section 1.5] for a
more detailed exposition of this argument in the context of the log-gamma polymer. In the half-
space setting, a precise qualitative understanding of the measure on polymer paths, for various
values of 6, is more difficult to obtain. Nevertheless, we expect that for a fixed 6y < 6., most paths
under the polymer measure will hit the boundary a O(n) number of times, while when 6y > 6., the
geometry of paths should be qualitatively similar as in the full-space case.

1.5. KPZ equation. The Kardar-Parisi-Zhang (KPZ) equation [KPZ86] is the stochastic PDE
Oh(t,x) = L0,.h(t, x) + L (0:h(t,2))* + (L), z€R, >0, (1.13)

where £(t, x) is a space-time Gaussian white noise. By definition, we say that h is a solution (in the
Cole-Hopf sense) of (LI3)) if h(t,x) = log Z(t,z) where Z is a solution of the multiplicative noise
stochastic heat equation (mSHE)

QZ(t,x) =20, 2(t,x) + Z(t,2)¢(t,x), v €R, t>0, (1.14)

which can be given a precise meaning using Ito calculus, see for example the review [Corl2]. We also
consider the KPZ equation on the half-line R>y. The solution depends on a boundary parameter
which we will denote by A € R. As is the case for the full-line KPZ equation, a solution of the KPZ
equation on a half-line is defined as the logarithm of the mSHE on R>( with Robin type boundary
condition

W ZA(t,x) = %895@2,4@,%) + Za(t,2)é(t,x), x € Ry, t >0, (1.15)
axZA(t,x)|x:0 = AZ4(t,0). .
Since the solution Z4(t,x) is not differentiable in x, the boundary condition OIZA(t,xHxZO =

AZ4(t,0) cannot be enforced on the solution itself. It must be enforced on the half-line heat kernel
used to define mild solutions, we refer to [CS18, Def. 2.5] for details.

It is predicted in the physics paper [BLD21] that for all ¢ > 0, X > 0 and A € R, the identity in
distribution
Z4(t,0) =22(t,—X) (1.16)
holds, where, in the LHS, Z4 is the solution to (LI5) with initial data Z4(0,2) = 1;>x, and in
the RHS, Z is the solution to (LI4) with initial data Z(0,z) = 1,>0 eBe=(A13)2 where B, is a
standard Brownian motion independent of the white noise £&. This prediction was based on the fact
that moments of both sides of (I.I6]) match. However, this observation does not constitute a proof
because moments of a solution to the mSHE do not uniquely determine its distribution.
We expect that (LI6]) can be proved as a scaling limit of our main result (L5). Indeed, consider

the log-gamma partition functions Z(n,n + m + 1) and ZQ(n; m) with parameters chosen as in
(T3) and (LI0) respectively. Let us use the scalings

0=2VN, g=VN+A+3 n=tN, m=XVN. (1.17)

Then we expect to find a sequence Cy such that under the scalings (LIT), for all ¢t > 0, X > 0 and
A € R, we have the weak convergences as N — +00

CnZ(n,n+m+1) = 22(t,—X), (1.18)
ONZ™ (nsm) = Z4(t,0), (1.19)

where the initial conditions are the same as those required for (ILI6). The convergence of full-space
directed polymer partition functions to the mSHE with delta initial data was first proved in [AKQ14].
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The proof was extended to cover the particular setting of the log-gamma polymer in [CN17]. It
seems however that the convergence stated in (I.I8)) is not proved in the existing literature, although
the same initial condition was considered in [Par19] in a slightly different setting. Regarding half-
space directed polymers, a general convergence result of the partition function of discrete polymer
models to solutions of (IIH]) was proved in [Wu20]. The result of [Wu20] applies to the log-gamma
polymer, but only deals with point-to-point partition functions. It seems that significant extra work
is needed to prove the convergence of the point-to-line partition function.

Thus, modulo the proof of convergences (ILI8)) and (LI9]), our Theorem [[.4limplies (I.I6). Proofs
of these convergences are outside the scope of the present paper, but we hope that proving (LI6])
may be a motivation to extend the existing proofs of convergence for full-space and half-space
polymers to a more general setting, covering in particular (I.18]) and (L.19]).

1.6. Outline. In Section 2, we state and prove a number of prerequisites about the geometric
RSK correspondence and Whittaker functions. In Section [B] we prove two formulas for the Laplace
transform of the point-to-line partition function of trapezoidal log-gamma polymers. In Section [l
we prove the main identity in distribution (Theorem [[4]). In Section [ we prove our asymptotic
result (Theorem [LT0).

Acknowledgments. G.B. thanks Pierre Le Doussal and Nikos Zygouras for useful discussions,
and Xuan Wu for explanations related to [Wu20]. We also thank an anonymous referee for his/her
constructive and detailed comments.

2. GEOMETRIC RSK CORRESPONDENCE AND WHITTAKER FUNCTIONS

This section provides preliminary results useful in the following sections. In particular we in-
troduce the geometric RSK correspondence (we will denote it by gRSK) on polygonal arrays (in
particular, symmetric polygonal arrays) and Whittaker functions. We refer the reader to Elia Bisi’s
PhD thesis [Bis18] for a more detailed introduction to these subjects. We will also introduce the
function 7, g, which appears in (L.6) and state some of its properties.

It was found in [OSZ14] [COSZ14] that Whittaker functions arise naturally as we consider gRSK
on (rectangular) domains (see also [O’C12] for an earlier occurrence of Whittaker functions in a
directed polymer context). The partition functions for log-gamma polymers on such domains may
be written as integrals involving Whittaker functions. For log-gamma polymers on non-rectangular
domains, a generalization of gRSK to polygonal arrays [NZ17] may be used to derive, for example,
the Laplace transform of the partition function, which is the approach adopted by [BZ19b] to treat
half-space log-gamma polymers.

2.1. From half-space to symmetrized polymer partition functions. Before introducing
gRSK, we point out that gRSK does not seem to apply well to trapezoidal domains, that we are
interested in. However, a trapezoidal log-gamma polymer can always be converted to an equivalent
symmetric log-gamma polymer, in that they have identical partition functions. And it is convenient
to apply gRSK to symmetric domains [OSZ14l BZ19b].

Some notations come in handy. For any domain Z C N x N, we define its transpose as I :=
{(3,7) | (4,4) € Z}. A domain Z is symmetric if Z = Z!. An array w defined on a symmetric domain
T is called symmetric if w; ; = w;; for all 4, j. We may now state the aforementioned equivalence
between trapezoidal log-gamma polymers and symmetric log-gamma polymers.

Recall from (2] that the point-to-line partition function on a trapezoidal log-gamma polymer

is given by
Z (nym):= Z H Wi,
ISk<n (i,g)em
m:(1,1)—(k,2n—k+m+1)
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where the sum is over up-right paths confined in a trapezoidal domain Z = {(4,7) | 1 <@ < n,i <
J<2n+m—i+ 1} (cf. Figure 2B). Now, let W; ;’s be random variables given by

N Wij/2, i=j,
Wi,j = Wi,j7 1 <7,
Wjﬂ', 7> j

We see from this definition that (WZJ) is defined on a symmetric domain (that is, Wu exists if

and only if /VIV/JZ exists) and (Wid)igj is a family of independent random variables. We call this the
symmetrized polymer and define the symmetrized partition function as

ZL(n; m) = Z H Wi+ Z H Wi
1<k<n (i,5)em 1<k<n (i,4)€m
m:(1,1)—(k,2n—k+m+1) m:(1,1)—=(2n—k+m+1,k)
where the sums are over up-right paths 7 in the b-shape domain ZUZ!. Since (Ww) is symmetric,
a path 7 in ZUZ' can always be converted, by performing reflections with respect to the diagonal
{i = j}, to a path " in Z with the same weight, i.e., H(i,j)ew Wi = H(i,j)ew’ W; j. Conversely, for

a fixed 7/, the number of such 7’s is 21{1EDETH | Hence

Z2(nym) = 3 [] 2terei,
1<k<n (i,5)en’
':(1,1)—(k,2n—k+m+1)

= D I Wij=2" (nm). (2.1)

1<k<n (4,5)en’
w':(1,1)—(k,2n—k+m+1)

This equivalence allows us to study ZL(n; m) in lieu of studying ZQ(n; m), which will be the
starting point of our proof for Theorem [T.4l

2.2. Geometric RSK correspondence. The geometric RSK correspondence was introduced by
Kirillov [Kir01] as the geometric lifting of the RSK correspondence. Noumi and Yamada proposed
an alternative definition, purely written in terms of matrix algebra [NY04]. It is shown in [OSZ14]
that gRSK can be constructed using local moves and that this is equivalent to [NY04]. In the
following we present this construction via local moves.

2.2.1. Geometric RSK correspondence on polygonal arrays. We start with some definitions.

Definition 2.1. A polygonal domain T is a finite subset of N x N such that we have (i,j) € Z
whenever (i+1,5) € Zor (i,j+1) € Z. A polygonal array on T is an array (wpq)(p,q)ez € ]RLIO‘ with
positive entries indexed by a polygonal domain Z. For notational convenience, we freely write w,
wz, (Wpq), or (wpq)z to refer to the same polygonal array when there is no ambiguity.

