N
N

N

HAL

open science

GLOBAL STRICHARTZ ESTIMATES FOR THE
DIRAC EQUATION ON SYMMETRIC SPACES
J Ben-Artzi, F Cacciafesta, A S de Suzzoni, J Zhang

» To cite this version:

J Ben-Artzi, F Cacciafesta, A S de Suzzoni, J Zhang. GLOBAL STRICHARTZ ESTIMATES FOR
THE DIRAC EQUATION ON SYMMETRIC SPACES. Forum of Mathematics, Sigma, 2022. hal-

03357092v2

HAL Id: hal-03357092
https://hal.science/hal-03357092v2

Submitted on 21 Jun 2022

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-03357092v2
https://hal.archives-ouvertes.fr

GLOBAL STRICHARTZ ESTIMATES FOR THE DIRAC
EQUATION ON SYMMETRIC SPACES

J. BEN-ARTZI, F. CACCIAFESTA, A. S. DE SUZZONI, AND J. ZHANG

ABSTRACT. In this paper we study global-in-time, weighted Strichartz estimates
for the Dirac equation on warped product spaces in dimension n > 3. In particular,
we prove estimates for the dynamics restricted to eigenspaces of the Dirac operator
on the compact spin manifolds defining the ambient manifold under some explicit
sufficient condition on the metric, and estimates with loss of angular derivatives
for general initial data in the setting of spherically symmetric and asymptotically
flat manifolds.

1. THE RADIAL DIRAC EQUATION ON SYMMETRIC MANIFOLDS

In [10, 11] the second and third authors have started the study of the dynamics
of the Dirac equation on curved spaces, the natural setting being a 4-dimensional
manifold (M, g) with signature {4, —, —, —} that decouples space and time: namely,
the metric g is assumed to take the form

1 itpu=v=20
(1.1) gw=14 0 if yw=0and p#v
—h,(7)  otherwise.

We recall that the Cauchy problem for the Dirac equation in this setting can be
written as

(12) {@@u—Du—mﬁu:O,

u(0, ) = ug(x),

where 3 is a square, complex matrix such that 5?2 is the identity, and D is the Dirac
operator. By construction, the operator D satisfies the following property:

1
(1.3) D* = =My + R,
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2 J. BEN-ARTZI, F. CACCIAFESTA, A. S. DE SUZZONI, AND J. ZHANG

where A}, is the Laplace-Beltrami operator for Dirac bispinors, that is, A, = DI D;
where D; is the covariant derivative for Dirac bispinors that we properly define later,
and Ry, is the scalar curvature associated to the spatial metric h.

In the case when (M, g) is the Minkoswki space the literature of dispersive es-
timates and related problems for solutions to (1.2) is quite extensive. To the best
of our knowledge, the first Strichartz estimates for the Dirac equation and its ap-
plication to the well posedness of some nonlinear models appeared in [25]. Some
refinements of the results were later obtained in [30], which includes the extension
to any space dimension, and in [29], in which the endpoint Strichartz estimate with
angular regularity is proved. The study of the well posedness of the cubic nonlinear
Dirac equation, which is a delicate problem as it forces to work at the level of the
endpoint Strichartz estimates, has been only recently solved in [3] (see also [4] and
[6]). Also, a lot of effort has been devoted to the study of the validity of dispersive
estimates in presence of potential perturbations: we mention at least the papers
[18, 19, 20, 7, 9, 23, 24] for "small” electric and magnetic potentials, and [13, §]
for scaling critical perturbations (i.e. Dirac-Coulomb potential and Aharonov-Bohm
magnetic field).

In [10] the authors exploited the classical Morawetz multiplier technique in order
to obtain local smoothing (or weak dispersive) estimates for the solutions to equation
(1.2) in the setting of asymptotically flat and (some) warped products manifolds. As
it is often the case when dealing with equations on manifolds, it is not possible to
rely on the classical Duhamel argument in order to obtain Strichartz estimates for
the flow, due to the fact that, even in the asymptotically flat case, the perturbative
term can not be regarded as a zero-order perturbation of the flat dynamics.

In the subsequent paper [11], the authors considered 3-dimensional spherically
symmetric settings, that is manifolds (M, g) defined by M = R; x ¥ where now
¥ =R} xS, is equipped with the Riemannian metric

(1.4) dr? + ¢(r)?dws:

where dw?, = (df? + sin® 0d¢?) is the Euclidean metric on the 2D sphere S?. Notice
that taking ¢(r) = r reduces ¥ to the standard 3D Euclidean space, and therefore M
to the standard Minkowski space. Within this setting, in [11] local-in-time, weighted
Strichartz estimates for the Dirac dynamics were proved, under some quite general
(and natural) assumptions on the function ¢, that will be discussed in forthcoming
Subsection 1.1: the main strategy consisted in exploiting the spherical symmetry
of the space in order to separate variables and to reduce the problem to a “sum”
of much easier radial equations that could be regarded, after introducing weighted
bispinors, as Dirac equations on the flat space perturbed with potentials, for which
several results are available. Nevertheless, global-in-time Strichartz estimates turned
out to be out of reach, the main problem being the lack of existence of dispersive
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estimates for the Dirac equation with scaling critical potentials in the Euclidean
setting.

The purpose of this manuscript is to complement the results of [11] investigat-
ing the validity of weighted, global-in-time Strichartz estimates in the more general
setting of warped products in any space dimension n > 3. We consider manifolds
(M, g) defined by M = R; x ¥ with ¥ = R x K"! where K"! is now a generic
n — 1-dimensional compact and Riemannian spin manifold, and > is a Riemannian
manifold equipped with the Riemannian metric

(1.5) dr® + o(r)?dwgn-:.

Here, ¢ is a map from R to itself and dwz,.—, is the Riemannian metric on K", Of
course, this case includes the spherically symmetric one when choosing K"~ = S,
and thus this paper can be regarded in fact as an extension of [11]. On the other
hand, as we will see, the assumptions on the admissible functions ¢ will be much
stronger: this is due to the fact that, as mentioned, we cannot directly rely on the
theory of the flat Dirac equation with potentials, but we need to square the equation
at the radial level, in order to reduce to a system of Klein-Gordon equations and then,
via Kato smoothing arguments, rely on the existing theory for this dynamics. Let
us give some more details on the strategy. Recall that Dirac bispinors in dimension
n+1 are maps from M to CM with M an integer bigger than L") (in Section 2 we
will review the construction of the Dirac operator on curved spaces). Due to (1.3),
it is often useful to exploit the identity

(1.6)  (i0u — Du— mpPu)(idu + Du+mpPu) = (— 0 + Ay — iRhu —m?)Iyu

where I; denotes the M-dimensional identity matrix, so that if u solves equation
(1.2) then u also solves system

—0?u + Apu — %Rhu —m?u=0.
(1.7) u(0,z) = up(x),
Ou(0,x) = (D + m)ug(x)

which shows the close relationship between the Dirac and wave/Klein-Gordon flows.
This is sometimes referred to as the “squaring trick”, and turns out to be extremely
useful, at least in the flat case, to reduce the study of the algebraically rich dynamics
of the Dirac equation to the much easier one of the Klein-Gordon one. Let us stress
the fact that in this non-flat setting the operator Ay, is the bispinorial Laplacian, and
not the scalar one; as a consequence, it is not straightforward to adapt the results
known for the wave/Klein-Gordon equation on manifolds to deal with the Dirac one.
Nevertheless, by using separation of variables, in some symmetric cases it is possible
to bring this strategy at a “radial” level: we intend to walk this path here. However,
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this plan is not going to work in the “general” setting of assumptions (AO0) (the
assumptions taken on the metric in [11], see (1.11) below), and it will force us to
impose stronger ones.

Before stating our main results, let us recall some basic (and classical) facts about
the decomposition of the Dirac operator. On 3-dimensional spherically symmetric
manifolds, i.e. if the metric enjoys the structure (1.4), the Dirac equation can be
written in the convenient form

10 = Hy9
where
. m oy (@ + %) +1Dg
’iO’3 (ar + %) —|— éDg2 —m

Here o3 is one of the Pauli matrices:

(1 0
9= \o —1

and Dg: is the Dirac operator on the sphere S? (see [36] Section 4.6 and [22]). It is
well-known that the operator Ds2 can be diagonalized (see [14]) : as a consequence,
one has the following natural decomposition

(1.8) L2(R) = @) L((0,4+00), *(r)dr) ® Hyuy,

I m
where the indexes are p € Z* = Z\{0}, j, = —|p| + 1, —|ul,. .., || (the p in j,
is a standard notation in the Physics literature and aims at recalling that je range
for j, depends on p), and the two- dimensional Hilbert spaces M, ;, are generated

by two orthogonal functions {CDM i Q. i } that essentially are normalized spherical

harmonics. The action of Hy, on the spaces H'(p(r)*dr) @ Vect(®,; , @, . ) is given
by

m — (& + ﬂ) +£
(19) hl‘ = o w v v

where the p € Z* are the eigenvalues of the angular operator Ds2 (notice that we are
using a slightly different but equivalent decomposition with respect to [36] and [11],
that allows a much easier generalization). More in general, this decomposition holds
in the setting of warped product metrics (1.5) in dimension n > 3. Indeed, there
exists a decomposition of L*(K"!),

Kn 1 @H "

7];1«
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where p is taken over the spectrum of Dgn-1 (which is purely discrete) and where
Ju € [1,7,] NN where 7, is the multiplicity of p. On H, ;,, the action of Dy can
be represented by h,. Subsection 2.1 will be devoted to present an overview of the
topic.

1.1. Admissible manifolds: discussion. Let us now briefly discuss and compare
the different assumptions we will have to take on the function ¢ in the definition of
the metric (1.5) in order to prove our estimates.

Assumptions (AO0). Let (M, g) be a Lorentzian manifold of dimension n+1 > 4
defined by M = R, x ¥, with (X, h) a warped product, that is a Riemannian manifold
in the form ¥ = R x K" ! where K"™! is an (n — 1)-dimensional compact spin
manifold, and ¥ is equipped with the Riemannian metric

(1.10) dr® 4+ ¢(r)*dwin—

where dwg,_, the Riemannian metric on K"~! and where the function ¢ : RT — R
is C=(R"), is strictly positive on (0, +00) and is such that

_ . (2n) _ ey ©'(r) 00
p(r)
Notice that Assumptions (AO0), in the case n = 3 and K = S, are essentially the
ones we retained in [11] in order to prove local-in-time Strichartz estimates.
In order to prove global-in-time Strichartz estimates for the dynamics restricted
to an eigenspace of Dgn-1, we need to complement (AQ) with the following:

Assumptions (A1). Let (M,g) satisfy assumptions (A0Q). Assume that the
operator Dgn-1 has no eigenvalue p with |u| < %, and let u be in the spectrum of

29
Dgn-1. Let V, = u(u_tso) and

%)

(1.12) 8,(p) = min(1,inf(4r%V, + 1), inf (—4r°V, — 4°V +1)).
Assume that the function ¢ in the metric (1.10) satisfies

(1.13) 5o, 8,() > 0, 12V, € L.

In order to prove global-in-time Strichartz estimates for the complete flow, we
need to strengthen our assumptions some more, having in mind as a main example
asymptotically flat manifolds. We thus set the following

Assumptions (A2). Let (M,g) be defined by M = R, x X, with (X,h) a
spherically symmetric manifold of dimension n > 3 with metric given by (1.5) with
K =S. Let ¢ € C*°(R") be such that p(0) = 0, ¢'(0) = 1, and for all k¥ € N,
02k (0) = 0. We assume that there exists ¢; € C>°(R¥) such that

p:r=r(l+e(r))
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with the following assumptions on y:

e () is non-negative
o sup,o(|e1(r)| + [rei(r)'| + Ir*ef(r)]) < L.
Remark 1.1. The map

= E£E—
with 8 > a > 0, with a, 8 € N, « even, satisfies these assumptions.

Remark 1.2. Our aim is to apply this type of result to well-known Lorentzian mani-
fold such as black holes. It is known that there are spherically symmetric back holes,
such as the Schwarzschild or the Reissner-Nordstrom one; in these cases, the metrics
(outside the black hole) writes

ds* = F(r)dt* — F~(r)dr® — r’dws

where dws2 is the metrics on the sphere S? and F' is defined as

A B
F(r)y=1 . + =
with A, B > 0 and B = 0 in the case of the Scharzschild metrics.
The metrics couples time and space but the Dirac equation does not, and in fact
it is written (we refer to [31, Eq. (12)]) as follows:
) F1/2
)+

1
0 F1< - -
[v&+ 70+ -+ 15

where Dgs2 is an operator acting only on the angular variable and which can be
diagonalized in the same way as we did in this paper.
By changing variables, we get an equation of the type

[70@ + 4! (@ + ¢1(T)> + o (r)Dg2 + Mbg(T’)m} u=0

where 1), j = 1,2,3 are functions of the radial variable such that

D), () = -+ O(/r), gslr) =1+ O(1r).

The behavior as r — oo is the same as in our current case, especially if m = 0. The
difficulty arises when one looks at the region close to the black hole, as there indeed
the functions v, and 13 are not differentiable.

Therefore, this paper has to be thought of as a first step towards the study of the
dispersion of the Dirac operator in a spherically symmetric black hole metrics, as we
here tackle a similar case for the behavior at oo, but we do not tackle the difficult
task of looking at what happens close to the black hole.

Ds2 —|—iF1/2m}u: 0
,
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1.2. Main results. We are now ready to state the main results. For a definition of
functional spaces, we refer to Subsection 1.3.

Definition 1.1. We say that the triple (p, ¢, m) is admissible, either if m =0
2 n—1 n-1

-+ = , p>2, qé€l2,00),
p . 5 [2,00)

orif m#0
2 n n
—+—==, p>2 q€[2,0).
P q 2

The first result we prove is a global-in-time Strichartz estimate for the Dirac flow
restricted to eigenspaces of the operator Dyn-1.

Theorem 1.2. Let (M, qg) satisfy assumptions (AQ) and (Al). Then, for any
admissible triple (p,q,m) in Definition 1.1 and any € > 0, there exists a constant C

depending only on m,p,q,,e (but not on ) such that for all vy € Hi,/Q,
(n—1) (1_2

r 2 7) —ith
(1.14) H(Sog )) ¢

/UOHLP(R,W;/Q_I/I)"J)
< C|M|5/p+a(5<p(ﬂ)l/p+a + 5¢(_M>1/p+e)||vo||H;/2’

where Wé/q_l/p’q and Hé/Q are Sobolev spaces on the manifold ¥ for radial functions
defined in Subsection 1.3.

Remark 1.3. The need of an ¢ > 0 in estimate (1.14) is connected to the non-
admissibility of the endpoint triple (p, ¢, m), as we will briefly discuss in the proof of
Corollary 3.9.

Remark 1.4. Note that assuming that the compact manifold K"~! satisfies that the
(discrete) spectrum of the Dirac operator on K"™! is included in (—oo, —3] U [%, 00)
ensures that the Dirac operator on ¥ with ¢ = r, is self-adjoint (see [15, Theorem 3.2]
and references therein). The operator h, being isomorphic to an L*> perturbation of

m _ 1
<8T+i>+f;‘
<0T+%>+% —m

?

oy —

we get that h, is selfadjoint. This will be further commented upon in Remark 2.1.

Remark 1.5. When K"! is the (n — 1)-dimensional sphere, then the manifold ¥ is
smooth and in fact geometrically complete, which ensures the self-adjointness of the
Dirac operator. Also, in this case, by relying on the endpoint Strichartz estimate
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proved in [29] and on mixed Strichartz-local smoothing estimates ([9]), it is possible to
recover the endpoint as well but with extra (global) derivatives, namely the estimates

(1.15)
()7

when m = 0,n = 3 and

H (@)%”(13) ith

< VI (00 (1)1 4 0, (=) lluo | 2

L%(I7LOO(R+7LP(SR71)))

m
€ UO||L2(R,W;/Q*1/“)

< Clul(0,(0)" + 0o(=1) ") l[voll 372,
where ¢ = 2(:—:31) if m =0 and ¢ = 2% otherwise.

Remark 1.6. The dependence on the angular parameter p in our Strichartz estimates
(that can be ultimately intended as a loss of angular derivatives, and is most likely not
sharp), is due to the method of our proof: the action of the “radial Dirac operator”
(1.9) depends on the “angular” eigenvalue u, and as a consequence the Strichartz
estimates for the flow e will necessarily depend on p. The additional e-loss in the
massless case is due to the lack of the endpoint Strichartz estimates in this case, as
indeed these estimates will be obtained by interpolation. We refer to [11], Section 5
for all the details.

Remark 1.7. With slight additional care, the result above could be generalized in
order to include spaces with conical singularities; the study of the Dirac operator in
this context, mostly from the spectral point of view, has been developed in details in
[15]. The analysis of dispersive flows on conical spaces (and on spaces with conical
singularities) has seen increasing interest in recent years; we don’t intend to provide
a precise picture of the literature here. We mention that the present work has in fact
originally motivated the paper [5], in which we have analyzed the dispersive dynamics
of the Klein-Gordon equation on spaces with conical singularities. Anyway, we need
to stress once more the fact that it is not possible to directly adapt those results to
the context of the Dirac flow, as the Laplacian operators are in fact of a different
nature (spinorial vs scalar).

The fact that the constant on the right hand side of estimate (1.14) is a function of
1 suggests that it might be possible to prove Strichartz estimates with loss of angular
derivatives: this kind of estimates are quite classical in the context of dispersive
PDEs, and the local-in-time case (in dimension 3) has been already discussed in
the predecessor of this paper, that is [11]. For the next Theorem we shall indeed
restrict to the case K» ! = S, in order to be able to resort to the well-established
Littlewood-Paley theory on the sphere. It is in fact possible to “sum” the Strichartz
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estimates (1.14) in order to obtain Strichartz estimates for general initial data by
requiring additional regularity in the angular variable (we postpone to subsection 1.3
the precise definitions of the spaces H**(X)).

The result is the following:

Theorem 1.3. Let (M, g) satisfy assumptions (A2). Let p,q € [2,00] and a,b > 0.
Assume that (p,q,m) is admissible and % + %l < 1. Then the solutions u to (1.2)

with initial data ug € H**(X) satisfy the estimates

<M) e (1-2) .

Remark 1.8. The analogous of Theorem 1.3 could be proved in the more general case
of warped products under assumption (1.13) provided one has a suitable Littlewood-
Paley theory on the manifold K"~!. This might be the object of forthcoming works.