An index (i,j) € T is called a border index if (i + 1,7 + 1) does not belong to Z. If none of

(i+1,7), (4,7 +1), (i+1,j+ 1) belongs to Z, then (4, ) is called an outer indez.

The gRSK map is a birational map between polygonal arrays on a same polygonal domain. The
following presentation of gRSK, following [NZ17, [0SZ14], is based on local moves. Local moves are
birational maps between polygonal arrays that are localized on an entry and its neighbors. We will
use two families of local moves (a; ;) and (b; ;).

Definition 2.2. Let (w; ;) be a polygonal array on Z. For an index (i,j) € Z, the local move a; ;
replaces w; ; with

wj j (Wi—1,j + wij—1),
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with the convention w;g = wg; = 0 and wp1 + w19 = 1. For a non-border index (4, ) € Z, the
local move b; ; replaces w; ; with

1 -1

1 ~1
w;j (Wim1,j + wig—1) (Wisr; ™'+ wiger )

For i < j (i > j resp.), let
Oiji=aj;0bi_1j-10---0byj_ir1 (0ij:=a;jobi_1j-_10---0bj_ji11 resp.).

Now we are ready to give the definition of gRSK, which is done by induction. Let w be a polygonal
array on Z, let Zyy be the set of outer indices of Z and let Z° := 7\ Zoyt. The induction starts from
gRSK (@) := @. By introducing the notations w°® = {w; ; : (i,7) € Z°} ,w™ = {w;; : (4,7) € Lout },
the induction relation reads

gRSK(w) := Qi j)eon ij (SRSK (w°) Uw™" ), (2.2)

where () denotes compositions of g; ;’s and L denotes union of two arrays. Note that the order in
which the g; ;’s for (i,j) € Zoyt are composed is irrelevant (see [NZ17]).

Proposition 2.3 ([NZ17, Proposition 2.6, 2.7]). Let t = gRSK(w).
e The Jacobian of the gRSK in log-coordinates

(logw; j: (4,5) € Z) — (logt,j: (4,7) € T)

has absolute value 1.
o With the convention tg; = t;0 = 0 for all 1,7, we have

Z 1 :i_i_ Z ti—l,j+ti,j—1‘

Wi t
(ij)ez (i,4)€T I

e For any border index (n,m),

thm = Z H Wi, j5,

m:(1,1)—=(n,m) (i,5)en

where the sum is over up-right paths from (1,1) to (n,m).
e For any border index (n,m),

n m
I 1T wis =7

i=1j=1
where T4 1= Hj_i:q ti ;. In particular, for an outer index (n,m),
n m
Tm—n Tm—n
H Wi m = and H Wpj =
el Tm—n—1 =1 Tm—n+1
hold.

Note that ¢, ,,, (n,m) being a border index, can thus be regarded as a point-to-point partition
function for a polymer with weight array w.
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2.2.2. Symmetric geometric RSK correspondence. As motivated by Subsection 2.1l we introduce
gRSK for symmetric arrays, first considered in [OSZ14]. Suppose Z C {(i,5) | i < j} and that ZUZ?
is a polygonal domain. Then a symmetric array w on Z U Z? only has |Z| free variables (say, the
restriction of w to the quadrant {(i,j) | ¢ < j}). Let t := gRSK(w), then ¢ also is symmetric (see
Proposition 24 below) and thus has |Z| free variables. We may thus regard gRSK in this symmetric

setting as a birational map from RLZ(L to RLI(‘].

Proposition 2.4 ([OSZ14, BZ19b]). If w is symmetric, then t = gRSK(w) is also symmetric. In
addition, the Jacobian of

(logw;j 11 < j) > (logt;; 14 < j)
has absolute value 1.

The following proposition provides a formula for the product of diagonal entries []; w;; in terms
of t;;’s. This was first proved in [OSZ14, Lemma 5.1] for cases where the underlying polygonal
domain is {(¢,7) | 1 < 4,5 < n} for some n. We provide a proof here for general symmetric
polygonal arraydi.

We introduce the diagonal length ¢ of a polygonal array w on Z as ¢ := card{i | (i,i) € Z}.

Proposition 2.5. Suppose w is a symmetric polygonal array. Let t = gRSK(w), then

n/2 X _ - (-1)n—J
a2 [Twes =TT 557
i=1 j=1
where n is the diagonal length of w.

Proof. We prove this by induction on n. Observe that when n = 1, we have t = w and the formula
follows.

Suppose that the formula holds for any symmetric polygonal array of diagonal length n — 1, we
now show that it also holds for any symmetric polygonal array w of diagonal length n.

By (2.2)), if (n,n) is not an outer index, then ¢}, = ¢;; for all j = 1,...,n, where ¢° denotes
gRSK(w®). Since wy; = w;; for all 1 < ¢ < n, the problem is thus reduced to proving the desired
formula for w®, which is w deprived of the entries on its outer indices. After repeating this process
for a finite time, the reduction stops at some w°°, of which (n,n) is an outer index (see Figure
[)).

Assume now without loss of generality that (n,n) is an outer index of w. Then the diagonal
length of w® is n — 1 and the induction hypothesis yields

4|_"T_1J n—1 B n—1 o (L1
=1 j=1

By the hypothesis that w is symmetric, t°© = gRSK(w®) is symmetric. Hence we may rewrite (2:2))

as
1 o
t L (1 1 .,
1,1 = = )
11\t 21 2t11

Lto tO
o L1t
753

tjj for 2<j<n—1,

tn7n == anm ?L—l,’n’

2As pointed out by an anonymous referee, Proposition can also be deduced from [OSZ14, Lemma 5.1] using
the fact that the diagonal entries of the gRSK image of a polygonal array w coincide exactly with the diagonal entries
of the gRSK image of the square subarray w®? = (w;;)1<i,j<e- In fact, this implies that Proposition is still true
under the weaker assumption that w®? is symmetric.
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o o
L] L] L] L] L] L] L] L] °
L] L] L] L] L] L] L] L] L] L] L]

FIGURE 4. Reduction from w to w®, and then to w°°

Therefore,

n

1) - —1)n-t
H(tj7j)( D= tn,ntnil,n—ltn—2,n—2 T t§71 )
j=1

n—1

= 2D [T ) 0
j=1

n no1 "2
— 9l+(=1) wn7n4t 7 J H wi;
i=1

which completes the proof.

13

O

2.3. Whittaker functions. We use i = v/—1 to denote the imaginary unit and reserve 7 for use

as indices.

2.3.1. gl - Whittaker functions. We define gl,,-Whittaker functions through Givental’s integral for-
mula [Giv97]. Fix a parameter sequence o = (aq,...,a,) € C". Consider a triangular array

z=(z;:1<i<n,1<j<1) (Figure[GA). We define the type of such an array as

IT5—1 2 .
type(z); := /17 for i=1,...,n,

[[=1 71,

with the convention H?:l 29,j = 1. Denote

type(z H type(z

The gl,,-Whittaker function is defined via an mtegral on triangular arrays with fixed bottom row:

[ 2.1.1+Z._1. dZ"
TS T TERT B 3) pESTEEEE) [ ) (TR
]R>0

z z
i=1 j=1 bJ 1<i<n Y
1<5<i
where z, j := x; for 1 < j < n and by convention z; ; = 0 if (4,7) is out of the range 1 <i < n,1 <

j <i. A direct consequence of this definition is that for any ¢ € C,

o

a+c (H xz) \I’gc[n (w) (2.4)
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21,1
VAN
22,2 22,1
SN N
233 23,2 23,1
SoN N N
24,4 24,3 24,2 24,1
SN N N SN
25,5 25,4 25,3 25,2 25,1
SON N N SN SN
26,6 26,5 26,4 26,3 26,2 26,1

(A) gl,, case, n = 6.

Z1,1
21,1 AN
ya \ 292 221
292 1 SN SN
VAN 233 232 231
233 23,2 SN N SN
SN S \ 24,4 24,3 24,2 Z4,1
Z4.4 4.3 1 NN SN SN
SN SN 25,4 25,3 25,2 25,1
Z55 254 25,3 NN N SN
SO N SN 26,4 26,3 26,2 26,1
26,6 26,5 26,4 1 N OSSN SN SN
Z7.4 273 Z7.2 z7.1

(B) s09,4+1 case, n = 3.
(C) generalized gl,, case, n =4,m =T1.

FIGURE 5. Tableau of integral variables z; ; (including the fixed bottom row) for
gl,, Whittaker functions, sos,+; Whittaker functions, and generalized gl,,-Whittaker

functions; an arrow @ — b means that the term ¢ appears in the exponential term

in 23)), 2I0)), or (1)), respectively for the three cases.

Now we introduce a generalization of gl,-Whittaker functions, following [OSZ14]. This gener-
alized Whittaker function will not be used in the sequel, but completes our discussion for (7).
Suppose m > n. Let 3 € C™ and let r € C be such that ®(r) > 0. Consider an array
z=(z;:1<i<m,1<j<iAn) (Figure5C). We define the type of such an array as

Ay .
type(z); :== W for i=1,...,m.