(116) S CHUOHH‘%”(E)'

LY (RW/a=1/24(%))

As a matter of fact, the starting point in the proof of Theorem 1.3 is showing that
within the assumptions (A2), the crucial condition given by (A1) is in fact satis-
fied. In other words, Assumptions (A2) (asymptotically flat, spherically symmetric
manifolds), provide an explicit example of ”admissible manifolds” for the validity of
Theorem 1.2. In Subsection 4.2 we will thus prove the following

Proposition 1.4. Let (M, g) be defined by M = R, x X, with (X,h) a warped
product with metric given by (1.5). Let gy be the infimum of the positive part of the
spectrum of the Dirac operator on K", and assume that g > 1/2. If ¢ satisfies
the assumptions in (A2) where the required smallness of C' is determined by g, then
the assumptions (1.13) are fullfilled.

Remark 1.9. We will provide more precise assumptions on ¢, and in particular on
the size of the constant C, with explicit dependence on the space dimension, at the
beginning of Section 4.

Remark 1.10. It is a natural question to ask whether there exist other possible choices
of the function ¢ that satisfy condition (1.13). We will devote the appendix to a
small discussion.

The plan of the paper is the following: In Section 2 we review the separation of
variables procedure for the Dirac equation in the warped products setting, and show
how to reduce to the Klein-Gordon dynamics. In Section 3 we discuss the classical
Kato’s argument to obtain the Strichartz estimates for the Klein-Gordon dynamics
with potentials of critical decay. Finally, in Section 4 we show that asymptotically
flat manifolds are admissible, and we prove Strichartz estimates for general initial
data in the spherically symmetric setting.
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1.3. Notations. We will use the standard notation LP, H®, H*, WP to denote,
respectively, the Lebesgue and the homogeneous/non homogeneous Sobolev spaces of
functions from R” to CM. We will use the same notation to denote these functional
spaces on the (spatial) manifold (X, A), which is in our structure (1.1), i.e. with
time and space already decoupled, by adding the dependence LP(3), H (%), H¥ (),
WP4(3): e.g., the norm LP(X) will be given by

11y = [ 1@/ Aet(hla))da

and so on.
The space L?(X) is thus endowed with the usual Hilbertian structure.

The space H'(X), is induced by the norm

11y = Ily/h9 (D D el zxcsy

where the D; are covariant derivatives for Dirac bispinors.
The space WP p € [1,00] is induced by

1wy = I1y/B9(Dif. Dy el ooy + 1 llzoes)

The spaces H*(X) and W*?(X) with s € [—1,1] are defined by interpolation and
duality.

Due to the warped product structure of the metric (1.5), for a radial function
fraa(|x|) we define

+00
| Fraallly = / [Fraar)Po(r)" " dr ~ | fraall s
0

For the Sobolev spaces, we use the compatible notations
||frad||H3; = ||arfrad||L2(E)
and
||frad||wévp = HarfdeLp(E) + HfdeLp(E .

We define H; and WP, s € (0,1), by interpolation, and Hs WP s e [-1,1],p €
(1,00), by duality.
Note that since we are dealing with vectors in CM | | f(z)| should be understood as

f(2)] = V{f(2), f(z))car.

The norms in time will be denoted by L¥. The mixed Strichartz spaces will be
standardly denoted by LYL(X) = LP(I; L4(%, CM)).
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We finally introduce the spaces H*® for a € [~1,1],b € R by defining the norms

1/2
sy = (1 ey + I=Ben) 2 Fllagsy)
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2. THE SETUP: SEPARATION OF VARIABLES
AND REDUCTION TO KLEIN-GORDON

The construction of the Dirac operator on a 4D manifold is a rather delicate task
in general, and requires the introduction of the so-called vierbein which, essentially,
define some proper frames that connect the metric of the manifold (M, g) to the
Lorentzian one 7); details can be found in the predecessor of this paper, [11], and in
[32]. In order to properly define those frames, also known as Cartan’s formalism, one
needs the hypothesis that the manifold admits a spin structure: we will take this as
an assumption. The fact that admitting a spin structure is a homological property
has been proved and commented upon in [26]. In fact, ¥ (and M) inherit a spin
structure from the spin structure of K*~!; we will explain this in the next subsection.

In this section we show how to exploit separation of variables and the classical
spectral theory for the Dirac equation on compact manifolds to reduce the study of
the dynamics of Dirac equation on warped products to the one of a system of radial
Klein-Gordon equations. We refer the interested reader to [15, 1] for further details
on various aspects we will discuss. We mention the fact that most of the geometric
objects that will appear in the next pages will only have the role of allowing the
definition of the Dirac operator in a curved setting, and therefore we will be quite
sketchy on some of them, as it would be impossible to make the presentation self-
contained. Nevertheless, we will try our best to indicate precise references in order to
help the interested reader’s comprehension. Also, we include a short (and informal)
appendix at the end of the paper in which we introduce and briefly discuss the
necessary tools needed for the computations developed in this section.

For a complete derivation of the Dirac equation in curved space-time, we refer to
Section 5.6 in [32].
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2.1. The separation of variables. We start by recalling that the Dirac operator
on a Lorentzian manifold (M, g) of dimension n + 1 admitting a spin structure' and
with decoupled space and time writes

D =my’ — ivolij.
where the implicit summation on j is taken from 1 to n. In the above, m € R is the
mass of the electron, 7° is a self-adjoint matrix of size M x M with M = 2L+1)/2]

with values in C whose square is the identity, Zj are anti-hermitian matrix bundles
that satisfy

vjak =1,...,n {Zjalk} = 29jk7 vj =1...,n {Voaf_yj} =0
and D; are covariant derivatives for spinor bundles.
Writing (M, g) as M = R; x ¥ and

=0 )

where h is the (Riemannian) metric of ¥, we endow the spinorial Riemannian man-
ifold (i.e. a Riemannian manifold with a spin structure) (X, h) with a vierbein e/,
(chosen such that for all j, k, el §%%% = hi*), we fix

Y =€

The implicit summation for a is taken from 1 to n. The family (7*)o<q<n satisfies
the anticommutation relations:

{(*,7"} = 29®

where

-1
is the Minkowski metric in R Writing o = 7° and a® = %92, we have that the
family (a®)o<q<n satisfy the canonical anticommutation relations

{a®, o’} =267
and are self-adjoint matrices. What is more, the Dirac operator now writes

D = ma’ — il a"D;.
Details on this construction (as well as the definition and the main properties of a

vierbein) can be found in [32, Section 3.9 page, 144]. The minimal dimension for

IFor the definition and properties of spin manifold, spin structure and spinora in this ” geometric”
setting we refer to the Section 1 ”preliminaries” in [15, Page 6]
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such a family of matrices is 2L(*+1)/2] " An easy way to see that this dimension is big
enough is to consider for n = 2, the Pauli matrices

o (10 y (0 . (01
“TAT\0 1) P TRT i 0) YT 10

and for n = 2k 4 2 even, given a family (a%)o<q<2r of self-adjoint matrices of size
K x K satisfying canonical anticommutation relations, the matrices written by block

e = (@ S0,
Va=0,.. . 2ka"" = ((O?) %)) ot = (_E?QK ZE‘ST) .

Therefore, a natural way to pass from dimension n = 2k even ton +1 = 2k + 1
odd is to pass from the family of matrices (@*)o<q<n to

a0 — (1(%1; _(I(QK)  Ya=0,... 2%, a"" = (f (06)> :

and to pass from dimension n + 1 = 2k + 1 odd to dimension n + 2 even is simply to
add the matrix
o= ( (0) z’IdK)
~ \—idg  (0) )

However, it is also natural to pass from an odd to an even dimension in the same
way as to pass from an even to an odd. The reason is that, because of the theory of
Clifford algebras, the algebra generated by the family (a®)p<q<ni2 defined as in (2.1)
is canonically isomorphic to the one generated by

(5 ). won e (8 )

(see [32] Section 5.6.2 pag 229 for further details). We now consider the following
setting: (X, 0) is a warped product, that is a Riemannian manifold in the form
Y =RI x Kg_l where K" ! is a (n — 1)-dimensional compact spin manifold, and ¥
is equipped with the Riemannian metric

dh? = dr® + o(r)*d¢’

where ¢ : Rt — R* and d¢? is the Riemannian metric over K”~!. In other words,

"= (((1» ;22{)

where k is the Riemannian metric of K*~ 1.
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In the case that interests us, we assume that a vierbein € = (&) has been set for
K"~1, that we assume admits a spin structure. As the equation is covariant, we may
choose any convenient vierbein for Y: we use as a vierbein for X

‘- (<3> so((?“))é> '

We set (G*)p<q<n—1 a family of matrices satisfying canonical anticommutation rela-

tions and
a’ = <(I(()i) E(%), Ya=0,...,n—1, o™ = <(€S‘1 (06)>
We set also
P)/O = O{O’va = 17 7n7 ’ya = &Oaa7
and finally

~0 ~0

A =a Va=1,...,n, A" =a’

a“.
We recall that the covariant derivatives for Dirac spinors are given by
Dy = 0+ iw, " Sayp.
where w is the spin connection and
7

Ea,b - 3

[fyaufyb]'
We have for all a,b=1,...,n

[v",7"] = [aa®, o] = |

Therefore, we have

ia—l b—1 (O) )
Za g ’ ~
. ( (0) Ya—1b-1

de” +w Ae’ = 0.
Since e! = dr, we have de! = 0 and thus

wh Ae’ =0.

a ~b]

where ¥, = —£[3%,7"].

We also have

Therefore, we get wl ~ ey, for all b and then w!* = 0 for all b > 1.
Since for all a > 1, we have e* = p(r)é* !, we get

de” = et Ne“ T 4 pde® ™t = plet NET — TN E
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and thus
wiAet = et Al +popt AE = pE T Al +op Tt AT
Therefore,
Wi =¢e v = w™ =0and for all j > 1, wjal = go“?:ll
and for all b > 1
WY = &)“(;11) = w,” =0and for all j > 1, w® dz(a D=1,
Summing up, we get Dy = 0, and for all j > 1,
Dj = 8j + 27,90/5 21 a+1) + zw](a 11)(b l)za,b.
Since . .
20 a (O) ) <2a—1 b—1 (O) )
Y1 (arl) = T2 and X, = ’ ~ ,
b ( 0) Soq ’ (0)  Zaipa
we have B _
D, — Dj_l + 2%0/6]{120’“ . (0) o
J (0) D+ 2290’6]-“_120 a
where D; are covariant derivatives for spinor bundles over K2,
We deduce
> 11 ((0) @&\ (D;_1+2i¢'e® %0 (0)
ie’,a’D; = iy dp+i—& (L ! Jm1mRe e €
b ! © at (0) (0) Dj g +2ip'el 1Yo,
. 1 (0) &GP (D + i€ Y0 )
= a?” — . ~ ~ b J J @ .
ot (z’é]bdb(D» +i8950,4) (0)
Using that &,6% = 6% and that 4°Sg, = —i"7a°, we deduce
1 ;n—1¢'(r) 50
D =ma’ +ia10, + | (0) L) ~ o Dxnt H 575y a
o Do + i Gy &0 (0)
where Dgn-1 is the Dirac operator on K"~1. We thus get
-~ n—1 ¢'(r) 1
’ n 1¢'(r) _1 _
i (0, + "7 55 ) + gy Do m

Now the key step (for us) consists in ensuring that the operator Dgn»-1 can in fact
be diagonalized. In the case K"! being the 2-dimensional unit sphere, this fact is
classical and well-known, the eigenvalues and eigenfunctions are explicit (see e.g. [36]
or [14]). In the general case, we can nevertheless evoke the following result, that can
be found e.g in [35, Theorem 5.27].
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Proposition 2.1. Let H be the Dirac operator on a smooth compact manifold K" 1.
Then there is a direct sum decomposition of H into a sum of countably many orthog-
onal spaces H,, each of which is a finite-dimensional space of smooth sections and
1s an eigenspace for H with eigenvalue . The eigenvalues p form a discrete subset

of R.

Let 1+ > 0 be in the spectrum of Dgn-1, we fix (1, ;); an orthogonal basis of the
eigenspace of Dgn-1 with eigenvalue p. We set ¢_,, ; = ia’, ;. Since a° anticom-
mutes with Dgn-1, we get that ¢_,; is an eigenfunction of Dgn-1 with eigenvalue

—u. Note that for all g in the spectrum of Dgn-1, since (ia’)? = —1, we have for

w>0, (1+ i&o)@/zm =, +_,; and (1 — i&o)@/z_u,j =_p; — V- Similarly,

Therefore, the family

ia?
5= ((50): ()
0 V2 w“’j peSP(

forms an orthonormal basis of L*(K"~!,CM).
We deduce that we have the decomposition

L*(,CM) = @H,J

where H,, ; is the tensor product of Li ( the L? maps of R, with measure ©?dr) and
with values in C ; and the vector space generated by

1+i&0¢)u,j) ( 90 >)
((50™) (o))

In other words, any map u € L2(X, CM) may be written as

=30 () o) (L, )

where w € K", and uij € Lfo are such that

D]KTL—l )7]

3 )+ Iy <
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For any p € Sp(Dgn-1) and any j, and f(r) a radial test function, we have

D[f ((1 + igo)wu,j) ] _
mf ((1 + igo)%a‘) + <[ - (ar L ; 1 Z’((:;) + 90?7“)]0 ((1 B 2.20)%7].)
and

D|f <<1 - igom,j) |-
.y ((1 i igo)wvj) . ([(@ . ng 1 g((:))> N ¢;(LT)]f) ((1 + @'g‘))wu,j) .

We are thus left with studying the dispersion of the equation
(2.3) 10 F + h,F =0,
with

_ n—1¢'(r) p
(a’” T3 w(ﬂ) T

3

(2.4)

for any p € Sp(Dgn-1).

N
+
=

—m

Remark 2.1. If we take ¢, an eigenfunction of Dyn-1 on K"~ with eigenvalue p # 0

(1414a%),
0

and we suppose that 0 = f(r) is an eigenspinor of D? with eigenvalue

p? # 0, then we have that f satisfies the following ODE

n—1 n®>—4n+3\ 1
I+ = +[p2—(u2—u——)r—2}f=0

4

which has solutions f(r) = v°Jy,+(pr), where ¢ = (2 —n)/2, vT = |2u — 1]/2 and
J,+ is the standard Bessel function of order . Analogously, assuming that now

0= f(r) .ONO is an eigenspinor of D? with eigenvalue p* # 0, we see that
(1—1ia")y,

f satisfies the ODE
n—1 n?—4n+3\ 1
f”‘i‘T‘i‘ [02— (M2+M—T> ﬁ]fzo

which has solutions f(r) = r°Jy,+(pr), with ¢ as before and v = |2 + 1| /2. These
equations recall once more the connection with the Klein-Gordon equation, which
now has been brought at the “radial” level. In particular, in [5] these equations
are the starting point in order to prove the crucial local smoothing estimates for the
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Klein-Gordon equation; nevertheless, we stress once again the fact that the argument
of deducing dispersive estimates for the Dirac flow from the corresponding Klein-
Gordon ones does not work for free, as indeed the Laplace operator that comes into
play when squaring the Dirac operator is the spinorial one (and not the standard
scalar one that we dealt with in [5]).

We can explicitly write down the positive and negative eigenspinors of the operator
Dyn-1, when we are calling “positive” (resp. “negative”) the ones corresponding to
Bessel functions of positive (resp. negative) order. It can then be shown that both
positive and negative ones fall in the domain of Dg.-1. The negative ones, though,
correspond to eigenvalues p of Dyn—1 such that |p| < 1/2 (this can be seen by studying
the asymptotic behaviours of the Bessel functions). Finally, negative solutions in the
domain of Dgn-1 prevent the operator Dg.-1 from being selfadjoint. This is the
reason why we need the assumption |p| > 1/2.

2.2. The squaring trick and weighted spinors. We now introduce weighted
spinors, the main goal being transforming the system (2.3) into a system of wave
equations on R” perturbed by a radial, electric potential, in order to exploit the exist-
ing theory to obtain dispersive estimates. This strategy has been already employed
in [33, 2, 21] in different contexts (the Schrodinger equation on Damek ricci spaces
and on spherically symmetric manifolds, and equivariant wave maps respectively)
and in the predecessor of this paper, [11], to deal with the local-in-time case.
Take o : Ry — R, such that for all » > 0,

where () satisfies the assumptions of Theorem 1.2 and write, for n > 3,

op = " D/2,

Lemma 2.2. The map o prolonged by continuity at 0 is C' and the map

0_/

o
is bounded on (0, 00).

Proof. Indeed, for r > 0,

a(r)= (1 - g0l<7n)>0

()
¢ (0)

The map o at 0 converges to 1 and we have, as r | 0, writing a = ==,

a(r)—1:1< r

— 1) — —a
r r\r 4+ ar? + o(r?)
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hence ¢/(0) = —a. What is more, as r — 0,

a1 ()
o) = o(r) ¢

Finally, since 0 — 1 at 0 and ¢ > 0, we deduce that ";/ is continuous on [0, 00).
Finally,

_ %(—ar +o(r) = —a.

_Y
2

which ensures its boundedness. O

Lemma 2.3. The multiplication by o,, is an isometry from L? to Li. What is more,
the multiplication by o, is an isomorphism from H} to H, ! that satisfies

n—1
14, ] 1l < Mol < 14 "2 1Al
with ¢, = || o ((0.00)) - In particular, by interpolation, we get, for all s € [0, 1],
n—17-s n—17s
140, Wl < o fllg < [1+ e, " 5]

Proof. The fact that o, is an isometry at the L?-level follows by the definition of the
norms, as indeed

lonflz = [ o2 tar = [t e = 112

We now estimate |0, f| 1. We have, by the isometry in L?,

low fllas < I fllay + lonon" e
A direct computation yields
, 4 n—1d
0,0, = B ;

By Holder’s inequality, we get
n—1

loon fllzz < Coll fllzz-

We now estimate |0}, g|| 2. We have, by isometry in L?,

o gllay < llglas + 11(0, ") ongll Lz
We have

o n—10'

On 2 0o
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We use Holder’s inequality to get

(oY ougllns < 5 ellglliz.
This concludes the proof. O
Lemma 2.4. We have
e
(2.5) Bym := 0, b0, = (ar N ,Z::l ik —Or __5; N “_°> :
Proof. Straightforward computation. O

Proposition 2.5. Let s € [—1,1], and p,q > 1. If e”®wn s a continuous oper-
ator from HY? to LP(R,W29), then e " is a continuous operator from Héﬂ to
on LP(R, W21) and

—ithy,

fithu7n|
le ) < Clle

HH}D/QHU;_Q/QLP(R,W;“Z HY 2S5 Lp(RWST)

with a constant C, that does not depend on p.

This is a consequence of the fact that

—ithin =1

—ith,
€ n

= ope
of Lemma 2.3 and of the following lemma.