[L= " 2y

Denote as above

m
type(z)? := H type(z)fi.
i=1
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The generalized gl,,-Whittaker function is also defined via an integral on arrays with fixed bottom
row:

An
z + 2 dz; ;
\I’g’;(m) = B type(z) Pexp | —— — E E ALGAL T Sl H #, (2.5)
’ R;ﬂg n(n+1)/2

Z, Z3 Z,
T i=1 j=1 .J 1<i<m 2]
1<j<inn

where 2z, j := x;j for 1 < j < n and by convention z; ; = 0 if (4, j) is out of the range 1 <i < m,1 <
J<iAN.

For a function g € L? ( 2o Il dai/ xi), we define its Whittaker transform as

= [ g@u @]

i=1

Let L2, ((iIR)", s,(A)dA) be the space of square integrable functions which are symmetric with

sym
respect to permuting their variables, equipped with the Sklyanin measure

sn(A) = m 11; =) (2.6)

It is known that the Whittaker transformation g + g is an isometry from L?(R%, [\, dzi/z;) to
L2, ((iIR)", s, (A)d\) [STS94, [KLOT]. In particular, the following Plancherel formula holds. For all

sym

f1, f2 € L? ( %o, [T dxi/z;), we have

/Rnofl(iﬂ)fz(

Now we turn to the Whittaker transform of a particular function 7, g.-(x), which naturally
appears in the Laplace transform of the point-to-line partition function of trapezoidal polymers,
and symmetrized polymers in general, see Remark

da:,
/( . (N)sn(A)dA. (2.7)

Definition 2.6. Assume r > 0, « € C, g8 € C™. For = (z1,...,2,) € RY;, consider an array
z=(z;:1<i<m+1,1<j<n) with fixed bottom row z,,41,; = x; for all 1 < j < n. Define
the type of such an array as

n

j= Zi 17' .

type(z); :== M for i=1,...,m.

|J RN

Denoting type(z)? =[], type(z)?i, we define
n

Topr(T) = /%L <H

<z1,i/r><‘”i> type(z)

i=1
m+1 n
Zit1 1+Z 1 dz;
cop (- Y EEEEL TS oy
Ln i=1 j=1 i=1j=1 Zisj

with the convention that z; ; = 0 whenever (7, j) is out of the range 1 <i<m+1,1 <j <n. We
i (7
also define 7, g..(z) = (H?:1(33i/7’)(_1) ) e T/Tn

The well-definedness of 7, g., will be shown in Proposition [Z8 See Figure [0l for a visual rep-
resentation of integral variables (z; ;). The Whittaker transform of 7, g.,(x) in the case 8 = 0 is
known and stated in the following proposition.
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FIGURE 6. Tableau of integral variables (z; j) with fixed bottom row zp,41; = ; in
the definition of 7, g..(x), n =4, m = 3.

Proposition 2.7 ([Sta01], [OSZ14, Corollary 5.4]). Suppose r > 0, a € C", a, € C satisfy
R (0 + o) >0 for all i and R (oy; + ;) > 0 for all i > j, then

n

/zo <H($i/r)(_l)i> vy (@ )HCZZ =72 1O”HF (i + o) H H T (a; +aj).

=1 =1 =1 i=1j=1+1

Now we give the Whittaker transform of 7, g.(2). The proof for this formula relies on applying
gRSK to a symmetric domain not yet introduced, and we postpone the proof to Section

Proposition 2.8. Suppose r >0, a, € C, B € C™, then Ty, g.r(x) is well-defined for almost every
x € RY,. Furthermore, suppose that o € C" satisfy R(oo + ;) > 0 for all i > 1, R(oy; + ;) > 0
foralll <i<j<nand R(a;+ ) >0 foralll <i<n,1<k<m. We have

/n Ro,g;r(w)\llgn(w)nd;i = i 1O‘ZHF (; + ) H H I'(a; + a5) HH (05 + Br).
>0 v k—1

i=1 i=1j=1+1 i=1
(2.9)

Remark 2.9. Proposition 2.8 shows that the function 7,, g.-(x) is similar to the function 7] (z)
used in [BBC20] to define the half-space Whittaker process, see Definition 6.7 therein. This is not
a surprise, as the proof of Proposition [2.§] in Section involves a symmetrized polymer model
equivalent to the half-space polymer model considered in [BBC20]. Moreover, one could show by
combining Proposition 2.8 and [BBC20, Prop. 6.10] that when r = 1, 75, g.r(x) is exactly the
7 — 0 limit of the function 7 (z) defined in [BBC20|, provided that parameters are appropriately
matched. Thus, Definition provides a Givental’s type integral representation for the function 7
involved in the definition of half-space Whittaker processes, while it was defined in [BBC20] only
indirectly through its Whittaker transform.

2.3.2. so09y,4+1-Whittaker functions. We define the s09,,1-Whittaker functions also by an integral
formula due to [GLOO07, [GLOOS]. The integral is over a half-triangular array (Figure BBl of depth
2n,

z=(z;:1<i<2n,[i/2] +1<j<i).
We define the type of such an array as

| %
type(z); := i_lj Li/2]+1 7] fori=1,...,2n.
Hj:t(i_1)/2j+1 Zi—1,j
For a = (o, ...,a,) € C", we denote a® := (—al,al, —Q9, 09, ..., —0p, Q) and

type(z H type(z
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Now we define the s09,11-Whittaker function with parameter o via

n Zit1,j+1 + Zi—1,5 dZ','
VR )= [ el o Yy sty Sewe] T1 2

z zZ
i=1 j=[i/2]+1 v 1<i<2n %I
li/2]<j<i

(2.10)
where on the bottom row zy,, ;1 |;/2] = 2; for 1 < j < [i/2] and by convention z; j := 0 whenever i, j
is out of the range 1 < i < 2n,[i/2] + 1 < j < i. We conclude this subsection with the Whittaker
transform of s09,11-Whittaker functions.

Proposition 2.10 ([BZ19bl Lemma 3.14]). Suppose p € C and o € C" are such that R(u) >
max; |R (a;)|. Let

n 1
g(x) := (H xl) U (@),
then g € L? (RZO, [T, d$z/$2) and

[licijen D=2+ ;)T (=X —ay)
[licicjen T (20— = A)) :

Remark 2.11. Several conventions have been used in the literature in order to define Whittaker
functions. Our definition for \I/goE”(w) and \I/g,@[_’;(:c) are the same as in [OSZ14], but \I/goE”(:c) cor-

responds to \Ifg_[’;‘(ac) = oo (') in [BZ19b] (for # = (z1,...,x,), we use the notation &' =
(1/xn,1/zp_1,...,1/z1)). In [GLOOT, [GLOO0S8, BC14, BBC20], Whittaker functions are defined
in terms of the variables log(x;) and the parameters ., o;, §; are sometimes multiplied by =+i.

Our definition of orthogonal Whittaker functions is such that g, >"** (x) corresponds to We,>"** ()
in [BZ19b]. In [GLOO07, [GLOQOS], orthogonal Whittaker functions are defined in terms of the vari-
ables log(x;).

gA) =

3. LAPLACE TRANSFORM OF THE PARTITION FUNCTION FOR TRAPEZOIDAL LOG-GAMMA
POLYMERS

This section is devoted to proving an integral formula for the Laplace transform of ZQ(n;m)
(Theorem [B.1]). We then deduce a contour integral formula (Corollary B.2]) from Theorem [B.1] by
applying the Plancherel formula (2.7). This contour integral formula will enable us, in Section @]
to compare the Laplace transform of ZQ(n; m) with that of Z(n,m) and directly prove Theorem
[4 for the m > n — 1 case.

In order to apply the Plancherel formula, the Whittaker transform of 75, g, (Proposition 2.8]) will
be needed. We compute it in Subsection B.2] using a similar approach as in the proof of Theorem

3.1

3.1. Laplace transform formula for the partition function of trapezoidal log-gamma
polymers. By using symmetric gRSK and sog,11—Whittaker functions, we derive the Laplace
N

transform of Z (n;m), using a generalization of similar arguments in [OSZ14] BZ19b)].
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Theorem 3.1. Assume that parameters n,m, a., o, 3 and the partition function ZQ(n;m) are as
in Definition [[L3 Assume Tq, g.r(x) is as in Definition[2.6. We have

E |:e—rZQ(n;m):| _
TZLL:1 Qg

[T T (s + o) T T2 T (s + o) TT g Ty e + Br)

/ T g () W22 () T 22
R,

T
i=1 "

(3.1)

Proof. Let T be the trapezoidal index set
T:={(i,j)|1<i<n,i<j<2n+m—i+1}.