Lemma 2.6. The multiplication by o, is a continuous operator from
LP(R, W)
to
o /LP(R, W5Y)
for any s € [—1,1] and any q € (1, 00).

Proof. First of all, the norm in the ¢ variable is not relevant in the proof, hence we
only prove that the multiplication by o, is continuous from W37 to or Y qW;;’q for
q € (1,00) and s € [—1,1]. This is equivalent to proving that the multiplication by
o2/® is continuous from W4 to waa.

For non-negative s, by interpolation, we can reduce the proof to the cases, s =0, 1.

For negative s, by duality, the continuity of the multiplication by o2/ from w2
to W34 is implied by the continuity of the multiplication by on 24" from W, 54" to

W;s’q/ where ¢’ is the conjugated exponent of g.

Therefore, it sufficient to prove the following, for all ¢ € (1, 00) :

(1) the multiplication by o2/ is an isometry from L to L2,

(2) the mutiplication by o2/? is continuous from W to Wi,
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(3) the multiplication by o, 2/

(1) Let f € L%, we have by definition

o0
o7ty = [ ke gl
0

and using the definition of o,

o2l = [l = 11y

?is continuous from W) to W,

(2) From (1), it is sufficient to prove that for all f € W we have

102/ F)lls S 1 llwpa-

By the Leibniz rule, we have

n—1

O_/
10:02 Plagy = o (—=Zf +0,F ) s

and from (1), we get
n—1

10, (7" )l1e = | .

o'
_f + arf”L?«'
g

We conclude by using the fact that %/ is bounded.
(3) From (1), it is sufficient to prove that

18- 21 Nlg S 1 e
By the Leibniz rule, we have

n—1

O_/
1002/ ) 1g = o (= “—=Zf + 0, f ) llus

and from (1), we get
n—1
q

0_/
10, (> f)lle = || = o/ 0l

OJ

We conclude by using the fact that Z is bounded.

21

O

As recalled in the introduction, the (massless) Dirac operator has been constructed
as some square root of the Laplacian; in other words, every solution to the free Dirac
equation on R" satisfies a system of decoupled free wave/Klein-Gordon equations.

This point of view can be carried at the “radial” level:
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Lemma 2.7. Let V € C*(0,00) and let

, m - (& + ”;f) +V
Vin —
(ar + ”2—*1) +V —m
Then we have
h2 . m2 + HC_ 0
Vin — 0 m2 + Hc+
with
-1
(2.6) He, = (02 + ”TaT) +ex
and
—1 -3
NS T N

Remark 2.2. In other words, if v = (?’) solves the equation

100 = ]jLMU

with initial datum vy = (zO’JF), then v, and v_ solve respectively

)

vy = —m*v, — H, vy and Ov_ =-—m?

with initial data

vi(t=0)\ _ Vo, +
Owi(t=0)) | —imug 4 + i(@T +1— V) Vo,—

v —H. v_

and
v_(t=0)\ _ Vo,
Ow_(t=0))  \imuv_ — z’(@r + % + V) vot |
Proof. Straightforward computation. O

3. THE WAVE AND KLEIN-GORDON EQUATION
WITH POTENTIALS OF CRITICAL DECAY

In this section we review the well-known theory on dispersive estimates for critical
perturbations of the wave and Klein-Gordon flows, discussing in particular how the
available results can be adapted to deal with our problem. As the strategy and the
results below are classical, we will only sketch most of them, providing references to
fill in the details.
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3.1. General Kato-smoothing. First of all, let us recall the following definition
(see [17, Definition 2.1])

Definition 3.1. Let H; and H, be Hilbert spaces and H a selfadjoint operator on
Hi. Let R be the resolvent operator of H. A closed operator A from H; to Hy with
dense domain D(A) is called

(1) H-smooth with constant a if there exists gy such that for every ¢, A € R with
0 < |e|] < &g the following uniform bound holds:

(SR(A +ig) A", A"v)yy, | < allvllz,, v e D(AY).

(2) H-supersmooth with constant a if there exists £y such that for every e, A € R
with 0 < |e| < g¢ the following uniform bound holds:

(RO +ig) A", A0)w,| < allvllz,, v e D(AY)
We prove the following proposition:

Proposition 3.2. Let n > 3 be the dimension, and let ¢ € C*((0,00)) and r = |z|.
Assume that r’c € L™ and

1 —2)2 —2)2

(3.1)  0.:=min [Z’ inf (cr2 + %),inf ( —r3d —r?c+ %)] > 0.
Then the operator H,. defined in (2.6) is positive on the Hilbert space L*(R™) and the
operator |z|™t (from L*(R™) to L*(R™)) is H. super-smooth with constant 6 '.
Proof. Because we have

: 2, (n—2)°

inf (cr + T) > 0,
we get, for any v € C*°((0, 00)) with compact support

3T>U>L2 ~ (o, (n—2)

4r2
and by Hardy’s inequality, as we are in dimension n > 3,

(v, H) 2 > 6.(v,7720) 2.

n—1

(v, Hw) 2 > (v, <— 83 — V)2 + 5c(v,r_2v)Lz

Therefore, H, is positive.

The fact that |z|~! is H,. super-smooth is a consequence of [21, Theorem 3.3] with

a = =1, Indeed, for v in the domain of |z|~*, write f = |z[~v; writing R(\ + ic)

the resolvent of H, with ¢ # 0, we have that R(\ + i¢)|z|'v is the solution to
-1
u”+n—u’+()\+i€)u—cu: —f
T
from which we deduce

el ull aeny < 07 Il fllz2@n) = 0 vl ragn).
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We get from this

(RO i), lal ™) 2 = {0, 0012 < [l g ] 2
which yields

(RO +ie) |z ™Mo, |27 o) 2 < 0. vl 2oy

and concludes the proof. [l
Proposition 3.3. Under the same assumptions as Proposition 3.2, we have that
2|7V (H, + v)~Y* is /H, + v super-smooth for any v € R* with constant C? =
(3+ 7)o and in particular, for all v in the domain of (H. + v)'/* we have that

[ e Hew ) < Cell(He + )]l p2geny.

|L2(R><R"
Proof. This is a direct consequence of [17, Theorem 2.4]. O

Proposition 3.4. Under the assumptions of Proposition 3.2 and assuming v non-
negative, set U.(t) to be the flow of the equation

{ 0?v+ Hov +vo = 0,

(3.2) v(t = 0) = vy, Opo(t = 0) = v

Set also X, and ’Hi/,,z to be spaces respectively induced by the norms

1 DI, = 12l FllZ2@ny + 217 (He + )2 g01 72 oy
and
| (vo, Ul)Higg = [I(He + 1) *vo|[72gn) + II(He + )™ 0112y

Then we have for all (v, v1) € Hel?,
V80,0l < Coll (o, 00

Proof. The proof follows the usual lines assuming, without loss of generality, that v
is real and use the transform

U=v+i(H,+v) 0.

O
3.2. Application to the Dirac equation with critical potentials.
Proposition 3.5. Let V € C%((0,00)). Write . = —"=00=8 4 y2 4 7. Get

Svn(t) to be the flow of equation iOu = hy,u with hy,, as in Lemma 2.7. Assume
that
(3.3)

5% := min E inf (%1 (V£ v’)) ,int G —PBQVV £V —2(V2 4 v’))} > 0.
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Then we have that for all uy € "Hifc,,m the solution Sy, (t)ug satisfies

]~ Svn ()t L2 rxrny < 3(Cey + Celluollygrrz,

where Hifc_,m is the space induced by the norm

(5

Finally, we have 0., = 5.

Proof. Set
Uy = (52) and Sy, (t)(uo) = (£> .

Write Ve =V £+ (& + ”2—;1> By a straightforward computation we get that V_V, =
H._ and V,.V_ = H,._. Therefore, we recall that

2
o (m*+H. 0
(3.4) hvn = ( 0 m? + HC+) :

and that f is the solution to 92f + H._f +m?f = 0 with initial datum
ft=0)=fo and 0O f(t=0)=f1 :=—imfy—iV_go.
A direct computation yields (5‘% = J., and thus
Hal ™ Fllzz, < Co (0m? + H )Y follzz + 1(m2 + He )™ i1z )

We have that

= ||(m® + He )" fllr2@ey + [1(m® + He ) gl 2@y

1/2
7'Lc_/~_,c_,m,

[(m® + He )" *mfollz2 < V/Iml| foll 2

since m?> + H, > m?.
What is more

|2+ Ho )V goll2e = (m? 4+ Ho )™ AV go, (m? + Ho )™V go)ya.
Since m? + H, > H, , we have
1(m® + He )™V *Vogol|22 < (HZ/*Vgo, HZ 'V go) pa.
By taking adjoints, we get
[(m? + He )™Y*V_gol|72 < (Vi H?V_go, go) 2.
Let A = V+Hc__1/2V,. The operator A is positive and
A2 =V, H 'V v, o '?v._.
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Since V_V, = H._ we get
2 —1/2 —1/2
A*=V,H'?H., H'*V_=V,V_=H,,.

Finally,
2l ™ e < Coo (20m? + He ) follzz + 1 (m® + He, )V gullsz ).
With a similar computation, we get
el gllze < Cer (20m® + He) gl + 1 + He ) folls2)-
O

We can now exploit the powerful Rodnianski-Schlag argument (see [34]) to deduce
Strichartz estimates from Proposition 3.5.

Proposition 3.6. Assume that (p,q,m) is admissible, as in Definition 1.1. Then

there exists a constant C = C(p,q, m) such that for all ug € o2 ﬂHiJ/r?c,,m, we have

(3.5) [ISva@uoll p y1sa-1/a < C((l + IVl 0.00n ) luoll 272
+ ([ el 00) + 72l oo (0,00 ((63) 7 + (55)_1)||U0||H;/+27077m>-

Proof. REMOVE, IF YOU AGREE:For ¢ € C!, write V,(t) the projection on the
first coordinate of the flow of

Ou+mPu+ hi u=0
u(t =0) = ug, du(t =0) = uy

where hi,, is given by (3.4). Set

Svan(t)up = (g) and wug = (;2) )
Then we have

! sin((m? o)Vt -1
f=Ve_(t)(fo, f1) = Vo(t)(fo, f1) —/0 ( (mjf};())u(; )

with fi = —imfo — i(V — (0, + %2))go. I think we can rewrite the above, and put
it as follows:

Let
Sy (t)ug = (g) and uy = (gg)

(c-f(7))dr
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where, we recall, Sy, (t) is the flow of equation i0,u = hy,u with hy,, as in Lemma

2.7. We then have
sin((m? )2t — 1
F= Ve (0o £ = Vo) o ) = [ OISR e

with fi = —imfo — i(V — (8, + %*))go, and where we are denotlng with V() the
projection on the first component of the flow of the equation 92u +m?u + h, vat = 0.
From standard arguments, we get the following estimate on f:

Hf"LP,er/q*l/P’q < C(”‘fOHHrl/z + Hf1HH;1/2 + HTC—fHL?(Ran))-

This estimate can be obtained by combining standard Strichartz estimates for Klein-
Gordon (see e.g. [19]), the Christ-Kiselev Lemma (p > 2) and local smoothing on

eVm*+Hot (hy e g taking the dual form of estimate (3.7) in [17]). Indeed, we have
Vo (&) (for SOl o wva=1ima S L foll gare + [Lf1ll =102
due to the Strichartz inequality for the Klein-Gordon equation. We also have that

sin((m? + Ho)Y2(t — 1)
H/ m2 4 H0)1/2 (C,f<7' )dTlle Wl/q—l/p,q

<H/ sin((m? + Ho)Y2(t — 1)

m2 + H0)1/2 (C*f<T))dTHH1/2(Rn)'

Since Hy and the Laplacian commute (0 corresponding to the flat case), we get

sin((m? + Ho)Y2(t — 1)
H/ (m2 + Ho)'/? (C_f<T))dT||H1/2(R") =

H /O " sin((m? + Ho) V2(t = ) (e f (1) 1o

We then use the dual form of local smoothing to get

| / sin((m? + Ho)*(t — 7)(c— f(1))dr || jsjogny S Nle— fllz@xan).
0
Now, exploiting the Christ-Kiselev lemma, we get that since

> sin((m? 0)Y2(t — T 1
F|—>/0 ( (mjf};())l/(f (e F(r))dr

is continuous from L?(R x R") to L?, W9V and since p > 2, so is

tsin((m? 0 V204 — 1 X
b /0 ! (m;_f[};o)lg )(|37| F(r))dr.
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We get that

H/ sin((m? + Ho)Y2(t — 1)

(m2 + Hy)!/2
Because of the Hardy inequality, we have

11l e S Mfollze + (U4 [V )l 9ol a2

(Cff<7_))d7_ p 1/9—1/p,q S H/’ncf‘fHLQ(RXRn)
J AL

Besides,
Ire—fllz2@xrey < llre—llzelIr™" fll2@xrn).-
Because of local smoothing on Sy, (), we get

Ir= fllzrny S (Cey + Ce)lluollyre,
A similar computation on g yields the result. O

3.3. Application to the Dirac equation in curved manifolds. In this section,
weset V=V, =18 6,(u) = 5#5# and

(n=—1n=3) 2, v _ (=1Dn=3 pnF¢
VetV =— .
Ar2 + V£V, Ar2 TH 2

Finally, we set Hy(u) = H..(u). Here, we are assuming that ¢ satisfies assumptions

(A0)-(A1).

cx(p) = —

Lemma 3.7. For any |s| < 1 we have the bound

1(m® + Hy (1)) 0l 2y Spam (14 12)2 0] s ey

In particular, we have
[[uol],1/2 Sem VIpllluoll /2
cq(p)e—(p),m T

Remark 3.1. Differently from [21], we need to keep track on the dependence on p of
the inequalities above: indeed, if on one hand for the purpose of Theorem 1.2 such
a dependence is irrelevant (as it is in [21]), in view of Theorem 1.3 it will play an
important role, as powers of o will be traded with angular derivatives on the initial
data.

Proof. We have that, for any u,

36 el < e < LTI G

due to assumption (1.13) with

2 2 /

.
Clp = max (Ilgllm«m 2” ”L ”)'
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As done in [21, Section 2], the result follows from the application of Hardy inequality
and interpolation in a standard way. We omit the details. U

We deduce from Proposition 3.6 the following result.

Proposition 3.8. Assume that (p,q,m) is admissible, as in Definition 1.1. Then
there exists a constant C'= C(p,q,m, @) such that for all uy € Hﬁﬂ, we have

(B 1Syl e 1ma < ClAlP((65)72 + (57.) ) luoll e

Proof. Estimate (3.7) is a direct consequences of Proposition 3.6, Lemma 3.7, and
the bounds

IrVillzee S lul, Irexllne Sp 1.
The bound on ¢ is due to (3.6). For the bound on V,,, we recall that

1
v,=E
P

and thus

.
1PVl < ] [|=||zoe-
g @

By interpolation, we get the following

Corollary 3.9. Assume that (p,q,m) is admissible, as in Definition 1.1 and let
e > 0. There exists C = C(p,q,m,p,e) such that for all uy € Hﬁﬂ, we have

(3.8)  lSvn()uoll y yyrrarima < ClulPH((85) 72 4 (85) 7222wl 12

Proof. 1 0 := %—i—s > 1, then the result is a consequence of estimate (3.7). Otherwise,
we obtain (3.9) by interpolating (3.7) taking p close enough to 2 with the standard
L>* H? estimate. Notice that the assumption € > 0 is needed because the endpoint
couple is not admissible: we refer to the proofs of Lemmas 5.1 and 5.5 in [11]. O

Exploiting Proposition 2.5, we eventually get Theorem 1.2. In Proposition 2.5, we

. (n—1)/2
used the notation e~ for Sy ,(t) and o,(r) = <L> . Hence, this propo-

e(r)
sition allows to pass from Strichartz estimates for Sy, ,(t) to Strichartz estimates for
the operator h,,.
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4. STRICHARTZ ESTIMATES IN THE ASYMPTOTICALLY FLAT CASE

In this section we specialize to the “asymptotically flat” case. First of all, we
provide a slightly more precise version of Assumptions (A2) and in particular of
the constant C. As a consequence, we are able to give some explicit condition in
order for hypothesis (1.13) to be satisfied. Then, after further restricting to the case
K"~ ! = S"! we prove Theorem 1.3.

4.1. Assumptions. Let us assume that the infimum of the positive part of the
spectrum of the Dirac operator on K", denoted by g, is strictly bigger than 1

29
and that ¢ is asymptotically flat, in other words, that

p=r(l+¢)
with the following assumption on ¢ :

e (o is non-negative and bounded,
o A, = [lo1 + r¢i oo and

B, = |reh + (1 + ¢1) (o1 + r¢)]leo + 1277 (01)* + (1 + ©1)r*¢ ||oo

are well-defined,
[ J
<1 if po > 2
max(Ay, By) { < min(; + (4 — po, §) otherwise -

4.2. Asymptotically flat manifolds are admissible. In this subsection we prove
Proposition 1.4: if ¢(r) satisfies assumptions above, condition (1.13) is satisfied, and
therefore the Strichartz estimates proved in Theorem 1.2 hold. The only thing we
need to prove is the following.

Lemma 4.1. Under the above assumptions on @y, we have for all p > pyg,

1 Zf Ko Z 27
Ox(p) > { min(i + ,u% - Mo%) — max(A,, B,) otherwise.
Proof. We have

1 L, @2Fp o1 tre)
I(r)y=-4+7rV,+V) ==+ L
Therefore,
1 wr—pu A
I(r)> >+ - s
N R e A (Y
Case 1 : pu > 2, we have since p? — pu > p,

W
+ (-4

1
R ey
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and since A, <1, we have I(r) > }l.
Case 2 : p € [1,2), we have since p; > 0 and p? — p > 0,

1 1
[(T)ZZ—QAsoEg—Aw

which is positive since A, < é.
Case 3 : p € [ug, 1), we have, since ¢, > 0 and p* — p > p2 — po,
1
I(r) > 5 +mo = po— Ay
which is positive.