As explained in (2.1]), ZQ(n; m) is equal in distribution to Z%(n;m), whose weight array W (note
that W corresponds to W in the notation of (2.I))) is defined on Z UZ? via

2 Gamma (a; + o) , 1<i=j<n
W -1 Gamma (; + o), 1<i<j<n,
WZJ —W]J and WZJ Gamma(ai—l-ﬁj_n), 1<Z<7’L,'I’L<]<’I’L+m,

Gamma (a; + a2ngym—j+1), 1<i<n,i<2n+m—j+1<n.
(3.2)
Now we calculate the Laplace transform of 7% To this end, we will derive the joint distribution
of T = gRSK(W), whose outer entries coincide with the point-to-point partition functions, that
is, Txontm—k+1 = Z(k,2n+m —k+1) and Topym-pt16 = Z2n+m—k+1,k) for k=1,...,n
(see Proposition 2.3]). The Laplace transform of Z% will then be expressed in terms of this joint
distribution.

Let w be a symmetric polygonal array on Z U Z!. By (B.2), the density of (W@j)igj at (wi,j)igj
is given by Li x Lo, where

n v — —O—Qy
Ly : H(2wi,i) i 11 Wij
1 = _— _—
I'o; + « I'lo; + o
i=1 (0 + cxo) 1<i<j<n (@i +aj)
n n+m —al Bj—n n 2n+m—i+1 w_ai_a2n+mfj+1

]
XH H az+ﬁ] ) H H T(a; + agnim—j+1)’

i=1j=n+1 i=1 j=n+m+1

-

2,0 i<j Wi, (i,5)ET 2,J

Ly :=exp ——Z

In the above expression we have written under the summation symbol i < j instead of (i,j) €
ZN{i < j} for simplicity of notation. We will use this convention in several other places in the
proof, which should not cause too much confusion. Using the symmetry of w, we gather wj; ;’s in
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L1 according to their exponent to obtain

n 2n+m—i+1 n  n+m n 2n+m—i+1
_O‘J B] n —02n4m—j+1
Ll—Cku 11 H it T e T T w1 11w
i=1j=1+1 i=1j5=n+1 i=1 j=n+m+1
n 2n+m—i+1 m n n
—B;
—Cku 11 H wi T1 T w5 TLLT e T i
j=li=j+1 j=1i=1 i=1j=i
n —Qo 2n+m—i+1 % n —Bi n j 4
=C Hw“ H W j H Hwi,j+n H sz n4m—j+1 ;
= i=1 7=1 j=1 \i= j=1
where
-1
n n n n m
0 = (T2 (i + o) [T T] e + o) T [T T0s + )
i=1 i=1j5=1 i=1 k=1

Again, by symmetry of w we have

I D D I;

w
Gj)ezuzt ) (ig)ez Wij

Now we do a change of variables via gRSK. Let
T :=gRSK(W) and t:=gRSK(w).

By Proposition 2.5 and observing that n is the diagonal length of w,

n n _
—n/2 (=)™
[[wii=a"= 657 (3:3)
i=1 Jj=1
By Proposition 23],
2n+m—i+1
T2n+m—2i+1 T2n+m—2j+1 Tj
H Wij=—""" sz 2n+m—j+1 — —— and sz,j+n = (3-4)
i=1 Ton+m—2i+2 el T2n+m—2j i1 Tj—1
where

Tk = H ti,j-
j—i=k
(1,5)€TUT?

Using Proposition 2.3] we convert the sum in the expression of Ly to

Zw_l_i_’_ Z ti—l,j""ti,j—l - 4 Z i 1,]+t,j 1+2Z 1— 1,]+t1] 1
YV . o

i’j tl’l ( 7.7)7&(1 1 tZJ 7 1<i= .] tZJ Z<_7 7.]
1 +t;
— t +2 Z Z 17.7 +2Z Z 17] 4,J—1 :_+2 Z Z 17.7 +2Z 4,j— 17 (35)
1,1 1<i=j Z’j 1<j 1<i<y Z’ 1<J Z’

where we omitted the constraint (i,j) € ZUZ' to ease notation. Inserting (3.3)), (34) (resp. (B.H))
into the expression of L; (resp. Lg), and recalling that (logw; ;) — (logt; ;) has Jacobian +1 (see
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Prop. 2.4), we obtain the density of (T;;),; at (ti;),; as

— o

n ) n 2 o m -\ B
—n/2) e ( Ton4+m—2i+1 > ( 7j >
) M) 1

i—1 Ton+m—2i+272n+m—2i j=1 Tj—1
wexp | —— — ticny N1 1
2% t: t: s t:
1,1 1<i<j 1,] i<j (2% (i,j)EZ 1,]

The density of (27T; ;)i<; at (t;;)i<; takes a clearer form

—Qo

" } n - m —Bj
c' t(_—'l)”ﬂ H < 7_2n-i-m 2i+1 ) H <L>
j:1 753 1 T2n+m 21+27—2n+m 21 ]:1 7—.7_1
1 ti—1,j tij—1 1
xexp | —— — —_ = -~ t -
11 52 t;; Z tij H ti,j
i< i<j (i,5)€T
where
n n n n m -
o= (T + a0 TTT v+ ) TTTT s+ 0
paley =1 =1 i=1 k=1
Note that

n n n
ZL(”; m) = Z Tion+m—i+1 + ZT2n+m—i+l,i =2 ZTi,zn+m—i+1-
i=1 i=1 i=1
We may therefore calculate its Laplace transform

E |:e—TZL(n;m):| — E [G_TZ?:I 2Ti,2n+m7’i+1i|

— o

eI - T tm—2i41 o P
e (1) B )
Rr;(()n+m+1) ]1;[1 715 H . . 1;[ Tio1

el Ton+m—2i+2T2n+m—2i

n 2n+m—i+1 n 2n+m—i+1

Xexp | —50— — Z; Z tltll’j Z Z tlt]—;l - Z; ti2ntm—i+1 H %
1= 1=

=1 j=itl " (iy)er

By the change of variables ¢; ; = r‘lsm, we obtain

Qo

n n ~ — o
E —TZB(n;m) _ C/ Sy ( / )( 1Hn- 7—22n+m—2i+1 '
€ B " n(n+m-+1) " 8‘7"] T . T .
R>0 j=1 i1 2n+m—2i+272n+m—2i
m ~ —8. n 2n+m—i+1 n 2n+m—i+1
E— Si— 2i-1lj SZJ 1 dSZ'J'
H = _S - E g 5 E g 5 Zsz2n+m i+1 H P
j=1 i1 1,1 =2 j=i =1 j=i+1 (4,9)€T J
(3.6)

where as before

7~_k = H Si,j-

j—i=k
(i,5)€TUT?
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We observe that the variables (s;;) 1<i<n and (s;;) 1<i<n are not coupled in the
i<j<i+m—1 i+mA1<j <2ntm—i+1
integrand. Using the change of variables s; j = zj_iy1n—it1 for (sij) 1<i<cn , We obtain
i<j<i+m—1

Qo
n i+m—1 n m ~ —B;
ds; ; » = i
) —1)n=7 J
no,ﬂ;r(sn,n-‘rma ) 31,1+m) = H H H(T/Sj,j)( ) H o
nm - - Sij . " Tj_l
>0 =1 j=1i ’ j=1 Jj=1
n t+m—1 s, n i+m—1 s,
17 9.
R 0D T o) i T
S S
1,1 =2 j=i =1 j=1 b+l
Similarly, using the change of variables s; ; = 2zi—j+2n+m,—j+2n+m+1 for (s ;) 1<i<n , We
i+m+1<5<2n+m— H—l
see that
n 2n+m—i+1 ~9 -
\1,502n+1 ( dsm Ton+m—2i+1
Sn,nd+my -+ 51 1+m 5 5 =z o7 ]
R7>LO i=1 j=itm+1 2,] =1 2n+m—2i+272n+m—21
n 2n+m—i+1 n 2n+m—i n
Si-1j Sij
xexp (=D DL TR d L DL e ) St
=2 j=it+m i=1 j=i+m i j+1 i=1
(3.8)
Inserting (3.7)) and ([B.8) into (3.6]), we obtain
n
—rZ ; ! e 502n41 7
i [e ) | o ines [T (@) (@) T 22,
n L ZT;
>0 i=1
which completes the proof of Theorem [B.11 O

3.2. Whittaker transform of 7, g.,. We prove in this subsection Proposition [Z8] which is re-
quired for transforming (B.I]) into (BI8]). The proof is similar to the proof for Theorem B But
instead of considering a b-shape domain, we consider here the Br-shape index set Z U Z! where
ZT:={(,7)]1<i<n,i<j<n+m}. (3.9)
Let the weight array W be defined on Z U It via
2Gamma (o + a5), 1<i=j<n
W;;=W;; and VVZ_]1 ~ ¢ Gamma (o +oj), 1<i<j<n,
Gamma (o; + fj—pn), 1<i<n,n<j<n+m.
We readily see that the joint probability density function of (W; ;)i<; at (w; j)i<; can be written as
Ly x Lo, where

n (2’11) ,)—Oéi—ao _az_a] n ntm _az ﬁj n
L =] 32— (3.10)
Z,I;Il Doy + o) Kgm ozZ + o) 1_[1 H ozz + ;- n)
Ly :=exp ——Z (3.11)
7.7 Z<] 7-]

In (B:I1]), we have written ¢ < j under summation symbol instead of (i, 7) € ZN{i < j} for simplicity
of notation. Since L1 Ly is a probability density,

/"(m+(n+1)/2) 1 2Hdw” =1 (3.12)

7.7
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Observe that, by definition of Gamma functions, (8:12]) still holds when the parameters are complex
numbers chosen with real parts as in the hypothesis of Proposition 2.8 even though the probabilistic

interpretation is lost. In the following we work directly with (B12]).