Set
1
Qi(r) = 1 7’3(2V“V/: + V) — rQ(V,f +V)).
We have ) ,
L wFp W F Iz
r)=-—-+ T —
)= i ey T e VT T ™

with

fr)=rer+ L+ @) +rey) and  g(r) =2r(g)* + (14 1)r’e].
Case 1 : We consider @, (r). We have
I 1w+ p [
Q(r) = (r)+ ——

4 (I+e)? (L4 @)

hence

and since B, < 1, we have Q4(r) >
Case 2 : we consider Q)_(r). We have

Q(r) =ty By b S —

r g
4 T+@)? T+¢)? (1+¢1)
Case 2.1 : ;> 2, we have p? — u > 1, hence

and since B, < 1, we have Q_(r) > 1.
Case 2.2 : p € [1,2). We have p? — pu < 2 and p < 2, hence
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Finally, case 2.3 : u € [ug, 1), we have 0 > p? — p < p — pio and | — p] < 1 hence

1
Q—(T>ZZ+N3_MO—Bw

which concludes the proof. 0

4.3. Local smoothing in the asymptotically flat case. From this subsection,
we assume that K" ! is S*~!. We have that the positive spectrum of the Dirac

operator on the sphere is ”T’l + N. We see hence that in dimension higher that 5, we

have that d4(u) > 1 for all x in the spectrum. In any case, for a fixed ¢ satisfying
Assumptions in (A2), we have that ¢ is uniformly bounded in p by below.
For p in the spectrum of the Dirac operator on the sphere, we write H,, the space

generated by
(1+ @)y 0 B
{ ( 0 M) ) ((1 _ Zdo)wu) ) DS"*”/)M - M%} .

For 0 < a < b we set

and p,; the orthogonal projection onto L2® Hap-
We recall that o, 'Dyo, is entirely described by the h, ,, and thus commute with
Pap- We write S,,(t) the flow of

10, — Ugll)gan =0.
We deduce the following proposition.
Proposition 4.2. Let ug € HY?(R"), we have
||7”_1pa,b5n(t)uo||L2(Ran) S b1/2||pa,bU0||H1/2(R")'

Proof. Let ug , to be the orthogonal projection of ug over Lf@?—[u and u,, = Sy, (t)uo -
Because the orthogonal projection over L2 ® H, and S, (t) commute, we get

Hrilpa,bsn(t)uoH%Q(RXR”): Z ”7’71UuH%2(Ran)-
|1l €a,b]

From Proposition 3.5, we have
|’T_1UHHL2(RXRH) S 3<Cc+(ﬂ) + Cc*(:u'))HUOHLLHHCJF(M),C,(M),M
where, by abuse of notation, we identified ug, with

S (ey (0 )

J
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where the (finite) family (¢, ;); is an orthonormal basis of the eigenspace of Dgn—1
associated to u, and we identified ||ug ,[|% with

e (e (u)m
j J

From Lemma 3.7, we have for all j,

I(5)

from which we deduce

|HC+(M)107(H),"L S/maip V |N|||u07u||H1/2(R") < \/l_)HuO,MHHl/Q(R")'
We conclude by using the fact that C,, () and C,_(,) are uniformly bounded in p. [J

2
H

ey (w)e_ (w)m

o S I (2] e

Hey(we—(w),

||u0,u

4.4. Restricted Strichartz estimates in the asymptotically flat case. In this
subsection, we prove the following proposition.

Proposition 4.3. Let 0 < a < b and let m,p,q be admissible. We have, for all
ug € HY2(R") and all € > 0,

< b7 | pa o | ifn=3m=0
~M,@,N,E,D,q a, 0 H1/2 ?
e Sn2)oll ey { Smapnpa b7 | pastio]l /2 otherwise ,

wz’ths:é L

Proof. We prove that
1Pa,s S ()0 ]| Lo wa@n)) Simom, b2 [IPastiol prive

for all admissible triplets (m, p, q) and conclude by interpolation.
First, we have
a;lpgan = Dgn +V

o 1 1 O DS’IL*l
v=(-7) (DSM 0 )
Writing u = S,,(t)ug, we get that u satisfies
02+ (Dgn +V)*u =0

with initial data u(t = 0) = ug and dyu(t = 0) =: uy = —i(Dgrn + V)uy.
We have

with ) the operator

(DRn +V)2 :'Dén—FWIWF—ARn + W
with
W = {V,Dgn} + V2



34 J. BEN-ARTZI, F. CACCIAFESTA, A. S. DE SUZZONI, AND J. ZHANG

By the Rodnianski-Schlag argument that we previously used, we get
||pa,bUHLP,WSv‘1(R”) Snpa ||Pa,buo||H1/2(Rn) + ||pa,bu1HH*1/2(]R") + ||7"Wpa,bUHL2(R”+1)~
By the commutativity of p,;, and Dgn +V we get
[Pastrll -1z = [[(Dre + V)papiol g-1/2
and since r(é — %) is bounded, by Hardy’s inequality, we get

Hpa,bulHH—1/2 Sn,so Hpa,bu0||H1/2'
For the other part, we use that
||7”Wpa,bUHL2(Rn+l) < ||pa,brwrpa,b||L2ﬁL2 HT_lpa,bUHL?(RnH).

It remains to use Proposition 4.2 and prove that p, ,rWrpg is a bounded operator
from L*(R™*1) to itself and compute the dependence of its norm in a, b to conclude.

Because the multliplication by a radial function and the Dirac operator on the
sphere commute, we get that

r 2 (PapsD2n 1Dap 0
. TVQT b = (_ _ 1) a, Nid a,
p 7b p ’b (p ( O pa7bD§n_1pa7b

and we deduce )
r
1Pap V2 Papll 212 < H(E — 1) [

which is finite because of the assumptions on ¢.
What is more, we have

m i6®(0, + %1 ) + 1Dgus
i’ (& + "2—;1) + $Dgn—1 —m

{Dgn, V} = <§ 2)

. n—1 1 1 1
E = {ZOZO (& + 2’[" ) + ;Dgnfl, (; — ;)Dgnfl}

We have that ia° and Dg»—1 anticommute, that 9, and Dgn—1 commute, and that the
multiplication by a radial function commutes with Ds.—1. Hence we get

-1 1 1 1 1\ 1
i+ "L (L
2r o 1 p r/r

DRH —

We deduce

with

We deduce
L, 0
pa,br{va DR"}rpa,b == ( 07b ﬁa,b)
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with

1
o ;)pa,bpén—lpa,b'

1
Loy = iPap0 Dsn-1papr20; <_ B _> + 27’(
2
Because /
2 (1 1) 2 T
ro.(—— =) = _ g
p T I+p1 (14 ¢1)

o0 11y 1
belongs to L*°, and so does r<(; — ;) = T 1, we get

2
L2112 Sg& b

Hpa,bT{V, Dgn }Tpa,b
This concludes the proof. O

4.5. Set-up for the Littlewood-Paley argument. In this subsection, we draw a
link between the spherical harmonics and the eigenfunctions of the Dirac operator
on the sphere.

Proposition 4.4. Let 7r; be the orthogonal projection on S; ® L? @ CM where S; are
the spherical harmonics of degree in [27,29%1) and let u € L*(R™,CM), we have

TjU = TjPa;b; U
with a; = "2 + 27 — 1 and b; = 51 4 277,
Before proving this proposition, we prove the following short lemma.

Lemma 4.5. We have for all p in the spectrum of the Dirac operator on the sphere
Sn—l’
HM g (S‘anTfl @S‘anTflJrl) &® (CM

Proof. Let 1, be an eigenfunction of Dgn-1 with eigenvalue 1 and write

i = (Y (0

We have N
n — _
Dan¥ = (1= "5=) 7,
and thus
n—1\1_ n—1 n—1 1
—AR”‘I’Z:D@WI:DR”@_ 2 )qu“:@_ 2 ><“+ 2 _1)5%'

Because \D:[ does not depend on r, we deduce that it is a spherical harmonics of
degree p — "T_l if u>0and —pu — ”T_l + 1 otherwise.
The same type of computation yields

_ n—1 n—1 1 _
_AR"%:Q‘JF 2 )(’“‘_ 2 +1>7‘_2\Ij“
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hence W is a spherical harmonics of degree p — ”T’l +1if p >0 and —p — ”T’l
otherwise.
In other words
M
HM Q (S‘anTfl @S‘anTflJrl) ® C .
OJ
Proof of Proposition 4.4. We have
U = Z T Uy,
"
where w,, is the orthogonal projection of u over H, ® L2. If |u| > b;, then
n—1 ,
— > 2.7+1
ol = —;
hence w,, is a combination of spherical harmonics of degree higher than 29! hence

miu, = 0.
If |p] < a; then

-1 ,
==+ 1<2

hence u, is a combination of spherical harmonics of degree lesser than 27, we have
mju, = 0 therefore
U = E iUy = ijaj,b].u.
|ul€la ;b5

O

4.6. Proof of Theorem 1.3. Asdone in [11], by relying on Littlewood-Paley theory
on the sphere we are able to prove Strichartz estimates for the Dirac equation with
general initial conditions in the setting of spherically symmetric manifolds. As the
proof is very similar, we omit some details.
Proposition 4.6. Let m,p,q be admissible. Let a,b > 0 be such that

1 5

—+ =<1

2a  pb
We have for all uy € H**(R"™),

1S () uoll e @wsa@ny) Snpmpaab [|Uoll gas-

Proof. We have by the Littlewood-Paley theory (¢ € [2,00))

1S (Yol 7o e woagmny) S Z 17055 (8) 0| T (g, 7.0 ()
J
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By Proposition 4.4, we have
||7TjSN(t>u0”%P(R,WM(R")) = ||7ijaj,bj8n(t>u0||%P(R,W51Q(R"))'
Again by Littlewood-Paley theory, we have
175D, S (E) 00 o (s mny) S IPay by S (B80T (5 oo ey -
We apply Proposition 4.3, we get

10/p+e
S b

Hﬂ_jpaj,bj Sy(t)ug ”%P(R,Wsaq(R” ”paj,bj Uo H?{m

with € > 0 if m = 0 and n = 3 (and 0 otherwise). From the inequality
zy < a2+ y°
for any x,y € [1,00) and % + é < 1, we deduce

(10/p+e)d
y S b

17D, Sn (8 tt0 | Lo g wroa e 1Pa, 0,022 + 1Pass; ol Frere-

Because [a;, b;] is localized around 27, we get

||Sn(t)uo||LP(R7Wqu(R”)) S ol| grerz.s /o220
Setting a = ¢/2 and b = (5/p + €/2)d, the condition on ¢ and d becomes
1 5/p+¢/2
2a + b

which is equivalent to the hypothesis of Proposition 4.6 by discussing the possible
values of e. [

<1

We now extend Lemmas 2.3 and 2.6 to include the angular dependence.