Proof of Proposition [2.8. Let w be a symmetric array defined on Z U Z! with Z being as in (3.9).
Let L1, Ly be as in B.10), (B.I1I]). We rewrite L; by gathering the w; ;’s according to their exponent

3
_l’_
3
3

A
Il
Q
—
kS
i
E s
—
E
L.é
—
E s
£
<4
—
£
=l
4

<
Il
—
~
Il
—
<
Il
~
~
Il
Ju
<
Il
.
+
=
~
Il
—
<
Il
3
+
=

3
+
3

I

Q
—
RS
g
=
—
£
L.é
s
Qg
By
s
::]:
RS
<1
3

~
Il
—
-
Il
—
<
Il
-
<
Il
—
.
I
<.
_l’_
LN
<
Il
—
«
Il
,_.

I

Q
—
’:]:

&
~
£
et
. 3
|’:|43-

B
s
—
’:]:

&

<

S
-~
&

where

-1
n

C = H 2% (; + ) H H (o + o) H H I(a; + Br)

i=1 i=1 j=i+1 i=1 k=1

By symmetry of w we have

1 1 1

Ly = = [ .

2= P 2 wij | AL w;
(G,5)ezvzt ™ ) (i,)ET

Now we make a change of variables via gRSK. Let T := gRSK(W) and t := gRSK(w). By

Proposition 2.5]
_ —1)n—
I |w” =47n/2 I | t;j "
i=1 j=1

By Proposition 23],

n+m - n -

H w; ;= _AmTt o and Hwi’ﬂ'” =1 where 7, = H tij.
Trtm—i Ti_

j=1 ntm—itl i=1 g1 j—i=k

(i,5)€TUT?

As in (3.5]), the sum in Ly can be converted to (here the indices 7,j are in Z U Z?)

_ 1 tii1 tii
;wivj.lza+2 > ;Z—”+2Z%

1<igy W i<j M

(3.13)

(3.14)

(3.15)
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Inserting (B.13), (B14), B.I5), (B.10), (BII) into ([BI2), and recalling that (logw; ;) — (logt; ;) is

of Jacobian £1 (Proposition 2.4]), we obtain

1= LyLy [ dws,
/Rn('er(n+1)/2) 12 L ] ©J
>0 1,7

—Qo

n ) n —a; m ) —Bj
:C/ 4~ /2] Ht(,_,l)”ﬂ H< Tntm—i > H< 7 )
n(m+(n+1)/2 23 .
R>(0 ( )/2) =1 i1 Tn+m—i+1 i=1 T]_l
1 ti1.q t; i dt; ;
xexp | —— — ’_W_ZLl H g
2t11 ~ i — 1 St
1<y 1<j (4,)€T
By the change of variables 2¢; ; = r‘lsi,j,
n Qo n T —a; M 7,: _BJ
1)n—J _Tn+m—i J
/n<m+(n+1>/2> H /s“ 7 1 H Ti 1
R>0 : =1 n+m—i+ ]:1 =
r Si—1 i j— ds; ;
x exp | — _ i—1j i,j—1 (2%
S Si g
1,1 1<i<j 7 <j 2¥) (i,5)€T ¥}
n n n n m
n
= r2i=t = [T+ o) [T T Tl + ) [T T + 8), (3.16)
=1 i=1j=1+1 i=1k=1
where
Tq = H Si,j
J—i=q
(1,5)€TUT?
Applying Fubini’s theorem to (316, we obtain that the partial integral
n ] %o m B _ﬁj
—J J
r/s =
/nm H (r/534)" H (Tj—l)
>0 J:l J:l
r s s n i+m— 1d8
i—1,j Sij—1 asi,j
xexp | ——— > ——L- > 11l = 6w
1,1 1<i<j W ici<aam OB iZ1 G2
j<i+m—1

is convergent for almost every (si ;) jjez € RZ(O"H)/ 2, By definition of 7, g.r, we recognize that
7=i+m

BI7) is in fact equal to To. i (Snntm, - - -+ S1,14m) (cf. B1)). Thus To, g.r(x) is well-defined for

a.e. T € RY;, which concludes the proof of the first claim of Proposition 2.8l

By definition of U} l and using the change of variables s; j = 2i—jtm+n,—j+m+n+1, We obtain (cf.

B.8))

gl _
\I’an(sn,n—l—m, ce 731,1+m) =
n n-+m

/n((n - H H dSZ,] H( Tn+m ) >_Oci eXp | — Z ﬂ — Z M

r S S
i=1 j=itm+1 ’l,] n+m—i+1 1<i<j—m 1,7 i+m<j 2v)
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It thus follows from Fubini’s theorem that the left hand side of ([B.I6]) is equal to

[ o dw
Towg:r (@) 08" (@) [ [ =,

2
RZ0 i=1 "

which, with ([BI8), concludes the proof of the second claim of Proposition 2.8l O

3.3. Contour integral formula. We deduce from Theorem [B.1] and Proposition 2.8 a contour
N
integral formula for the Laplace transform of Z (n;m).

Corollary 3.2. Assume that parameters n,m, a., &, 3 and the partition function ZQ(n; m) are as
in Definition [ Suppose > maxi<i<n ;. Suppose further that m > n — 1. We have

E |:e—rZQ(n;m):|

= P (@A) T Bt ao) vy DO+ @) ppp DO+ B)
= /(;H-iR)n H L'\ OZJ)H T (q; + ao) HH T (o —I—aj-) HH T (i + By Sn(A)dA.

1<i,j<n i=1 i=1j=1 i=1 k=1
(3.18)
Proof. Let
n © n —H
filz) == wg* ! (z) <H wz) and  fa(x) := (H wz) Tavo Bir ()
i=1 i=1
Then by Theorem 3.1
o [eritom) PR Lo fu(@) @) [T doi/fa 510
€ ’ =TTn n n n m . .
[T T (s + o) Tz TTj=i T (s + o) Ty Ty Tes + Br)

By Proposition 210} f; € L? (RZ, [/, dzi/z;) and
~ [hcijen T (=i +a5) T (=X — o)
fiA) = .
H1<i<j<n L (2p =X = Aj)
Now we calculate the Whittaker transform of fs,

n n

n —H
B = (H:c> Taor @V @ [[ 2 = [ Taprl@ily, @ [[ 22, (320

no \ o - Xy R™ o I

i=1 i=1 >0 =1
where the last equality holds due to (24). Recall that A € (iR)™, the hypothesis ;1 > max;<;<p v
thus enables us to apply Proposition [Z8] to the RHS of (3.20)

PO =r Z= T N +ao+p) [ T@u+X+X) [T+ u+Br)-
i=1 1<i<j<n i=1k=1
Now we show that fg is square integrable, which will imply that fs also is square integrable and
hence enable us to apply the Plancherel formula to fR"o f1(x) fo(x) [T;= dxi/z;. Recall the following
>

equality involving the Gamma function
0
Liy)) = ——— R
(i) Jembny O YE \ {0},

which yields a bound for the Sklyanin measure (see (2.0]))
sn(A)] < T 1N = Aglem el

1<j
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In order to derive upper bounds for terms in fg, we use the following properties of the Gamma
function

P(z +iy)| < [T(z)] for zeRso, y€eR,
IT(z +iy)| = \/27T|y|x_%e_%‘y|+o(l/|y‘) as |y| — oo with fixed z € R.

It follows

T r@u+x+x)| <rEw b2,

1<i<j<n

= (27) "(";H) 6—12” 1(m+1) (1A |+O(+) H |\i |ao+M 3+ (Brtp— 2)
=1

[Tt i+ o+ [TTI T + 1+ Be)
i=1 1=1k=1

Therefore, as |\;| — oo for all 1 <i < n,

P lsn (V] < POV exp (—wzm - 1>w> exp (73 - A

i=1 i<j

< P(X)exp —WZ(m + D)A] + WZ YRR
i=1 i<j

A) exp <—7TZ —n+2)|\ |> (3.21)

with P(A) taking the form

n Ca
=01 (H\M) TT =il
i=1 i<j
where C7 and Cy are constants that do not depend on A. Since m > n — 1 by hypothesis, the
estimate (3.21I]) shows that fs is square-integrable.
By the Plancherel formula (2.7)),

@) f@) ] il

T
RZ, i=1 "t

= [ rERe T D= At ap) T (- A - a)
(iR)"

1<i,5<n

n

< JIT (=X + oo+ ) [T T T2 + 1+ Br)sn(X)dA

i=1 =1 k=1
:/ P i1 A H '\ — o) ﬁ LA+ o) ﬁﬁ I'(\ + o) ﬁﬁf)\ + Bk)Sn(N)dA.
(p+HR)™ 1<i,j<n i=1 i=1j=1 i=1k=1

where the change of variables A to —A + p was used in the last equality. Now it suffices to insert
this back to (3.19]) to complete the proof. O



26 G. BARRAQUAND AND S. WANG

4. PROOF OF THEOREM [I.4]

To prove Theorem [[L4] we compare the Laplace transform of ZQ(n; m), given by Corollary B2
to that of the point-to-point partition function Z(n,n + m + 1) (as in Definition [[3)), which was
computed in [COSZ14]. We will see that the Laplace transforms of the two partition functions are
the same, which yields the identity in law when m > n — 1. We then prove the general case by a
probabilistic argument.

Consider the weight array

W; ! ~ Gamma(a; +a;) on {(i,5) |1 <i<n,1<j< N} (4.1)

and the point-to-point partition function Z(n, N') defined by this weight array via (IL.T]). The Laplace
transform of Z(n, N) can be expressed as a contour integral.

Proposition 4.1 ([COSZ14, Theorem 3.9]). Suppose n < N. Suppose aq,...,an, a1,...,QN are
such that o + &; > 0 for all i,j. Let Z(n,N) be the point-to-point partition function for the log-
gamma polymer with weight array (4.1). Let p > max; j{—a&;,c;}. Then for all r > 0, the following
formula holds

E [e_rzm,m} _ / i) TT T - ap) [T T e s (A)dA.
(p+HiR)™ 1<i,5<n i=1j=1 (o3 + &

Proof. In [COSZ14], it is proved that if aq,...,a, <0 and &y, ...,ay > 0, then

—rZ(n (ai—=Ni) )‘ +
E[e 2 ,N>]:/(1R) p I1 ro HH OHZZ sn(A)dA.

1<e,5<n i=1j= 1

In the general case, note that o; + &; = (o; — i) + (@ + p). We may therefore apply the preceding
formula to (o — p); and (@; + p);

n N ~
_ L'(N\ +aj + )
E [e772(N) | = / iz (e L'+ p—ay) I s, (A)dA.
| | (iR)" JL 1;[1]131 [ (0 +a;)
The change of variable A — A — u then completes the proof. O

Proposition 4.2. Theorem holds if m > n — 1.

Proof. We apply Proposition 4.1l to Z(n,n + m + 1), the point-to-point partition function of the
log-gamma polymer with weight array (I.3]). To this end, it suffices to take N =14 n + m and let
a be the concatenation of (o), a, 3, i.e., @ = (ap) L U B. We thus obtain the Laplace transform

of Z(n,n +m + 1), which is the same as the Laplace transform of ZQ(n;m) given by Corollary
under the hypothesis m > n — 1. This yields that the two partition functions are identical in
law. O

To complete the proof for Theorem [I.4] we only need to treat the m < n — 1 case. Let £ be any
fixed integer larger or equal to n — m — 1. The strategy of proof is to reduce the problem to the
previous m > n — 1 case. This will be done in two steps.

In Step 1, we will show that Z(n,n+m+1) =3 "4 1)5mntmr1) [ i j)er Wi,j can be expressed
as the scaled limit of a sequence of partition functions (denoted by (Zi(n,n +m + £+ 1))gen) for
full-space log-gamma polymers whose weight array is constructed by adding ¢ auxiliary columns
next to (W; ;).
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In Step 2, we will show that ZQ(n; m) = > prg=2n+m+1 H(ij)@r W; ; can be expressed as the
m(L)=(pa)
scaled limit of a sequence of partition functions (denoted by (Z, (n;m + €))ren) of trapezoidal

log-gamma polymers whose weight array is constructed by inserting ¢ auxiliary columns into (W} ;).

These two steps will enable us to conclude. Indeed, Zka(n;m +0) @ Zr(n,m +m + £+ 1)

holds by Proposition as we have chosen ¢ > n —m — 1, and the desired identity in distribution

ZQ(n; m) @ Z(n,n+m+ 1) follows by letting k go to infinity.

Proof of Theorem[1.4 Let £ > n —m — 1 be a fixed integer.
Step 1. Let (wﬁj l<i<nn+m+1l<j<n+m+L+1k >0) be a family of random

variables whose distribution is given by wﬁ i~ Gamma ™! (; + k) for each triple k,4,j. We require
that (wzlC ;) be such that (W; ;) U (wig ;) is a family of independent random variables. Define (I/Vzk])
by (see Figure [7A))

forl<i<nandk>1, ij::

{Wm— if 1<j<n+m+1, (4.2)

wﬁj if n+m+l<j<n+m+0+1.

Let

Zrnyn+m+L+1) := Z H Wi,
m:(1,1)—= (n,n+m-+L+1) (i,j)en

be the corresponding point-to-point partition function on the augmented log-gamma polymer weight
array (42]). Observe that for any up-right path 7 from (1,1) to (n,n +m + ¢ + 1), the associated
product H(i’ jen Wf] can be decomposed into two parts

I wh= 11 w 11 wis (4.3)

(i.4)em (i.4)em (i-j)em
js<n+m+1 j>n+m+1

. is at least ¢, i.e.,

The number of factors in the product [] (; j)er wﬁ j

j>n+m+1
{G@,j)en]ji>nt+m+1} =L

Observe that [{(i,j) € 7| j>n+m+1}| = ¢ if and only if (n,n +m + 1) € w. Let II; denote the
collection of all up-right paths 7 that pass by (n,n + m + 1) (see Figure [TB)

I :={r | (n,n+m+1) € 7},
that is, 7 € II; if and only if |{(i,j) € 7| j >n+m+ 1} = L.

Now we show that as k tends to infinity, 3 cpy, [ j)en ij dominates 3 o1, [ j)er Wf] For
an inverse-gamma random variable X ~ Gamma™!(k 4 a), we have

_k
k+a—1

E[kX] =

2
:1+O(k‘_1) and VarlkX]| = (k;—l—];—l) k+clb—2:O(k_1) as k — oo.
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(n,m+m+£+1)

° ° ° ° ° o o . ° ° ° ——o—%

1

1

° . ° . ° o o o (:)

Wij— > — Wy :
° ° ° ° ° o o —_ ¢---¢6--—+--0---0--29

1
. ° ° ° ° o o -——-o———l . . . o o
(1,1)
(A) (B)

FIGURE 7. Example of weights (ij) and paths considered in Step 1, in the case
n=4,m=1,0=2. (A) The weight array (ij) is obtained by adding ¢ columns of
weight (wf]) (represented by o) to the right of (W; ;). (B) A path in II; (the solid

line) and a path not in II; (the dashed line).

Hence for all 4, 7, limy_, k‘wﬁ ; =1 holds in L?. Using (@3], we have the following convergence in
L2

lim k° H Wk = H Wivjkli_g;ké_l{(i7j)6ﬂ|j>n+m+l}‘ H kwk .

k—oco 2,]
(i,)em (d.g)em (ig)er
j<n+m+1 j>n+m+1
H WZ’J if e 11,
— (i.4)em
j<n+m+1
0 if 7 ¢ Hl.
It follows that
lim & = . in L2 :
kl)ngok Zr(n,n+m+L0+1) Z H W;; inL (4.4)
melly  (i,5)em
j<n+m-+1

Since 7 € II; if and only if (n,n+m+ 1) € 7, the RHS of (£4) is in fact equal to Z(n,n+m+ 1)

klim kK Zp(n,n+m+L+1)=Z(n,n+m+1) in L2 (4.5)
— 00
Step 2. Similarly to Step 1, let (wiC j) 1<i<n be a family of independent random variables

n+m<j<n+m-+~
k>0

that is independent of (W; ;), whose distribution is given by wi-f i~ Gamma ™! (a; + k) for each triple
of k,1,j. Define (Wzk]) by (see Figure [RA])

Wi,j if i<j<n+m,
for 1<i<nandk>1, W} := wy; if n+tm<j<n+m+d, (4.6)
Wij—e if n+m+Ll<j<2n+m+L—i+1

Let
Z,?(n;m +0) = Z H Wk,

m:(1,1)—=(p,2n+m—+£L—p+1) (i,5)ET
1<psn

be the corresponding point-to-line partition function on the augmented trapezoidal log-gamma
polymer with weight array (Z.G]).
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For any up-right path 7 : (1,1) — (p,2n + m + £ — p + 1), the associated product [](; je, Wzk]
can be decomposed into three parts

H Wil = H Wi H wy; H Wi j—e (4.7)

(ij)€m (i,j)€m (i,j)€m (ig)em
js<n+m n+m<j<n+m-+~ ji>n+m4L
We see that the number of factors in the product [] (G,j)en wﬁ ; 1s at least l, ie.,
n+m<j<n+m-+~

HG,j)em|n+m<j<n+m+L}>¢
The preceding inequality becomes an equality if and only if 7 stays horizontal on the columns
j=n+m-+1,...,5 =n+m-+ £ To be precise, this means there exists an integer i such that
(i,n+m) € m and (i,n +m + ¢+ 1) € w. Let IIy denote the collection of all such paths = (see

Figure [BD]).