Lemma 4.7. The multiplication by o, is an isometry from L*(R") to L*(X). The
multiplication by o, is an isomorphism from H'(R™) to H'(X), the immediate con-
sequence of which that for all a € [0,1], b € R, the multiplication by o, is an
isomorphism from H**(R") to H**(%).

Proof. The fact that the multiplication by o, is an isometry from L?(R") to L*(X)
in already present in Lemma 2.3.
We have for all F' € C=(X, CM), writing

-0

- 1 /~.. o
h(D;F, DjF)en = (0, F, 0, F)cm + o <h” (DY £, DY f)emr + h7(Df g, D}O9><CM/2>

with f and g in C>®(%, CM/?)
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where DY = D; + 2iy/ éajflo,a with D the covariant derivatives for spinors on the
sphere and £ is the metric of the sphere.
The fact that
(0r (0 F), Or(onF)) o |l Ly ~ [10- F 17 gy
is due to Lemma 2.3.
We have
DY =D} + 2i(¢’ — 1)&%%0,q.

Thanks to the Cauchy-Schwarz inequality applied to the scalar product x, y — h* z;y;
we get

-1

1%

(4.1) \/—h” D7, D Feme S \/—h” D7, ]Dr ez + (fs Femr

and conversely

=1

1%

\/—h” ]Dr D f cM/2 N \/—hlj Dw fo)CMm + <f, f>(CM/2

Because D and o, commute, we get
© _ T N ~a \-
DY (onf) = ouD} f + 0,2i(¢" — 1)€%30 4.

To ensure that

Hgo h”(]D“aanf ]D onf (cM/2HL1

it is thus sufficient to prove that £, = and % are bounded. But ¢ = (14 ¢1) with
1 non negative, bounded, a O(r) in 0 and thus that ¢ is bounded, hence
1 -1 /
r 1+ ¢ © r(1+¢1) 14+¢
are bounded. U

Lemma 4.8. The multiplication by o, is a continuous operator from LP(R, W*(R™))
to on ULP(R, W=4(X)) for any p € [1,00], ¢ € (1,00), s € [—1,1].
Proof. As in Lemma 2.6, we reduce our proof to the proof of, for all ¢ € (1, 00),

(1) the multiplication by o2/¢ is an isometry from LY(R™) to L(%),

(2) the multiplication by o2/ is continuous from W1(R") to Whe(%),
(3) the multiplication by o, /% is continuous from W4(3) to W4(R™).
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(1) The proof of (1) is similar to what we have already done in the proof of Lemma
2.6.

(2) With the same notations as in the proof of Lemma 4.7, and keeping in mind
(2) in Lemma 2.6, it remains to prove (with a slight abuse of notation) that for all

fe WH(R™),

1~
H\/Ehw (DF (o), D¢ (03 F)ernr | yagy S N Fllwragen)-

But because of (1) and the fact that o2/% and D¥ commute, it sufficient to prove that

1.
H\/Ehw (DY £, D5 Femre| paggny S I Fllwran.-

We now use the inequality (4.1) and the fact that & and % are bounded to get the

result.
(3) Similar to (2). O

Therefore, combining Proposition 4.6 with Lemma 4.8 eventually yields the Proof
of Theorem 1.3.

APPENDIX A. COMMENTS ON ADMISSIBLE MANIFOLDS

It is natural to ask wether conditions (1.13) are fullfilled by other natural choices
of the function ¢(r), as e.g. ¢(r) = sinh(r) (which corresponds to hyperbolic spaces),
or o(r) =r+7r?+---+rP with p > 2 (manifolds with polynomial growth). It turns
out that with both these choices conditions (1.13) are only satisfied for large r; more
precisely, the following result holds

Proposition A.1. Let (M, g) defined by M = Ry x 3, with (X, 0) a warped product
manifold with metric given by (1.5), and let ¢(r) = sinh(r) or ¢(r) = r+r’4---+7rP
with p € N and p > 2. Then, condition (1.13) is not satisfied.

Proof. 1t is quite immediate to see that condition

47"2\/“ +1>0< 4720 + 4% cosh(r) + Sinh(r)2 >0,

/ 2
A GANS ;
(r) r?
and this last condition is not satisfied by the choices ¢(r) = sinh(r) or ¢(r) =
747?44 rP. We omit the details. O

is true for any p if and only if
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Remark A.1. As a matter of fact, it might be possible to prove that with the choices
of ¢(r) of Proposition A.1, condition (1.13) is actually satisfied for r larger than
a sufficiently large R = R(u); as a consequence, it would be tempting to consider
manifolds that are flat inside some balls, and then present different asymptotic be-
haviors (like, for instance, asymptotically hyperbolic manifolds). These cases would
correspond to choosing a function ¢(r) € C*°(R") that takes the form

r if r <R,
(A1) o(r)=<¢(r) ifR<r<2R,
sinh(r) ifr > 2R,

(and analogous in the case of manifolds with polynomial growth). The existence of
such a function is quite standard; on the other hand, we are not able to show that
condition (1.13) is satisfied everywhere. In any case, the fact that the quantity R
will depend on p makes the analysis in these cases not so relevant from a geometrical
point of view, and therefore we prefer to leave the study of these other geometries
to future investigations.

APPENDIX B. COMMENTS ON THE CONSTRUCTION OF THE DIRAC OPERATORS

Before stating anything, let us precise that our aim here is to provide tools to do
the computations of Section 2. We do not pretend to provide precise geometrical
definitions. In particular, we assume that we have chosen a set of coordinates and
present different notions within this choice of coordinates. We sometimes simplify
definitions in a way that fits our context.

We recall that a Lorentzian manifold of dimension n+1 is a differentiable manifold
M equipped with a metric tensor g of signature (1,n). In the rest of this discussion,
we set M, g to be a Lorentzian manifold that admits an orientation and a causality,
that is ”a time arrow”. This manifold is said to have a spin structure if there exists
a matrix bundle e (1 and a belong to NN [0,n]) such that

€Ny = Guu
and that is coherent with the orientation and causality. This matrix bundle fixes
a frame bundle for the tangent space of M. It relates this tangent space to the
Minkowski tangent space. It is called a vierbein (as it was originally used in dimension
143) or sometimes vielbein. Notice that this bundle is not uniquely defined : indeed,
if LY is a Lorentz transform, that is a linear map belonging to SOy(1,n) (the connex
component of the identity of SO(1,n)), then

a __ a_ b
fu _Lbeu
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satifies the same equation as e,/ and the coherence with orientation and causality is
due to the fact that Lorentz transforms preserve orientation and causality.
The spin connection is given by the formula

ab __ _atmw ob a vb
w,” =e/ T 7 +eld,e

where
v 1 14
Fcru - §gp aUgP# + aﬂgpff - apgcw

are the Christoffel symbols (or affine connection). Notice that ', =T% ,, and also
ab _ __

Wh

w;’“ (long but straightforward computations).
One important property of the spin connection is that it satisfies the Leibniz rule

de® +wi Neb =0
where d is the exterior derivative, A is the exterior product and
wh =w,pdat, et = e dat,
In terms of coordinates, this means
a a __
H,—H, =0
with
H, =0+ w, e,
This is called the Leibniz rule because w is used to define (covariant) derivatives

and this property ensures that these derivatives satisfy the Leibniz rule. One can
compare with the requirement that the Christoffel symbols satisfy

8ugz/a - gponyu - ngFpau'

In the same way, one can compute w using that it is skew-symetric in @ and b and
that it satisfies the Leibniz rule.

To define the Dirac operator, let us recall that it models the free evolution of a pair
electron-positron. The behavior of this pair of particles is dictated by a (specific)
linear representation U of the Lorentz group SOq(1,n). Roughly speaking, U dictates
how the representation of a pair of electron/positron changes when the referential is
changed under the action of a Lorentz transform. More pragmatically, this means
that the Dirac operator should commute with U. The Dirac operator is given, in
analogy with the flat case by

D =i"D,
where 7# = e/ y* with 4* the standard gamma matrices described in Section 2 and

D, is the “covariant” derivative for Dirac spinors. When letting a Lorentz transform
L act on D we change the vierbein e into f = Labe; . This change D into D'. For



42 J. BEN-ARTZI, F. CACCIAFESTA, A. S. DE SUZZONI, AND J. ZHANG

the Dirac equation to be invariant under the action of Lorentz transforms, we thus
require

D'U(L)=U(L)D.
This condition can be absorbed into the covariant derivative and becomes

D;U(L) =U(L)D,,.

This is where the spin connection intervenes. For D, to be a derivative satisfying
the above condition one sets

Dy =0, +wSq
where the X, are the generators of U. In our case, we have

1

Yab = —g[%, ’Yb]-

This is a generic way to define covariant derivatives for spin particles and this con-
cludes our heuristic about the Dirac operator.
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