As explained in Step 1, for all 4,5, limg_, o kwﬁj = 1in L2 Thus, for 7 ¢ I, we have

hm K = Wi | lim & wk W;i_¢=01in L?
»J k 1,] J ?
k—oo —00 ’ ’
(i.g)em (z‘,j)ew (i,j)em (i,5)em
Jj<n+m n+m<j<n+m+-£ j>n+m4-L

where we used (@.7) and |{(7,7) 677\71+m<j<n+m+€}] > (. And for 7 € II, we have

Jim £ I wk= 11 wi; [l Wij—e inL?

(i,j)er (i,j)em (i,j)€m
j<n+m Jj>n+m+¢
since [{(7,7) € 7 |n+m < j < n+m+ £} = £ holds for m € II,. It follows that
Jim kfzk (mm+0=>" T[] Wiy [I Wij—e inL* (4.8)
mell (7'7] S (7'7])671-
js<n+m j>n+m+L

We claim that the RHS of (48] is ZQ(n; m). To see this, let I, be the set of all up-right paths
from (1,1) to (p,2n +m — p+ 1) for some 1 < p < n. Then there is a bijetion between Iy and IT,.
Indeed, since every path 7 € Il is horizontal on the columns carrying weights w; j, we can remove
the horizontal part from 7 and obtain a path in II}. Inversely, for n’ € II}, we add a horizontal part
to it to obtain a path in II5. To be precise, we construct this bijection as follows. For 7 € Ils, let

7 ={0,5)|j<n+m,(G,j) entU{@,j—0|j>n+m+L(i,j) €7} (4.9)

Then 7' € II,. Inversely, for n’ € II,, let ig be such that (ig,n +m) € #’ and (ig,n +m + 1) € 7.
Let

m:={(6,7) | (i,7) € 7', j < ntm}U{(io, 5) | ntm < j < ntm+LU{(i, j+0) | (i,5) € 7', j > n+m}.
Then 7 € II,. Using this bijection, for 7 € Iy, let 7’ € I, be constructed as in ([@.9), we have

H Wi ; H Wij—e= H Wi ;.

(i,5)em (i,5)em (ij)en’
j<n+m j>n+m+L

Inserting this into (4.8]),
len;Oksz (nym+1L) = Z H Wi;=2 (n;m) in L? (4.10)
' elll (irj)en

as claimed.
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. o o ° ° f= = —0- = e
o Wi :
o . [} o . ) - --—---0 o °
Wij T Wz,] !
(A) (B)

FIGURE 8. Example for weights (ij) and paths considered in Step 2, in the case
n=4,m=1,0 =2. (A) The weight array (Wf]) is obtained by inserting ¢ columns
(represented by o) into (W ;). (B) A path in II5 (the solid line) and a path not in

IIy (the dashed line).

To conclude, observe that by setting ,Z; = BU(k,..., k), where k repeats ¢ times, the weight array
(L3) with parameters oo, , 3 is identical to (£2)). And the weight array (L[4]) with parameters
o, @, 3 is identical to ([6]). Since the length of B is m + ¢, which is at least n — 1, by Proposition

d
we have Zi(n,n +m + £+ 1) @ Z,?(n;m + ¢) for all k. Using (£5) and (£I0), this implies
d o
Z(n,n+m+1) @ Z (n;m), which completes the proof.
O
5. ASYMPTOTICS RESULTS FOR TRAPEZOIDAL LOG-GAMMA POLYMERS

In this section, we consider homogeneous trapezoidal log-gamma polymers with boundary per-
turbations and prove a phase transition as the boundary parameter varies.

Definition 5.1. The GUE Tracy-Widom distribution function [TW94] is given by
FGUE(t) = det(]l +K)L2(C) s (51)

where the RHS is a Fredholm determinant and the operator K is given by its integral kernel, also
denoted by K,

1 w3/3—v3/3 jtv—tw
K(U,’U/) = —/ c € dw.
271 Jp (v —w) (w— )
The contour C goes from /400 to €™/4c0. The contour D goes from e~ ™/*00 to /400 and lies

to the right of the contour C, i.e., the two contours do not intersect.
For b € R™, we define the Baik-Ben Arous-Péché distribution with parameter b [BBAP05| via

FBBp’b(t) := det (]]. + Kb)LQ(C) R (52)
where

Kb (U7U/) dw

1 / ew3/3—03/3etv—tw mn w — by,
D

" 2mi (U—w)(w—fu’)k: v — by

1
The contours C and D are as above, but we require furthermore that C lie to the right of all the b;’s.

Recall from Definition [[L.8 that Z(n,m) is the point-to-point partition function for the log-gamma
polymer with weight array (L9) and ZQ(n;m —n — 1) is the point-to-line partition function for
the log-gamma polymer with weight array (L.I0). The two partition functions have the same
distribution due to Theorem [[L4l Therefore, to prove Theorem [[.TI0, which states the convergence
in law of the free energy log Z Q(n; m—n—1) appropriately scaled, we may prove the corresponding
convergence in law of log Z(n,m) under the same scaling.
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In [BCD21], the authors performed an asymptotic analysis of a Fredholm determinant formula
from [BCEV15] for the Laplace transform of Z(n,m), and obtained limiting distribution for the
free energy log Z(n, m). We record the result of [BCD21] as Proposition below. It immediately
yields part (2) of Theorem [[.T0l Using a coupling argument, we will deduce part (1) of Theorem
[T as well. We then proceed to prove the asymptotics in the Gaussian phase of Theorem [LI0
with a probabilistic argument, relying on Seppéldinen’s fluctuation estimates on partition functions
for stationary log-gamma polymers [Sep12].

5.1. Proof of asymptotics in the GUE Tracy-Widom and BBP phases.

Proposition 5.2 ([BCD21), Theorem 1.2, Theorem 1.7]). Assume parameters 6,60y, n, m,p and the
partition function Z(n,m) are as in Definition [I.8.

e If0y =0, then for all t,
lim P <log Z(n,m)—nfo,

n—00 n1/30'9’p

< t> = Fgug(t). (5.3)

o If for some y € R, lim,,_, n1/3(90 —0.)opp =y, then for all t,

log Z(n,m) —nfp,
]P) ).
n'Bag,

lim

n—o0

< t> = FBp;—y(t)- (5.4)

First observe that in light of Theorem [[.4] the part (2) of Theorem [[.T0 is implied by (5.4]) of
Proposition

Now we turn to the proof of the asymptotics in the GUE Tracy-Widom phase, i.e. the part (1) of
Theorem [[LT0l Recall that the assumption here is lim inf,,_,o n'/ 3(0g — 0.) = +00. We will exhibit
an upper bound and a lower bound for Z(n,m) and then show that in the n — oo limit, these
bounds match and yield the limiting behavior for Z(n, m). Thus the same limiting behavior follows

for ZQ(n; n —m — 1) by Theorem T4

Upper bound. Let U > 0 be a positive real number. By the hypothesis limsup,, . n'/3(6y — 6,) =
+oo , for some sufficiently large ng, it holds that 6y — 6. — Un=1/3 > 0 for all n > ng. Now, for

n > ng, let Z(n,m) denote the point-to-point partition function with weights (W; ;) defined on the
same probability space as the weights (W; ;), and satisfying

Wi < /VIV/M ~ Gamma_l(ﬁc + Un_l/?’) and Wu =W;,;if j > 2.
We may indeed construct such weights (WZJ) We first take random variables
X; ~ Gamma_l(Ho -6, — Un_l/g), 1<i<n,

in such a way that all the X;’s and the W; ;’s are independent. Then define

— 1 1\ !
Wi, = N for 1 <i < n.
,1 (Wi,l XZ> or 1 n

Since W 1 ~ Gamma_l(Ho), we have Wi,l ~ G‘ramma_l(Hc + Un_1/3) and by construction W; 1 <
Wi 1 for all 1 <i < n. It follows that Z(n,m) is an upper bound for Z(n,m)

Z(n,m) < Z(n,m). (5.5)
Furthermore, (5.4)) yields the limiting behavior of Z(n,m)

lim P (log Z(n,m) —nfyp

n—oo nl/?’aem

< t) = FBBP,—Ulim, 0., (t)- (5.6)



32 G. BARRAQUAND AND S. WANG

By (©.3) and (5.6),
log Z(n,m) —nfyp

liminf P <

n—o0

73 < t> > Fpp,—u(t).
n 00,p

It is known that (see [BROLb, (2.36)])
lim FBBP;—U(t) = FGUE(t)'
U—oo

Since U can be arbitrary large, it follows that

log Z(n,m) —nfg,

liminf P <

n—oo

<t) = Foug(t). (5.7)
n1/30-€7p
Lower bound. Let Z(k,f|n, m) denote the point-to-point partition function with starting point (k, ¢)
and endpoint (n,m). We have
Wi1Z(1,2|n,m) < Z(n,m). (5.8)
Observe that Z(1,2|n, m) can be regarded as the partition function on a log-gamma polymer of size

n times m — 1 with homogeneous inverse-gamma weights of parameter . Thus (B.3]) can be applied
to Z(1,2|n,m)

- log Z(1,2 —
lim P <10g Z(lv 2|7’L, m) nf&p < t) — lim P 0g ( ) ‘Tl, m) nf@,(m—l)/n
n—o00 n1/30-67p n1/30’97(m_1)/n

< t> = Foug(t).

n—oo

Note that n~1/31og Wi @) 0, by Slutsky’s theorem we obtain

log Wi 1 + log Z(1,2 -
lim p (108 Wiatlog Z(L2n,m) = nfop N _ g (5.9)
n'Bag

n—o0

By () and (53),
log Z(n,m) —nfg,

lim sup P <

n—o0

<t) < Foug(h). (5.10)
n1/309,p

Combine (0.7) with (5.I0), we obtain
lim P <log Z(n,m)—nfyp

n—00 nl/?’aem

< t> = Fgug(t),
which completes the proof for asymptotics in the GUE Tracy-Widom phase in Theorem [L.10l

5.2. Proof of asymptotics in the Gaussian phase. Similarly to the proof in the GUE Tracy-
Widom phase, we will also show that Z(n,m) has an upper and a lower bound which, under the
same scaling, converge in law to the same limiting distribution. Recall that 8 may depend on n
and the assumption here is that for some « € (%, 1], the limit

lim m~* (ny'(6o) — my' (6 — 6p)) (5.11)

n—o0

exists and is positive. We make a technical remark here, which will be used in the proof of lower
bound.

Remark 5.3. The parameter 6y takes value in a compact subset of (0,6). Indeed, since n < m <
5 n from Definition [L8] limsup,,_,. 0o < 6 because otherwise the limit in (5.II) would not be
positive. Now suppose liminf,, .., 0g = 0 for a contradiction. This would imply
limsupm™* (ny/(69) — my' (0 — 6p)) = limsupm™“ny’ (6p) = oo,
n—oo

n—o0
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which contradicts our assumption that the limit is finite. This contradiction proves liminf, .., 0y >
0. Since 6 is a function of n, a variable that takes a countable number of values, we have shown 6
takes value in a compact subset of (0, 6).

It also follows from (B.I1]) that there exists ng such that 6y < 6. holds for all n > ngy. In the
following proof we suppose without loss of generality that 6y < 6. for all n.

Upper bound. In [Sep12], Seppéldinen studied a log-gamma polymer whose distribution along down-
right paths is stationary. The weight array of this log-gamma polymer is as follows

CGamma™1(6p), i>7=1,
Wftiat =1 and Wigat ~<{ Gamma '(0 —6y), j>i=1,
CGamma™1(0), i,j = 2.

We denote the corresponding point-to-point partition function by Z5%%*(n,m). Observe that the
stationary partition function provides an upper bound for Z(n,m)

73 (n 4+ 1,m) > 72, 1|n + 1,m) @ Z(n,m). (5.12)

A central limit theorem for Z5% was given in [Sep12].

Proposition 5.4 ([SepI2, (2.5) and Corollary 2.2]). Suppose that for some o > 2, the limit
limy, 00 M™% (n1)/ (6p) — ma)' (0 — 6y)) exists and is positive. Then as n — o,
log Z5%(n,m) — nfy,
n/2\/4'(60) — py’ (0 — bo)
Combining (5.12)) with Proposition [5.4],

log Z —nf
liminf P 0g Z(n,m) — nfop <t
n—roo nl/2\/4' (0o) — py'(6 — o)
log Z5%® (n 4+ 1,m) — (n+ 1) fgm/(n
g ( ) —( ) fo.m/(m+1) <t) = a0
v (n +1)¢' (6o) — my’ (6 — o)

Lower bound. For each n, fix some s € (0,p~1) (i.e. we allow s to depend on n). The value of s will
be precised later. In the summation appearing in the point-to-point partition function Z(n,m+ 1),

instead of summing over all up-right paths, we may sum over only up-right paths that pass through
the point (n — [ms] + 1, 1), which yields a lower bound for Z(n,m + 1)

9D A0, 1).

> liminf P

n—o0

(5.13)

log Z(n,m+1) >log Z(n — |ms] +1,1) +log Z(n — |ms| + 1,2|n,m + 1). (5.14)
Note that the first term in the RHS of (5.14]) is a sum of i.i.d. random variables
n—|ms|+1
log Z(n — |ms] +1,1) = Z log W; 1,
i=1

and the CLT may be applied to this sum provided n — [ms]| — oco. The second term in the RHS
of (5.I4) can be identified with the partition function for a homogeneous log-gamma polymer. In
fact, let Z"(n,m) (where the letter h stands for homogeneous) denote the partition function on the

log-gamma polymer whose weight array is given via
Wlhj ~ Gamma_l(ﬁ) forall 1 <i<n,1<j<m.

Then we have

Z(n—|ms|+1,2[n,m + 1) @ Z%(|ms],m).
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The following estimate for the free energy log Z"(n,m) of homogeneous log-gamma polymers is

proved in [Sep12| Theorem 2.4] (see also the remark that follows [Sep12, Theorem 2.1]).

Proposition 5.5 ([Sep12, Theorem 2.4]). Let Z"(n,m) be the point-to-point partition function for
the log-gamma polymer whose weights are independent and are all distributed as Gamma™1(0). Let

X C (0,0) be a compact set. For all 5 € X, define s := w;}(f(gj) ). Then there exist constants C,M
depending on X, 0 and § such that

E [ log Z"(|ms|, m) + msy(05) +mab(6 — 05)

ml/3
holds for allm > M,0, € X.

|<c

Now we perform a heuristic calculation so as to choose the value of s that approximately optimizes
the expectation of the RHS of (5.14]), which will give us the most tight lower bound with (5.14]).
Using Proposition [5.5] and the fact that E[log W; 1] = —¢(6p) for 1 <i<n—|ms|+1,

Elog Z(n — |ms] +1,1) +log Z(n — |[ms| + 1,2|n,m + 1)]
= —(n — |ms] + 1)9(60) — ms(6s) — mip(6 — 05) + O(m'/?)
= —(n—ms)Y(6y) — msy(0s) — m(0 — 0) + O(m/3). (5.15)

Neglecting the m!/3 order term, its derivative with respect to s is given by

b
m (1060) = 0(62) = (50/(82) ~ 06 — 6.) 5" ) = mb60) — mv(6.)
As s increases from 0 to p~!, 0, increases from 0 to . and thus mi(6y) — mi(s) decreases from
+00 to mip(6y) — mip(0.) < 0 (because we assumed 0y < 6.). Now, let s be such that 65 = 6, that
is,

(0 — )
¥'(6o)
Then, approximately, the derivative of (5.I5) is positive on (0,s) and negative on (s,p~!). This
indicates that (5.15]) is approximately maximized by choosing s as such.

Observe that with this choice of s, the hypothesis (5.11]) implies

_ ' (6) —my' (6 — 6o)
¥’ (0o)

which enables us to apply the CLT to Z?;1Lm8J+1 log W 1,

log Z(n — [ms| +1,1) 4+ (n — ms)y(6y) z;:%msHl log Wi 1 + (n —ms)(6y) ﬂ)

/(' (00) — py' (0 — 0p)) \/(n —ms) Var(log Wi 1)

n—ms

— +00,

N(0,1),
(5.16)

where we have used the fact that Var(log X) = ¢/(a) if X is an inverse gamma variable with
parameter a. Recall from Remark [5.3] that 8y takes value in a compact set. We may therefore apply
Proposition 55 to Z(n — |ms| + 1,2|n,m + 1). It follows that

log Z(n — [ms]| +1,2|n,m + 1) + msy(6y) + map(6 — o)
V/n(¥'(60) — pi/ (0 — bo))
_\/ m2/3 log Z(n — |ms] + 1,2|n,m + 1) +msp(6p) + mp(0 — 0p) 12
(¥ (6o)

00— 60)) P — 0
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Combine this with (5.I6]) and apply Slutsky’s theorem,
lOg Z(TL — LmSJ + 17 1)Z(’I’L — Lmsj + 17 2|n7 m + 1) + n?/)(@o) + mT/)(e - 90) ﬂ) N(O, 1)
nl/2\/4'(0o) — py'(0 — o)
Using (5.14)) this implies that for all ¢,

log Z(n,m + 1) 4+ np(6y) + map(0 — 6p) <

lim sup P < D(t).
vy nl/2\/4/(60) — py'(6 — o) ©
Substituting m for m + 1, we obtain
lim sup P log Z(n, m) + ny)(f) + mip(6 — bo) <t <P(t). (5.17)

n—00 nl/2\/9/(8o) — py' (0 — o)
To conclude, we combine (5.13]) with (5.17), and we obtain that

lim P lOg Z(TL, m) - nfe,p <
n—oo \ nl/2\/y(6y) — py’ (6 — Bo)
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